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ABSTRACT
KINEMATIC SYNTHESIS

OF ADJUSTABLE SPATIAL FOUR AND FIVE-BAR MECHANISMS
FOR FINITE AND MULTIPLY SEPARATED POSITIONS

by
Kevin Russell

Although spatial mechanisms are more general in structure than planar
mechanisms, their applications are few due to the limited number of practical
design tools and the complexity of those available. It is in fact the task of the
future to develop effective, but practical design tools for spatial mechanisms.

This research presents several new methods for synthesizing adjustable
spatial mechanisms. The first method involves the kinematic synthesis of spatial
mechanisms for multi-phase motion generation. Using this method, spatial four
and five-bar mechanisms can be synthesized to achieve different phases of
prescribed rigid body positions. The theory of this approach has also been
extended to incorporate rigid body tolerance problems. Using the tolerance
problem method, spatial four-bar mechanisms can be synthesized to achieve the
prescribed precise rigid body positions and also satisfy the rigid body positions
within the prescribed tolerances. Both approaches use the R-R, S-S, R-S and C-
S dyad displacement equations.

The second method involves the kinematic synthesis of spatial mechanisms
for multi-phase multiply separated positions. Using this method, spatial four and
five-bar mechanisms can be synthesized to achieve different phases of
prescribed rigid body positions, velocities and accelerations. The theory of this

approach has also been extended to incorporate instantaneous screw axis (ISA)



parameters. Using ISA parameters, spatial four-bar mechanisms can also be
synthesized to achieve different phases of prescribed rigid body positions,
velocities and accelerations. Both approaches use the R-R, S-S, R-S and C-S
dyad displacement, velocity and acceleration equations.

For each method, the maximum number of prescribed rigid positions is
determined for each mechanism for two and three phase problems. The spatial
four and five-bar mechanisms considered in this research are the RRSS, RRSC,

RSSR-SS and RSSR-SC.
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CHAPTER 1

INTRODUCTION

This chapter introduces the fundamental concepts of multi-phase motion
generation and multi-phase multiply separated position synthesis. The
underlying principles of tolerance problems as well as the use of instant screw
axis parameters in spatial mechanism synthesis are also introduced. This is
followed by a review of literature related to spatial mechanism synthesis

processes. Finally, the research objectives in this study are outlined.

1.1 Multi-Phase Motion Generation

yA
Figure 1.1 Spatial four-bar (RRSS) mechanism

When the crank of the RRSS mechanism in figure 1.1 rotates about joint axis

uap, the coupler and follower move accordingly. This research focuses on the



motion of rigid bodies affixed to the coupler in spatial four and five-bar
mechanisms. The motion of this link is generally the focus in motion generation
synthesis. Points p, q, r and s in figure 1.1 denote one particular rigid body
orientation. In figure 1.2 the rigid body moves through positions 1, 2 and 3 in the
first phase and positions 4, 5 and 6 in the second phase. Therefore each rigid
body point (p, q, r and s) ‘for each of the six prescribed rigid body positions is
illustrated in figure 1.2.

In the case of closed-loop, four and five-bar spatial mechanisms, the coupler
link is capable of moving bodies in three-dimensional space. Unlike open-loop
mechanisms, the closed-loop design is structurally rigid-making mechanisms of
this type more effective for motion generation applications involving heavy loads

and heavy fluctuating loads.

Figure 1.2 Six spatial rigid body positions



Due to the location and orientation of the six spatial rigid body positions in
figure 1.2, it may not be possible for a single four-bar mechanism to achieve
them all. One alternative is to separate the rigid body positions into groups or
phases and synthesize, for each phase, a four-bar mechanism to achieve the
rigid body positions in that phase. Another alternative is to synthesize a single
four-bar mechanism with circle points, center points, crank and follower lengths
that can be adjusted in order to achieve the rigid body positions in all phases.
The latter alternative is better because it offers a single mechanism a greater

range of flexibility.

Figure 1.3 RRSS mechanism with adjustable fixed pivots ap agn, bo and bon

When the four-bar mechanism in figure 1.3 has the fixed pivots ag and by, the
rigid body positions in phase 1 can be achieved. When ag, and by, are the fixed
pivots, the rigid body positions in phase 2 are achievable. Although the

mechanism solution for phase 1 is not dimensionally equivalent to the



mechanism solution for phase 2, both solutions can incorporate the same
hardware.

As previously mentioned, rigid body positions 1-2-3 and 3-4-5 are grouped
into phases (phase 1 = 1-2-3 and phase 2 = 3-4-5). A phase represents a set of
rigid body parameters obtainable by a particular mechanism configuration.
Figures 1.1, 1.2 and 1.3 illustrate a two-phase motion generation problem.

Figure 1.1 also illustrates a two-phase motion generation problem with no
shared rigid body positions. There aren’t any common (or shared) positions in
phases one and two. Multi-phase motion generation problems could involve one,
several or no shared positions.

Therefore, in summary, multi-phase motion generation involves calculating
the mechanism adjustments necessary to achieve phases of rigid body positions.
This research presents new motion generation synthesis methods for adjustable

spatial four and five-bar mechanisms.



1.2 Tolerance Problem

Figure 1.4 Spatial rigid body positions and position tolerance regions

Unlike figure 1.1, figure 1.4 shows a problem in which two rigid body positions
(positions 3 and 4) need only lie within a particular region. These spatial regions
represent tolerances placed on both rigid body positions. Positions 1, 2, 5 and 6
are not under any tolerances (they are exact rigid body positions). Just as in
multi-phase motion generation synthesis, the ideal solution in this case lies in a
single adjustable mechanism. This adjustable mechanism must satisfy the
precise rigid body positions while remaining within the tolerance limits of the rigid

body positions with tolerances.



1.3 Multi-Phase Multiply Separated Positions

Figure 1.5 Spatial rigid body positions and multiply separated positions

Figure 1.5 illustrates a combination of finite and multiply separated positions. As
mentioned previously, points p, q, r and s represent distinct rigid body locations
and are finitely separated. The remaining positions (represented by arrows) are
called multiply separated positions or MSPs. Multiply separated positions can
represent rigid velocities and/or accelerations. All of the finite and multiply
separated positions in figure 1.5 may not be achievable by a single mechanism.
Again, this creates the need for a mechanism that can achieve all finite and
multiply separated positions by adjusting its fixed and moving pivot locations and
crank and follower lengths. Such adjustments are possible when incorporating
adjustable mechanisms.  Figure 1.5 illustrates a two-phase finite and multiply

separated position problem with no shared positions.



Therefore, in summary, multi-phase multiply separated position synthesis
involves calculating the mechanism adjustments necessary to achieve phases of
rigid body positions velocities and/or accelerations. This research presents new
multiply separated position synthesis methods for adjustable spatial four and five-

bar mechanisms.

14 Instaht Screw Axis Consideration

Unlike the coupler of a mechanism in planar motion, the coupler of a spatial
mechanism generally undergoes screw motions. This type of motion is a
combination of rotations about and translations along axes in space. In an
instant in time, the coupler of a spatial mechanism would also rotate about and
translate along a spatial axis. Knowing this, what is known as an instant center
of rotation for a rigid body of a planar mechanism would in fact become an
instant axis of screw motion for a rigid body of a spatial mechanism. This axis is
called an instant screw axis or ISA. A locus of ISAs is called an axode (just as a
locus of instant centers is called a centrode).

There is a close link between the axodes and both a motion on one hand
and a mechanism on the other. For this reason, in synthesis, the mechanism for
a prescribed motion can be found using the relations between the axodes and
the motion, and the axodes and the mechanism [41]. This quote by Skreiner is
illustrated in figure 1.6. As the figure shows, ISAs can also be used to calculate
the rigid body multiply separated positions that are necessary for spatial

mechanism synthesis.



design ]
motion = mechanism

axodes/ISA

Figure 1.6 Axode/ISA relation in spatial mechanism synthesis

1.5 Review of Spatial Mechanism Synthesis

Several authors have made significant contributions in the area of spatial and
adjustable spatial mechanism synthesis. Shoup [9] presented a technique for the
design of an adjustable slider crank mechanism to be used as a variable
displacement pump or compressor. The design technique considers velocity
fluctuation, force transmission effectiveness and mechanism geometric
proportions.

Sandor, Kohli, Reinholtz and Ghosal [14] presented a technique for the
closed-form analytic synthesis of a five-link spatial motion generator. The motion
generator mechanism consists of two grounded R-S links, one grounded C-S

link, a ternary S-S-S coupler and the R-R-C fixed frame. The resulting system



can be solved for unknown vectors defining the dyad in its starting position, in
closed form for up to three precision positions.

Sandor, Kohli and Zhuang [15] presented a technique for the synthesizing
RSSR-SRR spatial motion generators. Motion of the coupler is to be prescribed
for three or four finitely sepa‘rated positions and to be correlated to the prescribed
input rotations of the crank and he grounded R-R link of the RRS dyad.

Yao, Xu and Fan [21] presented a method for kinematic synthesis of an RS-
SRR-SS adjustable spatial motion generator for three alternate tasks. Three
separate systems of synthesis equations to exactly generate the first and last
positions of each task are obtained for the R-S link by co-plane, distance
equations and inversion theory, and for the S-S link by a constant distance
equation.

Sandor, Yang, Xu and De [33] presented a technique for synthesizing
adjustable spatial motion generators by analytical methods with two exact
prescribed positions and orientations for each of two different motion tasks. This
mechanism is also synthesized by numerical methods to solve a nonlinear
system of equations and by optimization techniques to minimize the motion
errors at additional, approximately prescribed positions.

Lebedev and Marder [35] presented a vector loop method for position analysis
of a spatial bimobile RRSgSgSgSS mechanism. This method is developed for the
analytic determination of link positions of a bimobile two-loop spatial mechanism
in the form of vector functions of the turn angles of the driving links and the

design parameters of the mechanism.
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Funbashi, Iwatsuki and Yokoyama [39] have presented a paper in which
crank-length adjusting mechanisms are proposed in order to change the input-
output relationships of arbitrary planar, spherical and spatial crank mechanisms
and also to stop output motions of crank-rocker mechanisms during rotations of
their crank shafts.

Alvarez, Cardenal and Cuadrado [10] presented a paper that outlined a
simple and efficient method for optimum synthesis of multi-body systems. The
proposed formulation was based on the use of a set of fully Cartesian
coordinates. Using the coordinates, the system was described by a set of
geometric constraints and the design requirements were introduced by a set of
functional constraints.

Tavkhelidze [13] developed methods that considered the following:

1. The layout of the position of links in a spatial four-bar mechanism with one
sliding pair
2. The condition of the existence of one or two cranks having rotational motion

in the same mechanism

His method for solving the first problem is based on two theorems. For the
application of these, a simple method was devised, when the position of the
driving link is known. For the solution of the second problem, the relationship
between the displacement of points in the four-link spatial mechanism with one
sliding pair was found analytically and the configuration examined in which the

connecting rod reaches its maximum and minimum positions. The conditions for
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a member to be either a crank or a rocker arm are then expressed by
inequalities.

Ananthasuresh and Kramer [53] developed a closed form solution to the
analysis of the RSCR mechanism. Using analysis modules developed from the
geometric characteristics of the mechanism, the mechanism can be optimally
synthesized for function, path and motion generation problems-satisfying
conditions within prescribed accuracy limits.

Hanchak and Murray [63] developed a method for designing mechanisms
composed of Revolute-Binary state Prismatic-Revolute (RBR) chains for rigid
body guidance. By requiring the arrangement of the three RBR chains to share
specific fixed and moving pivots, called an N-type arrangement, four positions

are reachable.

1.6 Research Objectives

In response to the need for effective but practical synthesis tools for spatial
mechanisms, a new technique will be presented to synthesize adjustable spatial
four and five-bar mechanisms for multi-phase motion generation. Using this
method, spatial mechanisms will be synthesized to achieve different phases of
prescribed finitely separated rigid body positions.

As an extension of the multi-phase motion generation method, a new
technique will also be presented to synthesize adjustable spatial four-bar
mechanisms for multi-phase motion generation with tolerances. Using this

method, spatial mechanisms will be synthesized to achieve the phases of
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prescribed precise rigid body positions and also satisfy the rigid body positions
with prescribed tolerances.

A new technique will also be presented to synthesize adjustable spatial four
and five-bar mechanisms for multi-phase motion generation and multiply
separated positions. Using this method, spatial mechanisms will be synthesized
to achieve different phases of prescribed rigid body positions, velocities and/or
accelerations.

As an extension of the multi-phase motion generation method, a new
technique will also be presented to synthesize adjustable spatial four-bar
mechanisms for multi-phase motion generation and multiply separated positions
using instant screw axis parameters. Using this alternative method, spatial four-
bar mechanisms will be synthesized to achieve phases of prescribed rigid body
positions, velocities and/or accelerations.

The maximum number of prescribed rigid body positions will also be
determined for all synthesis techniques for two and three phase problems.
Knowing this limit of these new techniques can better enable one to establish

their usefulness and effectiveness in satisfying mechanical design applications.



CHAPTER 2

SPATIAL MECHANISMS AND DISPLACEMENT EQUATIONS

2.1 Four and Five-Bar Spatial Mechanisms

The spatial four and five-bar mechanisms considered in this research are the
RRSS, RRSC, RSSR-SS and RSSR-SC. Due to their simple designs and spatial
kinematics the RRSS and the RSSR-SS mechanisms are two of the most
practical four and five-bar mechanism designs for spatial motion generation
applications. These mechanisms have no prismatic or cylindrical joints. Such
joints require rails, pins or slots to travel along. These mechanisms require only
links with revolute and spherical joints. This feature makes them fairly easy to
design and construct. The coupler links of the RRSS and RSSR-SS
mechanisms have no passive degrees of freedom (unlike the RSSR
mechanism). This feature gives the two mechanisms the capacity for motion
generation applications (involving the coupler link). Unlike Bennett’s linkage, the
RRSS and RSSR-SS mechanisms have no rigid joint axis and link length
requirements. This feature allows more freedom in the design of the two
mechanisms. After considering all of these features of the RRSS and RSSR-SS
mechanisms, they became two of the mechanisms of choice for this research in
spatial motion generation and multiply separated position synthesis.

The RRSC and RSSR-SC mechanisms are variations of the RRSS and the
RSSR-SS mechanisms. The former mechanisms incorporate only one cylindrical

joint between their connections to ground. This additional degree of freedom of

13
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the C-S link makes the spatial kinematics of these mechanisms different from the
RRSS and RSSR-SS. All of the qualities mentioned in the previous paragraph
(minus those qualities due to the absence of cylindrical joints) can also be
attributed to the RRSC and RSSR-SC mechanisms. Although these two
mechanisms are more complicated in design than the RRSS and RSSR-SS, the
synthesis techniques to be presented in this research can easily accommodate

all four mechanisms.

Figure 2.1 RRSS mechanism

In this research, link ag-a; of the RRSS mechanism rotates in the X-Y plane.
Joint axis ua; is normal to link ag-a;.
Link ap-a1 of the RRSC mechanism (figure 2.2) rotates in the X-Y plane and

link bo-b4 rotates in the x*-y* plane. Joint axis ua, is normal to the link ap-a;. The



15

origins of the X-Y-Z frame and the x*-y*-z* frame are offset by a distance d along

the X-axis.

Figure 2.2 RRSC mechanism

Link ap-a; of the RSSR-SS mechanism (figure 2.3) rotates in the X-Y plane
and link bo-b; rotates in the x*-y* plane. The origins of frame X-Y-Z and frame
x*-y*-z* are offset by a distance d along the X-axis. Link co-¢4 is measured in the
X-Y-Z frame.

Link ap-a; of the RSSR-SC mechanism (figure 2.4) rotates in the X-Y plane,
link bo-b rotates in the x*-y* plane and link ¢o-¢1 in the x**-y** plane. The origins
of the X-Y-Z frame and the x*-y*-z* frame are offset by a distance d1 along the
X-axis. The origins of the X-Y-Z frame and the x**-y**-z** frame are offset by a

distance d2 (measured from the X-Y-Z frame).
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Figure 2.4 RSSR-SC mechanism
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2.2 Sphere-Sphere (S-S) Link

Figure 2.5 Sphere-Sphere (S-S) link

The S-S link must satisfy the constant length condition only. Given a fixed pivot

ap and a moving pivot a4, the following displacement constraint equation must be

satisfied:

(aj-a0)(aj- @) = (& - @) (@ - @) j=2,3,...n (2.1)
where

@ = (aox, Aoy, @0z) @1 =(a1x, a1y, A1z) @ = [Djlay
and

p x qjx |'jx ij pix qix rix Six
[D-. ] _|Py 9 Ty Sy [Py Gy Ty Sy (2.2)
! pjz q iz l’jz sjz piz qiz riz Siz
T 1 1 11 1 1 1
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Points p, q, r and s are used to mark the position of the rigid body in three-
dimensional space. These four points must not all travel in the same plane in
each rigid body position. This precaution is taken in order to prevent the rows in
the S-S link displacement matrix (equation 2.2) from becoming proportional.
With proportional rows, the matrix in equation 2.2 to be inverted cannot be

inverted.

Figure 2.6 S-S link and rigid body points

Since there are six variables (aox, aoy, @0z, a1x, @1y and asz), a maximum of

seven positions of a rigid body can be specified, with no arbitrary choice of

parameter.
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2.3 Revolute-Sphere (R-S) Link

Figure 2.7 Revolute-Sphere (R-S) link

The R-S link must satisfy all S-S link constraints with one additional constraint
imposed such that the spherical joint is restricted to rotation in a plane that is
perpendicular to axis uap of the revolute joint. The R-S link displacement

constraint equations become

(8- a0)'(a; - a0) = (8- a0) (@ -a)) j=2,3,...n (2.3)
(uag)'(a-ap)=0 j=1,23,...n (2.4)
(ua)(uao) = 1 (2.5)

where
ao = (aox, Aoy, Boz) &1 =(arx, A1y, A1) U@ = (Uaox, Uy, Ugz) @ = [Dijla
These equations form a set of 8 design equations with 9 unknown scalar

components of uag, ap and a;. Therefore, the number of rigid body positions that
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can be specified for an R-S link to be used for rigid body guidance is four, with an

arbitrary choice of one of the nine unknowns.

A

Figure 2.8 R-S link and rigid body points

When the rigid body points travel in a plane that is normal to joint axis uap
(therefore prescribing the joint axis) only equation 2.3 must be satisfied. When
this is the case,

ao = (aox, a0y) @1=(away) LA =(0,0,1) a =[Dja

where

-1

p jx qjx rjx pix qix rix
[Dij =Py Gy Ty lPy Gy Ty (2.6)
1 1t 191 1 1

Here, points p, q and r are used to mark the position of the rigid body in two-
dimensional space. These three points must not all travel in the same line in

each rigid body position. This precaution is taken in order to prevent the rows in
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the R-S link displacement matrix (equation 2.6) from becoming proportional.
With proportional rows, the matrix in equation 2.6 to be inverted cannot be

inverted.

2.4 Cylindrical-Sphere (C-S) Link

Figure 2.9 Cylindrical-Sphere (C-S) link

The C-S link must satisfy all of the constraints imposed by the R-S link plus an

additional constraint equation, which accounts for the translational degree of

freedom of the cylindrical joint. In this case, equations 2.3 and 2.4 are written
with the coordinates of the intermediate point a,; replacing ap where

ag = ap + Sjua (2.7)

The synthesis of the C-S link for three specified rigid body positions leads to a

set of 12 design equations. The two added translations S; and S; give a total of
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14 unknowns. Therefore, the maximum number of rigid body positions that can

be specified is three with an arbitrary choice of any two scalar parameters.

Figure 2.10 C-S link and rigid body points

When the rigid body points travel in a plane that is normal to joint axis uagp
(therefore prescribing the joint axis) only equation 2.3 needs satisfying. This
measure also eliminates the need for translation terms (S; = 0) in the design
equations. Therefore

ao = (aox, aoy) a; = (aix, ay) ua;=(0,0,1) a;=[Dyay

where
pjx qjx rjx pix qix rix 3
[Dij =Py 9y TylPy Gy Ty (2.8)
1 1 1(1 1 1

Here, points p, q and r are used to mark the position of the rigid body in two-

dimensional space. These three points must not all travel in the same line in
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each rigid body position. This precaution is taken in order to prevent the rows in
the C-S link displacement matrix (equation 2.8) from becoming proportional.
With proportional rows, the matrix in equation 2.8 to be inverted cannot be
inverted.

