





ABSTRACT

DEM SIMULATED RADIAL AND AXIAL PRESSURE IN A
CYLINDRICAL GRANULAR COLUMN

by
Meng Cui

The study of packed beds of granular spheres and their applications are of great interest

to industries, and one of the most important subjects that has been studied is cylinarigal

beds. In 1895, H. A. Janssen discovered that in a vertical cylinder the pressure measured
at the bottom does not depend upon the height of the filling in contrast to Newtonian
fluids that possess linear hydrostatic pressure equilibrium. One of assumptions of his
theory stated that the horizontal pressure is proportional to the vertical. In this thesis, this
physical hypothesis is investigated using Discrete Element Simulations of inelastic with a
cylindrical vessel and an axial pressure load. In addition, we studied the radial solid
fraction to better understand the pattern of radial pressure evolution. The force model
that corresponds to linear spring-dashpot model and energy dissipation is simulated by
frictional forces: inter-particle and particle-wall. In this model, the frictional forces at the
wall are activated by moving the piston floor downwards with small velocity. The
diameter of the cylinder is set to 13.33 diameters of particle and the fill heights are in the
range from 0.262 to 10.172. Results obtained in the simulations show the limits of
Janssen’s theory applicability within granuiar physical phenomenon, and also provide a

strong foundation for further theoretical analysis.
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CHAPTER 1

INTRODUCTION AND SIMULATION

1.1 Overview

Granular materials are large conglomerations of discrete particles. In general, granular
materials behave differently from any of the other standard and familiar forms of matter,
such as solid, liquid, and gas. Studies of granular materials are of great interest to
industries because such understanding can be greatly beneficial in a variety of industrial
processes, such as mining, agriculture, civil engineering and pharmaceutical
manufacturing. The study of granular materials is also important for geological processes
where landslides and erosion are a significant part of the morphology of the earth.
However, understanding the behavior of granular flow is extremely difficult because of

the properties and complexity of granular materials.

Despite the fact that the measurement of many physical quantities in granular
flows is difficult in experimental studies, computer simulation allows us readily to obtain
the quantities such as position, force, and pressure. Dr. Otis Walton and Robert Braun
[11-15] of Lawrence Livermore National Laboratory developed a computer simulation
code to study the uniform shearing flows. The code was later modified to include
cylindrical boundary [13]. As part of this thesis, a major alteration in the computation of

solid fraction profile, as well as the stress in radial direction, was developed.

An important aspect in understanding granular materials for a vertical cylinder is
the use of Janssen’s Theory [4, 10]. The theory not only predicts the dynamics of the

asymmetric flows, but also is heavily used in industrial design. In most experimental



studies, small scale cylinders are used because they allowed for easy measurement of the
materials. However, in this study, the results will not only be compared with the
experimental data that have been published, but also with results from other simulations
that were published in the literature. This thesis studies the pressure distribution in radial
direction in a column of granular material, and the pressure profile along the cylinder
wall. The results obtained in this study are in good agreement with the numerical data

and experiments in the published literature.

1.2 Janssen’s Theory

In 1895, H.A. Janssen [11] discovered that in a vertical cylinder, the pressure measured at
the bottom does not depend upon the height of the filling; this is in contrast to Newtonian
fluids at rest where the pressure is proportional to the fill height. This theory is very
important in the framework of silo building, as the difference between ordinary
hydrostatic and granular hydrostatic is mainly due to the presence of the force exerted
against the walls of the cylinder. Janssen’s model has four assumptions [23].

1. The vertical pressure is constant in the horizontal plane.

2. The horizontal pressure is proportional to the vertical pressure, such that

o,=Ko,.
3. Frictional forces are fully ‘activated’ at the wall.

4. The density of the material is constant throughout the depths.

Despite the fact that some of the assumptions in the Janssen’s model are not valid

in practical situations, most of industrial design is still based on his model because it



predicts the behavior of granular beds without using heavy calculations. It is well known
for asymmetric flows that the stresses can be a large value which exceeds the value
predicted by Janssen’s model. Therefore, most industrial designs have been modified

depending on specific needs.

To begin, let us look at the basic concept of stress acting on a cuboid.

Y Fxz Y

z

Figure 1.1  Force acting on an eclementary cuboid parallel to the co-ordinate
directions. Fx is force acting on x direction. Fxx, Fxy and Fxz are the forces acting on
the x direction in three co-ordinate components.

Figure 1.1 shows the force acting on the cuboid parallel to each face of the cuboid. To be
consistent, the name of the forces acting on each face of the cuboid is according to the
directions of their normals; therefore there are two faces on x, y, and z directions. The
force acting on the cuboid does not necessarily have to be normal to the each face. In
Figure 1.1, the force acting in the x direction, Fx, can broke into three components in the

three co-ordinate directions, Fxx, Fxy, and Fxz. To obtain the stress on the x direction,

divide the area of the cuboid face, 4x, and usually we call it normal stress o, obtained

xz?

from Fxx and the other two stresses which are called shear stressesz,,, 7,,, obtained from



Fxy and Fxz. The stresses from the other two directions can be found in a similar
manner. Since force is a three dimensional vector, therefore stress has nine components

and cannot be a vector; these components are shown below in Equation (1.1).

— -1

O-xx Txy sz

Tyz O-yy TJ’Z ( 1.1 )
| Vax zy 2z |

Consider an inclined surface with a block on it, as depicted in Figure 1.2. To
prevent the block from slipping down the plane, P must be greater than
Mgsina — uMgcosa . If P is required to pull the block up the plane, P must be less than

Mgsina + uMgcosa .

v a

Figure 1.2  Block on an inclined surface; where ¢ is the angle of the inclined surface

N is the normal to the block, Mg is the weight of the block, F is the frictional force and P
is the applied force.

From above we can see that if the stress on the inclined surface is pushed
downwards by the block, it is called ‘Active Stress’. Similarly when the force pulls the
block upwards on the incline, it is called ‘Passive Stress’. More detailed information on

this topic can be found on [23].



When considering an active state as above, one can use the Mohr-Coulomb

diagram in Figure 1.3 to provide the basis of failure analysis. Here, P*= %(O'xx +0'yy) ,

and R= p*sing.

ccotg o

—pm———-

Figure 1.3 Mohr’s Circle for the active stress state. IYL stands for internal yield locus.
If is cohesionless material, the ¢ becomes zero.

