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ABSTRACT

GLOBAL MHD AND ACOUSTIC SOLAR MODELING AND
HELIOSEISMIC ANALYSIS

by
Andrey M. Stejko

Computational fluid dynamic simulations have become one of the most prolific
avenues of study in the fields of solar and stellar physics within the last several
decades. With the advent of ever increasing computing power, high-definition global
models of the Sun have become indispensable in understanding the complex and
chaotic nature of flows in the solar interior, as well as their impact on the evolution
of the global solar dynamo. The mechanisms that connect the generation of the
toroidal magnetic field at the base of the convection zone to the emergence of a
poloidal field onto the solar surface can be explored with the non-linear global model:
EULAG-MHD (EULerian/semi-LAGrangian fluid solver—MagnetoHydroDynamic
extension). This model is used to investigate the role that subsurface shear plays
in shaping the extended solar magnetic cycle. The simulation of a wide range of
convective near-surface transport regimes demonstrates that increased subsurface
convection appears to have a significant impact on the distribution of angular
momentum and the development of the a-effect—responsible for transforming the
toroidal magnetic field into a poloidal one. These changes result in a global shift of
the surface expression of the solar dynamo, from a North-South symmetric pattern
to a staggered anti-symmetric emergence, more in line with solar observations.

The results of these global MHD models illustrate the significance of the
near-surface shear layer (NSSL) and the radiative-convective interface (the tachocline)
in shaping the evolution of the global magnetic field. The crucial key connecting the
magnetic activity in these two layers is the action of the meridional circulation in the

convection zone. The exact nature of meridional structure, however, is uncertain, with



techniques in helioseismology showing inferences for both single-cell and double-cell
meridional profiles—results that carry large implications for the transport of magnetic
flux near the tachocline. In order to address this controversy from a modeling
perspective, this dissertation presents the formulation of a three-dimensional (3D)
numerical solver of the linearized compressible Euler equations (GALE—Global
Acoustic Linearized Euler), on a full spherical mesh. The application of an efficient
pseudo-spectral computational method is used to calculate the contribution of the
material derivative dyad in its conservative form, simulating the impact internal
solar mass flows on helioseismic signatures. This algorithm is employed in a
forward-modeling capacity, investigating profiles of single-cell meridional circulation
with deep and shallow return flows, as well as double-cell meridional circulation
with strong and weak reversals. The travel-time signatures for the four profiles
are measured in an attempt to explore whether deviations in these regimes can
be distinguished from realization noise—simulated by the stochastic excitation of
resonant modes in the convective interior. These measurements show that even
though the low-end of differences between profiles of single- and double-cell meridional
circulation may be indistinguishable, the analysis of meridional circulation generated
by mean-field models may offer the opportunity to better understand and constrain
inferences of helioseismology in the context of their impact on global dynamics.

The pseudo-spectral method used in the formulation of the GALE code presents
the possibility of extending its numerical techniques to the contributions of all external
forces in their conservative form. This allows for the development of a new efficient
non-linear compressible global MHD algorithm, computed entirely in frequency space.
Such a global solar model can be used to explore the connection between the action
of the dynamo on the solar surface and at the tachocline as a single interconnected
evolving system, something that cannot be adequately achieved in the anelastic

approximation employed in many global solar MHD models.
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Through the closed blinds the golden sun
Poured in a dusty beam,

Like the celestial ladder seen
By Jacob in his dream.

Henry Wadsworth Longfellow
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CHAPTER 1

INTRODUCTION

1.1 The Solar Dynamo

Figure 1.1 The global magnetic field generated by the EULAG-MHD model (see
Chapter 2). A strong toroidal magnetic field is shown emerging onto the surface in
the upper hemisphere, with magnetic field lines drawn in.
Source: Image generated by Timothy Sandstrom NASA/NAS.

The solar dynamo is a complex magnetic mechanism that serves as the generator
for the Sun’s magnetic field and the 11-year solar cycle that can be observed in the
sunspot pattern on the solar surface (Figure 1.2). By employing large-scale flows of
plasma on the Sun, such as differential rotation (see Subsection 1.2.2) and meridional
circulation (see Subsection 1.2.3), together with the contribution of turbulent cyclonic

motions and currents, the so called a-effect, models of the solar dynamo aim



to simulate the development and evolution of the large-scale solar magnetic field
(Charbonneau, 2010). Polarity reversals every 11 years, equatorward migration of
sunspots during cycles, as well as the hemispheric anti-symmetry of the magnetic
field, however, are issues that still have not been adequately explained. Between
mean-field dynamo-wave (Parker, 1955; Moffatt, 1978; Brandenburg & Subramanian,
2005; Pipin & Kosovichev, 2019) and flux-transport (Babcock, 1961; Leighton, 1969)
solar dynamo models there is still no consensus about the locations and mechanisms
responsible for these observations.
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Figure 1.2 The butterfly diagram of sunspots shows their average location in
latitude plotted against time, since the first detailed observations in 1874.
Source: Hathaway, 2021, hitps://solarcyclescience.com [accessed on May 1, 2021].

In mean-field dynamo theory, the generation of the toroidal magnetic field is
presumed to be dominant in the high shear region at the base of the convection
zone, but the location of the a-effect is particularly uncertain. Parker (1955) and
Steenbeck et al. (1966) theorized the contribution of the turbulent kinetic helicty, or
a-effect, while Babcock (1961) suggested the formation of a near-surface poloidal field
due to the diffusive decay of active regions (Subsection 1.1.1). In this scenario the
connection with the toroidal field at the base of the convection zone would occur via
meridional circulation. This approach found relative success in modeling some of the

main characteristics of the solar cycle for profiles of differential rotation, meridional



Figure 1.3 A visual representation of the evolution of the solar dynamo. In (a), (b),
and (c), the poloidal field is stretched into a toroidal field in the high shear region at
the base of the convection zone. (d), (e), and (f) demonstrate the development of the
toroidal field back into the poloidal field (g), through the turbulent cyclonic process
of the a-effect. (h), (i), and (j) show the development of the poloidal field due to the
diffusive decay of active regions in the Babcock-Leighton dynamo mechanism.
Source: adapted from Sanchez et al. (2014).

circulation and the kinetic a-effect (e.g., Dikpati & Charbonneau, 1999; Nandy
& Choudhuri, 2002). These simulations were performed in one hemisphere and
anti-symmetry of the toroidal field across the equator was not explored. An issue of
parity, however, resulted when flux-transport dynamo models with both hemispheres
were considered. Several alternate theories have been since proposed to address the
issue—among which are three hypotheses: placing the a-effect near the base of
the convection zone (Dikpati & Gilman, 2001; Bonanno et al., 2002), considering
a magnetic diffusivity for the poloidal field two orders of magnitude larger than
that of the toroidal field (Chatterjee et al., 2004), and including the contribution
of turbulent pumping (Guerrero & de Gouveia Dal Pino, 2008). The first hypothesis
has some caveats since the strong toroidal field in the region would normally quench
kinetic turbulent action. Nevertheless, the development of buoyant or magneto-shear
instabilities in this region may circumvent the problem, providing a different source

for the a-effect (Dikpati & Gilman, 2001). By using the test-field method to explore



the non-linear behavior of turbulent coefficients in simplified flows, Karak et al. (2014)
found that the quenching of turbulent diffusivity is isotropic, i.e., the same for all field
components. Even though the conditions in the test-field models differ from the solar
interior, the second hypothesis seems unrealistic in view of these results. The third
hypothesis is still feasible, however, it is hard to predict the amplitudes and profiles

of the turbulent transport coefficients.

1.1.1 Active regions

Figure 1.4 An active region as viewed by the 1-meter Swedish Solar Telescope
(left, Scharmer et al. (2003)) and the Solar Dynamics Observatory (right, see
Subsection 1.2.1).

Source: hitps://scied.ucar.edu/sun-active-region [accessed on May 1, 2021].

Active regions are the surface manifestations of the global solar magnetic field.
Toroidal magnetic flux tubes are assumed to rise from the base of the convecction zone

to the surface via magnetic buoyancy and solar convection (Parker, 1955). As flux



tubes hit the photosphere, they begin to emerge onto the solar surface as magnetic
elements of positive and negative polarities. If the magnetic flux in the region is
strong enough (> 10?° Mx) they begin to form sunspots, otherwise they will remain
as “ephemeral active regions” (Harvey & Martin, 1973). Strong active regions are
often associated with the rise of arch filament systems (AFS), or magnetic loops
pushed into the corona by the undular mode of the Parker instability (Parker, 1979;
Shibata et al., 1989). Magnetic reconnection in these regions can often result in the
abrupt release of energy in the form of solar flares or coronal mass ejections (CMEs)
(see Toriumi & Wang, 2019).

Techniques in local helioseismology (see Subsection 1.2.1) have been used to
probe subsurface regions in an attempt to observe flow fields in the presence of
emerging magnetic structures (Kosovichev, 2009; Kosovichev et al., 2018), with
Ilonidis et al. (2011) demonstrating that a signal can be detected for up to one or two

days before the emergence of the region onto the solar surface.

1.2 Solar Dynamics
Internal solar dynamics describe the complex structure of plasma flows in the
convective interior of the Sun, which act to generate and regulate the solar dynamo.
The two main global regimes of these flows are characterized by differential rotation
(Subsection 1.2.2) and meridional circulation (Subsection 1.2.3). The most effective
tool to observe the action of these flows directly in the solar interior is through the

lens of helioseismology, as described in Subsection 1.2.1.

1.2.1 Helioseismology
Helioseismology has evolved into one of the pillars of heliophysics ever since 5-minute
oscillations were first measured on the solar surface nearly 60 years ago (Leighton

et al., 1962; Claverie et al., 1979). The interior of the solar convective zone forms a



Figure 1.5 A representation of the path of acoustic rays traveling through the solar
interior.

Source: adapted from Christensen-Dalsgaard (2014).

resonant cavity for acoustic waves called “p-modes”. These acoustic modes are a rich
source of information—allowing for some of the most precise measurements of internal
solar dynamics that are currently available. They have become an indispensable tool
in measuring internal solar rotation (Duvall et al., 1984; Schou et al., 1998; Howe
et al., 2011) as well as meridional circulation (Giles et al., 1997; Zhao & Kosovichev,
2004). Comprehensive overviews on the application and history of global and local
helioseismology techniques can be found in Christensen-Dalsgaard (2002); Di Mauro
(2003); Gizon & Birch (2005).

The Michelson Doppler Imager (MDI) (Scherrer et al., 1995) of the Solar
and Heliospheric Observatory (SOHO) (Domingo et al., 1995), its successor—the
Helioseismic and Magnetic Imager (HMI) (Scherrer et al., 2012) aboard the Solar
Dynamics Observatory (SDO) spacecraft (Pesnell et al., 2012), as well as the Global

Oscillation Network Group (GONG) (Harvey et al., 1996) have been instrumental in



providing the long-term observational Doppler data needed to analyze these internal

flow structures using helioseismology techniques.

1.2.2 Differential rotation
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Figure 1.6 The contour of rotational frequency in the Sun. The profile of differential
rotation shows a substantial acceleration near the equator, within the convection zone.
Source: adapted from Matilsky et al. (2020).

Solar rotation is a deceptively complex part of interconnected flow structure
throughout the Sun’s interior. Understanding the global interplay of the variation in
rotation rates is vital to creating accurate mean-field models of the solar dynamo and
flow dynamics (Kitchatinov, 2013). The solar surface shows a pattern of differential
rotation (Snodgrass & Ulrich, 1990) which varies from its period at the equator
(~ 24 days) to near the poles (~ 30 days). This pattern is mimicked throughout
the convective interior (upper 30% of the solar radius), with a slight maximum in
the velocity of subsurface layers (~ 0.95R). These rates begin to converge at the
interface between the radiative and convective layers (the “tachocline”; see Kosovichev
(1996)) where the differential rotation is coupled to a solid core rotating at rate of

~ 430 nHz. Helioseismology has offered a wealth of information about solar rotation,



however, uncertainties remain in inversion results near the poles. Disagreement can
be seen between measurements from GONG, MDI and HMI (Schou et al., 2002; Howe
et al., 2011); the recent Solar Orbiter mission (Miiller et al., 2020), however, hopes to
provide observational data that can help address these discrepancies. The rotation
rate of the solar core also remains a mystery, with measurements of low-degree modes
(I = 1 —4) ranging from significantly lower rates (BiSON, Chaplin et al. (1996))
to much higher ones (IRIS, Lazrek et al. (1996)). Recent measurements of internal
gravity modes or “g-modes” have also implied rotation rates more than twice as fast

as previous estimates (Fossat et al., 2017).

1.2.3 Meridional circulation

24 m/s Nt

Figure 1.7 A simple model of meridional circulation in the convection zone,
consistent with the continuity of mass flows in the Sun.
Source: adapted from Giles (2000).

Meridional circulation is characterized by poleward flows (20 m s™') in each
hemisphere, seen in the Doppler measurements of the solar surface (Duvall, 1979;
Hathaway, 1996; Ulrich, 2010). These mass flows operate as large circulation

cells, redistributing angular momentum and magnetic flux (Hathaway et al., 2003)



throughout the convective interior. Local helioseismology techniques (Christensen-
Dalsgaard, 2002; Gizon & Birch, 2005) have been an indispensable tool with which to
probe the structure of these flows, providing consistent measurements of subsurface
layers (> 0.96R:) (e.g., Giles et al., 1997; Zhao & Kosovichev, 2004; Komm et al.,
2015; Jackiewicz et al., 2015; Bogart et al., 2015; Boning et al., 2017; Lin & Chou,

2018). Attemping to resolve deeper structures, however, has been much more difficult.
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Figure 1.8 Travel-time differences in the cross-correlation of acoustic oscillations
(see Section 4.2 for more details), demonstrating the systematic center-to-limb effect,
where ¢ is the distance from the center of the observed solar disk. A represents
ranges of acoustic ray travel distance along the solar surface and « is the angle from
a horizontal line drawn through the disk center.

Source: adapted from Chen (2019).

Measurements can be affected by systematic errors, such as center-to-limb
(CtoL) variations in travel-time measurements (Zhao et al., 2012; Chen, 2019). This
systematic error is an order of magnitude larger than travel-time differences due to
meridional circulation, making it difficult to minimize errors when attempting to
remove it. The basis of this effect is poorly understood—potentially considered to
be a result of projection effects decreasing the resolution near the limb. Analyzing

simulated foreshortening on remapped HMI data, however, has shown that this is



most likely not the case (Zhao et al., 2016). Baldner & Schou (2012) suggested that
near-surface convection may cause a phase shift in acoustic modes, varying with the
line-formation height. A detailed analysis of the effect of granulation on acoustic
modes was made by Schou (2015), measuring a strong correlation, although a full
quantative characterization of the effect has yet to be achieved. Removing it from
measurements of meridional circulation is a difficult task, however, new empirical
approaches in disentangling the error using frequency-dependent analysis have shown
some success (e.g., Chen & Zhao, 2018; Rajaguru & Antia, 2020).

Another significant systematic error results from the interference of what appear
to be effective downflows in surface magnetic regions (see Liang & Chou (2015)).
These regions can be masked out (Liang & Chou, 2015; Chen & Zhao, 2017, 2018;
Lin & Chou, 2018; Chen, 2019; Gizon et al., 2020), however, this results in a reduction
of available observational data. Drawing meaningful conclusions from smaller samples
can often be difficult as weak flows deep in the solar interior are obscured by
a realization noise (Gizon & Birch, 2004), resulting from the turbulent nature of
convection near the solar surface.

There is currently no consensus on the exact structure and location of the return
flow of meridional circulation. Although historically thought to sit at the base of the
tachocline (~ 0.72 Ry, see Giles (2000)), recent estimates show a much shallower
return flow (from ~ 40 to ~ 70 Mm in depth; Mitra-Kraev & Thompson (2007);
Hathaway (2012), respectively). Double- or multi-cell models have also been proposed
from analysis of MDI, HMI, and GONG data (Zhao et al., 2013; Schad et al., 2013;
Kholikov et al., 2014; Boning, 2018; Lin & Chou, 2018; Chen, 2019). Similar results
can be seen in numerical, convectively driven, magnetohydrodynmic (MHD) and
hydrodynmic (HD) simulations (Brun & Toomre, 2002; Miesch et al., 2006; Guerrero
et al., 2013; Matilsky et al., 2019). Recent analysis of MDI and GONG data, however,

has reasserted the single-cell structure (Gizon et al., 2020), typically employed by
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mean-field models of the Sun (Rempel, 2005; Hotta & Yokoyama, 2011; Kiiker et al.,

2011; Kitchatinov, 2013) and other late-type stars (Kitchatinov & Olemskoy, 2012).
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Figure 1.9 The latitudinal velocities (ug in m s™!) that characterize meridional
circulation. A) Inversion results of HMI data, implying a two-cell structure.

Source: adapted from Zhao et al. (2013).

B) Inversion results of MDI and GONG data, implying a one-cell meridional structure.
Source: adapted from Gizon et al. (2020).

The convectively-driven hydrodynamic models of Guerrero et al. (2013);
Gastine et al. (2014); Képyld et al. (2014); Featherstone & Miesch (2015) explore
single/multi-cell circulation regimes constrained by anti-Solar and Solar profiles of
differential rotation. In these models, non-diffusive turbulent Reynolds stresses, or
“gyroscopic pumping” (the A-effect, Ruediger (1989); Kitchatinov & Rudiger (1993)),
play a critical role connecting angular momentum transport to transitions between
meridional circulation regimes (Kitchatinov, 2013). Altering the direction of the
A-effect directly (Bekki & Yokoyama, 2017) has been shown to form counter-rotation
cells in the lower convection zone; Pipin & Kosovichev (2018) demonstrate that radial
variations of the Coriolis number near the tachocline can be a potential physical source

of this sign inversion.
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1.3 Global Modeling - Overview and Motivation
Global modeling has played a key role in exploring the interactions of differential
rotation, meridional circulation, and the solar dynamo in chaotic interconnected
systems. Without the ability to observe the solar interior directly, 3D models
generate a laboratory environment that can be used to recreate and better understand
the complex dynamics that characterize the Sun’s internal structure. The work
presented in this dissertation focuses on the results and implications of global
magnetohydrodynamic (MHD) modeling (Subsection 1.3.1) as well as the eventual
need for more dynamic models with a greater range in simulation regimes—motivating
the development of a new global linear model (Subsection 1.3.2) that will become a

basis for future investigations.

1.3.1 MHD modeling

Non-linear global convectively-driven magnetohydrodynamic (MHD) modeling has
attempted to answer some of the outstanding questions on the nature of the solar cycle
by incorporating realistic conditions of observable solar parameters in simulations
of internal solar dynamics (Brun et al., 2004; Ghizaru et al., 2010; Racine et al.,
2011; Cossette et al., 2013; Nelson et al., 2013; Augustson et al., 2015; Guerrero
et al., 2016; Cossette et al., 2017; Warnecke, 2018; Guerrero et al., 2019). FEven
though there has been enormous progress since the seminal work of Gilman &
Miller (1981), models are not yet able to successfully reproduce many solar cycle
properties; migration patterns of the surface field as well as the non-axisymmetric
dynamo coupled with solar-like differential rotation and meridional circulation has
yet to be naturally simulated in a satisfactory way. Recently, it has become apparent
that limiting the simulated domain to the convective interior may be insufficient,
with Guerrero et al. (2016) demonstrating the substantial effect of the tachocline

layer on the long-term evolution of the magnetic solar cycle. The addition of this
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sub-adiabatic region under the convection zone sees a dramatic increase in the period
of the dynamo cycle, pushing it from a time-frame of years (see also Augustson et al.,
2015; Warnecke, 2018) to that of decades, storing a strong oscillatory magnetic field
below the tachocline. The work presented in this dissertation focuses on the extension
of various regimes of the same model (EULAG-MHD, see Section 2.1) to the solar
surface, where the beginnings of a near-surface shear layer (NSSL) can be seen in
higher Rossby number regimes. High levels of shear are instrumental in generating
large-scale toroidal fields, seen dominating the surface and the base of the tachocline
in previous models (Guerrero et al., 2016). These simulations exhibit solar cycles that
strongly rely on varying regions of shear as well as turbulent helicities to generate
large-scale poloidal fields. The structure of the subsurface rotational shear plays a key
role in shaping the emergence of the solar magnetic field in the form of the butterfly
diagram (Brandenburg, 2005), and introducing changes to this subsurface boundary
layer appears to modify the parity of the solution.