Although all translation terms are now eliminated from the design equations,
an initial translation term is required when assembling the synthesized
mechanism. This can be accomplished by trial and error. The optimum
translation term would be that which causes the assembled mechanism to
produce the smallest errors between the specified rigid body points and the rigid

body points produced by the synthesized mechanism..

2.5 Revolute-Revolute (R-R) Link

Figure 2.11 Revolute-Revolute (R-R) link
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The R-R link must satisfy several conditions (in addition to the constant length
condition). Given a fixed pivot ap and a moving pivot a; (in addition to the fixed

and moving pivot joint axes uap and ua,), the following constraint equations are

used:
(uap)'(a;- @) =0, (ua)'(aj-ap) j=1,2,3 (2.9)
(uag) (uag) = 1, (uay)'(ua) =1 (2.10)
(a - a0)"(aj - @) = (8- a0) (aj- @) j=2,3 (2.11)
[(aj + uay) - (a0 + uag)]'[(a; + uay) - (ap + uag)] =
[(a; + uay) - (a0 + uao)]"[(as + uay) - (@ + uag)] j=2,3 (2.12)
where
a0 = (Aox, Aoy, @z) @1 = (A, A1y, @1z7) & =[Djay
uap = (Udox, Udgy, Uap;)  Uaq = (Uaiy, Uayy, UAy;) U@ = [Ryjuay
and
ua, Vo, +Co;  ua,’uay Ve, -ua,Se;  uay, uay,” Ve, +ua, Se;
Ri]=| uap uan Ve, +ua,Se;  Uay Ve +Cp;  uay, uay, Ve, ~ua,Se,

ua,“uay, Ve, —ua, S@; uay‘uag, Ve, +ua,Se;  uag Ve, +Co;
(2.12)

Veij=1-cos (@;- @), Sej=sin(9;- ¢i), Cej=cos(@;-¢) (2.13-2.15)
These equations form a set of 12 design equations with 12 unknowns scalar
components for uag, ua;, ap and a;. Therefore, the maximum number of rigid
body positions that can be specified for an R-R link to be used for rigid body

guidance is three, with no arbitrary choice of parameter.
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Figure 2.12 R-R link and rigid body points

When the rigid body points travel in planes that are normal to joint axis ua;
and are projected on plane that is normal to joint axis uao (therefore prescribing
both joint axes) only equation 2.11 must be satisfied (with j =2, 3, ... n).
Therefore
ao = (aox, @oy) @i =(ai, ary) Uao=(0,0,1) ua;=(uai, 0,uas;) a=[Djla,
and

Px QGx Tx [Px Ox T«

[Dij =Py Qy Ty|Py Gy Ty (2.16)
1 1 101 1 1

Here, points p, q and r are used to mark the position of the moving body in two-
dimensional space. These three points must not all travel in the same line in
each rigid body position. This precaution is taken in order to prevent the rows in

the R-S link displacement matrix (equation 2.16) from becoming proportional.
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With proportional rows, the matrix in equation 2.16 to be inverted cannot be
inverted. In this research, the value of ua; corresponds to an R-R link when

along the positive Y-axis.

2.6 Rigid Body Point Selection Methods

The S-S link has a hemispherical workspace. This means that the S-S link can
travel virtually anywhere in three-dimensional space. Due to this quality of the
S-S link, the rigid body points required to synthesize this link can be used just as
they appear in space. No rigid body point projections are required. The user can
place the rigid body points where desired and move them anywhere is three-
dimensional space

The R-S and C-S links travel in planes that are normal to their joint axes. The
specified rigid body points used to synthesize these links must be projected on
planes that are normal to these joint axes. This means that the joint axes of the
R-S and C-S links can be specified before the actual joint link variables are
calculated. By specifying a plane in space, the user establishes the value of the
joint axis (since the joint axis is normal to the specified plane). The user can then
place the rigid body position points where desired and move them anywhere in
three-dimensional space. However, only the rigid body point coordinates
obtained after projecting the points on the specified plane are used to synthesize
the R-S and C-S links

A rigid body connected to an R-R link travels in a plane that is normal to ua;,

and rotates about uay. If the prescribed rigid body points travel in the same
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manner, both joint axes can be specified before the R-R link joint variables are
calculated. By specifying a plane in space, the user establishes the initial value
of ua, (since ua, is normal to the specified plane). The user can then place the
rigid body position points where desired. The specified plane and rigid body
points can be rotated (about joint axis uag) and the rigid body points moved
(parallel to the specified plane) to obtain additional rigid body positions. By
selecting rigid body positions in this manner, the user can know the joint axes of
the R-R link before synthesizing the mechanism. This “foreknowledge” of the link
joint axes is one of the strengths of this synthesis method since it makes the
constant length condition (eq. 2.11) the only constraint for the R-R link.

Since the four mechanisms used in this research are made up of a
combination of R-R, S-S, R-S and C-S links, the rigid body point requirements for
each link must satisfied in each mechanism. In the RRSS mechanism, four rigid
body points are required. Four points are used to synthesize the S-S link and
three of the four points are used to synthesize the R-R link. The four points must
travel in a plane that is normal to ua, and rotates about uap in each rigid body
position. Although the X, Y and Z-coordinates of the four rigid body points are
used to synthesize the S-S link, only the X and Y-coordinates of three points are
used to synthesize the R-R link. The points used to synthesize the S-S link must
be non-planar and the points used to synthesize the R-R link must be non-linear.

In the RRSC mechanism, three rigid body points are required. Three points
are used to synthesize the C-S link and three are used to synthesize the R-R

link. The three points must travel in a plane that is normal to uas and rotates
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about ua, in each position. Although the X and Y-coordinates of the three rigid
body points are used to synthesize the R-R link, only the x* and y*-coordinates of
three points are used to synthesize the C-S link. The points used to synthesize
the C-S link and the R-R link must be non-linear.

In the RSSR-SS mechanism, four rigid body points are required. Four points
are used to synthesize the S-S link and three of the four points are used to
synthesize the R-S links. Although the X, Y and Z-coordinates of the four rigid
body points are used to synthesize the S-S link, only the X and Y-coordinates
and the x* and y*-coordinates of three points are used to synthesize the R-S
links. The points used to synthesize the S-S link must be non-planar and the
points used to synthesize the R-S links must be non-linear.

In the RSSR-SC mechanism, three rigid body points are required. Three
points are used to synthesize the C-S and R-S links. Although the x** and y**-
coordinates of the three rigid body points are used to synthesize the C-S link,
only the X and Y-coordinates and the x* and y*-coordinates of three points are
used to synthesize the R-S links. The points used to synthesize the C-S link and
the R-S link must be non-linear.

To judiciously perform the plane selection and rotations and rigid body point
selection, rotations and displacements, a CAD package that allows one to create
and manipulate models in three dimensions is required. Using AutoCAD 2000
software, all of the rigid body points and link variables given in the example
problems in chapter 5 were selected. This CAD software allows one to specify a

point at a dimensional accuracy of up to eight significant figures. All rigid body
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points and mechanism link parameters presented in this research are
dimensionless. Throughout the example problems in this work, the
dimensioniess unit “[units]” was affixed to the displacement error magnitudes

calculated.



CHAPTER 3

EQUATIONS FOR TOLERANCES, MULTIPLY SEPARATED
POSITIONS AND INSTANT SCREW AXIS PARAMETERS

3.1 Introduction
It was shown in chapter 2 that the points on a moving body can be prescribed
using rigid body point selection schemes that specify the joint axes of the R-S, C-
S and R-R links. The result of this is that the constant length condition becomes
the only constraint these links must satisfy. The S-S link need only satisfy this
condition as well.

Due to these rigid body point selection schemes, the constant length condition
is now limited to “n" prescribed moving body positions (theoretically). This
theoretical prescribed rigid body position limit makes the constant length
condition ideal for multi-phase mechanism synthesis since each additional phase
corresponds to an additional number of prescribed rigid body positions. This
equation is also ideal since it is now the only constraint all of the links must

satisfy.

3.2 Tolerance Equations
The adjustable spatial mechanism can produce ideal solutions to problems
involving rigid body point tolerances. The rigid-body displacement matrix [Dj]
must be modified however in order to incorporate rigid body point tolerances.

The modified displacement matrices become

30
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pjx * 6pjx ij x 6<qjx rjx * brjx pix t 6pix qix t 6qix rix t 6rlx
[Dij]= pjv t 5piy qiv '_*'quy riv i6riy piy + 5piv qiy iaqiy riy i6riy (3'1)
1 1 1 1 1 1

for the R-S, C-S and R-R links and

pjx iapjx qjx iaqjx Irjx iarjx ij i’6ij Pix i-éplx Qix iEQX rix iéﬁx Six iés’lx
[D;j]= Py +0p, Qqy1dq, r,+dr, s, +0s, |p, £p, q,+0q, r,dr s, 3,

pjz t 6pjz qu t 6qu rjz T 6rjz sz es 63}2 Pz x 6plz 9. * 6Qz iz t ar|z Si; ¥ 65|z
1 1 1 1 1 1 1 1
(3.2)

for the S-S link. Here dp, 0q, or and Os are the upper and lower rigid body
point tolerances.

When the non-tolerance rigid body displacement matrices are used, circle
point curves and center point curves can be generated for multi-phase finitely
separated position problems. An infinite number of mechanism solutions can be
selected from these curves which allow the synthesized mechanism to satisfy the
precise rigid body position requirements.

When the modified rigid body displacement matrices are used, circle point
regions and center point regions can be generated for multi-phase finitely
separated position problems. These regions are bounded by the curves
generated by using the rigid bodies with the specified upper tolerance limit and
lower tolerance limits. An infinite number of mechanism solutions can be
selected from these regions which allow the synthesized mechanism to satisfy
both the precise rigid body position requirements and the rigid body position

tolerance requirements.
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3.3 Velocity and Acceleration Equations
By differentiating the constant length equation, the velocity equation can be
calculated for a rigid body. Given a fixed pivot ap and a moving pivot a, the

general rigid body velocity equation becomes

(@) (aj- ap) =0 (3.3)
where
a’j=[Vilar  V;=[V]Dj]
and
MZ[IV:] (p’—[(\)N]p)] (3.4)
and
0 -w, W, 0 -up, up,
Wi=| w, 0 -w,j=wup, 0 -up, (3.5)
-—w, W, 0 —-up, up, 0

Matrix [V] is the spatial velocity matrix. Matrix [W] is the spatial angular
velocity matrix. Variables p and up represent the reference point and the joint
axis unit vector at the reference point. In this research, p is equivalent to the fixed
pivot, and up is equivalent to the joint axis unit vector at the fixed pivot (therefore
p = ap and up = uay).

By differentiating the velocity equation, the acceleration equation can be
calculated for a rigid body. Given a fixed pivot ap and a moving pivot a4, the
general rigid body acceleration equation becomes

(a”)"(a; - a0) + (@)"(@) = 0 (3.6)

where
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a”j=[Ajlai  Aj=[A]Dj]

and
W (p"{Wlp)
[A]= [ 0 0 ] (3.7)

and

(upk2 —1)w? (upkupyuo2 —up,Ww-up,0) (up)5(upZ(JL)2 +Upyw-+up,q)

[W]=| (upup,w? +up,w+up,a) (up, - 1) (up,up,w? —up,w-up,a)

(upup,w? U w-up,a) (UPUP,W* —UP,w-+Up,Q) (up,? —1)w?
(3.8)

Matrix [A] is the spatial acceleration matrix and matrix [W’] is the spatial angular

acceleration matrix.

3.4 Instant Screw Axis Parameters
The general spatial velocity matrix in terms of instant screw axis parameters is

given by

V,]= [[WS,,O] (s'up, —([)Wu.,o ]po)} (3.9)
where variables po, Upo, and s’ correspond to a point on the ISA, the unit vector
of the ISA and the linear velocify norm along the ISA. Matrix [Wy] is the spatial
angular velocity matrix in terms of unit vector upy and the angular velocity about
the ISA ().

The general spatial acceleration matrix in terms of instant screw axis

parameters is given by
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(3.10)

[A ] - I:[W,upo ] S”UPO + S’uPo ,—[W’upo ]po - [Wupo ]po ’:|
s 0 0

Matrix [W’yp0] is the spatial angular acceleration matrix in terms of the ISA unit
vector upy and the angular velocity and acceleration about the ISA (ws and
Ots).
Equating the fourth columns of [V] and [V], and [A] and [A¢], the
following relations are obtained:
s'upo — [Ws]po = p’ - [Wip (3.11)
s"upo + s'upo’ — [Ws'lpo — [Welpo' = p” — [W'lp (3.12)
When the relation (upo) (upo) = 1 is included in equation 3.11, there are four
equations for eight unknowns (upox, UPoy, UPoz, Pox: Poy, Poz, 8’ and ws ) given
P, p’, up and . When the relation (upo)"(upo) = 1 is included in equation 3.12,
there are four equations for 16 unknowns (po, Po’, Upo, Upo’, s, 8", ws and
0s ) given p, p”’, up, up’,  and o. When equations 3.11, 3.12 and the relation

(upo)T(upo) = 1 are used together, there are 7 equations for 16 unknowns.



CHAPTER 4

2 AND 3 PHASE PROBLEMS FOR MULTI-PHASE MOTION
GENERTAION AND MULTIPLY SEPARATED POSITIONS

4.1 Tables of Prescribed Positions and Adjustment Phases

Table 4.1 Rigid body and phase variations for R-R and S-S links

R-R Link S-S Link
number of ﬂ;ﬂbfg dc;,f number of | number of | number of | number of
phases positions unknowns |free choices| unknowns |free choices
1 5 4 0 6 2
2 8 6 0 9 3
3 11 8 0 12 4
4 14 10 0 15 5
n 5+3(n-1) 2+2n 0 3+3n 1+n

Table 4.2 Rigid body and phase variations for R-S and C-S links

R-S Link C-S Link
number of ?i;;gbbe; d‘;f number of | number of | number of | number of
phases positions unknowns |free choices| unknowns |free choices
1 5 4 0 4 0
2 8 6 0 6 0
3 11 8 0 8 0
4 14 10 0 10 0
n 5+3(n-1) 2+2n 0 2+2n 0

The rigid body position values given in the second columns of tables 4.1 and 4.2

are the theoretical maximum prescribed position values. They are based on the

number of link variables added with each additional phase.

Although the R-R,

R-S and C-S links require no prescribed link variables (free choices), the S-S link

does. This is because, unlike the other links, the S-S link is not constrained to

planar motion.

As stated in chapter 1.6, part of this research involves

35
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determining the actual maximum number of prescribed rigid body positions for
two and three phase problems. As the shaded rows in tables 4.1 and 4.2
indicate, this research focuses on two and three-phase problems involving the R-

R, S-S R-S and C-S links.

4.2 Link Adjustment Possibilities
The following adjustments are possible for the R-R, R-S, C-S and S-S links:

Table 4.3 Mechanism link adjustment possibilities
1. adjust the moving pivots while maintaining fixed crank and follower lengths

2. adjust the fixed pivots while maintaining fixed crank and follower lengths
3. adjust the moving pivots and crank and follower lengths between phases
4. adjust the fixed pivots and crank and follower lengths between phases

Figure 4.1 Adjustment possibility #1 for the RSSR-SS mechanism
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Figure 4.3 Adjustment possibility #3 for the RSSR-SS mechanism
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Figure 4.4 Adjustment possibility #4 for the RSSR-SS mechanism

The first and third adjustment possibilities can be applied to the R-R, R-S, C-S
and S-S links in this research. The second adjustment possibility however can
only be applied to the R-S and S-S links. The fourth adjustment possibility can
only be applied to the R-R, R-S and S-S links in this research. For the R-R ink, it
is only possible when the new fixed pivot lies along the length of the link
calculated for the first phase.

The adjustments made to each link must remain within their corresponding
workspaces. The S-S link has a hemispherical workspace with the link length
equal to the radius of the sphere. The R-R, R-S and C-S links have planar
circular workspaces (in planes normal to the fixed pivot joint axes) with the link

lengths equal to the radii of the circles.
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4.3 Adjustable Moving Pivot Problems
In the 2-phase moving pivot problem with fixed crank and follower lengths, the
fixed pivot a; and moving pivots a; and ai, are to be calculated. There is a
maximum of 8 prescribed rigid body positions resulting in a set of 6 equations.
This set of equations can be a combination of position, velocity and/or
acceleration equations. The following are the 6 displacement equations:

Phase1 F; = ([D1,i+1]a1 - ao)T([D1,i+1]a1 - ao) - R12 =0, i=1,23 (41)

Phase 2 F; = ([Ds;:2][D15]ain — @) ([Ds j+2][D1,5)a1n — @) — Ri® = 0,

j=4,5,6 (4.2)
When expressed as velocity equations they become
Phase 1 Fi= ([V][D1,i11]a1)"([D1,s1]a1 — @0) = 0 (4.3)
Phase 2 Fj = ([V][Ds;+2][D15]a1n) ([Ds js+2][D1,5la1n — o) = 0 (4.4)

When expressed as acceleration equations they become
Phase 1 F;= ([Al[D141]a1) (D1 1181 - 80)}+([VIIDss1]an) (VIID1,e1lan) =0 (4.5)
Phase 2 F; = ([A][Ds;u][Ds slatn) " ([Ds+2][D1 s]amm — a0) +
(IV1[Ds j+2][D1 5]a10) ([V][Ds j+2][D1 slatn) = O (4.6)

In the 3-phase moving pivot problem with fixed crank and follower lengths, the
fixed pivot ap and moving pivots a, a1, and az, are to be calculated. There is a
maximum of 11 prescribed rigid body positions resulting in a set of 8 equations.
The following are the 8 displacement equations:
Phase 1 F;=([D1;.1]a; — ao) ([D1is1]ai —ag) —Ri2=0, i=1,2,3 (4.7)

Phase 2 F; = ([Ds2][D15s]a1n — @) ([Dss2][D15]a1n — @0) — Rs® = 0,
j=4,5,6 (4.8)
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Phase 3 Fy = ([Dg.s][D1.s]azn — @) ([Dg x+3][D1.9]azn — @) — Ry2 = 0,

k=7,8 (4.9)
When expressed as velocity equations they become
Phase 1 F; = ([V][D1,.1]a1)"([D1.1]a; —ao) = 0 (4.10)
Phase 2 F; = ([V][Dg;s2][D16]a1n) ([De,s2][D16]atn — @) = 0 (4.11)
Phase 3 Fy = ([V][Dg.3][D1,6]azn)" ([Dos3][D1,9]azn — &) = 0 (4.12)

When expressed as acceleration equations they become
Phase 1 F; = ([A][D1,.1]a1)"([D1,41]a1 - @0)+([V][D1,s1Jas) (VI[D1ju1]a1) =0 (4.13)
Phase 2 F; = ([A][Dg.2][D16]a1n) ([Dé,+2][D1,6]a1n — ac) +

(IVI[Ds 2][D1 6]a1n) ([VI[De j+2][D1 6la1n) = 0 (4.14)

Phase 3 Fi = ([A][Doks3][D1,9lazn) ([Doks3)[D1 glazn — ao) +
(IVI[Do k+3][D1,6]azn) " ([V][De ss][D1,s]azn) = 0 (4.15)

4.4 Adjustable Moving Pivot and Crank/Follower Length Problems

In the 2-phase moving pivot problem with crank and follower lengths that are
adjusted between phases, the fixed pivot a; and moving pivots a; and ay, are to
be calculated. There is a maximum of 8 prescribed rigid body positions resulting
in a set of 6 equations. This set of equations can be a combination of position,
veiocity and/or acceleration equations. The following are the 6 displacement
equations:

Phase 1 F; = ([D1,,1]a; — ao)'([D1is1]a; —ag) —R2=0 i=1,2,3 (4.16)

Phase 2 F; = ([Ds;s2][D15]a1n — @) ([Dss2][D15]a1n — @) = R:2 = 0
i=4,5,6 (4.17)
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Equations 4.3 through 4.6 remain the same in two phase moving pivot problems
with adjustable crank and follower lengths.

In the 3-phase moving pivot problem with crank and follower lengths that are
adjusted between phases, the fixed pivot a; and moving pivots a,, ain and azn are
to be calculated. There is a maximum of 11 prescribed rigid body positions
resulting in a set of 8 equations. The following are the 8 displacement equations:
Phase 1 F;= ([D1.1]a1 — @) ([D1js1]as —@) —R#=0 i=1,2,83 (4.18)

Phase 2 F; = ([Ds;.2][D15]ain — @) ([Ds j+2][D1,5]a1n — @) — RZ=0
{=4,5,6 (4.19)

Phase 3 Fy = ([Dgx+3][D1,9]azn — @) ([Dox+3][D1,]azn — @0) — Re® = 0
k=7,8 (4.20)
Equations 4.10 through 4.15 remain the same in three phase moving pivot

problems with adjustable crank and follower lengths.