The Mohr’s Circle shows that the stress on the axial direction o, is defined as:
o, =P*+R-ccotg (1.2)
o, =P*-R-ccotg (1.3)
We know that o is the active stress on the inclined surface which is the horizontal
stress, and o, is the vertical stress. In this thesis, the horizontal surface is the radial

direction pointing to the wall and the vertical direction is the direction along the

cylindrical wall; see Figure 1.4.



>

T
z

Figure 1.4  Co-ordinate system in the cylinder. y is the vertical and x is the horizontal
direction of the cylinder.

Therefore, o,, = o,, and by eliminating P* in equation (1.2) and (1.3) gives us:

cos
o, = o. —2c ¢

1.4
l+sing 1+sing (149

In the case of cohesionless material, ¢ goes to zero, and the equation then becomes:

o =Ko (1.5)

rr »w

1-sing
[+sin ¢

where K is defined as K = . The K is known as Rankine’s coefficient of active

earth pressure [23]. A similar analysis can be found in a passive case where o, >0,

which gives us:

o, —Fsind 5 C0SP (1.6)
1-sing 1—-sing
I+sing

and the coefficient of passive earth pressure K is defined as K = [—sing
—sin

1.3 Review of Published Literature

H.A. Janssen [11] was the first person who gave a theoretical model for vertical pressure

profile in a granular column. More then 330 published papers have cited Janssen since



1980 [6]. Nedderman [23], who studied Janssen’s prediction, points out two debatable
assumptions. One is that the axial and radial stresses are proportional to each other by a
value K, equation (1.5). The second assumption is that the stress across any horizontal

cross sections is uniform [23].

In 1992, Mueller published an article based on experiments using X-ray
radiography to determine radial void fraction distributions in randomly packed fixed beds
of mono-sized spheres in cylindrical containers [20]. In his article, he used geometrical
analysis and presented analytical equations which were used to obtain the radial void
fraction distributions. Mueller has proposed an approximate radial distribution with a

Bessel function of first kind,

_ 0.22 : 0.22 _3.15 |7 _ _0.725 \r (1.3.1)
e(r)=0.365+ ——2 +| 1-0.365+ —~2 Jyx| 1745 -———2 7 exp 0.315 ——2
d d d d

His analysis presented an analytical equation and nondestructive method to determine the
radial void fraction distribution for uniformly sized spheres in cylindrical containers.
However, using X-ray radiography to determine the center of particle coordinates will not

be practical for larger models.

In 1996, Mueller extended his 1992 results through the use of numerical
simulation. Numerical simulation is easier than experiments when creating and
reproducing random packing of spheres for any diameter aspect ratio and accurately
determining their coordinates [22]. The precision in determining the sphere position is

only limited by the computer’s accuracy. Mueller used a range of six diameter aspect



ratios to compare with the models; he concluded the model had a low percentage standard

error compared with numerical models and experimental data.

A group of Brazilian chemists used the Monte Carlo method to simulate the
packing and segregation of spheres in cylinders [20]. The simulations were performed in
three different diameters aspect ratio (D/d). The results showed the local void fraction as
a function of the distance from the cylinder wall are averages of five replicated
computational experiments done by Mueller. They also showed that the Monte Carlo

method can also be used to calculate positions of the particles in the cylinder accurately.

In 2006, J. Theuerkauf, P. Witt, and D. Schwesig used the discrete element
method to determine the porosity distribution of spherical particles in narrow pipes as a
function of the pipe-to particle diameter ratio [10]. In conclusion to their results, the
DEM simulation could correctly generate distribution of the particles in the tube

regardless of the diameter ratio.

In 2003, Landry and Grest [16] published a paper that illustrated a variety of
methods to generate the packing and studied the effects of packing preparation on the
final static packing. Landry showed that the Janssen’s analysis does not describe their
results, and therefore modification was needed. However, they have shown that the
majority of the particles who have wall contact forces in the bulk were at or near the

Coulomb failure limit; the particle contact with the particles were far from the limit.

In 2004, Walton [12] completed some experiments using 3 mm glass beads in a 4
cm acrylic tube with a diameter ratio of D/d = 13.3. The results verified the exponential
functional forms of Janssen’s model. Walton’s findings are interesting because the radial

stress (times the friction coefficient) against the applied axial stress has a linear variation



relationship. However, the line does not intersect the origin in accordance with Janssen’s

assumption given by Equation (1.5).

The study of floor pressure induced by a granular column in a cylindrical
container was done by Chester [6]. He studied the load on a piston supporting a
monodisperse granular material which consisted of friction and inelastic spheres within a
cylindrical vessel. He used the discrete element simulation to evaluate the friction of the
wall by moving the piston as well as the cylinder wall slowly downwards. By using
different values of wall friction, he discovered that a translation of either the floor piston

or the cylinder wall will affect the load and fill height behavior.

In Janssen’s assumption, the lateral stress is a fixed fraction of the axial stress.
This may not be true because Chester [6] expected that elastic solid would exhibit such
behavior and a granular assembly would fail at the Coulomb failure limit. Additionally,
the stress distribution across the horizontal layer could not be uniform in a granular
assembly as Janssen stated otherwise. This study opens the door to compute the radial
stress and axial stress as a function of both radial and axial location, and to verify

whether or not Janssen’s assumption of stress across any horizontal layers is uniform.

1.4  Objective

In this thesis, the investigation of the axial and average radial pressure in a cylindrical
vessel with inelastic spheres is done via discrete element simulations (DEM). A
relatively small diameter ratio D/d = 13.33 is selected to enable the comparison of the
results with experiments and published data, where D is the diameter of cylindrical vessel

and d is the diameter of the spheres. The radial solid fraction v is also studied in order to
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compute the average radial pressure. Varying diameter ratios D/d are selected in these
cases to verify the reliability of the computation in comparison to the published literature.
The normal pressure on the piston is also investigated to support the calculation of
average radial pressure. The goal of the simulations is to validate the assumptions in

Janssen’s theory, and discuss the results within the framework of these assumptions.

1.5 Thesis Outline

This thesis is organized with Chapter One the introduction, Chapter Two the description
of the dynamics simulation, Chapter Three the introduction of the force model, Chapter
Four the calculations» of the volume fraction and validation to support average radial
pressure, Chapter Five the overview of the average radial pressure and simulation results

and lastly Chapter Six the conclusion and further work.