Global convectively driven MHD models focus on the incompressible region of
the convection zone, omitting many important physical consequences of compress-
ibility in the overshoot layer underneath the tachocline, as well as near-surface
regions. An extension of these models is necessary for the next generation of global
simulations to faithfully reproduce features of the solar cycle. In the following
section (Subsection 1.3.2), the formulation and use-case is presented for a new linear
compressible model, whose computational techniques will become the basis for future
investigtions in the development of a compressible non-linear convectively-driven

MHD model.

1.3.2 Acoustic modeling
A complete picture of mass flows inside of the Sun continues to be elusive. In

order to raise the reliability of inferences made through helioseismlolgy, further
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constraints on the understanding of inversion results are necessary. The application
of “forward-modeling” presents an opportunity to test helioseismology techniques
under tightly controlled approximate solar conditions. Since the seminal work of
Jensen et al. (2003), numerical acoustic solar models have been used to simulate
subsurface sound speed perturbations (Parchevsky & Kosovichev, 2007; Parchevsky
et al., 2014). Three-dimenional (3D) cartesian models of the solar atmosphere have
been employed to validate local time-distance measurements in regimes of convection
(Braun et al., 2007) and magnetic fields (Cameron et al., 2008; Khomenko et al., 2009;
Parchevsky & Kosovichev, 2009; Felipe et al., 2016). The need to simulate larger
interconnected hydrodynamic structures led to the development of global spherical
models (Hanasoge et al., 2006, 2007; Hartlep et al., 2008, 2013; Papini et al., 2015;
Gizon et al., 2017) that have been integral in validating inversion techniques. Global
acoustic codes can be used to simulate large numbers of varying structures, providing
a baseline for expected travel-time difference measurements. Such models (Hartlep
et al., 2013) have been used in conjunction with inversion techniques in order to
support inferences of a double-cell meridional structure (Zhao et al., 2013; Chen,
2019) from HMI observations, as well as more recent reassertions of the single-cell
model (Gizon et al., 2020) on MDI and GONG data.

Such discrepancies present a clear role for forward-modeling to play in outlining
the boundaries of possible inferences from helioseismology techniques. A detailed
systematic examination of a variety of meridional circulation profiles is required
to constrain interpretations made from observations. In order to address some
of these issues, as well as to set up a foundation for future investigations, this
dissertation presents the formulation and application of the GALE (Global Acoustic
Linearized Euler) code. This efficient and flexible pseudo-spectral algorithm computes
stochastically excited oscillations over a wide range of static or dynamic 3D

background velocity fields—mimicking the effect of realization noise seen in obser-
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vations. Important insights can be made by simulating acoustic interactions with
profiles of meridional circulation and differential rotation coupled together using
mean-field or MHD/HD models. These simulations can be used as a tool to lend
confidence to various inferences made through helioseismic inversions (Kitchatinov,
2013), as well as aid in the analysis of systematic errors. The physical basis of the CtoL
effect (decribed in Subsection 1.2.3) remains a mystery, however, such acoustic models
provide the flexibility to test effects of projection, as well as allow for the sampling of
velocity perturbation at arbitrary heights in the model atmosphere, under the effect

of near-surface models of convection.

1.4 Outline
This dissertation focuses on the presentation of two main subjects: global MHD
modeling and global acoustic modeling. An overview of these models, results from
their analyses, and discussions of their impacts on the current state of solar physics
are organized as follows.

Chapter 2 contains the formulation of the EULAG-MHD code (Section 2.1).
This chapter presents an analysis of the extension of global anelastic MHD models
towards near-surface layers, exploring the substantial impacts of altering profiles of
convection and shear on the parity of the global dynamo (Section 2.3). A discussion of
the implications of these results and the future of global MHD modeling is presented
in Section 2.4.

Chapter 3 contains the numerical formulaion and computational set-up of
the GALE code. An overview and derivation of the governing equations is
presented in Sections 3.1 and 3.2, respectively. Section 3.6 contains the numerical
method employed in the computation of the governing equations, including the
pseudo-spectral formulation, discretization methods, numerical solvers, and the

parallelization technique used for distributed computing. A validation of the
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computational methods can be found Section 3.7, reproducing the solar power
spectrum, measuring frequency splittings due to differential rotation, as well as a
power-map analysis of sound speed perturbations.

Chapter 4 focuses on the helioseismic analysis of radial velocity perturbations
generated by the GALE code. The local helioseismology technique of deep focusing,
used to infer internal background flows in the model, can be found in Section 4.2. This
chapter explores the application of the GALE code in a forward-modeling capacity,
testing the helioseismic signatures of various profiles of meridional circulation
generated by physics-based mean-field models. An analysis of the difference between
signatures of single-cell and double-cell meridional circulation as well as the effect of
realization noise on the ability to distinguish between these regimes can be found in
Section 4.4

Chapter 5 contains a substantive discussion of the results presented in this
dissertation, along with their implications on the current state of solar modeling
for both non-linear and acoustic global algorithms. Section 5.3 describes future
plans for the GALE code, including a derivation of a linearized MHD extension
(Subsection 5.3.1) which will be used to model the helioseismic signatures of internal
magnetic structures. The details on the development of a fully non-linear compressible
MHD model, employing the computational techniques used in the GALE code, can
be found Subsection 5.3.2.

Appendix A presents a derivation of the vector spherical harmonic (VSH)
and tensor spherical harmonic (TSH) coordinate bases used in the pseudo-spectral
formulation of the governing equations in the GALE code. The definition of the
divergence and curl of vector and tensor spherical harmonics can be found in
Section A.4 and Section A.5, repectively.

Appendix B contains the definitions of the recursion relations used to compute

functions in the frequency space of the spherical harmonic decomposition. Relations
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derived for trigonometric functions can be found in Subsection B.2.1, and for

transverse derivatives along the model surface in Subsection B.2.2.
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CHAPTER 2

GLOBAL MHD MODELING WITH EULAG

2.1 Model Description
EULAG-MHD (Smolarkiewicz & Charbonneau, 2013) is the magnetohydrodynamic
extension of the hydrodynamic model EULAG (EULerian/semi-LAGrangian fluid
solver) predominantly used in atmospheric and climate research (Prusa et al.,
2008). It is a versatile numerical solver, well adapted to simulating high-Reynolds
number anelastic flows found in the majority of the solar interior. EULAG is
powered by a nonoscillatory forward-in-time MPDATA method (Multidimensional
Positive Definite Advection Transport Algorithm; see Smolarkiewicz (2006) for
an overview)—a nonlinear second-order-accurate iterative implementation of the
elementary first-order-accurate flux-form upwind scheme.

The leading truncation terms of MPDATA have been shown to act as an effective
subgrid-scale (SGS) turbulence (Smolarkiewicz & Prusa, 2002). Typically, solar
modeling has relied on explicit SGS turbulence models to simulate the transfer and
dissipation of energy below the inertial subrange, such as the large eddy simulation
(LES) model (Lilly, 1966). A newer class of LES methods has also been implemented
with the dynamic Smagorinsky model (Germano et al., 1991; Nelson et al., 2013; Wray
et al., 2015), increasing the accuracy of turbulent dissipation calculations. EULAG
offers an alternative to these classic methods by exploiting the so-called “implicit
large eddy simulation” (ILES) approach (Grinstein et al., 2007), which achieves a
similar goal while obviating the need for evaluating higher-order differential operators.
Other nonoscillatory advection schemes possess the ILES property, and generally
have proven to be effective through a large range of scales and physical scenarios,

from laboratory to stellar (Grinstein et al., 2007). In contrast to the prescription of
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filter length scales in classic LES, the MPDATA-based ILES is parameter free and
adaptive to the regularity of the solution (Margolin et al., 2006), within the scales of
the grid resolution (Margolin et al., 2002; Domaradzki et al., 2003; Kiihnlein et al.,
2019). ILES has been applied in EULAG in order to model global solar convection,
comparing results with explicitly filtered spectral methods (Elliott & Smolarkiewicz,
2002). EULAG has been tested for various solar regimes, reproducing hydrodynamic
effects observed on the Sun, such as breaking the Taylor-Proudman balance, as well as
inducing differential rotation (Guerrero et al., 2013). This model has been augmented
for simulating the global solar magnetic dynamo in EULAG-MHD (Smolarkiewicz &
Charbonneau, 2013), adding an ideal MHD component, and employing it in the study
global magnetic dynamics (Ghizaru et al., 2010; Racine et al., 2011).

EULAG-MHD is described in full detail by Smolarkiewicz & Charbonneau
(2013), and its conservative properties are thoroughly discussed by Cossette et al.
(2017). This section (Section 2.1) will only briefly summarise the mathematical
formulation and specific setup, following Guerrero et al. (2016). The governing
equations (Equations (2.1)-(2.4)) assume the anelastic formulation of Lipps & Hemler
(1982). They are solved in a global spherical shell 0 < ¢ < 27, 0 < 6§ < 7, from the
radiative interior at 0.61 R, to the surface at 0.97Rs. The grid resolution 128 x 64 x 64
in ¢, @ and r, respectively, corresponds to that of previous long-term EULAG-MHD
simulations of stellar climates (Guerrero et al., 2013, 2016). The governing equations

are:
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In Equations (2.1)-(2.4), D/Dt = 0/0t+u-V, where u denotes the flow velocity,
and Q = Qp(cosf,—sinh,0) is the angular velocity of the rotating reference frame
(Q = 2.6 x 107%). p and © mark pressure and potential temperature, with the
latter essentially equivalent to the specific entropy of an ideal gas via ds = ¢,dIn©
where ¢, is a specific heat at constant pressure. Primes refer to perturbations about
a static ambient state assumed to satisfy the generic Lipps-Hemler equations, an
asymptotic expansion about the hydrostatic isentropic background state (denoted

2, see Cossette et al.

by the subscript “s”) under gravitational acceleration g oc r~
(2017) for a substantive discussion. The evolution of the magnetic field, B, is
governed by the induction equation (Equation (2.4)) in the classic ideal MHD
limit, where the momentum equation (Equation (2.2)) includes the magnetic tension
(1151 (B-V)B) portion of the Lorentz force, with the magnetic pressure subsumed in p’
(Smolarkiewicz & Charbonneau, 2013). The explicit viscous tensor and the magnetic
dissipation term are disregarded in favor of the ILES dissipative action of MPDATA
(Ghizaru et al., 2010).

In this formulation, convection is primarily driven by the advection of a
non-isentropic ambient potential temperature (0., Equation (2.3)). This ambient
state can be used to create super-adiabatic entropy gradients that simulate heat flux
from the bottom boundary. If left to evolve naturally, convection will tend to balance
out any entropy gradient in the ambient state. To offset fluid homogenization, the
Newtonian cooling term (second term on the right hand side (RHS) of Equation (2.3))
relaxes potential temperature perturbations to zero, driving the system towards a
balanced statistical equilibrium. In these simulations, the timescale of the relaxation
is set at 7 = 1.036 x 10%s ~ 3.3 yr, a value that is compatible with the solar
rotation rate (Guerrero et al., 2016). This timescale is sufficiently short, so that any
explicit effects of heat diffusion or radiative heat transfer can be omitted in global

energetic balance considerations (Cossette et al., 2013). The boundary conditions are

20



impermeable and stress-free for the velocity field and stop the radial flux of potential
temperature perturbations. The magnetic field is assumed to be entirely radial at

both boundaries.

2.2 Modifying the NSSL
The ambient state is computed for the polytropic stratification of an ideal gas under

hydrostatic equilibrium,

pe _ pe (g_ GTe)

or T, '

where R is the specific gas constant and m(r) is the polytropic index function, set to
force entropy gradients in the model. A full review of this ambient state is presented
by Guerrero et al. (2013).

Previous works with EULAG-MHD (Guerrero et al., 2016, 2019) have shown
the effect that the tachocline has on global solar models. This layer of shear at the
radiative boundary begins to play a fundamental role in the storage and generation
of the global magnetic field, going as far as significantly altering the time-scale of
the solar cycle by decades. Another interesting development in these simulations is
the formation of a near-surface shear layer (NSSL) in models with different rotational
periods. In these previous works, the characteristics of convective motions were solely
defined by this rotational period.

Forcing the formation of a NSSL allows for a more in-depth study of the global
impacts of this boundary layer. This section details the profile of several simple
functions of thermodynamic ambient states that generate diverse regimes of near-
surface convection. Simple models of convective acceleration and deceleration offer

the chance to explore the contribution of near-surface stratification to the global
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distribution of angular momentum and the evolution of magnetic solar cycles. To
that end, the three following models are employed (simulations nsl, ns2 and ns3),
each having three distinct global layers: the radiation zone, convection zone, and
the near-surface boundary layer. This is done using a polytropic index function with
two step functions and three polytropic indices (my,, me,, and myg), respectively

representing the aforementioned layers;

() = my. + e [ g (T Tt | e = e [y (T s )]

The radial position of the tachocline is set at ry. = 0.72R, and the transition
width is w; = 0.015R;. The radiative interior index is set to m,, = 2, creating a
strongly stable subadiabatic layer; the convection zone index is set to m., = 1.499978
to simulate a slightly superadiabatic convective envelope. The near-surface step is
centered at r,, = 0.95R, with a transition width of w,s = 0.015R,. Three different
near-surface convection profiles are used, with polytropic indeces: m,s; = 1.499975,
My = 1.5, and m,s3 = 1.8. The graph of the resulting potential temperature profiles
for the three ambient states is shown in Figure 2.1.

In the first model (nsl), an ambient state of slightly increased convective
strength was implemented, enhancing less rotationally constrained motions near the
surface and inducing the formation of a well defined near-surface shear layer. The
second case, ns2, exhibits a surface entropy gradient of a hydrostatic polytrope at the
edge of a stable non-convective profile (m = 1.5). This profile is not strong enough to
fully suppress convection, but it does decrease the velocity gradient of flows near the
surface. In the last simulation, ns3, a stable subadiabatic layer is created, decreasing
convective motions in a low density region. This mimics a vacuum boundary for the
magnetic field near the surface; a regime previously tested by Warnecke et al. (2013).

The models are all started with an unmagnetized ambient state and are initiated with
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Figure 2.1 Profiles of ambient states of the potential temperature (©.) for
simulations: nsl, ns2, and ns3. In nsl, m,, = 1.499975, slightly increasing convection
near the surface. In ns2, m,s = 1.5, the super-adiabatic zone is slightly altered to
decrease the rate of convection. Finally, in ns3, m,. = 1.8. In this case convection
is suppressed at the surface.

Source: adapted from Stejko et al. (2020).

the same set of random white noise as well as perturbations of potential temperature

and divergence-free velocity. The models are evolved until the dependent variables

reach a statistically stable equilibrium.

2.3 Results
Each simulation is evolved for several hundred years, after which the last three polarity
reversals are analyzed with oscillatory periods of the large-scale magnetic field of

~ 30 yrs for nsl, ~ 20 yrs for ns2, and ~ 40 yrs for ns3. Each model develops unique
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Figure 2.2 The time averaged (over three dynamo cycles) and azimuthally-averaged
differential rotation and meridional circulation profiles: nsl, ns2, and ns3, from top
to bottom. The left-hand side shows the angular velocity at various latitudes as
a function of radius. The center column contains a contour plot of this differential
rotation in the meridional plane. The right-hand side shows the meridional circulation
in the same plane, where colored contours show the speed of latitudinal flows;
the dashed and solid contours outline clockwise and counter-clockwise poloidal
circulation.

Source: adapted from Stejko et al. (2020).

rotational hydrodynamic structures and global magnetic profiles; Figure 2.2 presents
the time-averaged (over three magnetic cycles) and azimuthally-averaged differential

rotation profile along with the meridional circulation.
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All three simulations exhibit profiles which appear to be similar to the solar
model (RCO02), discussed by Guerrero et al. (2016); there are, however, a few notable
differences. The effect of suppressed surface convection is immediately obvious in the
velocity profile of ns3, where large differences with the other two models begin to
develop. A buildup of rotational velocity near the equator can be observed above the
tachocline, with less angular momentum being carried into the radiative interior as
well as being excluded from the surface. This model also exhibits strong latitudinal
variance of rotational frequency, displaying significant gradation in the differential
rotation profile—extending well into the radiative interior. The subsurface region
of simulation ns3 manifests a strong positive shear, in contrast with the other two
models, nsl and ns2. The most significant differences are found below the tachocline,
where angular momentum transfer fails to penetrate, especially at higher latitudes,
and maintains the models’ initial rotation rate (/27 ~ 413 nHz).

The models of slightly increased (nsl) and suppressed (ns2) convection rates,
predictably, look similar, with certain exceptions. The rotation rate of the radiative
interior exhibits the greatest differences between the two models, with simulation nsl
reaching an average angular frequency of ~ 430 nHz as compared to ~ 425 nHz of
simulation ns2. Significant differences can also be observed in the rate of rotational
frequency observed at higher latitudes. Even though these results do not closely match
helioseismic inferences of internal solar rotation rates (Schou et al., 1998), the models
do show clear conical iso-contours as opposed cylindrical ones, breaking the Taylor-
Proudman balance at the upper latitudes. Rotational frequency in the convection
zone (Figure 2.2), however, still shows a shallow break in differential rotation near
the equator, aligned along the rotational axis.

One of the largest effects of the subsurface acceleration can be seen in its impact
on the levels of shear experienced at the tachocline (Figure 2.3), decreasing positive

levels of shear near the equator and increasing negative shear near the poles. The
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result is a changing focus of the (-effect, concentrating greater action into higher

latitudes of model nsl.
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Figure 2.3 Radial shear profiles of simulations nsl (left panel) and ns2 (middle),
characterized by the radial derivative of the angular velocity. The largest noticeable
differences are of the shear experienced at the tachocline and at the poles near the
surface (right), an effect consistent with the observed differences in the models’ rate
of angular momentum distribution into the radiation zone (Figure 2.2).

Source: adapted from Stejko et al. (2020).

The shear profiles of these models (nsl, ns2) are structurally similar to those
expected from helioseismic inferences (Schou et al., 1998), with a few significant
differences. The bulk of the convection zone contains contours of shear at low
latitudes—matching the axis-aligned contour in differential rotation, breaking the
conical differential rotational cell seen in Figure 2.2. This is most likely a consequence
of the models limited ability to fully break the Taylor-Proudman balance. Near the
model surface there is more deviation from observed solar rotation, where a consistent
shear (0In2/0Inr = —1) has been observed up to ~ 60° latitude (Barekat et al.,
2014). Even though near-surface shear in the nsl and ns2 models hovers around
this value, it begins to diverge at low latitudes—becoming positive (see right panel
of Figure 2.3). Such an acceleration has not been observed in recent hydrodynamic
simulations of near-surface gradation (Matilsky et al., 2019), where different density

contrasts are modeled in an attempt to generate solar-like near-surface shear.
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Their model with large density stratification results in negative surface shear at
equatorial latitudes. Models nsl and ns2, in comparison, implement various potential
temperature contrasts in the attempt to create rotationally unconstrained flows.
Increasing the density contrast might allow this region to break up the axis-aligned
structures of shear and induce the development of negative radial shear at equatorial
latitudes. These models also do not consider the top 3% of the solar surface—a
turbulent region of a large density stratification where the time-scale of convective
motions is considerably shorter than that of solar rotation.

An interesting feature is exhibited in model nsl, where the rotation of the
radiation zone is not completely hemispherically symmetric, unlike the two others—a
possible structural consequence of the differences in the development of their
respective dynamo profiles. This effect is also apparent in the distribution of shear
(Figure 2.3), which shows a small asymmetrical tilt towards the northern hemisphere.

All three models exhibit a meridional circulation pattern observed in previous
EULAG-MHD models (Guerrero et al., 2016). The only noticeable difference is
a slight poleward increase in meridional velocity at higher latitudes, primarily on
the surface of model nsl. These meridional profiles show the formation of a two
cell structure, recently observed by helioseismology (Zhao et al., 2013); these cells
are, however, confined to low latitudes and aligned with the rotational axis—similar
profiles have been previously observed in other global anelastic models (e.g., Brun &
Toomre, 2002; Featherstone & Miesch, 2015; Matilsky et al., 2019).

