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ABSTRACT
BUCKLING OF COMPOSITE CONICAL SHELLS
UNDER COMBINED AXIAL COMPRESSION,
EXTERNAL PRESSURE, AND BENDING

by
Youngjin Chung

Conical shells are extensively used in space crafts, robots, shelters, domes, tanks, and in
machinery or devices (e.g. as Belleville washers). Thus, the design of minimum weight,
maximum strength, stiffened conical (and cylindrical) shells under combined loads has
long been of interest to designers. The objective of this study is to improve the strength of
conical shells and reduce the weight of the structure. Buckling of composite conical
shells subjected to combined axial loading, external pressure, and bending is investigated
using energy and finite element methods. The conical shells have single and multiple
layers, different cone angle, length, and radius. These parameters are considered to
determine optimal condition against loads. It shall be demonstrated that these layers will
improve buckling values of compression, external pressure, and bending of the composite
shell. The applied loading is resisted primarily by in-plane stresses of the conical shell.
Donnell-type shell theory and Minimum Potential Energy Methods are presented
for linear bending analysis of composite laminated conical shells with isotropic and
orthotropic stretching-bending coupling under combined loading. The buckling equations
for the shells are expressed in terms of displacements. The solution is developed in the
form of a power series in terms of a particularly convenient coordinate system. The
energy method is used to develop the recurrence relations to calculate coefficients of the

series. A set of typical boundary conditions, thicknesses, the direction of layers axes of



orthotropy, number of them, the circumferential wave number, and different materials are
considered to analyze the buckliné. '

The energy solution is extended to include the buckling of composite cones
subjected to combined loads. This step shows clearly what type of load contributes more
than other loads for buckling. The parameters for the cones are also investigated to find
the interesting values for strong structures. Finite Element Analysis is extensively used to
verify the results. The numerical solutions obtained are also compared with those of

cylinders.
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CHAPTER 1

INTRODUCTION

1.1 Background and Outlines

The demands of conical shells used in space crafts, robots, shelters, domes, tanks, and in
machinery or devices (Belleville washers) are extensive. Thus, the design of minimum
weight, maximum strength, stiffened conical and cylindrical shells under combined load
has long been of interest to designers. The advent of high strength, light weight,
composite materials has resulted in broad use of multi-layered shells. Many distinctive
researchers have improved the strength of the shells changing the thicknesses, the
direction of layer axes of orthotropy, and number of them, or introducing fiber
reinforcements. These changes improve the resistance of buckling, under bending and
axial loads of the cone or cylinder.

The general case of buckling analysis of conical shells by the “equilibrium
method” represents a very complicated mathematical problem [28]. Only a few solutions
for simplified particular cases have been obtained. These involve considerable difficulty
and subtlety. The energy methods are usually more efficient than the equilibrium
approaches and lead to move accurate results [35].

In the following development, a procedure for buckling analysis of single layer
isotropic, orthotropic and laminated shells under axial compression, external pressure,
and bending is considered. For these shells, the combinations of the geometrical

symmetry, length, thickness, and material property characteristics are important factors.



Energy method is used to. develop the recurrence relations for pure bending and

combined loads. The effects of boundary conditions and elastic coefficients on buckling

of loads are studied. The procedure consists of the following steps:

1)

2)

3)

4)

5)

6)

7)

The buckling equations for isotropic and orthotropic conical shells under
combined loads are expréssed in terms of displacements.

Item (1) is repeated for multilayered composite conical shells with more
complicate form.

Displacements developed in series form. Then, governing equations for the
cases described in item (1) and (2) are solved for the critical buckling loads of

axial compression P,

>, outer pressure g, , and pure bending M, satisfying the
set of boundary conditions.

Results of item (3) are extended to different thickness, different length, and
different materials.

Results of combined analysis for pre-loading with axial compression, outer
pressure, and pure bending.

An independent, extensive, Finite Element Analysis will be made to verify the

results of item (3).

Results and conclusions.

1.2 Objective

To make strong structure with light weight material, thickness, material properties, the

direction of material, and number of layers for composite structure are considered. The

demands of conical shells show the importance of the applications, such as space ships,



connections with two different diameter cylinders, Belleville washers and even cola can
(Appendix B.1). Those conical shells exposed to various loads. The loads are not single
direction but multiple directions. To resist the multiple loads, combined loads analysis is
necessary. Typical buckling loads are axial compression and outer pressure. The buckling
loads of conical shell with pure bending is déveloped using minimum potential energy
method and power series method [31]. This research is concentrated on the combination

of loads and what combination is more effective with these combined loads.



CHAPTER 2

LITERATURE SURVEY

Donnell [9] shows a theory for the buckling of thin cylinder with moderately large
deformation, which permits initial eccentricitieé or deviations from cylindrical shape.
Donnell [10] and Timoshenko [28] also shows the range of the relation between the half
wave length of the deflection and the radius. The stability of circular cylindrical shells
under pure bending is investigated by Seide and Weingarten [25]. Analyses are presented
for solving the buckling problems of laminated, with the linear problem of hetrogeneous
anisotropic long cylindrical shells under axial compression and bending by Ugural [33,
36] and Fliigge [11] derived nonuniform axial compression introducing dimensionless
load parameters.

The buckling analysis of conical shells has been extensively studied by the
areonautical industry. A simple formula was developed for the buckling of isotropic
conical shells under axial compression for long cone of constant thickness compared with
cylinder of equal thickness by Seide [23]. Seide [24] also made an attempt to prove the
developed formula for the critical value of cylinder and cone. For orthotropic shells there
have been fewer studies. By using the expressions for middle-surface displacement strain
relations given by Seide [22], Singer [26] derived a set of equations for the buckling of
orthotropic conical shells using the stress-strain relations for a homogeneous orthotropic
material in generalized plane stress and four independent elastic constants. Baruch [5]

explained the essential difference between cylinder and cone with boundary conditions.



Chang and Katz [7] studied buckling of axially compressed conical shells with proper
boundary condition. |

The derivation procedures of general shells are explained using minimum
potential energy criterion by Brush [6]. An energy procedure in series form of a
particularly convenient coordinate system was developed by Liyong Tong et al [31] for
buckling analysis of isotropic conical shells. Liyong Tong and T. K. Wang [29, 32]
developed a procedure for buckling analysis of laminated conical shells, with stretching-
bending coupling, under axial compression and external pressure. And Liyong Tong et al
[30] presented for bending analysis of orthotropic conical shells.

The combined loads, axial compression, external pressure, and pure bending of
composite laminated conical shells, with which this thesis is concerned, may be practical
importance. It appears that there is no significant publication in the literature which
covers the buckling problem of laminated composite cones under axial compression,

external pressure and pure bending or nonuniform axial compression.



CHAPTER 3
THEORY OF ORTHOTROPIC CONICAL SHELLS
UNDER COMBINED LOADS
3.1 Introduction
The definition of buckling can be a sudden large, lateral deflection of a structure due to a
small increase in an existing compression load [34]. To understand the conical shells, the
theory of plates and shells is necessary. Plates and shells are initially flat and curved
surface structures, respectively, where thicknesses are slight compared to their other
dimensions. Shells are often defined as thin when the ratio of thickness A to radius
curvature r is equal to or less than 1/20.

This work analyzes the buckling of orthotropic conical shells under axial
compression, external pressure, and bending. The treatment is based upon Donnell-type
‘shallow shell theory’ (Appendix B.3) governing equations for conical shells. The
parameters such as thickness, angle, radius of the cone, and material properties are

considered to determine optimal condition against loads.

Figure 3.1 Conical shell: (a) dimensions and loads

6



(b) (©)

Figure 3.1 (Cont’d) Conical shell
(b) Uniform axial loading (c) Nonuniform axial loading and external pressure

The cone geometry, dimensions, and loading are in Figure 3.1 and force resultants [37]

are in Figure 3.2.

Figure 3.2 Shell elements: (a) under force resultants ;
(b) under moment and shear force resultants.

* The notation N is employed to denote N, + (dN, /o )dx etc.



3.2 Strain - Displaceinent Relations
The radius of the conical shell at an arbitrary distance x, referring to Figure 3.1 may be
conveniently expressed as follows
R(x)= R, + xsina. 3.1

The strains and curvature changes in the middle surface of the conical shell are expressed

as follows [32].
. _§_U_+1(ﬁ)z
* T ko 2\ ok
g_Usina—Wcosa+ 1 £+l 1 ﬂ2
° R(x) R(x) dp 2\ R(x) 9¢
1 JU Vsina oV 1 oWow
N S S card
;W
Zx_— &2

__sinao"W_ 1 W
X ="RG) & R(x) 98

__9[ 1L W
Zxo =" 5| R ¢

3.3 Stress Resultant - Strain Relations

Resultant force obtained by Hooke’s Law for orthotropic layer is expressed {o}= [Q'](e}

and considering thickness {N }= {cr}- h . More details are in chapter 4.

ar h

(N.] [A» A2 0 0 0 © .
N, Ay A, 00 0 0 &
‘Nm= 0 0 A, O 0 O {25“,’ 53
M, 0 0 O D, D, 0| x
M, 0 0 O D, D, O] %
(My,)] LO 0 0 0 0 Dgl2%,




The material rigidities A;and D, (i, j = 1,2,6) for a typical orthotropic layer are

calculated from the following equations:

A = E_ h N Vo Eh
T S E A
v _E. h E.h
x99 [4
- _ =—2 - =G_h 34
L1V, 2 1=V, A =G G4
" 12a-v,v,) TR 12(0-v,v,)
X9 ¢x xQ
3
V,,E,h En’ _ G

D =———, D, =—, D =
T12(-v,v,)" TR 120-v,y,)T T 12

where h is the thickness of the shell. If the layer is isotropic, E, = E, = E,

Vo =Ve=V,and V E, =V, E

The cone is subjected to an axially compressive load P, per unit width, external
pressure g, and bending moment load M. Let

N,=P +Pcos¢ (3.5)
It can be verified that [2 and 3] :

Mc MQR(x) M,
1 TR G R (3.6)

F,=0,=

Under this loading, we have

P+2 + xsin @)xsin M
= qn(R, + xsin @)x sin P cos ¢ 3.7)
27nR(x)cos o 7IR“(x)cos &

_ gR(x)
T cosa (3.8)

90

where N, N,, are membrane forces per unit width at critical state [31].
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3.4 Application of the Principle of Minimum Potential Energy
For linear buckling analysis of conical shells with isotropic and orthotropic single layer
under axial compression and bending, adopting the shallow shell theory [10] of Donnell-

type in Appendix B.3 and the minimum total potential energy principle [6] :

oN sind¢ 1 ON
£+(N,-N = =
ox tN, ")R(x)+R(x) d¢ 0

oN i oN
,¢+2smaN 4 1 * -0

x R Y Rkx 3¢ (520

o’ [R(x)M,] s'noza o4 1 IM, 2 i [R(x)M ,]
P -8l X
ox? * dx  R(x) 99>  R(x) dxd¢ *
1 o ow 1 0 ow
N, + ——— [N R(x) 2]+ —— — [N, —] =
reosaN, b gy ek e g e 51 70

In the foregoing equations, we have the potential energy function is I1=U, - Q. Here

U,, and Q represent the strain energy and work, respectively from Appendix A.

3.5 Governing Differential Equations
Let the differential operators L, (i, j=123) and L, are expressed using reference [31]
given in the Appendix A ( A.13-15). Substituting N,,N,,N ,,M_,M,,and M, from

Eq. (3.3) into Eq. (3.9a-c), we have

LU+ L,V + LW =0
LU+L,V+L,W=0 (3.10a-c)
LU+L,V+L,W+L,W=0

The quantities L,,,L,,, -+, are defined in Appendix A (A.16 through A.24)
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3.6 Stress Resultant - Displacement Relations
We now substitute Egs. (3.2) into (3.3) to obtain the force and moment stress resultants

for an orthotropic conical shell. In so doing, we have

3 - -

' NX lll llZ ll3
N¢ lZl 122 lZ3 U
) Nx¢ { 131 l32 0 V (311)
M [ ]0o o I,
Mm,| o o 1, |V
M x) L 0 0 l63

d A,sina = A, J | __A,cosa

Here lil = A,-, g*‘ R(x) y b = 7{6 a¢’ i3 R(x)
_ Ay 9 3 d sina
131 - R(x) a¢ ’ l32 - A66(& R(x) (312)
P Jd* Dysinad D, & ;= _Dss a( 1 d
BTN R(x) & R x)d9* " T R(x) & R(x) g
where i=1,2and j=3+1.
The transverse shear force resultants are from Reference [31]
1 4 M,sinc 1 oM,,
Q= Ry o ROM = o * R0 98
_ J ROOM M, sina 1 oM, 3.13)
Qs = Ry & ROM It = S R0 90 ©.

3.7 Boundary Conditions
For the conical shell loaded as shown in Figure 3.1, the conditions at ends x =+ L/2 may

be expressed as follows :

Case 1: Simply-supported boundary conditions at x =+ L/2.

SSI:N, =N, =M _=W=0
SS2:N,=U=M =W=0
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SS3:V=N,=M =W=0 | (3.14)
SS4:V=U=M_=W-=

Case 2: Clamped or built-in boundary conditions at x =+ L/2.

w

CCLiN, =N, == =W =0
ow
CCZN,, =U=Z-=W=0
CC3:V=NX=%;£=W=O (3.15)
ow
4V =0 =—= =
CC U gy W=0

3.8 Special Cases of Orthotropic Conical Shells
Donnell-Type Governing Equation for orthotropic conical shells developed in Sec.3.5,
degenerate to those of cylindrical shells when o is set equal to zero (Figure 3.3(a)).
When « is 90° (Figure 3.3(b)) the differential operators L,,, L,;, L,, and L,, approach
zero and the three equilibrium equations become independent, that is the first two
equations will then describe the in-plane problem and the third, the buckling problem of

circular plates under axially symmetric in-plane loading.

AL WA
V

e
]
\—

(a) (b)

Figure 3.3 Special cases of composite conical shells (a) « =0 (b) ¢ = ﬂ/ 2
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3.9 Modified Governing Differential Equations

To change equations more convenient form, multiply for the first two and the third of
equations of Egs. (3.10) by R*(x) and R*(x), respectively.
In so doing, we have

LU+LV+L;W=0

" U+LV+LW=0 (3.16a-c)
1 2 3

LU+LV+LW+LW=0

Here

L, =R(x)L,, L, = R* (X)L, -+ L, = R* (X)L, . and
L, = R*(x)L,

3.10 Displacement Functions for Axial and Outer Pressure Loading

We shell assume solutions of the following series :

U =u(x)cosng, V =v(x)sinng, W=w(x)cosng (3.17)
where
u(x)= ya,x", v(x)=Ybx", wx)=)cx" (3.18)
m=0 m=0 m=0

n is an integer representing the circumferential wave number of the buckled shell and m
is the terms of power series.
Using Eq. (3.11), resultant forces and moments can be obtained to apply boundary

conditions.

N =-
* R( ) m=1

™ sinng

sm o

R( ) =
N, =A, Zma x" cosngz)-t—A12 R( )Za x" cosng

m=0

Zb x"sinng
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cos
t e )be coan)—A’;e( ) Z%c x" cosng (3.19)
' D a
M, =—D"2m(m e, x" " cosng— ,}2;111) zmc x"' cosng
m=1
Rz( )Zc x" cosng
m=0
U= zamx"' cosng V= Ebmx’" sinng
m=0 m=0
W= zcmx"' cosng a—W =Y mc,x"" cosng
m=0 ax m=1

Recurrence Relations:

Eqgs. (3.17) and (3.18) into Eq. (3.16) and using Eqgs. (3.1) and L:.j to obtain the following

recurrence relations:

Ay = Gy + G128, + Gy 3D, + G b, + G50,y + Gy,

b,., = Gy a,, +G,,a, +G,.b,, +G, b, +G,.c, (3.20)

Ces = G31@py +G3,a, +Gyaa, | + G3 4y +Gish, + Gy, +Gy,b,
+G35Cp3 t Gy 9Crin + Gy 3oCpry + G y5C,, + Gs,lzcm-l + G3,13cm—2 + G3,1acm—3

(m=0,L2,...)
where the coefficients G, ; [(i, ) =(1,6), (2,5), and (3,14)] are given in the Appendix C
(C.1 through C.25). The above recurrence relations allow one to express the unknown
constants a,,b,(m22) and c,(m=4) in terms of a,,a,,b,,b,,c,,c;,c, and c,.
Therefore the general form of u(x),v(x) and w(x) may be written [31] as

u(x) = w(x)ay +u,(x)a, + uy(x)b, +u,(x)b,

+ u(x)cy + ug(x)c; + uy(x)c, +ug(x)c,
v(x) = v,(x)a, + v,(x)a, + v4(x)b, + v, (x)b,

+ v5(x)cy +ve(x)c, +v,(x)c, + vg(x)c,
w(x) = w,(x)a, + wy(x)a, + w,(x)b, + w,(x)b,

(3.21)

+ w(x)cy + we(x)e, +w,(x)c, + wy(x)c,
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Here u,(x),v,(x) and w,(x), (i=1,2,...,8), are the base functions of u(x),v(x) and
w(x), respectively and a,, a,, by, b,, ¢,, ¢,, ¢, and c; are the unknowns to be determined

by imposing the boundary conditions at both ends of the cone. When m becomes large
enough using Egs. (3.20) with Appendix C (C.1 through C.25), we have the condition for
convergence [31]

R >0. (3.22)

3.11 Displacement Functions for Pure Bending

We shell assume solutions of the following series for bending analysis:
U= u(x)cosng, V= v(x)sinng, W= w(x)cosng (3.23)
n=1 n=] n=1

Using Eq. (3.18)

M

U= iamnx"' cosng, V= iibmnx'" sinng, W= iicmnx” cosng (3.24)
m=0

n=l m=0 n=1 m=0

]
—

n

n is an integer representing the circumferential wave number of the buckled shell and m
is terms of power series.

Recurrence Relations:

Eqgs. (3.24) into Eq. (3.16) and using Egs. (3.1) and LU to obtain the following recurrence

relations with Fliigge’s [11] derive way using additional coefficients in Appendix C

(C.26 through C.31):
Apiyn = G118 + G128, + G50, + G iby, + G 5Cpun + GC,
bpizn =Gp18pn +G12a,, +Gy3b,, + Gyub,, + G5, , (3.25)
Crsan = Gay@nun +C328,, + G358, + Gy 40,5, +Gs5b,, +Gsb, .,
+G39bp 00 + O35Cmi3n + G;.9cm+2 nt G;,9cm+2 1 T G;,9cm+2 n+l
+ G;.locmﬂ nt G;.locmﬂ na T G;,locmﬂ T G;.llcm "t G;.llcm n1t G;,llcm n+l
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+G315C 00 T G315C00, + G;314Cm-3r

The first equations (n=0, n=1) have some irregularities, they are usually little importance

[6].

3.12 Determination of Stress Resultants

The three displacements U,V and W can be obtained from the buckling of cones under
axial compressive loads, outer pressure, and pure bending. Then the three displacements
may be used to calculate the membrane forcesN,, N,and N, the bending
moments M, M, and M_,in Eqs(3.19). Equations (3.13) now yields the transverse shear
force O, and Q, may be obtained to find the critical buckling load.

The critical buckling loads and the corresponding buckling patterns can finally be
obtained by equating the determinants of the coefficients matrix obtained after the
imposition of the eight boundary conditions to zero. This determinant is the buckling

condition of the shell.



CHAPTER 4
THEORY OF MULTILAYERED COMPOSITE CONICAL SHELLS
UNDER COMBINED LOADS
4.1 Introduction
This work is to analyze composite conical shells under axial compression, external
pressure, and bending. The treatment is based upon Donnell-type governing equations for
conical shells. A laminate is two or more laminae bonded together to act as an integral
structural element. The laminae principal material directions are oriented to produce a
structural element capable of resisting load in several directions. The stiffness of such a
composite material [21] configuration is obtained from the properties of the constituent
laminae by procedures showed in this chapter. Classical lamination theory is used to
understand multilayered composite conical shells through the chapter.

The procedures enable the analysis of laminates that have individual laminae with
principal material directions oriented at cross-ply to the to the chosen axes of laminate.
Multilayered shells are fabricated such that act as single layer materials. The layers can
not slip over each other, and the displacements remain continuous across the bond. The
parameters such as thickness, angle, radius of the cone, and material properties are
considered to determine optimal condition against loads. The cone geometry, and

dimensions are in Figure 3.1.

4.2 Classical Lamination Theory
Classical lamination theory shows a collection of stress and deformation theories that are

described in this section. Because of the stress and deformation hypotheses that are an

17
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inseparable part of classical lamination theory, it would be classical thin lamination
theory. The common simplification classical lamination theory will be used. First, the
stress-strain relation of an individual lamina is mentioned, and expressed in equation
form for the k-th lamina of a laminate. Then, the variations of stress and strain through
the thickness of the laminate are determined. The laminate stiffnesses, including the

stiffnesses that are used to relate coupling between bending and extension.

4.2.1 Lamina Stress - Strain Relations

The stress-strain relation for the k-th layer of a multilayered laminate are [35] and [1]:

(o} £

o, =10, ¢, 4.1)
O'Xy . Sry .

The term Q, (i, j =1,2,6) of the lamina rigidity matrix [Q;] are determined in Appendix

B.2. The stress-strain relations in arbitrary coordinates, Eq. (4.1), are useful in the
definition of the laminate stiffnesses because of the arbitrary orientation of the constituent

laminae.

4.2.2 Strain and Stress Properties in a Laminate

The concept of the variation of stress and strain through the laminate thickness is
essential to the definition of the extensional, compressive and bending stiffnesses of a
laminate. The laminate is considered to consist of perfectly bonded laminae. In addition,
the bonds are considered to be thin as well as non-shear-deformable. That is, the

displacements are continuous across lamina boundaries so that no lamina can slip relative
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to another. Thus the laminate acts as a single layer with very special properties, but
nevertheless acts as a single layer of material.

Therefore, if the laminate is thin, a line originally straight and perpendicular to the
middle surface of the laminate is assumed to remain straight and perpendicular to the
middle surface when the laminate is extended, compressed, and bent. Requiring the
normal to the middle surface to remain straight and normal under deformation is
equivalent to ignoring the shearing strains in planes perpendicular to the middle surface,

that is, ¥, =¥, =0 where is the direction of the normal to the middle surface. In

addition, the normals are presumed to have constant length so that the strain

perpendicular to the middle surface is ignored, thatis £ =0.

4.2.3 Stress Resultant - Strain Relations
The strains can be expressed in the form of middle surface strains €, £, y,, and middle
surface curvatures x, kK, K, in Xy plane are

£ e K

E, =16 1+2iK, 4.2)
Vo) (Y] |k

Using the strain variation through the thickness, Eq. (4.2), in the stress-strain the

relations, the stresses in k-th layer can be expressed in terms of the laminate middle

surface strains and curvatures as

O-X 82 KX
-0 0
Oyt = [Qv ]k & Tk, 4.3)
0
1‘“ k yxy ny
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The strain-displacement relations - in Eq. (3.2) are same as section 3.2 . Resultant forces

and moments acting on a laminate are obtained by integration of the corresponding

stresses in each layer or lamina through the laminate thickness, h:

'Nx y o, 3 o,
e

N, = r ; o, tdz=Y, [" {0, tdz 4.4)
> k=1 T

;ny Oy Oy

M = o)

X A X N hk X

M, =fy o, tzdz =), . 19, (242 4.5)
03 k=1 k-1

\Mxy Oy O,

where N represents number of layers.

Lamina Number

{

r1 r
A
2
W]
h,
h, Middle Plane
|| l L,
h
h b
h k

Z|

Figure 4.1 Multilayered laminate of a conical shell
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N, is a force per unit length of the cross section of the laminate as shown in

X

Figure 4.2(a). Similarly, M_ is a moment per unit length as shown in Figure 4.2(b).

X

These force and moment resultants do not depend on z after integration, but are functions

of x and y, the coordinates in the plane of the laminate middle surface.

v
=

E
3
2

=

(b)
Figure 4.2 (a) In-plane forces and (b) Moments on a laminate element.

The integration indicated in Eqs. (4.4) and (4.5) can be rearranged to take
advantage of the fact that the stiffness matrix for a lamina is constant within the lamina.
Thus, the stiffness matrix goes outside the integration over each layer, but is within
summation of force and moment resultants for each layer. If the lamina stress-strain

relations, Eq. (4.3), are substituted, stress resultant-strain relations for shell expression are
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In this equations A, B; and D (i, j =1,2,6) are given in the forms :

A= Z(Q,,)k (B, = hgsy)

Z|

B; = Z(Qu ), (b = h(z,‘_,))/ 2 (4.7)

k=1

(Qu )i (hao hi.- 1>)/ 3

TTM2|

Here (Q;),are lamina rigidity of kth layer Jones [12] consisting of N orthotropic
laminae as shown in Figure 4.1. The matrices A, B, and D are called stretching stiffness

matrix, stretching-bending coupling matrix, and bending stiffness matrix, respectively.
The matrix B implies coupling between bending and extension of a laminate. Thus, it is
impossible to pull on laminate that has the matrix B without at the same time bending
and/or twisting the laminate. That is, an extensional force results in not only extensional
deformations, but also twisting and/or bending of the laminate. Also, such a laminate
cannot be subjected to bending without at the same time including extension of the

middle surface.

4.3 Simplification of Laminate Stiffnesses
Some special case of laminates for which the stiffnesses take on certain simplified values

as different from the general form in Eq. (4.7). Some of the cases are almost trivial, other
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cases are more specialized, but all are contributions to the understanding of the idea of
laminate stiffnesses. Many of the cases result from the common practice of constructing
laminates from laminae that have the same material properties and thickness, but have
different orientations of their orthotropy directions relative to one another and relative to
the laminate axes.

According to the types of layer, A.j,B..

ij?

D; can be simplified. The symmetry of
midplane also affects the three stiffness matrices, A, B, and D . For the matrix B can be

zero if laminates in which for each ply above the midplane there is an identical ply placed
an equal distance bellow the midplane. A set of laminated layer ply that no twisting
coupling terms imply that

A¢=B,=D,=0 (i=12)
Among various kind of layer cases, antisymmetric laminates is studied for their physical
applications of laminated composites required nonsymmetric laminates to achieve design

requirement.

4.3.1 Antisymmetric Laminates

Symmetry of a laminate about the middle surface is often effective to avoid coupling
between bending and extension. However, to achieve practical applications, the study of
nonsymmetric laminates is interesting field. For instance, laminate coupling is necessary
to make jet turbine fan blade with pre-twist. As a further example, if the shear stiffness of
a laminate made of laminae with unidirectional fibers must be increased, one way to
achieve this requirement is to position layers at some angle to the laminate axes. To stay

within weight and cost requirements, an even number of such layers may be necessary at
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orientations that alternate fromv layer to layer, e.g. +6/-0/+8/-6. Therefore,
symmetry about the middle surface is changed and the behavioral characteristics of the
laminate can be changed from the symmetric case. Even th. > example laminate is
not symmetric, it is antisymmetric about the middle surface. and certain stiffness
simplifications are possible.

The general case of antisymmetric laminates must havc @1 even number of layers
if adjacent laminae have alternating signs of the principai i.....rial property directions

with respect to the laminate axes. Each pair of layers must have the same thickness. The
only exceptions to the above stipulations occur when the an... of orientation is 0° or
90°. As a consequence of antisymmetry of material properi.... vi generally orthotropic

laminae, but symmetry of their thickness, the extensional coup....o suffness Ay

N
A = Z(Qu‘ )i (hgey = hiy)
k=1

is easily seen to be zero since

Q)46 =—(0;) (4.8)

and layers symmetric about the middle surface have equal 1 »s and hence the same

value of the geometric term multiplying (Q;,), . Similarly, A., i< zero as is the bending

twist coupling stiffness D,
X * 3 3
Dy = Z(Qw)k (g _hu-—n)/?’
k=1

since again Eq. (4.8) holds and the geometric term multiplyin® ~  is the same for two

layers symmetric about the middle surface. The preceding re: applies also for D, .
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(a) (b)

Figure 4.3 (a) Cross-ply laminate (b) Angle-ply laminate

There are two important class of antisymmetric laminates, the antisymmetric cross-ply
laminate and the antisymmetric angle-ply laminate in Figure 4.3. The antisymmetric

cross-ply laminate of an even number of orthotropic laminae is studied.

4.3.2 Antisymmetric Cross-ply Laminates

An antisymmetric cross-ply laminate consists of an even number of orthotropic laminae
laid on each other with principal material directions alternating at 0° and 90° to the
laminate axes as in the simple example of Figure 4.4. This case laminates do not have

Ay, Ay, Dig, and D, , but do have coupling between bending and extension. The

regular antisymmetric cross-ply laminate is defined to have laminae all of equal thickness
and is common because of simplicity of fabrication. As the number of layers increases,

the coupling stiffness B, can be shown to approach zero. The stiffnesses of

antisymmetric cross-ply laminates can be expressed Tong [32] as;
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A, =4, =300, +0x)h . A, =0,h, Ay = Qgh

B, =-B,, =1t%(Q, —sz)hz B, =0, By =0

4N

D, =Dy, = £(Q,, + Q) D, =%0,1, Dy =10k

The expression @, are in Appendix B.2.

The membrane forces at critical state N o, N, are same as Eq. (3.7) and Eq. (3.8) in

section 3.3.

Figure 4.4 Element of a four layer cross-ply composite shell

4.4 Application of the Principle of Minimum Potential Energy

For linear buckling analysis of multilayered composite conical shells under axial

compression and bending, adopting the shallow shell theory [10] of Donnell-type and

the minimum total potential energy principle [6] :

aN sinx 1 aN,w -0

o TN R R 99

oN,, 2sina 1 ON,
- —2=0 4.9a-
ox R(x) ’“’+R(x) 09 (4.9a-c)
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0? - oM 1 o*M 2 9
——I[R M 1-si ¢ (4 R
o RO st 90 RGx) axag XM ]
1 9 W. 1 9., oW,
+cosaN¢+-I}-(—53;[N10R(x)a—x]+m£[1vm%]_o

In the foregoing equations, we have the total potential energy is [1=U, - Q. Here U,,

and Q represent the strain energy and the potential energy, respectively from Appendix
A.
4.5 Governing Differential Equations

Let the differential operators L, (i, j = 1,2,3) and L, are expressed using reference [32]
given in the Appendix A ( A.13-15). Substituting N ,N,,N ,,M .M, and M, from

Eq. (4.6) into Eq. (4.9a-c), we have
LU+ LoV +L,W=0
LU+L,V+L,W=0 (4.10)
LU+L,V+LW+LW=0

The quantities L, L,,,----, are defined in Appendix A (A.25 through A.34).

4.6 Stress Resultant - Displacement Relations
Upon following a procedure similar to that of chapter 3, we obtain the governing

differential equations. For laminated case, the differential operators L,.j(i, j=12,3),

which are more complicated than single layer are developed.
As in the case of shells orthotropic case, substitute Eqs. (3.2) into (4.6) to obtain

the force and moment stress resultants for laminated conical shells. In so doing, we have
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Nx ] -lll llZ ll3_
IIVV¢ iZI §22 523 U
) x9 L 31 32 33 V (411)
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M¢ lSl 152 lS3
{ Mx¢ J _l6l ley les J
In this equation, we have
d A,sina A, d
I =A —+—2—" ] = —
Tk R(x) 2 R(x) do
o Agcosa o & Bysinad B,
BT R(x) k®  R(x) & R*x) dp*
Ay 7 Jd sina
l = -, l.. = _—
OR(x)dp P Aes & R(x)
d( 1 o
l,=-2B,—| ——— 4.
33 66 &(R(x) a¢) ( 12)
Jd B.,sincx B, 07
l =B, —+—2—— ], =—2——
n =B o R(x) 7 R(x)dp
| -—p & Dysinad D, J* B,cosa
BTOTH AT R(x) & RYx)dp*  R(x)
; _ B, d | _B d sina
ST R(x)dp T P T\ ok R(x)

dl 1 2
le; = 2Dy 5[ RG) 0,)—¢J

where i =1,2 and j=3+i. The stiffness A, B;

u’

and D, are defined by Eq. “4.7).

The transverse shear force resultants are same as in section 3.6

4.7 Boundary Conditions

For the conical shell loaded as shown in Figure 3.1, the conditions at ends x = £ L/2 may

be expressed as follows as discussed in Sec. 3.6:
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Case 1: Simply-supported boundary conditions at x =+ L/2.

SSI:N,,=N, =M, =W=0
SSEN,=U=M =W=0

SS3:V=N,=M,=W=0 (3.14)
SS4:V=U=M,=W=0

Case 2: Clamped or built-in boundary conditions at x =+ L/2.

=W=0 (3.15)

4.8 Modified Governing Differential Equations

To change equations more convenient form, multiply for the first two and the third of

equations of Eqgs. (4.10) by R*(x) and R*(x), respectively.

In so doing, we have

Here

LU +L,V+L,W=0
LU+L,V+L,W=0 (4.13)
LU+LV+LW+LW=0

LI; = R3(x)L“, ..... ,L'z. = R3(x)1m, ..... ,lﬂ‘l = R“(x)Lj,, ..... , and
L, = R*(x)L,

4.9 Displacement Functions for Axial and Outer Pressure Loading

We shell assume solutions of the following series :

U =u(x)cosng, V =v(x)sinng, W =w(x)cosng (4.14)
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where

u(x) = i ax", v(x)= ibmx"', w(x) = icmx'" (4.15)
m=0

m=0 m=0
n is an integer representing the circumferential wave number of the buckled shell and m is
the terms of power series.
Using Eq. (4.11), resultant forces and moments can be obtained to apply boundary

conditions.

N,,=- R( )m_o ™sinng
sin @ sin an
- b, x" sinng—2B c,x"sinng
Ao R(x ); ’- “ R*(x ),,.2-%
23 n .
c,mx"" sinn
) ¢

N, Aﬂzma x" cosn(I)+A12 R( )Za x" cosng

m=0
A,cosa
b, x" cosng - ¢, x"cosng
) )
B a
—B“Ecmm(m-l)x'""2 cosng — 1;;1“) Ec mx™" cosng
m-o m=1
Rz( )Ec x" cosng (4.16)
- el B,sina
Mx=—B“2ammx cosng————— za mx™ cosn¢g
= R(x) =
Eb x™ cosng
R(x)
-2 Dy, sinax
—DHZm(m-l)cmx cosng— ch x""! cosng
m=2 R(x) m=1
D,n’ B,cosax
c,x" cosng—-———)> c,x" cosng
"R )mz-o R(x) mZO

U= Eamx"' cosng V= mex"' sinng
m=0 m=0
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W= Ecmx"‘ cosng —= ) mc,x" cosng
m=0

Recurrence Relations:

Egs. (4.14) and (4.15) into Eq. (4.13) and using Eq. (3.1) and L,J to obtain the

following recurrence relations:

b,., =G,a,, +G,.a,+G,.a,,+G, b, +G,b,

+G,y6b, +GyrCppn + G18Cm + Gr9Cp + G106
a,,=G,a,,+G,a,+Ga,, +G,b,, +Gb,

+ Gy 6By + G103 + G gChiz + Gy gConiy + GyyoC + GrinCey (4.17)
Cpes = G313+ Gna,, +Gya,, + Gy a, + G;sa,., +Gy4a, , + G;4b,.,

+ Gs,abm+1 +Gyb,, + G3,]0bm—l + Gs.ubm-z + G3,lzcm+3 +G313C s + G314C
+G315C, + Gy16Cpy + G319C,0 + G 15,5 (m=0,12,..)

where the coefficients G, ; [(i, j) = (1,6), (2,5), and (3,14)] are given in the Appendix C
(C.32 through C.70). From the above recurrence relations, one cannot directly obtain c,,,
because the term a,,,, is involved in the last equation. However, combining the first two
equations with m+1 with the last equation with m and rearranging them, we have the

following explicit recurrence relations:

bm+3 = GZ.] (m + l)am+2 + GZ,2(m + l)am+1 + G2'3(m + l)am

+G,,(m+1b,,, +G,s(m+1)b,,, +G,(m+ Db,
+G,,(m+1)c,.; +G,s(m+1)c,,, +G,,(m+1)c,,,
+G, o (m+1)c, (m=12,..)