CHAPTER 2

PARTICLE DYNAMICS SIMULATION

2.1 Discrete Element Method (DEM) Simulation

The discrete element method (DEM) is a family of numerical methods for computing the
motion of a large number of particles. The method was introduced by Cundall in 1971 to
study the behavior of a system containing granular particles [21]. A computer simulation
is developed in here to find the particle’s trajectories, velocities, and other quantities
which help in understanding the behavior of granular materials. For the most part,
dynamic simulation has been a powerful tool to examine the relationships between the

motion of individual particles and material properties.

2.2  Overview of the Particle Dynamics Simulation

The computer simulation used in this thesis has considered smooth, inelastic, and uniform
spheres in a cylindrical boundary. Figure 2.1 shows the initial coordinates of particles in
a cylinder are randomly generated, and the algorithm to prevent forbidden overlaps is

detailed in [12].

The DEM code has been many modifications since its first development by
Walton and Braun [13]. The rectangular geometry with an oscillating floor was modified
to a cylindrical geometry with a moving piston and moving cylinder wall in this study.
The main program, 3shear.f, will read input file first. The subroutine dumpread.f will

read the file from previous simulation to continue the simulation if the previous

11
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force model. For more information on force model, please refer to Chapter 3, Section 1.
After the calculation of contact force, the subroutine integl.f will compute the velocities
at the current time step for the particle. The next subroutine diagnos2.f computes the
potential component of the stress tensor at the current time step. The last thing the
simulation will perform is writing data through subroutine datasav2.f. After all the

process is done, the simulation will start over at the next time step.

2.3  Description of code

Figure 2.2 contains a flow chart of the code used in this thesis. In this section, the

subroutines are described in detail with their functions.
bound.f

This subroutine is used to assign coordinates, velocities and other parameters for

boundary particles. The user has to input the number of boundary particles.
datain.f

This subroutine reads the input file from “i3ds.”
datasav.f

This subroutine writes the output file with the user defined perimeters.
deletm.f

This subroutine loops the entire particle near neighbors in the linked list and

removes near neighbors if particles are beyond the distance of radius.
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diagnos2.f

This subroutine calculates simulation diagnostics locally and globally. The

kinetic contribution to the stress tensor is also calculated in this routine.

dumpread.f

This subroutine is used to restart a simulation. All the information from a

previous simulation is stored in “d3ds.”
findrad.f

This subroutine assigns the particle radii at time zero and increases radii each time

step until it reaches the predetermined value.

Sforces.f

This subroutine calculates the inter-particle forces between particles. The force

model used in this routine is the spring model.
init.f
This subroutine initializes the simulation. Initial coordinates and fluctuation
velocities of particles in the system are generated.
initcuml.f
This subroutine initializes the short term variables.
initcum?.f
This subroutine initializes the long term variables.
initstep.f

This subroutine initializes the integration step.
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integl.f

This subroutine performs an integration of the velocity equations in the current
time step.
integ.f

This subroutine calculates the coordinates of particles at each time step as well as

the velocities.
update.f

This subroutine updates the list of particle neighbors and prevents overlaps.
vodfrac.f

This subroutine calculates fraction volume of a particle. In order to calculate the

radial stress component, this fraction volume is needed in the subroutine diagnos2.

2.4  Linked List Logic

The basic idea behind the linked list is a simple contact detection process. This process
involves the particle’s position and geometry in order to check if the particles are against
each other. This process also reduces the computational work which is required to

determine the motions of particles.

The detection process starts with one particle i inside of a system of particles.
This particle i will be restricted to a search volume around the particle, and the radius of
this volume is called the search radius. Therefore, instead of finding all of the particles

that interact with particle i, the system only needs to find a small number of particles
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within the range of the search volume. This process reduces much of computational time
when the system contains a very large number of particles. The linked list continues to
track all the particle’s near neighbor and update the particle’s linked list with required
time until the simulation is done. More detailed information about the linked list can be

found in [13].

2.5 Force Model

The force model that used to simulate the particle collisions is a soft sphere approach
where collisions occur over a finite length of time. This force model was developed by
Walton and Braun [2, 3] and it is a partially latching spring model. The model allows the
contacting particles to slightly overlap and a linear stiffness in the force model computes
a contact force in proportion to the amount of overlap. Also, any particle in the system
may be in contact with other particles nearby at the same time. The vector sum of the all

normal and tangential forces on the particle is the net force.

The normal force model incorporates two different normal stiffnesses; loading
(K;) and unloading (K;). The magnitude of the normal force is given by Equation (2.1)

below.

F, = K 2.1
N K, (a-a,) @.1)

Where « is a function of the relative overlap between colliding particles, and «, is the

remaining overlap at which point the unloading force goes to zero due to plastic
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deformation of the contact. Therefore, the model gives a constant coefficient of

restitution e shown in Equation (2.2).
e= |— (2.2)

Additionally, K; can be expressed through a Hertzian contact analysis given by

Equation (2.3).

475

4E.\[dv,,

Kl = PN (23)
15m(1—v*)

where E is the elastic modulus, v is the Poisson ratio, d is the diameter of the particle, m

is the mass of the particle and v, is the maximum estimated impact velocity.

The tangential force model developed by Walton and Braun is based on Mindlin’s
theory [15] via contact stiffness K7 that decreases with displacement until full sliding

occurs at the friction limit.

( ¢ \1/3
K 1_M’L
\ uN-F

. 1/3
K 1_M
|\ uN+F ) |

Equation (2.4) shows the effective tangential stiffness Kr, where F7 is the total tangential

v
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force, u is the coefficient of friction, N is the total normal force, and F;. is the loading

reversal value.
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The net force due to collision with two particles i and j is the vector sum of the
normal and tangential contact forces described above. The net contact force acting on the

contacting particle is given by Equation (2.5).

L=Ly+ip 2.5)

Further details about the force model are presented in [2, 3].



CHAPTER 3

AVERAGE RADIAL PRESSURE CALCULATION

3.1 Overview of Average Radial Pressure Calculation
This section describes the calculation of average radial pressure as used in later chapters.
Note that instead of radial pressure this study calculates the average radial pressure.
There are three types of calculations of average radial pressure carried out in this thesis;
a. Average radial pressure in a whole cylinder.
b. Average radial pressure in horizontal cross sections of the cylinder.
c. Average radial pressure in vertical cross sections of the cylinder.

These types of calculation can be illustrated in Figure 3.1.