The perturbative rms velocity (uy,,s = {/u,. + up + uj) can give some insight
into the turbulent structure of the models, shown in Figure 2.4. Model ns3 shows
a significant drop in turbulent velocity near the surface, consistent with the strong

subadiabatic gradient that was induced. In models nsl and ns2, the differences are

!/

rather small with only the obvious slight changes near the surface. The turbulent w;, .

is largely isotropic in these models, with the exception of the region near the surface
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where the boundary condition transforms the radial velocity (and its perturbative

component) into horizontal flows.

140
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Figure 2.4 Radial profile of the rms velocity (u!,..). Models nsl and ns2 are
very similar, showing an increasing turbulence near the surface. In model ns3, the
subadaiabtic gradient effectively quenches strong turbulence deep into the convection
zone.

Source: adapted from Stejko et al. (2020).

These relatively small differences in convective structures result in large impacts
on emerging mean flows and global magnetic fields. The time evolution of the
magnetic dynamo over the course of three cycles is shown in Figure 2.5, plotting
a cross section of the azimuthally averaged toroidal magnetic field, §¢, near the
model surface (~ 0.95R;), at the tachocline (~ 0.72R), as well as a radial cross

section at a latitude of 45°.
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Figure 2.5 The time-latitude diagrams of the magnetic field (B, measured in Tesla) for simulations nsl, ns2, and ns3 (from
top to bottom) at 0.95 R (left) and 0.72 R (center), as well as the time-radius diagram at a 45° latitude (right). nsl) With
slightly increased convection, the beginnings of a staggered anti-symmetric magnetic cycle start to form. ns2) The field follows
a distinct pattern, but the anti-symmetric nature is lost. ns3) The convection profile is altered such that the field is unstable
and non-uniform, but with a well defined cyclical pattern.

Source: adapted from Stejko et al. (2020).



Model ns3 exhibits the largest difference in its profile of polarity reversals,
where the pattern of the global magnetic field cannot seem to find a definite
symmetric hemispheric structure, as well as exhibiting the longest periodic evolution
of its dynamo cycle (~ 40 yrs). Even in the absence of turbulent activity in the
upper convection zone, a strong magnetic field is still being generated and stored,
loosely connected with strong fields below the tachocline. These fields still undergo
regular polarity reversals—but without any defined pattern or symmetric structure.
The models with slightly suppressed (ns2) and slightly increased convection (nsl),
however, both exhibit regular cyclic patterns, with large differences in the time-scale
of their evolution as well as the nature of their symmetries. The toroidal field profile of
model ns2 looks similar to the solar model RC02 (with no alterations of the subsurface
boundary) described by Guerrero et al. (2016), showing minimal structural effects of
its slightly suppressed convective motions. The most significant difference appears to
be with the increased convection model (nsl), where the emerging global magnetic
field begins to shift from the equatorial symmetry seen in profile ns2 to an offset,

staggered near anti-symmetry, exhibiting a more solar-like hemispheric polarity.

2.3.1 Mean-field analysis
An in-depth analysis of the dynamo characteristics that result in the large structural
differences in models ns1 and ns2 can be done with a mean-field analysis, starting with

the induction equation (Equation (2.4)) rewritten into its mean-field form (Moffatt,

1978),

— =Vx@xB+E), where: E=uxDB.
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The mean-field terms (denoted by the overline) are averaged over their longitude,
with primed terms being the perturbation from this average. Using the first-order
smoothing approximation (FOSA), the turbulent induction, £ (excluding any triple
correlation terms and third-order derivatives), can be writen in the manner of
Brandenburg & Subramanian (2005), with the turbulent transport coefficients defined

as:

1
ap = _chorr(wl ' u/> )
— — 0B; 1 I
gi: mB_ _]7 = — 1 - / 25
(ak + ) J Uy 8wk A 3Tcorr(J B ) ) ( )
1 —

N = chorr(u&) )

where w’ = V x u’ is the turbulent vorticity and j’ = V x B’ is a perturbation of the
induced current. 7., is defined as the correlation time of turbulent motions. The
correlation time can be computed using the spectral approach outlined by Guerrero
et al. (2019), where the turbulent energy spectra is used to compute the integral
length scale (I(r)=r [E(r,k)k~'dk/ [ E(r,k)dk) as a function of radius. This
approach breaks down, however, in the region below the tachocline (r < 0.72Rg),
where convective turbulence is effectively quenched (Figures 2.4, 2.6). The Alfvén
velocity of strong magnetic fields stored in the region can be used to compute the
correlation time of the current helicity. Two length scales (I, l,,) are computed from
their respective kinetic and magnetic energy spectra (E(u’), E(B’)) and the resulting
correlation times are calculated as follows: 7, = li/ul, .., Ta = ln/vs, Where the
Alfvén velocity is defined as: v, = By,,,/\/ftope. The resulting correlation times are
presented on the right-hand side of Figure 2.6.

These profiles display little indication as to the cause of the evident shift in the
emergence of the global magnetic field between models nsl and ns2, with only slight

differences in turbulent diffusivity (7;) and correlation time (7.,.) in areas directly
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Figure 2.6 Left: radial dependence of the turbulent diffusivity, n;, and right: the
Alfvén (dashed lines) and kinetic (solid) correlation times, 7, and 74, as defined by
the first-order smoothing approximation (FOSA, Equation (2.5)).

Source: adapted from Stejko et al. (2020).

below the tachocline. More differences in the interplay of turbulent coefficients can
be explored in contour plots (Figures 2.7, 2.8) of the global magnetic fields during
their transition from one polarity to another, sampled at ¢t = 25, 35, 45, and 55 years
for simulation nsl, and t = 33, 41, 45, and 53 years for simulation ns2, along with
the corresponding levels of turbulent kinetic and magnetic a-effects, oy and ay,; see
Equation (2.5).

The transition snapshots (Figures 2.7, 2.8) exhibit clear differences between the
models, specifically in the asymmetry of the evolving field in model ns1 (Figure 2.7);
the mean poloidal field, Ep = (B,,By,0), begins its reversal at the tachocline,
extending into the radiation zone (yr. 35) in the region of minimal hydrodynamic
shear between the radiation and convection zones (see also Figure 2.2). A strong
poloidal field of a single polarity proceeds to encompass the entire radiation zone,
accompanied by the development of strong toroidal fields (B,) under the tachocline
in hemispherically anti-symmetric bands. This evolution is followed by much weaker
fields in the convection zone. The convectively suppressed model (ns2, Figure 2.8)
experiences the opposite pattern of development, where a single symmetric toroidal

field (§¢) band encompasses both hemispheres, with two hemispherically reflected
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Figure 2.7 Snapshots of polarity reversal for model nsl. a) The toroidal magnetic
field (By) exhibited by the colored contour; the poloidal magnetic field (B,) drawn
by the solid/dashed contour lines. b) The magnetic turbulent transport coefficient
Q. ¢) The kinetic turbulent transport coefficient ay. d) A summation of the two
coefficients.

Source: adapted from Stejko et al. (2020).
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ns2

Figure 2.8 Same as Figure 2.7 for simulation ns2.

Source: adapted from Stejko et al. (2020).
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anti-symmetric poloidal field cells developing (yr. 45) at low latitudes at the base of
the tachocline.

The kinetic a-effect is maintained almost entirely consistently over polarity
reversals in ns1 and ns2; oy, emerges in hemispherically anti-symmetric bands near the
surface, followed by a reversal at further depths. In the convection zone, oy appears
to dominate «,, by an order of magnitude. Similar turbulent transport coefficient
profiles in EULAG-MHD models are explored in further detail by Guerrero et al.
(2019), while the effectiveness of the first-order smoothing approximation (FOSA) is
thoroughly investigated by the test-field method of Warnecke et al. (2018). Over the
course of the polarity reversals, the region underneath the tachocline experiences the
greatest deviation in its pattern of activity as well as the strongest manifestation of
the turbulent a-effect. A relevant parameter for the evolution of the global magnetic
field seems to be the high level of current helicity (cv,) generated underneath the
tachocline. Due to the large values of 7, in the radiation zone, the magnetic a-effect
is dominant in the region, intermittently reaching levels much higher than kinetic
turbulent helicity in the convection zone. These cyclonic motions are prominent
during periods of transition when strong toroidal fields encompass the tachocline
and radiation zone at higher latitudes. Figures 2.7 and 2.8 suggest that «,, is the
potential source of the large variations observed in the models. The aggregate effects
of turbulence in this region can be seen in the average of the magnetic turbulent
coefficient (a,,) over these polarity reversals (Figure 2.9).

These simulations see an «,, term with an opposite sign begin to emerge at the
poles with a very weak, but noticeable, onset in the suppressed model ns2. This term
grows to a large field source in nsl, more than three times as strong as the bands
of opposing helicities extended into the lower latitudes of the radiation zone. These

polar helicities are the strongest contributors to the a-effect at and underneath the
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Figure 2.9 The magnetic turbulent transport coefficient, a,,, computed from the
current helicity in the FOSA (Equation (2.5)). There are significant differences
between the two models, denoted by the emergence of strong helicities near the poles
of model nsl.

Source: adapted from Stejko et al. (2020).

tachocline. During polarity reversals, these regions intermittently become the single

strongest turbulent sources of the poloidal magnetic field in these models.

2.4 Discussion
The simulations presented in this chapter are a continuation of previous work
done with EULAG-MHD (Ghizaru et al., 2010; Guerrero et al., 2013, 2016, 2019),
simulating solar convection, rotation, turbulence, and dynamo action in the numerical
viscosity regime of the MPDATA alorithm.

In the study of solar convection, the results of models nsl, ns2, and ns3 illustrate
the relevance of the stratification in the near-surface layer. Recent simulations done
by Hotta et al. (2019) (without rotation and magnetic field) show that the near-surface
region does not affect the amplitude of the convective motions in the deep interior.
The results of these simulations, however, suggest that, for rotating hydro-magnetic
convection, small convective acceleration close to the surface was sufficient to impact
the redistribution of angular momentum, especially into the radiative zone. For

simulations ns1 and ns2 there is a marked increase in the levels of rotational frequency,
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while for simulation ns3, where the surface flows were quenched, the rotational
frequency of the radiation zone remained the same as that of the reference frame
(especially at higher latitudes).

The largest hydrodynamic impact at the tachocline is a movement away from
the strongest velocity gradients found at the equator in simulation ns2, along with
the solar rotation model RC02 in Guerrero et al. (2016), to stronger velocity gradients
near the poles in simulation nsl (Figure 2.3). In nsl, the angular frequency of the
radiative layer begins to approach that of the convection zone near the equator, similar
to the helioseismic inferences of solar observations (Schou et al., 1998).

These models develop dynamo cycles rooted in the area underneath the
tachocline (r < 0.72Rg), with strong magnetic fields generated and stored in the
radiation zone (Figure 2.5). The magnetic fields in these regions undergo a much
lower rate of turbulent diffusivity (Figure 2.6), extending the lifetime of their cycle.
High levels of «,, and shear at the tachocline (Figure 2.3) allow these regions to
become strong sources of poloidal/toroidal transitions (Figures 2.7, 2.8).

The source of variance in hemispheric parity between models nsl and ns2
(Figure 2.5) is not entirely clear; all of the models’ parameters, except for the
near-surface boundary, are identical. There are, however, notable differences in the
development of tachoclinic shear (Figure 2.3) as well as substantial differences in the
development of current helicity, and therefore a,, (Figure 2.9)—appearing as emerging
turbulent sources near the poles of an opposing sign to the helicity that covers the
rest of the hemisphere. These differences occur in regions of large hydrodynamic
variations, exhibited by increasing rates of rotational frequency (Figure 2.2) from ns2
to nsl (~ 425 nHz to ~ 430 nHz) and evident when comparing rotation rates near
the poles; acceleration appears to filter up the latitudes in concert with increased
convection rates near the surface.

The source of the strong current helicities and their orientation is not yet entirely
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clear, however, it is notable that they are generated directly over the poles, where the
Coriolis force has little influence on the orientation of the turbulent vorticity. It is
also telling that these helicities are more strongly generated in a regime of increased
polar downflow, following the increased subsurface convection in simulation nsl. As
the majority of the impact of turbulent coefficients is shifted towards higher latitudes,
they may result in a more stable manifestation of the dipolar global magnetic dynamo.

It is apparent that the NSSL and the tachocline appear to play a much
more significant role in defining the structure of the global magnetic field than
previously assumed. The overshoot layer underneath the tachocline and the solar
subsurface layer in particular contain compressive effects that may be lost in the
anelastic approximation of Boussinesqg-type models such as EULAG and other
convectively-driven global MHD models (Brun et al., 2004; Nelson et al., 2013;
Augustson et al., 2015). Furthermore, the high velocity flows near the solar surface
limit the computational domain of these models. In order to address these issues, and
move towards a new generation of global algorithms that can more accurately simulate
these neglected regions, this dissertaion presents the development of a global accoustic
model (Chapter 3). The computational techniques validated by this model will
become the basis for a future global non-linear compressible algorithm, purpose-built

to extend the computational domain to the solar surface and beyond.
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CHAPTER 3

GLOBAL ACOUSTIC MODEL

3.1 Summary of the Governing Equations
A summary of the governing equations for the GALE code is presented as follows:
mass continuity in Equation (3.1), the divergence of the conservation of momentum in
Equation (3.2), and the conservation of energy in Equation (3.3). The definitions for
terms used in these formulae as well as the conventions for linearizing the fields can
be found in Subsection 3.1.1. T is defined as the divergence of the momentum field
(T = V-pu = V-m) and pseudo-forces relating to rotation in a non-inertial reference
frame are grouped in the term Ry (Ry =—-V - (pQx (2 xr)) -V (22 xm’)).
The definition of the source function () can be found in Section 3.4. These linearized
governing equations are solved on a fully global 3D grid, 0 < r < 1.0007Rs, 0 < 6 < m,
0 < ¢ < 27, over background field terms derived from the standard solar model S

(Christensen-Dalsgaard et al., 1996).

op
— 4+ =0 3.1
o’ I~ ~~ 2/ 1 /o~ o / ~
5 +V:(mua+paa)=-V(p)-V-(pgf)+ Ry +V-Sr, (3.2)
a/ T / N2
_p:_%p (V-ﬁu’+p’V~ﬁ—£~ﬁ-Vﬁ+ﬁu'- ~ f‘) . (3.3)
ot 1% P r

3.1.1 Linearized field formulation

The governing equations (Equations (3.1)-(3.3)) are linearized by splitting the field
terms into a base component (tilde) and a perturbation from that base (prime). The
scale of the perturbation terms is denoted by the small number ¢ << 1. The split

field is defined as:
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p=p+ep,
p=p+ep, (3.4)

u=u-+eu,

where p is the density, p is the thermodynamic pressure, and u is the velocity vector.
The Cowling approximation is employed in this formulation, making the assumption
that gravitational perturbations will be significantly smaller than corresponding
perturbations in the density profile (Cowling, 1941). In the adiabatic approximation
(Christensen-Dalsgaard, 2014), the time-scale of heat transfer is much smaller than
the oscillation period and is therefore neglected, resulting in an adiabatic ratio (I'y)

that is constant in time.

3.2 Derivation
The governing equations are derived from the general form of the Navier-Stokes
equations. The following sections demonstrate the linearization of mass continuity
(Subsection 3.2.1), the conservation of momentum (Subsection 3.2.2), and the

conservation of energy (Subsection 3.2.3).

3.2.1 Mass continuity
Mass continuity in the form of Equation (3.1) can be derived from the standard form

of the Navier-Stokes continuity (Equation (3.5)).

dp

at%—V~pu:0. (3.5)

Using the split field formulation defined in Subsection 3.1.1, the field terms can be

rewritten in the following manner.
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0 . L .
% (p+ep)+ V- (pu+epu’ +epu+epu’) =0.
Since the magnitude of the perturbations (¢ << 1) is very small, square terms (e?),

underlined in the above formula, can be disregarded. The field is then split into a

continuity of base flow and a continuity of the perturbations from that base flow.

op . op' _ N
_ . — 0 _— . ! / — 0 .
8t+v pu : 8t+v (pu’ + p'a)
Rewriting the divergence of momentum field perturbations as ¥/ = V-m’' = V -

(pu’ + p'i), results in the final form of the mass continuity (Equation (3.1)).

op’
—+71T'=0.
ot
3.2.2 Conservation of momentum
The governing equation for the conservation of momentum (Equation (3.2)) is
derived from the general form of the well-known Cauchy momentum equation in
its conservation form in a rotating non-inertial reference frame:
dpu

W%—V-(puu):—Vp—pg—pr(er)—2ﬂ><pu, (3.6)

where uu is the velocity dyad. This equation is linearized using the formulation
defined in Subsection 3.1.1. Any square (¢?) or cubic (€*) perturbation terms can be

omitted due to negligible contributions.

0
5y (Pt epu’ +ep'a) + V- (pui + € (pu) u' + € (pu' + p'a) @) = =V (p+ ep)

— (Pt ep) gt = (p+ep) (2 x (2 x1)) =2(2x (pu+e(pu’ + p'w))) .
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Separating the perturbative flow field from the base, and shortening the perturbation
of the momentum field to m’ = pu’ + p'u, results in the following formula for the
conservation of momentum.

om’

ot

LV (matpan) = -V @) — g5 F— g (% (2 xr1) —2(Qxm) . (3.7)

In order to ease the computational cost of this acoustic algorithm, the field
can be split into two parts: a solenoidal momentum field component and a potential
momentum field component. Solenoidal contributions to the perturbation field are
significantly smaller and are concentrated in different scales from the potential flow
field, as such, the solenoidal contributions can be omitted using the following split-field

formulation:

pu=m=V X ¥ +Vd=m, +m, .

The solenoidal momentum field (my) is defined as the curl of some vector potential
field ¥, and the potential momentum field (m,) is the divergence of another
scalar potential momentum field ®. The field is split into two orthogonal parts
(Vxm,=0and V-m, =0) and the potential flow is isolated by taking the
divergence of the perturbation of the Cauchy conservation of momentum equation

Equation (3.7)) where, V-pu=V  -m = V?® = 7.
( (3.7)) p

oY’

5 T V : (m'a+ pau) = —V2(p)

—V-(pgt) -V - pAx (Qxr) -V -2Q xm’) .

This is the full form of the governing equation for potential momentum conservation

(Equation (3.2)) where “V :” is defined as the divergence dyad.
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3.2.3 Conservation of energy
The final governing equation (Equation (3.3))—the conservation of energy—is defined
by the following thermodynamic equation of state for the solar interior from the

formulation of Cox & Giuli (1968).

Olnp olnT
e n=(Gug), o nor (),

This relation, where @) is heat added to the system, can be rewritten in Eulerian
form with total material derivatives (Df/Dt =0f/0t+u-Vf). In the adiabatic
approximation (Christensen-Dalsgaard, 2014), the assumption that heat transfer is

negligible within the time scale of the period of acoustic oscillations can be employed

(DQ/Dt = 0).

E—l—uv —

Using the acoustic formulation outlined in Subsection 3.1.1, the adiabatic relation is

linearized as follows:

(929 op' 0P\ | o S e W
( 8t ( N +pat)+pu-Vp—|—e(pu Vi+p(u-Vp' +u Vp)))—
_9p Op 0D\ | . o S S g
I (( 8t+€< T +p8t> +pa-Vop+e@u-Vp+p(a-Vp +u Vp)))) :

Separating perturbations from the base flow results in a linear equation for the

conservation of energy.
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I (ﬁ—p +@u-Vo+p-Vp +u’- Vﬁ))) . (3.8)

In order to avoid convective instabilities in the model, Equation (3.8) can be rewritten
in terms of the Brunt-Vaisila frequency (N?, see Section 3.3). Plugging in mass
continuity (Equation (3.1)) and rearranging terms leaves a formula that can be used

to manually alter convection without the need to change background field terms (p,

ﬁ? Fl)

e e = (e 1) a7 (v ) )
~__+TV' u-+pu) =-—u - —~V —:V — - — = V +—~V .
ol g (pu’ + p'u) AL ANGEEAL

Substituting in N? and rearranging terms further results in the final form of the

governing relation for pressure (Equation (3.3)).

op’ I'ip . = _ ., NZ%*,
9 _ _-1p <V-ﬁu’+p'v-u—£~u-Vp+pu’~—r> :
ot p p g
3.3 Brunt-Vaisila Frequency
Buoyancy throughout the solar interior is characterized by the Brunt-Vaisala

frequency (N?), where

5 (10mp 09lnp
N _g(n o or ) (3:9)

The governing equations become unconditionally unstable in regions where this term
is negative (N2 < 0). In order to avoid such instabilities, the conservation of energy
(Equation (3.1)) is derived as a function of the Brunt-Vaiséla frequency—the slightly

negative values of this term are set to zero directly, obviating the need to alter
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background profiles of pressure (p), density (p), or the adiabatic ratio (I';) as in similar
convectively stable models of Hanasoge et al. (2006); Parchevsky & Kosovichev (2007);
Hartlep et al. (2008). Altering the algorithm to maintain stability may introduce
small deviations in mode frequencies (Papini et al., 2014); however, it is still accurate

enough to simulate inferences of flows in the convective interior using helioseismology

techniques.

