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ABSTRACT
TARGET LOCALIZATION IN MIMO RADAR SYSTEMS

by
Hana Godrich
MIMO (Multiple-Input Multiple-Output) radar systems employ multiple antennas to
transmit multiple waveforms and engage in joint processing of the received echoes from
the target. MIMO radar has been receiving increasing attention in recent years from
researchers, practitioners, and funding agencies. Elements of MIMO radar have the ability
to transmit diverse waveforms ranging from independent to fully correlated. MIMO radar
offers a new paradigm for signal processing research. In this dissertation, target localization
accuracy performance, attainable by the use of MIMO radar systems, configured with
multiple transmit and receive sensors, widely distributed over an area, are studied. The
Cramer-Rao lower bound (CRLB) for target localization accuracy is developed for both
coherent and noncoherent processing. The CRLB is shown to be inversely proportional
to the signal effective bandwidth in the noncoherent case, but is approximately inversely
proportional to the carrier frequency in the coherent case. It is shown that optimization over
the sensors’ positions lowers the CRLB by a factor equal to the product of the number of
transmitting and receiving sensors. The best linear unbiased estimator (BLUE) is derived
for the MIMO target localization problem. The BLUE’s utility is in providing a closed-form
localization estimate that facilitates the analysis of the relations between sensors locations,
target location, and localization accuracy. Geometric dilution of precision (GDOP)
contours are used to map the relative performance accuracy for a given layout of radars
over a given geographic area. Coherent processing advantage for target localization relies
on time and phase synchronization between transmitting and receiving radars. An analysis
of the sensitivity of the localization performance with respect to the variance of phase
synchronization error is provided by deriving the hybrid CRLB. The single target case

is extended to the evaluation of multiple target localization performance. Thus far, the



analysis assumes a stationary target. Study of moving target tracking capabilities is
offered through the use of the Bayesian CRLB for the estimation of both target location
and velocity. Centralized and decentralized tracking algorithms, inherit to distributed
MIMO radar architecture, are proposed and evaluated. It is shown that communication

requirements and processing load may be reduced at a relatively low performance cost.
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CHAPTER 1

INTRODUCTION

1.1 MIMO Radar Background

Research in MIMO radar has been growing as evidenced by an increasing body of literature
[1-25]. Generally speaking, MIMO radar systems employ multiple antennas to transmit
multiple waveforms and engage in joint processing of the received echoes from the target.
Two main MIMO radar architectures have evolved: with collocated antennas and with
distributed antennas. MIMO radar with collocated antennas makes use of waveform
diversity [4,5,13,15,19], while MIMO radar with distributed antenna takes advantage of the
spatial diversity supported by the system configuration [1, 2,6, 14]. MIMO radar systems
have been shown to offer considerable advantages over traditional radars in various aspects
of radar operation, such as the detection of slow moving targets by exploiting Doppler
estimates from multiple directions [17], the ability to identify and separate multiple
targets [11, 12], and in the estimation of target parameters, such as direction-of-arrival
(DOA) [9, 11}, and range-based target localization [18]. In particular, [18] studies target
localization with MIMO radar systems utilizing sensors distributed over a wide area.

Conventional localization techniques include time-of-arrival (TOA), time-difference-
of-arrival (TDOA), and direction-of-arrival (DOA) based schemes. MIMO radar system
with collocated antennas can perform DOA estimation of targets in the far-field, in which
case, the received signal has a planar wavefront. Extensive research has focused on
waveform optimization. In [8, 15, 19] the signal vector transmitted by a MIMO radar
system is designed to minimize the cross-correlation of the signals bounced from various
targets to improve the parameter estimation accuracy in multiple target schemes. Some
of the waveform optimization techniques suggested in [16] are based on the Cramer-Rao

lower bound (CRLB) matrix. The CRLB is known to provide a tight bound on parameter



estimation for high signal-to-noise ratio (SNR) [26-28]. Several design criteria are
considered, such as minimizing the trace, determinant, and the largest eigenvalue of the
CRLB matrix, concluding that minimizing the trace of the CRLB gives a good overall
performance in terms of lowering the CRLB. In [10], a CRLB evaluation of the achievable
angular accuracy is derived for linear arrays with orthogonal signals. The use of orthogonal
signals is shown to provide better accuracy than correlated signals. For low-SNR scenarios,
the Barankin bound is derived in [11], demonstrating that the use of orthogonal signals
results in a lower SNR threshold for transitioning into the region of higher estimation error.
In all, the CRLB is limited to the analysis of the angular accuracy and therefore the results
cannot be transformed into an equivalent error in a Cartesian coordinate system.

MIMO radar systems with widely spread antennas take advantage of the geographical
spread of the deployed sensors. The multiple propagation paths, created by the transmitted
waveforms and echoes from scatterers, support target localization through either direct
or indirect multilateration. With direct multilateration, the observations collected by
the sensors are jointly processed to produce the localization estimate. With indirect
multilateration, the TOAs are estimated first, and the localization is subsequently estimated
from the TOAs. The observations and processing of the time delays can be classified
as either non-coherent or coherent. Thus, a transmitted signal may have in-phase and
quadrature components, yet the localization processing is non-coherent if it utilizes
only information in the signal envelope. In the sequel, the performance of localization
utilizing both coherent and non-coherent processing is evaluated. The distinction between
the two modes, in terms of system requirements, relies on the need for mere time
synchronization between the transmitting and receiving radars in the non-coherent case,
versus the need for both time and phase synchronization in the coherent case. Note that our
coherent/non-coherent terminology is limited to the processing for localization.

MIMO radar systems belongs to the class of active localization systems, where

the signal usually travels a round trip, i.e., the signal transmitted by one sensor in a



radar system is reflected by the target, and measured by the same or a different sensor.
Traditional single-antenna radar systems, performing active range-based measurements, are
well known in literature [29-33]. The target range is computed from the time it takes for the
transmitted signal to get to the target, plus the travelling time of the reflected signal back to
the sensor. The range estimation accuracy is directly proportional to the mean squared error
(MSE) of the time delay estimation and is shown to be inversely proportional to the signal
effective bandwidth [29]. A first study of the localization accuracy capability of widely
spread MIMO radar systéms is provided in [18], where the Fisher information matrix
(FIM) is derived for the case of orthogonal signals with coherent processing and widely
separated antennas. The CRLB is analyzed numerically, pointing out the dependency of the
accuracy on the signal carrier frequency in the coherent case, and its reliance on the relative
locations of the target and sensors. In [18], it is observed that the CRLB is a function of
the number of transmitting and receiving sensors, however an analytical relation is not
developed. The high accuracy capability of coherent processing is illustrated by the use
of the ambiguity function (AF). Active range-based target localization techniques are also
used in multi-static radar systems, proposed in [34]. The TOA of a signal transmitted by
a single transmit radar, reflected by the target and received at multiple receive antennas
is used in the localization process. The CRLB is developed for non-coherent processing.
It is observed that increasing the number of sensors improves localization performance,
yet an exact relation is not specified. In [35] the Bayesian Cramer-Rao bound (BCRB) is
developed for the same scheme as in [34]. Simulation-based results show that accuracy
performance depends on the geometric setting of the system, nonetheless a notion of this
effect is not provided. The multi-static scheme evaluated in [34] and [35] does not deal with
the processing of multiple received signals since only one waveform is transmitted. This
dissertation addresses deficiencies in the literature by obtaining closed-form expressions of
the CRLB for both coherent and non-coherent cases with multiple widely spread transmit

and receive radars.



Geolocation techniques have been the subject of extensive research. Geolocation
belongs to the class of passive localization systems, where the signal travels one-way. Since
these passive measurement systems employ multiple sensors [36-40], further evaluation of
existing results for geolocation systems may provide insight for the active case. In wireless
communication, passive measurements are used by multiple base stations for localization of
a radiating mobile phone. The localization accuracy performance is evaluated in [36, 38].
It is shown that the localization accuracy is inversely proportional to the signal effective
bandwidth, as it does in the active localization case. Moreover, the accuracy estimation
is shown to be dependent on the sensors/base stations locations. In navigation systems,
the target makes use of time-synchronized transmission from multiple Global Positioning
Systems (GPS) to establish its location. In [39] and [40], the relation between the
transmitting sensors location and the target localization performance is analyzed. GDOP
plots are used to demonstrate the dependency of the attainable accuracy on the location of
the GPS systems with respect to the target. In an optimal setting of the GPS systems relative
to the target position, the best achievable accuracy is shown to be inversely proportional to
the square root of the number of participating GPS sensors. In this research work, the
GDOP metric is utilized in the evaluation of localization performance of MIMO radar

systems.

1.2 Dissertation Main Contributions

The main contributions of this research work are as follows:

1.2.1 Lower Bound on Target Localization
1. The CRLB of the target localization estimation error is developed for the general
case of MIMO radar with multiple waveforms with non-coherent and coherent
observations. The analytical expressions of the CRLB are derived for the case of

orthogonal waveforms (in [3] and [42,43]).



2. Itis shown that the CRLB expressions, for both the non-coherent and coherent cases,
can be factored into two terms: a term incorporating the effect of bandwidth, carrier
frequency and SNR, and another term accounting for the effect of sensor placement,

defined as spatial advantage.

3. The CRLB of the standard deviation of the localization estimate with non-coherent
observations is shown to be inversely proportional to the signals averaged effective
bandwidth. Dramatically higher accuracy can be obtained from processing coherent
observations. In this case, the CRLB is inversely proportional to the carrier
frequency. This gain is due to the exploitation of phase information, and is referred

to as coherency advantage.

1.2.2 Spatial Advantage Optimization and Analysis
1. Formulating a convex optimization problem, it is shown that symmetric deployment
of transmitting and receiving sensors around a target is optimal with respect to
minimizing the trace of the CRLB. The closed-form solution of the optimization
problem also reveals that optimally placed M transmitters and IV receivers reduce

the CRLB on the variance of the estimate by a factor M N/2 (in [44] and [45]).

2. A closed-form solution is developed for the best linear unbiased estimator (BLUE)
of target localization for coherent and non-coherent MIMO radars. It provides a
closed-form solution and a comprehensive evaluation of the performance of the
estimator’s MSE. This estimator provides insight into the relation between sensor
locations, target location, and localization accuracy through the use of the GDOP
metric.' This metric is shown to represent the spatial advantage of the system.
Contour maps of the GDOP, provide a clear understanding of the mutual relation
between a given deployment of sensors and the achievable accuracy at various target

locations.



3. An evaluation of target localization performances for MIMO radar with coherent
processing and single-input multiple-output (SIMO) radar systems, based on the
BLUE, is provided. The best achievable accuracy for both configurations is derived.
MIMO radar systems with coherent processing are shown to benefit from higher
spatial advantage, compared with SIMO systems. The advantage of the MIMO
radar scheme over SIMO is evident when considering the achievable accuracy for
a radar system with M transmitters and N receivers, rather than 1 transmitter and
MN receivers. It is shown that MIMO radar, with a total of M + N sensors, has
twice the performance (in terms of localization MSE) of a system with (M N + 1)

sensors (in [46]).

1.2.3 CRLB for Multiple Target Localization
1. The localization performance study is extended to the case of multiple targets,
with coherent processing. The CRLB for the multiple targets localization problem
is derived and analyzed. The localization is shown to benefit from cohérency
advantage. The trade-off between target localization accuracy and the number of
targets that can be localized is shown to be incorporated in the spatial advantage

term.

2. An increase in the number of targets to be localized exposes the system to increased
mutual interferences. This trade-off depends on the geometric footprint of both the
sensors and the targets, and the relative positions of the two. Numerical analysis
of some special cases offers an insight to the mutual relation between a given

deployment of radars and targets and the spatial advantage it presents (in [47]).



1.2.4 Sensitivity Analysis of Coherent Processing to Phase Synchronization Errors
1. The hybrid Cramer-Rao bound (CRB) is developed for target localization, to
establish the sensitivity of the estimation mean-square error (MSE) to the level
of phase synchronization mismatch in coherent Multiple-Input Multiple-Output
(MIMO) radar systems with widely distributed antennas. The lower bound on
the MSE is derived for the joint estimation of the vector of unknown parameters,
consisting of the target location and the mismatch of the allegedly known system

parameters, i.e., phase offsets at the radars.

2. A closed-form expression for the hybrid CRB is derived for the case of orthogonal
waveforms. The bound on the target localization MSE is expressed as the sum of two
terms — the first represents the CRB with no phase mismatch, and the second captures
the mismatch effect. The latter is shown to depend on the phase error variance, the

number of mismatched transmitting and receiving sensors and the system geometry.

3. For a given phase synchronization error variance, this expression offers the means
to analyze the achievable localization accuracy. Alternatively, for a predetermined
localization MSE target value, the derived expression may be used to determine the

necessary phase synchronization level in the distributed system (in [48]).

1.2.5 Bayesian Cramer-Rao Bound (BCRB) for Target Tracking
1. The CRLB on target localization is developed in this study for a stationary target
whereas the CRLB on target velocity estimation was developed in [49]- [50].
Consequently, our model does not account for Doppler frequency. In practice, a
Doppler shift might be introduced and affect the estimation performance. Target

tracking involves the joint evaluation of both target parameters.



2. Study of moving target tracking capabilities is offered through the use of the BCRB
for the estimation of both target location and velocity in non-coherent MIMO radar
systems with widely distributed antennas. It is shown that increasing the number of
transmitting and receiving radars provides better tracking performances in terms of
higher accuracy gains for target location and velocity estimation. The performance
gain is proportional to the increase in the product of the number of transmitting and

receiving radars. Wider spread of the radars results in better accuracies.

3. MIMO radar architecture support both centralized and decentralized tracking
techniques, inherit to the system nature. Each receiver may contribute to central
processing by providing either raw data or partially/fully processed data. It is
demonstrated that communication requirements and processing load may be reduced
at a relatively low performance cost. Based on mission needs, the system may
use either modes of operation: centralized for hig_h accuracy or decentralized

resource-aware tracking (in [51] and [52] ).

1.3 Dissertation Outline

The dissertation is organized as follows: The localization performance analysis for a single
target is developed in Chapter 2. The CRLB is derived for the general case of multiple
transmitted waveforms. Analytical expressions are obtained for the cases of non-coherent
and coherent observations with orthogonal signals. Optimization of the CRLB as a function
of sensor location is provided in the same chapter.

The BLUE is derived and evaluated in Chapter 3 for both coherent and non-coherent
processing. To establish a better understanding of the relations between the radar
geographical spread and the target location, the GDOP metric is introduced in this chapter

and GDOP based analysis is provided for MIMO and SIMO radar configurations.



The CRLB for Multiple targets localization is developed in Chapter 4. Establishing
the feasibility of the coherent processing method, sensitivity analysis of coherent target
localization estimation error to phase synchronization errors is provided in Chapter 5.

Target tracking model for MIMO radar system with non-coherent processing is
introduced in Chapter 6. The theoretical performance bound is set through the use of the
BCRB and centralized and decentralized algorithms are proposed. While the first provides
high accuracy, the later incorporate resource saving at relatively low performance loss.

Finally, conclusions and discussion of future work is provided in Chapter 7.



CHAPTER 2

TARGET LOCALIZATION IN MIMO RADAR

2.1 Introduction

In radar systems, bandwidth plays an important role in determining range resolution,
ie., it is inversely proportional to the signal bandwidth [29]. By exploiting the
spatial dimension, coherent MIMO radar with widely separated antennas may overcome
bandwidth limitations and support high resolution target localization. The distinction
between noncoherent and coherent applications relies on the need for merely time
synchronization between the transmitting and receiving radars vs. the need for phase
synchronization. The MIMO radar architecture with coherent processing exploits
knowledge of the phase differences measured at the receive antennas to produce a high
accuracy target location estimate.

In this Chapter, localization performances of coherent and noncoherent processing
are evaluated. The distinction between the two modes, in terms of system requirements,
relies on the need for mere time synchronization between the transmitting and receiving
radars in the noncoherent case, versus the need for both time and phase synchronization in

the coherent case.

2.2 System Model
Widely distributed MIMO radar systems with M transmitting radars and N receiving
radars are considered. The receiving radars may be collocated with the transmitting ones
or individually positioned. The transmitting and receiving radars are located in a two
dimensional plane (z,y). The M transmitters are arbitrarily located at coordinates T}, =
(zik, w), k =1,..., M, and the N receivers are similarly arbitrarily located at coordinates

Ry = (g, yre), £ = 1,..., N. The set of transmitted waveforms in lowpass equivalent

10
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form is s¢ (t), k = 1,..., M, where [ |s; (t)?dt = 1, and T is the common duration
of all transmitted waveforms. The power of the transmitted waveforms is normalized such
that the aggregate power transmitted by the sensors is constant, irrespective of the number
of transmit sensors. To simplify the notation, the signal power term is embedded in the
noise variance term, such that the SNR at the transmitter, denoted SNR, and defined as
the transmitted power by a sensor divided by the noise power at a receiving sensor, is set
at a desired level. Let all transmitted waveforms be narrowband signals with individual
effective bandwidth S defined as B2 = [(fWk 218 ()P df) / (fwk 1Sk () df)],
where the integration is over the range of frequencies with non-zero signal content W
[29]. Further define the signals’ averaged effective bandwidth or rms bandwidth as
B2 = L S B2, and the normalized bandwidth terms as g, = f&//3. The signals are
narrowband in the sense that for a carrier frequency of f,, the narrowband signal assumption
implies 87/ f? < land 82/ f? < 1.