Type A Type B Type C

Figure 3.1  Illustration of three types of average radial pressure calculation. Type A is
the average radial pressure in a whole cylinder. Type B is the average radial pressure in
horizontal cross sections of the cylinder. Type C is the average radial pressure in vertical
cross sections of the cylinder.

Type A pressure calculation contains the study of average radial pressure versus

fill height (H/D), average radial pressure versus time, and average radial pressure versus

20
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normal pressure. Type B pressure calculation contains the study of average radial
pressure in horizontal cross sections versus height of the cylinder and average radial
pressure of 4 diameters height from the bottom of the cylinder versus time. Type C
pressure calculation contains the study of average radial pressure in vertical cross section
versus the width of cylinder and the average radial pressure in vertical cross section
versus time. These studies help to understand the behavior of the granular materials in a

cylinder.

The granular materials have two components; these are known as the kinetic
component and the potential component. Because the motion in this thesis is quasi-static,
the kinetic component of the pressure tensor is negligible. The general form of pressure

tensor in Cartesian coordinates is

P xx Xy I)xz
P=F, B P G.1)
sz sz zz

In order to validate the main assumptions of the Janssen’s theory, P, = KP
where P, is radial pressure and P, is the normal pressure, the calculation of the radial

stress F, is needed. The radial pressure in Cartesian coordinates can be computed as,
P = ! F.R
S _V—Z i (3.2)
J#i
However, the radial pressure that was calculated in this thesis is in cylindrical
coordinates. Also the total force of the particle used to calculate the pressure is given in

Cartesian coordinates; therefore, coordinate conversion is needed. Consider a cylinder
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with Cartesian coordinates in Figure 3.2, where e, is the radial direction needed to

>

calculate the radial pressure.

<

v
=

(i)

r

Figure 3.2  Cartesian coordinates x, z, and y represented in a cylinder, and the
cylindrical coordinates is represented by direction .

The computation of the P, involves the contact force between the two particles i
and j in the radial direction F, and can be calculated as F, =(F¢, )¢, and is given by
L, =(Fre, +F0¢)e, (3.3)
where F. and F, is the force acting on the particles in x and z directions in Cartesian

coordinates. These two forces can be calculated from the total contact force between the
two particles. The unit vector of the radial direction is between the cylindrical axis and
the contact point of particle i and j. The unit victor can be calculated by

x,.+xj e+ Zi+Zj e
B 2 )7\ 2 )

gr = (gc .gx)gx + (gc .gz )gz - 5 ) 2 (34)
xi+xj + yi+yj Zi+Zj
2 2 2

and now the radial force between the two contact particle 7 and j can be written as,
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X +Xx, zZ +tz.
F; i J +F; i J
2 2

L, = > > = & (3.5)
X, +x; N vty \ [z +z
2 2 2
Figure 3.3 below shows the F, in the cylindrical coordinates.
S,
Y 4 <
i
<r Fr
> x

z

Figure 3.3  Cylindrical coordinate for particle i and j in contact. The radial contact
force is represented as F, and the direction of the radial contact force is represented ase, .

The radial distance between the centers of the colliding particles i and j is given by,

8, =x] +2; —\/xf‘ +2z7 (3.6)

Recall that in a cylindrical coordinate, R=R,e,+R.e, +Re,; therefore the r

direction component becomes R =5,. The computation of the P, is completed by

Equation (3.7), where ¥ is the control volume over which averaging takes place.

. 1
PW=7r% 3.7

Here the calculation of the radial pressure is only true for two particles in contact.

However, Equation (3.7) only applies when the two particles are totally inside the control
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volume. In the case of type B pressure calculations, shown in Figure 3.1, the cylinder has
horizontal cross section cut and the resultant shape becomes a shorter cylinder. The other
control volume is in type C pressure calculation where the cylinder has vertical cross
section cut and the resultant shape becomes a pipe with thick wall. Equation (3.7) shows
that F, is the radial direction contact force between the two particles. However, if one
particle partially outside the control volume is in contact with the other particle totally

inside the control volume (see Figure 3.4), the volume fraction will be added to Equation

s 1 . .
(3.7) becomes p ,, = ;vFré'. where v is the volume fraction.

ad=D
J \F———’

ROEN

C
J
Type B \_,,\‘J/

Type C
Figure 3.4  Particle i and j are in contact, and particle j in both Type B and Type C are

partially outside the control volume; therefore, volume fraction for particle ; is needed.
After the calculation of the radial pressure of two particles in contact, this

calculation will repeat itself until all the pairs of particles in contact in the system are

counted. The radial pressure of all the particles then added to form the average radial

pressure of the control volume,
1
(B,)=7 2 VF9, (3.8)

rr

where <P > is the average radial pressure of the control volume.
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3.2 Volume Fraction
The fraction, v, in equation (3.8) is the control volume fraction of the particles in the
specified region. In the calculation of radial pressure, such fraction is difficult to
determine. As Figure 3.5 demonstrates, the shaded area that is used to calculate the radial
pressure can be a disc cylinder, and the control volume is the volume of the particles
inside this shaded area. Because the partial volumes of some particles are not completely
found inside the shaded region, the only volume required to determine the radial pressure
is the partial volume of the particles inside this region. This is useful when one wants to

study a particular region inside the cylinder.

Specified
volume region

N

Particles

Cylinder \

Figure 3.5  Demonstration of control volume in a specified region in a cylinder. The
shaded area is the specified volume region where the calculations are taking place.

In cylindrical packed beds systems, the calculations of the control volume were
computed by using arc-length intersection method which simply is the calculation of arc-
length of two intersecting circles. First, the cylinder is cut into cross sections. On one of
the cross sections, various circles are defined from the inner circumference to the outer
circumference of the shaded region. Second, the arc-length intersection calculation is

then performed between the various circles defined from the previous step and the
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particle radius inside the circumference of the shaded region. Next, the calculated arc-
length between these circles and particles are added together to form the area. The
control volume is found by multiplying the area by a finite height. The height, Ay, is a
user defined quantity, and the accuracy of the results depends on the size of this value.
This calculation then repeats itself until the volume of the solid in that cross section no
longer belongs to the specified region. For detailed information of how the control
volume calculated, please refer to the next section of this thesis.