35 Brunt-Vaisala Frequency 35 Brunt-Vaisala Frequency
3.0 3.0
2.5 2.5

N 2.0 N 2.0

15 | 15
1.0 | 1.0
0.5 /_\‘ | 0.5
08602 04 08 08 10 12 8:8950 109995 1.0000 1.0005 1.0010

Radius (R) Radius (Ry)

Figure 3.1 The altered background profile of the Brunt-Vaisala frequency, where
slightly negative values in the convection zone are set to zero. An isothermal buffer
layer is extended above the model surface to ~ 1.0007R.

3.4 Acoustic Oscillation Source Function

The source of acoustic oscillations is modeled as a radially directed force (ST) in the
conservation of momentum (Equation (3.2)). The structure of the source function is
formulated in a similar manner to Hanasoge et al. (2006), where a thin shallow layer
simulates the region responsible for the excitation of solar p-modes, see Goldreich et al.
(1994), Stein & Nordlund (2001). The source is modeled as a radial Gaussian function
with a standard deviation of 0 = 0.0001 R, ~ 69.6 km, centered at p = 0.9995R.

The full time-dependent source profile is generated using another Gaussian
function in frequency space, centered at p = 3.2 mHz, with a standard deviation

of ¢ = 1 mHz—simulating the power peak of observed solar oscillations. In

45



order to mimic a stochastic excitation of acoustic modes (Woodard, 1984), the
frequency-dependent Gaussian function is multiplied by a random number at each
frequency interval (fs = 1/At), as shown in Figure 3.2. Applying a Fourier transform
to this spectrum produces a time-dependent profile, of which a unique one is generated
for every harmonic degree and azimuthal order (I,m) in the spherical harmonic
decomposition of the source function (S = ), aumYim). The stochastic nature of
the source profile forms the basis for simulating realization noise present in solar
observations—inextricably tied to the turbulent convection that excites acoustic

signals in the solar interior.

1.0 Source Frequency Spectrum

0.8¢

0.6t

0.4+

Normalized Power

0.2+

0.0

0 1 2 3 4 5 6
Frequency (mHz)

Figure 3.2 An example of the frequency spectrum that characterizes the time-
dependent profile of the source of acoustic oscillations near the surface of the model;
such a unique random profile is generated for every spherical harmonic degree and
azimuthal order (I, m) of the source function.

3.5 Damping Layer
The boundaries of the model are solved as simple reflective walls with a zero velocity
perturbation condition (0’ = 0). In order to avoid non-physical surface reflections

from affecting internal acoustic mode frequencies, a buffer zone is extended past the
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model surface up to ~ 1.0007R,. This layer contains an exponentially increasing

damping factor (o) which can be expressed in the governing equations as follows:

o0
ot

oY’ oy’
_Tl o / — _v2 / o T/ it

P—(c—a)p . (3.10)

This simplified form of the governing Equations (3.1)-(3.3) aggregates external force
contributions in the conservation of momentum (Equation (3.2)) into ), and the
momentum field variables along with the Brunt-Vaisala term in the conservation of
energy (Equation (3.3)) into P. The pressure term in the RHS of Equation (3.3)
is treated separately, with background field terms defined as @ = I';p~ ' - Vp, and
grouped with the damping term (o). To avoid precision errors when computing
the damping term, it is solved implicitly in the time-discretization scheme using
the integrating factor method. This layer serves to simulate the escape of acoustic

oscillations above the cutoff frequency (> 5 mHz), into the solar atmosphere.

16 Pressure Profile 12 Density Profile
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0.9990 0.9995 1.0000 1.0005 1.0010 0.9990 0.9995 1.0000 1.0005 1.0010
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Figure 3.3 The background profiles of pressure (left) and density (right). A buffer
layer is extended past the surface of the model (vertical line), where profiles of pressure
and density fall exponentially at a rate defined by a constant pressure scale height,
see Equation (3.11).

The buffer zone is isothermal, with background field terms of sound speed

2

(2 = T1p/p), gravity (g.f) and Brunt-Viisdla frequency (N2, see Figure 3.1)
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remaining constant throughout the layer. Profiles of pressure (p) and density (p)
fall exponentially at a rate defined by a constant pressure scale height in the buffer

zone (Hanasoge et al., 2006), as shown in Equation (3.11) and Figure 3.3.

. Ry —r
P = p(Ro) exp (—HG(R )) :
PR Ry <1 < 1.0007Rq (3.11)

3.6 Numerical Method
This section contains the numerical method and computational set-up for the GALE
code. The governing equations are solved using a pseudo-spectral technique, with
second-order finite-difference methods implemented in time (Subsection 3.6.1) and
in the radial direction (Subsection 3.6.2). Field terms along the surface of the
sphere are decomposed into spherical harmonic coefficients with differentiation done
using spectral methods in frequency space (Subsection 3.6.3). The Poisson solver
used to implicitly compute the potential flow (P, used to recompute the velocity
field) is described in Subsection 3.6.4. In order to include the contributions of
the material derivative dyad in the conservation of momentum (Equation (3.2)), a
pseudo-spectral formulation of the divergence in a tensor spherical harmonic basis
is defined in Subsection 3.6.5. The derivation of a basic stability condition for
the method can be found in Subsection 3.6.7, and the parallelization technique is

described in Subsection 3.6.8.

3.6.1 Temporal discretization
The time-discretization scheme used in governing Equations (3.1)-(3.3) is a combi-
nation of forward and backward Euler schemes. A first order-accurate backward

Euler scheme is used to help maintain stability when computing the contributions
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of the potential flow field to perturbations of pressure (Equation (3.1)). A combi-
nation of forward and backward Euler schemes for the conservation of momentum
(Equation (3.2)) and continuity (Equation (3.1)), respectively, form a second order-
accurate central finite-difference scheme that computes oscillatory perturbations in

the potential flow field.

T/(n+1) _ e—oAtT/(n) _ Ate—aAt [v2p/(n) o y(n) (p/7 u/)} :

pl(n+1) — 6—0’Atpl(n) o AtT/(n+1) 7

p/(n—H) _ 6—(0—a)Atp’(n) + Atp(n+1)(p’7 u’) ) (3.12)

The governing equations are written using the condensed form introduced in Equation
(3.10), where aggregate terms in the conservation of momentum and the conservation
of energy relations are denoted by ), P, and a. The integrating factor method is used

to implicitly compute the contributions of the damping term (o), see Section 3.5.

3.6.2 Radial discretization and differentiation
Spatial differentiation in the radial direction is done on a discrete grid, employing
finite-difference methods. A one-dimensional (1D) representation of the radial mesh
is shown in Figure 3.4, where the subscript “k£” denotes discrete mesh points from
k =1 to k = K. The distance between two points, e.g., k — 1 and k, is represented
by Ary.

In order to compute the radial component of the Laplacian (V?) in Equation
(3.2), the following second order-accurate central finite-difference scheme (Equation

(3.13)) can be used.

9 ( ,0f 2 o feri—fe o fo— fia
) = e L 3.13
or (r 87") Arg 4+ Argaq (THO‘S Ariq "k-0.5 Ary, ( )
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Figure 3.4 A 1D representation of the radial grid, where discrete mesh points are
denoted by the subscript “k”. rq and 7,1 represent ghost points outside of the model
boundaries that may be used during finite-difference computations.

Computations of divergence (V-) and gradient (V) can be accomplished with the

following second order-accurate polynomial central finite-difference scheme (Equation

(3.14)) for first radial derivatives.

af Arpqq

E - _ATk(ATk_H + Ark)fkil +

ATk_H — Aka I Ark
ATk+1ATk k AT}C_H (AT}C_H + ATk

) fk+1 .
(3.14)

The precision of these methods and their agreement with theoretical computations
of eigenmodes is well within an acceptaable range for modeling and testing local
heliosesimology techniques throughout the convective interior. While higher order-
accurate schemes may be more precise, employing a non-uniform grid with large
variations in spacing will diminish any improvements that could be expected.

The radial grid used in this model (Figure 3.5) is spaced evenly with respect to
acoustic travel time ([ 1/cydr), allowing for the computation of acoustic oscillations
across large variations in sound speed (c¢;). While this grid is effective at capturing
effects throughout the majority of the model interior, pressure and density scale
heights begin to drop off faster than sound speed closer to the model surface (r >
0.99R). In order to properly resolve the effects of the Brunt-Vaiisala frequency (N2,

Equation (3.9)), a logarithmic pressure grid spaced evenly in In(p) (e.g., Hanasoge
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Figure 3.5 The distance between radial grid points in c¢cm. Spacing is even
with respect to acoustic travel time ([ 1/csdr) between 0 < r < 0.99Rs. The
grid is switched to a spacing even with the drop in logarithmic pressure (Inp)
between 0.99R, < r < Rg. In the isothermal buffer layer above the model surface
(Rs < r < 1.0007Rs) a uniform spacing is implemented.

et al., 2006) is substituted for this region. In the isothermal buffer layer above the

model surface (Section 3.5), grid spacing becomes uniform.

3.6.3 Spherical harmonic decomposition and differentiation

Transverse discretization is done through spherical harmonic decomposition using
the Libsharp spherical harmonic library (Reinecke & Seljebotn, 2013). The spectral
resolution is defined by the maximum allowable quantum number (I,,..(r)) at each
radial point. This value controls the mesh size of the Gauss-Legendre grid, containing
Ny = 3lna, azimuthal grid points and Ny = 3l,,4,/2 latitudinal grid points—chosen
so as to avoid aliasing during spherical harmonic decomposition. The azimuthal mesh
points (N,) are spaced at even intervals between 0 < ¢ < 2w, while the latitudinal
points (Ng) are placed at the roots of the corresponding Legendre polynomial between
0 < 0 < . To avoid oversampling at high latitudes the Libsharp library natively

implements polar optimisation, or the “reduced Gauss-Legendre grid”.
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Figure 3.6 A representation of the 3D structure of the model grid. The
resolution tangent to the surface of the sphere is defined by the maximum allowable
quantum number (l,,..(7r)) at each radial point—controlling the mesh size of the
Gauss-Legendre grid, containing Ny = 3l,,4, azimuthal grid points and Ny = 3l,,,4./2
latitudinal grid points.

Differentiation along the surface of the sphere (6, ¢) can be accomplished with

a spectral method. In the spherical harmonic decomposition, the transverse portion

of the Laplacian (Vyy) is defined by the following simple relation.

The first derivatives (sin6(9/06), 9/0¢) can also be computed in spherical harmonic
space, using the recursion relations derived in Appendix B, Equations (B.13), (B.15),

respectively.

. Vi [(I=m+ 1) (I +m+1) (l—=m)(l+m)
sinf=5g _l\/ 20+ 3)20+1) Yl“’m_(l+1)\/(21—1)(25+1)yl1””'

OYim
9¢

=imY,, .
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3.6.4 Numerical solver of the potential field

Solving for the potential flow field (m, = V - ®, Subsection 3.2.2) will allow for
the computation of velocity and density fields used in the governing equations (u’,
p'). The spherical harmonic decomposition (Subsection 3.6.3) of the divergence of

the momentum field (Y = V2®) can be used to create 1D radial equations for each

azimuthal order and harmonic degree (I, m).

! !
— 1[0 09,
T = = == (=) = Ul 4+ )P | Vi - 3.15
;mglﬂ[ar(r (’37“) (+)l} ! (3.15)
A series of 1D implicit numerical solvers of Poisson’s equation can be used to compute
the potential flow field (®) from the divergence of the momentum field (Y). Using

the central finite-difference method defined in Subsection 3.6.2, Equation (3.13), the

Laplacian (Equation (3.15)) can be discretized as:

2y 2 o Prsiim — Prym
D — Pr_1.um
- Tl%—O.5 bl A’f‘kk L ) - l(l + 1)q)k,lm 5 (316)

where k is the radial index. Separating, rearranging, and grouping terms of the
same radial index on the RHS of Equation (3.16), leaves the following discrete radial

function.

2
Teim Lkim = Qe tm@r—10m + Ok tmPrim + Chim P 1,im (3.17)
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AT 4+ ArgArgyy
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b, = — Th4052Tk + Ti_058T k41
AriATg + ArkAT,%H

ag

where:

)-z(z+1),

2

- 21105

=— .
Ari g + ArgArgy

Ck

The series of Poisson’s equations (Equation (3.17)) along the radial dimension can be

written in the following matrix form.

-bl 1 1] o, ] | 2y ]
as by co D, 37,
as by  c3 OB r3Ys
= : . (3.18)
ag—2 br-2 Cx-2 Px s T%(_QTK—Q
ag-1 brx-1 Ck-1 Py T%{flTK—l
i ax bx 11 3% | I 2T |

The tri-diagonal matrix (Equation (3.18)) will always be diagonally dominant (b, >
(ar+cy) for all k), allowing for the direct use of Crout’s method for LU-decomposition
to solve this function implicitly for the potential flow field (®). The null points can

be removed and the matrix rewritten into band-storage form (K).

0 b1 C1
a2 by Co
K=| : : S (3.19)

ax—1 br_1 cx_1

(057 bK 0
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The following set of equations compute the LU-decomposition (Kry) from the band-

storage matrix K (Equation (3.19)).

0 B a1
(8% 52 C2 6 1=0h
ag
Kiuv= : : : , where: oy =
Br—1

ax-1 Pr-1 CKk-1 Br = b, — aCr_1

ax Pk 0

Breaking the matrix (Kpy) into its lower (L) and upper compoennts (U) results in
a linear system of equations that can be iteratively computed using forward- and

backward-substition.

Ly = 7Y,
Ko =7, = (3.20)
Ud=y.

The following set of equations solve the lower matrix (L, Equation (3.20)) for the

dependent variables .

2
Y1 = TlTl )

9
Y =T T — Q-1 -

The upper matrix (U, Equation (3.20)) can now be computed for the potential flow
field (@y).

2
CI)K:TKBI(a
K

Yk — Prg

Bk

Py
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This set of equations gives a solution for every radial layer of the Poisson function
(T = V2®). This method is iterated over every spherical harmonic quantum number

(I, m) for the full solution of the potential flow field.

3.6.5 Material derivative dyad
The material derivative in the governing equation for the conservation of momentum

(Equation (3.2)) can be written in its Cauchy conservation form as the linearized

dyad V - N, where

In order to compute the divergence of this term in spherical harmonic coefficient
space, a change of basis is required. The tensor spherical harmonic (TSH) basis
defined in Appendix A, Section A.2; can be employed to convert this dyad (IN) into
a form that will easily lend itself to the computation of derivatives tangent to the
surface of the sphere with recursion relations. Using the definition of a field in the

TSH basis (Equation (A.23)), the dyad can be expanded as:

Imaz Imax
N= > 3 (NQTE + NOTR + N2TR + NOTIR + N2TE + NITR?)
m=—Imax I=|m)|

N[0 is the fully radial component (N'7) and N? is the transverse (N% N¢?)
portion of the trace. NN, l]f,j and MV, lfj represent the mixed radial /transverse components
(N”a7 Nre), lef and Nﬁf are symmetric transverse traceless components. Using
the definition of the divergence of a dyad in the TSH basis (Equation (A.44)), the
three resulting components can be written as the following set of 1D radial partial

differential equations for every spherical harmonic degree and azimuthal order (I, m).
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— 12 aar ( 2NL0) _ % (l(l + 1N+ Nlﬁ;) ,

V- NIV = —1(1+1) H 0 (rPNE) + % (NTZ?L — (- 1)(l+2)N,§;)] :

o
VNI =i+ 1) | 5 o) - S 2]

r

V- NI,

The three orthogonal components ([V - N]”, [V - N]V_ [V - N]®) form a 3D coordinate
system using the vector spherical harmonic basis (VSH) basis outlined in Appendix A,

Section A.1;

Imax  Ilmaz

>3 (I NE Y+ [V NI @ 4 [V - NI i)
m=—Ilmax |=|m)|
Yim, Yim, and Py, represent the radial and two transverse spherical harmonic unit
vectors, respectively. The divergence of the material derivative (V : N) in this basis

is defined by the 1D radial PDE—Equation (A.40) in Appendix A.

Ilmax  lmazx

= 2 2 (MT 2[V-NJ.) — l(ljl) V- N]}j,i) Yim - (3.21)
m=—Imax |=|m|

The scalar divergence of the linearized material derivative dyad (Equation (3.21))
can be plugged into the conservation of momentum (Equation (3.2)), capturing the

effects of a compressible background momentum field on the potential flow.

3.6.6 Rotating reference frame
The governing equations (Equations (3.1)-(3.1)) can be solved in a non-inertial
rotating reference frame, whose angular velocity (€2) is defined in spherical coordinates

as:
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Q = Qcos(O)r + Nsin(6)0 . (3.22)

The pseudo-forces relating to rotation in the conservation of momentum (Equation
(3.2)) are grouped into R, consisting of the Coriolis force (R, = 2§2 x m’) and
Centrifugal force (R = p'Q x (2 x r)), where Ry, = -V - R — V- R}

Using the definition of angular velocity (Equation (3.22)), the Centrifugal force

can be expressed in spherical coordinates as follows.
Ry = pQ x (2 x 1) = —p'rQ?sin® 0 — p'rQ?sin 6 cos 00 . (3.23)

A coordinate transformation into the VSH basis can be performed using Equations

(A.14), (A.15) in Appendix A.

= —prQ?sin? 6 |
V2 RY = —r0? |cos (sin 022 ) 125/ — 3¢/ sin?0
06 = - (o] sin % + 2p — op sin ,
o/

Voo Rl = rQ%cos 6 9

The transverse derivatives and trigonometric functions can be computed in frequency
space, using the recursion relations derived in Appendix B. The Coriolis force can be

similarly expressed in spherical coordinates.

- =20 x m’ = 20m?sin 0t — 2Qm? cos 00 + (22m? cos § — 20m” sin ) ¢ . (3.24)

Performing another coordinate transformation (Equations (A.14), (A.15)) on the

Coriolis force (Equation (3.24)) results in the following set of VSH coefficients.
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R} =2Qm?sin @ |

1 0 ,. 1 0 .o
V§¢Rg =090 (sm& (—2qu5 cos 9)) + sin08_gb (29m9 cos ) — 20m” sin 9) ,
1 1 0
2 wo_ I 6 o T I o)
Vo, Re =090 (sm@ (QQm cosf — 2Qm’" sin 9)) + 5090 (ZQm Ccos 6’) .

The transverse relations (R}, RY,) can be written in a form that is consistent with the
recursion relations defined in Appendix B, by mulitplying both sides of the functions

by sin? 0, and rearranging terms.

Ry, =2Qm®sin 6 |
sin” 0V, RE. = — 2Q cos 6 <sin 9% (m? sin «9)) + 2Qsin* 6 (m?sin 6)

+ ZQQ (me cos @ sinf — m” sin? 9) ,

99
.92 2 " . 0 0 . r .9 0 &
sin” 0V, R :2Qsm9% (m” cosBsinf — m” sin® §) + 20 60898—¢ (m?sind) .

After solving for the Coriolis terms in frequency space, they can be transformed back
into real space and divided by sin? 6, resulting in the final forms of the pseudo-force
contributions in a rotating reference frame. The divergene of these terms can be
taken simply by plugging them into the definition for the divergence in the VSH basis
(Section A.4).