The target model developed here generalizes the model in [29] to a near-field scenario
and distributed sensors. In Skolnik’s model [29], the returns of individual point scatterers
have fixed amplitude and phase, and are independent of angle. For a moving target,
the composite return fluctuates in amplitude and phase due to the relative motion of the
scatterers. When the motion is slow, and the composite target return is assumed to be
constant over the observation time, the target conforms to the classical Swerling case 1
model. This model is generalize to a target observed by a MIMO radar with distributed
sensors. Assume an extended target, composed of a collection of () individual point
scatterers located at coordinates X, = (z4,¥,), ¢ = 1,...,Q, concentrated in a circle
centered at X/ = (z/, %), with an area smaller than the signal wavelength. The amplitudes
¢, of the point scatterers are assumed to be mutually independent. The pathloss and phase of
a signal reflected by a scatterer, when measured with respect to a transmitted signal s, (¢),

are functions of the path transmitter-scatterer-receiver. Let 74 (X;) denote the propagation
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time from transmitter k, to scatterer ¢, to receiver ¢,

Tor (Xg) = % (\/(xtk — z0)" + (yox — y)* + \/(SUM — 20)" + (yre — yq)) , 2D

where c is the speed of light. Our signal model assumes that the sensors are located
such that variations in the signal strength due to different target to sensor distances can
be neglected, i.e., the model accounts for the effect of the sensors/target localizations
only through time delays (or phase shifts) of the signals. The common path loss term
is embedded in ¢,. The baseband representation for the signal received at-sensor £ is:

M Q
re(t) =D ) Caexp (—52m feran (X,)) s (L = 7on (X)) +we(t),  (22)

k=1 g=1

where the term 27 f, 74 (X,) is the phase of a signal transmitted by sensor k, reflected
by scatterer ¢ located at X,, and received by sensor ¢. Phases are measured relative to a
common phase reference assumed to be available at the transmitters and receivers. The
term wy (t) is circularly symmetric, zero-mean, complex Gaussian noise, spatially and
temporally white with autocorrelation function 02§ (7). The noise term is set o2, =
1/SNR;, where SNR, is measured at the transmitter. SNR; is normalized such that the
aggregate transmitted power is independent of the number of transmitting sensors. The
SNR at the receiver, due to a scatterer with amplitude (4, is SNR, = |§q|2SNRt. Signals
reflected from the target combine at each of the receive antennas. For example, the resultant
signal at receive antenna / is given by

Q
sr(8) = s (t — 7o (X)) Y Gexp (=527 feran (X)) - 23)

g=1

In obtaining (2.3), the narrowband assumption is invoked s (t— 7ok (Xy)) =
sy, (t — o, (X)), for all scatterers, namely that the change in the lowpass equivalent signals
across the target is negligible. In [29] it is shown that a complex target defined by (2.3) may

be wriften as:

sr(t) = sp (t — 7o (X)) (" exp (=), (2.4)
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where (’ is the amplitude given by
27 1/2

Q
Cosin (27 foTan (Xq))> , (2.5)
1

Q 2
(= ( g €08 (27 foTax (Xq))) + (

q= q=

and 7' is
S ) Cq s (2 forn (X))
ZqQ=1 Cqsin (27 forar (X)) .

v = arctan (2.6)

The targets are concentrated in a small area, such that the viewing angles on path /&
for all () targets are approximately the same, i.e. cos (27 feTar (X)) = cos (27 fora (X))
and sin (27 forr (X)) = sin (27 fer (X)) for all ¢ = 1,...Q. It follows from this
discussion that the extended target is represented by a point scatterer of amplitude {’ =
Zqul ¢, and time delays 74, (X') , where all the quantities are unknown.

While this target model is completely adequate for our needs, it is possible to extend
it slightly, at little cost. Assume a constant time offset error A7 at the receivers. Further,
assume that the error is small such that it does not impact the signal envelope, but it does
impact the phase. Then the time delays can be written as 74 (X') = 74, (X) + A7 for some

location X = (z,y) . The target model (2.3) can now be expressed

C'si (t — 7o (X)) exp (—j27 foran (X)) = (i (t — 7o (X)) exp (—j27 ferar (X))
Q2.7
where ¢ = ('e7?"feAT and the narrowband assumption was invoked once more. The
composite target of (2.3) is then equivalent to a point scatterer of complex amplitude ¢
and time delays 74, (X) . For simplicity, the following notation is used: 74, = 74 (X). The

signal model (2.2) becomes

M

re(t) = Z Cexp (—727 foror) Sk (T — Tar) + we(t). 2.8

k=1

The vector of received signals is defined as r = [ry, 79, ..., rN]T, for later use. The radar

system’s goal is to estimate the target location X = (z,y). The target location can be
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process by matching both amplitude and phase at the receiver end. In contrast, noncoherent
processing estimates the time delays 7y, from variations in the envelope of the transmitted
signals s, (¢) . A common time reference is required for all the sensors in the system. In this
case, the transmitting radars are not phase-synchronized and therefore the received signal

model is of the form:

M
re(t) =Y ousi (t — e) + we(t), (2.10)

k=1

where the complex amplitude terms «yy, integrate the effect of the phase offsets between
the transmitting and receiving sources and the target impact on the phase and amplitude of
the transmitted signals. These elements are treated as unknown complex amplitudes, where

g = aff, + jag,. The following vector notations are defined:

a = [a11, 012, .-y Qgky -y AN T 2.11)

a®=Re(a); of =Im(a),

where Re(-) and Im(-) denote the real and imaginary parts of a complex-valued

vector/matrix.

2.3 Localization CRLB
The CRLB provides a lower bound for the MSE of any unbiased estimator for an unknown
parameter(s). Given a vector parameter 8, constituted of elements §;, the unbiased estimate

o~

0; satisfies the following inequality [26]:

var (6,) 2 37 (0)],;, i=1,2,.. 2.12)
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where [J~! (6)],, are the diagonal elements of the Fisher Information matrix (FIM) J (8).

The FIM is given by:

3(6) = Fup { e alo)] |3 logp(rw)r} , .13

where p (r|f) is the joint probability density function (pdf) of r conditioned on 6 and
E. o {-} is the conditional expectation of r given 6.

The CRLB is then defined:

Cerrs =[J(0)]7". (2.14)

Sometime, it is easier to compute the FIM with respect to another vector v, and apply the
chain rule to derive the original J (6) . In our case, since the received signals in both (2.8)
and (2.10) are functions of the time delays, 74, and the complex amplitudes, by the chain

rule, J () can be expressed in the alternative form [26]:

J(6) = PJ (%) PT, (2.15)

where 1 is a vector of unknown parameters, and it incorporates the time delays. Matrix
J () is the FIM with respect to ¢, and matrix P is the Jacobian:

p 0%

=39 (2.16)

From this point onward, the CRLB is developed for the case of noncoherent and

coherent processing, separately.
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2.3.1 Noncoherent Processing CRLB

For noncoherent processing, there is no common phase reference among the sensors.
Consequently, the complex-valued terms oy, incorporate phase offsets among sensors and
the effect of the target on the phase and complex amplitude, following the definitions in

(2.11). The vectors of unknown parameters is defined:

One = [2,y,a%,0"]" . 2.17)

The process of localization by noncoherent processing depends on time delay estimation of
the signals observed at the receive sensors and also on the location of the sensors. To gain
insight into how each of the factors affects the performance of localization, the form of the

FIM given in (2.15) is utilized. The vector of unknown parameters is defined by:

Yne = [T, O[R) aI]T ’ (2.18)

where « is given in (2.11) and 7 = |11, 712, .., Tek, - TMN]T. Only estimates of x and y
are of interest, while o, o act as nuisance parameters in the estimation problem.

Given a set of known transmitted waveforms s (t — 75) parameterized by the
unknown time delays 74, which in turn are a function of the unknown target location
X = (z,y), the conditional, joint pdf of the observations at the receive sensors, given

by (2.10), is then:

2

M
’f‘g(t) - Zaeksk (t - Tgk) dt > . (219)
k=1

N
P (tlthne) o exp ~ai22/
T

W p=1
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The matrix P,,. for (2.17) and (2.18), to be used in (2.15), is defined as:

8, T 8 (R o (o\T
3 o () 7z (ef)
8.7 8 (,R\T 8 (,\T
p O _ | %" 5 (@) 5 (@)
o= Db , 2.20)
ne o7 dal Do
Salt Satt dalt
o1 dalt ot '
- dal dal 4 @MN+2)x3MN

XA

5, T 18 standard notation for taking the derivative with respect to = of each element

where

or . .
of 7, and ok denotes the Jacobian of the vector T with respect to the vector . The
(63
subscript denotes the matrix dimensions.
It is not too difficult to show that using (2.9), the matrix P,,. can be expressed in the

form:

p, - Hoxmn O2xomn ’ @2.21)

Oomvsmn Lomnxamn

where 0 is the all zero matrix, I is the identity matrix, and H € R?>*MY incorporates
the derivatives of the time delays in (2.9) with respect to the x and y parameters. These
derivatives result in cosine and sine functions of the angles the transmitting and receiving
radars create with respect to the target, incorporating information on the sensors and target

locations as follows:

1 Ay + a'ra:l iy + Qrpy  «o» atxM + QreN

H=-= ) 2.22)
€ bt:n + b'rm bt:z:l + brmg bta:M + ber

The elements of H are given by:
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with the block matrices S,,., A,, and V. terms defined in the Appendix A in (A.2), (A.3)-
(A.4) and (A.5)-(A.6) respectively.
In order to determine the value of J (6,,.), (2.15) and (2.21) are used in (2.24), to

obtain the following CRLB matrix:

-1

02 HsncHT anc

c = 7 (fpe) = s
CRLBh. (Onc) 5/o? VIHT A,

2.25)
The CRLB matrix is related to the sensor and target locations through the matrix H,
and to the received waveforms correlation functions and its derivatives through the S,,. and

V.. matrices.

Orthogonal Waveforms When the waveforms are orthogonal, the block matrices S,,.,
A,, and V,,. simplify to (A.7) in Appendix A. This simplification enables to compute the
CRLB (2.25) in closed-form. This calculation is performed next.

While the CRLB expresses the lower bound on the variance of the estimate of ,,, =
[z,y,aF, o] ", only the estimation of z and y is of interest. The amplitude terms o
and o serve as nuisance parameters. For the variances of the estimates of z and v, it is
sufficient to derive the 2 x 2 upper left submatrix [Ccrrp,.]axe = [(J (Bnc)) '] 2"

The CRLB submatrix [Ccrrp,.],., for target localization in the noncoherent case
with orthogonal signals is:

C2 -1

[CoRrLBa)oxa =2)52 (HS,.H") (2.26)
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Proof: From (A.7) in Appendix A, terms (2.25) is:

Sne = 4122 [diag(a)Bdiag(a®)], 2.27)
Vnc = 0;

A, =Laynxomn.

In (2.27), diag(c) denotes a diagonal matrix with the elements of vector a. Matrix B =
diag (1 [B%,,B%,, .., B%,,]). with B, denoting the normalized elements S, = Bi/B, and
1=[1,1, ...1]T, 1 € RM*1, Using (2.27) in (2.25), it is easy to see that

2

C -1
577 (HS,.H") (2.28)

[CCRLBM]2><2 =

— Tine 9zne h""*c
gll:ncgyna - h%c hnc gync ’

where:
(12
The = §rp77%
MY 2 2
ga:’n.c = Z Z Ialk| /BQRk (btzk + b?":l:g) 1
N (2.29)
Gyne = E:MZ |O[£k;| /BRk (atwk + a""ﬂ%) ’
hnc = —kZMX:l ‘O‘Ek‘ ﬁRk (atwk + a"racg) (btmk + brmg) .
This concludes the proof of the proposition. |

It follows that the lower bound on the variance for estimating the = coordinate of the

target is given by

2 ngnc
o, = fpe——————. (2.30)
nCCRB gxncgy'nc - h’%LC
Similarly, for the y coordinate,
2 iy = Mo 231
OyneCRB = Tnc : (2.31)

2
g:l:nc gync h‘nc
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The terms ¢s,., Gy..» and hn. are summations of a;z,, Grz,, b, and by, terms
that represent sine and cosine expressions of the angles ¢ and ¢, and therefore relate
to the radars and target geometric layout. It is apparent that for the noncoherent case,
the lower bounds on the variances (2.30) and (2.31) are inversely proportional to the
averaged effective bandwidth 5%, and SNR = 1/ o2 (see expression for 7, in (2.29)).
It is interesting to note that 77,. is actually the CRLB for range estimation in a single
antenna radar, based on the one-way time delay between the radar and the target (see for
example [26]). The other terms in (2.30) and (2.31) incorporate the effect of the sensor

Jocations.

2.3.2 Coherent Processing CRLB

Recall that in the signal model Section, the complex amplitude ay i s associated with the
path transmitter k — target — receiver £. In the noncoherent case, the complex amplitude
is a nuisance parameter in estimating the target location z, y. In the coherent case, the
transmitting and receiving radars are assumed to be phase-synchronized. By eliminating
the phase offsets, the signal model in (2.8) applies, and the nuisance parameter role is left
to the complex target amplitude ¢ = (% + ;j¢!. The coherent approach to localization seeks
to exploit the target location information embedded in the phase terms exp (—27 f.74) that
depend on the delays 74, which in turn are function of the target coordinates x, y.

Define the vector of unknown parameters:

0o = [z,4,¢% ('] (232)

As before, define a second vector of unknown parameters in terms of the time delays

7 (rather then the target location),

e = [1,¢% ¢, 2.33)
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to be used in (2.15) to derive the CRLB. In comparing the coherent case in (2.33) with
the noncoherent counterpart in (2.18), note that v, incorporates the vectors o and o,
while ¢, is a function of the scalars (? and ¢ . The reduction in the number of unknown
parameters is made possible through the measurement of the phase terms of of and o,
For coherent observations, the conditional, joint pdf of the observations at the receive

sensors, given by (2.8), is of the form:

2

ro(t ZC exp (=727 feror) sk (t — 7Tax)| dt 3. (2.34)

Following a process similar to the one in Section 2.3.1, the CRLB is derived for the

coherent case, based on the relation in (2.15). The matrix P, takes the form:

e H Ouywnx2
00, ’

Oy Ioxo
Ax(MN+2)

P.= (2.35)

where matrix H has the same form as in (2.22), since it is independent of the nuisance
parameters in both cases.

An expression for the FIM matrix, J (¢/.) , is derived in Appendix B, yielding:

2 | 8. V.
I(e) = — : (2.36)
% | VT A
¢ 1 (MN+2)x (MN+2)

where the elements of the submatrices are found in Appendix B as follows: S, in (B.4),

A, in (B.5)-(A.5), and V. in (B.7)-(B.9).
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The CRLB matrix for the coherent case is then found substituting (2.35) and (2.36)
in (2.15) and (2.14), obtaining:
-1
2 HS.H” HV,

2/02 VIHT A, @37

Ccrip, =

As in Section 2.3.1, the closed-form solution to the CRLLB matrix in (2.37) is reduced
to the case of orthogonal waveforms. Since only the lower bound on the variances of the
estimates of = and , is of interest, the submatrix [Corrp, laxe = [(Jc (6)) 7], , is derived

and evaluated next.

Orthogonal Waveform The CRLB 2 x 2 submatrix for the coherent case and orthogonal

waveforms is:

& _
(Contalaxe =3 (HSHT ~ HV.AZVIHT) ™. 2:38)

Proof: From (B.11) in Appendix B the values of the matrices S;, A, and V, are
obtained for orthogonal waveforms. Using this and H defined in (2.22) in (2.37), the CRLB
matrix Cgrip,,, is obtained. Consequently, the submatrix [CorLB, oy is computed,
resulting in the form given in (2.38).

This completes the proof of the proposition. |

From (2.38) and (B.11), it can be shown that [Ccrip,),,, can be expressed as:

c gzc hC
[Cortlyy = — , (2.39)

_ h2
g.'z;cg'yc hc h’C gyc
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where the various quantities are as follows:

— c?
e = &2 (IcP/o%)

M N 1
Iz = Z Zka (btwk + bme) MN (

k 12—

ZZka (atay + Grey)” — i3 (

=14=1

k
h'c - _;;szl-lk (a't:vk + amcg) (btmk + brzg)

ML Z Z (atwk + a‘me) Z Z (btxk + bm‘g)

k=1¢=1

ME

N 2
Z (bt.’b‘k + b’l‘.’L‘g)) 3

k=1£=1

[

il

N 2
Z (atwk + armg)) ) (240)

14=1

Mz

The lower bound on the error variance is provided by the diagonal elements of the

[Ccres.,, |4, Submatrix and are of the form:

2 gmc
Oy, = N————5, (2.41)
CRB gﬁvcgyc - hz
2 gyc
a, . = 'r]c_—”"‘—.