An analytical and general expression of the “Calculation of the Volume
Intersection in an infinite cylinder and a sphere” was presented by Lamarche and Leroy
(1990) [14]. Lamarche and Leroy utilized “Volume Cross-section” method to measure
the control volume in the cylinder. However, the use of this expression requires an
approximation due to the introduction of the finite cylinder. The volume of the
intersection is overestimated. On the other hand, Abreu (1999) presented a similar
method but with a finite height structure. Because the complexities of these calculations,
it requires more computing power [20]. Thus in this thesis, the arc-length intersection

method is used.

3.3  Computation of the Arc-Length Intersection
This section presents an algorithm for calculating the circumference using the cylinder
radius R and the sphere diameter d. The structure of the calculation is to specify the
different zones first. The y-zone which consists of horizontal layers, and the r-zone,
which is composed of the vertical cylindrical layers. The calculation begins with loops

through the particles first, and then loops through the y-zone layers. The program will
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The next step after acquiring the arc-length is to calculate the area of the particle
in the horizontal layer. The program continues to loop the intervals inside the r-zone and
added all of the arc-length to form the area. Next this area is multiplied by the horizontal
intervals Ay to form volume in that layer. The final step is to add all of the volume

segments in the region to form the partial volume.

3.4  Comparison of Results
A force model calculation is presented below in Figure 3.11 that shows the force on the
piston floor versus time. At time ¢ equals to zero, there is no force on the floor; this is
expected as the simulation just placed particles randomly in the cylinder and nothing is
moving. Therefore, the force on the floor should be zero. Then, at time ¢ equals to 1.9
seconds, there is floor force which indicates that the particles are starting to fall. Then
around 3.5 seconds, the entire system settles rest on the piston floor and the force
becomes the weight of the particles that is inside the cylinder.

In order to confirm that the calculation of the partial volume is correct, the total of
the particle volumes has to match with the actual volume of the particle. Table 3.1 below
shows the simulated parameters and the results, as well as the percentage errors compared
with actual data. The particles that are used in this simulation have 0.0063mm in
diameter and with D/d of 1.0, 2.3, 5.0 and 10.5 respectively to the number of particles.
The H/D for the cylinder is 5 for all cases. The lowest percentage of errors falls into 1
yzone and 1 rzone, which is expected because the simulation does not calculate any
intersections. The biggest percentage of errors is in 5 yzones and 5 rzones, these errors

are believed to result from the integration method used in section 3.3.
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Table 3.1 Simulated Parameters and the Results Compared with Actual Data.

# of Particles 1 yzones & 1 rzones 5 yzones & 5 rzones |20 yzones & 20 rzones
1 0.001086 0.001083 0.001086
errors compare with
actual volume 0.00% 0.28% 0.00%
5 0.005429 0.005429 0.005417
errors compare with
actual volume 0.00% 0.00% 0.22%
15 0.016286 0.016 0.01626
errors compare with
actual volume 0.00% 1.80% 0.16%
50 0.054288 0.05353 0.05421
errors compare with
actual volume 0.00% 1.39% 0.14%

Figure 3.12 below shows systems of diameter ratio D/d of 5.6, 13.4, 14.1 and
20.3, and fill height H/D of 5 in the cylinder. The solid fractions of these systems are
around 0.6. The value of around 0.64 is found as an upper limit for the sphere volume
fraction in a random close packing configuration [1]. However, our simulation gives 0.6
as expected because the configuration here is a loose packing, meaning the system
randomly positioned the particles and let them rest by themselves. Also from the figures,
there is a “spike” peak at the beginning of the each figure. This peak occurs when all of
the particles in the system dropped to the piston floor, and because the simulation used
spring force model, some of the particle bounced back; this creates a drop in the piston
floor force. Therefore, a “spike” peak is expected for every simulation.

Another type of simulation was performed, which looked at the packing structures
in a horizontal plane where it parallels to the x and z-plane. Mueller, did many extensive
studies on the loose pack of spheres in cylinders [5~7]. In this thesis, most radial void

fraction results were compared to Mueller’s published data. This will provide further


















CHAPTER 4

SIMULATION RESULTS

The average radial pressure, <Prr>, and piston load, F, are computed by using DEM
simulation. As stated in Chapter 2, the simulation randomly dumps particles into the
cylinder, which is the cylinder user specified in the input file i3ds. Then, the particles
start to move downwards by the gravitational force. The time when the piston floor of
the cylinder starts moving thereby activating the frictional force on the cylinder wall is
specified by the user. The speed of the piston floor is set to 0.001 diameters per second
to ensure the velocity is small enough so that inertial effects are not important in the

behavior of the system.

4.1  Static Simulation

Static simulations were performed to better understand the role wall friction plays in
Jansen’s theory. The static simulation shows that, as the fill height (H/D) increases, the
force acting on the piston equals the weight of the particles in the system. This is due to
the fact that the friction on the wall is not ‘activated’ by using the stationary piston. The
simulation time was set to 120 seconds in order ensuring the particles in the system have
reached their relaxed state. Table 4.1 below shows the simulation parameters used for the
static simulation.

These static cases were computed at a diameter ratio H/D of 13.33 with particle diameter

d = 0.001 meters, particle friction coefficient x, = 0.1, and wall friction coefficient u, =

0.12. A solids fraction ¢ of 0.6 was used in order to determine the number of particles,
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the particles as fill height increases. This can be explained by the bottom piston load as
well; as more weight is introduced into the top layer, the load on the piston increases as
much as the weight that has been added. These static simulations clearly show that the
piston load and average radial pressure depend largely on the values of the fill height
H/D. However, Janssen’s theory is in the form of a dynamic system where friction is
activated. In Chester [6], he suggested that in order to eliminate the hydrostatic
behavioral region, wall friction must be activated. Furthermore, Chester also suggested
that to have particles contact wall with friction, there must be a motion in the system

relative to the cylinder.

4.2  Dynamic Simulations

4.2.1 Overview

Dynamic simulations were performed in order to study the effect of wall friction in these
granular systems; the parameters of these simulations are shown in Table 4.2. These
dynamic cases were performed with a piston which was translated downwards in the
negative y-direction. The velocity of the piston is suggested by Chester which v, = 0.001
diameters per second [6]; this piston velocity is small enough so that inertial effects are
not important in the behavior of the system.

The results in this section are divided into three parts; part 1 corresponds to the
cases shown in Chapter 3 where the calculations are determined by the whole cylinder.
The second part of this section contains the cases determined by horizontal cross section
of the cylinder and the last part consists of the cases determined by the vertical cross

section of the cylinder.