3.6.7 Stability and CFL condition
In order to perform the stability analysis and derive an approximate Courant-
Friedrichs-Lewy (CFL) condition for the time-discretization scheme, the following

simplified form of the governing equations (Equations (3.1)-(3.3)) is employed.
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= -V . (3.25)

The conservation of energy (Equation (3.3)) is omitted in favor of the simple adiabatic
relation for pressure perturbations, p’ = ¢?p’. Background flows are removed under
the assumption that they are significantly smaller than the sound speed (c¢), and will
not affect the stability of the algorithm in the model interior. Furthermore, since
sound speed only has a radial dependence and the radial grid is spaced evenly with
respect to acoustic travel time (Subsection 3.6.2), the sound speed can be treated as
a constant without a significant loss in precision. The simplified governing equations
(Equations (3.25)) can now be combined to form the 3D wave equation for density

perturbations.

@2 ,0/
ot?

=V . (3.26)

This wave equation (Equation (3.26)) can be written out in a finite-difference
form that is consistent with the time-discretization scheme employed in the model

(Subsection 3.6.1).

(At)? T r20r

p/(n-i-l) _ 2p/(n) +pl(n—1) 20 2apl(n) l<l+ 1)02 )
"Tor | 2 P

This function can be rewritten under the assumption that density perturbations take

(n) Y}meikr> on

lm

the form of the solution to the 1D radial wave equation (p' () = p'
the discrete intervals of the radial grid. Furthermore, the transformation of this wave
due to sphericity is assumed to be minimal on the order of the grid size, allowing for

the omission of the imaginary term—Ileaving the following governing equation.
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n+1 n n—1
p/l(m+ ) — Qp/l(m) + p/l(m : _ _C2k2pl(n) _ l(l + 1)02p1(") (3 27)
(At)g Im r2 Im :

The terms of the wave equation (Equation (3.27)) can then be rearranged as:

n n n— I(1 1
A w4 g =0 e = [iage (0 1) o)
r
This equation is rewritten under the assumption that each subsequent time-step can
be expressed as a function of a previous time-step and some amplification factor

n+1 n
(P = 2010

.

Im

ZQp/(nfl) + Zap/(nfl)

Im lm

+p

The amplification factor can then be solved using the quadratic equation.

—a++Va? -4

. (3.28)

z =

For damping to occur, the amplification factor must be complex, leaving the following

condition on the terms inside of the square root.

a?—4<0.

Written out in full form, this condition results in the maximum time-step allowed to

maintain stability.

2
1 1/2 7
c (kQ + M)

r2

At <
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where the wavenumber % can be estimated for each grid point as k = w/Ar.

3.6.8 Parallelization

In order to increase the speed of the computation of the governing equations
(Equations (3.1)-(3.3)), the load can be distributed over several processors working
in parallel. Computations occur in two main regimes: real-space computation and
frequency-space computation in the spherical harmonic decomposition.

Real-space computations include instances of multiplying and dividing flow field
variables. This work is done on the Gauss-Legendre 3D mesh grid (Subsection 3.6.3),
covering the full sphere in the azimuth (0 < ¢ < 27) with N, grid points, and
the latitude (0 < 6 < m) with Ny grid points. The resolution of each radial

layer is controlled independently and real-space computations are done on each layer

separately.

17 118 (19 (20| 21| 22| 23

Figure 3.7 A representation of real-space mesh-point storage in memory; a 1D
array of contiguous radial layer grid points (Vg x Np) are stored consecutively for
each radial layer from the center outwards.

The structure of the real-space variable array is demonstrated in Figure 3.7, where
each colored radial slice represents the full 2D surface grid (Ny x Ny) stored as a 1D
array with the resolution changing as a function of radius. The full 3D mesh is stored
in memory as a single 1D array, where each surface grid is stored contiguously. This

1D array is then separated into some number of chunks of as equal size as possible
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and distributed to the various compute ranks, as demonstrated in Figure 3.8. Each
radial slice must be stored in its entirety in order to perform real-space computations

and subsequent spherical harmonic analysis and decomposition.

ry ry my my

Mg [ My | Mg | My [ Mz [ M3 | My # Mo [ Mg [ Mg | Mg | My My [ My | My
MPI Rank 1 MP| Rank 1
rs m; ms m,

Mg | My | my| my| my| ms| mg

!

m, | My | Mz | my| ms| ms| my| my

MPI Rank 2 MPI Rank 2

Fa Ms Mg my| Mg

Mg My | M3 | M3 | My | Mg | Mg | My | Mg Mg | Mg | Mg| Mg| My | Mg

l

MPI Rank 3 MPI Rank 3

Figure 3.8 A symbolic representation of memory arrangement across compute
ranks, showing the transformation between contiguous surface grids at each radial
layer (left) to models separated by azimuthal quantum numbers (m) containing every
radial grid-point (right).

Frequency-space computations in the spherical harmonic decomposition include
solving the time-discretized functions (Subsection 3.6.1, Equations (3.12)) as well
as computing the potential field using the numerical solver for Poisson’s equation
(Subsection 3.6.4). These computations can be performed for each spherical harmonic
degree (I) and azimuthal order (m) individually, but require access to all of their
radial grid points. This can be achieved through spherical harmonic decomposition
of the real-space variables in their compute ranks, as demonstrated symbolically in
Figure 3.8, where, on the left hand side, each radial surface grid is transformed
and stored as a 1D array of contiguous azimuthal orders (m). These 1D arrays are
then broken up by that order and redistributed among the compute ranks, forming
contiguous segments of radial grids for each spherical harmonic quantum number

individually.
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3.7 Model Validation
This section presents a validation of the computational techniques employed in the
GALE code (Section 3.6). The accuracy of the computation of acoustic oscillations
throughout the solar model is tested by comparing them with theoretically computed
acoustic eigenmodes in Subsection 3.7.1. The computation of the material derivative
(see Subsection 3.6.5) is validated by simulating differential rotation as a background
velocity term, and measuring the resulting frequency shifts (Subsection 3.7.2). The
detection of acoustic perturbation using a power-map analysis is tested at a high
resolution in order to mimic observations of small-scale structures on the solar surface

(Subsection 3.7.3).

3.7.1 Power spectrum

Acoustic oscillations on the solar surface can be decomposed into eigenmodes of
radial velocity (u/¥), representing standing waves throughout the solar interior. These
modes can be conceptualized as a combination of the scalar spherical harmonic (Y},,)

with a frequency dependent radial order (&,),

(r,0,0,t) = > Z &4 (r)Yim (0, )" . (3.29)

n,. m=—I

The power spectrum of these modes can be visualized using an [ — v diagram, showing
continuous radial modes throughout the solar interior as a function of their frequency
(w = 2mv) and spherical harmonic degree (1), Figure 3.9. The eigenmodes are
excited in the frequency range determined by the source function (S, see Section 3.4).
Setting negative values of the Brunt-Vaisala frequency to zero removes the convective
instabilities that act as sources of acoustic perturbations normally seen below 2 mHz.

The structure of the eigenmodes generated by the model shows a good agreement
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with theoretical calculations of eigenmodes from the model S (Christensen-Dalsgaard

et al., 1996), denoted by the dashed blue lines in Figure 3.9.

| — v Diagram
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Angular Degree (1)

Figure 3.9 An [ — v diagram, showing the power spectrum of p-modes sampled
20 km above the model surface. Blue dashed lines represent theoretical predictions of
eigenmodes made by the standard solar model S (Christensen-Dalsgaard et al., 1996).
Source: adapted from Stejko et al. (2021a).

3.7.2 Rotation

In order to test the computation of the material derivative (Subsection 3.6.5), a simple
model of differential rotation in a non-rotating reference frame can be implemented
by defining the background velocity term as the angular frequency (€2) derived from
the mean-field model M1 described in Pipin & Kosovichev (2019) and shown in
Figure 3.10.
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Differential Rotation
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Figure 3.10 The angular frequency (€2) profile derived from model M1, described
in Pipin & Kosovichev (2019), showing differential rotation in the convection zone
(0.70R — 1.0007R) with a solid rotating core (< 0.70R).

Source: adapted from Stejko et al. (2021a).

This simple azimuthal velocity flow field model creates easily detectable
rotational splitting in the structure of the eigenmodes. The rotational profile will
shift up the frequency of prograde modes and shift down the frequency of retrograde
modes as a function of their azimuthal order (m). This shift can be visualized using
an m — v diagram of the power spectrum for spherical harmonic degree | = 180
(Figure 3.11), where the simulated modes reproduce the characteristic tilt due to
the average rotation, along with the curvature created by the differential rotation
in the convection zone. The blue dashed lines show frequency splittings calculated

using heliosesimic sensitivity kernels (Schou et al., 1998) for the M1 model (Pipin &
Kosovichev, 2019).
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Figure 3.11 An m—v diagram, showing the power spectrum of acoustic oscillation,
sampled 30 km above the model surface, for spherical harmonic degree [ = 180. Blue
dashed lines represent frequency splittings calculated using heliosesimic sensitivty
kernels (Schou et al., 1998) for the M1 model (Pipin & Kosovichev, 2019).

Source: adapted from Stejko et al. (2021a).

3.7.3 Sound speed perturbations

The modeling of subsurface sound speed perturbations can be used as a general proxy
for the measurement of magnetic flux emerging onto the solar surface (Hartlep et al.,
2011; Tlonidis et al., 2013). In order to further validate the computational techniques
presented here, this algorithm is used to simulate the observation of sound speed
perturbations in a similar manner to the power-map analysis of the acoustic solar
model presented in Hartlep et al. (2011). Such global acoustic models can be used as
validation tools to test local helioseismology techniques used for the measurement of

travel-time differences in the presence of emerging active regions (Ilonidis et al., 2013;

Stefan et al., 2021). These regions can be simulated using the following 3D spherical
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Gaussian perturbations (Equation (3.30)) in the background profiles of sound speed
(¢, in Equation (3.3)).

o(r,0,¢) _ L+ Aexp (_(r (0 —00))*+ (rsinf (¢ — ¢g))? + (T—R@+ZO)2> 7

Co 2w
(3.30)
where wy is the characteristic width of the 1D Gaussian function, 6, and ¢, are the
transverse coordinates of the perturbation, and zy is the depth from the solar surface.

o is the unperturbed solar sound speed profile.
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Figure 3.12 An [ — v diagram for a spectral resolution of [,,,, = 1000, showing the
power spectrum of p-modes sampled 20 km above the model surface.

The analysis of active regions is performed on a scale of an order of magnitude

smaller than investigations of global structures such as differential rotation and

68



meridional circulation; helioseismic measurements are taken from MDI data, with
a spatial resolution of 0.12° per pixel and a time cadence of one minute. To match
this resolution, the maximum spherical harmonic degree of the algorithm is set to
lmaz = 1000, corresponding to N, = 3000 azimuthal, and Ny = 1500 latitudinal grid
points. The data is saved every minute for 8 hours of model time—corresponding to

approximately a day in computational walltime. The resulting [ — v diagram is shown

in Figure 3.12.
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Figure 3.13 The acoustic power map generated by a summation of Fourier
decomposed modes over the frequency intervals: 1-3 mHz (top) and 3-5 mHz
(bottom), sampled 30 km above the solar surface. Boxes highlight four sound speed
perturbations of varying widths, wy = 20, 30, 40, and 50 Mm.
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Figure 3.14 Acoustic power maps of sound speed perturbations, over the frequency
intervals: 1-3 mHz (left) and 3-5 mHz (right), remapped into 30° x 30° patches
centered at the equator and the 45° (A), 90° (B), 135° (C), 180° (D) longitude,
corresponding to a width of wy = 20 (A), 30 (B), 40 (C), 50 (D) Mm.
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Four different active regions are tested, all corresponding to an amplitude of
A = —10% and a width of wy = 20, 30, 40, and 50 Mm. They are placed at varying
depths of zy = 10, 15, 20, and 25 Mm, at the equator and corresponding to a longitude
of ¢pg = 45°, 90°, 135°, and 180°, respectively. Acoustic perturbations can be detected
on the solar surface using a power-map analysis of radial velocity perturbations (u/.)—
decomposed into Fourier modes and summed over frequency intervals (Hartlep et al.,
2011; Toriumi et al., 2013). A synoptic power map for 1-3 mHz and 3-5 mHz can be
seen in Figure 3.13.

These structures are visualized in detail in Figure 3.14, showing the two
frequency ranges remapped into 30° x 30° patches using Postel’s projection. These
panels show the expected decrease in acoustic power footprints, corresponding to the
varying width of the emerging sound speed perturbations—with the majority of the
changes concentrated in the 3-5 mHz frequency range (Hartlep et al., 2011). These
perturbations are representative of an approximate cross-section of strong active
regions of various sizes, emerging onto the solar surface. This analysis reproduces
the ability to detect relatively short-lived (~ 8 hours) structures using the power of
acoustic modes.

The simulation presented in this section reproduces the results of the investi-
gation of Hartlep et al. (2011), validating the methods used in this acoustic solar
model, as well as serving as a foundation for testing the algorithm at high spectral
resolutions. This analysis demonstrates potential uses for the code in the small-scale
examination of near-surface active regions within a reasonable modeling time frame,
something that has been too computationally expensive with previous iterations of

global acoustic models.
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CHAPTER 4

HELIOSEISMIC ANALYSIS

4.1 Model Parameters
Helioseismic analysis is performed on models of meridional circulation with the
following parameter set-up. The spatial resolution of the model is set by the spherical
harmonic degree l,,,,, = 200. This value corresponds to an azimuthal resolution of
Ny = 600 and a latitudinal resolution of Ny = 450, chosen to avoid aliasing errors
during sampling. This resolution allows for the detection of signals throughout the
convection zone to an upper limit of ~ 0.96R.. The temporal cadence of the model
is 3 seconds with data being saved at 1 minute intervals for a total of 67 hours (4000
minutes)—a time-scale too short to effectively resolve signals in the convection zone
(Braun & Birch, 2008). The signal-to-noise ratio (SNR) can be improved by increasing
the background velocities in the model by a factor of 36 (see Hartlep et al. (2013)),
mimicking the SNR expected in approximately a decade of solar observations—within

the operational time-frame of HMI.

4.2 Deep Focusing Method
Acoustic oscillations traveling through the solar interior are advected by regimes of
mean mass-flows in the convection zone. Measuring perturbations on the solar surface
allows for the application of local helioseismology techniques (see Gizon & Birch
(2005)) in order to infer the structure of these internal flow velocities. This analyis
employs the technique of deep focusing (Zhao et al., 2009; Charbonneau, 2010), in
which radial velocity perturbtaions at two points on the model surface, separated
by some angular distance (A), are cross-correlated. The resulting correlation signal
forms the characteristic profile of a Gabor wavelet (Kosovichev & Duvall, 1997; Giles,

2000; Nigam et al., 2007), which can be described by the function:
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(4.1)

7 is the time-lag between the signals, wy and dw are the central frequency and width
of the frequency filter respectively. v = w/ \/m is the horizontal phase velocity
and v = Ow/0ky, is the horizontal group velocity. The function is summed over
the narrow range of phase velocities dv. Fitting this function (Equation (4.1)) to
the cross-correlated signal is done using the iterative Levenberg-Marquardt method,

resulting in an estimate of the time-lag from the group and phase velocities.

Time-Distance Diagram of Acoustic Cross-Correlations
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Figure 4.1 Time-distance diagram of the cross-correlation of radial velocity
perturbations for a range of angular travel distances (A = 5° —60°), sampled 300 km
above the solar surface. Bottom figures show a slice of the correlation signal at the red
dashed line in the time-distance diagram, fit to a Gabor wavelet pattern (Equation

(4.1)).
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In order to measure the impact of meridional flow fields on acoustic rays, the
time-lag (7) of southward traveling waves is subtracted from their northward traveling
counterparts (07yg). The ray-path approximation (Giles, 2000) then offers a basis for
inferring the magnitude of the velocity field in the direction of the traveling acoustic

ray (assuming the path of the ray I'g remains unperturbed).

0T = —2/ Rl P (4.2)
To

Although this functions omits non-linear effects of large flow velocities, it serves as
a basic approximation of travel-time differences—seen by the computed travel-time
comparisons in Figure 4.12.

This method is applied to the surface mesh-grid of the model, sampled at
approximately 300 km above the photosphere (1.0004Rs). Each pixel (Ng x N, =
450 x 600) is treated as a center point around which cubic hermite splines are used to
remap a 60° x 60° patch into azimuthal equidistant coordinates (Postel’s proejection)
at a resolution of approximately 0.6° per pixel. Great circle distances (A) are selected
at every interval (1.2°) from 0° to 60°, for which 30° wide sectors in the north and
south (two pixels in radius) are averaged and cross-correlated with each other. This
signal can be enhanced by averaging over every point in the longitude (/Vy = 600) and
smoothed by averaging £3° (£5 pixels) in the latitude. The data can be smoothed
further by averaging the diameter of each great circle over +2.4° where travel-time
offsets are interpolated to an estimated time-lag using the ray-path approximation.
The application of this method allows for the measurement of acoustic travel times
and inferences of meridional velocities throughout the convection zone—from the
convective-radiative interface at the tachocline (0.70Rs) to near the solar surface
(0.96R:). An illustration of the remapping and pixel selection technique, along with

corresponding acoustic ray-paths through the model interior can be seen in Figure 4.2.
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Figure 4.2 An illustration of the deep-focusing method. Left) A 60° x 60° patch
is remapped into azimuthal equidistant coordinates, pixels are selected in 30° wide
northern and southern sectors (two pixels in radius). Right) The acoustic ray paths
associated with the selected travel distances.
Source: adapted from Stejko et al. (2021b).

4.3 Measuring Acoustic Travel Times
In order to validate the computational techniques used in the GALE algorithm,
the deep-focuing method is tested on the same simple model of shallow single-cell
meridional circulation presented in Hartlep et al. (2013). Following their formulation,
travel-time differences are taken from great circle distance intervals at A = 12°, 18°,
24°, 30°, 36°. The radial turning points of acoustic waves corresponding to each
angular distance are ~ 0.93, 0.89, 0.85, 0.81, 0.77, 0.72 Ry, respectively. Figure 4.3
shows the meridional flow profile used in the model with dashed lines in the upper
hemisphere corresponding to the ray paths for each great circle.

The travel-time differences (67ng) for each ring diameter are plotted as a
function of latitude in Figure 4.4. These values are compared to theoretical travel-time
differences (dashed lines in Figure 4.4) computed using the ray-path approximation
(Equation (4.2)) employing the standard solar model S (Christensen-Dalsgaard et al.,

1996). These travel-time differences show solid agreement with theoretical predictions
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Figure 4.3 The latitudinal velocity (dy) of a single-cell model of meridional
circulation (Hartlep et al., 2013). The dashed lines represent ray paths of acoustic
oscillations (p-modes) between diameters of A = 12°, 18°, 24°, 30°, 36° and 42° with
radial turning points at depths: ~ 0.93, 0.89, 0.85, 0.81, 0.77, 0.72 R, respectively.
Meridional circulation models are amplified by a factor of 36 (see Section 4.1).
Source: adapted from Stejko et al. (2021a).

as well as the analysis of Hartlep et al. (2013). These results show a key validation
of the numerical procedure used to compute the model as well as the deep focusing
techniques used to analyze the data. The error (oyg) is calculated using the procedure
described in Subsection 4.3.1.

In order to increase the SNR in these measurements, a phase-speed filter can be
applied—defined by a Gaussian function with a width of o = 0.05v,, where v, = w/L
is the phase speed, see Nigam et al. (2007) for details. Under the application of
this filter, the travel-time differences display high levels precision but do show a
latitude-independent systematic offset for different ring diameters. This offset, which
seems to have a maximum of approximately +1 s (Figure 4.5), is a characteristic of the

realization noise in the model and can be removed by subtracting the phase-filtered

noise profile for the same model with no background flows (Subsection 4.3.1).
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Figure 4.4 The N-S travel-time differences (dtxs) as a function of latitude for six different depths: ~ 0.93, 0.89, 0.85, 0.81,
0.77,0.72 R, corresponding to travel distances of A = 12°, 18°, 24°, 30°, 36°, and 42°, respectively. The signal is averaged over
+3° in latitude and £2.4° in travel distance. Meridional circulation models are amplified by a factor of 36 (see Section 4.1).
Source: adapted from Stejko et al. (2021a).