— P p p P
Crss = G3,2am+2 +G3ha,, +G5,a, +Gisa,,
p p p » p
+ G4, 5 + Gi:b,,, + Gisb,., +Gisb, + G3yb,,,

m+2 m+l
P p 14 P 14
+ G b,s 1 G315C05 T G330, + G314Cpn + G356, (4.18)
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+Gl6Cpy + GI17Cn s + G 15Chs (m=0,12,...)

a,,; = G,,(m+1a,,, +G,,(m+1a,, +G,;(m+1a,
+G,,(m+Db,,, + G, (m+1)b,,, +G,,(m+1)b,

m+l
+G,,(m+1)c,,, + G (m+)c, ,+G(m+ De,.,
+ G, o (m+1)c,,, +G,;(m+1)c, (m=12,..)

where

b, = G,,(0)a, + G, ,(0)a, + G, ,(0)b, + G, (0)b,
+G,,(0)c, + G,5(0)c, + G, ,(0)c,

4.19)
a, = G,,(0)a, + G, ,(0)a, + G, ,(0)b, + G, 5(0)b,

+ G, ;(0)c, + G, 5(0)c, + G, 4(0)c, + G, 4(0)c,

and
G, =1-G,,(m)G, ,(m+1)

G?, =[G,,(m) + G,,(m)G,,(m+1)]/G,
G?, =[G, ,(m)+ G,,(m)G,,(m+1)]/G,
G?, =[G, ,(m)+G,,(m)G, ;(m +1)]/G,
GJs = G,5(m)/G,

Gls =Gy4(m)/G,

G!, =[G, ,(m)+G,,(m)G, ,(m+1)]/G,
G5 =[G;3(m) + G, ,(m)G, 5(m + 1)]/Go
GYy =[G, 3(m) + G;,(M)G, ((m +1)] / G,
G0 =G0 (m)/ G, (4.20)
G5y = G3,ll(m)/GO

G3\, =[G, (m) + G, ,(M)G, g (m + 1)]/Go
G313 =[G;,3(m) + Gy, (m)G, 3 (m + 1)]/Go
Gl =[G;,,(m) + G;,(m)G, ,,(m + 1)]/G,
Gls =[Gy15(m) + G, ,(m)G, ,(m +1)]/G,
G316 = Gi6 (m)/Go

Gy =Gy (m)/Go

GJis = G;,;5(m)/G,
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The above recurrence relations allow one to express the unknown constants
a,,b,(m=2) and c,(m=4) in terms of a,,a,,b,,b,,c,,c,,c, and c,. Therefore the
general form of u(x),v(x) and w(x) may be written Tong [31] as

u(x) = u(x)ay + uy(x)a, +uy,(x)b, + u,(x)b,
+ us(x)cy + ug(x)c, +u,(x)c, +ug(x)c,
v(x)=v,(x)a, + v,(x)a, + v5(x)b, +v,(x)b,
+ vs(x)cy + ve(x)c, + v, (x)c, + vg(x)c,
w(x) = w,(x)a, + w,(x)a, + wy(x)b, + w,(x)b,

(4.21)

+ wy(x)c, + we(x)e, + wy(x)c, + wy(x)cy
Here u,(x),v,(x) and w,(x), (i=1,2,...,8), are the base functions of u(x),v(x) and
w(x), respectively and a,, a,, b,,b,, c,, c,, ¢, and c, are the unknowns to be determined

by imposing the boundary conditions at both ends of the cone. When m becomes large
enough using Egs. (4.18), (4.19) and (4.20) with Appendix C (C.32 through C.70), we

have the condition for convergence in Eq. (3.22) R, 20.

4.10 Displacement Functions for Pure Bending

We shell assume solutions of the following series :

U= iu(x) cosng, V= iv(x) sinng, W= iw(x) cosng 4.22)

n=1 n=1

Using Eq. (4.15);

U= i iam,,x"' cosng, V= i ibm,,x'" sinng, W = iicmnx"' cosng  (4.23)

n=l m=0 n=1 m=0 n=l m=0

n is an integer representing the circumferential wave number of the buckled shell and m is

the terms of power series.
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Eqgs. (4.23) into Eq. (4.13) and using Egs. (3.1) and L:.}. to obtain the following

recurrence relations with Fliigge’s [11] derive way using additional coefficients in
Appendix C (C.71 through C.76):

b

m+3n

=G,,(m+Ma,,,, +G,,(m+1)a,, , +G,; (m+1a,,,

- +G,,(m+b,,,, +G,s(m+b,,,, +G, (m+1b,,
+G,,(M+1)Cpy3, + Gyg(m+1)c,,,, +G,o(m+1)c,,,,
+G,p(m+1c,, (m=12,..)

_ P P p p
=Gy, + G338, + G140, + Gsisa,,,,

+Gj,b +Gish +Gieb,, + G} b

m+2n m+ln m-=ln

cm+4 n

p
+ G362,

p
+Gibpp, t GBITIZC

m+3n

P’ p" p"
+ G 13Cm2n T G13Cmiznat T 0513042 pa

P p" p"
+G3)4C + G 14Crmsinat T G314C it 1 4.24)

o
1 + G356

+ G;flscm_3n (m=0,1,2,-")

m+ln

I3 p"
+GJ15Cpnp +O3515C

mn-—

m-1n m-2n

+G3y6C +Gi ¢

=G,,(m+Da,,,, +G,,(m+ Da,,,, +G,;(m+Da,,
+G,,(m+Db,,,, +G (m+Db,,,, +G,(m+ Db, ,

+G,(m+1)c,,,, + G s(m+1)c,, 5, + G,,g(m +1)Cpri2n
+G,,”(m+1)cm,, (m=12,---)

m+3n

m+ln

+G, (m+ Dc

G’i, =[G, ;3(m) + G;,(m)G, 4 (m +1)]/G,

G =[G, (m)/G, |

Gy, =[G4 (m) + Gy, (m)G, 1o (m + D]/G, 4.25)
GLr, =[G (m)/G,

Gl\s =[G,,5(m) + Gy, (m)G, ,, (m + 1)]/ G,

Ga’tlws = [G;.IS (m)]/ G,

The first equations (n=0, n=1) have some irregularities, they are usually little importance

[11].
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4.11 Solution of Multilayered Composite Conical Shells
All conditions and steps are similar as orthotropic single layer case. The recurrence
relations of composite case are more complicate than orthotropic case. The three

displacements, U,V and W can be obtained from the buckling of cones under axial
compressive loads, outer prcsshre, and pure bending. Then, the three displacements may
be used to calculate the membrane forces N,, N,and N,,, the bending moments M,, M,
and M, in Egs. (4.16).

The critical buckling loads and the corresponding buckling patterns can finally be
obtained by equating the determinants of the coefficients matrix obtained after the
imposition of the eight boundary conditions to zero. This determinant is the buckling

condition of the shell.



CHAPTER 5

CONICAL SHELLS UNDER COMBINED LOADS

For linear buckling analysis of isotropic and orthotropic single layer and multi layer
conical shell, under axial compression, outer pressure, and pure bending, adopting the
minimum total potential energy method, numerical buckling solutions are obtained. The
solutions are consist of two groups: First, three types of loading are studied separately.
second, three loads are combined each other. This analysis is available not only single

layer but also multi layer.

5.1 Classical Value of the Buckling Load under Axial Load
The notation of solution is introduced Baruch [5] and Tong [31 and 32].

P

_E 5.1
Pr =" G.D

cl

where P, is the critical buckling load obtained from the present power series method.
The classical value of the critical buckling load P, for axisymmetrical long isotropic
cones, suggested by Seide [23].

P, =P

_ 2
cl conical ~ Pcylindrical cos a

~ 2nEh? cos® a

P =
T Ba-v?)

The formula disregards the effect of boundary conditions. The long cylinder means that

(5.2)

the edge conditions only a minor influence on the magnitude of the buckling load

provided that the shell length is not small (L > 2a; a: radius) from Ugural [35]. The

36
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critical values depends upon the material properties, thickness, and radius, while it is

independent of cylinder length.

5.2 Solution Procedure and Material Property

Solution procedure:
C-language program COMBINEDI and COMBINED2 have been developed ( see
Appendix D ). The program steps are:

1) Enter dimensions and materials parameters.

2) Determine a,,b,,c, interms of agy,a,,b,,b,,c,,c,,c,,c, using recurrence

relationships Egs. (3.20, 3.25) and Eqgs. (4.18, 4.24).

3) Calculate U,V,W,0W [ox,N,,N,, and M, for applying boundary conditions.
4) Calculate P,,q,,M, and combined P, with g, M _with P, and M _ with ¢

from the condition that the determinant of each set of boundary conditions is equal
to zero. There are eight sets of boundary conditions given by Eq. (3.14) and Eq.
(3.19).
5) Check the convergence in the critical buckling loads by increasing m from 0 to 35.
Material property :
The property of single layer isotropic material is steel, E =30x10°psi, v =0.3. For
multi layer, the material is used graphite/epoxy composite with from Jones [12]:
E, =30x10° psi, E, | E, = 40
G,/E,=05,v,=025

Subscript 1 is primary direction and 2 is secondary direction.
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5.3 Numerical Solutions for Isotropic Conical Shells
Buckling of isotropic material single layer is the simplest case for this research. For all
the equation, the orthotropic material reduce to simple isotropic expression. The buckling

loads are axial compression, P, , outer pressure, q,,, and pure bending M, . Combined

cr?

buckling loads are obtained from combination of gand P,, gand M, ,andPand M, .

5.3.1 Isotropic Conical Shells under Axial Compression
Buckling of conical shell under axial compression in series form is developed by Tong et
al. [31]. For extremely short cones with L/R =02, p, becomes large as o increases

and p, tends to constant independent of o for cones with L/R, larger than 0.5 under

axial compressive loads for boundary conditions SS3 and SS4 in Figure 5.1 from

Appendix E.3. This expression is done by Tong et al. [31].

3

L < E =30x10° psi
v=03
25 a Rz |l«— RI =1lin.
% R, h=100

ERA

UR=0.2, 54
« P /
<+
2 h
<« L/Ry=0.2, SS3

1.5

L/R,=0.5, SS4

Critical Buckling Axial Compression Ratio

0.5 p—0—u ' = w/-
UR,=0.5, SS3
0 : ; : ; ; - .
0 10 20 30 40 50 60 70 80 90

a (cone angle)

Figure 5.1 Buckling ratio of single layer isotropic conical shell under axial compression boundary
condition SS3, SS4 and different length ratio L/R, = 0.2,0.5 about cone angle a
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For extremely short cone with length ratio L/R, =0.2, the buckling load ratio
p. becomes larger as a increases and it becomes abrupt changes near 80 degree.
p., tends to be constant values independent of o and for cone with L/R, larger than 0.5.

The properties of boundary condition show that SS4 is almost as twice as SS3 for both

length for the small cone angle o .

10000

9000

8000

7000

6000

5000

Critical Buckling Axial Compression (lb)
]

—N
4000
L/'\‘. E=30x10° psi
3000 v=03 i
\‘% o
—> R, ||€¢— R, =1lin.
2000 —» | R R, h=100 _
P 1— ------- «— P
—>
1000 — h, —fe—
<—_
0 , , . :
0 0.2 04 06 08 1 12
LR,

Figure 5.2 Buckling values of single layer isotropic conical shell under axial compression for
o = 30° and different boundary condition

The buckling values of single conical shells under axial compression at cone
angle a = 30°are different buckling loads for different boundary conditions. For simply
supported boundary conditions, SS1, SS2, and SS3 are similar trends comparing with

SS4. Through the length ratio L/R1 from 0.2 to 1, boundary condition SS4 is almost

twice stronger than the rest three boundary conditions in Figure 5.2 from Appendix E.1.
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load of the cone with boundary condition SS4 needs more compression than with SS2,
the cone with boundary condition SS4 has more wave number than with SS2. The outer
pressure also affects similar to axial compressioh. The cone with boundary condition SS4
under outer pressure in Figure 5.4(b) has more waves than that with SS2 in Figure 5.4(a).

The circumferential wave number »n can be obtained when the buckling value is
decided on simulation. For the single layer isotropic conical shell under axial
compression with o =30°and L/R, =0.5, the circumferential wave number n and

buckling value P, can be decided in Figure 5.5 from Appendix E.23. When the buckling

value reaches minimum value of first mode, the wave number # is obtained.
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Figure 5.5 Buckling values of single layer isotropic conical shell under axial compression to
decide circumferential wave number n and critical value p_ for o =30° and L/R,=0.5, SS4
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When the terms of power series m become large enough in Eq. (3.18) and Eq. (3.20), the
convergent condition is obtained by Tong [31]. The buckling value of single isotropic
conical shell under axial compression for length ratio L/R, =1.0 and o = 30° about the
term of power series m is an example in Figure 5.6. from Appendix E.27. For small m,
the buckling values are diverging. The buckling values converge as m becomes large
enough. For different conditions of buckling need different number of terms m. For this

simulation, all calculations used 35 terms to get accurate buckling values as Figure 5.6.
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8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35

m (terms of power series)

Critical Buckling Axial Compression (Ib)

Figure 5.6 Check convergence of buckling value of single isotropic conical shell under axial
compression for L/R;=1.0 and o = 30° about terms of power series m, SS1
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5.3.2 Isotropic Conical Shells under Outer Pressure

3500
q \ E =30x10° psi
\ & x v=03
3000 il ] -
a=1° - R R, =1lin.
f R, R, h=100
Z 2500
% [l=30° . h
E
£ 2000 /]
8 q
]
<]
2
£ 1500
g \\
m (]
= a=60
S
S 1000 \
500 ,
w8t - \_’
0 . T —_— e 3
0 02 0.4 06 0.8 1 12

L/R,

Figure 5.7 Buckling values of single layer isotropic conical shell under outer pressure for cone
angles about length ratio

The buckling values of single layer isotropic conical shell under outer pressure are
different according to the cone angle a in Figure 5.7 from Appendix E.2. As cone angle

o increases, the buckling pressure becomes smaller. The buckling pressure tends to be
constant as length ratio L/R, gets longer. If the length ratio is same value, sharp angle
cone (a = 0) is stronger than dull angle cone for outer pressure loading.

The circumferential wave number n can be obtained when the buckling value is decided

with similar way as axial compression case. For the single layer isotropic conical shell

under outer pressure with a =30°and L/R, =0.2, the circumferential wave number n
and buckling value g, can be decided in Figure 5.8 from Appendix E.25. When the

buckling value reaches minimum value, the wave number 7 is decided.
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Figure 5.8 Buckling values of single layer isotropic conical shell under outer pressure to decide
circumferential wave number n and critical value g for a = 30° and L/R;=0.2, SS1

5.3.3 Isotropic Conical Shells in Pure Bending

The buckling values of single layer isotropic conical shells in pure bending for different
length ratio are interesting. For short cone, the buckling values become small as cone
angle o increases. As the length ratio becomes longer, the buckling shows unstable
values for small angle region in Figure 5.9 from Appendix E.4. This trends are somewhat
related to the thickness of the cone. Thinner cones with relatively long length are not so

strong as short cones. The short cones, with L/R, =0.2 and 0.5, are stable through the
cone angle o in Figure 5.9. There are unstable cone angle region of L/R, =1.0 for the

thickness ratio R, /A =100 . More details of long cone shows later section.
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Figure 5.9 Buckling values of single layer isotropic conical shell in pure bending for different

length ratio about cone angle, SS3
5.3.4 Long Isotropic Conical Shells
The length ratio (L/R, ) of a cone is an important factor for its buckling value. Short cone
is usually strong but long cone needs other factors to be strong. The thickness is one of
the important factor to make long cone strong. Shells of technical significance are often
defined as thin when the ratio of thickness 4 to radius r is equal to or less then 1/20. The
buckling effects of length ratio ( L/R, ) are different to the loads, axial compression, outer

pressure, and pure bending. Buckling values of long cone with different Young’s
modulus are available in Appendix E (E.20-24). This changes do not affect much more

than thickness changes.
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Case A. Long Isotropic Conical Shells under Axial Compression
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Figure 5.10 Buckling values of long single layer isotropic conical shell under axial compression
for different thickness o =3(0° about length ratio L/R;, SS2

The buckling values of single layer isotropic cone shell under axial compression in
Figure 5.10 from Appendix E.18. are different for each thickness ratio (%/R, ). When the

thickness ratios are 0.01 and 0.02, the buckling values are falling down to zero for certain
length. The relatively thicker cones such as 4/R, =0.03 and 4/R, =0.04 have steady
buckling values for the length. The values are independent of the length as cones become
longer if the thickness is properly increased under axial compression. The deformed
shape examples are in Figure 5.11(a) and 5.12(a) for thin shell, and Figure 5.11(b) and

5.12(b) for relatively thicker shells.
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Figure 5.13 Buckling values of long single layer isotropic conical shell under axial compression
for different thickness (a) h/R;=0.02 (b) h/R;=0.04 and length ratio L/R; about cone angle o ,SS2
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The cone angle o is also an important parameter of different thickness ratio for buckling.

For relatively thinner cone, A/ va = 0.02 in Figure 5.13(a), has different buckling values
according to different length ratio L/R,. Although there are stable conditions for
L/R, =0.2and 1.0, the longer cones, L/R, =3.0and 4.0 show unstable status for some
cone angle region. The longer conés can be more stable if thicker cones are used as in
Figure 5.13(b). For cone shells with L/R, =3.0 and 4.0, buckling values became stable
and increased respectively in Figure 5.13(b). Therefore, the thickness is one of the

important parameters for buckling values of long cones.

Case B. Long Isotropic Conical Shells under Outer Pressure
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Figure 5.14 Buckling values of long single layer conical shell under outer pressure for different
thickness oo = 30° about length ratio, SS2
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The buckling values of single layer isotropic cone shell under outer pressure in Figure

5.14 from Appendix E.19 are similar as axial compression case. When the thickness
ratios are thin ( A/R, = 0.01, 0.02 ), the buckling values are falling down to zero for
certain length. The thicker cones (A/R, =0.03, 0.04 ) have some values but with slope to

down. If the buckling values under outer pressure are necessary, the thickness should be
considered for the length. The deformed shape examples are in Figure 5.16(a) for thin
shell, and Figure 5.16(b) for relatively thicker shell.

The buckling of outer pressure for long cone is similar as axial compression case.

The cone angle o is also an important parameter of different thickness ratio for buckling.
For relatively thinner cone, 4/R, = 0.02 in Figure 5.15(a), has different buckling values
according to different length ratio L/R,. Although there are stable conditions for
L/R =0.2and 1.0, the longer cone, L/R, =3.0 shows unstable status for some cone
angle region. The buckling values for L/R, =4.0 are near zero and unstable of whole

cone angle region for this thinner ratio. The longer cones can be more stable if thicker

cones are used as in Figure 5.15(b). For cone shells with L/R, =3.0 and 4.0, buckling

values became stable and increased respectively in Figure 5.15(b). Therefore, the

thickness is one of the important parameters for buckling values of long cones.
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Figure 5.15 Buckling values of long single layer conical shell under outer pressure for different
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For pure bending in Figure 5.17 f;om Appendix E.20, the buckling values of long single
layer isotropic conical shell are siﬁiilar to axial compression case with some differences.
The buckling values of pure bending for short cone, L/R, =0.2, are larger than other
values for fixed thickness and decrease smoothly as length ratio increases. For thinner
shell, #/R, =0.01, the buckling values become near or almost zero as length ratio
increases. As shell becomes thick, 4/R, = 0.04, the buckling values become larger than
other thickness throughout the length reaches L/R, =2.0 in Figure 5.17. For considering

buckling values in pure bending, the thickness is one of the important factor for the
length.

The buckling of pure bending for long cone is similar as axial compression and
outer cases. The cone angle o is also an important parameter of different thickness ratio
for buckling. In comparing with pervious two loading, the buckling of pure bending is
small. Therefore a little shorter cones are used for this case. For relatively thinner cone,

h/R, =0.02 in Figure 5.18(a), has different buckling values according to different length
ratio L/R, . Although there are stable conditions for L/R, =0.2, 0.5, and 1.0, the longer
cone, L/R, =1.8 shows unstable status for some cone angle region. The buckling values
for L/R, = 1.8 are near zero and unstable of some cone angle region for this thinner ratio.

The longer cones can be more stable if thicker cones are used as in Figure 5.18(b). For

cone shells with L/R =1.8, buckling values increase stability but still unstable cone

angle region is exist in Figure 5.18(b). To obtain buckling values of pure bending for

long cones, the thickness is more important than other two loads.
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Figure 5.18 Buckling values of long single layer isotropic conical shell in pure bending for
different thickness (a) h/R,=0.02 (b) h/R,=0.04 and length ratio L/R; about cone angle o , SS2



55

5.3.5 Isotropic Conical Shells under Combined Loads

The way of applying combined load is consist of two parts. First, apply pre-load for some

different rates of buckling load for each cone angle o , length ratio L/R, and other cases.

Second, calculate the buckling loads using simulation program for each case of pre-load.

The loading coupled axial compression with outer pressure, pure bending moment with

axial compression, and pure bending moment with outer pressure.

Case A. Combined Loads for Outer Pressure and Axial Compression
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Figure 5.19 Buckling values of single isotropic conical shell under axial compression with
different rate outer pressure for L/R,=0.2 about cone angle, SS2

The buckling values of single isotropic conical shell under axial compression combined

with outer pressure are in Figure 5.19 from Appendix E.6. The pre-applied pressure
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doesn’t make big change for the 25% and 50% of its own buckling values (gq,,) for the
cone angle a . After 50% of buckling pressure (g, ), the axial compression buckling

values (P,) are decreased more than other pre-pressure loading. Therefore axial

compression buckling values are not sensitive to outer pre-pressure of lower percentage.
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Figure 5.20 Buckling values of single layer isotropic conical shell in pure bending with
different axial pre-compression for o = 30° about length ratio, SS2
For buckling values of single layer isotropic conical shell in pure bending with
different axial pre-compression, the trend is similar to previous case in Figure 5.20 from
Appendix E.6. The pre-applied pressure shows little change for the 25% of its own

buckling values (gq,,) for the length ratio L/R, . After that percentage, axial compression

values become sensitive to outer pre-pressure.
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Case B. Combined Loads for Axial Compression and Pure Bending
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Figure 5.21 Buckling values of single layer isotropic conical shell in pure bending with axial pre-
compression for length ratio, L/R;=0.2 about cone angle o , SS2

The buckling values of single layer isotropic conical shell in pure bending with axial pre-
compression are somewhat different from previous case in Figure 5.21 from Appendix
E.7. For the previous outer pressure and axial compression case, there are sensitive and
insensitive regions about outer pre-pressure. The pre-applied loads and buckling values
are changed similar pattern to axial pre-compression and pure bending. This means that
the effect of axial pre-compression changes the buckling values of bending moment

almost linearly.
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Case C. Combined Loads for Outer Pressure and Pure Bending

Critical Buckling Bending Moment (lb.in)

3500 - |

0.0 q. q x E=30x10° psi
2000 /0.25 Qer \ X_ v =03
B TN J R, =lin.

;&t}\ M (’E__ <> M RoH=100

2500 —
\ f h
2000 Y ,

. —— 7

0.75 o .
b N \
1000
\\\\«
500
0 — T T - T T
0 10 20 30 40 50 60 70 80 90

a (cone angle)

Figure 5.22 Buckling values of single layer isotropic conical shell in pure bending with outer
pre-pressure for length ratio, L/R,=0.2 about a. , SS2

The buckling values of single layer isotropic conical shell in pure bending with outer pre-

pressure are similar to outer pre-pressure and axial compression in Figure 5.22 from

Appendix E.8. For the 25% and 50% of outer pre-pressure of (gq,,), the buckling values

of bending are insensitive. After 50% of pre-pressure of it, the pure bending buckling

values (M, ) are decreased more and more. This means that the buckling values of pure

bending are not sensitive to outer pre-pressure at the lower percentage of it.
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5.3.6 Isotropic Conical Shells Compare with Cylinder Case
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Figure 5.23 Buckling ratio of single layer isotropic conical and cylindrical shell under axial
compression, outer pressure, and pure bending for length ratio, L/R;=0.2 about angle, SS2

The buckling ratios of single layer isotropic conical to cylindrical shell under axial
compression, outer pressure, and pure bending show in Figure 5.23 from Appendix E.5.
The ratios of three loading decreases almost similar trend about cone angle o . For axial
compression, the ratios are higher than outer pressure ratios as cone angle o increases to
around 50 degrees. From that angle, the ratios of axial compression are smaller than that
of outer pressure. The ratios of pure bending are usually higher than that of other
loadings. For the three cases of ratios, pure bending case is the most effective, and axial
compression case is better than outer pressure before 50 degree cone angle. After 50

degrees, outer pressure case is more effective than axial compression case.
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5.3.7 Isotropic Conical Shells for Different Radius with Same R, /A
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Figure 5.24 Buckling values of single layer isotropic conical shell under axial compression for
L/R, and cone angle o =30° with same R;/h=100 ratio about different radius R, SS2

For the buckling values of single layer isotropic conical shell under axial compression,
the radius also a parameter. The buckling values are different for radius R, with keeping
the ratio R, /h =100. If R, is decreased, the thickness /4 also becomes smaller in Figure

5.24 from Appendix E.26. The absolute buckling values of cone are dependent on the

size of radius R,. Although the cone with same R, /A ratio, the buckling values can be
extremely large or small for different radius. For the shorter cone, the buckling values
decrease nonlinearly as radius R, decreases. As cones become longer, the buckling

values decrease near linear.
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5.4 Numerical Solutions for Orthotropic Shells
The buckling of orthotropic material is the same way as previous procedure. For
orthotropic material, the direction of strength should be considered. Graphite/epoxy is

used and orthotropy ratio range E, /E, (1/40 ~1) is adopted.

5.4.1 Orthotropic Shells under Axial Compression
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Figure 5.25 Buckling values of single layer orthotropic conical shells under axial
compression for length ratio at o = 30° about E, /E, ratio, SS1

Orthotropic material is also important for buckling. Buckling values of single layer

orthotropic cone shells under axial compression at L/R, =0.2 are steady and longer
cones (L/R, =0.5,0.8,1.0) are similar trends as short cone for the orthotropy ratio range

E,/E, (1/40 ~ 1/10). For the range E,/E, (1/10 ~ 1), the buckling values increase all
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length ratio in Figure 5.25 from Appendix E.9. The buckling values of longer cones

increase abruptly even though the absolute values are not so large as short cones.

5.4.2 Orthotropic Shells under OQuter Pressure
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Figure 5.26 Buckling values of single layer orthotropic conical shells under outer pressure
for length ratio at o = 30 about E, / E, ratio, SS1

Buckling values of single layer orthotropic cone shells under outer pressure at L/R, =0.2
are not increasing much and longer cones (L/R, = 0.5,0.8,1.0) are almost constant for the
orthotropy ratio E, /£, ( 1/40 ~ 1/10). For the range , JE, (1/10 ~ 1), the buckling values
increase for all length ratio. Although the buckling values of longer cones increase little,

the values of short cone increase dramatically in Figure 5.26 from Appendix E.10.

Comparing with axial loading, the length ratio acts sensitively, especially for short cone.
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5.4.3 Orthotropic Shells in Pure Bending
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Figure 5.27 Buckling values of single layer orthotropic conical shell in pure bending for
different length ratio, and o = 30° about E, / E, SS1

The buckling values of single layer orthotropic conical shell in pure bending for different

length ratio about orthotropy ratio, E, / E_ are in Figure 5.27 from Appendix E.11. The

orthotropic cone shells under pure bending at L/R, =0.2 are steady with large values and
longer cones (L/R, = 0.5,0.8,1.0) are similar trends with small values for the orthotropy
ratio range E, /E, (1/40 ~ 1/10). For the range E,/E, (1/10 ~ 1), the buckling values

increase all length ratio.
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5.5 Numerical Solutions for Multilayered Composite Conical Shells

A set of laminated cone with antisymmetric even number cross-ply cones in Figure 4.1

and 4.4 (or N layered conical shell) are numerically studied. The laminae oriented

angles 0°and 90° are also considered in Figure 4.3 (a). The coefficients, 4

D

i

layers conditions.

B, and

ij o i’

in the constitutive Eq. (4.6) for this lamination are partly different according to the

5.5.1 Multilayered Composite Conical Shells under Axial Compression
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Figure 5.28 Buckling value of multi layer orthotropic conical shell under axial compression

for layers about cone angle, SS1

The buckling values of multi layer orthotropic conical shells under axial compression are

affected by the number of layers. The buckling values increase as the number of layers
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increase in Figure 5.28 from Appendix E.12. In comparing with other increment of layer
number, the buckling values increase large as layer number changes from 2 to 4. All the

buckling values decrease as cone angle a increases.
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Figure 5.29 Buckling values of multi layer orthotropic conical shell under axial
compression for layer no. and o = 30° about length ratio, SS1

The buckling values of multi layer orthotropic conical shell under axial compression are

affected by length ratio L/R,. The buckling values increase as the number of layers
increase in Figure 5.29 from Appendix E.12. In comparing with other increment of layer
number, the buckling values increase largest as layer number changes from 2 to 4. The
trends of buckling values for length ratio L/R1 are similar as single layer. For short
length ratio region, the buckling values become large. The buckling values tend to be

constant as the length ratios become longer.



5.5.2 Multilayered Composite Conical Shells under Outer Pressure
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Figure 5.30 Buckling values of multi layer orthotropic conical shell under outer pressure for
layer no. about cone angle, SS1

The buckling values of multi layer orthotropic conical shells under outer pressure are

affected by the number of layers. The buckling values increase as the number of layers

increase. The coupling of two layers in the cone reduces the buckling load. In comparing

with other increments of layer number, the buckling values increase large as layer

number changes from 2 to 4. All the buckling values decrease as cone angle o increases

in Figure 5.30 from Appendix E.13.
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Figure 5.31 Buckling values of multi layer orthotropic conical shell under outer pressure for
layer no. and o = 30° about length ratio, SS1

The buckling values of multi layer orthotropic conical shell under outer pressure
are affected by length ratio L/R, . The buckling values increase as the number of layers

increase. In comparing with other increment of layer number, the buckling values

increase largest as layer number changes from 2 to 4. The trends of buckling values for
length ratio L/R1 are similar as single layer. For short length ratio regions, the buckling

values become large. The buckling values tend to be constant as the length ratios become

longer in Figure 5.31 from Appendix E.13.
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5.5.3 Multilayered Composite Conical Shells in Pure Bending
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Figure 5.32 Buckling values of multi layer orthotropic conical shell in pure bending for layers
about cone angle, SS1

Buckling values of multi layer orthotropic conical shell in pure bending increase as the
number of layers become larger in Figure 5.32 from Appendix E.14. The buckling values
are changed largest for layer number from 2 to 4. The trends are similar to outer pressure
loading case as cone angle changes.

Buckling values of multi layer orthotropic conical shell in pure bending are
interesting for different length ratio. The influence of bending-extension coupling is to
reduce for the buckling load for two-layer cone. The maximum buckling values occur

around length ratio, L/R, =0.8 in Figure 5.33 from Appendix E.14. The largest change

occurs for the layer number from 2 to 4 like other loads.
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Figure 5.33 Buckling values of multi layer orthotropic conical shell in pure bending for layer
numbers and o. = 45° about length ratio, SS1

5.5.4 Multilayered Composite Conical Shells under Combined Loads
Like single layer case, the way of applying combined load is consist of two parts. First,
apply pre-load for several different rates of buckling load for each cone angle o , length

ratio L/R,, different number of layers and other cases. Second, calculate the buckling

loads using simulation program for each case of pre-load. The loading coupled axial
compression with outer pressure, pure bending moment with axial compression, and pure

bending moment with outer pressure.
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Case A. Combined Loads for Outer Pressuré and Axial Compression
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Figure 5.34 Buckling values of multi layer orthotropic conical shell under axial compression
with outer pre-pressure about number of layers at o = 30°, SS2

The buckling of multi layer orthotropic conical shell under combined loading with axial
compression and outer pressure shows in Figure 5.34 from Appendix E.15. An axial

compressive load P, in pounds, and uniform outer pressure g, in pounds per square inch.
The external pressure is applied for each rate of critical pressure ¢, for number of layer.
For 25% of g, the buckling values of axial compression P, are similar to the values
without any pre-pressure. For the pre-load of outer pressure, the second half of ¢, is

more sensitive than that of first half. In comparing with other increments of layer number,

the buckling values are increased large as layer number changes from 2 to 4.
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Figure 5.35 Buckling values of multi layer orthotropic conical shell under axial compression
with outer pre-pressure for number of layer=4 and L/R;=0.2 about cone angle, SS2

The combined buckling values of multi layer conical shells with axial
compression and outer pressure for the fixed number of layer show in Figure 5.35 from
Appendix E.15. For the total layer number 4, length ratio L/R, = 0.2, the buckling values
are similar trends to single layer case about cone angle o . When pre-applied outer
pressure rate is 25%, the axial compression buckling values are not so much changed as
that of without pre-load. After the first 25% of pre-applied outer pressure, every 25%
increment affects more and more. This means that the effect of outer pressure is little at

the lower pre-pressure. The outer pre-pressure is sensitive to higher pre-pressure for

combined with axial compression.
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Case B. Combined Loads for Axial Compression and Pure Bending
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Figure 5.36 Buckling values of multi layer orthotropic conical shell in pure bending with axial
pre-compression for L/R,;=0.2 and o = 30° about number of layer, SS2
The buckling of multi layer orthotropic conical shell under combined loading with axial
compression and pure bending is in Figure 5.36 from Appendix E.16. An axial
compressive load P, in pounds, and bending moment M , in pounds inch. The axial

compression is applied for each rate of critical buckling values P, for different cone

angle o and number of layer. Every 25% increment affects similar rate change to
buckling value of pure bending. This means that the effect of pre-axial compression
changes the buckling values of bending moment almost linearly. This trend is different

from combined axial compression with outer pressure case in Figure 5.33. In comparing
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with other increment of layer number, the buckling values also increase large as layer

number changes from 2 to 4.
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Figure 5.37 Buckling values of multi layer orthotropic conical shell in pure bending with axial
pre-compression for number of layer=4 and L/R;=0.2 about cone angle, SS2

The combined buckling values of multi layer conical shells with pure bending and
axial pre-compression for fixed number of layer is in Figure 5.37 from Appendix E.16.

With the total number 4 and length ratio L/R, =0.2, the buckling values are similar

trends to single layer case for cone angle a . Each rate of increment of pre-axial

compression, the buckling value of pure bending is similar rate of it.
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Case C. Combined Loads for Outer Pressure and Pure Bending
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Figure 5.38 Buckling values of multi layer orthotropic conical shell in pure bending with outer
pre-pressure for L/R;=0.2 and . = 30° about number of layer, SS2

The buckling values of multi layer orthotropic conical shell under outer pressure and pure

bending are in Figure 5.38 from Appendix E.17. The uniform outer pressure g, in pounds
per square inch. The outer pressure is applied for each rate of critical pressure g, for
each number of layer. For 25% of ¢, , the buckling values of pure bending M, are not
much changed in comparing with other rate of g_. The buckling values are increased

large as the number of layer changes from 2 to 4 comparing with other increment of layer

number.
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Figure 5.39 Buckling values of multi layer orthotropic conical shell in pure bending with outer
pre-pressure for number of layer=4 and L/R,=0.2 about cone angle, SS2

Buckling values of multi layer orthotropic conical shell in pure bending with outer
pressure for fixed number of layer are in Figure 5.39 from Appendix E.17. This shows
similar trends to combined outer pressure and axial compression case. When pre-outer
pressure rate is 25%, the buckling values of pure bending are not so much changed as that
of without pre-outer pressure. After the first 25% of pre-applied outer pressure, every
25% increment affects more and more for the buckling values. This means that the outer
pre-pressure is sensitive to higher pre-pressure for buckling value of combined with pure

bending.