4.5 Adjustable Fixed Pivot Problems
In the 2-phase fixed pivot problem with fixed crank and follower lengths, the
moving pivot a; and fixed pivots ap; and aon are to be calculated. There is a
maximum of 8 prescribed rigid body positions resulting in a set of 6 equations.
This set of equations can be a combination of position, velocity and/or
acceleration equations. The following are a set of the 6 displacement equations:
Phase 1 F; = ([D1,.1]a: — a0) ([D1s1]as —ag) — R:% =0 i=1,2,3 (4.21)

Phase 2 F; = ([Ds:2][D1s]a: — @on)'([Ds,+2][D1,5]a1 — @on) — R* =0
j=4,5,6 (4.22)
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When expressed as velocity equations they become

Phase 1 F; = ([V][D1,+1]a1)"([D1,+1]a1 — ao) = 0 (4.23)

Phase 2 F; = ([V][Dsj.2][D15]a1)"([Ds;+2)[D15]a1 — @on) = 0 (4.24)

When expressed as acceleration equations they become

Phase 1 F; = ([A][D1,i1]a1)"([D1,i1]a1 — @o)+([V][D1,ir1]ar) ([V][D141]a1) = 0 (4.25)

Phase 2 F; = ([A][Ds.2][D1.sa1) ((Ds,.2l[D1.slas — @on) +

(IVI[Ds,+2][D1 s]a1) ((VIIDs 421 slas)= 0 (4.26)

In the 3-phase fixed pivot problem with fixed crank and follower lengths, the

moving pivot a; and fixed pivots ao, apn and azon, are to be calculated. There is a

maximum of 11 prescribed rigid body positions resulting in a set of 8 equations.

The following are a set of the 8 displacement equations:

Phase 1 F;= ([D1i.1]a; — a0) ([Dys1]as — @) —RZ=0 i=1,2,83 (4.27)

Phase 2 F; = ([Dss2][D1s]a: — @on) ([Ds j+2][D1,sla1 — @on) — R1® =0
|=4,5,6 (4.28)

Phase 3 Fi = ([Do:3][D1,0]a1 — @20n) ' ([Dexsal[D1,0]a1 — @zon) — R1* =0

k=7,8 (4.29)
When expressed as velocity equations they become
Phase 1 F; = ([V][D1,:1]a1) (D1 s1]a1 — @) = 0 (4.30)
Phase 2 F; = ([V][De;:2][D1,6a1)"([D;s2][D1 elas — @on) = 0 (4.31)
Phase 3 Fi = ([V][Doxssl[D1glar) ([Doxsa][D1.0]a1 — @zon) = 0 (4.32)

When expressed as acceleration equations they become

Phase 1 F; = ([A][D1,.1]a1)"([D1,ir1]a1 — a0) +
([V][D1,41]a1)"(IV][D1,+1Ja1) = O (4.33)
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Phase 2 F; = ([A][Ds.2][D16]a1) ([Ds j+2][D1.6]as — aon) +
([V][Ds j+2][D1.6]a1) ([VI[Ds,+2][D1,6]a1) = 0 (4.34)

Phase 3 Fi = ([A][Dgx.3][D1.9)a1) ([Doxs3][D1,0]as — azon) +
([V1[De xs3][D1,5]a1) ([V][Dexssl[D1.g]as) = 0 (4.35)

4.6 Adjustable Fixed Pivot and Crank/Follower Length Problems

In the 2-phase fixed pivot problem with crank and foliower lengths that are
adjusted between phases, the moving pivot a; and fixed pivots ap and ag, are to
be calculated. There is a maximum of 8 prescribed rigid body positions resulting
in a set of 6 equations. This set of equations can be a combination of position,
velocity and/or acceleration equations. The following are the 6 displacement
equations:
Phase 1 F; = ([D1,1]a; — @0)"([Dy,s1]Jai —a)) —R°=0 i=1,2,3 (4.36)
Phase 2 F;= ([Ds;:2][D1,s]a1 — @on) ([Dss+2][D15]a1 — @aon) — R22 =0

j=4,5,6 (4.37)
Equations 4.23 through 4.26 remain the same in two phase fixed pivot problems
with adjustable crank and follower lengths.

In the 3-phase fixed pivot problem with crank and follower lengths that are
adjusted between phases, the moving pivot a; and fixed pivots ag, apn and azon
are to be calculated. There is a maximum of 11 prescribed rigid body positions
resulting in a set of 8 equations. The following are a set of the 8 displacement
equations:

Phase 1 F;=([D1;.1]a; — @) ([D1s1]as —ag) —RZ=0 i=1,23 (4.38)
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Phase 2 F; = ([Ds;.2][D15]a: — @on) ([Ds js2][D1,5]a1 — @on) - R = 0
j=4,5,6 (4.39)

Phase 3 Fi = ([Do,a][D1,]a1 — @20n) ([Desal[D1,0]a1 — @zon) — R = 0

k=7,8 (4.40)
Equations 4.30 through 4.35 remain the same in three phase fixed pivot
problems with adjustable crank and follower lengths.

The terms R,, Rz and Rj; represent the link lengths. [n synthesis problems
with fixed link lengths, only one link length term is required. In synthesis
problems with adjustable link lengths, two or all terms are required. The number
of link length terms required depends on the number of rigid body phases given

and the number of link length adjustments desired.



CHAPTER 5

EXAMPLE PROBLEMS

5.1 Two-Phase Example Problems

5.1.1 RRSS Mechanism for Finitely Separated Positions

Z
Figure 5.1 RRSS mechanism and prescribed rigid body points

The S-S link (link bo-by) was the first link synthesized in this two-phase
adjustable fixed pivot problem. The length of the S-S link remained fixed
throughout each phase.

The values for 8 prescribed rigid body positions are given in table 5.1. These
positions are represented by points p, q, r and s. To satisfy the design equations
of the S-S link, these points do not all lie on the same plane in each rigid body

position.
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Table 5.1 Prescribed X-Y-Z frame rigid body positions for 2-phase RRSS fixed
pivot problem with fixed crank and follower lengths

Phase 1
P q r o
pos. 1 | -0.5096.1.0541,0.1040 | 1.3326,2.9344,-0.2720 | 0.7928,1.7071,0.3485 |0.5928, 1.7071,-0.6313
pos. 2 |-0.6860,1.0111,0.1014 | 1.0406,2.9872,-0.3285 | 0.5737,1.7488,0.3282 | 0.3776,1.7070,-0.6515
pos. 3 | -0.8558,0.9360,0.0972 | 0.7449,3.0055,-0.3779 | 0.3523,1.7589,0.3110 | 0.1676,1.6769,-0.6683
pos. 4 |-1.0136,0.8301,0.0914 | 0.4504,2.9902,-0.4200 | 0.1336,1.7380,0.2971 |-0.0324,1.6187,-0.6818
Phase 2
pos. 5 | -0.3353,1.0440,0.1045 | 1.5427,2.9038,-0.1869 | 0.9779,1.6620,0.3802 | 0.7819,1.7064,-0.5994
pos. 6 | -0.1676,0.9989,0.1012 | 1.7294,2.8525,-0.0890 | 1.1475,1.5927,0.4180 | 0.9633,1.6808,-0.5610
pos. 7 |-0.0117,0.9194,0.0934 | 1.8820,2.7847,0.0214 | 1.2946,1.5026,0.4618 | 1.1297,1.6323,-0.5159
pos. 8 | 0.1276,0.8063,0.0801 | 1.9867,2.7064,0.1434 | 1.4113,1.3965,0.5118 | 1.2726,1.5647,-0.4642

Note: In this problem, no rigid body positions are shared

All rigid body points in this example problem were taken using ua;=[sin 15, 0,

cos 15°] when the R-R link lies along the positive Y-axis.

The required S-S link variables are by, by and bo,. Variable by represents the
moving pivot of the S-S link. Variables by and bo, represent the fixed pivots in
phase 1 and phase 2 of the S-S link. Since each of these variables has three
scalar components, there are a total of nine required unknowns.

bo=(box, boy, Poz)  b1=(D1x, D1y, b1z)  bon=(bonx, Dony, Donz)

The eight prescribed rigid body positions result in six design equations.

Therefore, three of the nine required unknowns were specified. Using AutoCAD

2000 software, the value of by was specified to b1=[1.7792, 1.7792, -0.4767]. The

following six design equations were used to calculate b and box:

([D1.21bs - bo)"([D1 2]b1 - bo) - R2=0 (5.1)

([D1,3]bs - bo) ([D1,3]b1 - bo) - R*=0 (5.2)
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([D1,4]b1 - bo) ([D1,4]bs - bo) - R?=10 (5.3)
({IDs6)[D1,5]}b1 - bon)"({[Ds 6][D1,5]1bs - bor) - R1*=10 (5.4)
({IDs,7][D1,5]}b1 - bon) "({[Ds,7][D1,5}b1 - bon) - R?= 0 (5.5)
({[Ds ][D1,5]}b1 - bon) "({[Ds,6][D1,5]}b1 - bon) - Re%=0 (5.6)

The term R; represents the length of the S-S link. Since this example
problem involved fixed pivot adjustments with fixed crank and follower lengths,
the value of Ry remained constant in equations 5.1 through 5.6. The specified
value for Ry is 2. Given the following initial guesses:

bo=(1.2, 0.1, 0.1) bon=(1.4, -0.1, 0)
The solution to equations 5.1 through 5.6 converged to the following using
Newton’s Method:
bo=(1.0003, 0.0260, 0.0888) bon=(1.4862, -0.1403, 0.0019)

The R-R link (link apg-a4) was the next link synthesized in this two-phase
adjustable fixed pivot problem. Like the S-S link, the length of the R-R link
remained constant throughout each phase. The X and Y-coordinates of points p,
q and r in table 5.1 were used to synthesize the R-R link. Points p, q, r and s
travel in a plane that is normal to ua; and rotates about ua, in each coupler
position. The points are also non-linear.

The required R-R link variables are ap, a; and ap,. Variable a, represents the
moving pivot of the R-R link. Variables ap and ag, represent the fixed pivots in
phase 1 and phase 2 of the R-R link. Since each of these variables has two
scalar components, there are a total of six required unknowns.

ao=(aox, aOy) a;=(aix, a1y) aon=(aonx, aOny)
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The eight prescribed rigid body positions resulted in six design equations.

The following set of design equations were used to calculate ao, a; and aon:

(ID1,2]a1 - @0)"([D1.2]as - @) - Ri®=0 (5.7)
(ID1,3]a1 - @0)"([D1.5]as - @) - Ri®=0 (5.8)
([D1,4]a1 - @0)"([D1.4]a1 - @) - R*=0 (5.9)
({[Ds 6][D1 5]}a1 - @on) ' ({[Ds ¢l[D1,5]}as - @on) - Re*= 0 (5.10)
({[Ds7][D1,5]}a1 - @on) ({[Ds 7][D1.5]}a1 - @on) - R4*=0 (5.11)
({[Ds &][D1 s]}as - @0n) ({[Ds &][D1 s]}as - @on) - Re*=0 (5.12)

The term R; represents the length of the R-R link. Since this example
problem involved fixed pivot adjustments with fixed crank and follower lengths,
the value of Ry remained constant in equations 5.7 through 5.12. The specified
value for Ry is 1. Given the following initial guesses:

ao=(0.1, 0.1) a;=(0.1,0.85)  ap,=(0.1, 0.1)
The solution to equations 5.7 through 5.12 converged to the following using
Newton’s Method:

ao=(-0.0361, -0.0061)  a;=(0.0723, 0.9879) aon=(-0.0531, -0.0034)

By using the initial rigid body position points in each phase as the starting
points for the synthesized adjustable RRSS mechanism and rotating the R-R link
by certain angles, the remaining positions in table 5.1 were approximated. The
R-R link rotation angles for the first four rigid body positions are 90°, 100°, 110’

and 120". The R-R link rotation angles for the last four rigid body positions are

90’, 80°, 70" and 60°. These angles are measured with respect to the X-axis.
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Table 5.2 Rigid body positions for synthesized mechanism for 2-phase RRSS
fixed pivot problem with fixed crank and follower lengths

Phase 1
P q r S
pos. 1 |-0.5096.1.0541,0.1040 | 1.3326,2.9344,-0.2720 | 0.7928,1.7071,0.3485 |0.5928, 1.7071,-0.6313
pos. 2 | -0.6868,1.0315,0.1006 | 1.0589,2.9897,-0.3336 | 0.5798,1.7576,0.3260 | 0.3837,1.7152,-0.6537
pos. 3 |-0.8613,0.9754,0.0950 | 0.7773,3.0134,-0.3868 | 0.3611,1.7773,0.3071 | 0.1766,1.6942,-0.6722
pos. 4 | -1.0271,0.8866,0.0875 | 0.4933,3.0055,-0.4316 | 0.1422,1.7661,0.2918 |-0.0236,1.6452,-0.6869
Phase 2
pos. 5 |-0.3353,1.0440,0.1045 | 1.5427,2.9038,-0.1869 | 0.9779,1.6620,0.3802 | 0.7819,1.7064,-0.5994
pos. 6 |-0.1652,1.0045,0.1054 | 1.7232,2.8658,-0.0945 | 1.1499,1.6026,0.4137 | 0.9581,1.6922,-0.5636
pos. 7 | -0.0056,0.9307,0.1025 | 1.8704,2.8131,0.0145 | 1.3008,1.5232,0.4555 | 1.1205,1.6573,-0.5190
pos. 8 | 0.1386,0.8233,0.0952 | 1.9698,2.7508,0.1403 | 1.4222,1.4283,0.5059 | 1.2600,1.6051,-0.4649

The average error magnitude between the specified rigid body positions (table
5.1) and the rigid body positions of the synthesized mechanism for positions 2, 3
and 4 is 0.0129 units. The maximum error magnitude between positions 2, 3
and 4 is 0.0564 units. It occurs at rigid body point py in position 4.

The average error magnitude between the specified rigid body positions and
the rigid body positions of the synthesized mechanism for position 6, 7 and 8 is
0.0118 units. The maximum error magnitude between positions 6, 7 and 8 is

0.0444 units. It occurs at rigid body point qy in position 8.
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Figure 5.2 Solution to 2-phase RRSS fixed pivot problem with fixed crank and

follower lengths

5.1.2 RRSS Mechanism for Finitely Separated Positions with Tolerances

In this example problem, rigid body point tolerances were incorporated to

synthesize the adjustable R-R link of the RRSS mechanism in section 5.1.1. In

section 5.1.1, the following design equations were used to synthesize the R-R

link:

([D1.2]as - @) (ID12]as - &) - Ri?=0
(ID1,3]as - @) ([D1,3]a1 - @) - Ry?= 0
([D1,4]a1 - @) ([D1,4]as - @) - Ri*=0
({[Ds 6][D1,51}a+ - @0n)"({[Ds 6][D1 s}as - @on) - R4*= 0
({[Ds7][D1,5]}a+ - @on)' ({[Ds,7][D1,s}as - @on) - Re*= 0
({[Ds ][D1 s}a1 - @on)"({[Ds 6][D1 s} - @on) - Ri*= 0

(5.13)
(5.14)
(5.15)
(5.16)
(5.17)
(5.18)
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Equations 5.13 through 5.15 were used to calculate the R-R link parameters
for phase 1 and the remaining three equations were used to calculate the R-R
link parameters for phase 2. If each set of equations corresponding to each
phase is solved using a range of prescribed values for one of the unknowns, a
range of R-R link parameters can be calculated. These parameter ranges are
equivalent to the Burmester curves used in planar four-bar mechanism synthesis.
Burmester curves are the loci of circle points and center points that satisfy a
particular set of rigid body positions.

Using the following initial guesses and prescribed variable ranges:

agy = 0.1 a; = (0.1, 0.85) aony=0.1  ag=aonx=-0.9, -0.85,...0.5

figure 5.3 illustrates the circle and center point curves calculated for each phase.
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1.5 4

—o— fixed pivots phase 1 —— fixed pivots phase 2

—e— moving pivots phase 1 —a— moving pivots phase 2

Figure 5.3 Graphical solution for R-R link in 2-phase RRSS fixed pivot problem
with fixed crank and follower lengths

In figure 5.3, portions of the circle and center point curves are plotted for the
rigid body positions in phases 1 and 2. The points of intersection of the circle
point curves and center point curves represent the R-R link parameters that are
needed to achieve the rigid body positions in both phases. In tolerance
problems, these intersection points would become regions in which the R-R link

parameters must remain within in order to achieve the precise rigid body
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positions while remaining within the limits of the rigid body positions with
tolerances.

Table 5.3 Prescribed X-Y plane rigid body positions and tolerances for 2-phase
RRSS fixed pivot problem with fixed crank and follower lengths

Phase 1
P q r

pos. 1 -0.5096 + 3. 1.0541 1.3326 + §,, 2.9344 0.7928 + §,, 1.7071
pos. 2 -0.6860, 1.0111 1.0406, 2.9872 0.5737, 1.7488
pos. 3 -0.8558, 0.9360 0.7449, 3.0055 0.3523, 1.7589
pos. 4 -1.0136, 0.8301 0.4504, 2.9902 0.1336, 1.7380

Phase 2
pos. 5 -0.3353 + §,, 1.0440 1.5427 + §,, 2.9038 0.9779 + §,, 1.6620
pos. 6 -0.1676, 0.9989 1.7294, 2.8525 1.1475, 1.5927
pos. 7 -0.0117,0.9194 1.8820, 2.7847 1.2946, 1.5026
pos. 8 0.1276, 0.8063 1.9867, 2.7064 1.4113, 1.3965

Note: In this problem 8 = 0.1 units

It was shown in section 5.1.1 that the calculated R-R link parameters using

the rigid body positions in table 5.3 (without tolerances) and equations 5.13

through 5.18 were the following:

ao=(-0.0361, -0.0061)

a;=(0.0723, 0.9879)

aon=(-0.0531, -0.0034)

When using the same equations but incorporating the +6 tolerance value in table

5.3, the R-R link parameters become

a,=(-0.0361, -0.0061)

a:=(0.1723, 0.9879)

aon=(-0.0531, -0.0034)

When using the same equations but incorporating the -3 tolerance value in table

5.3, the R-R link parameters become

ao=(-0.0361, -0.0061)

a;,=(-0.0277, 0.9879)

aon=(-0.0531, -0.0034)
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All of these R-R link parameters were obtained using the same R-R link initial
guesses given in section 5.1.1. These parameters are illustrated in figure 5.4.
Since ap and aog, nearly overlap when expressed graphically, they will be

represented by a single point (ao).

ail
af OO00Oat+

a0,aon O X

Figure 5.4 R-R link parameters with and without tolerances for 2-phase RRSS
fixed pivot problem with fixed crank and follower lengths

Although at least three R-R link solutions exist in figure 5.4, to calculate the
regions necessary to produce additional solutions for the R-R link, a part of the
ao, a;+ and a;- loci must be calculated. By specifying aox and using equations

5.13 through 5.18, the following R-R link parameters were calculated:
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Table 5.4 Additional R-R link parameters for 2-phase RRSS fixed pivot problem
with fixed crank and follower lengths and tolerances

ao, apn a a, (using +9) a, (using -9)
-0.0561*, -0.0311 0.0309, 0.9635 0.1309, 0.9635 -0.0697, 0.9635
-0.0661*, 0.0190 0.1134, 1.0120 0.2134, 1.0120 0.0134, 1.0120

*specified R-R link parameter

SEICieaN

al+

a0,aon
& X
Figure 5.5 Additional R-R link parameters for 2-phase RRSS fixed pivot problem
with fixed crank and follower lengths and tolerances

By connecting the peripheral points for a,, a region is formed. A curve is
formed when the points for ag are connected.