The terms g,,, gy., and h. are summations of Gz, Grg,» biz, and b,s, that represent
sine and cosine expressions of the angles ¢ and ¢, and therefore relate to the radars and
target geometric layout, multiplied by the ratio terms fr, = (1 + %E) Invoking the
narrowband signals assumption 32/f% < 1, it follows that fr, =~ 1. These terms have
some additional elements when compared with the noncoherent case. It is apparent that
for the coherent case, the variances of the target location estimates in (2.41) are inversely

proportional to the carrier frequency f2.
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2.3.3 Discussion

The following observations are made:

e The lower bound on the variance in the noncoherent case is inversely proportional
to the averaged effective bandwidth 3. For the coherent case, with narrowband
signals, where 7/ 2 < 1, the localization accuracy is inversely proportional to the
carrier frequency f. and independent of the signal individual effective bandwidth,
due to the use of the phase information across the different paths. It is apparent that
coherent processing offers a target localization precision gain (i.e., reduction of the
localization root mean-square error) of the order of f./8, refer to as coherency gain.

Designing the ratio f./S to be in the range 100-1000, leads to dramatic gains.

e The term 7). in (2.40) is the range estimate based on one-way time delay with coherent

observations for a radar with a single antenna [53].

e The CRLB terms are strongly reliant on the relative geographical spread of the radar
systems vs. the target location. This dependency is incorporated in the terms g, /..,
Gyne/ye A0 Py ). It is apparent from (2.41), (2.30) and (2.31) that there is a trade-off
between the variances of the target location computed horizontally and vertically.
A set of sensor locations that minimizes the horizontal error, may result in a high
vertical error. For example, spreading the transmitting and receiving radars in an
angular range of —(7/10) to +(7/10) radians with respect to the target, will result
in high horizontal error while providing low vertical error, as intuitively expected.
This is caused by the fact that the terms g, /g, are summations of sine functions
and g,, /g, are summation of cosine functions of the same set of angles. In order to
truly determine the minimum achievable localization accuracy in both z and y axis,
the over-all accuracy, defined as the total variance 07 = (02 cpp + 02 cp) Needs

to be minimized.
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e The message of dramatic improvement in localization accuracy needs to be
moderated with the observation that the CRLB is a bound of small errors. As such,
it ignores effects that could lead to large errors. For example, MIMO radar with
distributed sensors and coherent observations is subject to high sidelobes [1]. These

topics are outside the scope of this paper, but they should be kept in perspective.

e Phase synchronization: The coherent scheme promises of higher accuracy
performances involve the challenge of distributed carrier phase synchronization.
The synchronization complexity in distributed and autonomous sensors/platforms
is common to widely spread MIMO radar systems, wireless sensor networks and
cooperative wireless communication. In the latter two, some of the proposed
solutions make use of a reference signal [54-57] provided by one of the sensors.
These schemes mainly focus on master/slave strategies where one sensor is chosen
to be the master and broadcasts a sinusoidal reference signal to all slaves. Carrier
phase synchronization is also established using an external beacon in the form of a
GPS or a ground communication broadcasting station [58—61]. These highly stable
broadcasting sources continuously transmit a reference signal to be used at each
sensor node, where more than one beacon may be used for higher accuracy. In
all of these synchronization methods, a periodic re-synchronization is necessary to
avoid unacceptable levels of phase drift. The increasing interest in distributed phase

synchronization and vibrant research activity set the ground for promising progress.

e Doppler shift: The CRLB on target localization is developed for a stationary target
whereas the CRLB on target velocity estimation is developed in [50]. Consequently,
the model in (2.8) does not account for Doppler frequency. In practice, a Doppler
shift might be introduced and affect the estimation performance with coherent

processing. To evaluate the affect of such a Doppler shift on the CRLB the following
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signal model adaptation is applied [31]:
M

T (1) =2 Z Cexp (—72m forar) sk, (t — Tar) €xp (527 fa,, 1) + we(2), (2.42)
k=1

where fy,, is the Doppler frequency and Tdf';; < 1 is assumed. Without loss of
generality, the transmitted waveforms are time-delayed such that they add coherently
in the center of a given search cell [aco + %, Yo = [—c,] . For a slow moving target, i.e.
f‘% < 1, the Doppler term exp (527 fy,,t) =~ 1 and therefore the Doppler shift
does not affect the localization performance as shown in this section. If the latter
does not apply, the off-diagonal elements of matrix S. are non-zero and therefore
introduce an estimation error. A current research effort is focused on the extension
of the current model to a Bayesian CRLB that accounts for both target location and

velocity estimation.

Orthogonality: The CRLB is developed for a general set of waveforms {sy (t)}. The
general solution in (2.25) and (2.37) is later given in closed-form for the special case
of orthogonal signals. Albeit the design of such signal sets is beyond the framework
of this paper, elaboration as for some possible schemes is provided. Attaining a set of
orthogonal waveforms that follow the requirement of [ s, (V) sy (v — ATgeew ) dv =
0 over all cross-elements, k # k', and any A7y gy = Tex— Tex, 1S @ challenging
task. Accomplishing full orthogonality under these conditions is very demanding.
A practical way to address this problem is by relaxing the design criteria to low
cross-correlation, i.e., l J s (V) sy (v — ATgrn) dl/l < ¢, where € is chosen such
that the estimation MSE performance penalty, with respect to fully orthogonal sets,
in minimized. This offers a reasonable way to generate approximate-orthogonal
waveforms for some range of delays or what is defined in [62] as quasi-orthogonal
waveforms. Such an alternative is presented in [5S0]. Some other design possibilities
are provided in [21-23, 62]. The extension of the radar AF to the MIMO radar case

in [24, 25] offers design tools for such quasi-orthogonal waveforms. The CRLB
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analytical expressions provided in Appendix A and Appendix B could than be used
for a comparative evaluation of the CRLB performance for a given quasi-orthogonal

set vs. a fully orthogonal set of waveforms.

e The lower bound as expressed by the CRLB, provides a tight bound at high SNR,
while at low SNR, the CRLB is not tight [28]. As the ambiguity problems are usually
addressed through the signal waveform design, a more rigid bound needs to be found

for the localization variance in the low-SNR case.

The coherency gain obtained with coherent processing makes it advantageous over
noncoherent processing. All the same, the contribution of the product terms g, g, and
h. needs further evaluation. The following sections focus on elucidating the role of these

terms for coherent processing.

2.4 Effect of Sensor Locations
The CRLB for target localization with coherent MIMO radar shows a gain, i.e., reduction
in the standard deviation of the localization estimate, of f./S compared to noncoherent
localization. Yet, the CRLB is strongly dependent on the locations of the transmitting and
receiving sensors relative to the target location, through the terms g..... /.., Gyne/y. 204 Anc/c.
To gain a better understanding of these relations, and set a lower bound on the CRLB over
all possible sensor placements, further analysis is developed in this section.

The following general notation are introduced: for any given set of vectors £ =

(&1,&2, ..., &) and Kk = (Ky, K2, ..., KL):

T (&%) =128 (2.43)
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2.4.1 Optimization Problem
The terms g, and g, in (2.29) can be expressed using the conventions defined in (2.43)

and terms defined in Section 2.3.2, viz.;

and

gy = MN [T (ai,) + T (al,) — [T (a)]” — [T (aro)]"] , (2.45)

where the narrowband signals assumption is applied. Similarly, the term A, in (2.40) can

be expressed:

he = —MN [T (a;;bs) + T (a,:brg) (2.46)

=T (am) E (btz) -T (aTac) T (brz)] :

= cos? ¢, +sin’ ¢, = 1 and a2, + b2 = cos? w, + sin? p, = 1, the

. 2 2
Since aj, + b i

txg

following conditions apply:

0
(2.47)
0< [T (b)) < 1
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Seeking to find sets of angles ¢* and ¢*, that yield sets of cosine and sine expressions

aj,, a’,, by, bt for which the values of the Cramer-Rao bounds for localization along the

z and y axes (02 o pp and 0. ¢ g, Tespectively) are jointly minimized,

e s 9 2
minimtze (o +0 ] 548
ata;yarm,btm,brm ( zcCRB chRB) ( )

This is equivalent to minimizing the trace of the CRLB submatrix [CcrLB.)axo- The
explicit minimization problem is formulated introducing the objective function fo:

INImi — 9w TGy,
minimize  fo (atz, 8re, Pra, bra) = Neg, 2o
atz,arz,biz,bre resye e (2,49)

subject to constraints (2.47).

This representation of the problem is not a convex optimization problem.! The next
steps are undertaken in order to formulate a convex optimization problem equivalent to
(2.49), i.e., a convex optimization problem that can be solved through routine techniques
and from whose solution it is readily possible to find the solution to (2.49).

In [39], it is shown that for a given positive definite matrix, in our case [CcrrB, |5y

and its inverse matrix F, in this case:

c "'hc
p_l| % , (2.50)

770 _hc Gzc

the following relation exists between the diagonal elements of these matrices:

1 .
[Ccres.)y; = W 1=1,2. (2.51)

)
i1

1A convex optimization problem in standard form is [63]

minimize fo(z)
subjectto  f;(x) <0
25025 =0

for some constants a;, i, §,%¢ = 1,...,m, j = 1,..., p, and where fy, ..., fr, are convex functions.
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Equality conditions apply for all 4 iff F' is a diagonal matrix, i.e., h, = 0. Enforcing this
condition later on guarantees that min (Zﬁ) =min (E [Corrp,) u) Now, observe
that the inverse of the elements on the d;agonal of F lov;er bound the elements on the
diagonal of the matrix C¢pyp, for any a;;, a,4, b, by;. The following objective function

is defined fj (a4, arz, Dis, bys) , and the optimization problem,

= 1 1
min fO (atza QArg, bta:, br:c) = '}_ < + ) (252)
e \Gz. Gyc

subject to (2.47).

The new objective function and the original objective function are related as
fo Az, Arg, bz, bys) = fo (2ss, Arg, Big, brg), with equality for A, = 0. Substitute the

values of g, and g,, from (2.44) and (2.45) in the objective function of (2.52) to obtain

1/ (ncMN)
2 — T (b3,) — T (bZ,) — [T (a)]* — [T ()]
+ 1/(n.MN) ‘
T (b%,) + T (b2,) — [T (bs)]* — [T (brs))?

% (atzn a-'rm; btx; b’rm) =

(2.53)

It is apparent that the denominator of the first summand is bounded by:

0<2-T (b},) —T (b) ~ [T (a)* = [T (@) <2 =T (b;) = T (b7,), (2:54)

and the denominator of the second summand is bounded by:

0< T (b)) +T (b)) — [T (b)) — [T (bo)* < T (b7,) +7 (b2,). (2.5
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Denote T (b2,) + T (b2,) = y, and let T (az,) = T (a,;) = T (by) = T (bry) = 0. Then,
from (2.53)-(2.55) and (2.52), the following problem is obtained:

L e 1 1
minimize =4+ =
wimize () = 5+ -
subject to p—2<0 (2.56)
—p < 0.

The objective function f, (1) = ,L(2_2—,5 is convex since g(p) = (2 — w) is a concave
function and f; (1) = h(g(u)) = ﬁ is a convex and nondecreasing function [63]. The
inequality constraint functions are convex as well. Therefore, the problem described in
(2.56) is a convex optimization problem. The epigraph form is a way to introduce a
linear (and convex) objective ¢, while the original objective f; is incorporated into a new
constraint fy — ¢t < 0 [63]. The key point here is that the inequality constraint function
% — t < 0 can be transformed to a linear convex form [64].

An equivalent epigraph form of the convex optimization problem given in (2.56)
may be expressed by using two variables, ¢; and t,, after rewriting the objective function as

fo () = for (1) + foz (1), where fo; (p) = 5 L and fog (1) = l Two new inequality

. . . 1 .
constraint functions are introduced: Sy t1 < 0and — — &y < 0. After some simple
—H H
algebraic manipulations, the epigraph form turns into the following convex optimization

problem:

minimize (t1+t2)
H,t1,t2

subject to
ty -2t +1<0
pam st = 2.57)
].—/l/tQSO
p—2<0; —p<0

-1, <0; =12, <0.
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A convenient way to solve this convex optimization problem is to employ the
concept of Lagrange duality and exploit the sufficiency of the Karush-Kuhn-Tucker (KKT)
conditions [63]. The Lagrangian of the problem in (2.57) is given by:

L(p,ty, 62, N) = t1+ta+A; (uty — 281 + 1)+ (1 — pta)+ A3 (0 — 2) = Aaps— Asts — Agla,

(2.58)

where \;, i = 1, .., 4is the Lagrange multiplier associated with the 7th inequality constraint
fi (pyt1,t2) <0

The KKT conditions state that the optimal solution for the primal problem

(minimization of ¢; + 5 in (2.57)) is given by the solution to the set of equations:

BL(M,, tla t?s A)

=0 (2.59)
ou
6L(:u‘7t17t27>‘) N 8L(iu’ut1)t27>‘) _
=0 =0
8t1 at2

filp, t1,t2) <0; i=1,..,6
A>0 i=1,..6

)\ifi(ﬂ,tl,tg) = 0; 1= 1, ,6

Applied to (2.57) and (2.58), these equations specialize to

Altl—A2t2+)\3—>\4=0 N )\3([,L—2):O

1—)\1(#,—-'2)——)\5:0 N -—A4u=0
1~)\2/L—)\6=0 3 —)\5t1=0
)\1 (/,Ltl —2t1+1) =0 ) -—)\Gtz:()

A2 (1—pt2) =0
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It is not difficult to show that the solution to this system is given by

pr=1

r=r=1

v (2.60)
A =25 =1

A=A =M=X\=0

Recalling that y = T (b2,) + T (b2,) , the optimal solution can be rewritten as:
w =T (b2) +T (b}2) = 1. @.61)

In addition to (2.61), a;,, a;

T

b},, b} have to satisfy the relations (2.47), and the equality

tx) rx

conditions for (2.51), (2.54) and (2.55), viz.,

T(a2) +T(a2) =1
T(b;,)=0 T(b;,)=0

( tz) ) ( rz) (262)
T (aj,) =0; T'(a},) =0

T (aj,bi,) + T (aj,b},) =0.
Substituting these results in (2.44) and (2.45), computes the optimum g7 and Gpos

9y, = g;c = MN.

It follows that the minimum value of the trace of the Cramer-Rao matrix [Coris,,, | e

fo in (2.49), is given by:

* * * * _ 2176
fO (a"tz7 arz’ bt:c’ br:z:) - MN : (263)

The final step in determining the effect of sensor locations on the localization

CRLB is to recall that the multivariable argument of f; in (2.63) is actually a function
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of the transmitting sensors angles ¢, k = 1,..., M, and receiving sensors angles ¢,
£ =1,..., N (see definitions in the previous section). What are then the optimal sets ¢*
and ¢* that minimize the variance of the localization error? The optimal angles can be
found from the relations (2.62). For example, for the cosine of the transmitters bearings
T (af,) =0,

1 M
MZ cos ¢ = 0. (2.64)
k=1

A symmetrical set of angles of the form o* =
{¢Z|¢’{ = ¢, +3"~(;;—1);i =1,..,.M;M> 2}, is a solution to (2.64) for any arbitrary
#,. The same solution is obtained for the sines, T’ (b},) = 0. The relations T (a},) = 0,
T (b%,) = 0 lead to a solution constituted by a symmetrical set of angles ¢* of the same
form as ¢*. The relation 7" (af,b},) + T (a},b},) = 0 expressed in terms of angles is

M N
1 1
i E cos ¢}, sin ¢, + N E cos @y sin g, = 0. (2.65)
k=1 =1

It can be shown that (2.65) is met by angles ¢} and ¢, symmetrically distributed around
the unit circle, but the number of sensors has to meet M > 3, N > 3. The condition

T (b}2) + T (b?) = 1 in (2.62), expressed in its explicit form, is

1 & 1 &
o > cos® g} + = > cos ) =1. (2.66)
k=1 =1

The symmetrical set of angles that meet (2.64) and (2.65) provide I14_ 22";1 cos? ¢ =
+ E?’: L cos? g7 = £ and therefore meet the requirement of (2.66). The same applies to
T (a;2) + T (a:2) = 1, where & Y0 sin? ¢ = & ) sin® f = L.

It can be concluded that M > 3 transmitting, and N > 3 receiving sensors,
symmetrically placed on a circle around the target at angular spacings of 27 /M and 27 /N,

respectively, lead to the lowest value of the localization CRLB.
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This result can be extended by noticing that relations (2.62) also hold for any
superposition of symmetrical sets containing no less than 3 transmitting and/or receiving

sensors. Therefore, the complete set of optimal points is given by:

(4=, +2£2)

(v = . +2622)

¢ = {cbz
p* = {WZ

where the total number of transmitting (M) and receiving (/V) radars may be divided

w23V Zy=M }
z=1,..,7, v=1

(2.67)

12,23 glzu=N},

z=1,..,Zy

into V and U sets of symmetrically placed radars, each set consists of 7, and Z, radars,
respectively. The angles ¢, and ¢, are an initial arbitrary rotation of the symmetric sets Z,
and Z,, correspondingly.