CHAPTER 6

FINITE ELEMENT ANALYSIS (FEA)

6.1 Introduction

Numerical methods enables the engineer to expend his or her ability to solve practical
design problems. The engineer may now treat real shapes as distinct from the somewhat
limited variety of shapes amenable to simple anﬁlytic solution. Similarly, the engineer
need no longer force a complicate loading system to fit a more regular load configuration
to conform to the dictates of a purely academic situation. Numerical analysis thus
provides a good tool with which the engineer may feel free to deal with the solution of
problems as they are found in practice. Numerical analyses lead often to a system of
linear algebraic equations. The most appropriate method of solution then depends on the
nature and the number of such equations, as well as the type of high level computing
equipment available.

The powerful finite element method had its beginnings in the 1950s, and with the
widespread us of the digital computer it has since gained considerable favor relative to
other numerical approaches. The finite element approach deals with an assembly of
elements that replaces the continuous structure, and it is the replaced structure that is then
the subject of analysis. The general procedures of the finite element and conventional
structural matrix methods are similar. In the latter approach, the structure is idealized as
an assembly of structural members connected to one another at joints or nodes at which
the resultants of the applied forces are assumed to be concentrated. The basic concept of

FEM is shown in Reddy [18]. Throughout the FEM analysis, the ANSYS 5.4, software
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program, is used. Theoretical buckling values are compared with FEM results for single
layer and multi layer structure under load. ANSYS 5.4 doesn’t include buckling of pure
bending function. Therefore, FEM analyses are done mainly on axial compression and

outer pressure.

6.2 Definiﬁon of Buckling Analysis
Buckling analysis is a technique used to determine buckling loads-critical loads at which
a structure becomes unstable-and buckled mode shape-the characteristic shape associated
with a structure’s buckled response. The general procedure for buckling problem by

the finite element method is summarized as follows [19]:

Enter geometry of structure,
material properties, etc.

Calculate elemental
stiffness matrices.

Using continuous reduction
technique, determine [K].

YES

more

7 Y

NO

Apply constraints

l

Calculate matrices and set
determinant to zero

Determine buckling load.
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6.2.1 Types of Buckling Analyses

Two techniques are available_ in the ANSYS/Multiphysics, ANSYS/Mechanical,
ANSYS/Structural, and ANSYS/LinearPlus programs for predicting the buckling load
and buckling mode shape of a structure: nonlinear buckling analysis, and eigenvalue (or
linear) buckling analysis. Eigenvalue (or linear) bﬁckling analysis is used to compare with

theoretical results [3]. Procedure of eigenvalue buckling analysis is given Appendix F.

6.2.2 Eigenvalue Buckling Analysis

Eigenvalue buckling analysis predicts the theoretical buckling strength of an ideal linear
elastic structure. This method corresponds to the textbook approach to elastic buckling
analysis: for instance an eigenvalue buckling analysis of a column will match the classical
Euler solution. However, imperfections and nonlinearities prevent most real structures

from achieving their theoretical elastic buckling strength.

6.2.3 Commands Used in a Buckling Analysis
There are two types of way to build a model and perform a buckling analysis. First, use
sets of commands that are used to do any other type of finite element analysis. Second,

choose similar options from the graphical user interface (GUI) to build and solve models.

6.2.4 Procedure for Eigenvalue Buckling Analysis

Eigenvalue buckling analysis for five-step procedure (see Appendix F for details):
1.Build the model. 2.0Obtain the static solution.
3.Obtain the eigenvalue buckling solution.

4. Expand the solution. 5.Review the results.
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6.3 The FEA of Isotropic Conical Shells
Finite Element Analysis, using ANSYS 5.4 software programs, is used to verify the
results of present method outlined in item 3) of Chapterl.
Element Type:
To analyze isotropic case, SHELL63, an element type, is used in ANSYS. SHELL63 has

both bending and membrane capabilities. Both in-plane and normal loads are permitted

[2].

K
THETA
K,L
J
Z I
T
(Triangular Option)
Y
Note-x and y are in the plane of the element
X

Element Name SHELL63
Nodes LLKL
Degree of Freedom UX, UY, UZ,ROTX, ROTY, ROTZ
Real Constants TK(I), TK(J), TK(K), TK(L), THETA
Material Properties EX, EY, PRXY or NUXY, GXY

Figure 6.1 SHELL63 Elastic Shell

The element has six degree of freedom at each node: translations in the nodal x, y,

and z directions and rotations about the nodal x, y, and z axes. Stress stiffening and large
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deflection capabilities are included. A consistent tangent stiffness matrix option is
available for use in large deflection analyses.

The geometry, node locations, and the coordinate system for this element are
shown in Figure 6.1 and SHELL63. The element is defined by four nodes, four thickness,
an elastic foundation stiffness, and the orthotropic material properties. Orthotropic
material directions correspond to the element coordinate directions. The elements of this
analysis are depend on the size of cones. The geometry and the coordinate system for this
cone are followed by theoretical data. For single layer, the number of elements are: the
length ratioL/R, =0.2(180x6), L/R, =0.5(120x10), L/R =0.8(120x12), and
L/R, =1.0(100x16) with radius R, =1 in. in Figure 6.2.

The thickness is assumed to vary smoothly over the area of the element with the
thickness input at the four nodes. If the element has a constant thickness, only TK(I) need

be input. If the thickness is not constant, all four thicknesses must be input.
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Figure 6.2 The elements of L/R;=1.0 (100x16) at & = 30°
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6.3.1 Comparison with Theoretical Results undér Axial Compression
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Figure 6.3 Buckling values of single layer isotropic conical shell under axial compression
comparing with FEM for ¢ =30° about length ratio, SS2

The comparison theoretical results with FEM results for single layer isotropic cone under
axial compression is in Figure 6.3. At cone angle « =30° and boundary condition SS2,
two values are almost identical profiles and results. For the shorter length ratio
L/R, =0.2, the difference is the smallest among other length because of the most stable

condition for short cone. Table 6.1 shows the values and error percentage.

Table 6.1 Buckling values of single layer isotropic conical shell under axial compression comparing with
FEM for o =30° about length ratio, SS2

L/R, Current Theory (Ib) | FEM (Ib) Difference
0.2 4791.70 4844 .51 1.10 %
0.5 4418.81 4727.00 6.97 %
0.8 4291.79 4436.76 3.38%
1.0 4315.75 4420.46 243 %
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Figure 6.4 Buckling values of single layer isotropic conical shell under axial compression
comparing theory data with FEM for L/R, = 0.5 about cone angle, SS2

The comparison theoretical results with FEM results for single layer isotropic
cone under axial compression is in Figure 6.4. For length ratio L/R, = 0.5 and boundary
condition SS2, the theory and FEM values are almost identical profiles and results for
large cone angle region. The differences are small among other cone angles because of

the stable condition for large cone angle region in Table 6.2.

Table 6.2 Buckling values of single layer isotropic conical shell under axial compression comparing theory
data with FEM for L/R, = 0.5 about cone angle, SS2

a Current Theory (1b) | FEM(lb) Difference

0 5868.08 6095.38 3.88 %
5832.42 6127.23 5.05 %

10 5710.26 5917.44 3.63 %

30 4418.81 4527.00 2.45 %

60 1303.43 1305.42 0.15 %

80 191.78 192.35 0.29 %
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Figure 6.5 Buckling values of single layer isotropic conical shell under axial compression

comparing theory, FEM and classical theory for /R, = 0.5about cone angle, SS4

The comparison theoretical results with FEM and classical results for single layer

isotropic cone under axial compression is in Figure 6.5. For length ratio L/R, = 0.5 and

boundary condition SS4, the theory and FEM values are almost similar profiles as

boundary condition SS2. Table 6.3 shows the values and difference.

Table 6.3 Buckling values of single layer isotropic conical shell under axial compression comparing theory,
FEM and classical theory for L/R, = 0.5about cone angle, SS4

o Current Classical Difference FEM (Ib) Difference
Theory (Ib) | Theory (Ib)
0 11434.46 11408.27 -0.23 % 11465.04 0.27 %
5 11344.97 11321.61 -0.21 % 11471.97 1.12 %
10 11080.13 11064.27 -0.14 % 11213.67 1.21 %
30 8561.41 8556.20 -0.06 % 8745.92 2.16 %
70 2878.30 2852.07 -0.91 % 2881.96 0.13 %
80 349.13 344.00 -1.47 % 341.18 -2.27%
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Figure 6.6 Buckling values of single layer isotropic conical shell under outer pressure
comparing theory data with FEM for o =30° about length ratio, SS2

The comparison theoretical results with FEM and classical results for single layer

isotropic cone under outer pressure is in Figure 6.6. For cone angle  =30° and boundary

condition SS2, the theory and FEM values are almost similar profiles except extremely

short cone. At the length ratio L/R, = 0.2, the boundary region may increase the buckling

values during FEM analysis. Smaller elements may increase the accuracy. Table 6.3

shows the values and difference percentage.

Table 6.4 Buckling values of single layer isotropic conical shell under outer pressure comparing theory data
with FEM for o = 30° about length ratio, SS2

L/ R, Current Theory (Ib) | FEM (Ib) Difference
0.2 2315.08 3931.41 69.81 %
0.5 509.64 489.21 -4.01 %
0.8 276.00 262.75 -4.80 %
1.0 208.81 200.19 -4.22 %
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Figure 6.7 Buckling values of single layer isotropic conical shell under outer pressure
comparing theory data with FEM for L/R, = 0.5 about cone angle, SS2

Under outer pressure, the comparison theoretical results with FEM results for
single layer isotropic cone is in Figure 6.7. For length ratio L/R, =0.5 and boundary
condition SS2, the theory and FEM values are similar profiles and results for cone angle
o . The differences are small for near zero degree cone angle. Table 6.5 shows the values

and difference percentages.

Table 6.5 Buckling values of single layer isotropic conical shell under outer pressure comparing theory data
with FEM for L/R, = 0.5 about cone angle, SS2

o Current Theory (Ib) | FEM (Ib) Difference
0 739.19 734.57 -0.63 %
5 712.45 706.65 -0.81 %
10 680.19 667.58 -1.85 %
30 509.64 489.21 -4.01 %
60 218.89 206.30 -5.75 %
80 62.02 74.36 199 %
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6.4 The FEA of Orthotropic Conical Shells

6.4.1 Comparison with Theoretical Results under Axial Compression

4000
/ < E, =30x10° psi
3500 \ .V E,/E, =10 _
\ ~ —*}—l R |[* v,=03
—>| R R, =1lin.
= P Pl <+ P '
g 00 \ = R,/h =100
- ~
L r\‘—'
o
-g 2000
z \
n
'S 1500
m
2 Current theory
O 1000 \/-‘ ——
FEM
500
0 v r v v
0 0.2 04 0.6 0.8 1 1.2
LR,

Figure 6.8 Buckling values single layer orthotropic conical shell under axial compression
comparing theory data with FEM for g JE, =10 and « = 30°about length ratio, SS2

Under outer pressure the comparison theoretical results with FEM and classical results for

single layer isotropic cone is in Figure 6.8. For E, /E¢ =10, cone angle a=30" and

boundary condition SS2, the theory and FEM values are almost identical profile through

the length ratio. Table 6.6 shows the values and difference percentage.

Table 6.6 Buckling values single layer orthotropic conical shell under axial compression comparing theory
data with FEM for g /E, =10 and o = 30°about length ratio, SS2

L/R, Current Theory (Ib) | FEM (Ib) Difference
0.2 3647.44 3643.27 -0.11 %
0.5 1084.97 1075.47 -0.88 %
0.8 1009.19 999,15 -0.99 %
1.0 1050.89 1045.54 -0.51 %
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6.4.2 Comparison with Theoretical Results under Outer Pressure
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Figure 6.9 Buckling values of single layer orthotropic conical shell under outer pressure
comparing theory data with FEM for E, / E, =10 and L/R;=0.8 about cone angle, SS2

The comparison theoretical results with FEM results for single layer orthotropic cone

under outer pressure is in Figure 6.7. For E, / E, =10, length ratio L/R, = 0.5 and SS2,

the theory and FEM values are similar profiles and results for cone angle «. The

differences are a little larger for cone angle approaches to 80 degree. Table 6.7 shows the

values and difference percentages.

Table 6.7 Buckling values of single layer orthotropic conical shell under outer pressure comparing
theory data with FEM for E_ / E,=10 and L/R,=0.8 about cone angle, SS2

a Current Theory (psi) | FEM (psi) Difference
0 50.87 48.79 -4.09 %
5 48.31 46.66 -3.42 %
10 45.52 43.88 -3.60 %
30 32.53 31.21 -4.06 %
60 14.06 13.93 -0.92 %
80 422 7.24 71.56 %
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6.5 The FEA of Multi Layer Composite Conical Shells
Element Type:
SHELI91 [2] is used for layered applications of a structural shell model or for modeling
thick sandwich structures. Up to 16 different layers are permitted for applications with the
sandwich option turned off. The element has six degree of freedom at each node:

translations in the nodal X, y, and z directions and rotations about the nodal x, y, and z

axes.
K,L,O
A
N
I
A Z
> Y
X
Element Name SHELL91
Nodes LILLK,L
Degree of Freedom UX, UY, UZ, ROTX, ROTY, ROTZ
Real Constants NL, LSYM, MAT, TK(I), TK(J), TK(K), TK(L), NL
Material Properties EX,EY, EZ, PRXY, PRYZ, PRXZ, GXY, GYZ, GXZ

Figure 6.10 SHELL91 16-Layer Structure Shell
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Input Data:

The geometry, node locations, and the coordinate system for this element are shown in
Figure 6.10. The element is defined by eight nodes, layer thickness, layer material
direction angles, and orthotropic m‘aterial properties. Midside nodes may not be removed
(with a zero node number) from this element. The elements of this analysis are depend on
the size of cones. The geometry and the coordinate system for this cone are followed by
theoretical data. For multi layer, the number of elements are: the length ratio
L/R, =0.2(40x5),L/R, =0.5(40x8),L/R, =0.8(40%10),and L/R, =1.0(40x12) with
radiusR, =1 in. in Figure 6.2. Because SHELL91 has eight nodes for each rectangular

element, it makes more equation than SHELL63. A triangular element may be formed by
defining the same node number for nodes K, L and O.

The total number of layers (NL; up to 16) must be specified. Layer of 2, 4, 6, 16
are calculated. If the properties of the layers are symmetric about the mid-thickness of
element (layer symmetry, LSYM=1), only half the properties, up to and including those of
the middle layer (if any), need to be entered. Otherwise (LSYM=0), the properties of all

layers should be entered.
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6.5.1 Comparison with Theoretical Results under Axial Compression

1000

Current theory

/ i .
-/’--

Critical Buckiing Axial Compression (ib)

400 L E, =30x10° psi -
/ E, =1/40E,
a a
300 > R || v, =025 :
—» R =1i
P -t ol e < P Rl lin.
200 » R,/h=100 7
100 7\ <
0 u v r r T T v T
0 2 4 6 8 10 12 14 16 18
Number of layer

Figure 6.11 Buckling values of multi layer orthotropic conical shell under axial compression
comparing with theory and FEM for L/R=0.8, and « = 30° about length ratio, SS2

Under axial compression, the comparison theoretical results with FEM results for multi
layer orthotripic cone is in Figure 6.11. For cone angle «a=30°, L/R1 =0.8, and
boundary condition SS2, two values are similar profiles and results. The differences
between theory and FEM values decrease as layer numbers increase. Fine mesh may

improve the accuracy. Table 6.8 shows the values and difference percentage.

Table 6.8 Buckling values of multi layer orthotropic conical shell under axial compression comparing
theory data with FEM for L/R;=0.8, ¢ =30° about number of layer, SS2

N Current Theory (Ib) | FEM (Ib) Difference
2 601.89 561.06 -6.78 %
4 888.99 802.81 -9.69 %
6 891.28 830.03 -6.87 %
16 887.69 846.18 -4.67 %
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E, =1/40E,
2000 +— Vv, =025 —
¢ P R, =1lin.
R,[h=100
¢—
1500 [ S

|

Critical Buckling Axlal Compression (Ib)
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Figure 6.12 Buckling values of multi layer orthotropic conical shell under axial compression
comparing with theory and FEM for a =30° and number of layer=16 about length ratio, SS2

The comparison theoretical results with FEM results for multi layer orthotropic
cone under axial compression is in Figure 6.12. For cone angle o =30°, number of
layer=16, and boundary condition SS2, two values are similar profiles and results. For
shorter length ratio L/R, =0.2, the difference is a little larger among other length cones.

Table 6.9 shows the values and difference percentage.

Table 6.9 Buckling values of multi layer orthotropic conical shell under axial compression comparing with
theory and FEM for o = 30° and number of layer=16 about length ratio, SS2

L/R, Current Theory (Ib) | FEM (Ib) Difference
0.2 2073.16 1841.90 -11.15 %
0.5 856.91 823.56 -3.89 %
0.8 887.69 846.18 -4.68 %
1.0 918.33 891.56 -2.92 %
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6.5.2 Comparison with Theoretical Results under Outer Pressure

L

g

g
]
§
7
—

E, =30x10° psi
E, =1/40E, —
v,, =025
R, =1lin.

R,/h =100

—
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»
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100

0.4 06
UR,
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Figure 6.13 Buckling values of multi layer orthotropic conical shell under outer pressure
comparing with theory and FEM for a = 30°, and number of layer=16 about length ratio, SS2

The comparison theoretical results with FEM and classical results for multi layer

isotropic cone under outer pressure is in Figure 6.13. For cone angle a=30° and

boundary condition SS2, the theory and FEM values are almost similar profiles except

extremely short cone like single layer case. Fine elements may increase the accuracy.

Table 6.10 shows the values and difference percentage.

Table 6.10 Buckling values of multi layer orthotropic conical shell under outer pressure comparing with
theory and FEM for « = 30°, and number of layer=16 about length ratio, SS2

L/R, Current Theory (Ib) | FEM (Ib) Difference
0.2 558.30 725.52 2995 %
0.5 105.30 93.09 -11.59 %
0.8 55.47 50.18 -9.54 %
1.0 42.28 38.91 197 %




CHAPTER 7

RESULTS AND CONCLUSIONS

1. Using developed C-language program COMBINED1, COMBINED?2, results of the
two simulation outputs are in Appendix E. MS VISUAL C++ 6.0 is used as a
compiler.

2. The buckling values are affected by boundary conditions, length ratio L/R,, cone
angle o, thickness ratio h/R, etc. For axial compression, boundary condition SSI,

SS2, and SS3 have similar trends but SS4 is larger. In Figure 5.4 and 5.5, different
boundary condition has different wave number. More wave number needs more
compression. For the buckling values of outer pressure, the length ratio and cone
angle are important factors. As cone angle « increases the buckling pressure
becomes smaller. For pure bending, thickness ratio and length ratio are important. As
the length ratio becomes longer, the buckling shows unstable values for small cone
angle region in Figure 5.9. Buckling values are related to the thickness of the cone.

3. For combined loads, outer pressure and axial compression act differently. Axial
compression buckling values are not sensitive to outer pre-pressure of lower
percentage, while axial compression and pure bending do not have similar patterns.
This means that the effect of axial pre-compression changes the buckling values of
bending moment almost linearly. The combined load pattern of outer pressure and
axial compression are identical to that of outer pressure and pure bending. The
buckling values of pure bending are not sensitive to outer pre-pressure at the lower

percentage of it.
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4. Orthotropic material has two different strengths in each direction. Regardless of

5.

length ratio and loads, buckling values increase as orthotropy ratio E, / E, reaches 1.

Shorter cones have large buckling loads comparing with other long cone.

For a multi-layered cone, a set of laminated cone with antisymmetric even number
cross-ply cones (or N layered conical shell) are used. The laminae oriented angles

0°and 90° are also considered. The buckling values increase as the number of layers
increase. The increment of layer from 2 to 4 is larger than other increments. The
buckling values of each loading have similar trends as single layer.

For axial compression of single layer cone, comparison theoretical and FEM values
matches well. Boundary conditions also affect FEM solution. The three types of
solutions, current solution, classical solution, and FEM solution are almost same
profiles with boundary condition SS4 in Figure 6.4. For outer pressure, the theory and
FEM results are almost similar profile except extremely short cone. The buckling
values of multilayered cones have similar trends as single layer cones. The buckling
values increase as number of layer increases. The difference between theoretical and

FEM buckling values are also reduced as number of layer increases.

The buckling of conical shell under pure bending is developed using minimum potential

energy method and power series method. Relatively long cones are studied to find the

stability conditions about thickness ratio. Three types of loads, axial compression, outer

pressure, and pure bending are used to obtain the effects of combined loads. Multilayered

cone shells increase the buckling loads as the number of layers increase. Generally, the

results of finite element method matches well with theoretical values. To avoid the

buckling conditions from various loads and to lessen the weight, combination of the layer
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symmetry, length, and material properties are important. To make good structure, new

material needs to be developed stronger and light weight material to economize energy.



APPENDIX A

ENERGY METHODS AND COEFFICIENTS

Y

X Figure A.1 Curvature coordinate system

The lines of curvature coordinates are denoted by the symbols x and y, and the principal
radii of curvature by R, and R, . Along the coordinates lines, distances ds, and ds can
be expressed as ds, = A, dx ds, =B, dy

Where A, B, are the Lamé coefficients for the X, Y, Z rectangular coordinates.

A point can be expressed on the surface (Figure A.l), then X=X(x,y), Y=Y(x,y),

Z=7Z(X,y).

rax Y (orY (azY
|5 F) 5
s | (XY (orY ,(oz)
HICIREINEN

The sign of z for convex shells is taken to be negative inward. The coordinates X, y, z are

orthogonal coordinate system.
The method is based on a strain energy expression derived in terms of the

following three simplifying assumptions developed by Koiter [13] and [14]:

96
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1. The shell is thin, h/R << 1, where is the smallest principal radius of curvature
of the undeformed middle surface.

2. The strains are small compared with unity, and the strain energy per unit
volume of the undeformed body is given by quadratic function of strain for an
isotropic solid.

3. The effect of transverse shearing and normal stresses may be neglected in
strain
energy density.

In terms of these Koiter’s assumptions, the strain energy of a thin elastic shell equations

[13]
U,=U,+U, (A1)
_C 2 2 1-v » dx A2
Um —EJ‘J’ EX +€y +2V€x8y +_2""'yxy ALBL dy ( ° )
D ,
U, = -2—” [ + &2 + 2vic k, +2(1-v)y? A, B, dxdy (A3)
3
CE Eh2 , DELZ
1-v 120-v7)

U,,U, are membrane strain energy and bending strain energy, respectively.

where £, E, and Y, are middle surface normal and shear strain components and K. K,

and K, are curvature changes.
M=U,+Q (A4)

Q=-[[(PU+Py+PW)A,B,dxdy (A.5)
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The total potential energy IT is consists of strain energy and the potential energy
Q of the applied loads. For Q, P,,P,,P, are the distributed load on the surface of the
shell element, and u,v,w represent the displacements of a point on the shell middle

surface of x, y, and z components. Equations (A.1) through (A.5) need a set of kinematic
relations of general potential energy expression for an arbitrary shape shell.

The equations developed here start from nonlinear middle surface kinematic

relations of simple form.
Eo=e . +i1B. K =X
e, =e, +ipB; K, =X, (A.6)
Yo =exy+%ﬁxﬂy Ko =X
where e;,f, and y, are linear functions of the displacement components

U, V,W . The relations of this form are derived by Sanders [20].

A sy V v,
s i A i e, =—>+ B.,u w (A7)
A, AB, R B, AB, R,

o =V Uy B,,, v+A, u

N AL BL ALBL
w, u W,y V¥

A A R, 'By B, R, (A.8)

A ,

lxx=ﬂx’x+ Lyﬂy Zyy.:ﬂ}’y+BL’xﬂx (Ag)
AL ALBL BL ALBL

2lxy = Bx’y + le’y _ AL’y ﬂx +BL’x ﬁx

A B, A B,
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The minimum potential energy criterion is used to derive an expression for the second
variation of the potential energy of a shell of general shape in terms of the linear

displacement parameters e;, B, X

8’ M=6%U,+6%Q | (A.10)
Thus the final expression for the second variation may be written

&8°11 = C([ Fdsdy (A.11)

For a functional of the form, the Euler equations are given,

—— - =0 (A.12)

OF 90 0F 9 0F 9 oF 9* OF 0 OF

—_— =0
ow  Oxow, 3y dw,  Ox' dw,  xdy ow, | 3y* ow,,

This leads to, after dropping the terms involving the squares of the derivatives in Eq.
(A.12)

LU+L,V+L,W=0 (A.13)
Similarly 7

LU+L,V+L,W=0 (A.14)

LU+L,V+LW+LW=0 (A.15)

where
For single layer :

@ Asina d Apsina A,

L2435k & R  R(x)op (A.16)
g asgme
b = A“[a'o; i Slier(lggx_" sziz?:xc;}r R?zic) aaq; (A.19)



A,cosa d A22 sinacos

Li="rm» &' Rm
A,cosa d
l’Z L32 RZ(x) a¢

__Apcosa d  Aysinacosa
L= R(x) ok R*(x)
_Aycos’a d* 2D, +2D,) o D, &
L33 - RZ(x) + Dll &_4 + RZ(x) &23¢2 + R4(x) a¢4
2D, sina & 2D, +2Dg)sina &  Dysin’a o

R(x) o&° R(x) Kdp*  R(x) K’
L ADy + Dy +2D,,)sin* @ J* D sin’ @ d
R*(x) do* R(x) o

1 7 J | J
Ly = T)X[R( )N’°9x]+_R2(x)8—¢(N’°a"—¢)

where
For multi layer :

Asina d  Aysinfa Ay J°
Li=4, ax2+ Rx) &  R(Gx)  R(x)p

(Az +Ay) 9 (A +Ag)sina
R(x) kdp R*(x) o

(A, +Ay) & +(A22+A66)sinai
R(x) okdp R'(x) ¢

L,=

L, =

@ sina d sinfa| A, &
Fa = A“[axz TR & Rz(x)} R*(x) 0¢°
A,cosa d A22 sin ¢cos &
Li=""%n &' rRe®
_B & (B,+2B,) &  B,sina &
"o’ R*(x) cxdp*  R(x) o*
(B, + B, +2B,)sina d* B,sin’a d

R(x) 5 R (x) ok

A,cosa d (B, +2By) & B, &
RX(x) dp  R(x) oI R(x)IP
B, sina &

T R¥x) &g

L,=

100

(A.20)

(A21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)
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_ _Ajcosa d  A,sinacosa
Ln=- R(x) &  R(x)
_B & (B,+2By) & 2B sina &
" ox? R*(x) okdp* R(x) o&*
Bysin’a d  Bysina ¢° Bysin’a

R(x) & R(x) dp* R(x) (A.3D)
L _Apycosa d (B,+2By) F B, &
2 R(x) J¢ R(x) &*dp R(x)dp’
Bysina &° By,sina d
R*(x) o&dp  R(x) I (A32)
Ay cosza'+ 2B, cos 7’ L 2By cosa 7’ , By cos asin’ a
L = R*(x) R(x) &* R(x) J¢* R} (x)
?* 2D, +2D,) o D, J
+Dll &4 + RZ(x) &2&¢2 + R4(x) a¢4
2D, sina & 2D, +2Dg)sina & Dysin*a J
R(x) o&° R*(x) g’ R*(x) o’
2D, + Dy, +2Dy)sin’ @ &  Dysin’a Jd
+ ) gy + o) 2 (A.33)

1 J J 1 J dJd
L, = R(x);[R(x)NXO g:l+_R2(x)(9_¢(N¢o 8—(1)) (A.34)
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B.2 Transformed Reduced Stiffness Matrix

___E __E
% 1=vvy, Cn 1-vpv,,
Eyv, Ev,
= , = = “EV, =EyVv
0, v, Oy v v, 0,=0y (VEv, =EV,)
___E |
Ces =20+ Vi2)

0, =Q,,cos* 8+ Q,, sin* 8+ 2(Q,, +20,,)sin’ Ocos’ 8

0, =(Q,, +0Q,, —4Q,,)sin> Ocos® 8 + Q,,(sin* 8 + cos* 6)

Q,, =0,,sin* 8+ Q,, cos* 8 +2(Q,, + 20, )sin* Gcos* 8

Q. =(Q,, - Q,, - 20,)sinfcos’ 8 — (Q,, - Q,, +20,,)sin’ Gcos
Qs = (0, — 0y, —2Q4)sin’ 8cos 8 — (Q,, — Q,, +20,,)sinHcos’ &
0., = (0, +Q,, — 20, —20,,)sin® B cos® 8 + O, (sin* O + cos* 6)

Here Q,,,0Q,,,and Q,, are referred to the principal direction (x,y) of the material. The

0 is the angle between these axes and the reference coordinates (x,y") lamina in Figure
B.2.

+6

LoD {
/

Figure B.2 Positive rotation of principal material axes from xy axes.
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B.3 Shallow Shell Theory

Figure B.3 shows Donnell-type [10] ‘shallow shell theory’ out of general shell
theory. When n is very large so that the half wave length of the deformation is small
compared to the radius, the flat plate developed should give a fair approximation. The
complete general shell theory is applicable over the whole span, but a modification of it
which has come to be known as ‘shallow shell theory’ has been found to be very useful,
giving good approximation in the upper range of values of n, for values down to three or

four (and acceptable approximation for values as low as two).

_ complete general shell theory .
___membrane P ‘shallow shell’ theory
numbernof [ theory
whole waves 4 l—
in circum.—» |0 1 2 3 4 Lo flat plate
theory
e TN RN Q? @W
subtended
by half wave
= /n —» o n w2 w3 w4 0
__ half wavelength
- radius

Figure B.3 Range of applicability of shell



APPENDIX C
RECURRENCE RELATION COEFFICIENTS

For single layer :
The coefficients G, in Eqs.(3.20) G, ;, G, in Egs.(3.25) are

G __(2m+1)sina
M7 (m+2)R,
G —— m” sin® N A, sin’ @ + Agn®
M2 (m+2)(m+ DR A REZ(m+2)(m+1)
G .=— (A + Ag)n
P AR(m+2)
G =_[(A,z+A%)m—(A22+A%)]nsinoz
b4 A, R2(m+2)(m+1)
G . = A,cosa
T AR(m+2)
G = (A,m- A, )sinacosa
Y AR (m+2)(m+1)
(A, + Ag)n
G =T
T AgRy(m+2)
G = [(A, + A d)m+ (A, + A )nsina
22 A RE(m+2)(m+1)
_ Cm+1sina
7 (m+2)R,
G - m’sin® & . Ay sin’ a + A,,n’
2 (m+2)(m+DR;  AGRI(m+2)(m+1)
G =— A,ncoso
257 A RZ(m+2)(m+1)
G. = A, cosa
37D Ry(m+4)(m+3)(m+2)
(3A,m— A,,)sinacos
Gra = D, R;m,
[3A,(m—1)+2A,,1sin* acos &
Gra= D,,Rym,,
G = [A,(m—2)+ A,lsin’ acosa
o DnRgmu
%= By
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C.1)

(C.2)

(C3)

(C4)

(C.5)

(C.6)

(C.7)

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)
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G, = Apnsin2a C.17)
||Rom41
G,, = A,,nsin 4a'cosa C.18)
D, Rym,,
G., _2(2m+1)sma (C.19)
' R,(m+4)
G 2(D,, +2D)n* + D,, sin’ & P __Mcosg
% = D,R: " 27D, cose 7D, R cosa
_Mﬁ} /(m +4)(m+3)  (C.20)
R;
G = gm+1tan o 3Pmsin N Mcosgsina(2m—1)
310 D, 2D R:mcos 7D, R: cos &
2m(m—-1)(2m-1)sin’ o
) R;
[2(D,2 + 2D n® + D22Rim a](2m—1)sin a}%m+4)(m+3)(m+2) (C.21)
ll

G,,, = {— [2(D,, + 2D )n* + D,, sin® @]sin® am(m—2) — A, R; cos® &

— D, \m(m— D*(m-2)sin’ a— D22n4 +—

7R 2 +2(D;, + Dy + 2Dy )0’ sin”
0sS

3PR,m(m—1)sin*
2zmcos o

—35gR;m(m—1)tan arsin’ a}/(D”Rgm“) (C.22)

—4gR;mtan arsin @ —

M cos ¢sin con(m —2)
mcosa

P 45gR; . .
G, = {_(chosa v J(m—l)(m— 2)sin’ & - 6gR; (m—1)tan asin’ &

2
—-2A,,R,sinacos’ a + 3qRyn” sin a]/(D,,R(‘)‘m“) (C.23)

cosa
= [-05q tan aR,(m—2)(5m~T) sin® a + 3gn® R, tan arsin o
~ A, sin* acos’ @)/(D,,Rim,,)  (C.24)

313

2
G, = |:" 05g(m—2)(m—3)tan asin & — cf)rsl a]Sin3 a/(DuR(‘;mdl) (€25

where m,; =(m+4)(m+3)(m+2)(m+1).
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G = 2(Dy, +2Dg)n’ + Dy sin* P
» DR} 27D, cos &
2 -2
-6"’—5‘2“3} /(m+4)(m+3) (C.26)
R
. 1 M
G . =|l-——" +4)Ym+3 . C.27
32 { ZnDI,Rgcosa]/(m Yom +3) €.27)

G _{ gm+Dtane  3Pmsina  2m(m-1)(2m-1)sin’ @
310 Y - -

D, 2D, R}mcos R,
2 : in’ - Dsi
L [2D; +2D)n* + Dy, sin a)(2m—1)sin a}/(m+4)(m+ Dme2) (C28)
Dy, R,
G o= |- L MSIna@m =D jo | 4y m+3)m +2) (C.29)
2 7D, R;cosx
G,,, = [2(D,, + 2D )n* + D,, sin® a]sin® am(m —2) — A, R cos’
gn’Ry
- D, ym(m—-1)*(m-2)sin* @ — D,n* + " 2(D,, + D, +2D)n’ sin* &
. 3PRm(m—1)sin’ &
— 3 —
4gRymtan asin o meosa
—~3.5gR}m(m 1) tan asin® @}/ (D, R‘m,,) (C.30)
G, - {_l M cos ¢ sin am(m —2) }/R{,‘mu (C31)
2 T COSOX

For multi layer :
The coefficients G, ; in Eqgs.(4.17) and G

>

ij?