To find acceptable R-R link parameters, a circle representing the R-R link
must be properly positioned. The center of this circle represents the fixed pivot
of the link and the radius of the circle is the link length. Whenever the center of
the circle intersects a fixed pivot region or line and the circle intersects a moving

pivot line or region, an acceptable solution is found.
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In figures 5.5 and 5.6 it can be seen that the fixed pivot solutions form a curve
and the moving pivot solutions form a region. Using a circle with a radius of 1

(therefore Ry=1), the R-R link parameters were obtained.

al region
Y
a0,aon curve
/ X

Figure 5.6 R-R link parameter region and curve for 2-phase RRSS fixed pivot
problem with fixed crank and follower lengths and tolerances
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atl region
ai g
R1
Y
a0,a0n curve
a0, aon - X

Figure 5.7 R-R link parameter selections for 2-phase RRSS fixed pivot problem
with fixed crank and follower lengths and tolerances
The following R-R link parameters were selected and are shown in figure 5.7:

ap=(-0.0561, -0.0311)  a;=(-0.0299, 0.9686) aon=(-0.0561, -0.0311)

The S-S link parameters are the same as those calculated in chapter 5.1.2.
b,=(1.7792, 1.7792, -0.4767) bo=(1.0003, 0.0260, 0.0888)
bon=(1.4862, -0.1403, 0.0019)

By using the final rigid body position points in each phase as the starting
points for the synthesized adjustable RRSS mechanism and rotating the R-R link
by certain angles, the remaining positions in table 5.3 were approximated. The
R-R link rotation angles for the first four rigid body positions are 90°, 100°, 110°

and 120°. The R-R link rotation angles for the last four rigid body positions are

90°, 80", 70" and 60°. These angles are measured with respect to the X-axis.
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Using the R-R and S-S link parameters, in addition to ua;=[sin 15", 0, cos 157]
when the R-R link lies along the positive Y-axis, the following rigid body positions
were obtained:

Table 5.5 Rigid body positions for synthesized mechanism for 2-phase RRSS
fixed pivot problem with fixed crank and follower lengths and tolerances

Phase 1
P q r

pos. 1 -0.5040, 1.0289 1.3134, 2.9296 0.7915, 1.6950
pos. 2 -0.6811, 0.9945 1.0317, 2.9832 0.5736, 1.7405
pos. 3 -0.8528, 0.9278 0.7407, 3.0032 0.3526, 1.7547
pos. 4 -1.0136, 0.8301 0.4504, 2.9902 0.1336, 1.7380

Phase 2
pos. 5 -0.3275, 1.0616 1.5742, 2.8959 0.9937, 1.6635
pos. 6 -0.1610, 1.0103 1.7531, 2.8457 1.1599, 1.5926
pos. 7 -0.0077, 0.9250 1.8956, 2.7803 1.3020, 1.5018
pos. 8 0.1276, 0.8063 1.9867, 2.7064 1.4113, 1.3965

The average error magnitude between the specified rigid body positions
without tolerances in table 5.3 and the corresponding rigid body positions of the
synthesized RRSS mechanism for positions 2, 3 and 4 is 0.0074 units. The
maximum error magnitude in position 1 is 0.0153 units. It occurs at rigid body
point gx in position 1.

The average error magnitude between the specified rigid body positions
without tolerances in table 5.3 and the corresponding rigid body positions of the
synthesized RRSS mechanism for positions 6, 7 and 8 is 0.0083 units. The
maximum error magnitude between positions 5 is 0.0315 units. It occurs at rigid

body point gy in position 5.
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5.1.3 RRSC Mechanism for Finite and Multiply Separated Positions with
ISA parameters

Figure 5.8 RRSC mechanism and prescribed rigid body points

The instant screw axis and R-R link parameters were calculated first in this two-
phase adjustable moving pivot problem.

The values for 8 prescribed rigid body positions projected on the X-Y plane
are given in table 5.6. These positions are represented by points px.y, gx.y and
rx.y. To satisfy the design equations of the R-R link, points p, q and r travel in a
plane that is normal to ua; and rotates about uag in each rigid body position. The
points are also non-linear.

In addition to the 8 prescribed rigid body positions, several instant screw axis
parameters are also given for the first rigid body position. The parameter po
represents a point on the instant screw axis and ws is the angular velocity about

the instant screw axis.



Table 5.6 Prescribed X-Y plane rigid body positions and ISA parameters for 2-
phase RRSC moving pivot problem with fixed crank and follower lengths

Phase 1
Px-y Qx-y Ix-y

pos. 1 0.1959, 1.2647 1.2089, 1.5993 0.7024, 1.8320
pos. 2 Po=(0,-5.0499, -0.6241) ws=1.5
pos. 3 0.0126, 1.2555 1.0132, 1.6224 0.4984, 1.8386
pos. 4 -0.1668, 1.2169 0.8190, 1.6205 0.2952, 1.8171

Phase 2
pos. 5 0.1959, 1.2647 1.2089, 1.5993 0.7024, 1.8320
pos. 6 0.0123, 1.2329 1.0031, 1.6284 0.4821, 1.8298
pos.7 -0.1607, 1.1731 0.8037, 1.6301 0.2698, 1.7980
pos. 8 -0.3191, 1.0880 0.6138, 1.6079 0.0687, 1.7396

Note: In this problem, rigid body positions 1 and 5 are shared

These rigid body position points were calculated using d =1, ua;=[sin 10’, 0, cos
10°] (when the R-R link lies along the positive Y-axis) and ubo=[sin -15, 0, cos
-15°]. These joint axes were measured with respect to the X-Y-Z coordinate
frame.

Although the ISA parameters po and ws are known, the instant screw axis unit

vector (upo) is unknown. To calculate upo, the following equations were used:

s'upo — [Ws]po = p’ — [W]p (5.19)

(upo)'(upo) -1 =0 (5.20)

When the fourth columns of equations 3.4 and 3.9 are equated, the result is
equation 5.19.
As mentioned in section 3.4, the variable p is equivalent to the fixed pivot of

the link to be synthesized (in this case a, of the R-R link). Since ao is fixed, its
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derivatives are zero (therefore p’=0). In addition, the variable p will also be set to
zero. Although the present goal here was to determine the ISA unit vector, by
making p equal to zero, the fixed pivot to be calculated (ao) will also approximate
zero since p is equivalent to ao.

When expanded and simplified, equations 5.19 and 5.20 become

s’Upox + mspayUpoz - Ws PozUpPoy = 0 (5.21)
S'Upoy - WsPoxUPoz + Ws PozUPox = 0 (5.22)
S’Upox + WsPoxUPoy - Ws PoyUPox = 0 (5.23)

UPox’ + UPoy’ + Upoz” -1 =0 (5.24)

Using the initial guesses upo = [0.5, 0.5, 0.5] and s’ = 0.5, the solution converged
to upo = [0, 0.99245, -0.12265] and s’ = 0 using Newton’s Method.

After the ISA unit vector has been calculated, the R-R link joint locations were
calculated next. The length of this link remained fixed throughout each phase.
The required variables for the R-R link are ao, a; and a4,. Variable ao represents
the fixed pivot of the R-R link. Variables a; and as, represent the moving pivots
in phases 1 and 2 of the R-R link. Since each of these variables has two scalar
components, there are a total of six required variables.

ac=(aox, Aoy,)  @1=(a1x, A1y)  @1n=(A1nx, A1ny)

The seven prescribed rigid body positions and ISA parameters result in six
design equations. The following set of design equations were used to calculate
ao, a; and ayn:

([V<][D1,1]a1)"([D1,1]as - @) = 0 (5.25)
(ID1,3]as - @) "([D1,3las - &) - Ri*=0 (5.26)
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(ID1.4]a1 - @0)"([D1a Ja1 - @0) - R1*=0 (5.27)
({[Ds 6l[D1,5]}@1n - @) ({[Ds,6l[D1 5)}a1n - @) - R1%=0 (5.28)
({[Ds7)[D1,5]}a1n - @) ({[Ds7][D1,5]}a1n - &) - R4*=0 (5.29)
({[Ds 6][D1,5]a1n - @) ({[Ds &][D1,5)atn - @) - Ri*=0 (5.30)

The term R; represents the length of the R-R link. Since this example
problem involved moving pivot adjustments with fixed crank and follower lengths,
the value of Ry remained constant in equations 5.25 through 5.30. The specified
value for Ry is 1. Given the following initial guesses:

a,=(0.1, 0.1) a;=(0.1, 0.85) ain=(0.1, 0.85)
the solution to equations 5.25 through 5.30 converged to the following using
Newton’s Method:
a,=(0.0001, -0.0040) a1=(0.0014, 1.0045) a1n=(-0.2497, 0.9726)

Using ISA parameters, rigid body velocities and accelerations can be
calculated. The velocities and accelerations of the rigid body are governed by
the angular velocity and acceleration of the driving link. Since the C-S link can
also function as a driving link in the RRSC mechanism, it will be synthesized
using the calculated ISA parameters for rigid body position #1 (as they appear in

the x*-y*-z* frame).
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Table 5.7 Prescribed x*-y* plane rigid body positions and ISA parameters for 2-
phase RRSC moving pivot problem with fixed crank and follower lengths

Phase 1
Py Gy Pyt

pos. 1 -0.7857, 1.2647 0.14686, 1.5993 -0.3195, 1.8320
pos. 2 upo=(-0.0317,0.9924, -0.1185)  ws=1.5
pos. 3 -0.9643, 1.2555 -0.0456, 1.6224 -0.5215, 1.8386
pos. 4 -1.1389, 1.2169 -0.2352, 1.6205 -0.7218, 1.8171

Phase 2
pos. 5 -0.7857, 1.2647 0.1466, 1.5993 -0.3195, 1.8320
pos. 6 -0.9637, 1.2329 -0.0529, 1.6284 -0.5349, 1.8298
pos. 7 -1.1313, 1.1731 -0.2454, 1.6301 -0.7420, 1.7980
pos. 8 -1.2843, 1.0880 -0.4278, 1.6079 -0.9374, 1.7396

Note: In this problem, rigid body positions 1 and 5 are shared

Points px-y+, Gx-y+ @nd ry-.,~ are the values obtained by projecting the rigid body
points on the x*-y* plane. The value of the unit vector upo here is the ISA as it
appears in the x*-y*-z* coordinate frame. In this two-phase adjustable fixed pivot
problem, the required variables are bo, by and bs,. Variable by represents the
fixed pivot of the C-S link. Variables by and b, represent the moving pivots in
phases 1 and 2 of the C-S link. Since each of these variables has two scalar
components, there are a total of six required variables.

bo=(box, boy) b1=(b1x, b1y) b1n=(D1nx, D1ny)
The eight prescribed rigid body positions result in six design equations. The

following set of design equations were used to calculate by, by and bin:
([Vs][D1.1]b1)T([D1,1]b1 - bo) = 0 (5.31)

([D1.3]b1 - bo)"([D1.3]bs - bg) - RZ=0 (5.32)
(ID1.4]b1 - bo) ([D1.4]b1 - bo) - RZ=0 (5.33)
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({[Ds 6l[D1,5¥b1n - bo) ({[Ds 6[D1 s]}b1n - bo) - Ry*=0 (5.34)
({[Ds71[D1,5)}b1n - bo) ({[Ds,7)[D1 s]}b1n - bo) - Ri*=0 (5.35)
({[Ds 8l[D15]}b1n - bo) ({[Ds 8][D1,s]}b1n - bo) - R1*=0 (5.36)

The term R; represents the lengths of the C-S link. Since this example
problem involved moving pivot adjustments with fixed crank and follower lengths,
the value of Ry remained constant in equations 5.31 through 5.36. The specified
value for Ry is 1.5. Given the following initial guesses:

bo=(0.1, 0.1) b:=(0.5, 1.5) b1,=(0.5, 1.5)
the solution to equations 5.31 through 5.36 converged to the following using
Newton’s Method:

bo=(-0.0001, -0.0052) b1=(0.3257, 1.4589) b1,=(0.4975, 1.4093)

By using the initial rigid body points in each phase as the starting points for
the synthesized adjustable RRSC mechanism and rotating the R-R link by certain
angles, the remaining positions in table 5.8 were approximated. The R-R link
rotation angles for the first three rigid body positions are 90°, 100" and 110°. The

R-R link rotation angles for the next four rigid body positions are 105", 125°, 135’

and 145°. These angles are measured with respect to the X-axis.
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Table 5.8 Prescribed X-Y-Z frame rigid body positions for 2-phase RRSC moving
pivot problem with fixed crank and follower lengths and ISA parameters

Phase 1
P q r

pos. 1 0.1959, 1.2647,-0.0345 | 1.2089, 1.5993,-0.2132 | 0.7024, 1.8320,-0.1238
pos. 3 0.0126, 1.2555,-0.0406 | 1.0132, 1.6224,-0.2256 | 0.4984, 1.8386,-0.1428
pos. 4 -0.1668, 1.2169,-0.0457 | 0.8190, 1.6205,-0.2334 | 0.2952, 1.8171,-0.1585

Phase 2
pos. 5 0.1959, 1.2647,-0.0345 | 1.2089, 1.5993,-0.2132 | 0.7024, 1.8320,-0.1238
pos. 6 0.0123, 1.2329,-0.0373 | 1.0031, 1.6284,-0.2159 | 0.4821, 1.8298,-0.1340
pos. 7 -0.1607, 1.1731,-0.0389 | 0.8037, 1.6301,-0.2152 | 0.2698, 1.7980,-0.1414
pos. 8 -0.3191, 1.0880,-0.0393 | 0.6138, 1.6079,-0.2113 | 0.0687, 1.7396,-0.1461

Table 5.9 Rigid body positions for synthesized RRSC mechanism for 2-phase
RRSC moving pivot problem with fixed crank and follower lengths and ISA

parameters

Phase 1

P q r

pos. 1 0.1959, 1.2647,-0.0345 1.2089, 1.5993,-0.2132 0.7024, 1.8320,-0.1238
pos. 3 0.0128,1.2557,-0.0405 1.0136,1.6220,-0.2255 0.4988,1.8385,-0.1428
pos. 4 -0.1665,1.2172,-0.0456 0.8197,1.6199,-0.2333 0.2960,1.8169,-0.1584

Phase 2
pos. 5 0.1959, 1.2647,-0.0345 1.2089, 1.5993,-0.2132 0.7024, 1.8320,-0.1238
pos. 6 0.0124,1.2335,-0.0372 1.0036,1.6282,-0.2159 0.4828,1.8300,-0.1340
pos. 7 -0.1607,1.1744,-0.0388 0.8044,1.6300,-0.2151 0.2707,1.7986,-0.1414
pos. 8 -0.3193,1.0899,-0.0392 0.6146,1.6078,-0.2110 0.0698,1.7406,-0.1460

The average error magnitude between the specified rigid body positions (table
5.8) and the rigid body positions of the synthesized mechanism for positions 3
and 4 is 0.0003 units. The maximum error magnitude between positions 3 and 4

is 0.0008 units. It occurs at rigid body point ry in position 4.



66

The average error magnitude between the specified rigid body positions and
the rigid body positions of the synthesized mechanism for positions 6, 7 and 8 is
0.0004 units. The maximum error magnitude between positions 6, 7 and 8 is
0.0019 units. It occurs at rigid body point py in position 8.

The two initial translation magnitudes for the C-S link that were used in the
RRSC mechanism to calculate the rigid body positions in table 5.9 are
S; =0.3440 units for phase 1 and Ss = 0.4854 units for phase 2. They were
determined by trial and error. Both displacement magnitudes lie along uby in the

negative z*-axis direction.

5 01 f

Figure 5.9 Solution to RRSC 2-phase moving pivot problem with fixed crank and
follower lengths and ISA parameters.

The specified ISA parameters in table 5.6 are

Po=(0,-5.0499, -0.6241)  ws=1.5
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The calculated ISA parameters are upp = [0, 0.99245, -0.12265] and s’ = O for
the R-R link and upo=[-0.0317,0.9924, -0.1185] for the C-S link. The ISA unit
vectors are different because the R-R and C-S links lie in different coordinate
frames. These parameters correspond to the R-R and C-S links for rigid body
position #1. Since this position is in phase 1, the R-R link parameters for this
position are ag and a; and the C-S link parameters are by and by. The values
calculated for these parameters are the following:

a0=(0.0001, -0.0040) a:=(0.0014, 1.0045)

bo=(-0.0001, -0.0052) b,=(0.3257, 1.4589)

The velocity of a; and by about the instant screw axis were calculated using
the a' terms in equation 3.3 (where i=j=1). Equation 3.4 was replaced with
equations 3.9 to incorporate the ISA parameters.

The values calculated for the velocity a; and b, are

a,'=(0.1848, -0.00083, -0.0021) b,'=(0.2593, -0.0579, -0.5542)

The angular velocities of the R-R and C-S links were calculated using the a'
term equation in equation 3.3 (where i=j=1). Equation 3.4 was not replaced in
this case since ISA parameters were not used. Since both links rotate in planes,

only the w, term was used in equation 3.5 (therefore w,=w,=0). The fixed pivot

velocity term was also eliminated in equation 3.4 since the fixed pivots are

"fixed." When expanded the a' term equation becomes

0 -w, wa, (1 0 0|fa, a,,’
w, 0 -wa,|0 1 0f]a,|=la, (56.37)
0O ©O 0 0 0 110 0
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When the moving pivot position and velocity parameters for the R-R link were
incorporated, the angular velocity values calculated were ®,=0.1840 rad/sec for
the first row in equation 5.37 and ®,=0.2143 rad/sec for the second row. When
the moving pivot position and velocity parameters for the C-S link were
incorporated, the angular velocity values calculated were ®,=0.1777 rad/sec for
the first row in equation 5.37 and ®,=0.1778 rad/sec for the second row. Since

the calculated position and velocity parameters of the moving pivots of the R-R
and C-S links were truncated (to four significant figures), the angular velocity

values for both links are not exact matches.

5.1.4 RSSR-SS Mechanism for Finite and Multiply Separated Positions

Figure 5.10 RSSR-SS mechanism and prescribed rigid body points

The R-S link (ap-a;) was the first link synthesized in this two-phase adjustable

fixed pivot problem. The length of this R-S link remained fixed throughout each
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phase.

The values for 8 prescribed rigid body positions projected on the X-Y plane
are given in table 5.10. These positions are represented by points px.y, qx.y and
rv.y. To satisfy the design equations of the R-S link, points p, q and r are
projected in the X-Y plane in each rigid body position. The points are also non-
linear.

In addition to the 8 prescribed rigid body positions, several multiply separated
positions are also given. They represent the velocity of the rigid body from
position 1 to position 2.

Table 5.10 Prescribed X-Y plane rigid body positions MSPs for 2-phase RSSR-
SS fixed pivot problem with fixed crank and follower lengths

Phase 1
Px-v ax-y rx.y

pos. 1 1.0109, 2.8716 1.5163, 2.5824 0.5054, 2.3608
vel. 1-2 -0.4085, 10.0016 -9.9912, -0.4088 0.2867, -2.6548
pos. 2 0.6282, 2.8817 1.1455, 2.6134 0.1435, 2.3507
pos. 3 0.2508, 2.8328 0.7791, 2.5874 -0.2104, 2.2814
pos. 4 -0.1134, 2.7271 0.4264, 2.5073 -0.5467, 2.1554

Phase 2
pos. 5 1.0109, 2.8716 1.5163, 2.5824 0.5054, 2.3608
pos. 6 0.6316, 2.8239 1.1511, 2.5627 0.1521, 2.2887
pos. 7 0.2659, 2.7149 0.7992, 2.4876 -0.1829, 2.1584
pos. 8 -0.0762, 2.5463 0.4694, 2.3612 -0.4903, 1.9737

Note: In this problem, rigid body positions 1 and 5 are shared

All of the rigid body points in this example problem were obtained using d=1.5

and ubo=[sin 10, 0, cos 10°] with respect to the X-Y-Z frame.
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The required R-S link variables here are ao, a; and ao,. Variable a; represents
the moving pivot of the R-S link. Variables ap and aon represent the fixed pivots
in phase 1 and phase 2 of the R-S link. Since each of these variables has two
scalar components, there are a total of six required unknowns.

ao=(aox, aoy) a1=(ax, aty) aon=(aonx, Aony)

The eight prescribed rigid body positions and multiply separated positions

result in six design equations. The following set of design equations were used

to calculate ag, a; and aon:

(IVIID12]a1)"([D1 2]as - ) = O (5.38)
(ID1.3]as - @0)"([D1,5]as - &) - Ri*=0 (5.39)
(ID1,4]a1 - @) ([D14]a1 - @) - Ri*=0 (5.40)
({IDs,6][D1 s}a+ - @on) ({[Ds,l[D1 s]}as - @on) - Ri*=0 (5.41)
({IDs7)[D1 s]}as - @on) ({[Ds7][D1 s]}as - @on) - R1Z=0 (5.42)
({[Ds,][D1.5]}a1 - @on) ({[Ds,6l[D1,5]}a1 - @on) - R1*=0 (5.43)

The term R; represents the length of the R-S link. Since this example
problem involved fixed pivot adjustments with fixed crank and follower lengths,
the value of Ry remained constant in equations 5.38 through 5.43. The specified
value for Ry is 2. Given the following initial guesses:

a,=(0.1, 0.1) a;=(0.1, 1.85) aon=(0.3, 0.1)
the solution to equations 5.38 through 5.43 converged to the following using
Newton’s Method:
ao=(0.0025, -0.0142) a,=(-0.0004, 1.9851)  ap,=(0.3913, 0.0243)
The other R-S link (bo-b;) was the next link synthesized in this two-phase

adjustable fixed pivot problem. The multiply separated positions of the rigid body
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are governed by the angular velocity and acceleration of the driving link. Since
link bo-b4 can function as a driving link, it was also synthesized using MSPs. The
length of this R-S link remained fixed throughout each phase.