8L

N-S Travel Time Difference (67) N-S Travel Time Difference (67) N-S Travel Time Difference (67)
Ring Diameter:12° + 2.4° Ring Diameter:18° + 2.4° Ring Diameter:24° + 2.4°

ONS

N
o
q
=
wn

20 s

N
o

fary
o

10

fury
o

|
=
o

-10

|
=
o

--- ¢érys Computed, Eq. 13 --- ¢érys Computed, Eq. 13 --- ¢érys Computed, Eq. 13

Travel Time Difference (seconds)
o

Travel Time Difference (seconds)
o

Travel Time Difference (seconds)
o

—20 — é7ns Measured —20 — 67ns Measured —20 —  67ns Measured
-60 —-40 -20 0 20 40 60 -60 —-40 -20 0 20 40 60 -60 —-40 -20 0 20 40 60
Latitude (degrees) Latitude (degrees) Latitude (degrees)
N-S Travel Time Difference (67) N-S Travel Time Difference (d7) N-S Travel Time Difference (67)
Ring Diameter:30° + 2.4° Ring Diameter:36° + 2.4° Ring Diameter:42° +2.4°
w 20 ONS v 20 ONS M 20 ONS
2 ! 2 1 2 :
o o o
|9} |9} |9}
[0} (0] (0]
L 10 2 10 2 10
[0} [0} [}
[} [} [}
c c c
o o N i
o O o O @ 0 ~—__\______
£ £ =
[a) [a) [a)
(0] (0] (0]
£-10 £-10 £ -10
[ [ [
o o o
% --- érys Computed, Eq. 13 % --- 6rys Computed, Eq. 13 % 20 --- o0rys Computed, Eq. 13
= =20y _ Smvs Measured e =20 _ S7vs Measured =T —  rys Measured
-60 —-40 -20 0 20 40 60 -60 —-40 -20 0 20 40 60 -60 —-40 -20 0 20 40 60
Latitude (degrees) Latitude (degrees) Latitude (degrees)

Figure 4.5 The N-S travel-time differences (0tyg) under the application of a Gaussian phase-speed filter (o = 0.05v,) as a
function of latitude for six different depths: ~ 0.93, 0.89, 0.85, 0.81, 0.77, 0.72 R, corresponding to travel distances of A = 12°,
18°, 24°, 30°, 36°, and 42°, respectively. The signal is averaged over 4+3° in latitude and +2.4° in travel distance. Meridional
circulation models are amplified by a factor of 36 (see Section 4.1).

Source: adapted from Stejko et al. (2021a).



4.3.1 Characterizing noise

The error (ong) is calculated using a separate model with no background flows;
this reference model uses an identical source function (S, Section 3.4) and analysis
sequence, producing the same error profile for each ring diameter (Figure 4.4). This
error is characterized as the standard deviation of travel-time differences (§7) from
zero in the reference model, taking the root-mean-square (RMS) over latitudinal grid

points.

(4.3)

The characteristic noise profiles seen in models without flows can be subtracted from
measured travel-time differences (Figure 4.4) in order to remove some of the most
significant impacts of realization noise on measurements (Hanasoge et al., 2007). This
method of attenuating noise provides an opportunity to compare measurements made
by computational helioseismology to estimates of the ray-path approximation. The
resulting N-S travel-time profile is shown in Figure 4.6 for unflitered measurements
and in Figure 4.7 for measurements under the application of the phase-speed filter.
These profiles show remarkable agreement with predictions made using the ray-path
approximation (Equation (4.2)), implying that non-linear effects do not seem to have

dramatic impacts on the measurement of travel times.

79



08

N-S Travel Time Difference (67) N-S Travel Time Difference (67) N-S Travel Time Difference (67)
Ring Diameter:12° + 2.4° Ring Diameter:18° + 2.4° Ring Diameter:24° + 2.4°

20 20 20

10 10

Travel Time Difference (seconds)
o

Travel Time Difference (seconds)
o

Travel Time Difference (seconds)

-10 -10 -10
20 --- ¢érys Computed, Eq. 13 - 20 --- ¢érys Computed, Eq. 13 20 --- ¢érys Computed, Eq. 13
- —  47ys Measured - —  07ns Measured - —  67ns Measured
-60 —-40 -20 0 20 40 60 -60 —-40 -20 0 20 40 60 -60 —-40 -20 0 20 40 60
Latitude (degrees) Latitude (degrees) Latitude (degrees)
N-S Travel Time Difference (67) N-S Travel Time Difference (d7) N-S Travel Time Difference (67)
Ring Diameter:30° + 2.4° Ring Diameter:36° + 2.4° Ring Diameter:42° +2.4°
v 20 v 20 v 20
C C C
o o o
|9} |9} |9}
[0} (] [0}
L 10 2 10 2 10
[0} [0} [0}
[} [} [}
c c c
o o o g -
] ] 0 ] 0
[a) [a) [a)
(0] (0] (0]
jS £ -10 £ -10
[ [ [
o o o
E o0l T o:rws Computed, Eq. 13 E —o0oll o:ms Computed, Eq. 13 E N t’ims Computed, Eq. 13
[t —  7ns Measured [ —  d7ns Measured = —  7ns Measured
-60 —-40 -20 0 20 40 60 -60 —-40 -20 0 20 40 60 -60 -40 -20 0 20 40 60
Latitude (degrees) Latitude (degrees) Latitude (degrees)

Figure 4.6 The N-S travel-time differences (dtyg) with noise subtracted from the corresponding model with no flows. The
travel-times are plotted as a function of latitude for six different depths: ~ 0.93, 0.89, 0.85, 0.81, 0.77, 0.72 Ry, corresponding
to travel distances of A = 12°, 18°, 24°, 30°, 36°, and 42°, respectively. The signal is averaged over £3° in latitude and +2.4°
in travel distance. Meridional circulation models are amplified by a factor of 36 (see Section 4.1).

Source: adapted from Stejko et al. (2021a).
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Figure 4.7 The N-S travel-time differences (0txg) under the application of a Gaussian phase-speed filter (¢ = 0.05v,) with
noise subtracted from the corresponding model with no flows. The travel-times are plotted as a function of latitude for six
different depths: ~ 0.93, 0.89, 0.85, 0.81, 0.77, 0.72 R, corresponding to travel distances of A = 12°, 18°, 24° 30°, 36°, and
42°, respectively. The signal is averaged over +3° in latitude and £2.4° in travel distance. Meridional circulation models are
amplified by a factor of 36 (see Section 4.1).

Source: adapted from Stejko et al. (2021a).



The error function (oxg, Equation (4.3)) provides a solid foundation for the
characterization of realization noise at various acoustic travel depths. This error
is shown as a function of travel distance (A) in Figure 4.8, along with travel-time
differences (07) from the reference model without background flows for five separate
latitudinal averages (30°N—50°N, 10°N—30°N, 10°S—10°N, 10°S—30°S, 30°S—50°S);
errors are shown for both filtered and unfiltered signals (see Section 4.3). The cause
of the apparent systematic error is unclear, however, the latitude-dependent offset is
strongly linked to the structure of the source function (S, Section 3.4), with different
random number seeds generating different error profiles. This effect deserves its own

systematic investigation for varying parameters of source locations and structures.
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Figure 4.8 The error in travel-time differences (67) as a function of travel distance
(A) for five latitudinal averages spanning 30°N — 50°N, 10°N — 30°N, 10°S — 10°N,
10°S — 30°S, 30°S — 50°S. Error bars show the standard deviation of the measured
offset (ong, Equation (4.3)) across the entire latitude. Left) Error for data analyzed
with a Gaussian phase-speed filter (¢ = 0.05v,). Right) Error for unfiltered signal.
Source: adapted from Stejko et al. (2021a).

Figure 4.8 shows similar systematic error structures in both the filtered and
unfiltered signals. Moving towards greater depths, however, shows a significant
increase in the noise of the unfiltered signal, concealing any potential offset. These

results may have interesting implications for measuring meridional flow structures at
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the base of the tachocline. The application of the phase-speed filter seems to have
preserved signal quality relatively evenly throughout the convection zone, offering

encouraging results for probing flows deep in the solar interior.

4.4 Analysis of Meridional Circulation
A useful application of this algorithm lies in the in-depth investigation of the
propagation of acoustic waves over profiles of meridional circulation. This section
explores measurements made from profiles of shallow and deep single-cell, as well as
strong and weak double-cell regimes of meridional background flows—generated by
the mean-field non-linear hydrodynamic and dynamo models of Pipin & Kosovichev
(2018, 2019). The stochastic excitation of oscillations over background flows generated
by these models allows for a systematic examination of realization noise in the
helioseismic signatures generated by each regime. This investigation offers a baseline
for the low-end of variance in travel-time measurements that characterize single-cell
and double-cell meridional circulation—resulting from minimal parameter changes
near the base of the tachocline. Previous conclusions on the nature of meridional
circulation structure and the bounds of realization noise have been inferred with the
aid of ad-hoc models (Zhao et al., 2013; Hartlep et al., 2013; Rajaguru & Antia, 2015;
Chen, 2019; Gizon et al., 2020); this section presents the analysis of physics-based
meridional velocity profiles in order to help constrain the large variance of possible

internal structures.

4.4.1 Meridional profiles

The deep focusing method (Section 4.2) is applied to four profiles of meridional
circulation. The first two are: a shallow single-cell profile, with a return flow at
approximately 0.80Rs, along with a double-cell meridional circulation profile with

a weak reversal, referred to as M1 and M2, respectively, in Pipin & Kosovichev
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(2019). The next two are: a single-cell meridional circulation model with a deep
return flow situated near the base of the tachocline—based on the mean-field model
of Kitchatinov (2004), along with a double-cell meridional circulation profile with a
stronger return flow induced by gyroscopic pumping in the same model. They are
described as models M2 and M3, respectively, in Pipin & Kosovichev (2018), and
referred to as K1 and K2 here, in order to avoid confusion with the other models.
These meridional velocities are used as the background terms (@,.,%g) in the governing
equations (Equations (3.1)-(3.3)). The latitudinal velocities (t@y) for the models (M1,
M2, K1, & K2) are shown in Figure 4.9, with streamlines representing the circulation

profile.

a) Meridional Circulation - M1 b) Meridional Circulation - M2 c) Meridional Circulation - K1 d) Meridional Circulation - K2

Figure 4.9 Latitudinal velocities (1y), generated by the mean-field models of Pipin
& Kosovichev (2019) (M1 and M2) and Pipin & Kosovichev (2018) (K1 and K2—
referred to as M2 and M3 in their paper). a) Single-cell meridional circulation with
a shallow return flow at ~ 0.80Rs. b) Double-cell meridional circulation with weak
reversal. ¢) Single-cell meridional circulation with a deep return flow near the base
of the tachocline. d) Double-cell meridional circulation with strong reversal. Solid
and dashed contours represent counterclockwise and clockwise rotation respectively.
Meridional circulation models are amplified by a factor of 36 (see Section 4.1).
Source: adapted from Stejko et al. (20210).

The internal meridional flow profiles can be characterized by plotting N-S

travel-time differences (d7yg) as a function of their travel distance (A = 12° —
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42°)—corresponding to an increasing depth in the convection zone (r = 0.93R; —
0.72Rs). Figure 4.10 presents five latitudinal averages (30°N — 50°N, 10°N — 30°N,
10°S — 10°N, 10°S — 30°S, 30°S — 50°S) of these travel-time differences for the four
regimes of meridional circulation. Measured travel-time differences (solid lines) are
compared to theoretical travel-time differences (dashed lines) computed using the

ray-path approximation (Equation (4.2)). Randomized functions are used to generate
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Figure 4.10 The N-S travel-time differences (d7yg) as a function of travel distance
(A) for models M1 (a), M2 (b), K1 (c), and K2 (d). The travel-time measurements
are shown unfiltered for five latitudinal averages spanning 30°N — 50°N, 10°N — 30°N,
10°S — 10°N, 10°S — 30°S, 30°S — 50°S. Dashed lines are theoretical times computed
using the ray-path approximation (Equation (4.2)). Meridional circulation models
are amplified by a factor of 36 (see Section 4.1).

Source: adapted from Stejko et al. (2021b).
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the oscillatory signal in the source (.5, see Section 3.4)—of which four different profiles
are shown for models M1, M2, K1, and K2 (Figure 4.10).

The bounds of the noise can be measured with the method described in
Subsection 4.3.1; 100 unique source functions on a model with no background flows are
used to characterize the noise as the standard deviation (oyg, Equation (4.3)) of the

measured signal from zero. Error bars in Figure 4.10 show one standard deviation
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Figure 4.11 The N-S travel-time differences (d7yg) as a function of travel distance
(A) for models M1 (a), M2 (b), K1 (c¢), and K2 (d). The travel-time measurements
are shown under the application of a Gaussian phase-speed filter (¢ = 0.05v,) for
five latitudinal averages spanning 30°N — 50°N, 10°N — 30°N, 10°S — 10°N, 10°S —
30°S, 30°S — 50°S. Dashed lines are theoretical times computed using the ray-path
approximation (Equation (4.2)). Meridional circulation models are amplified by a
factor of 36 (see Section 4.1).

Source: adapted from Stejko et al. (2021b).
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of this noise profile. The SNR can be improved significantly—especially at larger
travel-distances, by applying a phase-velocity filter to the data prior to deep focusing
(see Section 4.3). The resulting travel-time differences can be seen in Figure 4.11.

A comparison of signals from the four models, shows noticeable variations
between three of them. Moving from the deep single-cell profile (K1) to the
shallow single-cell and weak-reversal double-cell profiles (M1 & M2), further onto the
strong-reversal double-cell profile (K2), highlights a trend of increasing curvature,
showing a more rapid decrease in travel-time differences with travel distance. These
trends result in gaps wider than one standard deviation of the noise throughout a
large part of the convective interior. The shallow single-cell and double-cell regimes
(M1 and M2, respectively), however, fall within one standard deviation of the range of
realization noise, even with the significant increase in the SNR through the application
of a phase-velocity filter. These results have positive implications for the ability to
distinguish between deep and shallow single-cell meridional circulation, as well as
profiles of double-cell circulation with strong reversals. Unfortunately, the differences
between shallow single- and double-cell profiles are much more subtle; using current
helioseismology techniques, within the time-frame of HMI measurements (~ 10 years),
any definitive statements on whether meridional circulation has one or two cells may
be difficult to make.

In order to highlight systematic errors present in the model, as well as
compare measurements to ray-path theory, computed travel-time differences of models
with no background flows can be subtracted from the travel-time differences of
the models with meridional circulation profiles that were excited with the same
source (see Subsection 4.3.1). This results in realization noise being removed from
travel-time differences in models M1, M2, K1, and K2, for the phase-speed filtered
data-set (Figure 4.12)—revealing a close and consistent agreement to the ray-path

approximation with the travel-time differences in the K1 model. As travel-time
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Figure 4.12 The N-S travel-time differences (07y¢) as a function of travel distance
(A) for models M1 (a), M2 (b), K1 (c¢), and K2 (d), under the application of
Gaussian phase-speed filter (¢ = 0.05v,), with profiles of noise subtracted, showing
five latitudinal averages spanning 30°N —50°N, 10°N—30°N, 10°S—10°N, 10°S—30°S,
30°S — 50°S. Dashed lines are theoretical times computed using the ray-path
approximation (Equation (4.2)). Meridional circulation models are amplified by a
factor of 36 (see Section 4.1)

Source: adapted from Stejko et al. (2021b).

difference profiles begin to fall off more steeply with travel distance, however, the
results begin to diverge slightly from the approximation, culminating in an inability to
match the travel-time difference increase seen at large depths in model K2. Whether
this is due to intrinsic systematic errors in the model or in the approximation itself

deserves an in-depth investigation.

The profiles can also be compared to the publicly available data from the
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analysis of Gizon et al. (2020) (Figure 4.13), scaling the travel-time differences
computed using the ray-path approximation in models M1, M2, K1, and K2, to
their travel-time measurements using MDI/GONG observations for Solar Cycle 24
(2008-2019). It is apparent that the level of noise is too large to draw significant

conclusions distinguishing single- and double-cell regimes of meridional circulation.
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Figure 4.13 The N-S travel-time differences (07y¢) as a function of travel distance
(A) for MDI/GONG data published by Gizon et al. (2020). Latitude ranges in both
hemispheres (10°N — 30°N, 10°S — 30°S) are averaged in order to reduce noise and
are compared to dashed lines representing latitudinal averages for models K1, K2,
M1, and M2, as measured using the ray-path approximation (Equation (4.2)). Error
bars are computed as the standard deviation (o, Equation (4.3)) of the travel-time
differences in the 10°N — 10°S latitude range from zero.

Source: adapted from Stejko et al. (2021b).
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CHAPTER 5

DISCUSSION

5.1 Global Solar Modeling

The work presented in this dissertation focuses on the current state of global
solar modeling. 3D simulations have become an indispensable part of the field of
heliophysics and as the power of computing hardware and software continues to grow,
these models will continue to open up new avenues of investigation. The study of solar
and stellar environments is fundamentally a theoretical exercise, as their inhospitable
environment may forever preclude direct observation. While the chaotic nature of
solar dynamics does not lend itself well to simple theoretical explanations, it is exactly
these types of situations where the promise of computational algorithms can be seen.
The better that simple principles of physics can be prescribed, the more accurate and
insightful the aggregate of computational solutions will be. Models of solar and stellar
evolution will become the key to unlocking a deep and fundamental understanding
of the nature of solar structure and pave the way for accurate predictive models of
space weather.

Global MHD modeling has been instrumental in unlocking questions on the
evolution of the solar dynamo. Simple operational dynamo models (Parker, 1955;
Moffatt, 1978; Babcock, 1961; Leighton, 1969) build the foundation for mean-field
theory (Brandenburg & Subramanian, 2005) to create a framework for the evolution
of the solar cycle. Convectively-driven MHD models take the opposite approach,
attemping to reproduce solar obervations as a natural byproduct of an evolving
system, and gain insight into the structure of turbulet coefficients in a holistic way.
When these two approaches meet, they will signify a validation of our understanding of

the nature of solar structure and the parameters that drive the system. Unfortunately,
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global MHD modeling (Brun et al., 2004; Ghizaru et al., 2010; Racine et al., 2011;
Cossette et al., 2013; Nelson et al., 2013; Augustson et al., 2015; Guerrero et al.,
2016; Cossette et al., 2017; Warnecke, 2018; Guerrero et al., 2019) still has a long way
to go before fully replicating solar observations in a satisfactory way. An important
insight that these model have begun to show, however, is that they may have been
taking a too narrow view of the system. The complex interaction of the internal
dynamo structure with the solar surface presents an obstacle for the anelastic models
that cannot simulate compressive interactions and are not built for the high plasma
flow speeds in subsurfae layers. It seems that the next step will rely on novel
systems, purpose-built to simulate these interactions. A completely new non-linear
compressible MHD model is a massive undertaking; in order to move the needle on this
topic slightly forward, this dissertation presents the formulation of a new linearized
compressible solar model. The pseudo-spectral computational techniques presented,
are formulated in a way that can be extended to a non-linear model in the future. In
the mean-time, there is no shortage of uses for a new generation of fast and efficient
acoustic models, especially in the context of interpreting inferences of helioseismic

observations of the Sun.

5.2 The GALE Code
The GALE code can be used facilitate the testing and validation of local and global
helioseismology techniques in diverse regimes of three-dimensional flows. While
helioseismology has been an indispensable tool in exploring interior dynamics on the
Sun, it can have trouble resolving exact profiles of flow, especially at greater depths.
Forward-modeling offers the opportunity to test the impact of subtle differences
generated by a variety of theoretical models of mean mass flows, forming a basis

to better interpret observational oscillation data.
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This model is validated for two distinct profiles: differential rotation and
meridional circulation. These two regimes are critical for understanding and
simulating the distribution of angular momentum and magnetic flux that governs
the solar magnetic cycle. The pseudo-spectral techniques presented here will be
necessary components for future models to efficiently compute spherical harmonic
resolutions of [,,,, > 300, previously considered to be too computationally expensive.
These resolutions will be necessary to model local helioseismology techniques on sound
speed perturbations due to small-scale structures on the solar surface, creating a link
to linear effects of global perturbations.