G, , in Egs.(4.25) are

_ (Bm+1)sinx
G = e 2R, (C.32)
_ m(3m-1)sin*a A, sin’ @+ Agn’
G2 = (m+2)(m+1)R; * A RZ(m+2)(m+1) (C.33)
in? 2y qi N2 aind
G =~ (A, sin“ a+ A“n3 )sina — A, (m—1)"sin” 34
A, Rj(m+2)(m+1)
(Alz + Aﬁﬁ)n
T C.35
1= R (m+2) (C.35)
G .= _[2(A, + Ag)m—(Ay + Ag)nsin® 36

LS A R:(m+2)(m+1)
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Gig=- HA, + A“)(m;—l)—- (Ag + Aglnsin q ‘ (C.37)
' AR (m+2)(m +1)
B, ,(m+3)
G,,=—"4+—= C.38
, yy (C.38)
G, = B,3m+1)sinx (C.39)
‘ AR,
G,, = [B,m(3m-1)sin’ az- (B, +2B,)n* — B, sina (C.40)
+ A, R, cos @]/ A R (m+2)
G, = {B,m(m—1)*sin’ @ - [(B,, + 2B )n’ + B,, sin’ @]
X msin @ + Ry (2A,m— A,,)sinacos o (C41)

+(B,, + B,, + 2B )n*sina}/ A, R (m+2)(m+1)
_ [A,(m=-1)- A22]sin2 ocos o

G = A R(m+2)(m+1) (C42)
_ (A + Age)n
G, = AR (m+2) (C.43)
G,, = [2(A, + A“z)m +A, +Agnsina Cas)
' A R (m+2)(m+1)
G,, = [(A, +A66)(m:1)+(A22 + A )Insin® a 45
’ AgRy(m+2)(m+1)
_ _Bm+Dsina
G,, = Tt DR, (C.46)
_ Apn® + A [1-m(3m-1)lsin’ a
O T T AR G Dt ) (€47
_[Apn® — Agm(m—2)sin’ alsina
G = A R (m+2)(m+1) (C48)
(B, +2Bg)n
Gpr=-— (C.49)
: ARy
__[2(B, +B)m+ By Isine
G5 = A R:(m+2) (C.50)
_[B,(n® — msin’® @) — Ay, R, cos & = (B, + 2B, )m(m—1)sin® aln
G20 = AR (m+2)(m+1) (€D
____Apnsinacosa
G = AR (m+ 2)(m+ D) (C.52)
Gs, 2 (C.53)

17D, (m+4)



G.. = 2(2m+1)B,;sina
*2 " Dy Ry(m+4)(m+3)
G - (6B,,m* — B,,)sin’> @ —(B,, + 2B, )n* + A,R,cosa
33 D, R:(m+4)(m+3)(m+2)
G, . = {2B,,Rym(m—1)(2m - 1)sin® @ + 34, R:msin czcos &
~2(B,, + 2B )R mn* sin @ — B,, R [n* + (2m—1)sin’® a]sin
+ A,R? sinczcos @ }/(D, Rim,,)
G, s = {B,(m=1)*(m—2)sin* @ +3A,R,(m~-1)sin* acos @
—(B,, + 2B, )n*(m—1)sin® @ — B,,[n* + (m - 2)sin® a]sin* &
+2A,R, sin® acosa (D, Rim,,)
_[Ap(m=-2)+ A, ]sin’ acosa

G3,6

DnR(:mu
G = (B, +2B)n
377 D, \Ry(m+4)(m+3)
[3(B,, + 2B, )m— B,,Insinx
Gy =—

D, \R2(m+4)(m+3)(m+2)

G, ={3(B,, + 2By )nm(m—1)sin’ a + A,Ryncosx
— B,,n[n* + (2m—1)sin* a1}/(D,,Rim,,)

G0 = {(By, + 2B )n(m—1)(m—2)sin’ & + 2A,, Rynsin crcos o
— B,,[n* + (m—2)sin’ alnsin a}/(D,,Rém,,)

A,nsin® acos

G... =
i D“Rgm“
G . 22m+Dsina
M7 R(m+4)
G = 2Dy, +2D)n* + D,, sin* & P M cos ¢
313 DR} 27D, cosa 7D, R; cos
6m’sin’a 2B
_6m 512n o ,2cosai|/m+4)(m+3)
R, D, R,
G. = q(m+1)tana_ 3Pmsinx +Mcos¢sina(2m—l)
a4 D, 2D, Rimcos 7D,,R; cos
2m(m-1)(2m-1)sin’ & _ 6B,,msin @ cos &
R; D, R;
2(D,, + 2D, )n* + D, sin* a)(2m—1)si
+[( 12 L DZZR?H a)(2m )Sma}/(m+4)(m+3)(m+2)
11

G,,s = {[2(D,, + 2Dy )n* + D,, sin® a]sin® am(m—2) — AR} cos” @
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gn’Ry
| cosa
+2(Dy, + D,, + 2Dy )n* sin® @ — 4gRymtan arsin &

_ 3PRym(m—1)sin’

- D,,m(m-1)*(m-2)sin* a@ - D,,n* + ——

-35gR;m(m—1)tan asin®

2nmcosa
M cos ¢sin aon(m - 2) .,
mcosa 6BlzRom(m 1) cosasm- o
~ By,R, cosa(sin® a - 2n*)} /(D Rim,,) (C.67)

P qRo .
Gy = {_(chosa +2B,cos + )(m ~1)(m-2)sin’ &

- 6gR:(m—1)tan arsin’ @ - 2A, R, sin@cos®

2 a
— B, (sin®~ 2n®)sin acos a+ R""S Zm (D, R‘m,) (C.68)
G,,, = [-05g tan R, (m— 2)(5m— T)sin® & + 3qn* R, tan a'sin
— A,, sin* azcos® al/(D,,Rym,,) (C.69)
2
Giys = [— 0.5¢(m — 2)(m—3)tan arsin & — C‘(’)’; a]sin3 P /(D“R{,‘m“ ) (C.70)

where m,, = (m+4)(m+3)(m+2)(m+1).

G < 2Dy, +2Dg)n’ + Dy, sin’ o P
M D,,R} 27D, cos &

2 .2
_6m ;}“ a_ 23‘5 C;:a]/(m+4)(m+3) (C71)
11

. 1 Mcos¢
=" D R eosa 72
G [ 2 DR Cosa] /(m +4)(m+3) (C.72)

: gim+1)tanx 3Pmsino
Gue=1""p "2D,R?
» LRy cosx
_2m(m-1)(2m-1)sin’a@ 6B, ,msinacosa
Rg DIIRZ
[2(D]2 +2D,)n* + D,, sin* a](2m—-1)sin&
llR()

- _lMcosq)sina(Zm—l)
314—{ : DK cosa } /(m+4)(m+3)(m+2) (C.74)

Giys = {[2(D,, + 2D )n* + D, sin’ @sin® am(m — 2) — A, R? cos®

}/m+4)(m+3)(m+ 2) (C73)




»

G3,15

gn’R;
cosa
+2(D,, + D,, + 2D )n* sin® @ — 4gR)mtan asin @
3PRm(m-1)sin’ &
- 27cos o
-6B,,R,m(m—1)cos asin’ &

22Rocosa(sm o -2n® )/(D,,Rom4,)

- D, ym(m—1)*(m-2)sin* @ - Dpn* +

-35gR;m(m—1)tan asin® &

={_1Mcos¢smoon(m 2)}/(D Rém )

2 mcose
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APPENDIX D
PROGRAM LOGIC

Computer program ( COMBINED1, COMBINED?2 ) to determine critical load using C-

language has been developed. For confidence of my program logic, some existing data is

compared with my data in Appendix E (E.28).

Outline of Program

{

}

o Input geometry dimensions and material parameters.

o Determine a,,,b,,,c,, interms of a,,a,,b,,b;,c,,¢;,c,,c; using recurrence
relationships.

oCalculate U,V,W,0W [ok,N,,N_, and M, for applying boundary conditions.

for( repeat m until converging )
begin
o Make coefficients matrix after imposing each boundary
condition.
o Set the determinant to zero.

o Obtain the critical buckling load.

end.

repeat program for axial compression, outer pressure, and pure bending.

repeat program for combined outer pressure and axial compression,

for combined axial compression and pure bending, and

for combined outer pressure and pure bending.

Some other outputs are obtained by changing parameters.

COMBINED? is developed by changing G, ; Appendix (C.32 through C.70) from

COMBINEDI.
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APPENDIX E

NUMERICAL SOLUTION DATA

E.1 Buckling Values of Single Layer Isotropic Conical Shell under Axial Compression (P.,)

SS1:
R//h=100.0 v,,=0.3 E=30x10° psi
alpa\L/R, 02 0.5 0.8 1.0

0.0 5693.58 (0) 5852.35(0) 5695.17 (0) 5704.19 (0)

1.0 5695.08 (0) 5851.72(0) 5702.50(0) 5697.78 (0)

5.0 5684.01 (0) 5816.32(0) 5658.91(0) 5661.15 (0)
10.0 5612.92 (0) 5693.76 (0) 5527.38 (0) 5532.77 (0)
20.0 5291.02(0) 5195.94 (0) 5023.51(0) 5042.77 (0)
30.0 4763.01 (0) 4396.63 (0) 4259.73 (0) 4280.68 (0)
40.0 4081.90 (0) 3373.90(0) 3337.28 (0) 3344.74 (0)
45.0 370191 (0) 2819.85(0) 2853.76 (0) 2844.99 (0)
50.0 3304.71 (0) 2268.52(0) 2374.17 (0) 2347.80(0)
60.0 2481.52(0) 1279.54 (0) 1466.63 (0) 1427.55(0)
70.0 164750 (0) 574.31(0) 670.24(0) 686.94 (0)

80.0 819.87(0) 186.00(0) 149.34(0) 160.71 (0)
SS2:

Ry/h=100.0 v,i=0.3 E=30x10° psi

alpa\L/R, 0.2 0.5 0.8 1.0

0.0 5723.26 (1) 5868.08 (1) 5721.70(1) 5721.64 (1)

1.0 5726.86 (1) 5867.87 (1) 5719.45(1) 572048 (1)

5.0 5715.63 (1) 5832.42(1) 5676.29 (1) 5680.21 (1)
10.0 5644.25 (1) 5710.26 (1) 5546.10(1) 5553.64 (1)
20.0 5321.44 (1) 5214.88 (1) 5049.08 (1) 5067.57 (1)
30.0 4791.70 (1) 4418.81(1) 4291.79 (1) 4315.75(1)
40.0 4107.67 (1) 3399.35(1) 3372.43(1) 3382.95(1)
45.0 3725.75 (1) 2846.55 (1) 2888.32 (1) 2883.64 (1)
50.0 3326.34 (1) 2295.72 (1) 2406.59 (1) 2384.62 (1)
60.0 2498.09 (1) 1303.43(1) 1491.28 (1) 1456.54 (1)
70.0 1658.58 (1) 589.21(1) 686.97 (1) 704.04 (1)

80.0 82537(1) 191.78(1) 156.85(1) 168.83 (1)
SS3:

Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R, 02 0.5 0.8 1.0

0.0 5693.58 (0) 5852.35(0) 5695.17 (0) 5704.19 (0)
1.0 5695.08 (0) 5851.72(0) 5702.50 (0) 5697.78 (0)
5.0 5684.01 (0) 5816.32(0) 5658.91(0) 5661.15 (0)
10.0 5612.92 (0) 5693.76 (0) 5527.38 (0) 5532.77 (0)
20.0 5291.02 (0) 5195.94 (0) 5023.51(0) 5042.77 (0)
30.0 4763.01 (0) 4396.63 (0) 4259.73 (0) 4280.68 (0)
40.0 4081.90 (0) 3373.90(0) 3337.28 (0) 3344.74 (0)
45.0 3701.91 (0) 2819.85(0) 2853.76 (0) 2844.99 (0)
50.0 3304.71 (0) 2268.52(0) 2374.17 (0) 2347.80 (0)
60.0 2481.52(0) 1279.54(0) 1466.63 (0) 1427.55 (0)
70.0 1647.50 (0) 574.31(0) 67024 (0) 686.94 (0)
80.0 819.87 (0) 186.00(0) 149.34(0) 160.71 (0)
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SS4:

Ri/h=100.0 v,=0.3 E=30x10° psi

alpa\L/R;
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

CCl1:

02
11467.88 (7)
11465.41 (7)
11388.56 (7)
11145.10 (7)
10174.14 (6)

8703.41 (5)
6899.04 (4)
5940.34 (2)
4982.36 (0)
3263.36 (0)
1895.93 (0)

852.23 (0)

0.5
11434.46 (8)
11430.86 (8)
11344.97 (8)
11080.13 (8)
10075.59 (8)

8561.41 (7)
6695.91 (6)
5706.63 (5)
4715.08 (4)
2878.30 (0)
1357.16 (5)

349.13 (3)

Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

CC2:

0.2
18947.95 (0)
18969.21 (0)
18991.13 (0)
18861.19 (0)
18086.18 (0)
16667.75 (0)
14688.34 (0)
13520.16 (0)
12251.30 (0)

9466.04 (0)
6436.40 (0)
3254.42 (0)

0.5
11408.30 (2)
11405.02 (2)
11321.94 (1)
11073.31 (1)
10083.84 (7)

8561.42 (7)
6697.43 (6)
5704.22 (5)
4714.73 (4)
2883.41 (0)
1533.89 (0)

636.56 (0)

R,/h=100.0 v,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
50
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

CC3:

0.2
18977.26 (1)
18999.87 (1)
19021.61 (1)
18891.32 (1)
18115.22 (1)
16694.95 (1)
14712.72 (1)
13542.77 (1)
12271.89 (1)
9482.02 (1)
6447.26 (1)
3259.89 (1)

0.5
12179.75 (6)
12187.73 (6)
12123.01 (8)
11678.67 (7)
10531.30 (7)
8823.48 (6)
6805.77 (5)
5762.76 (4)
4737.05 (3)
2896.27 (1)
1544.26 (1)
641.59 (1)

R/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0

10.0

20.0

0.2
18947.95 (0)
18969.21 (0)
18991.13 (0)
18861.19 (0)
18086.18 (0)

0.5
11975.14 (8)
11983.30 (8)
11947.68 (8)
11747.57 (8)
10842.69 (9)

0.8
11417.15 (6)
11413.10 (6)
11328.68 (6)
11076.16 (6)
10081.32 (4)

8556.18 (8)
6691.24 (7)
5699.51 (6)
4715.78 (5)
2869.82 (7)
1333.61 (4)

353.67 (4)

0.8
11410.63 (6)
11407.73 (6)
11328.87 (6)
11068.05 (5)
10073.76 (4)

8560.29 (0)
6743.36 (6)
5707.42 (6)
471593 (5)
2852.07 (1)
1334.57 (4)

370.92 (0)

0.8
11495.33 (8)
11490.10 (8)
11398.23 (8)
11125.49 (8)
10094.94 (8)

8559.50 (8)
6739.43 (7)
5763.34 (7)
4820.74 (7)
3001.23 (5)
1361.47 (4)

375.76 (1)

0.8
11566.08 (8)
11547.98 (8)
11414.98 (8)
11116.10 (8)
10086.09 (8)

1.0
11411.53 (6)
11407.11 (6)
11322.78 (6)
11073.75 (6)
10071.24 (8)

8553.62 (7)
6698.27 (5)
5705.20 (4)
4709.42 (0)
2846.62 (5)
1345.68 (6)

342.18 (0)

1.0
11414.18 (6)
11409.29 (6)
11321.97 (6)
11066.95 (6)
10074.47 (4)

8558.69 (1)
6695.02 (5)
5704.64 (4)
4714.10 (1)
2857.44 (6)
1335.87 (1)

344.15 (1)

1.0
11436.14 (7)
11434.61 (7)
1135221 (9)
11093.05 (9)
10126.28 (9)
8638.31 (9)
6719.69 (8)
5717.47 (8)
4724.47 (1)
2883.90 (6)
1399.77 (5)
348.28 (1)

1.0
1143272 (7)
11424.45 (7)
11344.19 (9)
11082.93 (9)
10119.38 (9)



30.0
40.0
45.0
50.0
60.0
70.0
80.0

CC4.

16667.75 (0)
14688.34 (0)
13520.16 (0)
12251.30 (0)
9466.04 (0)
6436.40 (0)
3254.42 (0)

9394.33 (8)
7054.12 (0)
5860.52 (0)
4752.19 (0)
2883.41 (0)
1533.89 (0)

636.56 (0)

R1/h=100.0 v,=0.3 E=30x10° psi

alpa\L/R,

0.0

1.0

5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

E.2 Buckling Values of Single Layer Isotropic Conical Shell under Outer Pressure (q,)

SSI:

0.2
22719.14 (5)
22737.25 (5)
22712.71 (5)
22462.78 (S5)
21255.68 (4)
19188.30 (3)
16434.82 (0)
14888.37 (0)
13275.50 (0)

9945.36 (0)
6589.20 (0)
3274.37 (0)

0.5
12945.84 (8)
12947.86 (8)
12885.55 (8)
12638.61 (8)
11612.95 (8)

9991.12 (8)
7991.24 (8)
6935.53 (8)
5828.30 (7)
3764.01 (6)
2013.03 (5)

741.26 (2)

Ry/h=100.0 v,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

SS2:

0.2
2836.05 (17)
2830.18 (17)
2797.70 (17)
2737.88 (17)
2558.40 (17)
2308.17 (17)
1999.59 (17)
1827.50 (17)
1645.69 (17)
1258.89 (17)

850.06 (17)
428.06 (17)

0.5
692.51 (11)
687.93 (11)
667.52 (11)
637.93 (11)
566.88 (11)
483.78 (11)
394.22 (11)
348.90 (11)
302.95 (10)
214.06 (10)
132.72(9)
61.81 (8)

Ry/h=100.0 v,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
450
50.0
60.0

0.2
2848.37 (17)
2842.42 (17)
2809.55 (17)
2749.04 (17)
2567.63 (17)
2315.08 (17)
2004.18 (17)
1831.04 (17)
1648.30 (17)
1260.09 (17)

0.5

739.19 (11)
734.34 (11)
712.45 (11)
680.19 (11)
601.66 (11)
509.64 (11)
411.32(11)
362.07 (11)
313.56 (10)
218.89 (10)

8559.45 (8)
6733.88 (8)
5787.64 (8)
4835.57 (7)
3016.04 (7)
1395.10 (0)

370.92 (0)

0.8
11842.72 (9)
11837.25 (9)
11752.30(9)
11502.35 (9)
10541.44 (9)

9058.00 (8)
7183.80 (8)
6202.46 (8)
5185.36 (7)
3270.42 (6)
1611.31 (6)

491.22 (4)

0.8
392.56 ( 9)
388.37 (9)
371.22(9)
348.98 ( 9)
301.29 ( 9)
24791 (10)
195.13 (10)
169.23 (9)
143.70 (9)
97.17(9)
56.44 ( 8)
23.75(7)

0.8
452.84 (9)
448.48 (9)
428.66 (10)
399.40 (10)
338.65 (10)
276.00 (10)
214.06 (10)
184.45 (10)
156.32 (10)
103.33(9)

8642.00 (9)
6746.37 (8)
5736.73 (0)
4714.98 (0)
2892.33 (7)
1416.89 (6)

344.47 (0)

1.0
11968.78 (10)
11971.44 (4)
11906.71 (4)
1137621 (8)
10607.96 (6)
9031.32 (10)

6979.55 (8)
5976.36 (8)
4985.18 (8)
3102.24 (7)
1535.33 (6)

439.73 (4)

1.0
304.58 ( 8)
300.78 ( 8)
285.97 ( 8)
267.70 ( 8)
22279 (9)
180.25 (9)
139.47 (9)
120.03 (9)
101.52 (9)

67.76 ( 8)
38.50 ( 8)
15.27 (6)

1.0
365.49 ( 9)
360.23 ( 9)
339.24 (9)
313.56 (9)
262.49 ( 9)
208.81 (10)
159.05 (10)
135.99 (10)
113.56 ( 9)

73.71 (9)
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70.0
80.0

SS3:

850.43 (17)
428.11(17)

134.31(9)
62.02 ( 8)

Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

SS4:

0.2
2935.04 (18)
2928.88 (18)
2894.54 (18)
2830.91 (18)
2639.25 (18)
2372.24 (18)
2044.96 (18)
1863.77 (18)
1673.50 (18)
1272.89 (18)

855.30(18)
428.77 (17)

0.5
734.73 (11)
730.83 (11)
711.05 (12)
679.21 (12)
604.24 (12)
517.04 (12)
422.41 (12)
374.14 (12)
325.84 (11)
229.34 (11)
140.88 (10)

63.84 (9)

R/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

CCl1:

0.2
2967.24 (18)
2960.95 (18)
2925.77 (18)
2860.49 (18)
2663.94 (18)
2390.82 (18)
2057.35 (18)
1873.34 (18)
1680.58 (18)
1276.12 (18)

856.31 (18)

428.90 (17)

0.5
809.32 (12)
804.16 (12)
780.89 (12)
746.54 (12)
662.18 (12)
561.68 (12)
452.68 (12)
397.67 (12)
343.69 (12)
239.00 (11)
144.39 (10)
64.34 (9)

R;/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
50
10.0
200
30.0
40.0
45.0
50.0
60.0
70.0
80.0

CC2:

0.2
477337 (24)
4764.39 (24)
4714.14 (24)
4619.72 (25)
4329.53 (25)
3924.58 (25)
3420.47 (26)
3134.97 (26)
2831.42 (26)
2178.52 (26)
1478.31 (26)

746.89 (26)

0.5
919.18 (12)
914.30 (12)
892.16 (12)
859.21 (12)
772.36 (13)
670.81 (13)
559.90 (13)
502.48 (13)
444.53 (13)
329.04 (13)
215.15 (12)
105.96 (12)

Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,;
0.0
1.0

0.2
4786.88 (24)
4777.86 (24)

0.5
971.90 (12)
966.41 (13)

58.75( 8)
24.10(7)

0.8
410.03 (9)
406.43 (9)
391.58 (9)
366.84 (10)
314.76 (10)
261.50 (10)
207.26 (10)
180.41 (10)
15427 (10)
105.71 (10)

61.45 (9)
25.38(7)

0.8
486.85 (10)
481.88 (10)
461.33 (10)
434.42 (10)
368.74 (11)
301.99 (11)
235.81 (11)
203.84 (11)
17321 (11)
114.93 (10)

65.27 ( 9)
26.15 (7)

0.8
473.52 (10)
468.38 (10)
447.58 (10)
42124 (10)
366.51 (10)
307.73 (11)
246.86 (11)
217.24 (11)
187.83 (10)
131.88 (10)

82.11 (9)
38.09 (9)

0.8
529.08 (10)
524.11 (10)

40.75 ( 8)
15.70 ( 6)

1.0
317.87 ( 8)
314.68 ( 8)
298.66 ( 9)
275.66 ( 9)
233.34 (9)
192.20 ( 9)
149.64 (10)
129.52 (10)
110.11 (9)

7322 (9)
42.01 (8)
16.63 (7)

1.0
389.76 ( 9)
385.16 ( 9)
366.74 (10)
337.12 (10)
281.56 (10)
227.84 (10)
175.23 (10)
149.91 (10)
125.75 (10)

82.45 (10)
45.72(9)
17.37(7)

1.0
356.14 ( 9)
351.19 ( 9)
331.64 (9)
308.65 (9)
264.42 ( 9)
215.89 (10)
169.96 (10)
148.07 (10)
127.05 (10)

87.72(9)

52.74 (9)

23.49 ( 8)

1.0
412.07 (9)
407.43(9)
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5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

CC3:

4727.32 (24)
4631.52 (25)
4339.56 (25)
3932.26 (25)
3425.38 (26)
3138.80 (26)
2834.28 (26)
2179.85 (26)
1478.73 (26)

746.95 (26)

939.38 (13)
900.36 (13)
806.93 (13)
697.41 (13)
577.99 (13)
516.59 (13)
455.05 (13)
333.92 (13)
216.94 (12)

106.20 (12)

Ri/h=100.0 v,4=0.3 E=30x10° psi

alpa\L/R,

0.0

1.0

5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

CC4:

0.2
4778.41 (24)
4769.48 (24)
4719.39 (24)
4623.39 (25)
4333.09 (25)
3927.65 (25)
3422.10 (26)
3136.31 (26)
2832.46 (26)
2179.05 (26)
1478.48 (26)

746.92 (26)

0.5
922.44 (12)
917.71 (12)
896.18 (12)
861.63 (13)
774.68 (13)
673.49 (13)
562.41 (13)
504.71 (13)
446.40 (13)
330.08 (13)
215.89 (12)
106.07 (12)

R/h=100.0 v,¢=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

E.3 Buckling Ratio of Single Layer Isotropic Conical Shell under Axial Compression (Pe/Pclassical)

SS1:

0.2
4799.15 (24)
4790.19 (24)
4739.32 (25)
4641.14 (25)
4348.38 (25)
3939.51 (25)
3429.50 (26)
3142.11 (26)
2836.81 (26)
2181.08 (26)
1479.13 (26)

747.00 (26)

0.5
983.83 (13)
977.94 (13)
951.61 (13)
913.21 (13)
820.01 (13)
709.16 (13)
587.11 (13)
524.12 (13)
460.95 (13)
336.90 (13)
218.55 (12)
106.41 (12)

Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0

10.0

20.0

30.0

40.0

0.2
0.4991 (0)
0.4994 (0)
0.5020 (0)
0.5073 (0)
0.5252 (0)
0.5567 (0)
0.6097 (0)

0.5

503.40 (10)
472.79 (11)
405.40 (11)
336.21 (11)
266.85 (11)
233.03 (11)
200.35 (11)
139.12 (10)

84.58 (10)

3847 (9)

0.8
473.54 (10)
468.41 (10)
447.72 (10)
421.64 (10)
367.68 (10)
308.41 (11)
247.73 (11)
218.10(11)
189.24 (11)
132.95 (10)

82.68 (10)

38.22(9)

0.8
537.16 (10)
532.45 (10)
510.21 (11)
477.81 (11
41139 (11)
342.30 (11)
272.03 (11)
237.47 (11)
203.94 (11)
141.69 (11)

85.72 (10)
38.75(9)

0.8

0.5130(0) 0.4992 (0)
0.5131 (0)  0.5000 (0)
0.5137 (0)  0.4998 (0)
0.5146 (0)  0.4996 (0)
0.5158 (0) 0.4987 (0)
0.5139 (0) 0.4979 (0)
0.5040 (0)  0.4985 (0)

387.02 (10)
357.22(10)

300.59 (10)

245.27 (10)
190.96 (10)
164.77 (10)
139.71 (10)
94.32 (10)
55.34(9)
23.94 (8)

1.0
356.17 (9)
351.19(9)
331.70(9)
308.81 (9)
265.15 (10)
216.51 (10)
170.78 (10)
148.90 (10)
127.84 (10)

88.81 (10)
53.17(9)
23.64 ( 8)

1.0
418.16 (9)
413.79 (9)
390.07 (10)
360.98 (10)
305.53 (10)
248.71 (11)
193.64 (11)
167.67 (11)
142.97 (11)

96.19 (10)
56.54(9)
24.25 ( 8)

1.0
0.5000 (0)
0.4996 (0)
0.5000 (0)
0.5001 (0)
0.5006 (0)
0.5003 (0)
0.4996 (0)
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45.0 0.6490 (0) 0.4944 (0) -
50.0 0.7011 (0) 0.4813 (0)
60.0 0.8701 (0) 0.4486 (0)
70.0 1.2345(0) 0.4303 (0)
80.0 2.3833(0) 0.5407 (0)
SS2:
R/h=100.0 v,4=0.3 E=30x10° psi
alpa\L/R, 0.2 0.5

0.0 0.5017 (1) 0.5144 (1)

1.0 0.5021 (1) 0.5145 (1)

5.0 0.5048 (1) 0.5152 (1)
10.0 0.5101 (1) 0.5161 (1)
20.0 0.5282 (1) 0.5177 (1)
30.0 0.5600 (1) 0.5164 (1)
40.0 0.6136 (1) 0.5078 (1)
45.0 0.6532 (1) 0.4990 (1)
50.0 0.7057 (1)  0.4870 (1)
60.0 0.8759 (1) 0.4570 (1)
70.0 1.2428 (1) 0.4415 (1)
80.0 2.3993 (1) 0.5575 (1)
SS3:
Ri/h=100.0 v,,=0.3 E=30x10° psi
alpa\L/R; 0.2 0.5

0.0 0.4991 (0) 0.5130 (0)

1.0 0.4994 (0) 0.5131 (0)

5.0 0.5020 (0) 0.5137 (0)
10.0 0.5073 (0) 0.5146 (0)
20.0 0.5252 (0) 0.5158 (0)
30.0 0.5567 (0) 0.5139 (0)
40.0 0.6097 (0)  0.5040 (0)
45.0 0.6490 (0)  0.4944 (0)
50.0 0.7011 (0) 0.4813 (0)
60.0 0.8701 (0)  0.4486 (0)
70.0 1.2345 (0)  0.4303 (0)
80.0 2.3833(0) 0.5407 (0)
SS4:
R;/h=100.0 v,,=0.3 E=30x10° psi
alpa\L/R; 02 0.5

0.0 1.0052(7) 1.0023(8)

1.0 1.0053 (7) 1.0023 (8)

5.0 1.0059 (7)  1.0021(8)
10.0 1.0073(7) 1.0014 (8)
20.0 1.0100 (6)  1.0002 (8)
30.0 1.0172(5)  1.0006 (7)
40.0 1.0305 (4)  1.0002 (6)
45.0 1.0414 (2) 10004 (5)
50.0 1.0570 (0)  1.0003 (4)
60.0 1.1442 (0)  1.0092 (0)
70.0 1.4207 (0) 1.0170 (5)
80.0 24774 (0) 1.0149 (3)
CC1:

Ry/h=100.0 v,;=0.3 E=30x10° psi

0.5003 (0)
0.5037 (0)
0.5142 (0)
0.5022 (0)
0.4341 (0)

0.8
0.5015 (1)
0.5015 (1)
0.5014 (1)
0.5013 (1)
0.5012 (1)
0.5016 (1)
0.5037 (1)
0.5064 (1)
0.5106 (1)
0.5229 (1)
0.5148 (1)
0.4560 (1)

0.8
0.4992 (0)
0.5000 (0)
0.4998 (0)
0.4996 (0)
0.4987 (0)
0.4979 (0)
0.4985 (0)
0.5003 (0)
0.5037 (0)
0.5142 (0)
0.5022 (0)
0.4341 (0)

0.8
1.0008 (6)
1.0007 (6)
1.0006 (6)
1.0011 (6)
1.0008 (4)
1.0000 (8)
0.9995 (7)
0.9992 (6)
1.0005 (5)
1.0062 (7)
0.9993 (4)
1.0281 (4)

0.4988 (0)
0.4981 (0)
0.5005 (0)
0.5147 (0)
0.4672 (0)

1.0
0.5015 (1)
0.5016 (1)
0.5017 (1)
0.5019 (1)
0.5030 (1)
0.5044 (1)
0.5053 (1)
0.5055 (1)
0.5059 (1)
0.5107 (1)
0.5276 (1)
0.4908 (1)

1.0
0.5000 (0)
0.4996 (0)
0.5000 (0)
0.5001 (0)
0.5006 (0)
0.5003 (0)
0.4996 (0)
0.4988 (0)
0.4981 (0)
0.5005 (0)
0.5147 (0)
0.4672 (0)

1.0
1.0003 (6)
1.0002 (6)
1.0001 (6)
1.0009 (6)
0.9998 (8)
0.9997 (7)
1.0005 (5)
1.0002 (4)
0.9991 (0)
0.9981 (5)
1.0084 (6)
0.9947 (0)
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alpa\L/R, 02 0.5

0.0 1.6609 (0)  1.0000 (2)

1.0 1.6633 (0) 1.0000 (2)

5.0 1.6774 (0) 1.0000 (1) -
10.0 1.7047 (0)  1.0008 (1)
20.0 1.7954 (0) 10010 (7)
30.0 1.9480 (0)  1.0006 (7)
40.0 2.1940 (0)  1.0004 (6)
45.0 2.3702 (0)  1.0000 (5)
50.0 2.5991(0) 1.0002 (4)
60.0 3.3190 (0) 1.0110(0)
70.0 4.8230(0) 1.1494 (0)
80.0 9.4605 (0) 1.8505 (0)
CC2:
R/h=100.0 v,4=0.3 E=30x10° psi
alpa\L/R; 02 0.5

0.0 1.6635 (1)  1.0676 (6)

1.0 1.6660 (1)  1.0686 (6)

5.0 1.6801 (1) 10708 (8)
10.0 1.7074 (1)  1.0555 (7)
20.0 1.7983 (1)  1.0454 (7)
30.0 19512 (1) 1.0312(6)
40.0 2.1977(1) 1.0166 (5)
45.0 23742 (1) 1.0103 (4)
50.0 2.6035 (1) 1.0050 (3)
60.0 3.3246 (1) 1.0155 (1)
70.0 4.8312(1) 1.1572(1)
80.0 9.4764 (1) 1.8651 (1)
CC3:
R/h=100.0 v,,=0.3 E=30x10° psi
alpa\L/R; 0.2 0.5

0.0 1.6609 (0)  1.0497 (8)

1.0 1.6633 (0) 10507 (8)

5.0 1.6774 (0)  1.0553 (8)
10.0 1.7047 (0)  1.0618 (8)
20.0 1.7954 (0) 10763 (9)
30.0 1.9480 (0)  1.0980 (8)
40.0 2.1940 (0) 1.0537 (0)
45.0 23702 (0) 1.0274 (0)
50.0 2.5991(0) 1.0082 (0)
60.0 33190 (0) 1.0110(0)
70.0 4.8230(0) 1.1494 (0)
80.0 9.4605 (0)  1.8505 (0)
CC4:
Ri/h=100.0 v,,=0.3 E=30x10° psi
alpa\L/R; 02 0.5

0.0 1.9915(5) 1.1348 (8)

1.0 1.9937 (5) 1.1353(8)

5.0 2.0061 (5) 1.1381(8)
10.0 2.0302 (5) 1.1423(8)
20.0 2.1100 (4) 1.1528(8)
30.0 22426 (3) 1.1677(8)

40.0 2.4549 (0) 1.1937(8)

0.8
1.0002 (6)
1.0003 (6)
1.0006 (6)
1.0003 (5)
1.0000 (4)
1.0005 (0)
1.0073 (6)
1.0006 (6)
1.0005 (5)
1.0000 (1)
1.0000 (4)
1.0783 (0)

0.8
1.0076 (8)
1.0075 (8)
1.0068 (8)
1.0055 (8)
1.0021 (8)
1.0004 (8)
1.0067 (7)
1.0104 (7)
1.0227 (7)
1.0523 (5)
1.0202 (4)
1.0923 (1)

0.8
1.0138 (8)
1.0126 (8)
1.0082 (8)
1.0047 (8)
1.0012 (8)
1.0004 (8)
1.0059 (8)
1.0146 (8)
1.0259 (7)
1.0575 (7)
1.0454 (0)
1.0783 (0)

0.8
1.0381 (9)
1.0379 (9)
1.0380 (9)
1.0396 (9)
1.0464 (9)
1.0586 (8)
1.0731 (8)

1.0
1.0005 (6)
1.0004 (6)
1.0000 (6)
1.0002 (6)
1.0001 (4)
1.0003 (1)
1.0001 (5)
1.0001 (4)
1.0001 (1)
1.0019 (6)
1.0010 (1)
1.0004 (1)

1.0

1.0024 (7)
1.0026 (7)
1.0027 (9)
1.0026 (9)
1.0052 (9)
1.0096 (9)
1.0037 (8)
1.0023 (8)
1.0023 (1)
1.0112 (6)
1.0489 (5)
1.0124 (1)

1.0
1.0021 (7)
1.0017 (7)
1.0020 (9)
1.0017 (9)
1.0045 (9)
1.0100 (9)
1.0077 (8)
1.0057 (0)
1.0003 (0)
1.0141 (7)
1.0617 (6)
1.0013 (0)

1.0
1.0491 (10)
1.0497 (4)
1.0517 (4)
1.0282 (8)
1.0530 (6)
1.0555 (10)
1.0426 (8)
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45.0
50.0
60.0
70.0
80.0

E.4 Buckling Values of Single Layer Isotropic Conical Shell in Pure Bending (M,,)

SS1:

2.6101 (0)
2.8164 (0)
3.4871 (0)
4.9375 (0)
9.5185 (0)

1.2159 (8)
1.2365 (7)
1.3197 (6)
1.5084 (5)
2.1548 (2)

Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
200
30.0
40.0
45.0
50.0
60.0
70.0
80.0

SS2:

0.2
2893.14 (2)
2900.01 (2)
2914.71 (2)
2903.47 (2)
2784.10 (2)
2547.08 (2)
221521 (2)
2022.46 (2)
1816.60 (2)
1378.53 (2)

922.42 (2)

461.27 (2)

0.5
1364.16 (2)
1373.59 (2)
1403.66 (2)
1422.50 (2)
1397.11 (2)
1293.79 (2)
1124.15 (2)
1017.80 (2)

898.36 (2)
624.58 (2)
336.57 (2)
121.65 (2)

R/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0
10
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

SS83:

0.2
2893.20 (2)
2900.06 (2)
2914.88 (2)
2903.96 (2)
2785.61 (2)
2549.46 (2)
2217.83 (2)
2024.90 (2)
1818.72 (2)
1379.76 (2)

922.88 (2)
461.33 (2)

0.5
1365.81 (2)
1375.34 (2)
1408.23 (2)
1435.56 (2)
1438.81 (2)
1365.91 (2)
1211.12 (2)
1102.43 (2)

973.53 (2)
665.97 (2)
348.34 (2)
12291 (2)

Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,;
0.0
10
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