The values for 8 prescribed rigid body positions projected on the x*-y* plane
are given in table 5.11. These positions are represented by points px-.y-, Qx-y*
and re.,~. To satisfy the design equations of the R-S link, points p, q and r are
projected in the x*-y* plane in each rigid body position. The points are also non-
linear.

In addition to the 8 prescribed rigid body positions, several multiply separated
positions are also given. They represent the velocity of the rigid body from
position 1 to position 2.

Table 5.11 Prescribed x*-y* plane rigid body positions and MSPs for 2-phase
RSSR-SS fixed pivot problem with fixed crank and follower lengths

Phase 1
Px-y* Q- -y

pos. 1 -0.4737,2.8716 0.0281, 2.5824 -0.9754, 2.3608
vel. 1-2 -0.4115, 9.9459 -9.9913, -0.4050 -0.3209, 2.6906
pos. 2 -0.8565, 2.8817 -0.3457,2.6134 -1.3348, 2.3507
pos. 3 -1.2346, 2.8328 -0.7150, 2.5874 -1.6864, 2.2814
pos. 4 -1.5988, 2.7271 -1.0706, 2.5073 -2.0204, 2.1554

Phase 2
pos. 5 -0.4737, 2.8716 0.0281, 2.5824 -0.9754, 2.3608
pos. 6 -0.8543, 2.8239 -0.3405, 2.5627 -1.3267, 2.2887
pos. 7 -1.2206, 2.7149 -0.6954, 2.4876 -1.6597, 2.1584
pos. 8 -1.5644, 2.5463 1.0283, 2.3612 -1.9656, 1.9737

Note: In this problem, rigid body positions 1 and 5 are shared
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The required R-S link variables here are bo, by and bo,. Variable b, represents
the moving pivot of the R-S link. Variables by }and bon represent the fixed pivots
in phase 1 and phase 2 of the R-S link. Since each of these variables has two
scalar components, there are a total of six required unknowns.

bo=(box, boy) bi=(b1x, b1y) bon=(Donx, Dony)

The eight prescribed rigid body positions and multiply separated positions

result in six design equations. The following set of design equations were used

to calculate by, by and bgn:

([VI[D1,2]b1) ([D1 2]bs - bo) = 0 (5.44)
([D1,3]b1 - bo) ([D1.3]b1 - bo) - R1?=0 (5.45)
(ID1.4]bs - bo) ([D14]b1 - bg) - R4®=0 (5.46)
({[Ds,6][D1,51}b1 - bon) "({[Ds,6l[D1,5]}b1 - bon) - R4?=0 (5.47)
({[Ds7][D1,5]}b1 - bon)"({[Ds 7)[D1,5]}b1 - bon) - R4*=0 (5.48)
({[Ds,][D1,51}b1 - bor) ({[Ds,g)[D1,5]1b1 - bon) - Re?=0 (5.49)

The term R, represents the length of this R-S link. Since this example
problem involved fixed pivot adjustments with fixed crank and follower lengths,
the value of Ry remained constant in equations 5.44 through 5.49. The specified
value for R, is 2.5. Given the following initial guesses:

bo=(0.1, 0.1) b,=(0.5, 2.5) bon=(0.1, -0.1)
the solution to equations 5.44 through 5.49 converged to the following using
Newton’s Method:
bo=(0.0010, 0.0153) b,=(0.5344, 2.4584) bon=(0.2965, -0.0306)
The S-S link (co-¢4) was the last link synthesized in this two-phase adjustable

fixed pivot problem. Since this S-S link cannot function as a driving link, it was
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not synthesized using MSPs. The length of this S-S link will remain fixed
throughout each phase.

The values for 8 prescribed rigid body positions in the X-Y-Z frame are given
in table 5.12. These positions are represented by points p, q, r and s. To satisfy
the design equations of the S-S link, these points do not all lie in the same plane
in each rigid body position.

Table 5.12 Prescribed X-Y-Z frame rigid body positions for 2-phase RSSR-SS
fixed pivot problem with fixed crank and follower lengths and MSPs

Phase 1
P q r S
pos. 1 | 1.0109,2.8716,-0.0460 | 1.5163,2.5824,-0.0690 | 0.5054,2.3608,-0.0230 | 1.0109,2.4716,0.2540
pos. 2 | 0.6282,2.8817,-0.0095 | 1.1455,2.6134,-0.0190 | 0.1435,2.3507,-0.0052 | 0.6355,2.4797,0.2877
pos. 3 | 0.2506,2.8328,0.0350 | 0.7791,2.5874,0.0336 | -0.2104,2.2814,0.0155 | 0.2678,2.4252,0.3240
pos. 4 | -0.1134,2.7271,0.0858 | 0.4264,2.5073,0.0875 | -0.5467,2.1554,0.0387 | -0.0820,2.3112,0.3616
Phase 2
pos. 5 | 1.0109,2.8716,-0.0460 | 1.5163,2.5824,-0.0690 | 0.5054,2.3608,-0.0230 | 1.0109,2.4716,0.2540
pos. 6 | 0.6316,2.8239,0.0369 | 1.1511,2.5627,-0.0019 | 0.1521,2.2887,0.0125 | 0.6486,2.4019,0.3044
pos. 7 | 0.2659,2.7149,0.1271 | 0.7992,2.4876,0.0669 | -0.1829,2.1584,0.0508 | 0.3065,2.2713,0.3544
pos. 8 |-0.0762,2.5463,0.2237 | 0.4694,2.3612,0.1362 | -0.4903,1.9737,0.0912 | -0.0049,2.0847,0.4020

Note: In this problem, rigid body positions 1 and 5 are shared

The required S-S link variables are ¢y, ¢1 and co,. Variable ¢4 represents the
moving pivot of the S-S link. Variables ¢; and ¢, represent the fixed pivots in
phase 1 and phase 2 of the S-S link. Since each of these variables has three
scalar components, there are a total of nine required unknowns.

Co=(Cox, Coy, Coz) €1=(C1x, C1y, C12) Con=(Conx, Cony, Conz)
The eight prescribed rigid body positions result in six design equations.

Therefore, three of the nine required unknowns were specified. Using AutoCAD
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2000 software, the value of ¢4 was specified to ¢1=[0, 2.5, -1]. The following set

of design equations were used to calculate ¢, and con:

([D1,2]e1 - €0)'([D1,2]e1 - €o) - Ri?=0 (5.50)
(ID1,3]e1 - €o) ([D1,3]e1 - €o) - Ri?=0 (5.51)
(ID1,4]e1 - €0)*([D1.4]c1 - Co) - Ri*=0 (5.52)
({[Ds 6][D1,5]}¢1 - €on) ({[Ds,6][D1,5}€1 - Con) - Ri*= 0 (5.53)
({[Ds.7)[D1,]}¢1 - Con)"({[Ds 7][D1 sl}e1 - Con) - Ri?=0 (5.54)
({[Ds,][D1 5]}c1 - Con) ({[Ds,llD1,s]}C1 - Con) - R1*=0 (5.55)

The term R; represents the length of the S-S link. Since this example
problem involved fixed pivot adjustments with fixed crank and follower lengths,
the value of Ry remained constant in equations 5.50 through 5.55. The specified
value for Ry is 2.5. Given the following initial guesses:

co=(0, 0.1, -1) con=(0.1, 0.1, -0.5)
the solution to equations 5.50 through 5.55 converged to the following using
Newton’s Method:
c0=(-0.0009, -0.0003, -0.9780) con=(0.0004, 0.0180, -0.7001)

By using the initial rigid body points in each phase as the starting points for
the synthesized adjustable RSSR-SS mechanism and rotating link ag-a; by
certain angles, the remaining positions in table 5.12 were approximated. The R-
S link rotation angles for the first four rigid body positions are 90°, 100", 110° and

120°. The R-S link rotation angles for the next four rigid body positions are 101°,

121°, 131" and 141°. These angles are measured with respect to the X-axis.
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Table 5.13 Rigid body positions for synthesized mechanism for 2-phase RSSR-
SS fixed pivot problem with fixed crank and follower lengths and MSPs

Phase 1
P q r S
pos. 1 | 1.0109,2.8716,-0.0460 | 1.5163,2.5824,-0.0690 | 0.5054,2.3608,-0.0230 | 1.0109,2.4716,0.2540
pos. 2 | 0.6273,2.8818,-0.0093 | 1.1447,2.6137,-0.0190 | 0.1429,2.3505,-0.0051 | 0.6348,2.4797,0.2878
pos. 3 | 0.2489,2.8327,0.0354 | 0.7777,2.5877,0.0337 | -0.2116,2.2808,0.0159 | 0.2666,2.4249,0.3242
pos. 4 |-0.1156,2.7266,0.0863 | 0.4243,2.5074,0.0874 | -0.5484,2.1544,0.0393 | -0.0836,2.3107,0.3619
Phase 2
pos. 5 | 1.0109,2.8716,-0.0460 | 1.5163,2.5824,-0.0690 | 0.5054,2.3608,-0.0230 | 1.0109,2.4716,0.2540
pos. 6 | 0.6307,2.8237,0.0373 | 1.1503,2.5627,-0.0022 | 0.1515,2.2883,0.0133 | 0.6483,2.4015,0.3046
pos. 7 | 0.2644,2.7141,0.1280 | 0.7977,2.4874,0.0662 | -0.1841,2.1574,0.0524 | 0.3060,2.2705,0.3548
pos. 8 | -0.0780,2.5449,0.2247 | 0.4675,2.3605,0.1348 | -0.4918,1.9718,0.0937 | -0.0053,2.0833,0.4025

The average error magnitude between the specified rigid body positions (table
5.12) and the rigid body positions of the synthesized mechanism for positions 2,
3 and 4 is 0.0006 units. The maximum error magnitude between positions 2, 3
and 4 is 0.0022 units. It occurs at rigid body point px in position 4.

The average error magnitude between the specified rigid body positions and
the rigid body positions of the synthesized mechanism for position 6, 7 and 8 is
0.0007 units. The maximum error magnitude between positions 6, 7 and 8 is

0.0025 units. It occurs at rigid body point r, in position 8.
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Figure 5.11 Solution to 2-phase RSSR-SS fixed pivot problem with fixed crank
and follower lengths and MSPs

The specified MSP parameters in table 5.10 are
Vpi2=(-0.4085, 10.0016)  Vq..=(-9.9912, -0.4088)  Vr;=(0.2867, -2.6548)
These parameters correspond to link (ac-as) for rigid body positions 1 and 2.
Since these positions are in phase 1, the R-S link parameters for this position are
ap and a;. The values calculated for these parameters are the following:

ao=(0.0025, -0.0142) a;=(-0.0004, 1.9851)

The velocity of a; was calculated using the a’ terms in equation 3.3 (where
[V12]=[Vp1.2|Vd1 2|Vr 2] with a third row of zeros). The value calculated for the
velocity a4’ is

a,'=(-19.8334, -0.8155)

The specified MSP parameters in table 5.11 are

Vp12=(-0.4115,9.9459)  Vg;.=(-9.9913, -0.4050)  Vr;»=(-0.3209, 2.6906)
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These parameters correspond to link (bo-b4) for rigid body positions 1 and 2.

Since these positions are in phase 1, the R-S link parameters for this position are

by and by. The values calculated for these parameters are the following:
bo=(-0.0010, 0.0153) b4=(0.5344, 2.4584)

The velocity of by was calculated using the b’ terms in equation 3.3 (where
[V12]=[VP1,2|VQs,2|Vr1 2] with a third row of zeros). The value calculated for the
velocity by’ is

by'=(-24.7825, 4.3194)

The angular velocities of both R-S links were calculated using the a’ term

equation in equation 3.3. Since both links rotate in planes, only the ®, term was

used in equation 3.5 (therefore wx=w,=0). The fixed pivot velocity term was also

eliminated in equation 3.4 since the fixed pivots are "fixed." When expanded the

a’' term equation becomes

-1 y

0 - u)z wzaOy pjx qjx rjx pix Qix rix a1x a1 X
wz 0 - wzan pjy q iy rjy piy cIiy riy a1 y = a1 y ’ (5 . 56)
0 0 0 1 1 101 1 1 0 0

When the rigid body position parameters and the moving pivot position and

velocity parameters for link ap-a; were incorporated, the angular velocity values
calculated were ®,=10.0012 rad/sec for the first row in equation 5.56 and
0,=9.9694 rad/sec for the second row. When the rigid body position parameters
and the moving pivot position and velocity parameters for link bg-by were
incorporated, the angular velocity values calculated were ®»,=10.0018 rad/sec for

the first row in equation 5.56 and ®,=10.0241 rad/sec for the second row. Since
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the calculated position and velocity parameters of the moving pivots of the R-S
links were truncated (to four significant figures), the angular velocity values for

both links are not exact matches.

5.1.5 RSSR-SC Mechanism for Finite and Multiply Separated Positions

Figure 5.12 RSSR-SC mechanism and prescribed rigid body points

The R-S link (ap-a1) was the first link synthesized in this two-phase adjustable
moving pivot problem. The length of this R-S link remained fixed throughout
each phase.

The values for 8 prescribed_ rigid body positions projected on the X-Y plane
are given in table 5.14. These positions are represented by points px.v, gx.y and
rky. To satisfy the design equations of the R-S link, points p, q and r are
projected in the X-Y plane in each rigid body position. The points are also non-

linear.
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In addition to the 8 prescribed rigid body positions, several multiply separated
positions are also given. They represent the velocity and acceleration of the rigid
body from position 1 to position 2.

Table 5.14 Prescribed X-Y plane rigid body positions and MSPs for 2-phase
RSSR-SC moving pivot problem with fixed crank and follower lengths

Phase 1
Px-y ax-vy rx-y

pos. 1 1.0109, 2.8716 1.5163, 2.5824 0.5054, 2.3608
vel. 1-2 -0.2004, 10.0036 -9.9975, -0.2013 0.0703, -1.3397
accel. 1-2 -100.0556, -1.0034 1.0128, -99.9949 13.4039, 0.5691
pos. 2 0.8195, 2.8841 1.3309, 2.6051 0.3241, 2.3633
pos. 3 0.6282, 2.8817 1.1455, 2.6134 0.1435, 2.3507
pos. 4 0.4382, 2.8646 0.9612, 2.6074 -0.0350, 2.3234

Phase 2
pos. 5 0.8178, 2.9076 1.3302, 2.6299 0.3239, 2.3861
pos. 6 0.6239, 2.9273 1.1424, 2.6617 0.1414, 2.3957
pos.7 0.4304, 2.9310 0.9541, 2.6782 -0.0409, 2.3898
pos. 8 0.2382, 2.9191 0.7664, 2.6795 -0.2217, 2.6385

Note: In this problem, rigid body positions are shared

All of the rigid body points in this example problem were obtained using d1=1.5,
d2=[0, 0, -1], ubg=[sin 10, 0, cos 10°] and ucy=[0, 0, 1] with respect to the X-Y-Z
frame.

The required R-S link variables here are ay, a; and as,. Variable ag represents
the fixed pivot of the R-S link. Variables a; and as, represent the moving pivots
in phase 1 and phase 2 of the R-S link. Since each of these variables has two
scalar components, there are a total of six required unknowns.

ag=(aox, aOy) ai=(aiy, a1y) ain=(a1nx, a1ny)
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The eight prescribed rigid body positions and multiply separated positions
result in six design equations. The following set of design equations were used

to calculate ag, a1 and a,:

([A1,2]a1)"([D1 2]as - @) + ([V1,2]ar) ([Vi2Jar) =0 (5.57)
([D1,3]a1 - @) "([D1,slas - @) - Ry?=10 (5.58)
(ID1.4]a1 - @) ([D1,4]a1 - @) - Ri*=0 (5.59)
({[Ds6][D1 s}an - @) ({[Ds 6][D1 5@t - ) - Ri*=0 (5.60)
({[Ds7][D1,5]}a1n - a0) ({[Ds 7][D1 s]}an - @) - Ri*=0 (5.61)
({[Ds,6][D1,slan - @) ({[Ds el[D1,5amn - @0) - Ri*= 0 (5.62)

The term R; represents the length of the R-S link. Since this example
problem involved moving pivot adjustments with fixed crank and follower lengths,
the value of Ry remained constant in equations 5.57 through 5.62. The specified
value for Ry is 2. Given the following initial guesses:

ao=(0.1, 0.1) a;=(0.1, 1.85) ain=(0.1, 1.85)
the solution to equations 5.57 through 5.62 converged to the following using
Newton’s Method:

ao=(-0.0006, -0.0000) a,=(0.0000, 2.0001) a1,=(0.3456, 1.9697)

The other R-S link (bo-bi) was the next link synthesized in this two-phase
adjustable moving pivot problem. The multiply separated positions of the rigid
body are governed by the angular velocity and acceleration of the driving link.
Since link bg-by can function as a driving link, it was also synthesized using
MSPs. The length of this R-S link remained fixed throughout each phase.

The values for 8 prescribed rigid body positions projected on the x*-y* plane

are given in table 5.15. These positions are represented by points py.y+, Qxy*



81

and ryy-. To satisfy the design equations of the R-S link, points p, q and r are
projected in the x*-y* plane in each rigid body position. The points are also non-
linear.

In addition to the 8 prescribed rigid body positions, several multiply separated
positions are also given. They represent the velocity and acceleration of the rigid
body from position 1 to position 2.

Table 5.15 Prescribed x*-y* plane rigid body positions and MSPs for 2-phase
RSSR-SC moving pivot problem with fixed crank and follower lengths

Phase 1
Px-y* Ox-y* -y

pos. 1 -0.4737,2.8716 0.0281, 2.5824 -0.9754, 2.3608
vel. 1-2 -0.2018, 9.9771 -9.9975, -0.1988 -0.2277, -1.3541
accel. 1-2 -99.7914, -1.0207 0.9878, -99.9951 13.5182, -2.4126
pos. 2 -0.6651, 2.8841 -0.1587, 2.6051 -1.1555, 2.3633
pos. 3 -0.8565, 2.8817 -0.3457,2.6134 -1.3348, 2.3507
pos. 4 -1.0467, 2.8646 -0.5315, 2.6074 -1.5122, 2.3234

Phase 2
pos. 5 -0.6636, 2.9076 -0.1571, 2.6299 -1.1538, 2.3861
pos. 6 -0.8555, 2.9273 -0.3447,2.6614 -1.3338, 2.3957
pos. 7 -1.0485, 2.9310 -0.5334, 2.6782 -1.5140, 2.3898
pos. 8 -1.2411, 2.9191 -0.7220, 2.6795 -1.6934, 2.3685

Note: In this problem, no rigid body positions are shared

The required R-S link variables here are by, by and by,. Variable by represents
the fixed pivot of the R-S link. Variables by and b1, represent the moving pivots
in phase 1 and phase 2 of the R-S link. Since each of these variables has two
scalar components, there are a total of six required unknowns.

bo=(box, boy)

b1=(b1x, b1y) b1n=(b1nx, b1ny)



82

The eight prescribed rigid body positions and multiply separated positions
result in six design equations. The following set of design equations were used

to calculate by, by and byn:

([A12104)T([D1,2]b1 - bo) + ([V1,2]b1) ([V1.2]b1) = O (5.63)
(ID1,3]b1 - bo) ([D1 g]b1 - bo) - Ry?=0 (5.64)
(ID1.4]b1 - bo)([D1,4]b1 - bo) - Re*= 0 (5.65)
({[Ds6][D1,5]}b1n - bo) ({[Ds,el[D1 s}b1n - bo) - Re=0 (5.66)
({[Ds7])[D1,5]}b1n - bo) ({[Ds,7][D1,6]}b1n - bo) - R4*=0 (5.67)
({IDs £][D1,5]}b1n - bo) ({[Ds g][D1,6]}b1n - bo) - Ri*=0 (5.68)

The term R; represents the length of the R-S link. Since this example
problem involved moving pivot adjustments with fixed crank and follower lengths,
the value of Ry remained constant in equations 5.63 through 5.68. The specified
value for Ry is 2.5. Given the following initial guesses:

bo=(0.1, 0.1) b,=(0.5, 2.5) bin=(1, 2.5)
the solution to equations 5.63 through 5.68 converged to the following using
Newton’s Method:

bo=(0.0716, 0.0077) b,=(0.4286, 2.4568) b1,=(0.8494, 2.3317)

The C-S link (co-¢1) was the last link synthesized in this two-phase adjustable
moving pivot problem. The multiply separated positions of the rigid body are
governed by the angular velocity and acceleration of the driving link. Since the
C-S link can function as a driving link, it was also synthesized using MSPs. The
length of this link remained fixed throughout each phase.