In this dissertation, the GALE code is employed in an attempt to tackle
unanswered questions on the nature of meridional circulation. Large variations in
inferences have been made using similar local helioseismology techniques—from a
double-cell meridional circulation profile seen in HMI observations (Zhao et al., 2013;
Chen, 2019) to recent reassertions of a single cell profile from MDI/GONG data
(Gizon et al., 2020). The feasibility of the two regimes has been explored in recent
years, with convectively driven MHD and HD models reproducing the necessary
environment for both.

The actual differences may lie somewhere in between the large variations inferred
in the two regimes. This model attempts to test the feasibility of discerning between
meridional profiles with a deep and shallow single-cell as well as strong and weak
secondary-cell profiles, generated by the same mean-field model, operating with
minimal parameter changes (K1 & K2 in Pipin & Kosovichev (2018)—referred to
as M2 and M3 in their paper; M1 & M2 in Pipin & Kosovichev (2019)). Using the
GALE code to simulate the stochastic excitation of acoustic modes throughout the
convective interior, the deep focusing method can measure the resulting realization
noise in travel-time differences. Noise is one of the main obstacles when inferring

structures from observations. Even if the systematic CtoL effect can be fully resolved,
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the time-frame of measurements remains a limiting factor. The high levels of noise in
these measurements leave large uncertainties that may be the source of the divergent
conclusions made on the nature of meridional circulation. Physics-based models can
be used to constrain results in the context of a broader complex system. The GALE
code is used to analyze differences between a shallow single-cell and a weak-reversal
double-cell regime, generated by a mean-field simulation that uses a physics-based
model of gyroscopic pumping to induce the reverse-flow cell near the base of the
tachocline. These models show that even with the formation of a reverse flow, the
travel-time differences may fall well within one standard deviation of error for both
phase-speed filtered and unfiltered deep-focusing measurements. These profiles (M1
& M2) provide the low end of the baseline for variance between the two regimes. An
examination of physics-based profiles that may be more consistent with single-cell
(Gizon et al., 2020) inferences such as K1 or double-cell (Zhao et al., 2013; Chen,
2019) inferences such as K2, can also be useful. The deep single-cell profile (K1)
and strong-reversal double-cell profile (K2) show large enough differences that a
distinction with a relatively high degree of confidence is feasible. For now, however,
the best way to constrain these solutions is by looking at the broader impacts of these
profiles within the context of their effects on global solar dynamics (see Kitchatinov,
2013). Pipin & Kosovichev (2018) show that an unavoidable effect of increasing the
strength of the return flow is a profile of differential rotation that is inconsistent
with inferences of global helioseismology (Howe et al., 2011). While mean-field
modeling does not fully capture the structure of the solar interior, a consistency with a
theoretical understanding of the system can lend confidence to inferred results. While
meaningful conclusions on the nature of the return flow are within the reach of local
helioseismology techniques, currently, mean-field model-based profiles of meridional
circulation show that any definitive statements on the prevalence of either a single-

or double-cell regime should be taken with a grain of salt.
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5.3 Future Plans
This section describes the future applications of the GALE code, including an
extension that solves for the perturbations of a background magnetic field in the ideal
MHD limit (Subsection 5.3.1), as well as the formulation of a non-linear algorithm

based on the computational methods described in this dissertation (Subsection 5.3.2).

5.3.1 Magnetic field extension

Future iterations of the GALE code will include a linear perturbative magnetic field
term, allowing helioseismic techniques to explore large global magnetic structures, as
well as magnetic flux from emerging active regions on the solar surface. The effect of
a background magnetic field on the conservation of momentum (Equation (3.2)) can
be easily modeled by the action of the Lorentz force, which, with the aid of Ampere’s
law, vector identities, and the divergence-free field condition (V - B = 0), can be

written in the following conservative form.

JxB B? BB
Fp= =-V{< = 1
g c V(SW)+V At (5.1)

where the first term on the RHS of Equation (5.1) is the magnetic pressure and the
second term is a magnetic hoop stress. The Lorentz Force (Fy) can be linearized by
splitting the magnetic field into a base field (B) and a perturbation (B’), keeping

only the linear perturbation terms.

(5.2)

The perturbation of the magnetic dyad is written as B;j = BB’ +B’'B. The linearized

Lorentz force can be added to the conservation of momentum (Equation (3.2)); writing

the new relation alongside the linearized induction equation in the ideal MHD limit
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(where conductivity is infinite), results in the extended linearized MHD governing

equations:
o’ . !~ ~~ N 2 / B B’ /o / . B;]
T +V:(mu+pau)=-V°|p + o —V-(pgrr)+RT—l—V.47r,(5.3)
B’ ~
a@t :Vx(u’xB+ﬁxB’) : (5.4)

The governing equation for the induction of the magnetic field (Equation (5.4)) can
be solved in spherical coordinates, by computing the cross product of the velocity
and the magnetic field (u’ x B +1 x B) in real space. Taking the spherical harmonic
decomposition of the resulting cross product coefficients will allow for a coordinate
transformation into the VSH basis, using Equations (A.12), (A.13). The curl can then
be computed with the technique defined in Appendix A, Section A.5. The induction
equation can be discretized in time using the backward Euler method to maintain
the stability of the solution. The resulting magnetic field term can now be used to
solve for the Lorentz force contributions in the MHD extension of the conservation of
momentum (Equation (5.3)). Computing the magnetic pressure is relatively easy to
do in real space. The divergence of the linearized hoop stress (V : Bj;/47) can also
be efficiently solved using the pseudo-spectral technique for the computation of the
material derivative described in Subsection 3.6.5.

This algorithm presents the opportunity to test and simulate helioseismology
techniques employed in the detection of magnetic structures. While linear acoustic
simulations with magnetic fields already exist (Cameron et al., 2008; Khomenko
et al., 2009; Parchevsky & Kosovichev, 2009; Felipe et al., 2016), they are exclusively
relegated to small domains at the solar surface. A fast and efficient fully global linear
MHD algorithm can open up many new avenues of investigation. Helioseismology

is currently the only tool that can truly probe the solar interior directly, however,
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the resulting structural inferenes are only as good as the understanding of the
technique’s limitations. Global linear MHD models offer the opportunity for an
in-depth analysis of how large global magnetic fields can affect travel-time signatures
at varying depths and magnetic field strengths, presenting a detailed picture of what
can be expected when probing the solar interior. Such analyses can offer new insight
into the opportunities and limits of what current techniques in helioseismology can
achieve when attempting to detect global magnetic structures.

Global linear MHD models also offer an uprecedented chance to create a link
between large global flows and the emergence of relatively small-scale active regions. A
deeper understanding of the interconnected nature of these systems is fundamentally
necessary in order to fully grasp how magnetic structures are created, stored, and
then emerge onto the solar surface. More importantly, mapping the action of global
and local subsurface flows can aid in building predictive models to more accurately

gauge the potential strengths and locations of energetic events on the solar surface.

5.3.2 Non-linear algorithm
The computational structure of the GALE code, as well as its method of paral-
lelization (Subsection 3.6.8), will become the foundation for the development of a fully
non-linear global MHD algorithm. The formulation of this algorithm must include the
solenoidal portion of the momentum field that was previously discarded. This field is
mainly solved with force contributions from baroclinicity and the Coriolis force and
the majority of its effects will be felt on vastly different scales than the potential
flow field. Using the split-field formulation defined in Subsection 3.2.2, allows for
the ability to control the resolution of the two fields independently, concentrating
computing power where it is most needed.

The solenoidal field is defined as some vector potential (my = V x W) under

the divergence-free field condition (V - my; = 0). These conditions are ensured
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by solving for the curl of the conservation of momentum, Equation (3.7), where
Vxpu=Vxm= V¥ = w. M is defined as the aggregate of all internal and

external forces.

0w’

ot

=VxM. (5.5)

The governing equation for the curl of the momentum field (Equation (5.5)) can

be broken down into the orthogonal set of coefficients spanning the VSH basis

(Section A.1).

0w
ot

Ow" ., Ow)
o VM ot

= [V x MW | = [V xMP .

Using the definition for a curl in the VSH basis (Section A.5), it is immediately obvious
that the relations for the first two coordinates (w”, @) are degenerate solutions for

the m® momentum field, while the last relation solves for w® as a function of M®

and M".

om?
= M®@
ot ’
Oww@ 10 M"
_ -7 1)y _
ot ror ( M ) r o

This new governing equation for @w® can be used to solve for the orthogonal
coefficients of the momentum field (m”, m")), using the definition of a curl in the VSH

basis (Section A.5) and the divergence-free condition for the solenoidal momentum

field (V - pu = 0, Section A.4).
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Rearranging terms leaves the following two equalities needed to solve for the full

solenoidal momentum field.

2
% (r*m") =+ )m" =1(l+ Dro® | (5.6)
1 0
1) — (2T
rm 0T 1) or (r*m") . (5.7)

An implicit numerical Helmholtz solver, formulated in a similar manner to the Poisson
solver presented in Subsection 3.6.4, can be used to compute the radial part of
solenoidal field (m”", Equation (5.6)), while a simple radial finite-difference method
can be ued to compute m) (Equation (5.7)).

Gibb’s relation (T'(Ds/Dt) = De/Dt + p(DV'/Dt)) lets the conservation of
energy be expressed as an entropy relation in its conservative form, where Q is the
aggregate of heat conduction, radiation, viscous friction, and Ohmic heating. Using
the formulation described in this section, the full set of governing equations for a

non-linear global compressible MHD model can be written as:

E+T:O , (5.8)
%—l—v:(puu):—vz(]%%g)+V-M+V:%, (5.9)
87522) LIV ()@ = M© ¢ {v-%} Y (5.10)

P LD (19 ) = L9 G = L2 ey - M
() e
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dps

0B c?
E—Vx(uxB)—mVx(VxB). (5.13)

In these governing equations, M is the aggregate of gravitational effects, pseudo-forces
in a rotating reference frame, and the divergence of the viscous stress tensor (V- 7;;).
The conservation of the full momentum field is defined by the potential flow (Equation
(5.9)), where T = V - pu, as well as the two components of the solenoidal field
(Equations (5.10), (5.11)) in the VSH basis. These relations include the magnetic
effects of the Lorentz force in its conservative form (see Subsection 5.3.1). This allows
for the hoop stress, along with the material derivative, and the viscous stress tensor (in
a gas with no angular momentum), to be defined as second-rank symmetric tensors,
which can be decomposed into the TSH basis described in Appendix A, Section A.2.
The divergence can be computed using the simple set of 1D radial PDE’s in the
pseudo-spectral method employed in the GALE code (Subsection 3.6.5), solving for
components in the VSH basis directly. Induction of the magnetic field (Equation
(5.13)) includes effects of plasma resistivity, where o is the conductivity, and is solved
in the manner described in Subsection 5.3.1. Pressure can be computed from entropy
and density (p(p, s)), using ideal gas relations or equations of state for solar plasma.

The techniques tested and validated in this dissertation are all extendable
to the operation of the non-linear code. The simple and efficient pseudo-spectral
method used to compute the material derivative in the linearized GALE code
(Subsection 3.6.5) can be used to solve for the other external force contributions, when
expressed in their conservative form. This allows for the conservation of momentum
equations to be solved entirely in frequency space—including the considerations of
the viscous stress tensor, which can be used to model SGS turbulence in the LES

approach (Germano et al., 1991). This culminates in a new and efficient method for
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the numerical computation of the Navier-Stokes equations and can serve as a stepping
stone for a new generation of global MHD solar and stellar models.

The promise of a new set of compressible global MHD models is an alluring one.
The details of the mechanisms that connect the global toroidal magnetic field at the
base of the tachocline to the poloidal field emerging on the solar surface remains one
of the fundamental mysteries in solar physics. Fully compressible global model have
the potential to simulate the complex interplay of turbulent transport coefficients
in the overshoot layer underneath the tachocline, as well as addressing the complex
role that near-surface shear plays in shaping the structure of the butterfly diagram.
These simulations offer an unprecedented opportunity to link the evolution of the
global dynamo to internal flow structures, such as differential rotation, meridional
circulation, and convection. Understanding the influence of global flows on specific
dynamo patterns will lead to much more robust models of the extended solar cycle,
as well as be useful in putting a constraint on the wide range of inferences made
using helioseismology. An efficient compressible algorithm will also set the ground
work for global solar MHD models that can be extended beyond the solar atmosphere
and into the corona, developing a full interconnected picture of how global magnetic
structures develop, evolve, and emerge onto the solar surface to form highly energetic

active regions.
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APPENDIX A

VECTOR/TENSOR SPHERICAL HARMONICS

This appendix contains the description and derivation of the vector and tensor

spherical harmonic coordinate bases employed in the pseudo-spectral computation

of the GALE code.

A.1 Vector Spherical Harmonics
The VSH basis is defined by extending the scalar spherical harmonic (Y},,) to a 3D

vector field, described by the following linearly independent basis.

Ui =rVY,, , (A.2)
(I)lm =T X vy}m ) (A3)

where T is the unit radial vector in spherical coordinates, r is the radial position
vector, and Y}, is the spherical harmonic function, written in the Condon-Shortley

convention as:

Yim = (—1)m\/(2l4—; D Eé _T_ :;:le(cos@)eim‘z’ : (A.4)

The VSH unit vectors (Equations (A.1)-(A.3)) can also be described as a function of

the scalar spherical harmonic (Equation (A.4)) in spherical coordinates.
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Yim = Vinf (A.5)

ayim N 1 aYim n

o0t 5no 00 © (4.6)
1 aYZm A 8}/lm i

" sinf 96 0+ 9@ (A7)

‘Illrn =

(I)lm =

An arbitrary 3D vector field (v) can be expanded into the following components of

the VSH basis.

Imaz Imax

Ve D (U Y + 0 (0) W+ 0 (1) D1 (A.8)

m=—Imax I=|m)|

[199))

The superscript “r” (v") denotes the radial component of the vector field, while
superscripts “(1)” (vM) and “(2)” (v®) represent components tangent to the surface
of the two-sphere.

In order to ease the difficulty of working with vector spherical harmonics, the
following set of real-space scalar VSH components defined by Novak et al. (2010),
recast the VSH basis into Equations (A.9)-(A.11).

Imax Imax

v = Z Z U (1) Yo (A.9)

m=—Ilmazx l=|m|
Imax Imax

=Y e ()Y (A.10)
m=—Imax I=|m)|
Imazx Ilmazx

D DD DR i (9) (A.11)
m=—Ilmax |=|m)|

These components define a set of orthogonal VSH coefficients onto scalar spherical
harmonic space (Y},), resulting in easy to use real-space components that lend
themselves well to performing vector operations using recursion relations, such as

the divergence (V-) and the Laplacian (V?). The transverse scalar VSH components
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(Equations (A.10),(A.11)) can be defined in terms of spherical coordinates by plugging
them into the definition for the VSH basis (Equations (A.6),(A.7)).

g Ov" 1 ov*

YT 80 sind 06 (A-12)
ov# 1 ouv"

¢ pr—

v 50 + 50000 (A.13)

The scalar VSH basis can also be defined as a function of spherical coordinates by
taking the transverse Laplacian (V3 ») of the scalar VSH components and substituting

in the spherical coordinate definitions above (Equations (A.12),(A.13)).

1 1 ov®

0
2 o — — (si o -
Vv 090 (sin 6v”) + 5600 (A.14)
1 0 1 o
2 B ; ¢\ _
Vv 090 (sin 6v?) 50000 (A.15)
where the transverse Laplacian (V3¢) for some function f, is defined as:
1 0 (. 0f 1 0%f
2 - - Al
Vool = G590 (Sm ae) T 0092 (A.16)

A.2 Tensor Spherical Harmonics
The following section contains extensive use of tensor notation, the unit vectors of
which (&, é,, éy) can be explicitly defined as the covariant orthonormal natural basis

in spherical coordinates.

9 10 L 10
" rsinfoe

(A.17)

In this basis, the contravariant tensor components of some arbitrary tensor (T) are:
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T = TVé;, @é,; . A.18
> > ’ (A18)

i:T797¢ ]:T707¢

The definition of the tensor spherical harmonic basis follows the general
formulation and notation initially defined by Mathews (1962), and expanded on by
Zerilli (1970) and Thorne (1980). An orthonormal basis for the rank two tensor, can
be initially defined in the manner of Mathews (1962), by deriving a set of unit tensors
(t,m) from the second-order spherical harmonic (Y;—2,,(2)), expressed in cartesian

vectors (X, ¥, Z) as:

This basis corresponds to the irreducible representation of the rotation group of order
two in SO(3) (D® where t = DO + DU + DA)) which forms the complete basis
for a traceless symmetric tensor. The other two irreducible parts of this rotation
group consist of the order one (D) and order zero (D), which correspond to the
antisymmetric part of a tensor and trace of a tensor respectively. Only symmetric
tensors are used in this formulation, so the antisymmetric part can be discarded.

Including the trace completes the definition of the symmetric tensor basis.

T
\/;52\/;(f<§<+yy+zz) ,

where /1/3 is a normalization factor. These unit tensors can be coupled to the scalar
spherical harmonic to complete the definition for a linearly independent spherical

harmonic tensor basis (Equations (A.19)).
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oY,

0)1 Im

T =5

Tfﬁ‘zl = Z(L m— [, 27 N|lm>Yz,mﬁut/,L ’

I
TEE‘ZH_I = Z<l + 17 m— [, 27 /’L‘lm>n+l,m7utu ’
I
TEI21‘21+2 = ZU + 27 m— W, 27 M‘lm>n+2,m—utu )
I
TEI211)1_1 = Z<l - 17 m— W, 27 :U“|lm>}/l—l,m—utu 3
I8
TEQI_Z = Z(l —2,m — p, 2, pllm)Y,_o m_pt, . (A.19)
I8

This orthonormal basis for tensor spherical harmonics can be conceptualized in a
similar way to a scalar spherical harmonic with an additional “spin” of two, creating
five linearly independent spherical harmonic terms of the same degree and azimuthal
order (I, m), covering the full basis of a symmetric traceless tensor. This basis,
however, is not the optimal form for performing vector and tensor operations in
this formulation. For a simple linearly independent basis with useful orthogonality
relationships, these unit tensors (Equations (A.19)) can be rearranged into the TSH
basis outlined and defined by Zerilli (1970), consisting of the following vector dyad

operations on the scalar spherical harmonic.

VVY , LYY, , LLYi,
(A.20)

PVYi , TLYy,, FFYp, .
V'V is the gradient dyad and LL is the angular momentum operator dyad, where
L = —i(rx V). Zerilli (1970) expands these operations explicitly (Equations (A.20)),
keeping only the terms corresponding to the tensor spherical harmonic basis for a

symmetric tensor with a trace (Equations (A.19)):
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20+ 1)(20 +3) " Mm 20 —1)(20 +3) " Mm

(I+1)(1—-1) I(l—1) @1-2  L(T+1) on
e QT D@ —1) m T 25 T

LVY = - ll\/wT@)m _ %(z N 1)\/l(l + D= 1) pena

r 2020 +1) ~lm 220 +1) T 7

I(1+1)(20 — 1)(21 11+ 1
[me]s_\/< FDEI-DELS) pen WD pon
6 V3

1
[PV Y], = I(l+1)

B [(1+2) @42 3 (2)1
20 +1)(20 +3) ™ VeRI—1D)(20+3) ™

(+D(—=1) 212
* \/(2[- 1)(21+1)T§H2

. I + 1) (1+2) (2)1+1 (I—-1) (2)1 1
PLYim], =y \ @+ 1) @+1)

. 0+ +2) )I+2 201+ 1) 2)1
#FYin, _\/(21 1)1+ 3)T‘m \/3(21 —)@I+ 3)T{ni

I(1—-1) @1—2 1 o)
T ——T .
+\/(2l+1)(2l—1) Im Vv3sm

b

(A.21)

(1PN

The subscript “s” denotes the symmetric part of a tensor. This new TSH basis
(Equations (A.21)) is defined as a complete set of linearly independent coordinates for
a rank-two symmetric tensor. When written in spherical coordinates, Zerilli (1970)

shows that these terms can be further arranged into six orthonormal unit tensors,
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of which TILr;’1 is the fully radial coordinate, T;fg is the transverse portion of the

trace, TE; and TE; are mixed radial /transverse components, and TE2 TE; are fully

Im>

transverse. The final form of the TSH basis, in the notation of Thorne (1980), is:

Im s
Ei 2 0 ]
Im l(l—|—1) Im]g »
B =iy |1 [PLYG)
Im l(l—|—1) Imlg »
1
T = [V, + 7 [FVYi], — [LLYi),]
= gy LY Y Vil PV, = DLV
1
Tim = S\ARY VY], + [LLY,
Im \/2l(l+1)(l—1)(l—|—2) [T [VV lm]s+3r [TV lm]3+[ lm]s} ,

By _. 2 [PLY ],
Tim _”\/z(z -y [FVe

Writing these basis tensors explicitly in spherical coordinates (&,,€9,€4) can give

further insight into their structure.