As a special case, it is interesting to evaluate the CRLB in (2.39) with 1 transmitter
and M N receivers, i.e., a Single-Input Multiple-Output (SIMO) system. This scheme
makes use of (M N + 1) radars instead of (M + N) radars used in a MIMO system with
M transmitters and N receivers. From (2.67) it is apparent the this case does not provide
optimality since the number of transmitters is smaller than 3. To evaluate 02 o pp + 02 o5
for this setting assume 1 transmitter is located at an arbitrary angle ¢, with respect to the
target, and a set of M N receivers are located symmetrically around the target, at angles ¢*
that follow the condition in (2.67). The expressions in (2.44), (2.45), and (2.46) reduce to

the form:

e = MN [T (b%,) ~ [T (br2)]*] = S MN, 2.68)

. = MN [T (a2,) — [T a,2)f] = 5MN,

he = MN [T (a,3brz) — T (ars) E (byg)] = 0,
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and the trace of the CRLB submatrix [CorrB, )y, defined by fo (aiz, arz, big, b)) =

2 2 —_ Gzt g, ]
02.0rB T OyorB = Neg, gr~13> 18

4n.
MN’

fO (atzy Arg, bta:; b’ra:) = (269)

This result expresses an increase in the estimation error by a factor of 2 when compared

with M transmitters and N receivers given in (2.63).

2.4.2 Discussion
The following comments are intended to provide further insight into the results obtained in

this section.

¢ From (2.63), the lowest CRLB for target localization utilizing phase information is
given by 27/ (M N). The reduction in the CRLB by the factor M N/2 compared to a
single antenna range estimation given by, 7. ia referred as a MIMO radar gain. This
gain reflects two effects: (1) the gain due to the system footprint; (2) the advantage
of using M transmitters and NV receivers, rather than, for example, 1 transmitter and

M N receivers. The latter gain is apparent when M N > (M 4 N).

e The CRLB obtained through the use of a single transmit antenna and M N receive
antennas in (2.69) is 47,/ (M N). It follows that MIMO radar, with a total of M + N
sensors, has twice the performance (from the point of view of localization CRLB) of

a system with a single transmit antenna and M N receive antennas.

¢ The best accuracy is obtained when the transmitting and receiving radars are located
on a virtual circle, centered at the target position, with uniform angular spacings of

27 /M and 27 /N, respectively, or any superposition of such sets.

¢ The optimization analysis presented in this section is intended to provide insight
into the effect the sensor locations have on the CRLB. Naturally, in practice, it

is not possible to control in real time the location of the sensors relative to a
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target. However, the results here teach us that selecting among the sensors those
who are most symmetrical with respect to the target may lead to the most accurate

localization.

So far the focus was on the theoretical lower bound of the localization error. In the
next section, specific techniques for target localization and their performance as a function
of sensor locations are discussed. For this purpose, the GDOP metric and GDOP contour

mapping tools are introduced.



CHAPTER 3

METHODS FOR TARGET LOCALIZATION

The lower bound on the variance of target localization estimate was formulated in Chapter
2. The MLE [65], developed in [18], does not lend itself to a closed-form expression,
and numerical methods need to be used to solve it. A closed-form solution to the target
localization can be obtained by application of the BLUE. The later, allows the use of the
GDOP metric for a more comprehensive understanding of the relation between the target

and the sensor locations.

3.1 BLUE for Noncoherent and Coherent Target Localization
To formulate the BLUE, it is necessary to have an observation model in which observations
change linearly with the target location coordinates. That is because it is inherent to the
BLUE that the estimate is linear. To this end, a model is formulated in which the time
delays are “observable.” In practice, the time delays are not directly observable. Rather,
they are estimated, for example by maximum likelihood, from the received signals. Then,
the term eék is the time delay estimation error. Our BLUE estimation problem of the target
location should not be confused with the estimation of the time delays. The estimation
of the time delays is just a preparatory step in setting up the “observations” of the BLUE
model. Once, the observation model has been set up, it is necessary to ensure that the
model between the time delays and target location is linear. Setting the origin of the
coordinate system at some nominal estimate of the target location X, = (z.,y.) and
preserving only linear terms of the Taylor expansion of expressions such as in (2.9), the

time delays introduced by a target may be introduced as linear functions of z and y,

~ X . .
Toh N~ (cos ¢y + cos pg) — % (sin ¢y + sin@y) , 3.1
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where the angles ¢, and , are the bearings that the transmitting sensor £ and receiving
sensor ¢, respectively, subtend with the reference axis (with the origin at the nominal
estimate of the target location). The vertex of the angles is an arbitrary point in the
neighborhood of the true target location.

The linear model may be simplified as,

~ x
T = == (@12, + Gr) = 2 (b + bry) (3.2)

Let the observed time delay associated with a transmitter-receiver pair be p, then

fek = Tow + €, Vk=1,.,M,l=1,. N, 3-3)

where ¢y, is the “observation noise.” The following linear model is postulated between the

observable time delays p = [p11, fi12, -, BN M]T and the vector of unknown parameters 62

p=D0 +e, (3.4)

where the matrix D defined the linear relation between 7 and the vector of unknowns 6.
The vector € = [€11, €12, ..., €N M]T isthe M N x 1 measurement noise vector. According to
(3.4), the BLUE'’s “observations” are in the form of time delays. So an intermediate step
of time delay estimation is implied.

For the linear and Gaussian model in (3.4), the BLUE is computed from the
Gauss-Markov theorem [26] that states the BLUE of the unknown vector 6 is given by

the expression:

8,005 = (DTC'D) ' DTC . (3.5)

where C. is the covariance matrix characterizing the “noise” terms €.
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The theorem also determines the error covariance matrix for the estimator @\B ()

be

C,.0s = (DTCI'D) . (3.6)

From this point onward, the BLUE is developed for the case of noncoherent and

coherent processing, separately.

3.1.1 BLUE for Noncoherent Processing

Recall that in signal model Section, the complex amplitude oy, associated with the path
transmitter k& — target — receiver £ in the received signal model given in (2.10) was
defined. In the noncoherent case, the complex amplitude is a nuisance parameter in
estimating the target location z, y. There is no common phase reference among the sensors
and phase information is not exploited in the estimation process. Consequently, the time
observation, evaluated using noncoherent processing, are not affected by phase/time bias.
In this case, the vector of unknown parameters is defined as 0, = [z, y]” and the the time

measurements are modeled as:

1
Mncek ~ "E [JJ (atwk + afrmg) + () (bt:::pc ‘l’ bm:g)] + €nclk' (37)

The relation in (3.7) can be written as:

Hne = Dncenc + €ne, (38)
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where the observable time delays fine = [lncirs Bncizs -+ Hney .,) are derived incoherently

by the MLE as follows:

Hncy, = argmax \/re (t) sy (t —v) dt]|, (3.9)

where v is a dummy variable for the time delay. Matrix D,,. is defined as:

a't:l:l + a'ra:l btwl + bm:l

(3.10)

at:z:M + arxN bt:r:M + br:z:N NMx2
It is shown in Appendix C that the maximum likelihood time delay estimates pic,,
are unbiased observations, where the measurement €rrors €,c = [€ncyy) Encizs s enCNM]T

have Gaussian distribution with zero mean and an error covariance matrix of the form

1 ,
C.. ———diag( 1 1 1

- L . @3.11
8m2snr Br, " Br, BRu ) NMxNM )

: B2laf? _ o
with = L and snr = .
’BR’“ B2 loer] o2,

The following estimate for the target localization with noncoherent processing is

obtained:
538 ( )
o~ SN Ry, (a4, +a
T A 2 12 Ry 1k \Utzy, rze ) Bneey
R = [em] = _SJT_‘%_‘?H_TC Bne k]T/IM:NI , (3.12)
y Z ZﬁRkSNle (btmk + b’l‘:ﬂg) H/nczk
k=1¢=1

where fin,, are the time observations, and matrix Cpg.. is the estimation error covariance

matrix of the form:

Nne 9Blne  DB..

Chne = ( (3.13)

— h2
gBl‘nchznc B',w) h’Bnc ngnc



and

2

e = §x2p%nr>

M N 9
gBl'nc = Z ZIBRk (btmk + bme) ]

k=1£=1
M N

aB2,. = Z ZIBRk (a'ta:k + a’l‘.’l)g)z )

k=1£=1

M N
h‘Bnc = _I;ZEIBR’C (a’titk + ame) (btka + bmz) .
=]1¢=1

Using these results in (3.13) provides the MSE for the BLUE as follows:

2
g ( 9B1,. )
#,Bne — 2 ’
me 8m23%snr \ YB1,.9B2.. — P,

for the estimation of the z coordinate, and

2
o2 _ c ( 9B2,. )
»Bne = 5 )
YrEne 87T2ﬂ2 SNT \ gB1,.922 — h’Bm

for the estimation of the y coordinate.

3.1.2 BLUE for Coherent Processing

(3.14)

(3.15)

(3.16)

In the coherent case, the transmitting and receiving radars are assumed to be both time

and phase-synchronized. The target reflectivity paraméter { = 7, exp ( j2m¢ c) , results in a

common unknown time delay nuisance parameter A, = ¢,/ f. for the signal model given

in (2.8), where ( is replaced by r, exp (j27 feA;). The time delay observations in coherent

MIMO radars are therefore of the form:

1 1
Moy, &2 _“c‘x (@tey, + Crap) — Ey (btay + bray) — Ar + €cys (3.17)
where the vector of unknowns is 6, = [z,y,A,]7. The linear observation model is
represented through:
He = Dé. + €cy (318)
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where fie = [tery, fergs ooy fesrn) > @A €. = [€cyyy €cizy s €onn] is the MN x 1
observation noise vector.

To reiterate, a key difference between the MLE and BLUE models is that the MLE
target localization is carried out utilizing signal observations (which are not linear in z, y),
while according to (3.18), the BLUE’s “observations” are in the form of time delays. So an
intermediate step of time delay estimation is implied. In this case, the MLE computational
effort is focused on estimating the time delays. For the BLUE, the estimation is based on
a linearized time delay model and therefore its performance is asymptotically optimal, i.e.,
for a nominal position arbitrarily close to the target location. The time delays estimates

used as observations ., can be derived for example by MLE as follows:
Py, = Brgmax [exp (27 f.v) /Tg (t) sy (t —v) dt] , (3.19)

where v is a dummy variable for the time delay. Matrix D, is defined as:

at:tl + a'rml bt:l}1 + le'l ]-
1
D,=—- : (3.20)

a’tzM + af'm:N bta:M + bT:l:N 1 NMx3

Additional characterization of the “noise” terms e, areneeded. It is shown in
Appendix C, that the maximum likelihood time delay estimates asymptotic error covariance
matrix is

C. ———1—diag( LI ! , (3.21)

° 87T2f62577/l" fR1’fR1"“’fRM>NMXNM

where previous definitions of the various quantities apply and fr, = (1 + %;i)
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Using the time error covariance matrix C., and the linear transformation matrix D in

(3.20), the following estimate for 53 is obtained:

z
g | =[] = (OIDY) " DI (3.22)
A,

The error covariance matrix for (Z,7) is derived using (3.20) and (3.21) in (3.22) and

calculating the 2 x 2 upper left submatrix, resulting with

. g1, hg.
[Chlaxs = ( e ) : (3.23)
gBlch2c Bc h’BC gB2c
The elements of matrix G g are:
02
Ne = 8m2 f2snr
M N 5 . M N 2
51 = 33~ Oun b = b (3 o 8
k 1e— k=1¢=1
. M N 2
. zl ;; Ty (@100 + rs)? — 5x ( 55 (o + )) , (324
ZZf Ry, ((Qtzy, + Gz, (biay, + bray))
) M N
+uN z__: E_: (Qgay, + arwe) kZM?_: (bizy + bra,) -
Using these results in (3.23) provides the MSE for the BLUE as follows:
o2 = ¢ 9B1. (3.25)
x,Bc 87r2f§sm" 9B1.9B2, — hQBC ) .

for the estimation of the x coordinate, and

2, = 952 (3.26)
vBe = 8n2f2snr \ gpr.gpa. — hh, ) '
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for the estimation of the y coordinate.

3.1.3 Discussion

The following points are worth noting:

e The BLUE estimator are provided in closed-form for .coherent and noncoherent
processing. This allows for an analytical analysis of the MSE performance using the
GDOP metric that presents a performance study tool for a given layout of sensors.
Nonetheless, it does not eliminate the complex computational effort involved in the

intermediate step of time delays estimation.

o In general, the variances (3.15), (3.16), (3.25) and (3.26) have similar functional
dependencies on the carrier frequency and on the sensor deployment as the CRLB.
The terms a4, , Grs,, biz, and by, embedded in (3.14) and (3.24) relate the sensors

layout to the variance of the BLUE.

o For a target located arbitrarily close to the nominal position, the linearization error
is negligible and the bearing angles of the transmit and receive radars, with respect
to the target and the nominal position, are approximately the same. In this case,
the BLUE performance is determined by the asymptotic characteristics of the time
delays estimates used as observations, and derived by the MLE in (3.11) and (3.21).
In [66,67], MLE of the time delays is shown to approach the CRLB arbitrarily close
at high-SNR. In this region, the time delays estimation error asymptotic covariance
matrices, given by (3.11) and (3.21), are valid. Consequently, the BLUE estimator
coefficients, gp;_, se> 9B2nc/c0 and hp__ e in (3.14) and (3.24), approximate the CRLB
terms given in Chapter (2), Section (2.3), and the BLUE asymptotically feach the
CRLB.
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e The BLUE estimator variance in (3.25) and (3.26) are provided in closed-form. This
allows for an analytical analysis of the MSE performance using the GDOP metric
that presents a performance study tool for a given layout of sensors. Nonetheless,
it does not eliminate the complex computational effort involved in the intermediate

step of time delays estimation.

From the expressions of the variance of the BLUE, one can not readily visualize the
effect of the sensors layout. A mapping method, acting as a design and decision making

tool for MIMO radar systems, is proposed and evaluated later in this Chapter.

3.2 Generalization for MIMO and SIMO Coherent Localization
The BLUE was derived in the previous section for MIMO target localization using
noncoherent and coherent processing. Herein, the derivation for the coherent case
is generalized for MIMO and SIMO system, such that a comparision between the

performance of these two systems may be provided.

3.2.1 MIMO Radar
In the coherent case, the linear relation given in (3.17) are represented through matrix

Dinimo, as defined in (3.20), resulting into

1
sz’mo = [ Hrmm + Htmm 1 } ) (327)
¢ NMx3

where the matrix H,.,  is defined as:

T
H,, = [H H} (3.28)
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and the matrix H,,  as:

T
/P I VO |
H, =| i (3.29)
byl oo bygy, 1
Matrices H,., and H,, are defined for later use,
Hrm = [ Ay bTz :! )
MNx2
Htm = (: Az bta: j‘ . (3.30)
MN x2

Using the time error covariance matrix C,, in (3.21), and the linear transformation

matrix Dy, in (3.20), the BLUE covariance matrix for (x,y) is computed,

[Cemimo]2x2 - "7f l:(HTZ‘m + Ht:cm)T (3.31)

1 . -1
. (1 - it > (H,,, + thm)] ,

where 7); is

C2

= Sr2f2SNR
The diagonal elements of [Cg, .. ],., are the target location (z,y) estimation MSE,

(02,07). Applying some algebraic manipulation to (3.31), it results in

[Cemimo]2x2 = anmi'm'O’ (3'32)

where H,,,;.0 1S

H,pimo = [MHY, (I- 117) H,, + NHZ (1-117)H,] . (3.33)

T

The covariance matrix [C,... 15 i @ product of the coherency advantage 7y (see

mimo]

discussion in Chapter 2), and a matrix H,,;,,,, incorporating the effect of the geometric
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spread of the system through the elements a.y, , bz, , @rg, and by,. Matrix H,;m, is defined
as the spatial matrix and its trace is defined as the spatial advantage.

In Chapter 2, the CRLB (Cramer-Rao lower bound) on the localization accuracy is
derived for coherent MIMO radar systems, showing that the lowest MSE is obtained when
the transmitting and receiving radars are placed with uniform angular spacings of 27/M
and 27 /N, respectively, around the target position, or any superposition of such sets. The
optimization holds for MIMO systems with at least 3 transmitting and 3 receiving radars,
ie. M > 3and N > 3. Applying this scenario to the BLUE MSE given in (3.32), the

values of sub-matrices in (3.33) are computed,

N

H'H,, = 51 (3.34)
M
H H, = -1

HY, (11"YH,, = H], (117)H, =0.

Applying (3.34) to (3.33), the lowest MSEs agmm and Ume are computed,

1

[Comimo]2>(2 (Opt) = nfm]: (3.35)

It follows that the spatial advantage is given by tr(Hnime) = 727 (Where tr(o) stands for

the trace of the matrix).

3.2.2 SIMO Radar
The SIMO radar case is equivalent to the a MIMO system with one transmitter, and

therefore the appropriate matrix D is defined as:

1
Dsimo = _E [ Hrm +Hta:1; 1 ] s (336)

NMx3
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where H,, follows the definition in (3.30) with £ = 1, .., M N. The matrix H,; is:

Hta:l = ,: atwll btcl:ll } . (3.37)
NMx2

Using the time delay estimation error covariance matrix in (3.21) and the linear

transformation matrix D in (3.36), the following covariance matrix is computed:

[Chimolaxz = 7y [(Hm+Hm)T (3.38)

1 -1
. (1 - WHT) (H,, + Hm)} .