The values for 8 prescribed rigid body ppsitions projected on the x**-y** plane

are given in table 5.16. These positions are represented by points py+.,,
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gx-y and -y To satisfy the design equations of the C-S link, points p, q and
r are projected in the x**-y** plane in each rigid body position. The points are
also non-linear.

In addition to the 8 prescribed rigid body positions, several multiply separated
positions are also given. They represent the velocity of the rigid body from
positions 1 to 2 and from positions 5 to 6.

Table 5.16 Prescribed x**-y** plane rigid body positions and MSPs for 2-phase
RSSR-SC moving pivot problem with fixed crank and follower lengths

Phase 1
Px-ey ey |

pos. 1 1.0109, 2.8716 1.5163, 2.5824 0.5054, 2.3608
vel. 1-2 -0.2004, 10.0036 -9.9975, -0.2013 0.0703, -1.3397
pos. 2 0.8195, 2.8841 1.3309, 2.6051 0.3241, 2.3633
pos. 3 0.6282, 2.8817 1.1455, 2.6134 0.1435, 2.3507
pos. 4 0.4382, 2.8645 0.9612, 2.6074 -0.0350, 2.3233

Phase 2
pos. 5 0.8178, 2.9076 1.3302, 2.6299 0.3239, 2.3861
vel. 5-6 -0.2234, 5.0005 -4.9825, -0.2256 -0.1029, -1.2876
pos. 6 0.6239, 2.9273 1.1424, 2.6617 0.1414, 2.3957
pos. 7 0.4304, 2.9310 0.9541, 2.6782 -0.0409, 2.3898
pos. 8 0.2382, 2.9191 0.7664, 2.6795 -0.2217, 2.3685

Note: In this problem, no rigid body positions are shared

The required C-S link variables are ¢y, ¢4 and ¢y,. Variable ¢, represents the
fixed pivot of the C-S link. Variables ¢4 and ¢4, represent the moving pivots in
phase 1 and phase 2 of the C-S link. Since each of these variables has two
scalar components, there are a total of six required unknowns.

C1n=(C1nx, C1ny)

€o=(Cox, Coy) €1=(C1x, C1y)



84

The eight prescribed rigid body positions and multiply separated positions
result in six design equations. The following set of design equations were used

to calculate ¢, ¢4 and ¢!

([V1.2]e1) ([D1.2]e1 - €o) =0 (5.69)
(ID1,5]e1 - €0) ([D1gl€1 - €o) - R =0 (5.70)
(ID1.4]e1 - €0)"([D1,4]C1 - €o) - Ri*=0 (5.71)
({[Vs,6l[D1 sl}c1n) ({{Ds 6l[D1sl}C1n - €0) = O (5.72)
({{Ds7][D1 sl}€1n - €0) ({[Ds,7)[D1,]}C1n - €o) - R4*=0 (5.73)
({[Ds 8)[D1 sl}C1n - €0) ({[Ds,6][D1,5]}C1n - Co) - R4*= 0 (5.74)

The term R; represents the length of the C-S link. Since this example
problem involved moving pivot adjustments with fixed crank and follower lengths,
the value of Ry remained constant in equations 5.69 through 5.74. The specified
value for R; is 2.5. Given the following initial guesses:

co=(0.1, 0.1) c1=(0.1, 2.4) c1n=(-0.5, 2.5)
the solution to equations 5.69 through 5.74 converges to the following using
Newton’s Method:
co=(0.0000, -0.0000) ¢1=(-0.0850, 2.4931) c1n=(0.2762, 2.4720)

By using the initial rigid body points in each phase as the starting points for
the synthesized adjustable RSSR-SC mechanism and rotating link ao-a; by
certain angles, the remaining positions in table 5.17 were approximated. The
crank rotation angles for the first four rigid body positions are 90", 95°, 100" and

105". The crank rotation angles for the next four rigid body positions are 85, 90,

95" and 100°. These angles are measured with respect to the X-axis.
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Table 5.17 Prescribed X-Y-Z frame rigid body positions for 2-phase RSSR-SC
moving pivot problem with fixed crank and follower lengths and MSPs

Phase 1
P q r

pos. 1 1.0109, 2.8716, -0.0460 | 1.5163, 2.5824, -0.0690 | 0.5054, 2.3608, -0.0230
pos. 2 0.8195, 2.8841, -0.0288 | 1.3309, 2.6051, -0.0445 | 0.3241, 2.3633, -0.0145
pos. 3 0.6282, 2.8817, -0.0095 | 1.1455,2.6134,-0.0190 | 0.1435, 2.3507, -0.0052
pos. 4 0.4382, 2.8646, 0.0119 | 0.9612, 2.6074, 0.0070 | -0.0350, 2.3234, 0.0048

Phase 2
pos. 5 0.8178, 2.9076, -0.0663 | 1.3302, 2.6299, -0.0674 | 0.3239, 2.3861, -0.0345
pos. 6 0.6239, 2.9273, -0.0832 | 1.1424,2.6617,-0.0639 | 0.1414, 2.3957, -0.0446
pos. 7 0.4304, 2.9310, -0.0971 | 0.9541, 2.6782, -0.0587 | -0.0409, 2.3898, -0.0532
pos. 8 0.2382, 2.9191,-0.1081 | 0.7664, 2.6795, -0.0520 | -0.2217, 2.6385, -0.0605

Table 5.18 Rigid body positions for synthesized mechanism for 2-phase RSSR-
SC moving pivot problem with fixed crank and follower lengths and MSPs

Phase 1
P q r

pos. 1 1.0109, 2.8716, -0.0460 | 1.5163, 2.5824, -0.0690 | 0.5054, 2.3608, -0.0230
pos. 2 0.8201, 2.8841,-0.0281 | 1.3315, 2.6050, -0.0441 | 0.3246, 2.3634, -0.0143
pos. 3 0.6293, 2.8818, -0.0114 | 1.1465,2.6132,-0.0198 | 0.1444, 2.3510, -0.0060
pos. 4 0.4397, 2.8648, 0.0074 | 0.9626, 2.6073, 0.0054 | -0.0338, 2.3238, 0.0030

Phase 2
pos. 5 0.8178, 2.9076, -0.0663 | 1.3302, 2.6299, -0.0674 | 0.3239, 2.3861, -0.0345
pos. 6 0.6252, 2.9285, -0.0604 | 1.1434,2.6618, -0.0519 | 0.1421, 2.3967, -0.0339
pos. 7 0.4320, 2.9342, -0.0516 | 0.9556, 2.6788, -0.0347 | -0.0399, 2.3921, -0.0321
pos. 8 0.2391, 2.9248, -0.0403 | 0.7680, 2.6810, -0.0161 | -0.2209, 2.3724, -0.0292

The average error magnitude between the specified rigid body positions (table
5.17) and the rigid body positions of the synthesized mechanism for positions 2,
3 and 4 is 0.0009 units. The maximum error magnitude between positions 2, 3

and 4 is 0.0045 units. It occurs at rigid body point p, in position 4.
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The average error magnitude between the specified rigid body positions and
the rigid body positions of the synthesized mechanism for position 6, 7 and 8 is
0.0106 units. The maximum error magnitude between positions 6, 7 and 8 is
0.0678 units. It occurs at rigid body point p; in position 8.

The two initial translation magnitudes for the C-S link that were used in the
RSSR-SC mechanism to calculate the rigid body positions in table 5.18 are S=0

units for phase 1 and S = 0 for phase 2. They were determined by trial and error.

Figure 5.13 Solution to 2-phase RSSR-SC moving pivot problem with fixed
crank and follower lengths and MSPs
The specified MSP parameters in table 5.14 are
Vp12=(-0.2004, 10.0036) Vq12=(-9.9975, -0.2013)  Vr;2=(0.0703, -1.3397)

Ap12=(-100.0556, -1.0034) Aq;.=(1.0128, -99.9949) Ar;>=(13.4039, 0.5691)
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These parameters correspond to link ap-a; for rigid body positions 1 and 2. Since

these positions are in phase 1, the R-S link parameters for this position are ap

and a;. The values calculated for these parameters are the following:
a,=(-0.0006, -0.0000) a,=(-0.0000, 2.0001)

The velocity and acceleration of a; were calculated using the a’ and a” terms
in equatons 33 and 36 (where [Vi2]=[Vp12|Vai2|Vri2] and
[A+2]=[Ap1.2|Aq12|Ar 2] with a third row of zeros). The values calculated for the
velocity a,” and acceleration a4” are

a:'=(-19.9960, -0.4026) a1"=(2.0257, -199.9998)
The specified MSP parameters in table 5.15 are
Vp12=(-0.2018, 9.9771) Vq..=(-9.9975, -0.1988) Vry=(-0.2277, -1.3541)
Ap;2=(-99.7914, -1.0207) AQq;.=(0.9878, -99.9951) Ary.=(13.5182, -2.4126)
These parameters correspond to link be-by for rigid body positions 1 and 2.
Since these positions are in phase 1, the R-S link parameters for this position are
by and by. The values calculated for these parameters are the following:
bo=(0.0716, 0.0077) b,=(0.4286, 2.4568)

The velocity and acceleration of by was calculated using the a’ and a” terms in
equations 3.3 and 3.6 (where [V12]=[Vp1,2|Vq12|Vr1 2] and [As]=[Ap12|Aq1 2|Ary 2]
with a third row of zeros). The values calculated for the velocity by and
acceleration b¢” are

b,'=(-24.6483, 3.7878) b,"=(-40.3438, -246.0154)

The specified MSP parameters in table 5.16 are

Vpi2=(-0.2004, 10.0036) Vg 2=(-9.9975, -0.2013)  Vr;,=(0.0703, -1.3397)
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Vps=(-0.2234, 5.0005) VQqse=(-4.9825, -0.2256)  Vrs5e=(-0.1029, -1.2876)
These parameters correspond to links co-¢1 and cq-¢1, for rigid body from
positions 1 to 2 and from positions 5 to 6. Since these positions are in phases 1,
and 2 the C-S link parameters for these position are ¢q, ¢ and ¢4,. The values
calculated for these parameters are the following:

¢0=(0.0000, -0.0000) ¢1=(-0.0850, 2.4931) c1n=(0.2762, 2.4720)

The velocity and acceleration of ¢ and ¢4, were calculated using the a’ term
in equation 3.3 (where [V12]=[Vp1,2|Vq12|Vri,2] and [Vse]=[VPs,6|VQs,6|Vrse] with a
third row of zeros). The values calculated for the velocities ¢4’ and ¢4’ are

c1'=(-24.9077, -1.3522) c1n'=(-12.3670, 1.1091)

The angular acceleration of both R-S links were calculated using the a” term
equation in equation 3.6. Since both links rotate in planes, only the up, unit
vector term was used in equation 3.8 (therefore up,=upy=0). The fixed pivot
acceleration term was also eliminated in equation 3.7 since the fixed pivots are

"fixed" (therefore up =0 also). When expanded the a” term equation becomes

-w? -a w2a0x + aaOy pjx qjx rjx Px Ok T« B Qy a'1x’ ’
a w2 - Gan + wza()y pjy qjy rjy piy qiy riy a1y = aﬂy, , (575)
0 0 0 1 1 1§51 1 1 0 0

When the rigid body position parameters and the moving pivot position and
acceleration parameters for link ap-a; were incorporated, the angular velocity and
acceleration values calculated using the simultaneous equations were

®=10.0007 rad/sec and «=0.9874 rad/sec’. When the rigid body position

parameters and the moving pivot position and acceleration parameters for link
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bo-b; were incorporated, the angular velocity and acceleration values calculated
using the simultaneous equations were ®=9.9972 rad/sec and 0=1.0162
rad/sec?.

The angular velocities of both R-S links and the C-S link were calculated
using the a’' term equation in equation 3.3. Since these links rotates in planes,
only the m, term was used in equation 3.5 (therefore wx=wy=0). The fixed pivot
velocity term was also eliminated in equation 3.4 since the fixed pivots are
"fixed."

When the rigid body position parameters and the moving pivot position and

velocity parameters for link ao;a1 were incorporated, the angular velocity values
calculated were ®,=10.0005 rad/sec for the first row in equation 5.56 and
w,=10.0149 rad/sec for the second row. When the rigid body position parameters
and the moving pivot position and velocity parameters for link bo-b; were
incorporated, the angular velocity values calculated were ®»,=9.9993 rad/sec for
the first row in equation 5.56 and ®,=10.0021 rad/sec for the second row. Since

the calculated position and velocity parameters of the moving pivots of the R-S
links were truncated (to four significant figures), the angular velocity values for
the R-S links were not exact matches.

When the rigid body position parameters and the moving pivot position and

velocity parameters for link co-¢1 were incorporated, the angular velocity values

calculated were ®,=9.9975 rad/sec for the first row in equation 5.56 and

w,=10.0237 rad/sec for the second row. When the rigid body position parameters
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and the moving pivot position and velocity parameters for link ¢o-c1n were

incorporated, the angular velocity values calculated were ®,=5 rad/sec for the

first row in equation 5.56 and ®»,=5.0004 rad/sec for the second row. Since the

calculated position and velocity parameters of the moving pivot of the C-S link
was truncated (to four significant figures), the angular velocity values for the C-S

link are not exact matches.

5.2 Three-Phase Example Problems
5.2.1 RRSS Mechanism for Finite and Multiply Separated Positions with
ISA Parameters
The instant screw axis and R-R link parameters were calculated first in this three-
phase adjustable moving pivot problem.

The values for 11 prescribed rigid body positions are given in table 5.19.
These positions are represented by points p, q, r and s. To satisfy the design
equations of the R-R link, points p, q, r and s travel in planes that are normal to
ua; and rotate about uap in each rigid body position. The points are also non-
linear.

In addition to the 11 prescribed rigid body positions, several instant screw axis
parameters are also given for the first rigid body position. The parameter po
represents a point on the instant screw axis and ws and os are the angular

velocity and acceleration about the instant screw axis.
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Table 5.19 Prescribed X-Y-Z frame rigid body positions and ISA parameters for
3-phase RRSS moving pivot problem with adjustable crank and follower lengths

Phase 1
P q r S
-0.5096.1.0541,0.1040 | 1.3326,2.9344,-0.2720 | 0.7928,1.7071,0.3485 |0.5928, 1.7071,-0.6313
pos. 1 Po=(0,-2.2834,0.6118)  ws=2.0 0s=1.0 upo =po’=(0,0,0)
pos. 2 |-0.6860,1.0111,0.1014 | 1.0406,2.9872,-0.3285 | 0.5737,1.7488,0.3282 | 0.3776,1.7070,-0.6515
pos. 3 | -0.8558,0.9360,0.0972 | 0.7449,3.0055,-0.3779 | 0.3523,1.7589,0.3110 | 0.1676,1.6769,-0.6683
pos. 4 | -1.0136,0.8301,0.0914 | 0.4504,2.9902,-0.4200 | 0.1336,1.7380,0.2971 |-0.0324,1.6187,-0.6818
pos. 5 | -1.1540,0.6957,0.0845 | 0.1614,2.9428,-0.4549 | -0.0777,1.6873,0.2863 |-0.2185,1.5349,-0.6920
Phase 2
pos. 6 | -0.5096.1.0541,0.1040 | 1.3326,2.9344,-0.2720 | 0.7928,1.7071,0.3485 |0.5928, 1.7071,-0.6313
pos. 7 | -0.7137,1.0066,0.1090 | 1.0079,2.9872,-0.3199 | 0.5442,1.7473,0.3360 | 0.3481,1.7056,-0.6437
pos. 8 | -0.9090,0.9206,0.1120 | 0.6806,2.9991,-0.3611 | 0.2948,1.7496,0.3263 | 0.1101,1.6679,-0.6530
Phase 3
pos. 9 | -0.5096.1.0541,0.1040 | 1.3326,2.9344,-0.2720 | 0.7928,1.7071,0.3485 |0.5928, 1.7071,-0.6313
pos. 10| -0.6567,1.0161,0.0935 | 1.0764,2.9861,-0.3379 | 0.6053,1.7499,0.3198 | 0.4092,1.7079,-0.6599
pos. 11|-0.7995, 0.9527,0.0815 | 0.8160,3.0100,-0.3962 | 0.4142,1.7675,0.2947 | 0.2295,1.6850,-0.6846

Note: In this problem, rigid body positions 1, 6 and 9 are shared

All of the rigid body points in this example problem were obtained using ua;=[sin
15, 0, cos 15°] when the R-R link lies along the positive Y-axis.

Although ISA parameters po, ws, 0, UpPo’ and po’ are known, the instant screw
axis unit vector (upo) is unknown. To calculate upy, the following equations were
used:

s”upo + s'upo’ - [Ws'Jpo - [Ws]po' = p” - [W'lp (5.76)
(UPo)"(upo) -1 =0 (5.77)

When the fourth columns of equations 3.7 and 3.10 are equated, the result is

equation 5.76.
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As mentioned in section 3.4, the variable p is equivalent to the fixed pivot of
the link synthesized (in this case a, of the R-R link). Since ap is fixed, its
derivatives are zero (therefore p”’=0). In addition, p itself will also be set to zero
since it can be prescribed. Although the present goal here is to determine the
ISA unit vector, by making p equal to zero, the fixed pivot that will be calculated
later will also approximate zero since p is equivalent to a.

When expanded and simplified, equations 5.76 and 5.77 become
$"UPox - (((UPx>-1)0s%)Pox + (UPXUPy®S>-UP20ts)Poy + ( UPXUP-ts>+UPyOs)Poz)=0  (5.78)
§"UPox- (((UPy-1)s%)Poy + (UPUPy®s*+UP20is)Pox + ( UPyUPz0s*-UPxOs)Poz)=0  (5.79)
$"UPox - (((UPz>-1)@s?)Poz + (UPXUP20s>-UPyOis)Pox + ( UP«UPzts>+UPx0is)Poy)=0  (5.80)

UPox’ + Upoy® + UPo,° -1 =0 (5.81)
Using the initial guesses upy=[0.5, 0.5, 0.5] and s”=0.25, the solution converged
to upo=[0, 0.96593, 0.25881] and s”=0 using Newton’s Method.

After the ISA unit vector was calculated, the R-R link joint locations were
calculated next. The required R-R link variables are ap, as, a;n and az,. The
length of this link was adjusted throughout each phase. Variable ag represents
the fixed pivot of the R-R link. Variables a;, ai, and az, represent the moving
pivots in phases 1, 2 and 3 of the R-R link. Since each of these variables has two
scalar components, there are a total of eight required unknowns.

ao=(aox, aoy) ar=(aix, aiy) ain=(a1nx, a1ny) azn=(@2znx, 82ny)

The eleven prescribed rigid body positions result in eight design equations.