0.2
5690.33 (6)
5698.23 (6)
5694.61 (6)
5609.45 (6)
5163.17 (3)
4286.38 (2)
3318.32 (2)
2853.07 (2)
2415.04 (2)
1640.06 (2)
1001.52 (2)

471.26 (2)

0.5
3277.11 (2)
3293.35 (2)
3332.68 (2)
3328.36 (2)
3171.09 (2)
2854.85 (2)
2424.73 (2)
2180.64 (2)
1923.36 (2)
1379.65 (2)

752.73 (2)
179.13 (2)

1.0874 (8)

1.1001 (7)
1.1467 (6)
1.2074 (6)
1.4280 (4)

0.8
1454.45 (2)
1427.46 (2)
132125 (2)
1194.69 (2)

981.82 (2)
807.03 (2)
653.51 (2)
581.89 (2)
512.61 (2)
377.79 (2)
241.18 (2)

92.83 (2)

0.8
1457.97 (2)
1429.76 (2)
1314.99 (2)
1189.33 (2)
1007.60 (2)
869.27 (2)
738.93 (2)
671.80 (2)
601.92 (2)
451.15 (2)
282.08 (2)
99.21 (2)

0.8
3068.43 (4)
3143.60 (4)
3499.10 (4)
3690.22 (3)
332435 (2)
2781.57 (2)
2317.57 (2)
1862.99 (2)
1460.38 (2)

897.09 (2)
491.03 (2)
183.07 (2)

1.0477 (8)
1.0576 (8)
1.0877 (7)
1.1505 (6)
1.2783 (4)

1.0
146.62 (6)
157.37 (6)
207.38 (6)
288.80 (6)
532.45(5)
835.46 (4)

1023.33 (4)
650.73 (2)
472.50 (2)
301.56 (2)
187.50 (2)

81.43 (2)

1.0
175.06 (5)
187.05 (5)
242.80 (5)
332.62 (5)
608.81 (4)
959.48 (4)

1004.18 (2)
712.38 (2)
555.69 (2)
370.12 (2)
228.96 (2)

92.20 (2)

1.0
230.35 (7)
250.08 (7)
345.03 (7)
508.96 (7)
111327 (7)
2198.08 (4)
2102.32 (4)
2005.37 (4)
1829.81 (4)
1221.55 (4)

42229 (2)

148.61 (2)
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SS4:

R//h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

CC1:

0.2
5717.47 (7)
5726.16 (7)
5727.16 (7)
5651.71 (7)
5241.83 (6)
4548.09 (5)
3650.04 (4)
3159.24 (3)
2678.13 (3)
1792.78 (2)
1054.62 (2)

478.54 (2)

0.5
3275.05 (2)
3291.54 (2)
3332.25(2)
3330.36 (2)
3180.18 (2)
2872.34 (2)
2449.12 (2)
2207.33 (2)
1951.68 (2)
1412.61 (2)

784.67 (5)
206.14 (3)

Ry/h=100.0 v,4=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

CC2:

0.2
9536.94 (3)
9564.50 (3)
9640.68 (3)
9654.56 (3)
9405.67 (3)
8794.57 (3)
7850.09 (3)
7266.99 (3)
6619.10 (3)
5158.85 (3)
3529.99 (3)
1791.74 (3)

0.5
2530.10 (2)
2550.75 (2)
2620.32 (2)
2674.86 (2)
2676.79 (2)
2550.66 (2)
2322.39 (2)
2179.34 (2)
2024.36 (2)
1735.20 (3)
949.98 (3)
405.73 (3)

Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
50
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

CC3:

0.2
9537.06 (3)
9564.62 (3)
9640.83 (3)
9654.77 (3)
9406.10 (3)
8795.20 (3)
7850.76 (3)
7267.60 (3)
6619.63 (3)
5159.16 (3)
3530.11 (3)
1791.75 (3)

0.5
2533.81 (2)
2554.69 (2)
2629.83 (2)
2701.27 (2)
2760.17 (2)
2697.36 (2)
2513.09 (2)
2382.30 (2)
2241.74 (2)
1743.64 (3)

953.39 (3)

406.22 (3)

R/h=100.0 v,,=0.3 E=30x10°psi

alpa\L/R,
0.0

1.0

5.0

10.0

0.2

11169.46 (3)
11196.94 (3)
11255.65 (3)
11210.46 (3)

0.5
3873.60 (2)
3898.32 (2)
3975.60 (2)
4021.63 (2)

038
3289.93 (4)
3389.96 (4)
3650.53 (3)
3713.08 (3)
3354.95 (2)
2818.61 (2)
2471.07 (2)
1877.85 (2)
1464.95 (2)

905.79 (2)
498.26 (2)
191.78 (2)

0.8
1466.79 (2)
1468.87 (2)
1470.12 (2)
1454.43 (2)
1367.03 (2)
1223.68 (2)
1050.78 (2)

959.06 (2)
865.47 (2)
674.16 (2)
476.73 (2)
257.65 (3)

0.8
1473.87 (2)
1475.90 (2)
1478.80 (2)
147125 (2)
142171 (2)
1328.53 (2)
1193.18 (2)
1109.85 (2)
1016.20 (2)

799.62 (2)

554.63 (2)

259.67 (3)

0.8
3569.54 (2)
3450.74 (2)
3332.57 (2)
3279.35 (2)

1.0
406.71 (7)
442.97 (7)
619.77 (7)
936.29 (7)
2346.45 (4)
2396.22 (4)
2312.68 (3)
2151.97 (3)
2027.03 (2)
127021 (4)

426.02 (2)

151.19 (2)

1.0
530.86 (6)
580.21 (6)
824.80 (6)

1274.59 (6)
1650.36 (4)
1643.59 (2)
1011.36 (2)
820.90 (2)
683.28 (2)
484.24 (2)
325.80 (2)
178.15 (2)

1.0
693.99 (6)
757.86 (6)

1070.46 (3)

1385.02 (4)

1756.11 (4)

1597.94 (2)

1098.85 (2)
936.45 (2)
807.08 (2)
592.52 (2)
393.52 (2)
211.18 (2)

1.0
604.87 (7)
666.07 (7)
981.47 (7)

1651.07 (7)
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20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

CCa4.

10737.17 (3)
9810.64 (3)
8531.24 (3)
7793.70 (3)
7008.15 (3)
5336.32 (3)
3585.39(3)
1798.87 (3)

3955.39 (2)
3708.19 (2)
3331.53(2)
3122.97 (2)
2957.67 (2)
2188.92 (7)
1188.83 (3)

439.32 (3)

Ry/h=100.0 v,4=0.3 E=30x10° psi

alpa\L/R,;
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

ES5

a) Buckling Ratio of Single Layer Isotropic Conical Shell under Axial Compression (Pc/Peyiinder)

SS2:

0.2
11278.93 (3)
11306.68 (3)
11367.94 (3)
11328.65 (3)
10870.42 (3)

9949.80 (3)
8655.61 (3)
7902.75 (3)
7098.27 (3)
5385.69 (3)
3602.91 (3)
1801.31 (3)

0.5
3868.28 (2)
3893.07 (2)
3970.81 (2)
4017.60 (2)
3952.31 (2)
3702.19 (2)
3311.45 (2)
3083.37 (2)
2855.77 (2)
2223.60 (6)
1203.03 (5)

445.02 (3)

R,/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

b) Buckling Ratio of Single Layer Isotropic Conical Shell under Outer Pressure (qc,/Qcytiner)

SS2:

0.2
1.0000 (1)
1.0006 (1)
0.9987 (1)
0.9862 (1)
0.9298 (1)
0.8372 (1)
0.7177 (1)
0.6510 (1)
0.5812 (1)
0.4365 (1)
0.2898 (1)
0.1442 (1)

0.5
1.0000 (1)
1.0000 (1)
0.9939 (1)
0.9731 (1)
0.8887 (1)
0.7530 (1)
0.5793 (1)
0.4851 (1)
0.3912 (1)
0.2221 (1)
0.1004 (1)
0.0327 (1)

Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R,
0.0

1.0

5.0

10.0
20.0
30.0

0.2
1.0000 (17)
0.9979 (17)
0.9864 (17)
0.9651 (17)
0.9014 (17)
0.8128 (17)

0.5
1.0000 (11)
0.9934 (11)
0.9638 (11)
0.9202 (11)
0.8140 (11)
0.6895 (11)

3162.88 (2)
3005.26 (2)
2267.68 (2)
1931.46 (2)
1632.79 (2)
1115.04 (2)

697.99 (2)

311.34(3)

0.8
3592.89 (2)
3458.55 (2)
3340.42 (2)
3292.55 (2)
3194.29 (2)
3593.59 (2)
2264.80 (2)
1929.69 (2)
1633.00 (2)
1115.36 (2)

692.52 (2)
315.00 (3)

0.8
1.0000 (1)
0.9996 (1)
0.9921 (1)
0.9693 (1)
0.8824 (1)
0.7501 (1)
0.5894 (1)
0.5048 (1)
0.4206 (1)
0.2606 (1)
0.1201 (1)
0.0274 (1)

0.8

2509.37 (4)
2599.36 (4)
2554.91 (4)
2453.94 (4)
2185.22 (4)
996.26 (2)
530.88 (2)
292.92 (4)

1.0
1194.80 (7)
1362.67 (7)
2285.24 (4)
248091 (4)
2741.55 (4)
2903.55 (4)
2890.58 (2)
2580.47 (2)
2397.73 (2)

992.96 (2)
530.48 (2)
244.46 (2)

1.0
1.0000 (1)
0.9998 (1)
0.9928 (1)
0.9706 (1)
0.8857 (1)
0.7543 (1)
0.5913 (1)
0.5040 (1)
0.4168 (1)
0.2546 (1)
0.1230 (1)
0.0295 (1)

1.0

1.0000( 9) 1.0000( 9)
0.9904 ( 9) 0.9856( 9)
0.9466 (10) 0.9282( 9)
0.8820 (10) 0.8579( 9)
0.7478 (10) 0.7182( 9)
0.6095 (10) 0.5713 (10)
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40.0
450
50.0
60.0
70.0
80.0

¢) Buckling Ratio of Single Layer Isotropic Conical Shell in Pure Bending (Mc/Mytinger)

SS2:

0.7036 (17)
0.6428 (17)
0.5787 (17)
0.4424 (17)
0.2986 (17)
0.1503 (17)

0.5564 (11)
0.4898 (11)
0.4242 (10)
0.2961 (10)
0.1817( 9)
0.0839 ( 8)

Ri/h=100.0 v,,=0.3 E=30x10° psi
alpa\L/R, 0.2

0.0
10
5.0
10.0
200
30.0
40.0
45.0
50.0
60.0
70.0
80.0

E.6 Buckling Values of Single Layer Isotropic Conical Shell under Axial Compression (P,)

1.0000 (2)
1.0024 (2)
1.0075 (2)
1.0037 (2)
0.9628 (2)
0.8812 (2)
0.7666 (2)
0.6999 (2)
0.6286 (2)
0.4769 (2)
0.3190 (2)
0.1595 (2)

0.5
1.0000 (2)
1.0070 (2)
1.0311 (2)
1.0511 (2)
1.0534 (2)
1.0001 (2)
0.8867 (2)
0.8072 (2)
0.7128 (2)
0.4876 (2)
0.2550 (2)
0.0900 (2)

with Outer Pre-Pressure

S82:

R,/h=100.0 v,;=0.3 E=30x10° psi
L/R,=0.2

0.4727 (10)
0.4073 (10)
0.3452 (10)
0.2282 ( 9)
0.1297 ( 8)
0.0532( 7

0.8
1.0000 (2)
0.9806 (2)
0.9019 (2)
0.8157 (2)
0.6911 (2)
0.5962 (2)
0.5068 (2)
0.4608 (2)
0.4128 (2)
0.3094 (2)
0.1935 (2)
0.0680 (2)

1.0
1.0000 (5)
1.0685 (5)
1.3869 (5)
1.9000 (5)
3.4777 (4)
5.4809 (4)
57362 (2)
4.0693 (2)
3.1743 (2)
2.1142 (2)
1.3079 (2)
0.5267 (2)

Alpa\Pre_q 0% 25% 50% 75%

0.0 57233(1) 5705.1(1) 5625.5(5) 39554 (12)
1.0 57269(1) 5708.8(1) 5629.6(5) 3960.0(12)
5.0 5715.6(1) 5697.9(1) 5621.1(5) 3960.3(13)
100 56442 (1) 5627.1(1) 5555.0(5) 3919.1(13)
20.0 5321.4(1) 5306.1(1) 5247.2(5) 37205(13)
30.0 4791.7(1) 47782(1) 4735.5(5) 3383.1(13)
40.0 4107.7(1) 4096.0(1) 4068.1(4) 2934.6(13)
45.0 37257(1) 37149(1) 3692.3(4) 2678.6(13)
50.0 33263(1) 3316.4(1) 3298.7(4) 24069 (13)
60.0 2498.1 (1) 2490.1(1) 2478.5(3) 1826.4(12)
70.0 1658.6(1) 16529(1) 1645.4(2) 12229(12)
80.0 8254 (1) 8224(1) 8185(1) 612.0(12)
L/R|=0.5

alpa\Pre_q 0% 25% 50% 75%

0.0 5868.1(1) 5840.0(3) 4991.1(7) 2975.0(9)
1.0 58679(1) 5839.1(3) 4989.0(7) 2976.7(9)
50 58324 (1) 58004 (3) 4935.0(8) 2961.2(9)
10.0 57103(1) 5670.6(4) 4798.3(8) 2878.0(10)
20.0 52149(1) 5151.2(4) 4316.1(8) 2578.8(10)
30.0 4418.8(1) 43349(4) 3614.5(8) 2170.1 (10)
40.0 33994 (1) 3317.5(4) 2761.5(7) 1655.9(9)
45.0 2846.5(1) 2778.7(4) 2321.5(7) 1394.2(9)

0.4352 (10)
0.3721 (10)
03107 ( 9)
0.2017( 9)
0.1115( 8)
0.0429 ( 6)

100%
0.0 (17)
0.0 (17)
0.0 (17)
0.0 (17)
0.0 (17)
0.0 (17)
0.0 (17)
0.0 (17)
0.0 (17)
0.0 (17)
0.0 (17)
0.0(17)

100%
0.0 (11)
0.0(11)
0.0(11)
0.0 (11)
0.0 (11)
0.0 (11)
0.0(11)
0.0 (11)
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50.0
60.0
70.0
80.0

2295.7(1)
1303.4 (1)
589.2(1)
191.8 (1)

L/R,=0.8
alpa\Pre_q 0%

0.0

1.0

5.0

10.0
200
30.0
40.0
45.0
50.0
60.0
70.0
80.0

57217 (1)
5719.5(1)
5676.3 (1)
5546.1 (1)
5049.1 (1)
4291.8 (1)
33724 (1)
2888.3 (1)
2406.6 (1)
14913 (1)

687.0( 1)

156.9 (1)

L/R;=1.0
alpa\Pre_q 0%

0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

E.7 Buckling Values of Single Layer Isotropic Conical Shell in Pure Bending (M,,)

5721.6 (1)
57205 (1)
5680.2 ( 1)
5553.6 (1)
5067.6 (1)
4315.7( 1)
3382.9( 1)
2883.6 (1)
2384.6 (1)
1456.5 (1)

704.0 ( 1)

168.8 ( 1)

2249.9 ( 3)
1286.7 (2)
580.7 (1)
188.7 (1)

25%
5704.8 (1)
5702.7 (1)
5660.5 (1)
55319 (1)
50359 (1)
42753 (1)
33505(1)
2864.0(1)
2380.6 (1)
1459.7 ( 3)

659.3 (3)
152.2(1)

25%
57049 (1)
57033 (1)
5664.2 (1)
5540.4 (1)
5055.9 ( 1)
4299.1 (1)
3358.6 ( 1)
2856.4 (1)
2356.0 (1)
1430.1 (1)

681.4 (3)
161.8 (2)

with Axial Pre-Compressed

R/h=100.0 v,,=0.3 E=30x10° psi

SS2:
L/R]=O.2
alpa\Pre_P 0%
0.0 2893.2(2)
1.0 2900.1(2)
5.0 29149(2)
10.0 2904.0(2)
20.0 2785.6(2)
30.0 2549.5(2)
400 2217.8(2)
450 20249(2)
50.0 1818.7(2)
60.0 1379.8(2)
70.0 9229 (2)
80.0 461.3(2)

25%
2184.7(2)
2189.8 (2)
2200.7 (2)
2192.1(2)
21019 (2)
1923.0(2)
1672.3 (2)
1526.6 (2)
1371.0(2)
1040.0 (2)

695.5 (2)
347.7(2)

1897.7(7)
1128.0(6)
542.3(4)
183.9(2)

50%
5327.3(6)
53223 (6)
52742 (6)
5152.3(6)
4651.8(7)
3896.5(7)
2997.5(7)
2527.7(7)
2063.4(7)
1214.9 ( 6)

543.9(5)
137.4(3)

50%
5444.0 ( 5)
54429 (5)
5405.3 ( 5)
5258.7 (6)
47353 (6)
3976.0 (7)
3049.4 ( 7)
2569.2 (7)
2106.0 (7)
1241.0 ( 6)

562.9 ( 5)
136.4 (4)

50%
14742 (2)
1477.6 ( 2)
1484.7 ( 2)
1478.6 ( 2)
1417.4 ( 2)
1296.4 ( 2)
11272 (2)
1029.0 ( 2)

924.1(2)
701.0 ( 2)
468.9 (2)
234.4(2)

11456 (9)
700.8 ( 8)
3539(7)
129.7 (6)

75%
3406.2 ( 8)
3400.5 (8)
3375.7(8)
3284.2 (9)
2903.2(9)
2390.7 (9)
1815.5(9)
1527.3 (9)
1233.2 (8)

719.1 (8)
325.7(7)
86.3(5)

75%
3671.8 ( 8)
3665.9 ( 8)
3614.0 ( 8)
3491.9 ( 8)
3084.9 ( 8)
25302 (9)
1902.8 (9)
1586.4 ( 8)
1276.4 ( 8)

741.1(8)
330.6 (7)
82.5(5)

75%
762.0 (2)
763.6 ( 2)
767.1(2)
763.8 (2)
732.0(2)
669.6 ( 2)
582.5(2)
531.9(2)
4779 (2)
362.9 (2)
243.0 (2)
121.5(2)

0.0 (10)
0.0 (10)
0.0(9)
0.0(8)

100%
0.2(9)
0.3(9)
0.0 (10)
0.0 (10)
0.0 (10)
0.0 (10)
0.0 (10)
0.0 (10)
0.0 (10)
0.0 (9)
0.0 ( 8)
0.0 (7)

100%
0.5 (9)
0.0 (9)
0.5(9)
0.0 (9)
0.1 (9)
0.1 (10)
0.0 (10)
0.0 (10)
0.0 (9)
0.0 (9)
0.0 (8)
0.0 (6)

100%
00(1)
0.0(1)
0.0(1)
0.0(1)
0.0(1)
0.0(1)
0.0(1)

S 0.0(1)

0.0(1)
0.0(1)
0.0(1)
0.0(1)

124



125

L/R,=0.5 :
alpa\Pre_P 0% 25% 50% 75% 100%
0.0 1365.8(2) 1219.1(2) 9903(2) 631.7(2) 22.7(0)
1.0 1375.3(2) 1226.7(2) 9955(2) 6343(2) 23.3(0)
5.0 1408.2(2) 1251.8(2) 1012.0(2) 6415(2) 259(0)
100 1435.6(2) 12699(2) 10209(2) 6426(2) 26.7(2)
20.0 1438.8(2) 1257.7(2) 997.4(2) 616.8(2) 229(2)
300 13659(2) 11762(2) 9165(2) 5534(2) 185(2)
40.0 1211.1(2) 10233(2) 778.7(2) 4553(2) 153(2)
450 11024(2) 9204(2) 690.1(2) 3958(2) 14.6(2)
50.0 973.5(2) 8014(2) 5905(2) 3319(2) 147(2)
60.0 666.0(2) 529.6(2) 3759(2) 2045(2) 153(2)
70.0 348.3(2) 269.1(2) 186.7(2) 101.6(2) 00(D
80.0 122.9(2) 944 (2) 65.8(2) 372(2) 00(D

L/R,=0.8
alpa\Pre_P 0% 25% 50% 75% 100%
00 1438.0(2) 1346.0(4) 1011.4(3) 523.5(3) 00(1)
1.0 1429.8(2) 1377.7(4) 1052.5(3) 537.8(3) 00(1)
50 1315.0(2) 1495.8(4) 11792(4) 5959 (3) 00(D
10.0 1189.3(2) 1617.8(4) 1291.0(4) 667.5(3) 00(1)
20.0 1007.6(2) 12484 (2) 14283(4) 796.5(3) 0.0(1)
30.0 869.3(2) 9425(2) 9642(2) 761.8(2) 00(1
40.0 7389(2) 741.8(2) 6855(2) 4949 (2) 0.0(1)
45.0 671.8(2) 655.0(2) 586.3(2) 4143(2) 0.0(1)
50.0 601.9(2) 571.7(2) 498.1(2) 3449(2) 175(0)
60.0 451.2(2) 4084(2) 338.6(2) 2235(2) 8.6 (0)
70.0 282.1(2) 2424(2) 188.8(2) 1146(2) 6.7 (0)
80.0 99.2(2) 78.5(2) 56.1(2) 32.1(2) 00(1D

L/R|=1.0
alpa\Pre_P 0% 25% 50% 75% 100%
0.0 175.1(5) 184.0(5) 187.0(5) 157.7(3) 0.0(1)
1.0 187.0(5) 195.1(5) 196.5(5) 1625(3) 0.0(1)
5.0 242.8(5) 2453(S5) 238.5(5) 183.6(3) 0.0(D
10.0 332.6(5) 323.2(5) 301.1(5) 2130(3) 00(DH
20.0 608.8(4) 523.0(3) 4303(3) 2806(3) 0.0(1
30.0 959.5(4) 8358(3) 595.6(3) 3583(3) 00(1
40.0 1004.2(2) 10503(4) 847.2(4) 4415(3) 00D
45.0 712.4(2) 9487(2) 873.1(4) 4813(3) 0.0(D
50.0 555.7(2) 6359(2) 7163(2) 5175(3) 0.0(1
60.0 370.1(2) 366.2(2) 334.8(2) 2442(2) 00(DH
70.0 229.0(2) 2094(2) 176.4(2) 1202(2) 3.1(0)
80.0 92.2(2) 77.0(2) 58.1(2) 344(2) 32(0)

E.8 Buckling Values of Single Layer Isotropic Conical Shell in Pure Bending (M)
with Outer Pre-Pressure

SS2:

Ri/h=100.0 v,,=0.3 E=30x10° psi

L/R|=O.2

alpa\Pre_q 0% 25% 50% 75% 100%

0.0 28932(2) 28599(2) 2813.7(6) 1975.2(12) 0.0(17)
1.0 2900.1 (2) 2866.8(2) 2820.6(6) 19809 (12) 00(17)
50 29149(2) 2881.8(2) 28359(6) 1993.3(13) 0.0(17)



10,0  2904.0(2)
20.0 2785.6(2)
300 2549.5(2)
40.0 2217.8(2)
45.0 20249 (2)
500 1818.7(2)
60.0 1379.8(2)
70.0 922.9(2)
80.0 461.3(2)
L/R=0.5
alpa\Pre_q 0%
00 1365.8(2)
1.0 1375.3(2)
50 1408.2(2)
100  1453.6(2)
200 1438.8(2)
300 13659(2)
40.0 1211.1(2)
450 11024 (2)
50.0 973.5(2)
60.0 666.0 ( 2)
70.0 348.3(2)
80.0 1229 (2)
L/R,=0.8
alpa\Pre_q 0%
00 1458.0(2)
1.0 1429.8(2)
50 1315.0(2)
100 1189.3(2)
20.0 1007.6(2)
300 869.3(2)
40.0 738.9(2)
45.0 671.8 (2)
50.0 601.9 (2)
60.0 451.2(2)
70.0 282.1(2)
80.0 99.2(2)
I_le"—'l.O
alpa\Pre_q 0%
0.0 175.1(5)
10 187.0(5)
5.0 242.8(5)
10.0 332.6(5)
20.0 608.8 (4)
300 959.5 (4)
40.0 1004.2(2)
45.0 712.4(2)
50.0 555.7(2)
60.0 370.1(2)
70.0 229.0(2)
80.0 92.2(2)

2871.5(2)
2755.3(2)
25222 (2)
21942 (2)
2003.2(2)
1799.1 (2)
1364.5(2)

912.5(2)

456.0(2)

25%
1356.9 (2)
1366.4 ( 2)
1399.1 (2)
1426.2 (2)
1429.1 (2)
1355.8 (2)
1200.4 ( 2)
1091.3 (2)

961.9 (2)
654.0 (2)
3384 (2)
117.8 (2)

25%
14529 (4)
1425.7 (2)
1310.1(2)
11832 (2)

999.9 ( 2)
861.1 (2)
731.2(2)
664.4 (2)
595.0 (2)
4453 (2)
277.2(2)

94.9 (2)

25%
139.4 (6)
149.8 (6)
198.5 (6)
279.0 (6)
550.6 (5)
920.0 (4)
973.8(2)
694.2 (2)
5442(2)
363.8(2)
225.1(2)

89.3(2)

2826.6(5)
2712.6 (5)
2483.5(5)
2160.7 (4)
1972.0(4)
1770.5 (4)
1341.3(3)

896.0( 3)

447.5 (3)

50%
1347.9(2)
1357.3(2)
1389.9 (2)
1416.8 ( 2)
14192 (2)
13452 (2)
1188.8 (2)
1079.1 ( 2)

949.1 ( 2)
640.5 ( 2)
327.2(2)
112.0(2)

50%
1408.0 ( 4)
1421.6 (2)
1305.2 (2)
1177.0(2)

992.1(2)
852.9(2)
723.2(2)
656.8 (2)
587.7(2)
439.0(2)
271.5(2)

89.7(2)

50%
96.4 (7)
104.3(7)
1422 (7)
208.0(7)
4514 (6)
880.0 (4)
943.6 (2)
676.3 (2)
532.7(2)
357.2(2)
220.7 (2)

85.7(2)

1989.5 (13)
1919.6 (13)
1771.5 (13)
1556.7 (13)
1429.1 (13)
1290.8 (13)
988.5 (12)
666.0 (12)
334.5 (12)

75%
1338.8 (2)
1348.2 (2)
1380.6 ( 2)
1407.3 (2)
1409.1 (2)
1334.1(2)
1076.5 (9)

893.4(9)
724.0(9)
435.2(8)
217.4(7)

79.2 (6)

75%
1361.6 (4)
1394.8 ( 4)
13004 (2)
1170.8 (2)

984.2 (2)
844.6 (2)
715.1(2)
648.9 (2)
580.1(2)
432.2(2)
265.0(2)

60.6 (5)

75%
49.0( 8)
53.5(8)
76.1(8)

118.8 (8)
3125(7)
790.3 (6)
913.5(2)
658.8 (2)
521.2(2)
350.5(2)
216.0(2)

70.4 (5)

0.0 (17)
0.0(17)
0.0(17)
0.0 (17)
0.0(17)
0.0(17)
0.0(17)
0.0(17)
0.0(17)

100%

0011
0.0 (11)
0.0 (11)
0.0(11)
0.0(11)
0.0 (11)
0.0(11)
0.0 (11)
0.0 (10)
0.0 (10)
0.0(9)
0.0(8)

100%
1089 (1)
113.9(1)
1379(1)
180.0(1)
3583(1)
836.1(2)
706.8 (2)
640.8 ( 2)
572.2(2)

0.0(9)

0.0(8)

0.0(7)

100%
00(9)
00(9)
0.0(9)
0.0(9)
0.0(9
59.3(1)
1132(1)
189.5(1)
4065 (1)
343.5(2)
1240 (8)
0.0 (6)
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E.9 Buckling Values of Single Layer Orthotropic Conical Shell under Axial Compression (Pc,)

SS1:

R1/h=100.0 v;y=0.300 v¢x=0.30000 E,=30x10° psi E4=30x10°psi G,4=11.5x10° psi
alpa\L/R; 02 0.5 0.8 1.0

0.0 5693.58 (0) 5852.35(0) 5695.17 (0) 5704.19 (0)

1.0 5695.08 (0) 5851.72(0) 5702.50(0) 5697.78 (0)

50 5684.01 (0) 5816.32(0) 5658.91(0) 5661.15 (0)

10.0 5612.92 (0) 5693.76 (0) 5527.38(0) 5532.77 (0)
20.0 5291.02(0) 5195.94 (0) 5023.51(0) 5042.77 (0)
30.0 4763.01 (0) 4396.63 (0) 4259.73 (0) 4280.68 (0)
40.0 4081.90(0) 3373.90 (0) 3337.28 (0) 3344.74 (0)
45.0 3701.91 (0) 2819.85(0) 2853.76(0) 2844.99 (0)
50.0 3304.71 (0) 2268.52 (0) 2374.17 (0) 2347.80 (0)
60.0 2481.52(0) 1279.54 (0) 1466.63 (0) 1427.55 (0)
70.0 164750 (0) 574.31(0) 670.24(0) 686.94 (0)

80.0 819.87 (0) 186.00(0) 149.34(0) 160.71 (0)
SS1:

Ri/h=100.0 v;i=0.300 v,,=0.03000 E,=30x10° psi E,=3x10°psi G,s=11.5x10’ psi
alpa\L/R, 0.2 0.5 0.8 1.0

0.0 4055.40 (0) 1363.41(6) 1348.12(6) 1396.47 (6)

1.0 4061.45 (0) 1363.96 (6) 1347.43(6) 1395.16 (6)

5.0 4071.70 (0) 1358.78(6) 1336.33(6) 1382.04 (6)

10.0 4054.01 (0) 1335.99 (6) 1303.73 (6) 1347.63 (6)
20.0 3916.26 (0) 1237.54(5) 1178.72(7) 1219.74 (6)
30.0 3644.71 (0) 1081.72(5) 993.90(6) 1024.68 (6)
40.0 3248.04 (0) 887.89(4) 773.33(6) 788.72(6)
45.0 3006.98 (0) 783.33(3) 660.38(6) 666.44 (6)
50.0 274026 (0) 677.08 (2) 550.90(6) 547.58 (6)
60.0 2139.55(0) 472.16(0) 34458(5) 331.04(5)
70.0 1467.06 (0) 29249 (0) 179.14(3) 161.50(4)

80.0 745.83(0) 13849(0)  67.39(0)  52.90(1)
SSl:
R1/h=100.0 v4=0.300 v¢,=0.01500 E,=30x10° psi Eo=1.5x10°psi G,¢=5.77x10’ psi
alpa\L/R, 02 0.5 0.8 1.0

0.0 3964.99 (0) 995.42(6) 823.77(6) 833.93(6)

1.0 3971.66 (0) 996.95 (6) 824.06 (6) 833.69 (6)

5.0 3983.12 (0) 998.39(6) 817.79(7) 827.85(6)

10.0 3968.45(0) 989.58(6) 799.56(7) 805.92(7)
20.0 3841.03(0) 937.41(5) 733.09(7) 727.60(7)
300 3583.78 (0) 843.89(5) 633.56(7) 617.08(7)
40.0 3202.89 (0) 719.66 (4) 508.58(6) 486.29 (6)
45.0 2969.52 (0) 649.42 (3) 443.15(6) 416.03(6)
50.0 270997 (0) 57549(2) 378.64(6) 347.68(6)
60.0 2121.43(0) 423.82(0) 253.68(5) 222.32(5)

70.0 1457.65 (0) 276.40 (0) 14599 (3) 119.40 (4)
80.0 742.04 (0) 135.88(0) 62.61(0) 46.18 (1)
SS1:
Ri/h=100.0 v5=0.300 v(,=0.01000 E,=30x10° psi Eq=1x10°psi G,,=3.85x10’ psi
alpa\L/R; 02 0.5 0.8 1.0

0.0 3935.80(0) 871.12(6) 635.94(7) 620.46 (6)

1.0 3941.75(0) 872.99(6) 635.97(7) 620.68 (6)

5.0 3953.62(0) 876.72(6) 632.99(7) 61697 (7)



10.0
20.0
30.0
40.0
450
50.0
60.0
70.0
80.0

SS1:

Ry/h=100.0 v,,=0.300

alpa\L/R,
0.0
1.0
50
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

SS82:

R]/h= 100.0 Vx¢=0.300

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

E.10 Buckling Values of Single Layer Orthotropic Conical Shell under Outer Pressure (q,)

SS1:

3939.95 (0)
3815.97 (0)
3563.50 (0)
3187.87 (0)
2957.05 (0)
2699.90 (0)
2115.41 (0)
1454.53 (0)

740.78 (0)

0.2
3920.81 (0)
3926.80 (0)
3938.87 (0)
3925.71 (0)
3803.45 (0)
3553.36 (0)
3180.36 (0)
2950.82 (0)
2694.87 (0)
2112.40 (0)
1452.97 (0)

740.15 (0)

0.2
4058.62 (1)
4064.46 (1)
4074.69 (1)
4056.99 (1)
3919.15 (1)
3647.44 (1)
3250.49 (1)
3009.26 (1)
2742.33 (1)
2141.15 (1)
1468.13 (1)

746.37 (1)

872.72 (6)
836.14 (5)
763.89 (5)
663.16 (4)
604.43 (3)
541.38 (2)
407.62 (0)
271.03 (0)
135.01 (0)

0.5
808.67 (6)
810.72 (6)
815.61 (6)
814.05 (6)
785.29 (5)
723.77 (5)
634.83 (4)
581.88 (3)
524.28 (2)
399.50 (0)
268.47 (1)
134.58 (0)

0.5
1367.44 (6)
1367.92 (6)
1362.56 (6)
1339.66 (6)
1240.43 (5)
1084.97 (5)
891.15 (4)
786.72 (3)
680.43 (2)
474.55 (1)
293.86 (1)
139.03 (1)

622.22(7)

577.94 (7)
507.94 (7)
417.56 (6)
368.92 (6)
320.11 (6)
223.02 (5)
134.86 (3)

61.01 (0)

Vex=0.00750 E,=30x10° psi

0.8
539.31(7)
539.73 (7)
538.86 (7)
531.95 (7)
499.17 (7)
44435 (7)
371.54 (6)
331.48 (6)
290.65 (6)
207.62 (5)
129.28 (3)

60.21 (0)

0.8
1371.58 (6)
1370.49 (6)
1357.92 (6)
1323.81 (6)
1197.77 (6)
1009.19 (6)
785.42 (6)
670.56 (6)
559.07 (6)
349.11 (5)
181.45 (3)
68.09 (1)

601.11 (7)
548.34 (7)
47131 (7)
378.99 (6)
328.25 (6)
278.37 (6)
185.11 (5)
105.19 (4)

4393 (1)

E,=7.5x10° psi G,,=2.88x10° psi
1.0
508.80 (6)
509.27 (6)
506.44 (7)
495.44 (7)
456.19 (7)
396.77 (7)
324.15 (7)
283.59 (6)
243.24 (6)
166.32 (5)
98.06 (4)
42.80 (1)

Vx=0.03000 E,=30x10° psi E,=3x10° psi G,,=1.15x10° psi

1.0
1436.42 (6)
1434.44 (6)
1418.86 (6)
1381.92 (6)
1250.07 (6)
1050.89 (6)

809.42 (6)
683.85 (6)
561.53 (6)
338.64 (5)
164.67 (4)

53.87 (1)

Ri/h=100.0 v;;=0.300 v;=0.30000 E,=30x10°psi E,=30x10°psi Gyo=11.5x10° psi

alpa\L/R,
0.0

1.0

5.0

10.0
20.0

30.0
40.0
45.0

0.2
2836.05 (17)
2830.18 (17)
2797.70 (17)
2737.88 (17)
2558.40 (17)
2308.17 (17)
1999.59 (17)
1827.50 (17)

0.5
692.51 (11)
687.93 (11)
667.52 (11)
637.93 (11)
566.88 (11)
483.78 (11)
394.22 (11)
348.90 (11)