With some algebraic manipulation, the expression in (3.38) reduces to:

[Z0,]2x2 = 1 gm0, (3.39)

where H, ;o 1S

H,imo = HY, (I-117) H,,. (3.40)

The spatial matrix in the SIMO case, H;,,,,, is independent of the transmitting sensor
location. It is apparent that the spatial advantage is solely reliant on the spread of the
receiving radars with respect to the target.

Using the same optimal sensor placement scheme as in the MIMO case for the

receiving radars, the sub-matrices in (3.40) are computed,

HIH,, = ——I (3.41)

H (11")H,, = 0.

Applying (3.41) to (3.39), the minimal MSEs aﬁmm and ajmm are defined by the diagonal

elements in,

2
[Copimolaxa (0PE) = 15 7NY (3.42)
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4

offering a spatial advantage of tr(Hgm,) = 377%-

3.2.3 Discussion
The covariance matrix for the target localization was derived, and the minimal MSEs were
calculated and given in (3.35) and (3.42). The following features of coherent MIMO and

SIMO localization are worth noting:

¢ The spatial advantage is determined by the footprint of the multiple sensor system
relative to the target location. A MIMO system with M > 3 transmitters and
N > 3 receivers, positioned optimally with respect to the target, has twice the spatial

advantage of a SIMO system with 1 transmitter and M N receivers.

¢ The MIMO system has a considerable advantage by employing K = M + N sensors,
whereas the SIMO system employs K = (MN + 1) sensors. This gain becomes

significant for a large number of sensors, where (M + N) < MN.

The effect of the sensors and the target positions on the expressions in (3.32) and
(3.39) for other than optimal setting cannot be intuitively identified. A more suitable
method to express these relations is employed in the next section. These evaluation tools
incorporate the mapping of spatial advantage over a given geographical area, using the

GDOP metric.

3.3 GDOP
In Chapter 2 Section 2.4, optimal sensor location that minimize the CRLB was discussed
. In practice, radars deployment is a given one. The question si - what is the localization
accuracy performance of an existing radars spread and a specific target location? GDOP
is a metric that addresses this question. The GDOP is commonly used in GPS systems for

mapping the attainable localization accuracy for a given layout of GPS satellites positions
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[39,40]. The GDOP metric emphasizes the effect of sensor locations by normalizing the

localization error with the term contributed by the range estimate.

331 GDOP for MIMO

The GDOP metric is commonly defined as:

GDOP — ;1—tr (cou(X)) (3.43)

R

where ai is the range (delay) measurements error, defined by standard deviation of the

time delays c?02. cov(X), where cov(o) stands for the covariance matrix. For the two

dimensional case, where X = (z,), itis:

v (3.44)

where 02 and o2 are the variances of localization on the z and y axis, respectively. A one
dimensional metric is defined: the horizontal x-axis DOP (HxDOP) and horizontal y-axis

DOP (HyDOP), as:

HxDOP = [ 525, (3.45)
o2
HyDOP = [ =L (3.46)

The BLUE MSEs given in (3.15), (3.16), (3.25) and (3.26), are used together with the

time delay variances in (3.11) and (3.21), to evaluate the GDOP metric for MIMO radar
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systems with noncoherent and coherent processing. The following GDOP expression is

obtained for noncoherent processing,

GDOPp e = |~ DiBoe T 92Bnc__ (3.47)
(ngnchBnc - h’nc)

where it is assumed SNRy, = SNR, = SNR,, ﬂ%{k ~ 1 and therefore, afm =
S—ﬁm = I In this case, the GDOP metric isolates the effect of the sensors and
target locations on the MIMO gain performance.

For coherent processing case,

GDOPy, = , |~ 928 _ (3.48)
(918,928, — h?)

where 02

I

= WNR_O =

In the GDOP expressions in (3.47) and (3.48), the sensors’ locations are embedded in
the terms a;z, , Qs> biz, and b,,,. The GDOP reduces the combined effect of the locations
to a single metric. In this case, the metric is a representation of the MIMO gain. Once
the values are mapped, the actual localization overall accuracy aﬁy is easily derived by
multiplying the GDOP value by co., and for either the x or y coordinates accuracy, by
multiplying the HXDOP and HyDOP by co..

Contour plots of the GDOP values are presented in Figures 3.1 and 3.2, for the case
of noncoherent and coherent processing, respectively, with M = N = 4 radars positioned
symmetrically on the M + N vertices of a polygon centered at the origin. The radars are
all transmitting orthogonal signals and perform time delay estimations. The GDOP value
for a target located at the origin is the same in both plots. This value is consistent with the
results indicated in the previous section, i.e., the minimal achievable overall MSE is equal
o [0%,] . = sopsvmmn = C0iGDOPY,  ,y, and, therefore, GDOPp oo =

\/ 5% In Figure 3.2, The GDOP value for a target located at the origin follows the
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configuration with M transmitters and N receiers (i.e., M + N total sensors) has twice the
spatial advantage of SIMO systems with 1 transmitter and M N receivers (i.e., 1 + MN
total sensors). This advantage is inherent in the GDOP metric and is directly related to
the layout of the sensors with respect to the target and the number of transmitting and
receiving radars. The GDOP plots offer a clear insight into the relation between sensor
configuration and localization accuracy. These plots demonstrate the superiority of MIMO
systems over SIMO schemes in both spatial advantage and the resources required to achieve

these performances.



CHAPTER 4

MULTIPLE TARGETS LOCALIZATION

The study of the single target case is extended to the case of multiple targets localization
with coherent MIMO radar systems, dealing with the possible trade-offs that the increased
number of targets impose on the localization accuracy performance. The CRLB is derived
and evaluated for this case. Coherency and spatial advantages are identified and analyzed.
As the spatial advantage is strongly reliant on the geographical setting of the radars with
respect to the targets and on the geometric distribution of targets, an insight into the system

inherent trade-offs is provided using numerical analysis.

4.1 System Model
Assume M transmitting radars and N receiving radars, widely distributed and time and
phase synchronized. The receiving radars could be colocated with the transmitting ones or
widely separated. The transmitting and receiving radars are located in a two dimensional
plane (z,y). Consider Q point targets located at coordinates X, = (z4,v4),9 = 1,...,Q
(see Figure 4.1). A set of orthogonal waveforms is transmitted, with the lowpass equivalent
s, (t), k = 1,..., M. The power of the transmitted waveforms is normalized such that
the aggregate power transmitted by the sensors is constant, irrespective of the number of
transmit sensors. Let all transmitted waveforms be narrowband signals with individual
effective bandwidth §; defined as 2 = [( S 2186 (NP df) / ( Jow 185 (NI df)],
where the integration is over the range of frequencies with non-zero signal content W, [29].
The signals are narrowband in the sense that for a carrier frequency of f., the narrowband
signal assumption implies 32/ f? < 1. Assume the () targets are located in a search cell
of £WW/2. The target model follows the one developed in [42], generalizing the complex

target model in [29] to a near-field scenario and distributed sensors. In [42] it is shown
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received by a radar located at Ry = (¢, yr¢) can be expressed as:

4.2)

where 77, the propagation time, is the sum of the time delays from radar £ to target q and

from the target to radar /:

1
=+ (Vo =00+ (aa— v @3)

o =297+ =)

and €}, is the estimation error. The speed of light is denoted by c.
Consider the case of a baseband representation of the signal observed at sensor £ due
to a transmission from sensor k and reflection from () scatterers, given by:

Q M

re(t) =YY (Usi (t —74) ph + wel?), 44

g=1 k=1

where p¢, accounts for the phase information and has the value of pg, = exp (—j2m fe7s,).
Others terms are the carrier frequency f. , and w, (t) is circularly symmetric, zero-mean,
complex Gaussian noise, spatially and temporally white with autocorrelation function
026 (7). Define the vectors t = [ry (t),...,rn (t)]” and ¢ = [7,..,79, (%, ..,(Q]T for
later use. The received signal at each sensor is a mixture of the transmitted signals reflected
by the targets. The mixture of signals is separated at the receiver end by exploiting the

orthogonality between the transmitted waveforms.
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4.2 The CRLB on Targets Location Estimation
The CRLB provides a lower bound for the mean square error (MSE) of any unbiased
estimator for an unknown parameter(s). Given a vector parameter 6, its unbiased estimate

9 satisfies the following inequality [26]:

By {(5 - 6:) (8- ez-)T} > [170)],; “5)

where J (9) is the Fisher Information matrix (FIM) given by:

J(9) &ef E, {8(90 log p (r|6) (59 logp (rlO)) } , (4.6)

where p (r|f) is the joint probability density function (pdf) of 6.
Let the CRLB matrix be defined as:

Ceoriz=[J(O)]". 4.7

Since the received signal in (4.4) is defined as a function of the time of arrival, 77,
and the reflectivity value (¢ = (4, + j¢],with the use of the chain rule, J () could be

decomposed to an alternative form [26] where the FIM is express as :

T

D 0 D 0
J(0) = J (%) - , 4.8)
0 Izox20 0 Ixgx2q

where J (1) is the FIM for the unknown vector 1), defines as:

J(«p):m{%logp(rm) (55 1080019)) } @9)



The matrix D represents is of the form:

D' .- Oymn
D= -~ : : ) 4.10)

0 ... D@
2XMN 29X MNQ

where the submatrix DY is derived as:

a7l

R ~

q _ ¢a rq

D= | % > . @.11)
131
. R

2xMN

By using the relation given in (4.3) in (4.11), the D? matrix is calculated, resulting in:

Dq — a’g$1 + a'g:lil a'ltlml + a"?azz a’thM + a'ga:N , (412)
such that:
gy, = cCOSQy; bl =singl; k=1,.,M, qg=1,...,0Q “.13)

— q. q  — o q. —
al,, = cospy; bm, = sin @y; {=1,.,N,

@1 = tan™! (ﬂ—Lq“ t’“) ;@) =tan™! (—Hq_yr ) ,

9 —Tip xl—2rp

where the phase ¢} is the bearing angle of the transmitting sensor & to target ¢ measured
with respect to the z axis; the phase ¢} is the bearing angle of the receiving radar £ to target
q measured with respect to the x axis. See illustration in Figure 4.1. Matrix D? includes
the geometric information of the radars location configuration relative to the position of the
qg*" target.

In order to derive the FIM given in (4.9) the joint pdf p (r|¢) is required. Given
a set of known waveforms s, (¢ — 7j;) parameterized by the unknown time delays 7},

which in turn are a function of the unknown targets locations X, = (z,, y,), for the signal
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model (4.4), the joint pdf of the observations (time samples at multiple receive antennas)

parameterized by the unknown parameters vector 1, is then:

p (rfh) o exp 4.14)
L Q M 2
D ACOED YA AP AR
w gy /T g=1 k=1

An expression for the FIM J (1) , is derived in Appendix D, yielding:

r, vT
Jmi(¥) = 872 SNR f2 , (4.15)

VvV X
@+MN)Qx(2+MN)Q

with the block matrices T'x, ¥, and V defined in the Appendix D in (D.5), (D.9), and
(D.11), respectively.
In order to determine the value of J (6) , (4.15) and (4.10) are used in (4.8), to obtain

the following FIM matrix:

872SNR f2 | DILD" DV’

Jonaaei (0) = > (4.16)
¢ vDT %,

4Qx4Q

While the CRLB expresses the lower bound on the variance of the estimate of § =
[Z1, 91, -, Q@ Y@, ¢t -y €9 T only the estimation of the targets locations X, = (,,y,) is
of interest. The terms (? serve as nuisance parameters. For the variances of the estimates of
z, and y,, it is sufficient to derive the 2Q x 2() upper left submatrix [Corrs,.,, ti]2Qx2Q =

[Ttz (9)]2_5)(24? which can be expressed as:

~1
(ContBmulgrag=n(fo) (DTDT = VDTEDV") @.17)
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where 7 (f.) = gﬁ—gliR—fg. The diagonal elements of the submatrix [CorrB,,,ulagx20

provide the lower bound on the localization mean squared error (MSE), oﬁq > 0% Raq =

[CORLBmuil2g-1.29-1 204 05 2 0%py = [CORLBulag, Where these terms may be
defined as:
08 rw, =1 (f) - syt (24) (4.18)
0&ry, =1 (fe) - Mspt (Ya) » (4.19)
and
-1
Nspt (Tg) = [(DFXDT —VDTE;IDVT) } (4.20)
2¢—1,29-1

_ 1
Mot (Yg) = [(DI‘XDT - VDTs;'DV") } ,
29,29
The CRLB matrix is related to the sensors and targets locations through matrices D,
T, and V, while the latter two are also functions of the received waveforms correlation
functions and its derivatives. This dependency is captured in the terms 7y (z,) and

Nspt (Yq), Where further analysis is required.

4.3 Discussion
The expression for the CRLB as given in (2.38), provides insight into the performance of
multiple targets localization accuracy performance of MIMO radars systems with coherent

processing.

Coherency advantage As in the single target case, the lower bound on the targets
localization errors is inversely proportional to the carrier frequency f. and independent of
the signal individual effective bandwidth, due to the use of the phase information across the
different paths. It is apparent that coherent processing offers a target localization precision

gain of the order of f./ [, referred to as coherency advantage.
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The improvement in localization accuracy needs to be moderated with the
observation that the CRLB is a bound of small errors. As such, it ignores effects that
could lead to large errors. For example, MIMO radar with distributed sensors and coherent
observations is subject to high sidelobes [1]. Additionally, a phase coherent system is
sensitive to phase errors. These topics are outside the scope of this paper, but they should

be kept in perspective.

Spatial advantage The CRLB submatrix terms are strongly reliant on the relative
geographical spread of the radar sensors versus the targets locations. In MIMO radar, the
targets play a similar role to the transmission channel in MIMO communication. As such,
the elements in the CRLB, T'%' and V%', q # ¢/ may be viewed as overlapping multipath
arrivals for a given ¢k propagation path. The trace of the CRLB provides an averaged
spatial term 7g,; = %ﬁ:l (spt (%4) + Nspt (¥g))> and may be written as:
Q -1
S [ququqT — VuDY gupIve’

= } 4.21)

Nspt = tr Q
-3 v DT griprvae”
q'#q=1
where W77 = Zc’l. The first two terms in (4.21) are the auto-correlation terms, while the
third term represents the cross-correlation between targets and therefore, serves as mutual
interference. The elements of these cross-correlation matrices are products of the phase and
amplitude elements, exp (—27r fCATg,fI) and [ s (t — AT},;’/) st () dt, where ATl =
Th — 'rg,;, and its derivatives (see (D.5) and (D.11) in Appendix D). As the distance between
the targets impacts the time delay differences, ATg,f’, the following might be gleaned by

inspection of (4.21):

o Targets separated by distances larger than a ¢/ resolution cell are resolvable with
negligible loss in performance relative to the single target case. This results from the

decorrelation achieved by this scenario, where the third term in (4.21) approaches
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zero. On the other end, distances smaller than the carrier wavelength A are non-

resolvable.

o The interference on paths ¢k for target ¢ add in-phase with ié_;th: ~u,u=0,1,2 ..,
i.e. cos (—27r chTg,g’) ~ 1. They add out-of-phase with C—A—gki ~u,u=1,2..1ie.
cos (—27r chTlf’,gl) < 1. It is evident that the number of resolvable paths varies with
the position of the radars with respect to the‘targets and the targets layout, where
some may be more favorable than others. The number of resolvable propagation
paths per target g and the geometric merit of these paths (integrated in matrix D9)
determines the ability to localize target q and the localization accuracy quality. A

minimum of 3 resolvable paths is required for the localization of a single target.

o Transmit and receive radar pairs, £k, with large aperture with respect to the targets

layout are preferable due to the larger time delay differences they offer.

e Sensors placement needs to take into account the vertical and horizontal plane
sensitivity needed for a given targets layout. For example, a horizontal targets

layout requires better horizontal separation, achieved by broadside horizontal radar

geometry.

To get a more intuitive understanding of the reliance of the spatial advantage on the
geographical spread of the radars and targets, numerical analysis is employed in the next

section for some special cases.

4.4 Numerical Analysis
The spatial advantage in the case of a single target is derived in [42]. It is shown to be
equals 2/M N under optimal conditions, i.e. when the target is located at the center of a
virtual circle created by the radars, and the radars are spread with equal angular spacing
with respect to the center (?ﬁ and %”) or any superposition of such symetrical placments.

The value of the spatial advantage for any possiable target location with a given radar layout
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was evaluated using a metric known as geometric dilution of precision (GDOP). In the case
of multiple targets, the spatial advantage relies on the the number of targets and their layout
in addition to the radar locations. For this reason, numerical analysis of the expresion in
(4.20) for some special cases is employed in this section.