[ 0 aiflm 1 a lm_
00  sinf 0¢
Y, 0 0 1 oY, 0 0
T = T == 90
Im 0 0 0], Im 2l<l+1) )
0 00 1 9y, . .
Lsinf 0¢ i
L i V]
sinf 0¢ 00
_ Oim 0 0
TB: _ b g 0¢
lm 20(1+ 1) ’
OYim
0 0
L 00 i
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0 0 0
TO 1
Tlmzﬁ 0 }/lm 0 )
0 0 Yy
0 0
T2 = ! %
m A 21+ 1)1 - 1)1 +2) le
Ilm
0 sin 8
0 0
B __ 1 _le
Im 200+ 1)(1—1)(1+2) sin 6
0 Wi
where:
o (0 0? 0
Xim=2— (= —cotf ) Yim, Wim=|—-— —cotd— —
m= 29 (59 “ ) : : (092 o0

sin @

_VVlm

VVlm )
le
sin @

1 02

—_— . (A.22
sin298¢2) Yim - ( )

This TSH basis (Equation (A.22)) can be employed to expand any arbitrary

symmetric 3D tensor field (T) in the following manner (Equation (A.23)).

Ilmazx Imazx

T= Z Z (L?mT{Jrg + EllmTElrll + BllmTEﬁ + j}?nT;Ilr‘S + EfmTEﬁ + BZQmTEz) .

m=—Ilmax |=|m)|

(A.23)

Recasting the TSH coordinates into scalar spherical harmonic space (Novak

et al., 2010), results in a simpler and more useful form of the TSH basis.
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Imazx Ilmazx

= > Y LY (r)Yim, (A.24)

m=—lmax |=|m|
Imax Imax
1
Z Z lm(r)yim s (A25)
m=—lmazx |=|m| 2l l _'_
Imax Imax
m=—lmax |=|m|
lmax Imax
r f R o
m——lmaml \m\
Imax  lmaz 1
=2 2 B (r)Yim (A.28)
m=—Ilmax I=|m)| 2l l+ ]' l - ]-)(l + 2)
Imax Imazx 1
-2 2y (+1) 1_1)(l+2)35m(7“)3/zm. (A.29)

m=—Ilmax I=|m)|

The scalar TSH components (T7", T, T#, T, T, TX) can be expressed in terms of
spherical coordinates (T"", T%, T%¢, T™ T T%), allowing for the transformation
of field terms between the two bases (Novak et al., 2010). These relations can be built
by using the spherical coordinate expression in Equation (A.22), substitutng the new
scalar T'SH basis into the tensor field (Equation (A.23)).

The fully radial term (77") corresponds to the radial coordinate T}2. The other
two components of the trace (T%, T%?) are spanned by the transverse components

(Tfo T2, TP2). By inspection of Equation (A.22), it is clear that T2, Tp? a

Im> Im> Im>

traceless, leaving only the single basis T;II;? to fully describe the transverse trace

(Equation (A.30)).

" =T% 4 T (A.30)

The total trace (T') can be written as:
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T=T7"+T . (A.31)

The two mixed radial /transverse components (77, T"%) are spanned by 7" and T*,

. : E B
corresponding to the tensor coordinates T} and T }.

arm 1 oT*

rf __ .
= 00  sinf 9¢ ’ (A.32)
oTe 1 o1
T = . A.
90 " sind 06 (A.33)

These relations take on a similar form to the VSH basis in spherical coordinates
(Equations (A.12),(A.13)). The inverse relations for the TSH components (77,

T#) can be derived in a similar manner to the VSH components in Equations

(A.14),(A.15).

1 0 1 o717
VQ n _ : rf
ool sin 6 96 (sin677) + sinf 9¢ (A.34)
1 0 1 o1
V2 TH = — (sin977%) — A
oo 1" sin 6 90 (sin 077°) sind ¢ (4.35)

The last component in the spherical coordinate basis (T%) can be solved as a function
of the scalar TSH components T% and T, correponding to the transverse traceless

TSH basis (Tr2, TP2).

Im>

0*T* orx 1 o*1¥ 28( 1 8TW)

- B A.
962 90 " sn’0 02 | “06 \sind 09 (4.36)

One more relation is required to solve for the transverse trace components (%7, t#¢)
independently. Taking the difference of these two terms eliminates the trace (T{°),

resulting in a definition spanned by the transverse traceless components (TE;, TE;).

110



P:

T% — 719 9TV or™ NG AN ( 1 oT¥

2 gz Y T e a2 20 \smo @¢) - (A7)

The inverse relations for the tranverse TSH components (7%, T%) can be computed
through the application of the operator: V§¢ (V§¢ + 2), followed by the substitution

of the spherical coordinate definitions (Equations (A.36),(A.37)).

T3 or 1 oPT™
© 002 tan® 00 sin®0 0¢?
2 0 (0P P
0 _ —_ [ ==
g sin 6 ¢ (80 +tan(9)  (A.38)

Vio (Vis +2) T

_ep 3 0P 1 &P

0602 tanf 00  sin®6 0¢?

2 0 [071% T

sin98_¢( a0 +tan@) - (A-39)

Vo (Voo +2) TV

— 2P+

These relations allow for the transformation of field variables between spherical

coordinates and the TSH basis.

A.3 Properties
The Vector and Tensor Spherical Harmonics have the same properties as scalar

spherical harmonics, such as symmetry:

Yim=(1"Y},, Tll:gm - (_1)mT1Lr?1* : T;I,‘Em — (_1>mT'lII'§* 7
Upom = ()", TP, = (CD)"TE T2, = (-1)"Toy
O = (—1)"P5 Tf’im — (_1>mTEﬁ* : szm - <_1)mT{3r’3* .

Being a linearly independent basis, the unit coordinates satsify orthogonality.
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Yim: @im =0, T T =0

Im

/Ylm : ik’m’ = 5ll/ mm’ >
/\Illm . \Ilik,m, = l(l -+ 1)5lll6mm/ , /Tﬁf . T?‘:;/ = 5a’76ﬁ66ll/5mm/ .

/‘I’lm C@L =+ 1)0y 6,

A.4 Divergence
The divergence of a vector field in the VSH basis can be defined by taking the

divergence of each basis coordinate (Equations (A.1)-(A.3)).

V- (f(r)®m) =0

By definition, the ® coordinate is a curl, resulting in a zero divergence. The other

coordinates can be merged to define the divergence of a field (v) in the VSH basis.

Imazx Imax
i, 2 ll+1) ¢
viv= > % (d—;+;vlm— ; v{m)) Yim - (A.40)
m=—Imax I=|m)|

The divergence can be written in real space by substituting in the definitions for the

scalar VSH coordinates (Equations (A.9)-(A.11)).
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1
—v" 4+ =V, v . A4l
TV T Vagt (A.41)

The divergence of a tensor field (T) in the TSH basis can be derived from the
covariant divergence of a contravariant tensor (7%) (Equation (A.18)) in spherical

coordinates (Equation (A.17)).

10 1 0 1 o1 T% 4T
T = — = 2Trr (s QTTG _
V-] r2 or (r°T™) + rsin 6 00 (sin )+ rsinf 0¢ r ’
10 0 1 o1% T%¢
V- T = 4 .T 0 _ — ~ STrG i : QTHG .
V-] r3 Or (r )+rsin980 (sin )+rsin9 d¢  rtanf’

19 1079 1 otT%  2T%
\[V ] 3 or (T )+7“ o0 +rsim@ 0o +rtan9

(A.42)
The spherical coordinate components of the tensor (T"", T% T% T Tre T%)
can be written in terms of the scalar TSH components (77", T, T, T, TV K TX)
using the TSH basis definitions in Equations (A.30)-(A.39). The spherical coordinate
components of the divergence ([V - T|", [V - T)?, [V - T]?) can similarly be defined in

the VSH basis using the relationships in Equations (A.12)-(A.15).

T 1 a T 1 T
VT = 55 (FT7) + — (Ve,T" = T7)
10 1 1"
T 2, L—% (o) + 2 ((v§¢ LoV 4 7)} ,
v fiiemimar]. s

The tensor divergence (Equation (A.43)) can be expressed in its spherical harmonic
decomposition by expanding the TSH components in terms of the scalar spherical

harmonic as defined in Equations (A.24)-(A.29)).
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0 1

r
m=—Ilmazx |=|m)|
Imax Imax r 1 a 1 TO
VTt = ) Y ) 5o (PE) + - (% — (-1 + 2)Efm)] Yim
m=—Ilmazx l=|m)| -
Imax Imazx r
10,5, -1 +2) ,
[V - T]" :m:zl;#m l:zln:ll —I(l+1) T—BE (r Blm) — fBlm Yim .
(A.44)
A.5 Curl

The curl of a vector field can be defined in a similar way to the divergence, by taking

the curl of the components of some field (f) in the VSH basis.

VX () Ya) =~ i

Vo (W) = (5 11 ) @
v (10)2) =" - (L4 p)

These components can be merged to define the curl of a vector field (V x v).

Imax Imax (2)
l(l+1> 2 va 1 2
vave 3 (D, (Y L)

m=—Ilmazx |=|m|

The curl (Equation (A.45)) can be written in real-space using the scalar VSH

components defined in Section A.1.
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APPENDIX B

RECURSION RELATIONS

This appendix contains the full description and derivation of the recursion relations
employed by transformations between the vector and tensor spherical harmonic

coordinate bases described in Appendix A.

B.1 Calculating Clebsch-Gordan Coefficients
In the formulation of the GALE code, various sets of spherical harmonic (Y},,,) terms
are convolved during the computation of the potential flow in spherical harmonic
space. The relevant convolutions can be solved explicitly in their full form, starting

with the definition of the convolution identity in its canonical Clebsch-Gordan form

(Landau & Lifshitz, 1977):

211 +1)(2 + 1)
l1m1 l2m2 Z 2L+1)

<l1 0 lg 0|L 0> <l1m1l2m2|LM> YLM s (Bl)

where L and M are the coupled spherical harmonic degree and angular momentum,
under the following selection rules: M = my + my and |} — | < L < [} + ls.
(I 0 13 0|L 0) and (lymylomo|LM) are the Clebsch-Gordan (CG) Coefficients (Landau
& Lifshitz, 1977). The spherical harmonic convolutions relevant to this formulation
(YooYim, Y10Yim, Y20Yim) can be explicitly expanded using these identities.

The convolution identity (Equation (B.1)) can be used to express the definition

of YooY as follows:

(20 + 1)
YooYim = ———— (0010 L0)O0Im|Lm)Yrn, .
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The selection rules call for the superposition of all values of L simultaneously, however,

since there is only a single value of L (L =), the sum can be written as:

[1
YooYim = 4—<00lO|L0>(00lm|Lm>Ylm.
vy

The definition of this special case of CG coefficients is unity (Varshalovich et al.,

1988), resulting in the final form of the convolution identity for YooYi,.

/1
T

The next convolution term (Y10Y},) can also be written with help of the

convolution identity (Equation (B.1)).

3(21+1)
Yi0Yim = ————(1010|L 10Im|L Yim -
107 ; 2L+ 1) (1010|L0)(1L0lm|Lm)Yr

The sum is explicitly expressed as a superpostion of all allowable degrees of L (L =

I—1,L=1L=1+1).

3020+ 1)
YioYi, =1/ ——— (1 1 1 1 Y,
104Im 47T(2l+3)< Olo‘l—i_ O>< Olm’l—i_ m) +1,m
3
/= 01010y (101 m|l m)Yi,
41
320+ 1)
P 010 —10)(10Lm|l—1m)Yi .

Calculating these CG coeffiecients directly is overly cumbersome, however, there are
a few special cases which have been precomputed and are formulated in Table (8.2)

of Varshalovich et al. (1988) as follows:
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(10 10](L+1) 0) (101 m|(I+1) m) = Q/%) (\/(l_gﬁlﬁ((lz%ﬂ)) |

(101010)(10Imllm)=0,

(1010[(1—1)0)(101m|(l—1)m)= (_m> <_\/(l_z<7;z)$1+)m)) |

The convolution identity (Y19Y:,) can be defined explicitly, using these relations.

_ Bl=-m+ 1) +m+1) 3(l—m)(l+m)
Fiokim = \/ 420+ 3)(20 + 1) Yitm + \/47(21 —1)(20 + 1)Yl‘1’m - (B3

The final convolution term (Y3Y},) will be solved using the same approach,

starting with the convolution identity (Equation (B.1)).

521+ 1)
YooYim = ————(2010|L 201 ml|L Yim -
20Y7 ; 2L+ 1) (2010|L0)(201m|Lm)Yr

Opening up the sum as a superposition of all allowable degrees of L (L = [ + 2,
L=141,L=1,L=1-1,L=1-2) results in:

5(20 + 1)
YooYim =/ ———= (2 2 2 2m)Y;
204 Im 47T<2l+5)< Olo‘l—i_ O>< Olm’l—i_ m) +2,m
5(20 + 1)
—(2 1 2 1 Y
5
+4/-—=(2010]10) (201 m|l m)Yin
4m
5(20+ 1)
5(20 + 1)
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The CG coeffiecients for this term (Y30Y},,) can also be found precomputed in Table
(8.4) of Varshalovich et al. (1988).

RS
<2010|l+20>_\/(21+1)(21+2)(2z+3) !

3U+1+m)(l+2+m)(l+1—m)(l+2—m)
2L+ 1)(20+2)(2L+3)(I +2) ’

30+ 1)(+1)
QI+ DI+ 1)(+2)

(20lm|l+2m>:\/

<20l0|l+10):0\/l =0,

3l+14+m)(l+1—m)
20+ 1)1+ 1)(1+2)

(20lm|l+1m>:m\/

o I(1+1)
20L0110)= VDI +1)(20+3)
B 3m? —1(1+1)
(20 Lm|tm) = N EDEER

31
<20[0”_10>:_0\/(z—1)(2z+1)(z+1):0’

31+ m)(l — m)
(20 Lmil =1 m) = _m\/(z “DIRI+ DI+ 1)

B 31(1—1)
<20l0”_20>_\/2(21—1)(2z+1)’

30— 14+m)I+m)(l—1-m)i—m)
<20lm”_Qm):\/ (-1 - D)+ 1)

The defintion for the final convolution identity (Y50Y},,) can now be written explicitly

using these relations.
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Yy ¥, —— 30+ 1) \/5<l+1+m><1+2+m><z+1—m><z+z_m>

Yiiom
(20 + 2)(21 + 3) Ar(20 + 1)(20 + 5) 2
3m? —1(l+1) 5
20 —1)20+3)V ax ™

3 5(1—1+m)(l+m)(l—1—m)l—m)
20 —1) Ar(20 —3)(20 + 1)

Y om .
+2 1-2,

(B.4)

B.2 Deriving Recursion Relations
Various recursion relations are employed in computing the governing equations in
spherical harmonic space. These include the application of simple trigonometric

functions on the surface of a two-sphere (cos 6, sin® ), as well as the surface derivatives

(sin6(9/99), 9/9¢).

B.2.1 Surface functions
In order to define the recursion relation for the application of the cosine function

(cos ), the function is first written in spherical harmonic space as:

™
0=2,/=Y .
COS \/; 10

Taking the cosine of some function in spherical harmonic space (f(r,6,¢) =

a1 (7)Y (0, ¢)) results in the following convolution.

COS Qf(r, ‘97 ¢) = 2alm\/§yl())/lm . (B5)

The Clebsch-Gordan coefficients that have been computed for this convolution in the
previous section (Equation (B.3)) can be plugged into the cosine function (Equation

(B.5)), resulting in the following recursion relation for cosine.
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B (l—m+1){l+m+1) (Il —=m)(l+m)
cos6f(r,0,¢) = ““”\/ S S G \/(21 D@1y

(B.6)
To solve for the squared sine function (sin? 6), it is first written as a superposition
of orthogonal spherical harmonics, which can be derived by inspection from the

definition of a spherical harmonic in Section A.1, Equation (A.4).

4 1
Sin20 = gﬁ (%0 — \/g}/zo> .

Taking the square sine of some function decomposed in spherical harmonic space

(f(r,0,0) = aym(r)Yim(0,¢)), results in the two following convolutions.

4 1
Sil’l2 Hf(r, 97 Qb) = gﬁalm (%OYEm - \/;}/20}/1771> . (B7)

The definitions for coupled spherical harmonics that were derived in the previous
section (YooYim, YooYim), Equations (B.2), (B.4), respectively, can be plugged into the
squared sine function (Equation (B.7)) resulting in the following recursion relation

for sin? 6.

+2m

1 \/ [(1+1)2 — m?][(1 + 2)2 — m?
(20 + 3) 20+ 1)(20 1 5)

2(2+1—1+m?) 1 (1 — 1) — m?](12 — m?)
(20 = 1)(20 + 3) Yim — (20 — 1)\/ 2 =32+ 1) le,m> . (B.g)

sin?0f(r,0,¢) = aym (—
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B.2.2 Surface derivatives
The recursion relations for the surface derivatives can be derived using the derivative
of the spherical harmonic function (Y},,), defined in the Condon-Shortley convention

in Appendix A, Equation (A.4).

Yim = (—1)m\/<2l4—; D Eé _i__ :Z;ile(cosH)eim¢ :

The surface derivatives of some function in spherical harmonic space (f(r,0,¢) =

(7)Y (0, ¢)) are written as follows:

af 9

% = alm(r)%yim(@’éb) >
0 0
a_i - alm(r)a_QSYEm(e’ ¢) )

where the derivatives of the spherical harmonic function (V},,) (Equation (A.4)) are

N . (L) (l=m) 0

o0 = (=D \/ Am (l—i—m)!e ¢%Pl (cost) (B.9)
im o R+ —m)! g .

¢ =0 \/ 47 (l—i—m)!Pl (6059>a_¢€ °. (B.10)

To compute the polar derivative (Equation (B.9)) as a recursion relation, the
identity for the first derivative of the associated Legendre polynomial (P") can be

employed.

dr(p) _ B (p) — (L m) B ()

df ,/1—#2 ’

Plugging this identity (Equation (B.11)) into the polar derivative of the spherical

where p = cosf . (B.11)

harmonic (Equation (B.9)), results in the relation:
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Y (—1) 204+ 1) (I =m)! ;. (LcosOP™(cos0) — (I +m)P" (cos )
o0 ar (1 —l—m)!6 sin 6 '

Expanding this function and rewriting the Legendre polynomials as spherical
harmonic terms, results in a recursion relation which can be multplied by the sine
function—Ileaving an equation that can be fully defined by a superposition of spherical

harmonics.

20+1
20—-1

sin HaYZm = 1cos0Y;n(0,¢) — \/ (12 —=m2)Yi_1,,(0,9) . (B.12)

00

The cosine function can be computed in spherical harmonic space using the recursion
relation derived in the previous section (Equation (B.6)). Plugging this definition
into the polar derivative (Equation (B.12)) results in a spectral recursion relation for

the polar surface derivative.

. 0Y, (l-—m+1){I+m+1) (I —=m)(l+m)
sin =55 :l\/ 20+ 3)2 + 1) Yl“vm_(l“)\/(zz—n(mﬂ)”—l’m'

(B.13)
The solution for the azimuthal derivative (Equation (B.10)) is trivial and can

be written as follows:

Yy . m QU+ (I —m)! im
90 =im(—1) \/< yp El—{—m)!Pl (cosh)e™? . (B.14)

This relation (Equation (B.14)) can easily be expressed in terms of the spherical

harmonic function (V).

OYim

= imYy, . (B.15)
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The definition of the azimuthal derivative (Equation (B.15)) can be reformulated in

real spherical harmonic space as:

= |m|Y,m - (B.16)
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