0.8 1.0
39256(9) 304.58(8)
388.37(9) 300.78 (8)
371.22(9) 285.97(8)
34898 (9) 267.70(8)
301.29(9) 222.79(9)
24791 (10) 180.25(9)

195.13 (10) 139.47(9)
169.23(9) 120.03(9)
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50.0 1645.69 (17) 302.95(10) 143.70(9) 101.52(9)
60.0 1258.89 (17) 214.06 (10) 97.17(9) 67.76 ( 8)

70.0 850.06 (17) 132.72(9) 56.44(8)  38.50(8)
80.0 428.06(17) 61.81(8)  23.75(7) 1527(6)
SS1:
Ri/h=100.0 v;=0.300 v4=0.03000 E,=30x10° psi E,=3x10°psi G,¢=1.15x10° psi
alpa\L/R, 02 0.5 08 1.0

0.0 52829 (28) 95.79(13) 49.66 (10) 38.65(9)

1.0 527.30(28) 9526 (13) 49.18(10) 38.19(9)

5.0 521.79(28) 92.88(13) 47.18(10) 36.33(9)

10.0 51147 (29) 89.43(13) 44.55(10) 33.60(10)
20.0 479.77 (29) 81.07 (14) 38.33(11) 28.20(10)
30.0 43546 (29) 70.78(14) 31.98(11) 22.99(10)

40.0 379.73(30)  59.55(14) 25.65(11) 17.99 (10)
45.0 34829 (30) 53.70 (14) 22.57(11)  15.60 (10)
50.0 31479 (30) 4776 (14) 19.58(11) 13.33(10)
60.0 242,53 (30) 35.75(14) 1396 (11)  9.19(10)
70.0 164.73 (31) 23.74(14)  8.80(10)  5.59(9)
80.0 8326 (31) 11.83(14)  4.21(10) 2.58(9)
SS1:

Ry/h=100.0 v4=0.300 V4=0.0.1500 E,=30x10° psi Eq=1.5x10°psi Gy,=5.77x10° psi
alpa\L/R, 0.2 0.5 0.8 1.0

0.0 343.86 (33) 58.65(14) 28.09(11) 21.28(10)
1.0 34323 (33) 58.37(14) 27.80(11) 20.99 (10)
5.0 339.63(34) 57.12(14) 26.62(11) 19.82(10)
10.0 332.82(34) 55.05(15) 25.12(11) 18.42(10)
20.0 31246 (34) 50.12(15) 21.99(11) 15.71(10)
30.0 283.57 (35) 44.25(16) 18.57(12) 12.90(11)
40.0 247.51(35) 37.56(16) 15.13(12) 10.23(11)
45.0 227.10(36) 34.05(16) 13.44(12)  8.97(11)
50.0 20528 (36) 30.45(16) 11.79(12)  7.76 (11)
60.0 158.19 (36) 23.03(16)  8.59(12)  5.51(11)
70.0 10749 (36) 1543 (16)  5.59(12)  3.46(10)
80.0 5435(36) 7.73(16)  274(12)  1.66(10)
SSi:
Ri/h=100.0 vy¢=0.300 V4=0.01000 E,=30x10°psi Eq=1x10° psi Gy4=3.85x10’ psi
alpa\L/R; 0.2 0.5 0.8 1.0

0.0 270.25(37) 45.07(15) 2043 (11) 15.09 (10)
1.0 269.74 (37) 44.87(15) 2025(11) 14.90(10)
5.0 266.90 (37) 43.87(16) 19.50(11)  14.15(10)
10.0 261.66 (37) 42.35(16) 18.53(12)  13.24(10)
20.0 24558 (38)  38.74(16) 1621 (12) 11.30(11)
30.0 22299 (39) 3424 (17) 13.85(12)  9.38(11)
40.0 194.60 (39) 29.23(17) 11.42(13)  7.54(11)
45.0 178.58 (39) 26.56 (18) 10.19(13)  6.65(11)
50.0 161.47 (40) 23.78(18)  8.98(13)  5.79(11)
60.0 124.44 (40) 18.03(18)  6.62(13)  4.16(11)
70.0 84.56 (40) 12.11(18)  4.35(13)  2.67(1])
80.0 4276 (40)  6.08(18)  2.15(13)  130(11)
SS1:

Ry/h=100.0 vx¢=0.300 Ve,=0.00750 E,=30x10°psi Ey=7.5x10° psi G,,=2.88x10 psi
alpa\L/R, 0.2 0.5 0.8 1.0



0.0

1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

SS2:

Ry/h=100.0 v,;4=0.300 V4=0.03000 E,=30x10°psi E=3x10°psi G,4=1.15x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

E.11 Buckling Values of Single Layer Orthotropic Conical Shell in Pure Bending (M)

SS1:

Ri/h=100.0 V,4=0.300 v4,=0.30000 E,=30x10° psi E,=30x10°psi G,4=11.5x10° psi

alpa\L/R,
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

SS1:

228.74 (40)
228.30 (40)
225.86 (40)
221.39 (40)
207.84 (41)
188.74 (41)
164.71 (42)
151.16 (42)
136.69 (43)
105.34 (43)

71.59 (43)

36.20 (43)

0.2
528.40 (28)
527.41 (28)
521.90 (28)
511.57 (29)
479.85 (29)
435.52 (29)
379.77 (30)
348.32 (30)
314.82 (30)
242.54 (30)
164.74 (31)

83.26 (31)

0.2
2893.14 (2)
2900.01 (2)
2914.71 (2)
2903.47 (2)
2784.10 (2)
2547.08 (2)
2215.21(2)
2022.46 (2)
1816.60 (2)
1378.53 (2)

922.42 (2)
461.27 (2)

Ri/h=100.0 v,=0.300

alpa\L/R,
0.0

1.0

5.0

10.0
20.0

0.2
2041.04 (3)
2047.47 (3)
2066.64 (3)
2074.77 (3)
2035.85 (3)

37.69 (16)
37.52 (16)
36.71 (17)
35.46 (17)
32.48 (18)
28.77 (18)
24.62 (19)
22.37 (19)
20.05 (19)
15.24 (19)
10.25 (19)

5.15 (20)

0.5
96.41 (13)
95.87 (13)
93.47 (13)
89.98 (13)
81.49 (14)
71.09 (14)
59.76 (14)
53.86 (14)
47.88 (14)
35.81 (14)
23.76 (14)
11.83 (14)

0.5
1364.16 (2)
1373.59 (2)
1403.66 (2)
1422.50 (2)
1397.11 (2)
1293.79 (2)
1124.15 (2)
1017.80 (2)

898.36 (2)
624.58 (2)
336.57 (2)
121.65 (2)

Vex=0.03000 E,=30x10° psi Eq=3x10°psi G,¢=1.15x10° psi

0.5
682.01 (2)
685.26 (2)
694.11 (2)
695.32 (2)
665.33 (2)

16.58 (11)
16.45 (11)
15.84 (12)
15.00 (12)
13.28 (12)
11.36 (13)
9.42 (13)
8.45 (13)
7.48 (13)
5.56 (14)
3.67 (14)
1.82 (14)

0.8
50.87 (10)
50.37 (10)
48.31 (10)
45.52 (11)
39.08 (11)
32.53 (11)
26.02 (11)
22.86 (11)
19.79 (11)
14.06 (11)

8.83 (10)

4.22 (10)

0.8
1454.45 (2)
1427.46 (2)
132125 (2)
1194.69 (2)

981.82 (2)
807.03 (2)
653.51 (2)
581.89 (2)
512.61 (2)
377.79 (2)
241.18 (2)

92.83 (2)

0.8
478.26 (2)
48322 (2)
499.76 (2)
512.30(2)
51021 (2)

11.97 (10)
11.83 (10)
11.28 (10)
10.58 (11)
9.05 (11)
7.60 (11)
6.14 (12)
5.44 (12)
4.75(12)
3.46 (12)
2.24 (12)
1.10 (12)

1.0
40.21 (9)
39.73 (9)
37.68 (10)
34.74 (10)
29.11 (10)
23.67 (10)
18.43 (10)
15.95 (10)
13.59 (10)

9.31 (10)

5.63(9)

2.59 (9)

1.0
146.62 (6)
157.37 (6)
207.38 (6)
288.80 (6)
532.45 (5)
835.46 (4)

1023.33 (4)
650.73 (2)
472.50 (2)
301.56 (2)
187.50 (2)

81.43 (2)

1.0
368.75 (2)
372.95 (2)
386.99 (2)
397.80 (2)
397.99 (2)
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30.0 1921.62 (3)
40.0 1733.73 (3)
45.0 1613.79 (3)
50.0 1477.88 (3)
60.0 1163.38 (3)

596.96 (2)
500.91 (2)
446.76 (2)
390.89 (2)
280.02 (2)
177.19 (2)

85.02 (2)

474.11 (2)
407.78 (2)
364.69 (2)
316.17 (2)
21031 (2)
113.08 (2)

44.54 (2)

Ri/h=100.0 v;4=0.300 v4,=0.01500 E,=30x10° psi

70.0 802.45 (3)

80.0 409.42 (3)

SS1:

alpa\L/R, 0.2

0.0 1989.32 (3)
1.0 1995.73 (3)
5.0 2015.22 (3)

10.0 2024.57 (3)
20.0 1990.54 (3)
30.0 1883.69 (3)
40.0 1704.40 (3)
45.0 1588.80 (3)

50.0 1457.07 (3)
60.0 1149.99 (3)
70.0 794.84 (3)
80.0 406.07 (3)
SS1:
Ry/h=100.0 v,,=0.300
alpa\L/R; 02

0.0 1972.10 (3)
1.0 1978.51 (3)
50 1998.10 (3)

10.0 2007.86 (3)
20.0 1975.46 (3)
300 1871.07 (3)
40.0 1694.64 (3)
45.0 1580.49 (3)
50.0 1450.15 (3)

60.0 1145.53 (3)
70.0 792.32 (3)
80.0 404.96 (3)
SS1:

R/h=100.0 v,,=0.300
alpa\L/R; 0.2

0.0 1963.49 (3)
1.0 1969.90 (3)
50 1989.55 (3)

10.0 1999.50 (3)
20.0 1967.92 (3)
300 1864.76 (3)
40.0 1689.76 (3)
45.0 1576.34 (3)
50.0 1446.69 (3)
60.0 1143.31 (3)
70.0 791.06 (3)
80.0 404.41 (3)

0.5
501.77 (6)
504.61 (6)
513.54 (6)
518.74 (6)
508.23 (5)
471.05 (5)
41155 @4)
374.99 (2)
335.55(2)
252.24 (2)
167.15 (2)

82.98 (2)

VOX=O'01000
0.5

437.90 (6)
440.67 (6)
449.85 (6)
456.51 (6)
452.70 (5)
426.02 (5)
379.09 4)
349.19 (3)
315.78 (3)
242.37 (3)
163.55 (3)
8221 (3)

Vex=0.00750
0.5

405.95 (6) -

408.69 (6)
417.99 (6)
425.38 (6)
424.88 (5)
403.48 (5)
362.82 (4)
336.11 (3)
305.76 (3)
237.33 (3)
161.64 (3)

81.75 (3)

0.8
409.13 (2)
412,94 (2)
425.26 (2)
433.47(2)
425.60 (2)
387.15 (2)
323.40 (2)
283.97 (6)
242.28 (5)
163.16 (4)

93.96 (2)
41.25 (2)

E,=30x10° psi
0.8

358.55 (2)
361.55 (2)
371.00 (2)
376.51 (2)
355.94 (6)
315.42 (6)
262.35 (6)
233.23 (6)
203.18 (5)
142.98 (5)

87.18 (3)

40.14 (2)

E,=30x10° psi
0.8
310.04 (6)
311.03 (6)
313.67 (6)
313.53 (6)
300.72 (6)
272.09 (6)
231.40 (6)
208.17 (6)
183.72 (5)
132.86 (5)
83.55 (3)
39.59 (2)

373.31(2)
328.17 (2)
299.03 (2)
265.92 (2)
188.74 (2)
103.19 (2)

35.84 (2)

E=1.5x10° psi G,=5.77x10’ psi
1.0
325.80 (2)
329.67 (2)
34267 (2)
352.84 (2)
353.56 (2)
33040 (2)
286.12 (2)
256.96 (2)
223.80 (2)
150.11 (2)
80.71 (2)
31.49 (2)

Ey=1x10° psi G,4=3.85x10° psi
1.0
300.68 (2)
304.15 (2)
315.74 (2)
324.51 (2)
323.42 (2)
299.19 (2)
254.61 (2)
226.07 (2)
194.64 (2)
127.12 (5)
71.50 (4)
30.00 (2)

E,=7.5x10° psi G,,=2.88x10° psi
1.0
280.56 (2)
283.66 (2)
293.87 (2)
301.27 (2)
298.38 (2)
273.51(2)
230.11 (2)
199.26 (6)
169.09 (5)
113.19 (5)
66.48 (4)
29.24 (2)
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SS2:
R/h=100.0 v,4=0.300 v4,=0.03000 E,=30x10°psi E;=3x10°psi G,4=1.15x10°psi
alpa\L/R;, 0.2 0.5 0.8 1.0

0.0 2041.04 (3) 682.08 (2) 478.48(2) 369.02(2)

1.0 2047.47 (3) 685.33(2) 483.48(2) 37327(2)

5.0 2066.65 (3) 694.44 (2) 501.23(2) 388.66(2)

10.0 207479 (3) 696.38(2) 517.28(2) 403.42(2)
20.0 203592 (3) 668.45(2) 525.87(2) 41598(2)
30.0 1921.73(3) 601.64 (2) 499.13(2) 403.42(2)
40.0 1733.84 (3) 505.73(2) 434.93(2) 364.27(2)
45.0 1613.90(3) 451.13(2) 389.55(2) 334.66(2)

50.0 147797 (3) 394.56 (2) 336.95(2) 298.57 (2)
60.0 1163.44 (3) 282.05(2) 220.98(2) 209.15(2)
70.0 80247 (3) 177.91(2) 116.41(2) 110.04(2)
80.0 409.42(3) 85.11(2) 4496(2) 36.64(2)

E.12 Buckling Values of Multil Layer Orthotropic Conical Shell under Axial Compression (P,)

SS1:
R/h=100.0 v,4=0.250 v4,=0.00625 E,=30x10° psi E4=7.5x10° psi G,,=3.75x10’ psi
alpa N\L/R, 02 0.5 0.8 1.0
2 953.81 (8) 670.79 (7) 697.80 (8) 704.39 (7)
4 2022.10 (7) 1010.58 (6) 1119.19 (6) 1067.23 (6)
00 6 2217.45 (7) 1067.01 (6) 1168.52 (5) 1123.93 (6)
16 2351.42 (7) 1105.71 (6) 1200.71 (5) 1162.78 (6)
2 942.66 (8) 668.08 (7) 693.82 (8) 729.93 (7)
4 2009.98 (7) 993.62 (6) 1104.29 (7) 1071.04 (7)
100 6 2205.35 (7) 1046.72 (6) 1175.30 (7) 1117.39 (6)
16 2339.44 (7) 1083.05 (6) 1223.79 (7) 1148.11 (6)
2 802.45 (8) 535.13 (7) 569.65 (9) 61391 (7)
4 1761.49 (7) 801.46 (6) 919.79 (7) 842.48 (7)
300 6 1937.13 (6) 846.21 (6) 972.87 (7) 891.89 (7)
16 2057.55 (6) 877.03 (6) 1009.18 (7) 925.72 (7)
2 618.67 (7) 347.09 (7) 385.52 (8) 366.66 (8)
4 1405.92 (6) 552.01 (6) 596.57 (5) 588.25 (7)
450 6 1551.27 (6) 588.60 (6) 614.61 (5) 628.86 (7)
16 1651.51 (6) 613.93 (6) 627.22 (5) 650.72 (6)
2 405.87 (6) 173.42 (6) 184.18 (6) 186.84 (7)
4 962.89 (5) 301.32 (5) 270.48 (5) 287.41(5)
60.0 6 1066.09 (5) 323.49 (5) 285.19 (5) 301.08 (5)
16 1137.19 (5) 338.88 (5) 295.35 (5) 310.51 (5)
S$S2:
R/h=100.0 v,4=0.250 v4,=0.00625 E,=30x10° psi E4=7.5x10° psi G,4=3.75x10’ psi
alpa N\W/R, 02 0.5 0.8 1.0
2 1772.24 (8) 824.50 (8) 706.55 (7) 717.03 (7)
4 2314.60 (7) 1102.63 (6) 1119.38 (6) 1067.31 (6)
00 6 2355.74 (7) 1119.90 (6) 1184.30 (6) 1124.01 (6)

16 2375.17(7) 1124.32 (6) 1229.94 (6) 1163.71 (6)

2 1759.21 (8) 835.33(9) 709.95 (8) 82241 (6)



4 2300.87 (7) 1070.42 (6) 1096.43 (7) 1051.20 (6)
100 6 2342.07 (7) 1085.11 (6) 1169.52 (7) 1101.92 (6)
16 2361.74 (7) 1088.12 (6) 1181.34 (5) 1137.88 (6)
2 1530.98 (8) 735.36 (10) 601.89 (9) 750.37 (9)
4 2019.01 (6) 841.96 (6) 888.99 (5) 83041 (7)
300 6 2055.10 (6) 853.97 (6) 891.28 (5) 881.17 (7)
16 2073.16 (6) 856.91 (6) 887.69 (5) 918.33 (6)
2 1216.54 (7) 471.44(7) 396.35 (8) 392.00 (8)
4 1616.81 (6) 589.34 (6) 566.24 (5) 582.58 (7)
450 6 1648.33 (6) 599.96 (6) 571.40 (5) 609.33 (5)
16 1664.88 (6) 603.65 (6) 571.36 (5) 606.57 (5)
2 826.47 (6) 260.31 (6) 21129 (7) 191.83 (7)
4 1111.11 (5) 331.12 (5) 278.74 (5) 285.11 (5)
600 6 1134.19 (5) 335.89 (5) 283.89 (5) 291.58 (5)
16 1146.96 (5) 337.35(5) 285.63 (5) 294.26 (5)
SS3:
R1/h=100.0 vy=0.250 v, =0.00625 E,=30x10°psi E,=7.5x10° psi G,,=3.75x10’ psi
alpa N\WR, 02 0.5 0.8 1.0
2 1049.19 (9) 759.12 (7) 737.26 (8) 755.11 (8)
4 2160.78 (8) 1142.68 (6) 1178.56 (7) 1142.68 (6)
00 6 2361.37 (8) 1198.26 (6) 1255.84 (7) 1198.26 (6)
16 2498.86 (8) 1236.46 (6) 1308.90 (7) 1236.45 (6)
2 1033.94 (9) 743.29 (7) 729.00 (8) 797.41 (10)
4 2141.06 (8) 1115.01 (6) 1158.20 (7) 1118.78 (7)
100 6 2341.16 (8) 1167.79 (6) 1230.95 (7) 1184.05 (6)
16 2478.34 (8) 1203.97 (6) 1280.89 (7) 1218.36 (6)
2 869.88 (9) 572.95 (7) 591.74 (8) 609.58 (7)
4 1852.55 (8) 862.97 (6) 957.62 (6) 880.87 (7)
300 6 2032.72 (8) 907.07 (6) 992.70 (6) 932.84 (7)
16 2155.89 (7) 937.10 (6) 1017.69 (6) 968.55 (7)
2 667.92 (8) 375.53(7) 405.98 (8) 387.90 (8)
4 1466.59 (7) 587.74 (6) 611.88 (5) 618.88 (7)
450 6 1612.53 (7) 623.17 (6) 632.38 (5) 660.11 (7)
16 1712.62 (7) 647.24 (6) 645.77 (5) 688.31 (7)
2 434.48 (7) 194.13 (6) 197.95 (6) 201.86 (7)
4 994.88 (6) 326.93 (5) 288.60 (5) 301.32 (5)
600 6 1096.24 (1) 348.08 (5) 302.54 (5) 315.02 (5)
16 1164.78 (1) 362.42 (5) 311.81 (5) 323.98 (5)
SS4:

alpa

0.0

N\L/R; 0.2 0.5 0.8

2 1851.46 (9) 884.53 (9) 756.87 (8)
4 2465.50 (8) 1238.02 (6) 1183.89 (7)
6 2509.68 (8) 1257.24 (6) 1258.81 (7)
16 252743 (8) 1260.84 (6) 1309.88 (7)
2 1837.41 (9) 904.36 (10) 780.72 (8)

R/h=100.0 v;,=0.250 V,=0.00625 E,=30x10° psi E4=7.5x10° psi G,¢=3.75x10’ psi
0

1.
775.67 (7)
1147.67 (6)
1201.28 (6)
1237.68 (6)

900.96 (9)
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45.0

E.13 Buckling Values of Multi Layer Orthotropic Conical Shell under Outer Pressure (q.,)

SS1:
Ry/h=100.0 v,4=0.250 v4=0.00625 E =30x10° psi E4=7.5x10° psi Gyo=3. 75x10° psi
alpa N\W/R; 02 0.5 0.8 1.0
2 247.85 (16) 64.86 (9) 41.35(8) 34,61 (7)
4 574.36 (16) 129.11 (8) 79.39 (7) 65.96 (6)
00 6 634.83 (16) 139.94 ( 8) 85.99(7) 70.72 ( 6)
16 676.40 (16) 147.40 ( 8) 90.54 (7) 74.01 ( 6)
2 239.14 (17) 59.78 (10) 37.61(8) 30.86 ( 8)
4 555.65 (16) 120.14 (9) 70.96 (7) 57.98 (7)
100 6 614.14 (16) 130.63 ( 8) 76.34 (7) 62.72 (7)
16 654.35 (16) 137.40 ( 8) 80.03(7) 65.96 (7)
2 201.51 (17) 45.27 (10) 26.87 (9) 21.74 (9)
4 471.00 (17) 9142 (9) 50.76 ( 8) 39.82(7)
300 6 520.91 (17) 99.70 (9) 55.01(8) 4254 (7)
16 555.23 (17) 105.39(9) 57.43(7) 44.37(7)
2 159.57 (17) 31.92 (10) 17.51(9) 13.60 (9)
4 374.96 (17) 66.14 (9) 33.85(8) 25.33(7)
450 6 414.85 (17) 72.39(9) 36.43(7) 27.18(7)
16 442.28 (17) 76.68 (9) 38.14(7) 28.44 (7)
2 109.98 (17) 19.08 (9) 9.35(8) 6.91(8)
4 259.99 (17) 41.47 ( 8) 18.61(7) 13.43(7)
600 6 287.77 (17) 45.45 ( 8) 20.23(7) 14.60 (7)
16 306.87 (17) 48.20 ( 8) 21.34(7) 15.40(7)
SS2:
Ri/h=100.0 v,y=0.250 v4,=0.00625 E,=30x10° psi E,=7. 5x10° psi G,y=3.75x10° psi
alpa NW/R; 02 0.5 0.8 10
2 352.98 (20) 78.66 (10) 47.43(8) 39.11 (8)
4 620.70 (17) 138.10 ( 8) 83.53(7) 69.92 (6)

SORN SO ARN SO

- N I ¥

2448.13 (8)
2492.02 (8)
2509.83 (8)

1595.38 (9)
2133.86 (8)
2174.18 (8)
2191.81 (8)

1255.66 (8)
1698.69 (7)
1730.44 (7)
1745.02 (7)

854.03 (7)
1154.82 (6)
1177.56 (6)
1188.96 (6)

121129 (6)
1227.39 (6)
1229.19 (6)

800.00 (10)
953.30 (6)
965.27 (6)
966.30 (6)

510.93 (7)
655.56 (6)
665.80 (6)
667.90 (6)

281.04 (7)
368.98 (6)
376.94 (5)
377.38(5)

1164.25 (7)
1233.71 (7)
1281.39 (7)

904.17 (7)
965.38 (7)
1019.14 (7)
1010.82 (6)

43559 (9)
641.77 (6)
655.38 (6)
658.37 (5)

233.10(8)
312.71 (5)
317.67 (5)
318.63 (5)

1126.58 (7)
1189.35 (7)
1221.54 (6)

791.79 (10)
890.39 (7)
935.89(7)
968.06 (7)

605.75 (9)
621.40 (7)
659.82 (7)
685.15 (5)

212.38 (7)
317.41 (5)
323.32(5)
325.05 (5)
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00 6 657.70 (16) 145.25 (8) 88.89 (7) 73.71 (6)
16 680.64 (16) 149.36 ( 8) 92.17(7) 75.95 ( 6)
2 340.89 (20) 72.89 (10) 41.88(9) 33.27(8)
4 599.50 (17) 126.69 ( 9) 73.50(7) 59.13(7)
100 6 636.53 (17) 134.80(9) 7778 (7) 63.34(7)
16 658.49 (16) 138.62 ( 8) 80.39(7) 66.04 (7)
2 288.44 (21) 54.70 (11) 28.31(9) 21.51(9)
4 508.23 (17) 95.74 (9) 50.59 ( 8) 38.09(7)
300 6 538.60 (17) 101.64 (9) 53.73(7) 40.60 (7)
16 558.30 (17) 105.30 (9) 55.47(7) 4228 (7)
2 229.06 (21) 39.65 (11) 18.83(9) 13.76 (9)
4 404.66 (18) 69.63 (9) 33.94(7) 24.58 (7)
450 6 429.13 (17) 73.97(9) 35.86 (7) 26.23(7)
16 444.67 (17) 76.69 (9) 37.07(7) 27.33(7)
2 158.44 (21) 25.09 (10) 10.94 ( 8) 7.57(8)
4 280.18 (18) 44.20 (9) 19.26 (7) 13.61 (7)
600 6 297.67 (17) 46.99 ( 8) 20.46 ( 7) 14.60 (7)
16 308.46 (17) 48.41(8) 21.22(7) 15.09 ( 6)
SS3:
Ry/h=100.0 v,4=0.250 v,=0.00625 E,=30x10°psi Ex=7.5x10° psi G,=3.75x10’ psi
alpa  N\L/R; 02 0.5 0.8 1.0
2 249.84 (17) 66.64 (10) 42.58 (8) 35.87(7)
4 576.88 (16) 133.95(9) 81.83(7) 68.72 ( 6)
00 6 637.35 (16) 145.16 ( 8) 88.42(7) 73.46 ( 6)
16 678.92 (16) 152.61 ( 8) 92.97 (7) 76.74 ( 6)
2 241.02 (17) 61.47 (10) 38.75(9) 31.37(8)
4 558.14 (16) 123.01 (9) 73.46 (7) 59.29 (7)
100 6 616.61 (16) 134.00 (9) 78.85 (7) 64.06 (7)
16 656.81 (16) 141.55 (9) 82.55(7) 67.33(7)
2 203.12 (17) 46.68 (10) 27.57(9) 22.21(9)
4 472.38 (17) 93.49 (9) 51.95(8) 41.03(7)
300 6 522.24 (17) 101.71 (9) 56.19 ( 8) 43.78 (7)
16 556.51 (17) 107.34 (9) 59.06 ( 8) 45.60 (7)
2 160.71 (17) 32.94 (10) 18.12(9) 14.06 (9)
4 375.81 (17) 67.45 (9) 34.67 (8) 26.23(7)
450 6 415.64 (17) 73.62(9) 37.60 ( 8) 28.06 (7)
16 443.01 (17) 77.84 (9) 39.27(7) 29.27(7)
2 110.57 (17) 19.84 (9) 9.82(8) 7.25(8)
4 260.35 (17) 42.23(9) 19.23(7) 13.88 (7)
600 6 288.08 (17) 46.36 (9) 20.81 (7) 15.02(7)
16 307.14 (17) 49.04 ( 8) 21.87(7) 1579 (7)
SS4:

Ry/h=100.0 v4=0.250 v4,=0.00625 E,=30x10° psi E4=7.5x10° psi G,¢=3.75x10’ psi

alpa N\W/R, 02
2 354.56 (20)
4 623.81 (17)

0.5
80.14 (10)
141.69 (9)

0.8

48.37( 8)
86.29 (7)

1.0

39.50( 8)
72.53(7)
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661.25 (16)
683.61 (16)

342.46 (20)
602.57 (17)
639.24 (17)
661.42 (16)

289.55 (21)
510.57 (17)
540.64 (17)
559.92 (17)

229.85 (21)
405.86 (18)
430.38 (17)
445.62 (17)

158.88 (21)
280.75 (18)
29821 (17)
308.84 (17)

150.96 (9)
155.05 (8)

74.12 (11)
13022 (9)
13827 (9)
143.12 (9)

55.76 (11)
98.67 (9)
104.47 (9)
107.97 (9)

40.38 (11)
71.46 (9)
75.72 (9)
78.31 (9)

25.57 (10)
44.96 (9)
47.78 (9)
49.50 ( 8)

91.69 (7)
94.95(7)

42.58(9)
76.63 (7
80.92(7)
83.48(7)

29.24(9)
52.23( 8)
55.95(8)
5826 (7)

19.48 (9)
35.10(8)
37.62 ( 8)
38.84(7)

1125(9)
20.05(7)
21.22(7)
21.93(7)

76.82 (6)
79.09 (6)

33.95(8)
60.86 (7)
65.07(7)
67.75(7)

22.20(9)
39.97(7)
42.42(7)
44.01(7)

14.25(9)
25.84(7)
2744(7)
28.48(7)

7.87(8)
14.14 (7)
15.11(7)
15.71 (7)

E.14 Buckling Values of Multi Layer Orthotropic Conical Shell in Bending (M)

SS1:

Ry/h=50.0 v,4=0.250 v¢,=0.02500 E,=30x10° psi E,=3x10°psi G,,=1.5x10° psi
¢ [ (3 o

alpa

0.0

10.0

30.0

45.0

60.0

N\L/R,

0.2
5147.99 (2)
8391.61 (2)
8986.91 (2)
9390.57 (2)

519549 (2)
8509.87 (2)
9119.86 (3)
9532.69 (3)

4667.17 (2)
7769.88 (3)
8342.68 (3)
8736.10 (3)

380593 (2)
6431.85 (2)
6917.78 (2)
7251.60 (2)

2667.98 (2)
4573.39 (2)
4926.09 (2)
5168.42 (2)

0.5
2553.72 (2)
3913.48 (2)
4135.36 (2)
4292.86 (2)

2782.84 (2)
4160.70 (2)
4382.90 (2)
4542.06 (2)

2665.66 (2)
3744.77 (2)
3920.87 (2)
4040.65 (4)

1908.00 (2)
2551.53 (4)
2667.81 (4)
2758.22 (4)

1003.93 (2)
1419.52 (3)
1496.26 (3)
1552.07 (3)

0.8
4297.71 (10)
301342 (2)
322534 (2)
3380.73 (2)

4874.75 (2)
3212.69 (2)
3432.97 (2)
3595.87 (2)

4612.91 (4)
3127.93 (2)
3331.45 (2)
3484.61 (2)

1532.56 (2)
237334 (2)
2529.07 (2)
2647.94 (2)

884.84 (2)
1337.44 (2)
1417.98 (2)
1482.29 (2)

10
4570.22 (3)
8593.28 (2)
7855.96 (4)
8019.53 (4)

5412.17 (3)
7986.86 (4)
8256.11 (4)
8430.89 (4)

4466.33 (9)
2960.09 (2)
3133.97 (2)
3266.38 (2)

1414.37 (2)
2149.93 (2)
2291.33 (2)
2399.04 (2)

787.47 (2)

1248.36 (2)
1338.50 (2)
141128 (2)
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S$82:

Ry/h=50.0 v,=0.250 v,,=0.02500 E,=30x10°psi E,=3x10°psi G 0-1 5x10 psi

alpa N\L/R,

2
4
0.0 6
16

10.0

- )

30.0

o= Y Y )

45.0

AN

60.0

- )

SS3:

02
8223.04 (3)
9286.85 (2)
9392.03 (2)
9449.51 (2)

8321.07 (3)
9413.34 (2)
9521.29 (2)
9580.59 (2)

7563.37 (3)
8612.55 (2)
8716.90 (2)
8775.75 (2)

6232.77 3)
7143.99 (3)
7236.46 (2)
7289.39 (2)

4409.12 (3)
5088.56 (3)
5158.75 (2)
5199.66 (2)

0.5
2972.27 (2)
4078.36 (2)
4220.82 (2)
431298 (2)

3103.33 (2)
4188.42 (2)
4321.81 (2)
4406.64 (2)

2883.92 (2)
3651.28 (2)
3731.20 (2)
3779.75 (2)

2266.77 (2)
2663.98 (2)
2699.67 (2)
2720.35 (2)

1374.45 (2)
1523.71 (2)
1537.59 (2)
1545.29 (2)

0.8
1979.64 (2)
3053.70 (2)
3249.54 (2)
3389.89 (2)

2019.62 (2)
311048 (2)
330643 (2)
4336.40 (2)

1820.50 (2)
2787.23(2)
2955.96 (2)
3077.01 (2)

1456.00 (2)
2184.95(2)
2307.60 (2)
2396.67 (2)

951.22 (2)
1326.76 (2)
1381.90 (2)
1423.40 (2)

4885.07 3
8393.59 (2)
3267.01 (2)
339942 (2)

5697.70 (3)
3050.05 (2)
3233.40(2)
3367.40 (2)

1723.95 (2)
2583.45 (2)
274823 (2)
2868.04 (2)

128043 (2)
1977.70 (2)
2106.24 (2)
2201.97 (2)

805.44 (2)
1229.03 (2)
1307.18 (2)
1369.26 (2)

Ry/h=50.0 v;4=0.250 v4=0.02500 E,=30x10° psi E4=3x10°psi G,,=1.5x10°psi

alpa N\L/R,

2
4
0.0 6
16

10.0

g - N N

30.0

o RN

45.0

R )

60.0

o= )

0.2
6537.08 (7)
9883.18 (6)

10480.06 (6)
10877.88 (6)

6567.57 (7)
9960.83 (6)
10568.17 (6)
10973.23 (6)

5757.20 (6)
8868.04 (6)
9436.14 (6)
9809.36 (5)

4357.56 (2)
6927.20 (2)
7395.73 (2)
7708.67 (2)

2848.43 (2)
4723.94 (2)
5067.82 (2)
5299.97 (2)

0.5
4905.11 (2)
7344.39 (5)
7512.63 (5)
7724.65 (5)

5069.77 (2)
6876.62 (5)
7042.16 (5)
7225.76 (5)

4058.10 (6)
4941.54 (5)
5100.28 (5)
5241.56 (5)

2506.29 (6)
3242.94 (5)
3371.80 (5)
3474.65 (5)

1309.82 (5)
1767.90 (5)
1855.37 (5)
1919.86 (5)

0.8
2997.32 (2)
4476.11 (2)
4733.54 (2)
4916.79 (2)

3196.21 (2)
4691.53 (2)
4953.50 (2)
5139.60 (2)

2773.27 (2)
4027.28 (2)
4254.55 (2)
4417.21 (2)

2007.24 (2)
2979.97 (2)
3156.56 (2)
3283.89 (2)

1173.99 (2)
1756.90 (2)
1856.53 (2)
1928.69 (2)

1.0

2836.98 (2)
3871.11 (2)
4107.44 (2)
4286.60 (2)

2885.88 (2)
4079.88 (2)
4319.77 (2)
4499.34 (2)

2498.25 (2)
3547.70 (2)
3738.44 (2)
3880.57 (2)

1775.88 (2)
2555.39(2)
2700.04 (2)
2807.79 (2)

984.39 (2)
148151 (2)
1575.04 (2)
1646.09 (2)