The value of the spatial advantage 7gpaiq 1S anaylazed for various radars/targets
placements senarios. System parameters are set as follows: 3, = 8 = 200KHz, carrier
frequency f. = 2GHz and therefore, the wavelength is A = 1.5meter, SNR=20 and
all reflectivity index values are assumed equal [(?| = |{| = 1. In Figure (4.2) the
spatial advantage value is drawn for the case of M = 3 transmit antennas employed
with N = 3,4, 5 receive antennas. Both transmit and receive antennas are located with
angular spacing of 27 and 27 with respect the the axis origin. Targets are located in a linear
array with the first target located at (0, 0) and the rest located at (z, = z,_1 + 10, y, = 0).

At () = 1, the resulting spatial advantage in Figure (4.2) follow the results for a single

2 2

target where the values of §, 5,

and % are obtained. It is observed that an increas in
the number of targets results in a decrease in the spatial advantage and therefore, in the
accuracy. This decreas may be moderated by increasing the number of transmit and receive
radars, M N. In the case of M = N = 3 three targets enjoy spatial advantage while with
M = 3 and N = b six targets still benefit from spatial advantage. For the later case,
up to four targets are located with high accuracy. In Figure (4.3) the spatial advantage of
the x and y axis is draw separtly for the same senario as in Figure (4.2). It conveys the
way in which each of the axis performs. It demonstrates that the axis accurecies might
vary significantly for the z and y axis. Moreover, the performance gap shrinks as the
number of transmit and reveice radar increases, due to the aditional, spatially spread, view
points. As mentioned previously, the spatial advantage for the case of a single target is
MN/2 under optimal conditions, i.e. when the target is located at the center of a virtual

circle created by uniformly spaced sensors. In the case of multiple targets, the spatial

advantage relies on the number of targets and their layout relative to the sensors locations.
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locations. As the CRLB provides a good bound at high SNR, a more rigid bound needs
to be found for the low SNR case, where the ambiguities predominate the estimation

capabilities.



CHAPTER 5

SENSITIVITY ANALYSIS TO PHASE SYNCHRONIZATION MISMATCH

Improvement in target parameter estimation capabilities is among the advantage of MIMO
radar systems [1,42]. In particular, target localization with coherent MIMO radar
systems, utilizing widely distributed antennas, offers significant advantages [42]. Typically,
performance analysis of system parameter estimation problems is based on the derivation
of the Cramer-Rao bound (CRB), which sets a lower bound on the estimation MSE for
unbiased estimators. Such an evaluation is provided in Chapter 2 for coherent MIMO radar
systems, demonstrating a localization accuracy advantage, inversely proportional to the
signal carrier frequency. In addition, a spatial advantage of the order of the product of the
number of transmit and receive radars is also incorporated in the CRB.

This performance gain comes with the challenge of attaining phase synchronization
in a distributed system. Errors introduced to the system parameters by phase
synchronization mismatch, will result in parameter estimation mean-square error (MSE)
degradation and bias. In this work, the hybrid CRB (HCRB) is used to test the sensitivity
of the target localization MSE to phase errors. The HCRB takes into account deterministic
unknown parameters, such as the target location, as well as random parameters, phase
calibration errors, in this case. This method has been applied to passive source localization
[69], [70] for the problem of source bearing and range estimation with uncertainty in the
sensors’ locations or phase synchronization errors.

In this chapter, the HCRB is derived for coherent MIMO radars, with phase
synchronization errors. A closed-form expression for the HCRB for the target’s location
(z,y) is derived, providing the means to assess the effects of phase errors on the localization
accuracy. The effect of the number of radars, their geometric layout, and the phase

mismatch MSE is incorporated in the HCRB terms.

78
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In this study, the hybrid Cramer-Rao bound (CRB) is developed for target
localization, to establish the sensitivity of the estimation mean-square error (MSE) to
the level of phase synchronization mismatch in coherent Multiple-Input Multiple-Output
(MIMO) radar systems with widely distributed antennas. The lower bound on the MSE
is derived for the joint estimation of the vector of unknown parameters, consisting of the
target location and the mismatch of the allegedly known system parameters, i.e., phase
offsets at the radars. Synchronization errors are modeled as being random and Gaussian.
A closed-form expression for the hybrid CRB is derived for the case of orthogonal
waveforms. The bound on the target localization MSE is expressed as the sum of two
terms - the first represents the CRB with no phase mismatch, and the second captures
the mismatch effect. The latter is shown to depend on the phase error variance, the
number of mismatched transmitting and receiving sensors and the system’s geometry. For
a given phase synchronization error variance, this expression offers the means to analyze
the achievable localization accuracy. Alternatively, for a predetermined localization
MSE target value, the derived expression may be used to determine the necessary phase

synchronization level in the distributed system.

5.1 Background
The hybrid CRB provides a low bound on the MSE of any unbiased estimator for an
unknown parameter(s), where the parameters are partially deterministic and partially
random [28]. Given a vector parameter 6 = [0,,,, BT]T, where 8, stands for the nonrandom
parameter vector and 6, for a random parameter vector, its unbiased estimate 9 satisfies the

following inequality [28]:

Bty {(5 ~6:) (8- &)T} > (35 (B, 0] 1, » 5.

where Jy (6) is the hybrid Fisher Information matrix (HFIM) expressed as

34 (Bur,0:) = I+ Jp. (5.2)



80

The elements of the matrices Jp and Jp given by

Unl;; = —Eolon {Erlsm,a, {8ln%(01;(|39;j n br) }} , (5.3)
and
[Jel;; = —Eo, 0., {%ﬁﬁ}’
where p(r|6_,6,) is the conditional, joint probability density function (pdf) of the

observations and p (6|6 ) the conditional joint pdf of 6,. The matrix Jp represents the
contribution of the data and the matrix J p represents the contribution of prior information.

The HCRB matrix is defined as
HCRB = [Ty (6,r,6,)] . (5.4)
In cases in which the observation statistic is expressed in terms of p (r|x,,,., k), and

the relationship between the unknown parameters .., 0, and k., %, is given by ; = f;(6),

the chain rule, can be used to express Jg (6,, 8,) in an alternative form [26]:

JH (07’”‘) ‘97-) =P (JH (nnn K'r)) PT7 (55)
where the elements of the matrix P are given by [P]Z = 3—2-

5.2 HCRB with Phase Mismatch
In this section, the HCRB is developed for target localization. A point target is assumed
with complex reflectivity ¥ = ¥gre+ jUm, located in a two dimensional plane at coordinates
X = (z,y). Consider a set of M transmitting stations and N receiving stations, widely
distributed over a given geographical area, and time and phase synchronized. A set of
orthogonal waveforms is transmitted, with the lowpass equivalents s; (), k = 1,..., M,
and effective bandwidths 3 [29]. The signals are narrowband in the sense that for a carrier

frequency of f., the narrowband signal assumption implies 82/ f2 < 1
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In [42], perfect phase synchronization was assumed. In practice, synchronization
errors exists, modeled here as zero mean Gaussian random variables with standard
deviation o4 and denoted by A¢ = [Ady,, Ady,, ..., Aty , Adpy, Ay, ... AgbrN]T, where
Ad¢y, and A¢,, are phase errors at transmitting radar k and receiving radar £, respectively.
The phase errors introduced by the different stations are assumed to be statistically

independent. The vector of unknown parameters is defined by

0 =[O, 0, , (5.6)

where 0, = [z, 9, 9re, ¥1m) denotes the deterministic unknowns and 6, = A¢” denotes
the random unknowns.

The estimation process is based on the signals observed at the receiving sensors. The
signal received at sensor £ is a superposition of the transmitted signals, reflected from the

target, and given by:

M
re (1) = Bsp (£~ 7on) Mex + me(t), (5.7

k=1

where 7y accounts for the phase information and has the value of 74 =
exp (—j27 ferer) exp (—j (Ady, + Ady,)). The noise n, (t) is assumed to be circularly
symmetric, zero-mean, complex Gaussian, spatially and temporally white with
autocorrelation function 2§ (7). The propagation time, 74, is a sum of the time delays

from station & to the target and from the target to station ¢, and may be expressed as

1
Tok = — (\/(xtk - 2)* + (yu — v)° (5.8)

+\/($re ~ ) + (Yoo — y)z) )

where ¢ denotes the speed of light, (2, i) denotes the location of transmitting radar k
and (z,4, yr¢) denotes the location of receiving radar £. The following vector notation is

. . T
introduced: T = [T11, T2, --s Toky -, TNM] -
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The received signals are separated at the receiver by exploiting the orthogonality
between the transmitted waveforms. The signal in (5.7) is defined as a function of the
time of arrival, 7, the reflectivity value ¥, and the phase mismatch A¢. The vector of
unknown parameters for the observations r, (t) is expressed as a function of the time delays
7 rather than a function of the unknown location (x,y) (as seen in (5.8)); i.e., the vector
of unknown parameters is denoted by & = [Kky, K,]T, with Kp,,= [TT, YRe, ﬂlm] and kK, =
A¢T. The following notation is defined for later use: r = [ry (¢), ..., 7~ (£)]7, @ = MN,
L=M+N.

In order to derive the HFIM given in (5.2) and (5.3), the conditional joint pdf p (r|x)
is required. For the signal model given in (5.7), the conditional joint pdf of the observations
(time samples at multiple receive antennas) parametrized by the unknown parameters

vector k, is then

p(r|K) o exp 5.9
1 N M 2
Ly / ro(t) — 3 sk (6 — 7ax) mos|
On'y= /T k=1

The observation is given as a function of x. Therefore, the matrix P, defined following

(5.5), needs to be derived. The relation given in (5.8) is used, resulting in

DI 0
pP=| ¢ , (5.10)
0 Ieinxe+rn)
with
T
cosap +cosy, sinag +siny,
p-_1 : ; , G.11)
c

cosays + cosyy  sinays +sinyy
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where oy, is the bearing angle of the transmitting sensor k to the target, measured with
respect to the x axis, and -y, is the bearing angle of the receiving radar / to the target,
measured with respect to the x axis.

Using the conditional pdf p (r|«) in (5.9) and the Gaussian distribution of the phase
errors, the HFIM J 4 (x), defined by (5.2) and (5.3), is derived in Appendix E, resulting in

R, G
Jy (’inr; K'r) = ’ (5.12)
GT H
where matrices G and H are defined by
G = [ F,s F,A ] , (5.13)
Qx(2+L)

and

, (5.14)

A d(2+Lyx(2+L)

and the other submatrices in (5.12), (5.13) and (5.14) are defined and derived in Appendix
E (see (E.1), (E.3), (E.4) and (E.5)). Applying (5.10) and (5.12) in (5.5) yields

DR.DT DG
Ty (6) = 1 . (5.15)
G’DT H

The HCRB for the unknown parameters (z,y) may be derived from (5.15), applying the

relation given in (5.4) :

HCRB (z,y) = [DR,D” - DGH'G'D?]_, . (5.16)
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To find the closed-form solution to HCRB (z, y), the matrix H™! is expressed using the

formula for the inverse of a partitioned matrix [71]:

[H—l] 1mn= [219 - FﬂAA:xngA] - (5.17)
[H1,, = - [FI, 55" FL, — Ax] ™ (5.18)

and
[H_l] 12 = [H—l]; =25 Foa [FgAE,;lFM - AA] ! (5.19)

where Ap = (EA + ?1{I> The term [Sy — F;AA;'FZ,] ™" in (5.17), is transformed
based on the formula for the inverse of a matrix B of the form B = A 4+ XRY, given

in [71]. Following some additional matrix manipulations, the HCRB for the location MSE

can be expressed as
HCRB (z,y) = J7'+ [P0 — 377 (5.20)
= CRB, (z,y) + ACRB,
where CRB,(z,y) = Jz' is the CRB with no phase mismatch, and

ACRB = [JpP;'J7 — Jp] ~! represents the increment in the bound due to phase

synchronization errors. The matrices Jr and P are defined by

Jr =DR,D” - DF,,%;'FL,D’,

and
Pa = DF,y%; 'FyuR;'FI, 55 'FL,D" (5.21)
—2Re {DFTARgngAzglF%DT}

+DF,oR;'FE, D",
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and the matrix R;' can be calculated recursively using the formula for the inverse of the

sum of matrices [72]}, resulting in

2
Alnsns + gri—117 0
1 M(1~NAp)
R; = wr o | (5.22)
0 Xlyxn + mll
where 1 =[1,1,, ..., 1]T and the terms A, and )\, are
2snrar2g 2snr 03
)‘1 = 14+-2snr Noj and AZ = 1-}-23111'1\/?(7132 ’ (523)
Calculating the explicit value of ACRB, one gets
3 -1 .
ACRB = |Jp (kaBm) Jr=Jp| (5.24)
m=1 2x2

where the constants k,,,, m = 1,2,3 are functions of the phase synchronization error
variance 0% (through )\; and ), defined in (5.23)) and the number of transmitting and

receiving radars M and N, as follows:

ky =k (A/M + Xe/N), (5.25)
ky = kA1 (N?/M) |

ks = kXy (M?/N),

82 (f2 + %) sur
= 02 .

k

The matrices B,,, m = 1,2, 3 depend on the geographical layout of the radars with respect

to the target location:

o _ | Dat a0,

D], 1 [Py, Dy1]3,
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using the following D,, matrices:
D; =¢D (5.26)

cosoy  sinag

D2 = )
cosapy  Sinapy
Mx2
and

T

cosyy siny

D; =
cosyy Sinyy
v v Nx2

The expression for the HCRB as given in (5.20), offers an interesting observation on the
effects of phase errors on the target localization MSE. First, it is apparent that the HCRB
may be expressed as the sum of the CRB with no phase error and a term dependent on the
statistics of the phase errors. This term is a function of the sensors location with respect
to the target, through the matrices B,,, and the system parameters (SNR, phase errors
variance 0% and the number of mismatched transmitting and receiving radars) through
the coefficients j,,. The manner in which the number of radars, their spread and the phase
synchronization error variance affect the performance is not readily understood from (5.24).
For this reason, numerical examples are employed in the next section to gain some insight

into the relationships between system parameters and performance degradation.

5.3 Numerical Analysis
The HCRB expression given in (5.20) is numerically evaluated using the following
example: M = 11, N = 9 and 0% = [0,0.0001,0.0005,0.001,0.005,0.01,0.05], where
o3 is expressed in (rad?). The HCRB (z,,y,) is drawn in Figure 5.11. As 0% increases
beyond a specific value, the additional CRB term ACRB dominates the performance and

the curve. For high phase error levels, the performance degradation starts at lower SNRs.
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derived, capturing the impact of the phase synchronization errors on the achievable target
localization accuracy. In particularly it has been shown that the HCRB can be expressed
as a sum of the CRB with no phase error and a term that represents the phase error
penalty. The latter has been shown to be a function of the sensors geometry, SNR, and
the number of transmitting and receiving radars in addition to the phase error MSE. As
phase synchronization over distributed platform is a complex operation and phase errors
are unavoidable, the HCRB offers valuable information at the system design level. For a
given phase error MSE, the HCRB may be used to derive the attainable target localization
accuracy. Otherwise, for a given system performance goal on localization accuracy, the

HCRB provides with an upper bound on the necessary phase error MSE values.



CHAPTER 6

TARGET TRACKING IN MIMO RADAR SYSTEMS

Target tracking as it is an essential requirement for surveillance systems [73-75]. Herein,
target tracking performances of MIMO radar systems are evaluated. The joint Bayesian
Cramer-Rao bound (BCRB) [28] is formulated, and a recursive bound on the state
variables (target location and velocity) is derived based on the nonlinear filtering bound
developed in [76]. A BCRB based analysis for multi-static radar systems is provided
in [77]. The system model assumes one transmitter and multiple receivers. Target position
estimation performance is demonstrated for a given target path, yet limited insight is
provided as to the dependency of this bound on system parameters. In this study, the
effect of system parameters on target tracking performance is presented. Based on this
study, two tracking schemes are proposed. The first is a centralized architecture, based
on joint processing of either raw or partially processed (compressed) data at a fusion
center. This approach provides highly accurate target tracking and takes full advantage
of the MIMO configuration. The second is a decentralized scheme, based on a hybrid
combination of local processing at the receiving radars and joint tracking at a fusion center.
The latter approach supports resource aware system operation. Reduced communication
requirements and processing load may be achieved with relatively low performance cost
with the proposed decentralized method.

In this Chapter, the study of target localization in MIMO radar systems with
distributed antennas and noncoherent processing is extended to target tracking. The BCRB
on target location and velocity is derived, and insight is gained into the effect of the
radars geometric layout and the target location on tracking accuracy. The relation between
estimation error and the number of radars is examined and the contribution of target

reflectivity and path loss to tracking performance is evaluated. Adaptive tracking tactics are

89



90

proposed, accounting for the target parameters estimation accuracy and the radar sensors

spread.