For the R-R link, the rigid body position #5 was not used. Instead, the ISA

parameters for rigid body position #1 were incorporated. The ISA parameters
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account for a multiply separated rigid body position. Therefore, the data in the
section labeled "position 1" in table 5.19 actually account for position 1 and
position 2. As a result, the data labeled "position 2, 3 and 4" in table 5.19 can be
called position 3, 4, and 5. Since the data labeled "position 5" in table 5.19 is
now an extra position, it was not used. The following set of equations were used

to calculate ag, a1, a1, and agp:

(IA]ID1,1]a1) (D1 1]as - @o) + ([Vs][D1,1]ar) ([Vs][D1,1]a4) = O (5.82)
(ID12]as - @0)"([D1 2Jas - &) - R1*=0 (5.83)
(ID13]as - @) ([D1,slas - @) - R1*=0 (5.84)
([D1,4]a1 - @) "([D1.4]a1 - @) - Ri*=0 (5.85)
({[De7)[D1 el}atn - @0)"({[De.7)[D1,6]}a1n - @) — Re*=0 (5.86)
({[De,6]D1 el}@1n - @0)" ({[Ds 6l[D1,6]}@1n - @) = Re®= 0 (5.87)
({[Ds,10][D1,]}azn - 80)" ({[Do,10][D1,]}azn - @0) — Ra®=0 (5.88)
({[Ds,11][D1,s}azn - @0)" ({[Ds,11][D1,0]}@zn - @0) — Ra®= 0 (5.89)

The terms R;, Rz and Rj; represent the lengths of the R-R link. Since this
example problem involved moving pivot adjustments with adjustable crank and
follower lengths, the values of R4, R> and R3 were not identical in equations 5.82
through 5.89. The specified value for Ry, R2 and Rz are 1, 1.25 and 0.75. Given
the following initial guesses:

ao=(0.1, 0.1) a:;=(0.1,1.2) ai;n=(0.1, 1) ax=(0.1, 0.9)
the solution to equations 5.82 through 5.89 converged to the following using
Newton’s Method:
a,=(-0.0070, 0.0077) a:=(0.1302, 0.9994) a1,=(0.0644, 1.2557)

a,,=(0.1867, 0.7327)
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The S-S link (link bo-by) was synthesized next in this three-phase adjustable
moving pivot problem. The length of the S-S link was adjusted throughout each
phase. Using ISA parameters, rigid body velocities and accelerations can be
calculated. The velocities and accelerations of the rigid body are governed by
the angular velocity and acceleration of the driving link. Since the S-S link
cannot function as a driving link, it will not be synthesized using ISA parameters.
Therefore, all of the rigid body positions in table 5.19 were used to synthesize
the S-S link.

To satisfy the design equations of the S-S link, points p, q, r and s do not all
lie on the same plane in each rigid body position. In this three-phase adjustable
moving pivot problem, the required S-S link variables are by, by, bin and ban.
Variable by represents the fixed pivot of the S-S link. Variables b4, byn and bay
represent the moving pivots in phases 1, 2 and 3 of the S-S link. Since each of
these variables has three scalar components, there are a total of twelve required
unknowns.

bo=(box, boys boz) bB1=(b1x, b1y, D12)  b1n=(D1nx, D1ny, Dinz)  bB2n=(b2nx, D2ny, b2nz)

The eleven prescribed rigid body positions result in eight design equations.
Therefore, the values of by and bs,, were prescribed. Using AutoCAD 2000
software, the value of by was specified to b,=[1, 0, 0] and the value of by,, was
specified to byn,=-0.4730. The following set of equations were used to calculate
D1nx, D1ny, b1 @nd ban:

(ID1,2]b1 - o) ([D1 2]bs - bo) - Ry?= 0 (5.90)
(ID1,a]b+ - bo) (ID+ a]bs - bo) - Ri?=0 (5.91)
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(ID+1,4]b1 - bo)([D1,4]b1 - bo) - R*= 0 (5.92)
(D151 - bo)'([D1,5b1 - bo) - Ri®= 0 (5.93)
({{De.71[D1,6]}b1n - bo) ({[De7)[D1,6]}b1n - bo) — Re*= 0 (5.94)
({{De£][D1,6]}b1n - bo) ({[Degl[D1,6]}b1n - bo) — Ro® = 0 (5.95)
({[Ds,10][D1 6]}bzn - bo)"({[Ds,10][D1 6]}b2n - bo) — Rs*=0 (5.96)
({[De,11][D1,6]}b2n - bo) ({{Dg,11][D1,5]}bzn - bo) — Rs*= 0 (5.97)

The terms Ry, Rz and R3 represent the lengths of the S-S link. Since this
example problem involved moving pivot adjustments with adjustable crank and
follower lengths, the values of Ry, Rz and R; were not identical in equations 5.90
through 5.97. The specified value for R,, Rz and R; are 2, 2.25 and 1.75. Given
the following initial guesses:

bin=1.5 Diny=1.5 b:=(1.5, 1.5, -0.4) b2,=(1.5, 1.5. -0.4)
the solution to equations 5.90 through 5.97 converged to the following using
Newton’s Method:
b1inx=1.7651 biny=2.0623  by=(1.7801, 1.7793, -0.4752)
ban=(1.7664, 1.4739. —0.5490)

By using the initial rigid body points in each phase as the starting points for
the synthesized adjustable RRSS mechanism and rotating the R-R link by certain
angles, the remaining positions in table 5.20 can be approximated. The R-R link
rotation angles for the first five rigid body positions are 90°, 100", 110", 120" and
130". The R-R link rotation angles for the next three rigid body positions are 90,

100" and 110". The R-R link rotation angles for the last three rigid body positions

are 90°, 100" and 110°. These angles are measured with respect to the X-axis.
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Table 5.20 Rigid body positions for synthesized mechanism for 3-phase RRSS
moving pivot problem with adjustable crank and follower lengths and ISA
parameters

Phase 1
P q r S
pos. 1 |-0.5096.1.0541,0.1040 | 1.3326,2.9344,-0.2720 | 0.7928,1.7071,0.3485 |0.5928, 1.7071,-0.6313
pos. 2 |-0.6862,1.0346,0.1008 | 1.0625,2.9900,-0.3340 | 0.5815,1.7589,0.3260 | 0.3854,1.7164,-0.6536
pos. 3 |-0.8607,0.9810,0.0951 | 0.7832,3.0145,-0.3876 | 0.3637,1.7800,0.3071 | 0.1792,1.6967,-0.6722
pos. 4 | -1.0273,0.8941,0.0873 | 0.5002,3.0075,-0.4327 | 0.1448,1.7698,0.2915 |-0.0209,1.6488,-0.6872
pos. 5 |-1.1802,0.7755,0.0779 | 0.2188,2.9695,-0.4695 | -0.0700,1.7291,0.2792 (-0.2102,1.5745,-0.6987
Phase 2
pos. 6 |-0.5096.1.0541,0.1040 | 1.3326,2.9344,-0.2720 | 0.7928,1.7071,0.3485 |0.5928, 1.7071,-0.6313
pos. 7 |-0.7152,1.0182,0.1092 | 1.0172,2.9888,-0.3220 | 0.5466,1.7523,0.3355 | 0.3505,1.7103,-0.6441
pos. 8 | -0.9142,0.9427,0.1120 | 0.6968,3.0038,-0.3648 | 0.2978,1.7600,0.3255 | 0.1132,1.6777,-0.6539
Phase 3
pos. 9 |-0.5096.1.0541,0.1040 | 1.3326,2.9344,-0.2720 | 0.7928,1.7071,0.3485 |0.5928, 1.7071,-0.6313
pos. 10| -0.6508,1.0530,0.0906 | 1.1187,2.9886,-0.3488 | 0.6244,1.7645,0.3144 | 0.4284,1.7213,-0.6652
pos. 11| -0.7951,1.0234,0.0747 | 0.8898,3.0214,-0.4150 | 0.4446,1.7989,0.2850 | 0.2602,1.7143,-0.6943

The average error magnitude between the specified rigid body positions (table

5.19) and the rigid body positions of the synthesized mechanism for positions 2,

3,4 and 5 is 0.0178 units.

The maximum error magnitude between positions 2,

3,4 and 5 is 0.0798 units. It occurs at rigid point py in position 5.

The average error magnitude between the specified rigid body positions and

the rigid body positions of the synthesized mechanism for positions 7 and 8 is

0.0051 units.

0.0221 units. It occurs at rigid point py in position 8.

The maximum error magnitude between positions 7 and 8 is

The average error magnitude between the specified rigid body positions and

the rigid body positions of the synthesized mechanism for positions 10 and 11 is
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0.0210 units. The maximum error magnitude between positions 10 and 11 is

0.0738 units. It occurs at rigid body point gy in position 11.

Figure 5.14 Solution to 3-phase RRSS moving pivot problem with adjustable
crank and follower lengths and ISA parameters

The specified ISA parameters in table 5.19 are

pPo=(0,-2.2834, 0.6118) ws=2 os=1 upo =po’=(0, 0, 0)
and the calculated ISA parameters are upo=[0, 0.96593, 0.25881] and s”=0.
These parameters correspond to the R-R link for rigid body position #1. Since
this position is in phase 1, the R-R link parameters for this position are ap and a;.
The values calculated for these parameters are the following:
a,=(-0.0070, 0.0077) a:=(0.1302, 0.9994)
The velocity and acceleration of a; about the instant screw axis were

calculated using the a' and a" terms in equations 3.3 and 3.6 (where i=j=1).
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Equations 3.4 and 3.7 were replaced with equations 3.9 and 3.10 to incorporate
the ISA parameters.
The values calculated for the velocity and acceleration of a, are
a,'=(-0.5173, 0.0674, -0.2515) a;"=(-0.7794, -0.2341, 0.8736)
The angular velocities of the R-R link was calculated using the a’ term equation
in equation 3.3 (where i=j=1). Equation 3.4 was not replaced in this case since

ISA parameters were not used. Since this links rotate in a plane, only the w,
term was used in equation 3.5 (therefore w,=w,=0). The fixed pivot velocity term

was also eliminated in equation 3.4 since the fixed pivot is "fixed."

When the moving pivot position and velocity parameters for the R-R link were

incorporated, the angular velocity values calculated were ©,=0.5176 rad/sec for

the first row in equation 5.37 and ®,=0.5177 rad/sec for the second row. Since

the calculated position and velocity parameters of the moving pivots of the R-R
link was truncated (to four significant figures), the angular velocity values for this
links are not exact matches.

The angular acceleration of the R-R link were calculated using the a” term
equation in equation 3.6 (where i=j=1). Equation 3.7 was not replaced in this
case since ISA parameters were not used. Since the R-R link rotates in a plane,
only the up, term was used in equation 3.8 (therefore upx=upy=0). The fixed pivot
acceleration term was also eliminated in equation 3.7 since the fixed pivots are

“fixed" (therefore up =0 also). When expanded the a” term equation becomes
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-w? -a wia,+aa, [1 0 0]fa,) (a,”
a w? -aa,+wia, |0 1 0|]a,|=|a,” (5.98)
0 0 0 0 0 1f]l O 0

When the moving pivot position and acceleration parameters for link ag-a;
were incorporated, the angular velocity and acceleration values calculated using

the simultaneous equations were ©=0.5746 rad/sec and 0:=0.7368 rad/sec®.

5.2.2 RRSC Mechanism for Finitely Separated Positions

The R-R link (ap-a1) was the first link synthesized in this three-phase adjustable
fixed pivot problem. The length of the R-R link was adjusted throughout each
phase.

The values for 11 prescribed rigid body positions projected on the X-Y plane
are given in table 5.21. These positions are represented by points px.v, qx.y and
rx.y. To satisfy the design equations of the R-R link, points p, q and r travel in a
plane that is normal to ua; and rotates about uao in each rigid body position. The

points are also non-linear.



Table 5.21 Prescribed X-Y plane rigid body positions for 3-phase fixed pivot

RRSC problem with adjustable crank and fixed follower lengths

Phase 1

100

Px-y

Qx-y

Ix-y

pos.
pos.
pos.
pos.

WO N -

0.1959, 1.2647
0.0126, 1.2555
-0.1668, 1.2169
-0.3375, 1.1502

1.2089, 1.5993
1.0132, 1.6224
0.8190, 1.6205
0.6302, 1.5957

0.7024. 1.8320
0.4984, 1.8386
0.2952, 1.8171
0.0971, 1.7689

Phase 2

pos.
pos.
pos.
pos.

0 N O O,

0.2417, 1.2625
-0.0322, 1.2527
-0.2544, 1.2031
-0.4645, 1.1178

1.2574, 1.5896
0.9665, 1.6248
0.7285, 1.6140
0.5001, 1.5702

0.7528, 1.8260
0.4506, 1.8383
0.2033, 1.8067
-0.0343, 1.7397

Phase 3

pos.
pos.
pos.

9
10
11

0.0576, 1.2582
-0.0784, 1.2300
-0.2084, 1.1812

1.0605, 1.6186
0.9119, 1.6227
0.7660, 1.6123

0.5470, 1.8381
0.3901, 1.8250
0.2353, 1.7933

Note: In this problem, no rigid body positions are shared

All of the rigid body points in this example problem were taken using d =1,

ua=[sin 10°, 0, cos 10°] (when the R-R link lies along the positive Y-axis) and

uap=[sin -15, 0, cos 15]. These joint axes were measured with respect to the X-

Y-Z coordinate frame.

The required R-R link variables are ap, a; apn and ax,. Variable a; represents

the moving pivot of the R-R link. Variables ap, apn and azo, represent the fixed

pivots in phases 1, 2 and 3 of the R-R link. Since each of these variables has two

scalar components, there are a total of eight required unknowns.

ao=(aox, aoy)

ai=(aix, aiy)

aon=(aonx, Aony)

aon=(a20nx, @20ny)
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The eleven prescribed rigid body positions result in eight design equations.

The following set of design equations were used to calculate ao, a; ap, and azon:

([D1,2]as - @0)"([D1,2]as - @) - Ry?=0 (5.95)
([D1,5]a1 - @) ([D1s]as - &) - Ri*=0 (5.96)
(ID1,4]a1 - @) "([D1,4]a1 - @) - Ry?=0 (5.97)
({Dsel[D1,s]}a1 - @0n)"({[Ds 6l[D1 sl}as - @on) — Re"= 0 (5.98)
({[Ds7][D1,5]}a1 - o) ({[Ds,7][D1,s]}a1 - @on) — Re°= 0 (5.99)
({[Ds,6][D1,5]}a1 - @on) ({[Ds,6][D1,5]}a1 - @on) ~ Re°= 0 (5.100)
({{Ds,10][D1,e]}a1 — @20n) " ({{Ds,10][D1 s]}as — @zon) — Rs*= 0 (5.101)
({{Dg,11][D1 sl}@1 — @z0n) " ({[Ds,11][D1,s}a1 — @z0n) — Ra*= 0 (5.102)

The terms R;, Rz and Rj; represent the lengths of the R-R link. Since this
example problem involved moving pivot adjustments with adjustable crank and
fixed follower lengths, the values of R4, R2 and R3 were not identical in equations
5.95 through 5.102. The specified values for Ry, R, and R3 are 1, 1.5 and 0.75.
Given the following initial guesses:

ao=(0.1, 0.1) a,=(0.1, 0.85) an=(0.1,-0.3)  azn=(0.1, 0.3)
The solution to equations 5.95 through 5.102 converged to the following using
Newton’s Method:
ao=(-0.0426, 0.0028)  a;=(-0.0527, 1.0027)  aon=(-0.0419, -0.2473)
axon=(-0.0436, 0.2531)

The C-S link (link bo-b¢) was the next link synthesized in this three-phase

adjustable fixed pivot problem. The length of the C-S link remained constant

throughout each phase.
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The values for 11 prescribed rigid body positions projected on the x*-y* plane
are given in table 5.22. These positions are represented by points px.y-, Qx-y*
and re¢,. To satisfy the design equations of the C-S link, points p, q and r are
projected in the x*-y* plane in each rigid body position. The points are also non-
linear.

Table 5.22 Prescribed x*-y* plane rigid body positions for 3-phase RRSC fixed

pivot problem with adjustable crank and fixed follower lengths

Phase 1
Py Qx-y* My

pos. 1 -0.7857, 1.2647 0.1466, 1.5993 -0.3195, 1.8320
pos. 2 -0.9643, 1.2555 -0.0456, 1.6224 -0.5215, 1.8386
pos. 3 -1.1389, 1.2169 -0.2352, 1.6205 -0.7218, 1.8171
pos. 4 -1.3049, 1.1502 -0.4185, 1.5957 -0.9164, 1.7689

Phase 2
pos. 5 -0.7411, 1.2625 0.1942, 1.5896 -0.2698, 1.8260
pos. 6 -1.0075, 1.2527 -0.0906, 1.6248 -0.5675, 1.8383
pos.7 -1.2234, 1.2031 -0.3226, 1.6140 -0.8104, 1.8067
pos. 8 -1.4275,1.1178 -0.5442, 1.5702 -1.0431, 1.7397

Phase 3
pos. 9 -0.9208, 1.2582 0,1.6186 -0.4747, 1.8381
pos. 10 -1.0536, 1.2300 -0.1456, 1.6227 -0.6304, 1.8250
pos. 11 -1.1802, 1.1812 -0.2874, 1.6123 -0.7832, 1.7933

Note: In this problem, no rigid body positions are shared

The required C-S link variables are by, by bg, and byg,. Variable by represents
the moving pivot of the C-S link. Variables bo, bon and boo, represent the fixed
pivots in phases 1, 2 and 3 of the C-S link. Since each of these variables has
two scalar components, there are a total of eight required unknowns.

bo=(box, boy) bi=(b1x, b1y)

bon=(bonx, Dony) b2on=(b20nx, D20ny)
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The eleven prescribed rigid body positions result in eight design equations.

The following set of design equations were used to calculate bo, by bo, and bon:

(ID1,2]b1 - bo)(ID1 2]bs - bg) - Re*=0 (5.103)
([D1,5]b1 - bo) ([D1 51 - bo) - Ri?= 0 (5.104)
(ID+.4]b1 - bo) ([D1.4]b1 - bo) - Ry*= 0 (5.105)
({{Ds6l[D1.5]}b1 - bon) ({[Ds 6][D15}b1 - bon) — Ri?=0 (5.106)
({[Ds71[D1,5]}b1 - bon) ({[Ds 7)[D1,5]}b1 - Bon) — Ri?= 0 (5.107)
({[Ds 6lD1,511b+1 - bon) " ({[Ds el D1 511b1 - bon) = Re*= 0 (5.108)
({{De,10][D1 ]}b1 — b2on) " ({[Ds, 10][D1.s]}b1 — b2on) — R4 =0 (5.109)
({[Dg,11][D1,6]¥b1 — b20n) " ({[Ds,11]1[D1,6]}b1 — b2on) — Ri?= 0 (5.110)

The term R; represents the length of the C-S link. Since this example
problem involved fixed pivot adjustments with adjustable crank and fixed follower
lengths, the value of Ry remained constant in equations 5.103 through 5.110.
The specified values for Ry is 1.5. Given the following initial guesses:

bo=(0.1, 0.1) b=(0.4, 1.5) bon=(0.1, 0.1) b2on=(0.1, 0.1)
The solution to equations 5.103 through 5.110 converged to the following using
Newton’s Method:

bo=(-0.0280, 0.0096) b1=(0.2840, 1.4764) bon=(-0.0310, 0.0099)

b2on=(-0.0243, 0.0092)

By using the initial rigid body points in each phase as the starting points for
the synthesized adjustable RRSC mechanism and rotating the R-R link by certain
angles, the remaining positions in table 5.24 can be approximated. The R-R link

rotation angles for the first four rigid body positions are 90°, 100", 110” and 120,

The R-R link rotation angles for the next four rigid body positions are 88", 100,
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110" and 120". The R-R link rotation angles for the last three rigid body positions
are 100", 110" and 120°. These angles are measured with respect to the X-axis.