137



SS4:

alpa  N\L/R, 0.2 0.5 08
2 9746.28 (6) 5188.64 (2) 3129.31 (2)
4 10883.61 (6) 7695.75 (2) 5368.18 (10)
00 6 10964.60 (6) 7855.46 (5) 4790.36 (2)
16 10971.90 (6) 8374.07 (2) 4948.53 (2)
2 9823.26 (6) 5430.84 (2) 3338.61 (2)
4 10982.05 (6) 7436.62 (5) 4794.70 (2)
100 6 11066.41 (6) 7441.34 (5) 5036.26 (2)
16 11076.79 (6) 7456.36 (5) 5198.10(2)
2 8738.85 (6) 5003.42 (2) 2960.81 (2)
4 9831.65 (6) 5492.68 (6) 4257.31(2)
300 6 9918.56 (6) 5503.89 (5) 4476.08 (2)
16 9939.65 (6) 5493.02 (5) 4620.80 (2)
2 6988.75 (5) 3279.24 (6) 2232.48 (2)
4 7910.96 (5) 3626.95 (5) 3263.43 (2)
450 6 7992.74 (5) 3636.27 (5) 3436.16 (2)
16 8024.08 (5) 3627.73 (5) 3549.28 (2)
2 4719.45 (3) 1783.83 (5) 1376.42 (2)
4 5400.35 (3) 1966.95 (5) 2026.61 (2)
60.0 6 5469.59 (3) 1978.42 (5) 2129.01 (2)
16 5506.45 (3) 1976.34 (5) 2194.49 (2)

E.15 Buckling Values of Multi Layer Orthotropic Conical Shell under Axial Compression (P,)

with Outer Pre-Pressure

R/h=100.0 v,4=0.250 v,,=0.00625 E,=30x10° psi E,=7.5x10° psi G,,=3.75x10° psi

SS2:
IJR|=0.2

N=2

alpa\Pre_q 0% 25% 50%

0.0 1772.24 (8) 1579.33 (11) 1253.38 (14)
100 1759.21(8) 1570.57 (11) 1248.56 (14)
300 1530.98(8) 1381.01(11) 1105.07 (14)
45.0 1216.54(7) 1111.35(10) 898.02 (14)
60.0 82647 (6) 769.65(10) 628.46 (14)
N=4

alpa\Pre_q 0% 25% 50%

0.0  2314.60 (7) 2066.34 (9) 1632.23 (12)
100 2300.87 (7) 2058.71(9) 1628.16(12)
300 2019.01(6) 1821.49(9) 1449.29 (12)
450 1616.81(6) 1477.14(9) 1183.70(12)
60.0 1111.11(5) 1032.55(9) 833.51(12)
N=6

alpa\Pre_q 0% 25% 50%

0.0 2355.74(7) 2101.00(9) 1660.99 (12)
10.0 2342.07(7) 2092.58(9) 1653.47(12)
30.0 2055.10(6) 1853.71(9) 1473.63 (12)
45.0 1648.33(6) 1505.00(9) 1204.02 (12)

75%
735.94 (17)
734.75 (17)
653.31 (18)
532.80 (18)
374.44 (18)

75%
952.82 (14)
953.81 (15)
846.61 (15)
693.71 (15)
491.14 (15)

75%
964.93 (14)
962.39 (14)
864.38 (15)
706.30 (15)

Ry/h=50.0 v;4=0.250 Vv4,=0.02500 E,=30x10° psi E¢=3x10°psi Gie=1.5x10° psi
1.0

277794 (2)
3932.55 (2)
4162.97 (2)
4329.02 (2)

2877.23(2)
4140.56 (2)
4371.58 (2)
4535.16 (2)

2515.89 (2)
3638.41 (2)
3829.26 (2)
3962.28 (2)

1862.39 (2)
2708.70 (2)
2853.46 (2)
2953.38 (2)

1094.22 (2)
1623.78 (2)
1715.50 (2)
1779.36 (2)

100%
0.00 (20)
0.00 (20)
0.00 (21)
0.00 (21)
0.00 (21)

100%

0.00 (17)
0.00 (17)
0.00 (17)
0.00 (18)
0.00 (18)

100%
0.00 (16)
0.00 (17)
0.00 (17)
0.00 (17)



60.0 1134.19(5)
N=16

alpa\Pre_q 0%
0.0 2375.17(7)
100 2361.74 (7)
30.0 2073.16 (6)
450 1664.88 (6)

60.0 1146.96 (5)
L/R;=05
N=2

alpa\Pre_q 0%
0.0 824.50 (8)
10.0  835.33(9)
300 735.36(10)
450 471.44(7)
60.0 260.31(6)
N=4

alpa\Pre_q 0%
0.0 1102.63 (6)
10.0  1070.42 (6)
30.0 841.96 (6)
450 589.34 (6)
60.0 331.12(5)
N=6

alpa\Pre_q 0%
0.0 1119.90(6)
10.0 1085.11(6)
30.0 853.97 (6)
45.0 599.96 (6)
60.0 335.89 (5)
N=16

alpa\Pre_q 0%
00 112432 (6)
10.0 1088.12(6)
30.0 856.91 (6)
45.0 603.65 (6)
60.0 337.35(5)

E.16 Buckling Values of Multi Layer Orthotropic Conical Shell in Pure Bending (M)

1052.76 (8)

25%
2116.43 (9)
2108.21 (9)
1868.68 (9)
1519.01 (9)
1063.37 (8)

25%
723.86 (8)
739.44 (7)
563.84 (8)
386.83 (8)
218.16 (7)

25%
904.92 (6)
883.46 (7)
696.97 (7)
488.31 (6)
279.32 (6)

25%
912.10 (6)
891.94 (6)
707.40 (6)
493.02 (6)
283.90 (6)

25%
910.76 (6)
889.75 (6)
705.60 (6)
493.14 (6)
285.87 (6)

with Axial Pre-Compressed

SS2:

Ri/h=50.0 v,4=0.250 v,=0.02500 E,=30x10° psi E,=3x10° psi G,4=1.5x10° psi

L/R;=0.2

N=2

alpa\Pre_P 0%
0.0 8223.04 (3)
10.0 8321.07 (3)
30.0 7563.37(3)
450 6232.77(3)
60.0 4409.12 (3)
Nb=4

alpa\Pre_P 0%

25%
6189.68 (3)
6263.72 (3)
5695.87 (3)
4695.98 (3)
3323.31 (3)

25%

847.93 (12)

50%
1672.00 (11)
1667.06 (12)
1484.19 (12)
1214.15 (12)

856.30(12)

50%
529.83 (8)
517.04 (9)
406.96 (9)
285.53 (9)
163.63 (8)

50%
647.56 (7)
636.06 (7)
508.73 (7)
359.11 (7)
210.55 (7)

50%
659.11 (7)
638.73 (7)
512.07 (7)
362.85 (7)
214.34 (7)

50%
662.48 (7)
640.14 (7)
510.70 (7)
362.94 (7)
215.63 (6)

50%
4127.31(2)
4177.68 (2)
3800.67 (2)
3134.35(2)
2218.67 (2)

50%

498.04 (15)

75%
971.77 (14)
968.37 (14)
869.92 (14)
714.08 (15)
504.16 (15)

75%
288.79 (9)
284.76 (10)
223.40 (10)
158.55 (10)

92.09 (9)

75%
351.47 (8)
345.15 (8)
278.48 (8)
199.00 (8)
118.69 (8)

75%
369.74 (8)
346.32 (8)
280.24 (8)
201.03 (8)
121.24 (8)

75%
371.44 (7)
353.12 (8)
279.29 (8)
200.96 (8)
12127 (7)

75%
2071.75 (2)
2096.96 (2)
1908.57 (2)
1574.80 (2)
1115.21 (2)

75%

0.00 (17)

100%
0.00 (16)
0.00 (16)
0.00 (17)
0.00 (17)
0.00 (17)

100%
0.00 (10)
0.01 (10)
0.01 (11)
0.00 (11)
0.00 (10)

100%
0.00 (8)
0.01 (9
0.00 (9)
0.00 (9)
0.00 (9)

100%
0.00 (8)
0.00 (9)
0.00 (9)
0.00 (9)
0.00 (8)

100%
0.00 (8)
0.00 (8)
0.00 (9)
0.00 (9)
0.00 (8)

100%
0.00 (1)
0.00 (1)
0.00 (1)
0.00 (1)
0.00 (1)

100%
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0.0 9286.85(2)
10.0 9413.34 (2)
30.0 8612.55(2)
450 714399 (3)
60.0 5088.56 (3)
N=6

alpa\Pre_P 0%
0.0 9392.03 (2)
10.0 9521.29 (2)
30.0 8716.90(2)
45.0 7236.46 (2)
60.0 5158.75(2)
Nb=16
alpa\Pre_P 0%
00 944951 (2)
10.0  9580.59 (2)
300 8775.75(2)
45.0 7289.39(2)
60.0 5199.66 (2)

L/R;=0.5

N=2

alpa\Pre_P 0%
0.0 297227 (2)
10.0 3103.33(2)
300 2883.92(2)
45.0 2266.77 (2)
60.0 1374.45(2)
N=4

alpa\Pre_P 0%
0.0 4078.36 (2)
10.0 4188.42(2)
300 3651.28(2)
45.0 266398 (2)
60.0 1523.71(2)
N=6

alpa\Pre_P 0%
0.0 4220.82 (2)
10.0 4321.81(2)
300 3731.20(2)
45.0 2699.67 (2)
60.0 1537.59(2)
N=16

alpa\Pre_P 0%
0.0 431298 (2)
10.0 4406.64 (2)
300 3779.75(2)
450 272035(2)
60.0 1545.29(2)

E.17 Buckling Values of Multi Layer Orthotropic Conical Shell in Pure Bending (M,,)

6962.23 (2)
7056.86 (2)
6456.22 (2)
5355.97 (2)
3815.32 (2)

25%
7042.01 (2)
7138.79 (2)
6535.58 (2)
5425.66 (2)
3867.93 (2)

25%
7085.31 (2)
7183.49 (2)
6580.12 (2)
5465.81 (2)
3899.00 (2)

25%
2671.57 (2)
2764.63 (2)
2486.79 (2)
1861.41 (2)
1061.65 (2)

25%
3482.45 (2)
3541.56 (2)
2977.32 (2)
2069.68 (4)
1157.02 (2)

25%
3581.28 (2)
3631.95 (2)
3028.23 (2)
2073.06 (4)
1165.22 (3)

25%
3648.71 (2)
3693.06 (2)
3034.55 (4)
2071.71 (4)
1167.08 (3)

with Outer Pre-Pressure

SS2:

Ri/h=50.0 v,;=0.250 Vv4,=0.02500 E,=30x10°psi E,=3x10°psi G,e=1.5x10° psi

4645.35 (2)
4708.14 (2)
4307.80 (2)
3574.13 (2)
2546.30 (2)

50%
4698.76 (2)
4763.10 (2)
4361.18 (2)
3621.13 (2)
2581.88 (2)

50%
4727.22 (2)
4792.64 (2)
4390.80 (2)
3647.98 (2)
2602.78 (2)

50%
2270.26 (2)
2320.20 (2)
1987.41 (2)
1342.08 (4)

727.18 (3)

50%
277631 (2)
2764.20 (4)
2037.23 (4)
1381.37 (4)

773.41 (3)

50%
2834.82 (2)
2732.79 4)
2031.07 (4)
1383.44 (4)

777.34 (3)

50%
2864.82 (4)
2719.59 (4)
2025.52 (4)
1382.49 (4)

778.55 (3)

2334.76 (2)
2366.39 (2)
2166.49 (2)
1798.73 (2)
1282.23 (2)

75%
2361.12 (2)
2393.55(2)
2193.06 (2)
1822.26 (2)
1300.16 (2)

75%
2374.44 (2)
2407.50 (2)
2207.29 (2)
1835.36 (2)
1310.50 (2)

75%
1725.98 (2)
1728.62 (2)
1037.12 (5)
672.37 (4)
364.00 (3)

75%
1494.90 (4)
1420.23 (4)
1019.84 (4)

691.42 (4)
387.01 (3)

75%
1462.93 (4)
1395.63 (4)
1016.64 (4)

692.37 (4)
388.98 (3)

75%
1452.61 (4)
1386.83 (4)
1013.86 (4)

691.87 (4)
389.57 (3)

0.00 (1)
0.00 (1)
0.00 (1)
0.00 (1)
0.00 (1)

100%
0.00 (1)
0.00 (1)
0.00 (1)
0.00 (1)
0.00 (1)

100%
0.00 (1)
0.00 (1)
0.00 (1)
0.00 (1)
0.00 (1)

100%
668.32 (7)
638.29 (3)

0.00 (5)

0.00 (4)

0.00 (3)

100%
0.00 (5)
0.00 (5)
0.00 (4)
0.00 (4)
0.00 (3)

100%
0.00 (5)
0.00 (5)
0.00 (4)
0.00 (4)
0.00 (3)

100%
0.00 (5)
0.00 (5)
0.00 (4)
0.00 (4)
0.00 (3)
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L/R;=0.2

N=2

alpa\Pre_q 0%
0.0  8223.04 (3)
100 8321.07 (3)
300 7563.37(3)
45.0 6232.77(3)
60.0 4409.12(3)
N=4

alpa\Pre_q 0%
0.0 9286.85(2)
10.0  9413.34(2)
300 8612.55(2)
45.0 714399 (3)
60.0 5088.56 (3)
N=6

alpa\Pre_q 0%
0.0 9392.03(2)
10.0  9521.29(2)
30.0 8716.90 (2)
45.0 7236.46 (2)
60.0 5158.75(2)
N=16

alpa\Pre_q 0%
0.0 944951 (2)
10.0  9580.59 (2)
30.0 8775.75(Q2)
45.0 7289.39(2)
60.0 5199.66 (2)

L/R,=0.5

N=2

alpa\Pre_q 0%
00 297227(2)
10.0  3103.33(2)
30.0 2883.92(2)
45.0 2266.77 (2)
60.0 1374.45(2)
N=4

alpa\Pre_q 0%
0.0 407836 (2)
10.0 4188.42(2)
30,0 3651.28(2)
45.0 266398 (2)
60.0 1523.71(2)
N=6

alpa\Pre_q 0%
0.0 4220.82(2)
10.0 4321.81(2)
300 3731.20(2)
450 2699.67 (2)
60.0 1537.59(2)
N=16

alpa\Pre_q 0%
0.0 431298(2)

25%
8057.07 (5)
8161.53 (5)
7441.67 (5)
6140.89 (3)
4345.28 (3)

25%
9018.69 (6)
9150.11 (6)
8402.18 (6)
6989.74 (5)
4989.14 (5)

25%
9104.95 (6)
9238.93 (6)
8491.26 (6)
7073.89 (6)
5054.00 (5)

25%
9141.03 (6)
9277.92 (6)
8533.18 (6)
7115.17 (6)
5090.47 (5)

25%
2950.70 (2)
3080.05 (2)
2856.02 (2)
2236.15 (2)
1305.97 (5)

25%
4029.80 (2)
4137.44 (2)
3592.95 (5)
2441.38 (5)
1404.94 (4)

25%
4167.13 (2)
4265.97 (2)
3585.02 (5)
2447.11 (5)
1410.61 (4)

25%
425590 (2)

50%
6950.90 (11)
7053.44 (11)
6486.55 (11)
5399.81 (11)
3854.49 (11)

50%
7606.87 (10)
7732.12(11)
7129.62 (11)
5958.88 (11)
4275.54 (11)

50%
7651.36 (10)
7776.14 (10)
7180.52 (11)
6008.51 (11)
4314.14 (11)

50%
7656.60 (10)
7784.64 (10)
7194.14 (11)
6027.03 (11)
4333.14 (11)

50%
2928.95 (2)
3056.46 (2)
2826.85 (2)
1833.76 (7)
1048.27 (6)

50%
3980.72 (2)
4085.75 (2)
2863.09 (6)
1925.65 (6)
1121.11 (6)

50%
4112.84 (2)
4075.34 (5)
2863.01 (6)
1932.67 (6)
1130.74 (6)

50%
4198.21 (2)

75%
4297.05 (15)
4365.24 (15)
4037.87 (16)
3366.26 (16)
2410.92 (16)

75%
4614.39 (14)
4683.39 (14)
4344.76 (14)
3645.71 (14)
2617.79 (15)

75%
4652.79 (13)
4705.87 (14)
4357.01 (14)
3661.35 (14)
2637.52 (14)

75%
4638.99 (13)
4721.48 (14)
4351.33 (14)
3661.83 (14)
2641.84 (14)

75%
2907.03 (2)
3032.57 (2)
1742.77 (8)
1063.56 (8)

605.77 (8)

75%
3265.40 (6)
2852.39 (6)
174438 (7)
1140.39 (7)

659.27 (7)

75%
3202.99 (6)
2799.34 (6)
1748.85 (7)
1145.16 (7)

666.40 (7)

75%
3245.53 (6)

100%
0.00 (18)
0.00 (19)
0.00 (19)
0.00 (19)
0.00 (20)

100%

0.00 (16)
0.00 (17)
0.00 (17)
0.00 (17)
0.00 (18)

100%

0.00 (16)
0.00 (16)
0.00 (17)
0.00 (17)
0.00 (17)

100%
0.00 (16)
0.00 (16)
0.00 (17)
0.00 (17)
0.00 (17)

100%

1536.06 (18)
0.01 (9)
0.00 (10)
0.00 (10)
0.00 (9)

100%

0.00 (8)
0.00 (8)
0.00 (9)
0.00 (9)
0.00 (8)

100%
0.02 (8)
0.00 (8)
0.00 (8)
0.00 (8)
0.00 (8)

100%
489.89 (7)
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10.0
30.0
45.0
60.0

4406.64 (2)
3779.75 (2)
2720.35 (2)
1545.29 (2)

4347.74 (2)
3584.26 (5)
2449.59 (5)
1411.29 (4)

4057.40 (5)
'2881.90 (6)
1942.51 (6)
1136.56 (6)

2804.29 (6)
1786.78 (7)
1160.50 (7)

672.53(7)

0.00(8)
0.00 (8)
0.00 (8)
0.00 (8)

E.18 Buckling Values of Long Single Layer Isotropic Conical Shell under Axial Compression ( P,)

Ry/h=100.0 v,,=0.3 E=30x10° psi

SS2:
alpa\L/R, 02
0.0 5723.26
1.0 5726.86
5.0 5715.63
10.0 5644.25
20.0 5321.44
30.0 4791.70
40.0 4107.67
45.0 3725.75
50.0 3326.34
60.0 2498.09
70.0 1658.58
80.0 825.37
SS2:

0.5
5868.08
5867.87
5832.42
5710.26
5214.88
4418.81
3399.35
2846.55
2295.72
1303.43

589.21
191.78

0.8
5721.70
5719.45
5676.29
5546.10
5049.08
4291.79
3372.43
2888.32
2406.59
1491.28

686.97
156.85

R1/h=50.0 v,4=0.3 E=30x10° psi
alpa\L/R; 0.2

0.0

1.0

5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

SS2:

37231.45
37278.38
37336.97
37113.03
35683.27
33005.79
29210.11
26946.24
24470.38
18983.29
12949.39
6561.29

0.5
21580.48
21547.93
21274.90
20625.69
18417.49
15307.58
11771.55
10001.25

8305.55
5308.75
2985.95
1301.12

0.8
23120.75
23124.03
23006.79
22567.72
20752.96
17812.53
13973.30
11828.62

9631.32
5505.61
2428.74

737.73

Ry/h=33.3 v,,=0.3 E=30x10°psi
alpa\L/R; 02

0.0

1.0
5.0
10.0
20.0
30.0
40.0
450
50.0
60.0
70.0
80.0

120259.80
120429.83
120722.23
120187.16
116092.84
108043.57
96291.06
89148.93
81245.34
63441.45
43504.52
22067.67

0.5
44901.04
44866.64
44463.02
43383.99
39526.87
33942.64
27409.11
24034.18
20704.54
1444461

8959.51
4244 .38

0.8
53340.29
53316.20
52887.96
51601.78
46606.04
38845.78
29411.35
24541.17
19840.54
11639.10

5734.86
2148.67

1.0
5721.64
5720.48
5680.21
5553.64
5067.57
4315.75
3382.95
2883.64
2384.62
1456.54

704.04
168.83

1.0

22878.01
22867.67
22693.36
22184.07
20267.06
17363.87
13802.03
11878.66
9908.87
5983.86
2612.92
658.02

10

52063.54
52071.44
51816.98
50852.57
46832.93
40261.84
31615.76
26771.11
21808.80
12510.73

5574.69

1726.33

15
5704.14
5703.98
5674.95
5537.76
5064.87
4315.10
3391.76
2896.27
2399.72
1461.01

686.39
184.92

1.5

L5

2.0

197.08

699.19
3976.78
4481.79
4688.94
4257.70
3391.02
2898.56
2399.34

30

0.17
1.57
0.00
0.15
0.01
0.00
0.00
0.00
0.00

1462.04 1430.76

690.28  689.27
180.77  181.05

20

22957.68 22988.23
22949.20 22913.42
22784.11 22759.84
22288.95 22279.00
20364.49 20370.66
17379.03 17384.07
13653.86 13681.88
11653.04 11699.71
9648.70 9704.64
5912.00 5910.78
2865.03 2800.30
697.08  754.26

20

5187497 51831.88
51851.21 51811.65
51466.88 51433.91
50316.96 50312.15
45901.36 46014.92
39116.36 39332.24
30838.27 30977.74
26465.67 26467.22
22100.88 21931.18
13741.76 13427.20
6356.54 6515.23
151548 1629.64

3.0

166.24
1741.55
4647.60
21022.17
21116.77
17587.29
13724.40
11751.37
9710.07
5920.95
2805.72
742.66

3.0
52646.35
52617.44
51670.07
50253.77
46125.18
39350.00
30999.13
26516.05
22007.78
13458.41

6372.14
1732.20

40

3.00
0.06
142
0.14
0.13
0.00
0.00
0.00
1.31
0.04

654.11
180.60

4.0
0.01
6.35
0.62
0.00
2.52
60.71
2391.66
9592.26
8955.16
5862.32
2798.56
738.44

4.0

3.85
133.57
12.93
10987.29
29709.66
37242.27
30961.92
26334.34
22006.72
13416.71

6380.65

1696.72
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SS2:
Ri/h=25.0 v,,=0.3 E=30x10° psi '
alpa\L/R;, 0.2 0.5 0.8 1.0 L5 2.0 3.0 4.0

0.0 280574.75 80687.13 92145.07 94716.27 92296.80 92498.30 92013.12 23660.78
10 280987.56 80705.48 91983.05 94723.23 92235.93 92449.30 92174.45 45670.82
5.0 281759.47 80357.61 90737.52 94191.71 91481.96 91775.30 91706.13 75635.12
10.0 280674.88 78996.58 87878.27 92247.90 89402.34 89795.55 89671.34 86555.76
20.0 271578.19 73461.57 7824048 84116.55 81715.68 82143.52 82089.75 82606.87
30.0 253319.56 64886.08 64645.75 70859.92 70124.24 70135.77 70262.02 70333.74
40.0 226341.20 54318.60 49166.00 54093.19 55882.97 55185.50 55431.69 55326.77
45.0 209825.88 48628.34 41430.63 45220.38 48165.97 47224.01 47458.43 47365.76
50.0 191467.28 42832.36 34049.37 36546.22 40236.09 39296.39 39413.62 39324.25
60.0 149859.22 31313.30 21152.25 21232.20 24387.48 24421.70 24076.03 24082.93
70.0 102956.12 20303.30 11455.46 10195.37 10789.43 11683.90 11501.09 11440.98
80.0 52186.37 9938.65 4807.04 3671.23 2806.63 2816.27 3097.73 3099.22

E.19 Buckling Values of Long Single Layer Isotropic Conical Shell under Outer Pressure ( qc;)

SS2:
Ri/h=100.0 v,,=0.3 E=30x10° psi
alpa\L/R, 0.2 0.5 0.8 1.0 1.5 2.0 30 40

0.0 2848.37 739.19 45284 36549 252.06 28.52 001 0.16
1.0 2842.42 73434 44848 360.23 24554  85.54 0.00 0.00
5.0 2809.55 71245 428.66 339.24 22544 149.66 143 001

10.0 2749.04 680.19 399.40 313.56 20249 144.27 001 003
20.0 2567.63 601.66 338.65 26249 161.34 108.92 001 0.00
30.0 2315.08 509.64 276.00 208.81 12358  84.50 001 003
40.0 2004.18 411.32 214.06 15905 91.15 60.26 008 0.00
45.0 1831.04 362.07 18445 13599 7651  50.00 0.00 023

50.0 164830 313.56 15632 113.56 63.02 40.84 000 0.00
60.0 1260.09 218.89 103.33 7371 39.81 2528 11.15 0.00
70.0 85043 13431 5875 4075 2111 1310 652 150
80.0 428.11 6202 2410 1570 749 447 215 124
S$S2:

R/h=50.0 v,,=0.3 E=30x10° psi

alpa\L/R; 02 0.5 0.8 1.0 1.5 2.0 3.0 4.0

0.0 21983.89 456541 2590.31 2042.61 1377.09 1080.99 3.45 0.00
1.0 21941.62 4536.71 2566.50 2015.04 135050 1052.11 1.57 0.00
50 21706.01 4408.08 245878 1904.20 125121 926.70 464.42 0.00
100 21269.05 422053 2294.88 1765.60 113449 807.77 471.36 0.61
20.0 19947.16 3769.25 195429 148392 88553 620.59 352.59 0.05
30.0 18056.98 324249 1604.77 118629 680.79 456.14 256.69 0.00
40.0 15713.43 2674.18 126095 91142 502.38 327.14 17440 39.84
45.0 14397.02 2384.69 109642 782.64 42223 271.63 142.63 0.89
50.0 1299791 209636 939.34 657.36 348.65 221.54 11443 4347

60.0 999220 152923 638.74 436.19 22298 137.82 6845 28.04
70.0 6775.18 98701 38556 251.68 12107 7255 3502 20.38
80.0 3421.17 482.14 17298 107.11 4653 2634 1182 670
SS2:

R//h=33.3 v,,=0.3 E=30x10° psi

alpa\L/R; 0.2 0.5 0.8 1.0 1.5 2.0 3.0 4.0

0.0 73660.57 13787.58 734570 567021 3784.97 2881.34 1929.28 1.36
1.0 73518.37 13707.19 7281.43 5597.72 3720.94 2798.32 1878.40 6.42



5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

SS2:

72729.82
71274.00
66882.63
60651.84
52832.45
48432.62
43749.96
33668.31
22848.56
11544.13

13346.22
12818.45
11541.80
10036.47
8386.34
7532.22
6670.48
495091
3264.00
1618.44

6972.80
6523.40
5587.05
4624.64
3674.65
3217.30
2777.73
1944.12
1204.05

570.93

Ri/h=25.0 v,,=0.3 E=30x10° psi

alpa\L/R
0.0
1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

1 0.2
174158.64
173821.92
171958.33
168523.14
158170.95
143526.25
125066.20
114672.70
103605.73
79760.43
54144.89
27361.94

05
30836.39
30682.94
29982.16
28928.51
26175.82
22866.06
19241.56
17354.24
15436.97
11560.13

7681.01
3829.01

0.8
15487.84
15332.27
14681.61
13821.49
11969.25
10002.38

8016.86
7048.40
6110.38
4353.72
2772.38
1342.04

5303.56
4931.29
4160.27
3344.07
2591.09
2239.73
1894.27
1279.10

771.11

344.22

1.0
11964.90
11837.50
11197.94
10329.48

8642.31
7015.22
5475.75
4753.25
4069.49
2831.31
1718.65

801.49

3475.21
3076.98
2420.19
1868.09
1383.30
1165.57

965.86

. 624.54

347.99
141.28

1.5
7741.49
7576.52
6958.89
6272.02
5060.32
3866.56
2867.45
2431.71
2035.53
1315.93

754.30
316.95

2505.81
2217.13
1670.56
1234.41
886.67
736.92
602.17
371.55
202.56
76.42

20
5943.78
5824.88
5212.29
4479.21
3402.55
2552.30
1820.01
1517.40
1249.56

780.20
429.65
167.93

1667.63
1359.69
975.55
676.30
466.43
381.05
305.60
183.44
95.14
33.01

3.0
4041.27
3857.10
3292.56
2848.16
1941.66
1384.66

937.25
763.83
615.07
375.16
194.00

69.90

292.97
0.00
96.32
194.63
280.21
201.67
158.57
108.77
54.69
18.40

4.0
2555.68
2235.84
2185.75
1799.69
1289.44

866.10

573.20

459.76

366.74

217.44

110.02

37.67

E.20 Buckling Values of Long Single Layer Isotropic Conical Shell in Pure Bending (M)

SS2:

R//h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R, 0.2 0.5 0.8 1.0 12 1.5 1.8 2.0

0.0 289320 1365.81 1457.97 17506 30.11 1924 135.33 0.07

1.0 2900.06 1375.34 1429.76 187.05 31.89 1923 174.04 0.16

5.0 2014.88 140823 1314.99 242.80 39.80 19.49 212.85 0.19

10.0 2903.96 143556 1189.33 33262 51.51 20.09 224.38 0.45

20.0 2785.61 1438.81 1007.60 608.81 85.12 21.03 67.39 146.90

30.0 2549.46 136591 869.27 959.48 14879  23.88 227.60 50.84

40.0 2217.83 1211.12 73893 1004.18 30256 3273 1343 15549

45.0 202490 110243 671.80 71238 44957 4200 1272 9.78

50.0 181872 97353 601.92 555.69 592.19 59.62 13.64 8.41

60.0 1379.76 66597 451.15 370.12 37558 176.66  24.15 9.98

70.0 922.88 34834 282.08 22896 19652 191.53 11193  33.69

80.0 461.33 12291 9921 9220 81.83 6869 6045 57.07

SS2:

Ri/h=50.0 v,,=0.3 E=30x10° psi

alpa\L/R, 02 0.5 0.8 1.0 12 1.5 1.8 2.0
0.0 19078.85 853391 493425 414398 361509 17660 4036  71.17
1.0 19134.79 8580.39 498247 4174.84 3936.19 193.88 4324  68.47
5.0 19293.42 872175 5155.18 4281.65 501394 27573 5628 37.31
10.0 19335.12 8786.78 5316.78 4371.78 6103.62 411.86  75.69  43.63
20.0 18881.38 8513.34 543575 439442 465390 885.07 13047  60.85
30.0 17713.43 7691.60 5253.01 4198.44 392454 2000.10 237.89  95.01
40.0 15872.55 6398.68 4749.94 3788.15 3325.77 405595 52791 168.30
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5632.50
4829.87
3255.58
1904.24

851.33

0.5
21715.86
21813.51
22084.08
22133.46
21256.17
19177.71
16186.38
14476.50
12698.20

9136.07
5800.30
2788.83

4377.25
392544
2804.46
1530.01
533.08

08
15034.42
15182.19
15705.04
16175.92
16423.47
15631.80
13735.09
12388.20
10815.55

7282.16
3977.09
1599.57

45.0 14723.07
50.0 13437.04
60.0 10511.14
70.0 7213.57
80.0 3668.41
SS2:

R/h=33.3 v,,=0.3 E=30x10° psi
alpa\L/R; 02
0.0 61771.54
1.0 61961.43
5.0 62524.48
10.0 62751.53
20.0 61545.17
30.0 58073.18
40.0 52383.84
45.0 48756.51
50.0 44647.72
60.0 3514391
70.0 24239.62
80.0 12366.99
SS2:

Ri/h=25.0 v,,=0.3 E=30x10° psi
alpa\L/R, 0.2

0.0

1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

144235.73
144686.94
146044.92
146655.55
144068.27
136231.17
123182.34
114794.37
105247.86

83028.98

57368.74

29302.80

0.5
41789.32
41987.26
42567.06
42781.86
41497.94
38092.43
32990.95
29984.49
26776.86
20037.38
13218.52

6540.21

0.8
32496.10
32788.95
33791.35
34602.48
34573.21
32163.70
27462.76
24422.20
21092.48
14255.64

8239.64
3620.98

3506.51
3176.50
2380.07
1423.24

481.39

1.0
11669.86
11796.56
12250.64
12678.73
13021.22
12616.78
11427.60
10538.46

9458.79
6783.80
3749.06
1346.39

1.0
25726.21
26008.39
27013.81
27945.12
28604.74
27495.61
24503.70
22308.40
19687.52
13537.43

7427.78
2940.31

3022.70 328741
2706.74 254484 1
2023.02 171391 1
1263.61 1060.05

461.19

1.2
10078.27
10182.38
10545.53
10868.24
11064.88
10655.32

9652.82
8939.41
8092.32
6027.72
3560.90
1232.70

12
21595.33
21839.41
22700.35
23490.71
24086.74
23308.04
21111.87
19485.74
17520.09
12668.55

7113.89
2591.94

428.96

15
4313.35
4943.62
8953.56

13850.06
10905.22
952747
8227.67
7518.14
6754.04
5053.36
3146.43
1161.37

1.5
18398.37
18646.31
19449.18
20084.11
20358.69
19480.80
17558.55
16233.78
14683.89
10977.10

6623.92
2349.90

862.07 255.81
560.21 42242
688.38 1731.11
931.78 878.01
388.46 364.38

1.8
327.39
367.19
562.60
905.01

2205.68
6034.70
8736.40
717041
6138.21
443451
2776.55
1106.60

1.8
3269.59
3938.98
7477.41

15018.38
20217.09
17864.68
15588.67
14290.31
12863.41
9633.31
6001.87
2246.17

20
113.70
126.62
187.25
285.28
619.45

1466.61
4092.79
8340.56
6307.08
4166.02
2587.57
1063.25

2.0
675.96
777.94

1301.39
2298.96
6881.74
20271.36
14992.60
13492.60
12037.88
8970.09
5630.53
2196.08

E.21 Buckling Values of Single Layer Isotropic Conical Shell under Axial Compression ( P,)
with Different Young’s modulus

SS2:

R/h=100.0 v,,=0.3 E=30x10° psi
alpa\L/R; 0.2

0.0

1.0
5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0

5723.26
5726.86
5715.63
5644.25
5321.44
4791.70
4107.67
3725.75
3326.34
2498.09
1658.58

0.5
5868.08
5867.87
5832.42
5710.26
5214.88
4418.81
3399.35
2846.55
2295.72
1303.43

589.21

0.8
5721.70
5719.45
5676.29
5546.10
5049.08
4291.79
3372.43
2888.32
2406.59
1491.28

686.97

1.0
5721.64
5720.48
5680.21
5553.64
5067.57
4315.75
3382.95
2883.64
2384.62
1456.54

704.04

1.2

5722.67 5704.14
5719.58 5703.98
5677.83 5674.95
5553.15 5537.76
5065.26 5064.87
4315.87 4315.10
3391.05 3391.76
2895.71 12896.27
2397.04 2399.72
1461.01

686.39

1452.99
691.10

1.5

1.8

6163.03
6014.76
5945.43
5619.64
5038.14
4299.42
3397.53
2896.56
2399.62
1461.37

2.0
197.08
699.19

3976.78
4481.79
4688.94
4257.70
3391.02
2898.56
2399.34
1462.04

689.58 690.28
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80.0 82537 191.78 156.85 168.83 180.80 184.92 182.01 180.77
$S2:

Ri/h=100.0 v,4=0.3 E=30x10 psi

alpa\L/R; 0.2 0.5 0.8 1.0 1.2 1.5 1.8 2.0

0.0 57232.59 58680.80 57218.21 57217.85 57212.94 57193.24 61747.40 18132.10

1.0 57268.57 58678.69 57193.98 57197.04 57182.31 57042.04 59361.93 26057.77
5.0 57156.29 58324.14 56762.59 56789.14 56793.41 56894.04 55864.98 38396.61
10.0 56442.47 57102.68 55460.64 55539.48 55517.77 55516.65 57395.94 45655.61
20.0 53214.39 52148.72 50491.23 50676.14 50655.09 50592.53 49996.02 47441.76
30.0 47917.03 44188.14 42917.92 43158.07 43156.43 43161.69 43209.91 43005.70
40.0 41076.68 33993.50 33724.32 33829.30 33910.54 33910.40 33917.58 33994.83
45.0 37257.45 28465.44 28883.25 28836.37 28956.41 28963.33 28974.11 29091.09
50.0 33263.38 22957.16 24066.02 23846.08 23970.14 23998.24 23996.17 24046.08
60.0 24980.90 13034.26 14912.83 14565.40 14529.66 14609.84 14616.85 14618.44
70.0 16585.76 5892.14 6869.67 704041 6911.04 686396 6895.85 6903.05
80.0 825371 1917.76 1568.55 1688.28 1808.05 1849.20 1820.11 1807.73
S$S2:

R/h=100.0 v,,=0.3 E=60x10’ psi

alpa\L/R, 02 0.5 0.8 1.0 12 1.5 1.8 2.0
0.0 114465.19 117361.59 114436.41 11443570 114425.88 114386.48 123494.80 36264.21
1.0 114537.14 117357.38 114387.95 114394.09 114364.62 114084.08 118723.86 52115.54
5.0 114312.59 116648.29 113525.17 113578.29 113586.81 113788.07 111729.96 76793.23
10.0 112884.95 114205.35 110921.29 111078.96 111035.55 111033.30 114791.88 91311.21
20.0 106428.78 104297.45 100982.46 101352.28 101310.18 101185.05 99992.04 94883.52
30.0 95834.05 88376.28 85835.84 86316.14 86312.87 86323.38 86419.83 86011.41
40.0 82153.35 67987.00 67448.65 6765859 67821.08 67820.80 67835.16 67989.66
45.0 7451490 56930.88 5776649 57672.74 57912.81 57926.66 5794822 58182.18
50.0 66526.75 4591432 48132.04 47692.17 4794028 47996.48 47992.34 48092.16
60.0 49961.80 26068.53 29825.65 29130.79 29059.32 29219.69 29233.71 29236.87
70.0 33171.53 1178427 13739.34 14080.82 13822.09 13727.92 13791.69 13806.09
80.0 16507.42 383551 3137.10 337656 3616.09 3698.40 3640.22 3615.46
SS2:

R/h=100.0 v,4=0.3 E=90x10’ psi

alpa\L/R, 0.2 0.5 0.8 1.0 1.2 1.5 1.8 2.0

0.0 171697.78 176042.59 171650.16 171657.42 171680.13 169400.73 180110.95 35639.80
1.0 171805.67 176036.08 171583.58 171591.47 171585.95 171122.03 183084.25  5375.77
5.0 171468.88 174972.34 170286.48 170386.22 170344.84 169898.89 174541.50 76938.69
100 169327.41 171307.88 166381.31 166614.63 166549.70 166466.16 166454.00 129979.42
20.0 159643.16 156446.09 151473.45 152028.23 151952.48 151870.48 149223.81 143932.88
30.0  143751.08 132564.50 128753.19 129476.13 129479.88 129500.40 129626.53 128348.83
40.0  123230.05 101980.53 101172.91 101487.98 101728.01 101735.51 101740.42 101484.59
450  111772.39 8539630 86649.62 86509.08 86870.05 86888.45 86931.16 86941.70
50.0 99790.15 68871.54 72197.92 71538.73 71911.65 71996.66 72000.49 72118.61
60.0 74942.68 3910279 44738.57 43696.17 43588.76 43832.39 43850.70 43853.08
70.0 4975729 1767640 20609.00 2112125 20733.17 20591.84 20687.24 20709.91
80.0 24761.13 575327 470565 5064.85 5424.15 5547.60 5460.33 5423.17
SS2:

R//h=100.0 v,,=0.3 E=120x10’ psi

alpa\L/R; 0.2 0.5 0.8 1.0 1.2 1.5 1.8 2.0

0.0 228930.38 234723.19 228872.83 228871.41 228851.75 228772.97 246989.59 72528.41
1.0 229074.28 234714.77 22877591 228788.17 228729.23 228168.16 237447.72 104231.09
5.0 228625.17 233296.58 227050.34 227156.58 227173.63 227576.14 223459.92 153586.45
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10.0 225769.89 228410.70 221842.58 222157.92 222071.09 222066.61 229583.75 182622.42
20.0 212857.56 208594.89 201964.92 202704.56 202620.36 202370.11 199984.08 189767.03
30.0 191668.11 176752.56 171671.69 172632.28 172625.73 172646.77 172839.66 172022.81
40.0 164306.70 135974.00 134897.30 135317.19 135642.16 135641.59 135670.31 135979.31
45.0 149029.80 113861.76 115532.98 115345.48 115825.63 115853.32 115896.44 116364.37
50.0 133053.50 91828.64 96264.08 95384.34 95880.55 95992.96 95984.68 96184.33
60.0 99923.60 52137.05 59651.30 58261.59 58118.64 58439.38 58467.41 58473.74
70.0 66343.05 23568.55 27478.67 28161.65 27644.18 27455.84 27583.38 27612.19
80.0 33014.84 7671.03 627420 6753.13 7232.19 7396.81 7280.44 723093
E.22 Buckling Values of Single Layer Isotropic Conical Shell under Outer Pressure ( qer)
with Different Young’s modulus

SS2:

Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R; 0.2 0.5 0.8 1.0 12 15 1.8 20

0.0 2848.37 739.19 452.84 36549 307.17 25206 21549 2852

1.0 284242 73434 44848 36023 30244 24554 19476 8554

5.0 2809.55 71245 428.66 33924 284.61 22544 184.15 149.66

10.0 2749.04 680.19 39940 31356 258.73 20249 163.23 144.27

20.0 2567.63 601.66 338.65 26249 21020 161.34 128.59 108.92

300 2315.08 509.64 276.00 208.81 165.80 123.58 9659  84.50

40.0 2004.18 411.32 21406 159.05 12444 91.15 7030 60.26

45.0 1831.04 362.07 184.45 13599 10522 7651 58.64 5000

50.0 1648.30 313.56 15632 11356 8726 63.02 48.03 4084

60.0 1260.09 218.89 10333 7371 5599 3981 2993 2528

70.0 850.43 13431 5875 4075 3034 21.11 1562 13.10

80.0 428.11 6202 2410 1570 11.21 7.49 5.40 447

SS2:

Ri/h=100.0 v,,=0.3 E=30x10’ psi

alpa\L/R; 0.2 0.5 0.8 1.0 1.2 15 1.8 2.0

0.0 28483.67 7391.87 452842 3655.07 307027 2524.08 2281.80 308.46

1.0 28424.16 7343.40 4484.95 3601.69 3024.98 2454.73 2039.34 1237.87

5.0 28095.53 7124.52 4286.67 3392.33 284598 2250.50 1753.58 1586.73

10.0 2749040 6801.87 399395 3135.61 2587.66 2027.68 165829 131791

20.0 25676.33 6016.63 3386.49 262493 210192 1614.32 1290.85 114591

30.0 23150.77 5096.40 275996 208799 1658.08 123649 97125 836.52

40.0 20041.75 4113.16 2140.66 159047 124446 91132 703.12 60345

45.0 18310.40 3620.71 184455 1359.88 105220 765.15 586.26 499.30

50.0 16483.03 313559 1563.18 1135.63 87256 630.15 480.24 409.61

60.0 12600.88 2188.92 103335 737.10 55994 398.16 299.20 252.73

70.0 8504.31 1343.12 58755 40749 30342 211.11 15622 130.94

80.0 4281.08 620.18 24095 15698 112.11 74.90 53.99 44.68

SS2:

Ry/h=100.0 v,4=0.3 E=60x10’ psi

alpa\L/R; 0.2 05 0.8 1.0 12 1.5 1.8 2.0

0.0 56967.33 14783.74 9056.83 7310.14 6140.53 5048.16 4563.59 61692

1.0 56848.32 14686.79 8969.90 7203.38 6049.97 4909.46 4078.67 2475.74

5.0 56191.07 14249.04 8573.34 6784.66 569196 4500.99 3507.15 3173.45

10.0 54980.81 13603.75 7987.90 627123 5175.31 4055.36 3316.57 2635.82

20.0 51352.66 12033.27 677297 5249.87 4203.84 3228.64 2581.70 229181

30.0 46301.53 10192.81 551992 417598 3316.15 247298 194249 1673.04

40.0 40083.50 8226.32 4281.32 3180.93 1822.63 1406.23 1206.89

2488.92



45.0 36620.80 7241.42 3689.10 2719.75 210440 1530.29 1172.53 998.61
50.0 32966.05 6271.19 312636 227127 1745.12 126031 960.47 819.23
60.0 25201.75 4377.84 2066.69 147420 1119.87 796.33 59841 505.47
70.0 17008.63 2686.24 1175.10 81499 606.83 42222 31245 261.87
80.0 8562.15 1240.36 48191 31395 22421 149.80 107.99 89.37
SS2:

Ry/h=100.0 v,,=0.3 E=90x10’ psi

alpa\L/R; 0.2 0.5 0.8 1.0 12 15 1.8 20
0.0 85451.01 22175.62 13585.30 10964.90 9212.04 7582.65 6845.00 76991
1.0 85272.49 22030.23 13454.87 10805.88 9072.78 737848 6069.93 1282.71
5.0 84286.60 21373.55 12859.97 10176.93 8538.67 6756.17 5190.19 4544.62
10.0 82471.22 20405.61 11982.04 9406.84 7761.75 6099.30 4991.37 4194.84
20.0 77028.99 18049.91 10159.49 787443 6304.99 4847.11 3857.75 3401.03
30.0 69452.30 15289.22 8279.83 6264.07 497425 3709.47 2898.76 2534.77
40.0 60125.26 12339.48 6421.94 477145 3733.40 273393 2111.63 1810.33
450 54931.20 10862.12 5533.64 4079.63 3156.45 229543 1760.65 1505.16
50.0 49449.09 9406.77 4689.57 3406.88 2617.63 1890.30 1441.34 1227.47
60.0 37802.62 6566.76 3100.04 2211.30 1679.82 119446 897.70 758.61
70.0 2551294 4029.37 1762.65 122247 91026 63331 468.67 392.85
80.0 1284323 1860.54  722.87 47093 33632 22471 16198 134.05
SS2:

R/h=100.0 v,¢=0.3 E=120x10’ psi

alpa\L/R, 0.2 0.5 0.8 1.0 1.2 1.5 1.8 20
0.0 113934.66 29567.48 18113.66 14620.27 12281.06 10096.32 9127.18 1233.83
1.0 113696.65 29373.58 17939.80 14406.75 12099.93 9818.93 8157.35 495148
5.0 112382.13 28498.09 17146.68 13569.32 11383.92 9001.99 7014.31 6346.91
10.0 109961.62 27207.50 15975.80 12542.46 10350.62 8110.72 6633.15 5271.64
20.0 102705.32 24066.54 13545.95 10499.74 8407.68 6457.28 5163.41 4583.62
300 92603.06 20385.61 11039.84 835196 6632.31 494596 3884.99 3346.09
40.0 80167.01 16452.64 8562.63 6361.87 4977.84 3645.27 2812.47 2413.79
45.0 73241.59 14482.83 7378.19 5439.50 4208.80 3060.58 2345.05 1997.21
50.0 65932.11 12542.37 6252.72 4542.53 3490.25 2520.62 192094 1638.46
60.0 50403.50 8755.68 4133.39 2948.39 2239.75 1592.66 1196.81 1010.94
70.0 34017.25 5372.49 235020 1629.97 1213.67 844.43 624.89 523.75
80.0 1712431 2480.72 963.82 62790 44843 29961 21597 178.74

E.23 Buckling Values of Single Layer Isotropic Conical Shell in Pure Bending (M,,)

with Different Young’s modulus

SS2:

Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa\L/R; 0.2 0.5 0.8 1.0 1.2 1.5 1.8 2.0

0.0 2893.20 1365.81 145797 175.06  30.11 19.24 135.33 0.07

1.0 2900.06 137534 1429.76 187.05 31.89 19.23 174.04 0.16

5.0 2914.88 140823 131499 24280 39.80 1949 212.85 0.19

10.0 290396 143556 1189.33 332.62 5151 20.09 22438 0.45

20.0 2785.61 1438.81 1007.60 608.81 85.12 2103 6739 14690

30.0 2549.46 136591 869.27 959.48 148.79  23.88 227.60 50.84

40.0 2217.83 1211.12 73893 1004.18 302.56  32.73 1343 155.49

45.0 202490 110243 671.80 712.38 449.57 42.00 12.72 9.78

50.0 1818.72 973,53 601.92 555.69 592.19 59.62 13.64 8.41

60.0 1379.76 66597 451.15 370.12 375.58 176.66  24.15 9.98

70.0 022.88 34834 282.08 22896 196.52 19153 11193  33.69
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80.0 461.33
SS2:
Ri/h=100.0 v,,=0.3
alpa\L/R; 0.2
0.0 28932.02
1.0 29000.63
50 29148.81
10.0 29039.63
20.0 27856.06
30.0 25494.65
40.0 22178.29
45.0 20249.00
50.0 18187.15
60.0 13797.57
70.0 9228.76
80.0 4613.32
S82:
R/h=100.0 v,,=0.3
alpa\L/R; 02
0.0 57864.04
1.0 58001.27
5.0 58297.62
10.0 58079.25
20.0 55712.13
30.0 50989.30
40.0 44356.57
45.0 40498.00
50.0 36374.30
60.0 27595.15
70.0 18457.53
80.0 9226.64
SS2:
R;/h=100.0 v4=0.3
alpa\L/R, 0.2
0.0 86796.06
1.0 87001.87
5.0 87446.41
10.0 87118.88
20.0 83568.16
30.0 76483.95
40.0 66534.86
450 60747.01
50.0 54561.46
60.0 41392.73
70.0 27686.29
80.0 13839.96
SS2:
Ry/h=100.0 v,,=0.3
alpa\L/R, 0.2
0.0 115728.08
1.0 116002.54
5.0 116595.24

12291 99.21

E=30x10’ psi
0.5
13658.08
13753.47
14082.25
14355.63
14388.08
13659.06
12111.18
11024.26
9735.25
6659.67
3483.37
1229.06

0.8
14579.61
14297.50
13149.79
11893.41
10076.00

8692.67
7389.31
6718.02
6019.23
4511.55
2820.84

992.08

E=60x10 psi
0.5

27316.17
27506.94
28164.50
28711.25
28776.16
27318.11
2422235
22048.53
19470.51
13319.34

6966.75

2458.11

0.8
29159.23
28595.01
26299.57
23786.81
20152.01
17385.33
14778.61
13436.03
12038.45

9023.09
5641.68
1984.16

E=90x107 psi
05

40974.22
41260.41
42246.71
43066.82
43164.20
40977.21
36333.50
33072.80
29205.76
19979.00
10450.12

3687.17

0.8
43738.85
4289241
39449.56
35680.17
30227.81
26078.04
22167.92
20154.07
18057.71
13534.64

8462.52
2976.24

E=120x10’ psi

0.5 0.8
54632.34 58318.45
55013.88 57190.02
56328.99 52599.14

92.20

1.0
1750.63
1870.67
2427.96
3326.07
6087.75
9594.95

10041.82
7123.79
5556.93
3701.18
2289.64

922.05

1.0
3501.26
3741.35
4855.92
6652.14

12175.50
19189.90
20083.64
14247.57
11113.85
7402.35
4579.28
1844.09

1.0
5251.59
5612.03
7283.27
9978.77
18263.44
28783.65
30125.44
21371.36
16670.81
11103.53

6868.91

2766.14

1.0
7002.51
7482.70
9711.85

81.83

1.2
301.04
318.67
397.93
515.15
851.08
1487.85
3025.71
4495.79
5921.92
3755.79
1965.24

818.33

1.2
602.09
637.34
795.87

1030.31
1702.15
2975.70
6051.43
8991.57
11843.84
7511.58
3930.48
1636.66

1.2
903.03
956.64

1193.83
1545.20
2553.27
4463.78
9076.82
13488.00
17766.62
11267.30
5895.72
2454.99

1.2
1204.17
1274.69
1591.74

68.69 6045 57.07
1.5 1.8 20
192.17 1350.60 0.94
19222 1736.06 0.91
194.85 2127.34 1.72
20095 2242.54 445
21024 674.74 1468.98
238.66 2275.79 509.97
32737 13443 1554.64
41995 127.35 97.67
59624 136.43 84.08
1766.52  241.46 99.77
191528 1119.27 336.87
686.88 604.46 570.65
1.5 1.8 20
384.33 2701.20 1.88
384.43 3472.12 1.82
389.69 4254.67 3.43
401.90 4485.08 8.90
42048 1349.49 2937.96
477.32 455159 1019.93
654.74  268.86 3109.29
83990 25470 195.34
1192.47 272.86 168.17
3533.04 48292 199.54
3830.57 2238.54 673.73
1373.77 1208.92 1141.31
1.5 1.8 20
576.51 4066.12 2.61
576.79 5215.02 2.05
585.69 6380.65 6.13
602.85 6731.52 13.31
631.03 2021.98 4400.90
71595 6827.85 1521.07
981.70  402.86 4668.31
1259.85 38237 292.96
1788.60 409.29  252.30
5299.63 724.37 29947
5745.84 3357.80 1010.66
2060.66 1813.38 1711.95
15 1.8 2.0
768.66 5402.41 3.75
768.86 6944.24 3.65
779.38 8509.35 6.87
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10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

E-24 Buckling Values of Single Layer Isotropic Conical Shell under Axial Compression

116158.50
11142425
101978.61
88713.15
80996.00
72748.61
55190.29
36915.06
18453.28

57422.51
57552.33
54636.22
48444.70
44097.05
38941.02
26638.67
13933.50

4916.23

47573.62
40304.02
34770.66
29557.23
26872.06
24076.90
18046.19
11283.37

3968.32

13304.29 = 2060.62
24351.01  3404.31
38379.80 5951.40
40167.28 12102.85
28495.15 17983.14
22227.70 23687.68
14804.71 15023.16

9158.55 7860.97

3688.18 3273.32

803.81
840.97
954.63
1309.47
1679.79
2384.95
7066.08
7661.14
2747.54

to Decide Circumferential wave number n and Critical Value (P,)

SS4:

Ry/h=100.0 v,,=0.3 E=30x10° psi alpa=30° L/R,=0.5

n=0
n=1
n=2
n=3
n=4
n=>5
n=6
n=7
n=8
n=9
n=10
n=11
n=12

9051.51
9063.76
9100.89
9154.57
9014.10
8812.92
8648.79
8561.41
8585.75
8747.12
9060.05
9544.86

10221.47

8970.15
2698.98
9103.18
537.72
509.40
545.73
965.85
4477.09
2417.84

E.25 Buckling Values of Single Layer Isotropic Conical Shell under Outer Pressure
To Decide Circumferential wave number n and Critical Value (q.,)

SS1:

R/h=100.0 v,,=0.3 E=30x10° psi alpa=30° L/R,=0.2

n=4

n=5

n=06

n="7

n=8

n=9

n=10
n=11
n=12
n=13
n=14
n=15
n=16
n=17
n=18
n=19
n=20
n=21
n=22
n=23

12308.01
8460.25
6282.47
4957.64
4103.99
3530.16
3133.01
2853.27
2655.05
2515.59
2419.93
2357.88
2322.32
2308.17
2311.70
2330.11
2361.32
2403.68
2455.94
2517.10

17.80
5875.92
2039.87
6218.57

390.69
336.33
399.09
1347.47
2282.61
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n=24
n=25
n=26
n=27
n=28

E.26 Buckling Values of Single Layer Isotropic Conical Shell under Axial Compression (P,;)
with same R,/h=100 ratio of different radius R,.

S82:

Ry=1.0in. h=0.010 in. Ry/h=100.0 v,,=0.3 E=30x10° psi

alpa \ L/R]
0.0
1.0
5.0
10.0

20.0
30.0

40.0

45.0

50.0

60.0

70.0
80.0

SS2:
R,=0.8 in.
alpa\L/R,
0.0

1.0

5.0

10.0

20.0

30.0
40.0
45.0

50.0
60.0
70.0

80.0

SS2:
Ry=0.6 in.
alpa\L/R,
0.0

1.0

5.0

10.0
20.0

30.0
40.0
45.0

50.0

60.0

2586.36
2663.08
2746.73
2836.89
2933.20

0.2
5723.26
5726.86
5715.63
5644.25
5321.44
4791.70
4107.67
3725.75
3326.34
2498.09
1658.58

825.37

h=0.0080 in. R;/h=100.0 V,,=0.3 E=30x10° psi

0.2
3172.40
3172.39
3154.77
3094.11
2856.05
2494.20
2056.50
1824.83
1592.15
1141.10

726.33
350.81

h=0.0060 in. Ry/h=100.0 v,,=0.3 E=30x10° psi

0.2
1877.11
1875.09
1854.50
1801.63
1615.46
1349.04
1043.59

889.87
742.10
479.23

0.5
5868.08
5867.87
5832.42
5710.26
5214.88
4418.81
3399.35
2846.55
2295.72
1303.43

589.21
191.78

0.5
3651.29
3650.68
3627.02
3550.64
3252.82
2792.52
2216.13
1899.47
1572.09

923.59
395.54
103.79

0.5
2061.02
2060.30
2045.08
1998.60
1820.05
1546.46
1212.93
1037.21

862.80
534.71

0.8
5721.70
5719.45
5676.29
5546.10
5049.08
4291.79
3372.43
2888.32
2406.59
1491.28
686.97
156.85

0.8
3661.76
3660.78
3634.99
3554.45
3243.27
2762.09
2165.09
1845.52
1526.14

932.18
450.59
108.05

0.8
2057.10
2059.77
2041.86
1998.22
1824.15
1554.08
1220.72
1042.52

863.84
524.76

1.0
5721.64
5720.48
5680.21
5553.64
5067.57
4315.75
3382.95
2883.64
2384.62
1456.54

704.04
168.83

1.0
3661.09
3661.02
3632.96
3552.07
324221
2762.39
2170.22
1853.44
1535.04

931.00
440.86
116.88

1.0
2053.49
1997.39
2043.71
2009.27
1828.89
1553.38
1221.29
1042.60

864.04
526.15
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152

70.0 272.86 250.18 247.18 247.79
80.0 12024 5694 6642  66.00

$S2:

R;=0.4 in. h=0.0040 in. R;/h=100.0 v,,=0.3 E=30x10°psi
alpa\L/R, 02 0.5 08 1.0

0.0 93890 91496 12861 0.05

1.0 938.86 914.69 162.60 0.29

5.0 933.19 908.50 62678  0.00

10.0 913.64 888.34 71697 0.00

20.0 83438 810.38 753.06 0.00

30.0 707.01 690.50 689.07 136.43

40.0 54390 542.55 54343 477.59

45.0 45545 463.36 46394 438.42

50.0 367.32 383.76 384.65 383.55

60.0 208.55 23275 233.87 233.50

70.0 9427 11021 11045 11043

80.0 3068 2922 2892 2891

E.27 Check Convergence of Buckling Value and Ratio of Single Isotropic Conical
Shell under Axial Compression (P,) and ratio (P/Pcjassicat)

SS1:

R/h=100.0 v,,=0.3 E=30x10° psi

alpa=30° R;=1in. L/R,=1.0

m=8 P=12438.393554688  P/Pcl= 1.453728506942
m=9 P= 4042.139892578  P/Pcl= 0.472422259760
m=10 P=10553.707031250  P/Pcl=1.233457093779
m=11 P= 1865.910766602  P/Pcl=0.218077009776
m=12 P= 1039.457641602  P/Pcl=0.121485881494
m=13 P= 7245.083984375  P/Pcl=0.846764099959
m=14 P= 1802.084716797  P/Pcl=0.210617385052
m=15 P= 804417785645  P/Pcl=0.094015763478
m=16 P= 4320.635253906  P/Pcl=0.504971209432
m=17 P= 423.044281006  P/Pcl=0.049443003093
m=18 P= 4251.342773438  P/Pcl= 0.496872699465
m=19 P= 4871424316406  P/Pcl=0.569344294103
m=20 P= 4238.031738281  P/Pcl=0.495316981584
m=21 P= 4067.008789063  P/Pcl=0.475328794563
m=22 P= 4285.567871094  P/Pcl=0.500872733706
m=23 P= 4245.341796875  P/Pcl=0.496171339546
m=24 P= 4281.925781250  P/Pcl=0.500447067014
m=25 P= 4287.156250000  P/Pcl=0.501058374374
m=26 P= 4280.682128906 P/Pcl=0.500301716021
m=27 P= 4281925781250  P/Pcl=0.500447067014
m=28 P= 4280.683593750  P/Pcl=0.500301887223
m=29 P= 4280.682128906  P/Pcl=0.500301716021
m=30 P= 4280.683593750  P/Pcl=0.500301887223
m=31 P= 4280.683593750  P/Pcl=0.500301887223
m=32 P= 4280.683593750  P/Pcl=0.500301887223
m=33 P= 4280.683593750  P/Pcl=0.500301887223
m=34 P= 4280.683593750  P/Pcl= 0.500301887223
m=35 P= 4280.683593750  P/Pcl= 0.500301887223
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Compare with Existing Data

0.5
0.5130 (0)
0.5131 (0)
0.5137 (0)
0.5146 (0)
0.5158 (0)
0.5139 (0)
0.5040 (0)
0.4944 (0)
0.4813 (0)
0.4486 (0)
0.4303 (0)
0.5407 (0)

0.5
0.5144 (1)
0.5145 (1)
0.5152 (1)
0.5161 (1)
0.5177 (1)
0.5164 (1)
0.5078 (1)
0.4990 (1)
0.4870 (1)
0.4570 (1)
0.4415 (1)
0.5575 (1)

0.5
0.5130 (0)
0.5131 (0)
0.5137 (0)
0.5146 (0)
0.5158 (0)
0.5139 (0)
0.5040 (0)
0.4944 (0)
0.4813 (0)
0.4486 (0)
0.4303 (0)
0.5407 (0)

0.5
1.0023 (8)

SS1:
Ri/h=100.0 v,,=0.3 E=30x10° psi
alpa\L/R, 02

0.0 0.4991 (0)
1.0 0.4994 (0)
5.0 0.5020 (0)
10.0 0.5073 (0)
20.0 0.5252 (0)
30.0 0.5567 (0)
40.0 0.6097 (0)
45.0 0.6490 (0)
50.0 0.7011 (0)
60.0 0.8701 (0)
70.0 1.2345 (0)
80.0 2.3833 (0)
SS2:
Ry/h=100.0 v,y=0.3 E=30x10° psi
alpa\L/R; 0.2

0.0 0.5017 (1)
1.0 0.5021 (1)
5.0 0.5048 (1)
10.0 0.5101 (1)
20.0 0.5282 (1)
30.0 0.5600 (1)
40.0 0.6136 (1)
45.0 0.6532 (1)
50.0 0.7057 (1)
60.0 0.8759 (1)
70.0 1.2428 (1)
80.0 2.3993 (1)
SS3:
Ri/h=100.0 v,4=0.3 E=30x10° psi
alpa\L/R; 0.2

0.0 0.4991 (0)
1.0 0.4994 (0)
5.0 0.5020 (0)
10.0 0.5073 (0)
20.0 0.5252 (0)
30.0 0.5567 (0)
40.0 0.6097 (0)
45.0 0.6490 (0)
50.0 0.7011 (0)
60.0 0.8701 (0)
70.0 1.2345 (0)
80.0 2.3833 (0)
SS4:
Ry/h=100.0 v,,=0.3 E=30x10° psi
alpa\L/R; 0.2

0.0 1.0052 (7)
1.0 1.0053 (7)

1.0023 (8)

0.8
0.4992 (0)
0.5000 (0)
0.4998 (0)
0.4996 (0)
0.4987 (0)
0.4979 (0)
0.4985 (0)
0.5003 (0)
0.5037 (0)
0.5142 (0)
0.5022 (0)
0.4341 (0)

0.8
0.5015 (1)
0.5015 (1)
0.5014 (1)
0.5013 (1)
0.5012 (1)
0.5016 (1)
0.5037 (1)
0.5064 (1)
0.5106 (1)
0.5229 (1)
0.5148 (1)
0.4560 (1)

0.8
0.4992 (0)
0.5000 (0)
0.4998 (0)
0.4996 (0)
0.4987 (0)
0.4979 (0)
0.4985 (0)
0.5003 (0)
0.5037 (0)
0.5142 (0)
0.5022 (0)
0.4341 (0)

0.8
1.0008 (6)
1.0007 (6)

1.0
0.5000 (0)
0.4996 (0)
0.5000 (0)
0.5001 (0)
0.5006 (0)
0.5003 (0)
0.4996 (0)
0.4988 (0)
0.4981 (0)
0.5005 (0)
0.5147 (0)
0.4672 (0)

1.0
0.5015 (1)
0.5016 (1)
0.5017 (1)
0.5019 (1)
0.5030 (1)
0.5044 (1)
0.5053 (1)
0.5055 (1)
0.5059 (1)
0.5107 (1)
0.5276 (1)
0.4908 (1)

1.0
0.5000 (0)
0.4996 (0)
0.5000 (0)
0.5001 (0)
0.5006 (0)
0.5003 (0)
0.4996 (0)
0.4988 (0)
0.4981 (0)
0.5005 (0)
0.5147 (0)
0.4672 (0)

1.0
1.0003 (6)
1.0002 (6)

Ref. [31]
0.2 0.5
/ /
0.5032(0) 0.5131(0)
0.5057 (0) 0.5142 (0)
0.5106 (0) 0.5151 (0)
0.5280(0) 0.5163 (0)
0.5616 (0) 0.5140 (0)
/ /
0.6491 (0)  0.4947 (0)
/ /
0.8715(0)  0.4486 (0)
1.2346 (0)  0.4303 (0)
2.3832(0)  0.5405 (0)
Ref. [31]
0.2 0.5
/ /
0.5081 (1)  0.5147 (1)
0.5098 (1)  0.5163 (1)
05102 (1) 0.5163 (1)
0.5284 (1) 0.5179 (1)
0.5604 (1)  0.5166 (1)
/ /
0.6534 (1) 0.4992 (1)
/ /
0.8759 (1)  0.4596 (1)
12428 (1)  0.4423 (1)
2.3997 (1) 05572 (1)
Ref. [31]
0.2 0.5
/ /
0.5032 (0) 0.5131 (0)
0.5057 (0)  0.5142 (0)
05106 (0) 0.5151 (0)
0.5280(0) 0.5163 (0)
0.5616 (0)  0.5140 (0)
/ /
0.6491 (0)  0.4947 (0)
/ /
0.8715(0)  0.4486 (0)
1.2346 (0)  0.4303 (0)
2.3832(0)  0.5405 (0)
Ref. [31]
0.2 0.5
/ /
1.0051 (7)  1.0020 (8)
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5.0
10.0
20.0
30.0
40.0
45.0
50.0
60.0
70.0
80.0

1.0059 (7)
1.0073 (7)
1.0100 (6)
1.0172 (5)
1.0305 (4)
1.0414 (2)
1.0570 (0)
1.1442 (0)
1.4207 (0)
2.4774 (0)

1.0021 (8)
1.0014 (8)
1.0002 (8)
1.0006 (7)
1.0002 (6)
1.0004 (5)
1.0003 (4)
1.0092 (0)
1.0170 (5)
1.0149 (3)

1.0006 (6)
1.0011 (6)
1.0008 (4)
1.0000 (8)
0.9995 (7)
0.9992 (6)
1.0005 (5)
1.0062 (7)

'0.9993 (4)

1.0281 (4)

1.0001 (6)
1.0009 (6)
0.9998 (8)
0.9997 (7)
1.0005 (5)
1.0002 (4)
0.9991 (0)
0.9981 (5)
1.0084 (6)
0.9947 (0)

1.0057 (7)
1.0071 (7)
1.0097 (6)
1.0171 (5)
/
1.0415 (2)
/
1.1443 (0)
1.4207 (0)
2.4774 (0)

1.0018 (8)
1.0012 (8)
1.0000 (8)
1.0006 (7)
/
1.0110 (5)
/
1.0032 ()
1.1015 (5)
1.0111 (3)
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- APPENDIX F

PROCEDURE FOR BUCKLING ANALYSIS

The steps are from reference [3].

Step 1: Build the model

Specify the jobname and analysis title and then use PREP7 to define the element types,
element real constants, material properties, and the model geometry.

Points to Remember
® Only linear behavior is valid.

® Young’s modulus(EX) (or stiffness in some form) must be defined
Step 2: Obtain the static solution:

The procedure to obtain a static solution with the following exceptions:
® Prestress effect [PSTRES] must be activated.

e Unit load are usually sufficient (that is, actual load values need not be
specified). All loads are scaled. (Also, the maximum permissible eigenvalue is
1,000,000 - you must use larger applied loads if your eigenvalue exceeds this
limit.)

® You can apply a non-zero constraint in the prestressing pass as the static load.
The eigenvalues found in the buckling solution will be the load factors applied

to these non-zero constraint values.

e At end of the solution, leave SOLUTION [FINISH]

Step 3: Obtain the eigenvalue buckling solution
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This step requires files Jobname.EMAT and Jobname.ESAV from the static
analysis. The following tasks are involved in obtaining the eigenvalue buckling solution:
1. Enter the ANSYS solution processor.
GUI Path: Main Menu>Solution
2. Define the analysis type and analysis options.
Option: New Analysis [ANTYPE]
Choose New Analysis. Restarts are not valid in an eigenvalue buckling
analysis.
Option: Analysis Type: Eigen Buckling [ANTYPE]
Choose Eigen Buckling analysis type.
Option: Eigenvalue Extraction Method [BUCOPT]
Choose one of the following solution methods. The space iteration method
is generally recommended for eigenvalue buckling because it uses the full
system matrices. (If you choose the reduced method, you will need to

define master degrees of freedom before initiating the solution.)
¢ Reduced (Householder) method

® Subspace iteration method
Option: Number of Eigenvalues to be Extracted [BUCOPT]
Default to one, which is usually sufficient for eigenvalue buckling.
Option: Shift Point for Eigenvalues Calculation [BUCOPT]
This option represents the point (load factor) about which eigenvalues are
calculated. The shift point is helpful when numerical problems are

encountered (due to negative eigenvalues, for example). Defaults to 0.0.
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Option: Number of Reduced Eigenvectors to Print [BUCOPT]
This option is valid only for the reduced method. This option allows you
to get a listing of the reduced eigenvectors (buckled mode shapes) on the
printed output file (Jobname.OUT).

3. Specify load step options.
The only load step options valid for eigenvalue buckling are expansion
pass options and output controls. Expansion pass option are explained next
in step 4. You can request buckled mode shapes from the reduced method
to be included in the printed output. No other output control is applicable.
GUI Path: Main Menu>Solution>-Load Step Opts- Output

Ctrls>Solu Printout

4. Save a back-up copy of the database to a named file.
GUI Path: Utility Menu>File>Save As

5. Start solution calculations.

GUI: Main Menu>Solution>-Solve-Current LS

The output from the solution mainly consists of the eigenvalues, which are printed
as part of the printed output (Jobname.OUT). The eigenvalues represent the
buckling load factors; if unit load were applied in the static analysis, they are the
buckling loads. No buckling mode shapes are written to the data base or the result
file, so you cannot postprocess the results yet. To do this, you need to expand the

solution (explained next).
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Sometimes you may see both positive and negative eigenvalues calculated.
Negative eigenvalues indicate that buckling occurs when the loads are applied in
an opposite sense.

6. Leave the SOLUTION processor.

GUI: Close the Solution menu.

Step 4. Expand the solution.

To review the buckled mode shape(s), the solution must be expanded regardless of which
eigenvalue extraction method is used. In the case of the subspace iteration method, which
uses full system matrices, you may think of “expansion” to simple mean writing buckled

mode shapes to the results file.

Step 5. Review the results.
Results from a buckling expansion pass are written to the structural results file,
Jobname.RST. They consist of buckling load factors, buckling mode shapes, and relative
stress distributions in POST1, the general postprocessor. To review results in POST]1, the
database must contain the same model for which the buckling solution was calculated
(issue RESUME if necessary). Also, the results file (Jobname.RST) from the expansion
pass must be available.

1. List all buckling load factors.

GUI: Main Menu>General Postproc>Results Summary
2. Read in data for the desired mode to display buckling mode shapes. (Each

mode is stored on the results file as a separate substep.)
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GUI: Main Menu>General Postproc>-Read Results-loadstep
3. Display the mode shape.
GUI: Main Menu>General Postproc>Plot Results>Deformed Shape
4. Contour the relative stress distributions.
GUI: Main Menu>General Postproc>Plot Results>-Contour Plot-Nodal
Solution or
Main Menu>Genéral Postproc>Plot Results>-Contour Plot-Element

Solution
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