Table 4.2 Parameters used for Dynamic Simulations.
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Case H/D D/d Ky, Hp ¢ np
1 0.187 13.33 0.12 0.1 0.6 399
2 0.375 13.33 0.12 0.1 0.6 799
3 0.75 13.33 0.12 0.1 0.6 1599
4 1.125 13.33 0.12 0.1 0.6 2398
5 1.5 13.33 0.12 0.1 06 3198
6 1.875 13.33 0.12 0.1 0.6 3997
7 2.25 13.33 0.12 0.1 0.6 4796
8 2.812 13.33 0.12 0.1 06 5994
9 3.374 13.33 0.12 0.1 0.6 7192
10 4.049 13.33 0.12 0.1 0.6 8631
11 4.859 13.33 0.12 0.1 0.6 10358
12 5.831 13.33 0.12 0.1 0.6 12430
13 6.997 13.33 0.12 0.1 0.6 14916
14 8.3964 13.33 0.12 0.1 0.6 17899
15 10.076 13.33 0.12 0.1 0.6 21479
16 0.187 13.33 0.4 0.1 0.6 399
17 0.375 13.33 0.4 0.1 0.6 799
18 0.75 13.33 04 0.1 0.6 1599
19 1.125 13.33 0.4 0.1 0.6 2398
20 1.5 13.33 0.4 0.1 0.6 3198
21 1.875 13.33 0.4 0.1 0.6 3997
22 2.25 13.33 0.4 0.1 0.6 4796
23 2.812 13.33 0.4 0.1 0.6 5994
24 3.374 13.33 0.4 0.1 0.6 7192
25 4.049 13.33 0.4 0.1 0.6 8631
26 4.859 13.33 0.4 0.1 0.6 10358
27 5.831 13.33 0.4 0.1 06 12430
28 6.997 13.33 0.4 0.1 0.6 14916
29 8.3964 13.33 0.4 0.1 0.6 17899
30 10.076 13.33 04 0.1 0.6 21479
31 0.187 13.33 0.8 0.1 0.6 399
32 0.375 13.33 0.8 0.1 06 799
33 0.75 13.33 0.8 0.1 0.6 1599
34 1.125 13.33 0.8 0.1 0.6 2398
35 1.5 13.33 0.8 0.1 0.6 3198
36 1.875 13.33 0.8 0.1 06 3997
37 2.25 13.33 0.8 0.1 0.6 4796
38 2.812 13.33 0.8 0.1 06 5994
39 3.374 13.33 0.8 0.1 0.6 7192
40 4.049 13.33 0.8 0.1 06 8631
41 4.859 13.33 0.8 0.1 0.6 10358
42 5.831 13.33 0.8 0.1 0.6 12430
43 6.997 13.33 0.8 0.1 0.6 14916
44 8.3964 13.33 0.8 0.1 0.6 17899
45 10.076 13.33 0.8 0.1 06 21479
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In cases 1 — 15, the wall friction coefficients g, were set to 0.12 and the particle
friction coefficients z, were set to 0.1. In cases 16 — 30, the wall friction coefficients
u,, were set to 0.4 and the particle friction coefficients x, were set to 0.1. Lastly, in
cases 31 — 45, the wall friction coefficients x, were set to 0.8 and the particle friction
coefficients 4, were set to 0.1. The simulation time for these dynamic cases was set to

320 seconds, except cases 13 — 15, 27 — 30 and 42 — 45 were set to 460 seconds to make
sure the average radial pressure and force on the piston were in the relaxation state. All
of the dynamic cases have the diameter ratio D/d set to 13.33 and the piston was moved

downwards to activate the wall friction.

4.4.2 Results for the Whole Cylinder
The results for the whole cylinder are described in this section. The piston force is being

studied here to confirm the behavior predicted by Janssen’s model where

3
F*(H/D)zlﬂ%)—/ﬂ(l—e"’“’”m). In the Janssen’s prediction, the F* is a

. In order to calculate this dimensionless

dimensionless force and A =4u—— 1
1+sin (tan‘ y7,

1-sin (tan_1 ,u)
force, the piston force F, is being normalized by a single particle weight and therefore

L
- pgrd®

The results shown in the Figure 4.4 below are extended, from H/D =2.4 to H/D =
10.076, from those in [6]. The circles, diamonds and x are the simulated data from cases

1-15, 16 — 30 and 31 — 45 respectively. The dashed lines and the solid line are the
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Figure 4.6 shows both normal pressure, Pyy, and average radial pressure, <Prr>, become
constant around 260 to 270 seconds. The last 20 seconds of data are then averaged.
However, the graph shows the average radial pressure took a longer time to reach its
relaxation than the normal pressure as the piston moves. The normal pressure becomes
constant almost immediately after the piston itself starts to move; around 5 seconds, as
shown in Figure 4.7. However, the average radial pressure still had not shown any sign
of becoming constant by this time. This is expected because the average radial pressure
mostly depends on the packing configuration of the system. When the piston floor starts
to move down, the lower layer of the particles starts to lose its packing configuration, and
the loss of packing configuration will begin to propagate to the top layer. This can be
seen in Figure 4.7 where the average radial pressure starts to decrease as the piston starts
to move down, and as soon as the propagation stops, (note the piston still moves down),
the radial pressure starts to increase. The increase in the average radial pressure occurs
because all of the particles are trying to reconfigure themselves into a new packing
configuration. As these particles try to repack, the interaction between the particles and
the cylindrical wall increases, thus increasing the average radial pressure.

Figure 4.8 below shows the evolution of the average radial pressure. The system
reaches relaxation at different time depending on the fill height. With fill height H/D =
0.809, the average radial pressure <Prr> reaches relaxation much faster. As mentioned
before, the velocity of the piston is 0.001 diameters per second and therefore, from Figure
4.8, the distance estimated that the piston moved for the average radial pressure to reach
relaxation is 0.002 diameters in the case of H/D = 0.809. Therefore, for H/D = 1.5 and

2.812, the piston moved a distance of 0.165 and 0.24 respectively. As Figure 4.8 shows,
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however, the author believes this behavior may be related to the creation and destruction
of force chains that have been reported in the literature [4, 16]. This result is in contrast
to the behavior of the radial pressure versus the fill height; as the fill height increases the

average radial pressure increases as shown in Figure 4.5.