6.1 System Model

Assume M transmitting radars and N receiving radars, widely distributed, and time
and phase synchronized. The receiving radars could be collocated with the transmitting
elements or widely separated. The transmitting and receiving radars are located in a
two dimensional plane (z,y). Consider a single moving complex target with an initial
location (x,,y,) and velocity (&,,7,). At state n, defines as the time interval nAt, where
At is the observation interval, the target is located at coordinates (z,,y,) (see Figure
6.1). A set of orthogonal waveforms is transmitted, with the lowpass equivalent sy, (¢),
k = 1,...,M. The power of the transmitted waveforms is normalized such that the
aggregate power transmitted by the sensors is constant, irrespective of the number of
transmit sensors. Let all transmitted waveforms be narrowband signals with individual
effective bandwidth S, defined as 52 = [(fwk 21Se (O df) / (fWk: 1Sk ()P df)], and
an effective time duration T;, defined as T = [( Jr s ®))? dt) / ( Jr, 1Sk ®) dt)],
where the integration is over the range of frequencies with non-zero signal content W), [29].
The signals are narrowband in the sense that for a carrier frequency f., the narrowband
signal assumption implies 37/ f2 < 1and %/ f? <« 1, where 8 = - % Br.

The propagation time estimate of a signal transmitted by the k-tﬁztlransmitting radar
located at coordinates 7, = (24, yu ), reflected by a target located at (z,,, y,,), and received

by a radar located at Ry = (&4, y,¢) can be approximated as:

Tthn, = Ttky & Ergy

k=1, ,M;£=1,. N

6.1)

where 7y, , the propagation time, is the sum of the time delays from radar & to the target

and from the target to radar £ in state n:



1

1
= 3 (Vo= 5P + (-0 62)

ey Care =2+ e =)

and €, is the time delay estimation error. The speed of light is denoted by c.

The Doppler shift estimate of a signal transmitted on the ¢k-th path can be

approximated as:

ek, = Weky, + Eugy, » (6.3)

where wyy,,, the Doppler shift on the £k-th path due to the target velocity in state n

wer, = _2_71‘ (37 - mtk) Ty + (yn - ytk) Un (xn - xrl) T+ ( yrﬁ) Un 6.4)

\/ (-’Bn—ﬂﬂtk) + (yn — ?/tk +\/ Sﬂre) + (yn — yrz)

[Zy, (COS r,, + COS @y, ) + Un (Sin @, +8in (g, )],

A
27
DY
and ¢, is the Doppler shift estimation error. The term i, stands for the target velocity
in direction z and g, for the target velocity in direction y at the n*" state. The phase ¢, is
the bearing angle of the target to transmitting sensor & with respect to the z axis; the phase
¢y, 1s the bearing angle of the target receiving radar £ measures with respect to the z axis.
See illustration in Figure 6.1.
Consider the case of a baseband representation of the signal observed at sensor £ due
to a transmission from sensor % and reflection from the scatterer at coordinates (z,, ¥y ),
given by:

M

To, () =D Ok, Sk, (t — Tex,,) €xD 00t gy (1), (6.5)
k=1
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The state model is a linear motion model, represented as ( [78], [73]):

Xnt1 = Fxo+ vy, (6.8)

[ ]
1 At 0 0
01 0 0

F = ,

0 0 1 At
00 0 1

L u

where v,, is modeled as white Gaussian process noise with covariance matrix Q. of the

form:

SAPT AT
Q.= : (6.9)
IAPT AT

The observation model is a nonlinear function of the vector of unknown parameters,

{9

where d stands for the observation, that in the MIMO radar case is the set of signals
observed at the receiving radars, expressed by 6.5 as a nonlinear function of a vector of

unknown parameters v, defined as:

Tn
Yo = | w, | 6.11)
G,
T
T" = [Tl'n.J T2n7 "'TLn} 3
T
Wn = |wi,,ws,,..wL,] ,

T
oy = [alﬂ,azn,...aLn] y



9

where [, = MN.

6.2 The Bayesian Cramer-Rao Bound (BCRB)
In [76], a recursive, multiple dimensional, generalized Bayesian Cramer-Rao Bound
(BCRB) is developed. In general, the BCRB for an unknown vector parameter § € R"**,

estimated using an observation vector r, is of the form:
o~ —~ T
jolp { [9 (r) - 0] [9 (r) - 0] } > J;l = Cp. (6.12)
where J g is the Bayesian information matrix (BIM), and Cp is the BCRB matrix. The
BIM is calculated using the joint probability density function (pdf), as follows:

2

o
JB:E{-E?G? log pe.o (r,@)}. (6.13)

Based on the relation py g (r,8) = pejg (r|0) - pg (6), it is shown in [76] that the BIM

may be expressed as a linear combination of two matrices:

Je=JIp+Jp, 6.14)

where Jp is the Fisher information matrix (FIM) and represents the information coming
from the data and J p represents the a priori information, named hereafter as PIM. The FIM

and PIM are derived using:

82
JD = Eg{—é—eglngrlg (rl@)} (6.15)

82
Jp = Eg{—@logpg(G)} (6.16)
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The BCRB sets the lower bound on the estimation MSE for the unknown vector

parameter Xn11 = [Zp41, Ynt+1, Ent1, U]

Exn+1 {([§n+1]z - [Xn+1]i) ([§n+l]i - [Xn+1]i)T} > Jﬁiﬂ (Xn+1) (6.17)

o~

where ”()” denotes estimated quantities and Jg,, ,, is the BIM of the system at state n + 1,

defined in (6.13). The recursive BCRB is of the form [76] :

-1
Jp,,, = [Qv + FJ];iHFT] + By [T (6.18)

where Jp, ,, is the FIM of the system at state n + 1, defined in (6.15), and E,_, [-] is the

expectation with respect to the joint probability density function (pdf) of the state vector

Xnt1- The FIM Jp,, ., is derived using the conditional pdf:

p(r|y) o exp (6.19)
1 M 2
—0-_22/ ?"g(t) - Zaﬂgsk (t — le) exp(_jwekt) dt
we=1 7T k=1

and by applying the chain rule [26] for :

T

H H

ny,r Hnl,w

'JDn+1 (¢n+1) :
an,f Hn2,u H"&‘r Hm,“

ni,r N1,w

Jo. (Xng1) = (6.20)

where matrices H are defined below and matrix Jp,, ,, (¢5+1) is the FIM for the unknown
vector 1,1, derived based on the same process developed in Appendix C, and may be

shown to be:

Jrr, 0
JDn+1 ("/)n-H) = " ) (621)
0 Jownin
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where matrix J ., is

2
Jor = 8nidiag (IO(‘:—’QI ,3,3) , (6.22)
and matrix J,,,,, follows,
2 ‘O‘Ekl2 2
i = 8mdiag = T |- (6.23)

Elements of matrices H are provided by the derivative of the expressions in (6.2) and (6.4)

with respect to the state vector in (6.7). It can be shown that:

1 | cOS @y, +COSpp,
(Hos ey = 3| . . : (6.24)
sin qbnk + singn,

0
[Hmﬂ]col(j:Zk) = 0 ’
A;t (cos ¢y, + cosgn, )
[an,w]col(jzék) = —2n 1 ’
)\; (sin ¢, +sinon, )
1 gin? d)nk sin? pngy sin 2¢mn, sin 2¢n,
[H ] = 27 [ﬂ:ne ( Rtker, Rren ) Yne ( R, + Rortn,
Lw ] col(j=¢k) 1 cos? ¢"k cos® on, : 5in 2¢n, sin 2¢n,
ynl Rtkn R’rln - xnlk Rtk'n + R"e'n,

Using (6.24) and (6.21) in (6.20), yields:

T T T
Hnl,r JTTn+1Hn1,T + Hm w']wwn+1Hn1,w Hm wawnHH
JDn+1 (xn-l—l) = T T ;
Hop, o, Juin s H Hy, o Jown i H

1w N2,uw

(6.25)

The lower bound on the state vector estimation error in state n 4 1, is provided by

the expression in (6.18), integrating the FIM derived in (6.25). Next, numerical analysis

of the BCRB, integrating (6.25) in (6.18) is provided, establishing an understanding of the
tracking performance of MIMO radar systems.
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Target position and velocity may be tracked based on a centralized or a decentralized
approach. In a centralized tracking approach, the observations are jointly measured in a
fusion center to produce target location and velocity estimates. The decentralized approach
takes advantage of observations obtained at a receiver from signals of M transmitting
radars, and generates a local estimate of the target location and velocity. These estimates
are then sent to a fusion center to be fused based on a local cost function. MIMO radar
systems with at least three transmitters support decentralized target position and velocity
estimation, as each receiver may act as a MISO radar system. Processing in a MIMO radar
system may be distributed among N MISO subsystems, each with an M x 1 structure. It is
expected that the individual subsystems will provided lower performances, when compared
with the MIMO system (as illustrated in the BCRB of Figure 6.8)). Choice of an adequate
fusion algorithm, for which the separate estimates are combined effectively, may overcome

the destructive contribution of weaker propagation paths.

6.4.1 Centralized Tracking
Centralized tracking may use direct or indirect estimation techniques. The multiple
propagation paths, created by multiple transmitted waveforms from multiple widely spread
antennas and echoes from scatterers received at multiple widely separated antennas,
support target parameters estimation, such as location and velocity, through either direct
or indirect estimation. With direct estimation, the observations collected by the sensors
are jointly processed to produce target location and/or velocity estimates. With indirect
estimation, the TOAs and Doppler shifts are estimated first, and target location and/or
velocity are subsequently estimated based on the relations given in (6.2) and (6.4). The
advantage of using direct estimation is in the estimation MSE, while the indirect estimation
technique offers data compression.

In direct estimation, raw data is transmitted to a fusion center for joint estimation of

target location and velocity. The observations collected by the radars are jointly processed



103

using maximum likelihood estimator (MLE) at the central fusion center to produce the

localization estimate,

M N
Xn+1 = argmax [ZZ / 1o (t) 85 (8 — Sop (Xny1)) €xp (—Jvek (Xnia) t) dt| . (6.26)

X,
L k=1 p=1

In this case, a search cell is defined and a maximum is obtained by evaluating the ML value
for each location on a given grid X,, ;.

Indirect techniques are involved with a preliminary stage where TOAs and Doppler
frequencies are first estimated at the receiving radars and transmitted to the fusion center
for joint estimation, where localization is subsequently estimated by multilateration.
This estimation approach incorporates an intermediate step of estimating the unknown
parameter vector as follows,

M N
Tl = arg max [ZZ / re (t) st (t — ) exp (—juat) dt | . 6.27)

k=1¢=1

Indirect localization enables data compression and reduced complexity while potentially
dealing with higher sidelobes.

Following, a centralized tracker with indirect estimation is proposed. The extended
Kalman filter (EKTF) is used for the model given in (6.8) and (6.10) in the fusion center. The
initial target position and velocity Ry = o, Yo, £0, o] are chosen based on a preliminary
MLE obtained following target detection. The initial pdf Pgy is determined based on the

CRLB. The centralized algorithm is described in Table 6.1.
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Table 6.1 Centralized Tracking

Centralized Tracking Algorithm:

Xp = Xg
PO‘O = Rxo

1. Initial conditions:

Xntlln = Fxnln

Dot = { Vs [dags Knpa)] }T

3. Locally at the £** receiver:

2. Project the state ahead:

xﬂ+1=in+1|n

Perform time delay and Doppler shift estimates at the N receivers:

3.1 Perform time delay 7, ,, and Doppler shift &, , MLEs and the MSEs R, .

N1 = [Tllm.u ooy TEMopg 1y Wl gy s wanJrl]

R,

3.2 Transmit to fusion center:

At fusion center:

4. Join estimations 7,11 and MSEs R, , at fusion center:

VRS v
R,.,, = diag (Rmm S S szvm)
5. Project the covariance P,,.1}, and gain G, for the EKF:
Poiyn = FPy FT 4+ Qy

Gt = Postfn DTy (DasaPryan DTy + Ropy) ™

6. Update estimator equation X, 1jn+1 With measurement and the MSE P 1jn41:
Rnttntl = Zntipn + Grat (Bnsr — Aot Rnaapn )

Pyttt = Prttpn + Gnit (Dns1Prsin DE + Ry ) G

7. Send to all receivers Xn1jnt1-

8. go to step 2.




105

6.4.2 Decentralized Tracking
In decentralized tracking each receiving radars performs local estimates of the target
location and velocity using either direct MLE-based estimation of X,,,, or indirect
estimation, i.e., first estimate 7p,,, = [Totys ) TeMppys Deingys --r Do,y | and then
estimate X,, ., using linearizion techniques. The projected or last updated target location
and velocity are used as a reference point in the linearizion process. The local estimates
are sent to a central fusion center, where they are combined based on a predetermined cost
function. The estimates are chosen such that path with significant fading or low reflectivity
will be either discarded of introduce with very high cost coefficients. By doing so, the
overall estimation MSE is kept as close as possible to the centralized performance. The
centralized algorithm is described in Table 6.2.

The centralized and decentralized algorithms performance are provided in Figure 6.9.
The proposed decentralized algorithm achieves accuracies very close to the centralized one.
The cost-based decentralized tracking method is shown to perform better than when all

paths a combined without any weighing coefficients (see Figure 6.10).






107

Table 6.2 Decentralized Tracking Algorithm

Decentralized Tracking:

—~

Xg = Xg
POIO = Rxo

1. Initial conditions:

2. Project the state ahead: {X,11), = Fx,,
3. Locally at the 0*" receiver:

Perform target location (Z,,,, , J.., ) and velocity (?’c}n o Vs +1) estimates.

3.1 Perform time delay and Doppler shift MLEs.

32 D, = {VX'n.—l—l [dg;ﬂ (X'n,-H)] }T

3.3 Estimate target location and velocity based on local EKF.

Xnt17Xnt1|n

Xen+1 = l:x‘e'n.-i-l I yzn—{-l ’ xf’n-l»l Y yen+1:]

Rx

i1

3.4 To central fusion center:

At fusion center:

4. Perform target location (Z,1, Jn1) and velocity (5n+1,§n+1) estimates.:

4.1 Choose the best estimates by evaluating the covariance matrix
For a predetermined threshold, choose £ € {A,} if trace (R;%M) <x

4.2 Final estimation:

~ . 1 —~
Xpt1 = Yo Z HeXe, s
Le{Ar}

Rin+1 = Z :“JZR’)'(e

H e A}

Ho = Z Lee

Le{Ar}

n+1

where 1, are the cost functions applied in combining the estimates,

and Yy is a threshold function, set to exclude the estimates with high MSEs.

5. Project the covariance P, ), and gain G, for the Kalman filter:
Pn+1|n = FPnI'n. F7 + Qv

Gn—l—l = Pn+1[n (Pn—H]n + R&n+1)_1
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Decentralized Tracking:

6. Update estimate X, 1jn41 With measurement and the MSE P, 4,41
Kntifntl = Xnaipn + Grp1 Entr — Kngipn)
Pn+1|n+1 = (I - Gn+1) Pn+1|n
7. Send to all receivers Xny1jn41 and Ppiqjny1.

8. goback to step 2.

6.5 Conclusions
Study of moving target tracking capabilities is offered through the use of the BCRB for
the estimation of both target location and velocity in non-coherent MIMO radar systems
with widely distributed antennas. It is shown that increasing the number of transmitting
and receiving radars provides better tracking performances in terms of higher accuracy
gains for target location and velocity estimation. The performance gain is proportional
to the increase in the product of the number of transmitting and receiving radars. Wider
spread of the radars results in better accuracies. The MIMO radar architecture support
both centralized and decentralized tracking techniques, inherit to the system nature. Each
receiver may contribute to central processing by providing either raw data or partially/fully
processed data. It is demonstrated that communication requirements and processing load
may be reduced at a relatively low performance cost. Based on mission needs, the system
may use either modes of operation: centralized for high accuracy or decentralized resource-

aware tracking.



CHAPTER 7

CONCLUSION AND FUTURE WORK

In the framework of this dissertation work, concepts of target localization in MIMO radar
systems with noncoherent and coherent processing were developed. Generally speaking,
MIMO radars with widely distributed transmit and receive antennas are addressed. The

main results discussed in the dissertation.can be summarized as follows:

e The analytical expressions of the CRLB for noncoherent and coherent processing
were derived. For both noncoherent and coherent processing, an improvement in
target localization accuracy, proportional to the product of the number of transmitting

and receiving radars, M N, is obtained. This is referred to as spatial advantage.

e Location estimation based on noncoherent observations is shown to be inversely
proportional to the signals averaged effective bandwidth. Dramatically higher
accuracy can be obtained from processing coherent observations. In this case, the
estimation error is inversely proportional to the carrier frequency. This gain, in the
order of £

il is due to the exploitation of phase information, and is referred to as

coherency advantage.

e Formulating a convex optimization problem, it is shown that symmetric deployment
of transmitting and receiving sensors around a target is optimal with respect to

minimizing the location estimation error on both x and vy axis.

e Closed-form solution for the best linear unbiased estimator (BLUE) of target
localization is obtained for noncoherent and coherent MIMO radars. It supports the
use of the GDOP metric as a tool for target localization accuracy analysis. This

metric is shown to represent the spatial advantage of the system. Contour maps of
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the GDOP, provide an insight of the mutual relation between a given deployment of

sensors and the achievable accuracy at various target locations.

Comparative evaluation of target localization performances for MIMO and SIMO
radar systems, based on the BLUE is established. The advantage of the MIMO radar
scheme over SIMO is evident when considering that the achievable accuracy for
MIMO radar systems with M transmitters and N receivers is proportional to M N
and an equivalent SIMO radar systems with the same number of antennas, i.e. 1
transmitter and M + N — 1 receivers, is proportional to (M + N — 1), especially for
MN > (M + N).