4.2.4 Results for the Average Radial Pressure in Vertical Cross Section Layers

The average radial pressure within vertical cross section layers of the cylinder has been
computed in order to understand the behaviors observed from section 4.2.3. These
simulations were performed with the cylinder being sliced into numbers of symmetrical
vertical cross section layers, with the fill height fixed.

Figure 4.14 below shows that the average radial pressure at the center of the
cylinder is nearly zero, and as it gets close to the wall, the average radial pressure
increases. This is mainly due to the forces from the weight being translated into the
radial force as a result of the reconfiguration of the particles. Notice that the average
radial pressure here is a differential pressure; in other words the average radial pressure

calculated here is for each different R/d. As a check of the simulation results,
using _[P,,d(R/d) =<P,r>, one can estimate the total average radial pressure of the

cylinder to be around 3191.3 N/m?; in the simulation the pressure at the wall is 2785.2
N/m?. This shows that the pressure between the particle-wall contact is much higher

then the pressure in the particle-particle contact.


















CHAPTER 5

CONCLUSIONS AND FURTHER WORK

5.1  Conclusions

Discrete element simulations were performed to measure radial pressure and piston load
of a cylindrical vessel. The granular materials used in these simulations were
monodisperse with frictional inelastic spheres. The cylinder was set to 13.33 particle
diameters for these radial pressure and piston load computations, and the fill heights are
range from 0.262 to 10.172. The wall friction coefficients used in these simulations were
set from 0.12 to 0.8 and the inter-particle friction coefficient set to 0.1 for all of the cases.

The radial void fraction calculation was performed in order to evaluate radial
pressure in the cylinder. The parameters that were used in the first set of these
simulations are to compare the experimental data [22]. The other set of the simulations
parameters were taken from published Monte Carlo simulations [20]. The radial void
fraction clearly shows the packing near the wall has a local region of order and this
ordering effect becomes less prominent near the center of the cylinder. In addition, the
ordering effect also can be seen at the bottom piston and this base effect is dependent on
the fill height [21]. The simulated radial void fraction results show the packing algorithm
can accurately simulate the static equilibrium positions for the loose packing of packed
beds.

Static simulations were performed in which the wall friction was not activated.
This was done by using a stationary piston at the bottom of the cylinder. The simulated

average radial pressure and piston load versus fill height was found to have hydrostatic
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behavior. The behavior for the static results was expected; where the fill heights
increases, the radial pressure and piston load increases [6]. In addition, the simulation
results show that the radial pressure was smaller than in dynamic simulations that were
done in this thesis as well. This phenomenon was due to the fact that the wall friction
was not activated, and therefore the radial pressures were only from inner-particle
contacts.

Dynamic simulations were performed in which the wall friction was activated by
translating the piston on the cylinder floor downwards with relatively small velocity. The
simulation results show that the average radial pressure takes longer to reach equilibrium
than the normal pressure at the bottom of the piston. The different in time between the
radial pressure and the normal pressure depends on the height of the packed bed. In
addition, the average radial pressure is strongly dependent on the packing configuration
of the system. This dependence was found by calculating the average radial pressure in
cross section layers of the cylinder. The results show that at the bottom of the pack, the
average radial pressure shows small fluctuations. However, this fluctuation becomes
more prominent as the cross section layers are close to the top of the cylinder. It is
conjectured that the observed fluctuation behavior of the average radial pressure as the
floor translates is a manifestation of the creation and destruction of force chains that have
been reported in the literature [4, 19].

In addition to the dynamic simulations, the simulated average radial pressure
shows that the particle-particle contact has less force then the particle-wall contact and
has been investigated by Landry et al [16]. We show that as the fill height increases, the

wall friction supports a greater fraction of the system weight in contrast to the normal
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pressure. Furthermore, this ability to support the system weight grows with increasing
the wall coefficient friction.

The dynamic simulated piston load agreed closely with the functional form of
Janssen’s theory for the diameter ratios. The simulation results show, as the fill height
increases, the piston load becomes equilibrated and compares well with physical
experiments and simulation results reported in the literature [6, 27]. The equilibrated
region was caused by the friction coefficient of the wall. Moreover, as the wall
coefficient friction increases, the piston load becomes equilibrated sooner because a
greater weight of the particles is being supported by the wall friction as the fill height
increases. In addition, the normal pressure on the piston versus average radial pressure
graph shows a hydrostatic behavior in lower fill heights, but as fill heights increases, the
linearity disappeared. This is because, there are fewer particles in the lower region of fill
heights thus preventing the wall friction from taking full effect. As the fill heights
increases, the wall friction takes effect and the average radial pressure increases as the
normal pressure equilibrated.

The study of the radial pressure and the normal pressure violates Janssen’s
assumption that the lateral stress is a fixed fraction of the axial stress. Additionally, the
pressure distribution across a horizontal layer is not uniform in a granular assembly as

shown in these results.
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5.2 Further Work

The work of this thesis provides a guideline for further work to better understand granular

science. The list below shows some suggestions for further work.

A.

Investigate cross section and radial layers of the cylinder vessel with a bigger
system. The investigation should focus on the fluctuations in the system and
the effect of fill height to these fluctuations.

Place a mass (or a mass particle) on top of the pack and see the effect of the
radial pressure. Then increase the weight of the mass and see the associated
changes to the radial pressure.

Investigate the force chain of the system and relate the work to the
fluctuations in the average radial pressure.

Analyze the average radial pressure with higher floor velocities and
understand the relationship between the floor velocity and radial pressure of

the system.



APPENDIX A

MODIFICATIONS TO THE DEM CODE

This appendix details changes to the DEM code that for this thesis. Changes are

described in an order of: a. which subroutine, b. where did modification take place and c.

the modified code.

Main Program 3dshear.f

The following lines of code initialized some of the parameters used in the simulation.
pi 3.141592653589798
ccpack = 0.7404804
half = 0.5
third = 0.33333333333
fourth = 0.25
fifth = 0.2
sixth = 0.166666666667
twith = 0.05
tenth = 0.1
one = 1.0
two = 2.0
three = 3.0
four = 4.0
ten = 10.0
trifle = 1.0D-10
huge = 1.0D+10

. mtl =1

is0 = 0
ircg = 0

Main Program 3dshear.f

The following lines of code open the new output files in the simulation.

open (43, file='zradvol',status ='unknown')
open (45, file="'zprrp', status="unknown’)
open (46, file="'zflprrp',status="unknown')
open (47, file="'zdata',status="unknown')

Main Program 3dshear.f
The following lines of code added to run the new subroutine radfrac.f.
c————= calculate interparticle for rzone
if(t.gt.tout+dtout-half*dt) then
c write(45,*)t
call radfrac
endif
c
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Subroutine datasav2.f
The following lines of code print out the results for average radial pressure.

c—— modification by Meng Cui to print the stress
c write (46,5001)t, cprrp,cflprrp

do 800 n=1,nrzone

do 801 m=1,nyzone

write (45,5000) n,m,anprrp(n,m),danprrp(n,m)

5000 format(i3,1i3,1x,2el12.4,1x,2el2.4)
5001 format (2(2el2.4))
801 continue
800 continue

Subroutine diagnos2.f
The following lines of code calculate the radial pressure.

do 180 n=1,nrzone

do 181 m=1,nyzone
anprrp(n,m) = anprrp(n,m) + ABS(danprrp(n,m)*vorzoni(n,m))
flprrp(n,m) = flprrp(n,m) + dflprrp{(n,m)*voyzoni (m)

cprrp = cprrp + danprrp(n,m)*vorzoni (n,m)
cflprrp = cflprrp + dflprrp(n,m)*voyzoni (m)

181 continue
180 continue
c

Subroutine forces.f
The following lines of code calculate the radial pressure under force subroutine.

c
do 28 n=1,nrzone
do 29 m=1,nyzone

if((vfrac(n,m,i).eq.0.0).and. (rrfr.eq.0.0)) then
goto 29
endif

danprrp(n,m) = danprrp(n,m) + vfrac(n,m,1i)*rrfr
dflprrp(n,m) dflprrp(n,m) + vfrac(n,m,i)*rnfn(5)

It

c
o) if (danprrp(n,m).eq.NAN) then
c write (43, *)rrfr,radialforce, raddistij
c endif
c
29 continue
28 continue



APPENDIX B

VOLFRAC.F SUBROUTINE

In this appendix, subroutine volfrac.f is used in the FORTRAN code to compute the

control volume of the sphere particle.

CE3%352%52%%52%%%%222232%%%522%9%5%%%5%0%9%99%2%8%903%0%%%5%%2%%%%%%%%%%%%
¢ subroutine radfrac.f will calculate the volume fraction of a sphere
¢ inside
¢ an annular layer created Oct.22 2007 by Meng Cui
¢ updated on Jan. 31 2008
c

subroutine radfrac

include 's3dscmm'’

integer*4 iter

real*8 area,cellvol (mp),dal,dah,deltar,deltay

real*8 p,r,rady,rp,rstart,rstop,rvol (mp),radsol

real*8 ybot,ytop,ymax,ylocation,yvol

real*8 radialvol (mp),totv{mp),totalvol,volcylinder

real*8 solidfrac
c
CE33%%%2%5%529%5%%9%0%539%%%2%2%%%%9%%%%%%%2%%%823%%%2%%3%3%%%%%%3%%%9%%¢%
c
Cm==—==- setup numbers of intervals

iter=1500
c
c—————- Calculate maxium height of the particles in the cylinder

ymax = y(1)

do 100 h=indl, ind2
if(y(h).gt.ymax) then
ymax = y(h)
endif
100 continue
ymax = ymax + radius(l)

totalvol = 0.0
solidfrac = 0.0

do 101 n=1,nrzone
rvol(n) = 0.0
cellvol(n) = 0.0
101 continue

c
Cm=—==-- Calculate the maxium volume of the cylinder
Cm—m=== This is not the real volume of the cylinder
Cm—m——== Only use this for solid fraction calculations
volcylinder = pi*(radius(3)*radius(3))*ymax
c
Cm—=m—-= Loop the particles
do 1 i=indl, ind2
c
c-———-- calculate the total volume of the particle
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totv(i) = 4.*third*pi*rad(i)*rad(i)*rad(i)

—————— calculate the distance between a particle and the cylinder
rp=sqrt(x(i)*x(i)+z(1i)*z (1))

—————— Setup r-—-zone
do 2 n=1,nrzone
rstart = (n-1)*drzone
rstop = n*drzone

—————— Calculate cell volume
cellvol(n) = pi*((rstop*rstop)-(rstart*rstart))*ymax

—————— Setup y-zone
do 3 m=1,nyzone
ybot = (m-1)*dyzone
ytop = m*dyzone

—————— setup intervals in r-y-zone
deltar = (rstop-rstart)/iter
deltay = (ytop-ybot)/iter

—————— initalize the radialvol (i)
radialvol (i) = 0.0
vorzoni (n,m)=pi* ((rstop*rstop)-(rstart*rstart)) *ymax

—————— loop the intervals in y-zone
do 4 j=1,iter
ylocation=ybot+((j-1)*deltay)
if (abs(ylocation-y(i})).ge.rad(i)) then

goto 4
endif
rady=sqrt ((rad(i)*rad(i))-((ylocation-y(i))
1 * (ylocation-y(1))))

—————— initalize the area
area = 0.0

—————— loop the intervals in r-zone
do 5 k=1,iter
r = rstart + (k*deltar)

—————— CASE 1
if ({(rt+trady).le.rp) then
goto 5
—————— CASE 2
elseif ((r.gt.rady).and. ((r-rady).ge.rp)) then
goto 5
—————— CASE 3
elseif((r.lt.rady).and. ({(rady-r).ge.rp)) then
p = 2*pi*r
------ CASE 4
else
dal = (r*r-rady*radytrp*rp) / (2*rp)

It

dah sqrt (r*r-dal*dal)
theta = 2* (ATAN (dah/dal))
p = theta*r



3000

500

endif

calculate the area of this section
area = area + p*deltar

continue

calculate volume of the section
radialvol (i) = radialvol(i) + area*deltay

continue

Calculation of volume fraction
vfrac(n,m,i) = radialvol(i) / totwv (i)

Calculate volume in the entire r-zone
rvol (n) = rvol(n) + radialvol (i)

continue

Calculate the volume in the entire y-cell
yvol = yvol + rvol(n)

continue

The volume of the entire cylinder
totalvol = totalvol + yvol

continue
Solid Fraction for the entire cylinder
Not very useful

solidfrac = totalvol/volcylinder

do 3000 n=1,nrzone
radsolid = rvol(n)/cellvol{(n)
write(43,500)n,t, radsolid, ymax
continue

format (i3,2(1x,4el2.4))

end
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