Multiple targets localization, using coherent processing, is shown to benefit from
coherency advantage. The trade-off between target localization accuracy and the
number of targets that can be localized is incorporated in the spatial advantage term.
Increase in the number of targets exposes the system to elevated mutual interferences.
This trade-off depends on the geometric footprint of both the sensors and the targets,

and the relative positions of the two.

Coherent processing advantage might be significant, for the ratio of the signal carrier
frequency to the signal effective bandwidth is commonly in the order of hundreds.
The reliance of coherent processing on phase synchronization initiated an analysis
that will evaluate the sensitivity of coherent localization to phase synchronization
errors. The bound on the target localization estimation error is shown to be a
sum of two terms — the first represents the CRB with no phase mismatch, and
the second captures the mismatch effect. The latter is shown to depend on the
phase error variance, the number of mismatched transmitting and receiving and
the system geometry. This expression provides the means to establish, for a
given phase synchronization error variance, if an advantage is still achievable for

coherent processing over noncoherent one. Alternatively, when system requirement
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determined a specific localization accuracies, the derived expression may be used to

determine the necessary phase synchronization level in the distributed system.

o Study of moving target tracking capabilities of noncoherent MIMO radar systems is
performed through the use of the BCRB for the estimation of both target location
and velocity. It is shown that increasing the number of transmitting and receiving
radars provides alleviates tracking performances in terms of accuracy gains for both
location and velocity estimates. Performance gain is proportional to the increase in
the product of the number of transmitting and receiving radars. Wider spread of the

radars results in better accuracies.

e MIMO radar architecture support both centralized and decentralized tracking
techniques, inherit to the system nature. Each receiver may contribute to central
processing by providing either raw data or partially/fully processed data. It is
demonstrated that communication requirements and processing load may be reduced
at a relatively low performance cost. Based on mission needs, the system may
use either modes of operation: centralized for high accuracy or decentralized

resource-aware tracking.

To fully gain from these systems some research and engineering challenges need to

be addressed. Among theses:

) Synchrohization of the transmitting and receiving radars is of significant importance
to mapping performance. For non-coherent processing, time synchronization is

necessary while for coherent processing phase synchronization is required as well.
o Centralized coordination of sensor transmissions and waveforms design.
e Synchronized communication among radars and with a central processing center.

¢ Analysis of target RCS phenomena.
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Traditionally, radar stations are grid-powered elements, incorporating transmitters,
receivers and fusion center on site, based on a fixed communication infrastructure. Over the
years, radar applications that include mobile deployment of stations were introduced, such
as anti-missiles defense radars. These systems are powered off-grid by diesel generators.
Other military applications require similar deployment of mobile stations for surveillance
of a given area, such as radars mounted on vehicles that have limited energy resources.
This type of systems utilizes secured wireless communication. In this case, the notion of

power aware design is very important.



APPENDIX A

CRLB FOR NON-COHERENT PROCESSING

In this appendix, we develop the submatrices of the FIM for the unknown parameter vector
tne, based on the conditional pdf in (2.19). The first derivative of p (r|t.) with respect to

the elements of 7 is:

M * (4T
0 [log p (r|hne)] L { {re(t)_zaekfsk' (t - Tek'):l . QZkM (A1)

aTgk 012” 1 (’ink

M *
+ [m(t)—Zaekrsk/ (t— Tek'):‘ . az,ca_[i’f(_tﬂﬂ} dt.

P OTak
Applying the second derivative to (A.1), defines a matrix S,,. with the following elements:

Re {aekazk, { [ 5 (b — 1) S0 (& — T dt] } (=

[Snc]ii’ = (A2)
0 LH£ Y
where indexing used is
i=l-DxM+k {=0{-1)«M+¥kK,
0 =1,., N, kK =1,., M,
and the notation s (t — 7g) = a‘f}}sk (t — Tor).
Elements of matrix A, are defined as follows:
Re fsk(t—'rgk)s*, (t—'Tgkl)dt L=/
Ao = [Aa) (MmN, (MNiry = { k ) , (A3)

0 Iy
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and

—Im{f Sk (t —’Tgk) Sz/ (t - Tgkl) dt} L=17

0 e
(A4)

Aol Mty = [Mo)unsse =

Elements of matrix V,,. are defined as follows:

Re 3 ag, f Sk (t - Tgk) s (t — ’I‘gk/) dty ¢=1¢
[Vnc]ii’ = { ¢ } » (AS)
0 LE£Y

and

—Im {Olgk fké(t - Tgk) Sz/ (t - ’I‘gkl) dt} L=7
0 Iy

[Vacli MmNy = (A.6)

Orthogonal Waveforms
Orthogonality implies that all cross elements [ sj, (¢ — 74) 8} (t — Tow) dt = 0, for
¢ # ¢ and k # k',and after some algebra, the matrices defined by (A.2)-(A.6) take the

following form:

S, = 4 70 ol B8] 1=t

[Addier = [As]antiy,(MN+i) =
0 i#4 (A7)

[Adiunvery = [Aa)untiye =0
[Vnc]ii’ =0

[Vacli,(mntiny = 0.



APPENDIX B

CRLB FOR COHERENT PROCESSING

In this appendix, we develop the submatrices of the FIM for the unknown parameter vector
1., based on the conditional pdf in (2.34). The first derivative of p (r|¢).) with respect to

the elements of 7 is:

dllogp (rlge)] _ 1 " e e
T o o m(t>—:2=1<exp 9L 53 (1 — Taw) B.1)
*5‘ [expﬂ”fmk Sz (t — Tgk)]
C 8’%
M *
+ ”(t)_zc exp—j-??fchek' sk (t— Tgkl)] B.2)
k=1
0 [exp etk 5 (t — )]
< - dt. (B.3)

Applying the second derivative to (B.1) define a matrix S,,. with the following elements:

[Scliw = (B.4)
Re {]§|2 expI2rfelree=tow) | [ 4z 25y (t — Tox) 8} (t — Tow) dv
+ [ jonf, [sk (t = 70) 8 (8 — o) — 8 (£ — 7o) S0 (1 — Tek,)] dt] b oe=v
+ [ sk (¢t — Tex) fsz, (t — 7o) dv] } '
0 (40

where Sk (t - Tgk) = 5%}; [Sk (t - ’Tgk)].

Elements of matrix A, are defined as follows:

[Aac]ll = [Aac]22 = (BS)
N M M
= Re {ZZZ [GXP (=727 fe (Tor, — Taw)) /Sk (t — Tox) sp (t — Tawr) dt] } ,
£=1 k=1k'=1
and
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[Aac]IZ == {Aac]Zl = (B6)
N M M
=_—Im {ZEZ [exp (=727 fe (Tox — Tewr)) / s (t — 7o) s (8 — o) dt} }
¢=1 k=1k'=
Elements of matrix V,, are defined as follows:
M
[Vela = Re {dexp-f”fc(%*w) B.7)
k=1
. {/ Sk (t — Tgk) 82/ (t - Tgk/) dt
- /ijfcsk (t — 7o) s (t — Torr) dt] } , (B.8)
and
M .
[Veiz = —Im {ZC expIAmfelren—Towr) B.9)
k=1

. [/ ..Sk (t - Tgk) Sz/ (t -— Tgkl) dt
- /j27rfcsk (t — 7o) Spy (¢ — Tewr) dt:‘ } ) (B.10)

Orthogonal Waveforms
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Orthogonality implies that all cross elements [ s (t — 7o) S§ (t — Tew) dt = o for

£ # 0 and k # K'. Therefore, the matrices defined by (B.4)-(B.9) take the following form:

A |( f2fr, i=1

[Scor]iil =
0 il
MN =7
[Aacar]ll = [Aaor]22 =
0 i#d (B.11)

[Aacor]21 = [Aaor]12 =(
Ve lin = 2n¢ £
[Veo iz = —2n¢E .

where fp, = (1 + %) When we invoke the narrowband assumption 32/ f2 <« 1 it

follows that fp, ~ 1.



APPENDIX C

DERIVATION OF ERROR COVARIANCE MATRIX FOR TIME OBSERVATIONS

C.1 Noncoherent Processing:
For a set of received waveforms r,(t), 1 < £ < N, in (2.10), the time delay estimates

Pne = Wnerys Bneizs -+ Hncag N]T are determined by maximizing the following statistic:

/Trg (t) sy (t —v) dt’ , (C.1)

fincy, = BTG MAX

by redefining the time notation ¢ — t — 75, where 7;;, denotes the propagation time on the
2k™ path for the nominal point (z., .). Equivalently,
d ~ *
T [agksk (t - Tgk) + ’wz(t)] P (t — 1)) dt =0. (C.2)
T

V=Hmncyy,

The time delay estimates are expressed in (3.3). It is not difficult to show that the following

relation holds:
dgne
O ) — (€3)
dv v
‘ncek
where
Gre() = s / o1 (t = 7 51 (£ — v) C4)
T
and
d .
Piney, = / Ln(t)s} (¢~ v) dt. C.5)
T v

We wish to write (C.3) in the form of (3.3). With a few algebraic manipulations, including
expanding g,.(v) in a Taylor series around 7, and neglecting terms o [(To — finey)’] , it

can be shown that

Nnco Xk

A =0

Tok = Tek +
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Comparing this with (3.3), we have for the error term

Nopce, Xk

~ (C.7
471‘2,3,% lalk[2

€ncey

To find the first and second order statistics of €., , we need the statistical
characterization of ng. As previously stated, we assume the receiver noise wy(t) is a
Gaussian random process with zero mean and autocorrelation function ¢26(7). Since ng
is a linear transformation of the process we(t), since the mean wy(t) is zero, E [ng] = 0.

Similarly, it can be shown that

0 Vek + nm
E [Ny Pnonm] = i (C.8)
2m202 B2 Vik = nm

Using these results, we finally get

E [Niney, Ncm

FE €nc,. €ncnm] = C9

0 Vek # nm

= 1 .
s (an/o3) Vlk = nm
concluding that the covariance matrix of the terms ¢y, is given by:
1 1 1 1

C.,. = -—=dia , sy . C.10
gr2 " (ﬂ%SNRu B2SN Ry, ﬁ}dSNRMN) NN (C-10)

2

where SN Ry, = 241,
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C.2 Coherent Processing
For a set of received waveforms r,(t), 1 < ¢ < N, in (2.8), the time delay estimates

Lo = [ftory> hergs -+ Moy ] are determined by maximizing the following statistic:

ficy, = BT MAxX

exp (727 f.v) /Trg (t) sx (t —v) dt‘ : (C.11)

by redefining the time notation t — ¢ — 77, where 7, denotes the propagation time on the
£k™ path for the nominal point (., y.). Equivalently,
d , o N e
/ —-¢ exp (52m fov) [exp (=52 feTe) s (¢ — Tor) + we(t)] s (¢ —v) dt =0.
T V=Hegy

(C.12)

The time delay estimates are expressed in (3.3). It is not difficult to show that the following

relation holds:
dg;f}”) - + 1, =0, (C.13)
where
ge(v) =¢ /TGXP [i2m fe (v — Taw)] sk (8 — Tw) 8% (¢ — v) dt, (C.14)
and
Ny, = /T &%fwg(t)sz (t — v) exp (j2 fev) dt. (C.15)

With a few algebraic manipulations, including expanding g.(v) in a Taylor series around

Tor, and neglecting terms o [(”ng — ,u%)?’] , it can be shown that

Ny, G
anfz (1+5) 1

Mg, = Tek + (C.16)

Comparing this with (3.3), and invoking the narrowband assumption 52/ < 1, we have

for the error term

nclk
€cp 2 ———— C.17
Ry A ©17
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To find the first and second order statistics of €., we need the statistical
characterization of n,,. As previously stated, we assume the receiver noise wy(t) is a
Gaussian random process with zero mean and autocorrelation function o24(7). Since rny
is a linear transformation of the process w;(t), since the mean wy(t) is zero, E [n., ) = 0.

Similarly, it can be shown that

0 Vek # nm :
Ene,nenn] = . (C.18)
2202 f2 ik =nm

Using these results, we finally get

Ele,, €. | = —th Znml C.19
0 Vek # nm
= 1 B
e G I
concluding that the covariance matrix of the terms e, is given by:
1
(C.20)

C,=—--—71 .

where SN R, = [;CJ;



APPENDIX D

DERIVATION OF FIM MATRIX FOR PHASE SENSATIVITY ANALYSIS

In this appendix, we develop the FIM for the unknown parameter vector 1,
based on the conditional pdf in (4.14). The submatrices that define J(y) =
E {V¢ logp (r|yp) (Vy logp (rlw))H} =-E [%(rl_zﬁ)] are derived hereafter.

The submatrix Ty, 32, and V have the following general form:

Al ... Al
A= : : . (D.1)
AQL ... AQQ

The first derivative of p (r|t) in (4.14) with respect to the elements of 77 is:

ogp(r EC /
ol %ﬁé 2] :f { [W(t)-zch p‘é,klsk, (t — Tg,g,)} (D.2)

¢=1k'=1

(€Y 0ok (t — )"
o2 ory,

Q M 1
0355 e (17

q'=1k'=1

70 [0k (8 — 743.)] dt
o2 oty '

+

The following indexing notations are used throughout:

i=(g-1)j, i=(q-1)7,
i=[(l—1D)«M+kl, j=[l—-1)*«M+¥],
j=¢-1) 1, 7= ) ] D3)
kK =1,. M, ¢ =1,. N,
qin:]‘J")Q'
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Applying the second derivative to (D.2) define the matrix % with the following elements:

[0 ], = l[J ()]s = 1k [M} - (D.4)

7
Tlo Tlo 87'21,C 87' eq/ k!

where 7, = 872 SNR f? .In matrix form,

1C9* fr N q=4¢

e C"(Cq') | 2 : X' H ’ (D.5)
g s ()]} 0%

where we define AY = diag(e?). The notation diag(-) is used to represent a

diagonal matrix with elements of vector (-) on its diagonal, e’ is defined as e? =
[exp (=27 f.78) ,exp (=27 ferdy) , ..., exp (=27 feTyy ~)]7, and we abuse the notation and

let

d? 0
T i OOty

The frequency ratio fg, is defined as fgr, = (1 + /;—’2) When we invoke the narrowband

assumption 32/ f2 < 1 it follows that fr, ~ 1.

The elements of matrix R, are defined as:

) s (t —712) st t—qu dt ¢=0k=k
[qu}.‘, _ ) Tt k( Zk) | o7
i 0 CA L kAN

The second matrix 3 in (4.8) is defined by a set of matrices 97 with the following
elements:
' ' 1 _[8%logp(r
[R99], = [B ]y = ——F [__fﬁ%zp)}
"70 6C’I‘ea Cre

' ’ 1 &%logp(r
(B =2 = —%E [—ﬁg&%%} . (D.8)
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In matrix form,
> MNIyo g=q
=9 =9 | Rely] -Imp] o (D.9)
o q#q
—Im[¥] Reld

/ N\ ¥
where we use the notation ¢ = (e9)” R% (eq ) .

The third matrix V is defined by a set of matrices V99 with the following elements:

, [ 52 1
Vi) = —— |2 108PY) (1;@) (D.10)
770 5 8Tek 8<re
: o2 ]
[V ]i2=_lE Q_b_ng ,
,'70 L aTEqk 8 :Im ]
In matrix form,
, ,
e
2 tm /
Py qg=4q
: "o
VY = { L o {D.11)
‘ 3
[ el fom @)} ]

|7 [ [ () T}



APPENDIX E

DERIVATION OF FIM MATRIX FOR THE BCRB

In this appendix, we develop the elements of the matrix Jp (x), ie. [Jp(x)], ; =
~E. ke {Eﬂ,ﬂ [%j—n] }, based on the conditional pdf in (5.9).The diagonal

submatrix R., is derived as follows:

R ; = = Erlrnr {Erhc l—a—w]} (E.1)

67’ ngT k!

2 *
— 02R€ ‘19'2 BTgk%Te/k/ fp(gk)p (E!kl)

Sk (t — Tgk) S}:J (t — Té’k‘)

and

R, = 87 (f2 + B%) snrlgxq,

where snr = [9|* /02, and the following notation is used:

i=[—1)*M+k and j=[(¢-1)%M+F],

(E.2)
kk=1,..,M, 2,0 =1,.,N,
The elements of the matrix 3, are given by
2M Nsnr
[219]1,1 = —Iﬂlz— = [219]2,2 ) (E.3)
and
[219]1,2 =0= [2]2,1 )
and the elements of the matrix ¥ A are given by
NI 117
N = 2snr war - (W | (E4)

(11T)N><M MInxn LxL
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The off-diagonal submatrices are as follows:

e X Ormloxs —Ureloxa ‘k )

FTﬂQXQ = 0’%
IMXM I (1)
Frager = Ax fosnr :
Taxm | 1 (N) oxi.

)= { Onx(e-1) Inx O x(N—£-1) X
NxN

and
ﬁmelr{xM 'ﬁmelTxN

__ 2snr

Fonsa = Jof i .
~9reN11xm —reM1ixn
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