Table 5.23 Prescribed X-Y-Z frame rigid body positions for 3-phase RRSC fixed
pivot problem with adjustable crank and fixed follower lengths

Phase 1
P q r

pos. 1 0.1959, 1.2647, -0.0345 | 1.2089, 1.5993, -0.2132 | 0.7024. 1.8320, -0.1238
pos. 2 0.0126, 1.2555, -0.0406 | 1.0132, 1.6224,-0.2256 | 0.4984, 1.8386, -0.1428
pos. 3 -0.1668, 1.2169, -0.0457 | 0.8190, 1.6205, -0.2334 | 0.2952, 1.8171, -0.1585
pos. 4 -0.3375, 1.1502, -0.0499 | 0.6302, 1.5957, -0.2369 | 0.0971, 1.7689, -0.1708

Phase 2
pos. 5 0.2417, 1.2625, -0.0333 | 1.2574, 1.5895, -0.2103 | 0.7528, 1.8260, -0.1199
pos. 6 -0.0322, 1.2527, -0.0404 | 0.9665, 1.6248, -0.2252 | 0.4506, 1.8383, -0.1422
pos. 7 -0.2544, 1.2031, -0.0455 | 0.7285, 1.6140, -0.2331 | 0.2033, 1.8067, -0.1577
pos. 8 -0.4645, 1.1178, -0.0497 | 0.5001, 1.5702, -0.2368 | -0.0343, 1.7397, -0.1702

Phase 3
pos. 9 0.0576, 1.2582, -0.0409 | 1.0605, 1.6187, -0.2261 | 0.5470, 1.8381, -0.1436
pos. 10 -0.0784, 1.2300, -0.0461 | 0.9119, 1.6227, -0.2339 | 0.3901, 1.8250, -0.1596
pos. 11 -0.2084, 1.1812, -0.0503 | 0.7660, 1.6122, -0.2371 | 0.2353, 1.7933, -0.1720
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Table 5.24 Rigid body positions for synthesized mechanism for 3-phase RRSC
fixed pivot problem with adjustable crank and fixed follower lengths

Phase 1
P q r

pos. 1 0.1959, 1.2647, -0.0345 | 1.2089, 1.5993, -0.2132 | 0.7024. 1.8320, -0.1238
pos. 2 0.0128, 1.2557, -0.0405 | 1.0134, 1.6226, -0.2255 | 0.4985, 1.8388, -0.1427
pos. 3 -0.1661, 1.2175, -0.0453 | 0.8198, 1.6210, -0.2330 | 0.2959, 1.8176, -0.1580
pos. 4 -0.3361, 1.1516, -0.0490 | 0.6319, 1.5968, -0.2360 | 0.0988, 1.7702, -0.1699

Phase 2
pos. 5 0.2417, 1.2625, -0.0333 | 1.2574, 1.5895,-0.2103 | 0.7528, 1.8260, -0.1199
pos. 6 -0.0320, 1.2547, -0.0404 | 0.9669, 1.6260, -0.2255 | 0.4511, 1.8399, -0.1423
pos. 7 -0.2540, 1.2068, -0.0453 | 0.7293, 1.6163,-0.2334 | 0.2043, 1.8098, -0.1578
pos. 8 -0.4640, 1.1233, -0.0492 | 0.5012, 1.5738, -0.2370 | -0.0328, 1.7443, -0.1702

Phase 3
pos. 9 0.0576, 1.2582, -0.0409 | 1.0605, 1.6187,-0.2261 | 0.5470, 1.8381, -0.1436
pos. 10 -0.0782, 1.2315, -0.0457 | 0.9124, 1.6237,-0.2330 | 0.3907, 1.8262, -0.1590
pos. 11 -0.2080, 1.1845, -0.0493 | 0.7670, 1.6145, -0.2352 | 0.2365, 1.7961, -0.1705

The average error magnitude between the specified rigid body positions (table
5.23) and the rigid body positions of the synthesized mechanism for positions 2,
3 and 4 is 0.0007 units. The maximum error magnitude between positions 3 and
4 is 0.0017 units. It occurs at rigid body point gy in position 4.

The average error magnitude between the specified rigid body positions and
the rigid body positions of the synthesized mechanism for positions 6, 7 and 8 is
0.0013 units. The maximum error magnitude between positions 6, 7 and 8 is
0.0055 units. It occurs at rigid body point py in position 8.

The average error magnitude between the specified rigid body positions and

the rigid body positions of the synthesized mechanism for positions 10 and 11 is
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0.0012 units. The maximum error magnitude between positions 10 and 11 is

0.0033 units. It occurs at rigid body point py in position 11.

Figure 5.15 Solution to 3-phase RRSC fixed pivot problem with adjustable crank
and fixed follower lengths (bo=bgn=b2on).

The initial translation magnitude for the C-S link that was used in the RRSC
mechanism to calculate the rigid body positions in table 5.24 is S = 0.3440 units
for phases 1, 2 and 3. It was determined by trial and error. This translation

magnitude lies along ubg in the negative z*-axis direction.

5.2.3 RRSC Mechanism for Finitely Separated Positions with Tolerances
In this example problem, rigid body point tolerances were incorporated to
synthesize the R-R link of the RRSC mechanism in section 5.2.2. In section

5.2.2, the following design equations were used to synthesize the R-R link:
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(ID1,2]as - @) ([D1 2]as - &) - Ri*=0 (5.115)
(ID1,3]a1 - @) ([D1,s]as - @) - Ri*=0 (5.116)
(ID14]a1 - a0) (D1 4Jas - @) - Ri*=0 (5.117)
({[Ds 6][D1s}a1 - @on)"({[Ds el[D1,51a1 - @on) — Re*= 0 (5.118)
({[Ds 7][D1,s]}a1 - @on) " ({[Ds7][D1,s]}a1 - @on) — R2*= 0 (5.119)
({[Ds,6][D1 sl}a1 - @on) ' ({[Ds 6][D1,5]}as - @on) — Re*= 0 (5.120)
({[Ds,10][D1,6}a1 — @z0n) " ({[Do,10][D1 s]}a1 — @z0n) — Rs®= 0 (5.121)
({[Dg,11][D1 s]}@1 — @z0n) " ({[De,11][D1 e]}ar — @zon) — Rs*= 0 (5.122)

Equations 5.115 through 5.117 are used to calculate the R-R link parameters
for phase 1 and equations 5.118 through 5.120 are used to calculate the R-R link
parameters for phase 2. The remaining two equations are used to calculate the
R-R link parameters for phase 3. If each set of equations corresponding to each
phase is solved using a range of prescribed values for one of the unknowns, a
range of R-R link parameters can be calculated. These solution ranges are
equivalent to the Burmester curves used in planar four-bar mechanism synthesis.
Burmester curves are the loci of circle points and center points that satisfy a
particular set of rigid body positions.

Using the following initial guesses and prescribed variable ranges:
ap=0.1, a;=(0.1, 0.85), ao:=(0.1,-0.3), @zn=(0.1,0.3), aox=-0.5,-0.45,...0.5
and the following constant length equation included to the set of equations for

phase three:

(@1 — @z0n) (a1 — @20n) - Ri®=0 (5.123)
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figure 5.16 illustrates the circle and center point curves are calculated for each

phase.
1.25 -
0.75 -
0.5 -
' l O—WN | |
M\%‘%\\:\:
-0.9 -0.6 0.3 0/0 0.6 0.9
-0.5 -
—o— fixed pivots phase 1 —a— fixed pivots phase 2
—e— moving pivots phase 1 —a— moving pivots phase 2
—o— fixed pivots phase 3 —&— moving pivots phase 3

Figure 5.16 Graphical solution for R-R link for 3-phase RRSC fixed pivot

problem with adjustable crank and fixed follower lengths

In figure 5.16, portions of the circle and center point curves are given for the

rigid body positions in phases 1, 2 and 3. The point of intersection of the circle

point curves and the corresponding center points represent the R-R link

parameters that are needed to achieve the rigid body positions in all three
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phases. In tolerance problems, this intersection point and corresponding center
points become regions in which the R-R link parameters must remain within in
order to achieve the precise rigid body positions while remaining within the limits
of the rigid body positions with tolerances.

Table 5.25 Prescribed X-Y plane rigid body positions and tolerances for 3-phase

RRSC fixed pivot problem with adjustable crank and fixed follower lengths

Phase 1
Px-y gx-y rx.y

pos. 1 0.1959, 1.2647 +§, 1.2089, 1.5993 + §, 0.7024. 1.8320 + §,
pos. 2 0.0126, 1.2555 1.0132, 1.6224 0.4984, 1.8386
pos. 3 -0.1668, 1.2169 0.8190, 1.6205 0.2952, 1.8171
pos. 4 -0.3375, 1.1502 0.6302, 1.5957 0.0971, 1.7689

Phase 2
pos. 5 0.2417,1.2625 + §, 1.2574, 1.5896 + 3, 0.7528, 1.8260 + §,
pos. 6 -0.0322, 1.2527 0.9665, 1.6248 0.4506, 1.8383
pos. 7 -0.2544, 1.2031 0.7285, 1.6140 0.2033, 1.8067
pos. 8 -0.4645,1.1178 0.5001, 1.5702 -0.0343, 1.7397

Phase 3
pos. 9 0.0576, 1.2582 + §, 1.0605, 1.6186 + §, 0.5470, 1.8381 + §,
pos. 10 -0.0784, 1.2300 0.9119, 1.6227 0.3901, 1.8250
pos. 11 -0.2084, 1.1812 0.7660, 1.6123 0.2353, 1.7933

Note: In this problem §, = 0.1 units

It was shown in section 5.2.2 that the R-R link solution using the rigid body

positions in table 5.25 (without tolerances) and equations 5.115 through 5.122

were the following:

a;=(-0.0426, 0.0028) a;=(-0.0527, 1.0027)  aon=(-0.0419, -0.2473)

axn=(-0.0436, 0.2531)
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When using the same equations but incorporating the +4 tolerance value in table
5.25, the R-R link parameters become
ao=(-0.0426, 0.0028) a;=(-0.0527, 1.1027)  ao=(-0.0419, -0.2473)
axon=(-0.0436, 0.2531)
When using the same equations but incorporating the -3 tolerance value in table
5.25, the R-R link parameters become
ao=(-0.0426, 0.0028) a1=(-0.0527, 0.9027) aopn=(-0.0419, -0.2473)
axn=(-0.0436, 0.2531)
All of these R-R link parameters were obtained using the R-R link initial guesses

in section 5.2.2 and are illustrated in figure 5.17.
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Figure 5.17 R-R link parameters with and without tolerances for 3-phase RRSC

fixed pivot problem with adjustable crank and fixed follower lengths

Although at least three R-R link solutions exist in figure 5.17, to calculate the

regions necessary to produce additional solutions for the R-R link, a part of the

ao, aon, azn, a1+ and ay- loci must be calculated. By specifying agx and using

equations 5.115 through 5.121, the following R-R link parameters were

calculated:

Table 5.26 Additional R-R link parameters for 3-phase RRSC fixed pivot problem
with adjustable crank and fixed follower lengths and tolerances

Qo a aon azon a; (with +8) ay (with -3)
-0.0626", -0.0782, -0.0619, - -0.0642, -0.0782, -0.0782,
0.0019 1.0015 0.2484 0.2522 1.1015 0.9015
-0.0226", -0.0272, -0.0219, -0.0230, -0.0271, -0.0271,
0.0036 1.0037 -0.2463 0.2537 1.1037 0.9037

* specified R-R link parameter
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Figure 5.18 Additional R-R link parameters for 3-phase RRSC fixed pivot
problem with adjustable crank and fixed follower lengths and tolerances

By connecting the peripheral points for a,, a region is formed and curves are
formed when the points for ao, ag, and azo, are connected. The calculated circle

point regions and center point curves are illustrated in figure 5.19
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Figure 5.19 R-R link parameter region and curves for 3-phase RRSC fixed pivot
problem with adjustable crank and fixed follower lengths and tolerances
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Figure 5.20 R-R link parameter selections for 3-phase RRSC fixed pivot problem
with adjustable crank and fixed follower lengths and tolerances
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The following R-R link parameters were selected and are illustrated in figure
5.20:
a,=(-0.0226, 0.0036) a;=(-0.0323, 1.0035)  agn=(-0.0402, -0.2464)
axon=(-0.0525, 0.2538)
The C-S link parameters are the same as those calculated in chapter 5.2.2.
bo=(-0.0280, 0.0096) b1=(0.2840, 1.4764)  bo,=(-0.0310, 0.0099)
b2on=(-0.0243, 0.0092)

By using the final rigid body position points in each phase as the starting
points for the synthesized adjustable RRSC mechanism and rotating the R-R link
by certain angles, the remaining positions in table 5.25 were approximated. The
R-R link rotation angles for the first four rigid body positions are 90°, 100", 110’
and 120°. The R-R link rotation angles for the next four rigid body positions are
88°, 100°, 110" and 120". The R-R link rotation angles for the next four rigid body
positions are 100°, 110° and 120". These angles are measured with respect to the
X-axis.

The rigid body positions in table 5.27 were obtained using the R-R and C-S
link parameters, in addition to d =1, ua;=[sin 10°, 0, cos 10°] and uao=[sin -15, 0,
cos -157]. The value given for the joint axis ua; occurs when the R-R link lies
along the positive Y-axis, These joint axes were measured with respect to the X-

Y-Z coordinate frame.
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Table 5.27 Rgid body positions for synthesized mechanism for 3-phase RRSC
fixed pivot problem with adjustable crank and fixed follower lengths and
tolerances

Phase 1
Px-y qx-y Fx-y

pos. 1 0.1947, 1.2655 1.2080, 1.5991 0.7018, 1.8323
pos. 2 0.0116, 1.2558 1.0125, 1.6220 0.4977, 1.8385
pos. 3 -0.1675, 1.2169 0.8185, 1.6202 0.2947, 1.8169
pos. 4 -0.3375, 1.1502 0.6302, 1.5957 0.0971, 1.7689

Phase 2
pos. 5 0.2397, 1.2553 1.2553, 1.5891 0.7472, 1.8222
pos. 6 -0.0331, 1.2481 0.9641, 1.6240 0.4474, 1.8355
pos.7 -0.2547, 1.2007 0.7274, 1.6135 0.2019, 1.8052
pos. 8 -0.4645, 1.1178 0.5001, 1.5702 -0.0343, 1.7397

Phase 3
pos. 9 0.0573, 1.2501 1.0580, 1.6166 0.5433, 1.8330
pos. 10 -0.0783, 1.2259 0.9108, 1.6215 0.3885, 1.8223
pos. 11 -0.2084, 1.1812 0.7660, 1.6123 0.2353, 1.7933

The average error magnitude between the specified rigid body positions
without tolerances (in table 5.25) and the corresponding rigid body positions of
the synthesized RRSC mechanism for positions 2, 3 and 4 is 0.0005 units. The
maximum error magnitude in position 1 is 0.0008 units. It occurs at rigid body
point py in position 1.

The average error magnitude between the specified rigid body positions
without tolerances and the corresponding rigid body positions of the synthesized
RRSC mechanism for positions 6, 7 and 8 is 0.0029 units. The maximum error
magnitude in position 5 is 0.0072 units. It occurs at rigid body point py in position

5.
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The average error magnitude between the specified rigid body positions
without tolerances and the corresponding rigid body positions of the synthesized
RRSC mechanism for positions 10 and 11 is 0.0036 units. The maximum
displacement error magnitude in position 9 is 0.0081 units. It occurs at rigid body

point py in position 9.

5.2.4 RSSR-SS Mechanism for Finite and Multiply Separated Positions
The R-S link (ag-a1) was the first link synthesized in this three-phase adjustable
fixed pivot problem. The length of this R-S link was adjusted in the last phase.
The values for 11 prescribed rigid body positions projected on the X-Y plane
are given in table 5.28. These positions are represented by points px.y, gx.y and
rx.y. To satisfy the design equations of the R-S link, points p, q and r are
projected in the X-Y plane in each rigid body position. The points are also non-
linear.
In addition to the 11 prescribed rigid body positions, several multiply
separated positions are also given. They represent the velocity of the rigid body

from position 1 to position 2.



Table 5.28 Prescribed X-Y plane rigid body positions and MSPs for 3-phase
RSSR-SS fixed pivot problem with adjustable crank and follower lengths

Phase 1
Px-y Qx-vy Ix.y

pos. 1 1.0109, 2.8716 1.5163, 2.5824 0.5054, 2.3608
vel. 1-2 -0.4493, 11.0017 -10.9903, -0.4496 0.3153, -2.9203
pos. 2 0.6282, 2.8817 1.1455, 2.6134 0.1435, 2.3507
pos. 3 0.2506, 2.8328 0.7791, 2.5874 -0.2104, 2.2814
pos. 4 -0.1134, 2.7271 0.4264, 2.5073 -0.5467, 2.1554

Phase 2
pos. 5 1.0109, 2.8716 1.5163, 2.5824 0.5054, 2.3608
pos. 6 0.6316, 2.8239 1.1511, 2.5627 0.1521, 2.2887
pos. 7 0.2659, 2.7419 0.7992, 2.4876 -0.1829, 2.1584
pos. 8 -0.0762, 2.5463 0.4694, 2.3612 -0.4903, 1.9737

Phase 3
pos. 9 1.0109, 2.8716 1.5163, 2.5824 0.5054, 2.3608
pos. 10 0.6790, 2.8306 1.1969, 2.5658 0.1963, 2.2880
pos. 11 0.3588, 2.7381 0.8892, 2.5024 -0.0969, 2.1853

Note: In this problem, rigid body positions 1, 5 and 9 are shared

All of the rigid body point in this example problem were obtained using d=1.5 and
ubo=[sin 10", 0, cos 10°] with respect to the X-Y-Z frame.

The required R-S link variables here are ao, ai, apn and azn. Variable a,
represents the moving pivot of the R-S link. Variables ao, aon and azon, represent
the fixed pivots in phases 1, 2 and 3 of the R-S link. Since each of these
variables has two scalar components, there are a total of eight required
unknowns.
aon=(aonx, Aony) a20n=(a20nx, A20ny)

ao=(aox, aoy) ai=(aix, aiy)
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The 11 prescribed rigid body positions and multiply separated positions result
in eight design equations. The following set of design equations were used to

calculate ag, a4, aogn, and axon:

(IV1.2]a1)"([D1 2]a1 - @g) = 0 (5.124)
([D1,3]a1 - @0)"([D1,3]as - @) - R*=0 (5.125)
(ID1,4]a1 - @) ([D1 4]as - @) - R*=0 (5.126)
({[Ds6][D1 sl}a1 - @on) ({[Ds 6][D1 s]}as - @on) - Re®=0 (5.127)
({[D57][D1,s]a1 - @on) " ({[Ds 7][D1,s]}as - @on) - Re?= 0 (5.128)
({[Ds8)[D1 sl}a1 - @on) ({[Ds 6][D1 s]}a1 - @on) - Re*=0 (5.129)
({[Ds,10][D1,8]}a1 — @z0n) " ({{Do,10][D1,e]}a1 — @z0n) — Ro% =0 (5.130)
({{Ds11][D1,6l}a1 — @zon) ({[Do,1][D1,sl}as — @z0n) — Re*= 0 (5.131)

The term R represents the length of the R-S link in phases 1 and 2. The term
R represents the length of the R-S link in phase 3. Since this example problem
involved fixed pivot adjustments with adjustable crank and follower lengths, the
values of Ry and R, were not identical in equations 5.124 through 5.131. The
specified values for Ry and R, are 2 and 1.75. Given the following initial
guesses:

ao=(0.1, 0.1) a;=(0.1, 1.85) aon=(0.3, 0.1) axn=(0.3, 0.3)
the solution to equations 5.124 through 5.131 converged to the following using
Newton’s Method:
a,=(0.0025, -0.0142) a,=(-0.0004, 1.9851) aon=(0.3913, 0.0243)
a0n=(0.3423, 0.2694)
The other R-S link (bo-bs) was the next link synthesized in this three-phase

adjustable fixed pivot problem. The multiply separated positions of the rigid body
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are governed by the angular velocity and acceleration of the driving link. Since
link bo-by can function as a driving link, it was also synthesized using MSPs. The
length of this R-S link was adjusted in the last phase.

The values for 11 prescribed rigid body positions projected on the x*-y* plane
are given in table 5.29. These positions are represented by points px-.y:, Qx-y*
and re.y+. To satisfy the design equations of the R-S link, points p, q and r are
projected in the x*-y* plane in each rigid body position. The points are also non-
linear.

In addition to the 11 prescribed rigid body positions, several multiply
separated positions are also given. They represent to the velocity of the rigid

body from position 1 to position 2.



Table 5.29 Prescribed x*-y* plane rigid body positions and MSPs for 3-phase

RSSR-SS fixed pivot problem with adjustable crank and follower lengths

Phase 1
Pxy* Oy ey

pos. 1 -0.4737, 2.8716 0.0281, 2.5824 -0.9754, 2.3608
vel. 1-2 -0.4526, 10.9405 -10.9904, -0.4455 -0.3530, 2.9597
pos. 2 -0.8565, 2.8817 -0.3457, 2.6134 -1.3348, 2.3507
pos. 3 -1.2346, 2.8328 -0.7150, 2.5874 -1.6864, 2.2814
pos. 4 -1.5988, 2.7271 -1.0706, 2.5073 -2.0204, 2.1554

Phase 2
pos. 5 -0.4737, 2.8716 0.0281, 2.5824 -0.9754, 2.3608
pos. 6 -0.8543, 2.8239 -0.3405, 2.5627 -1.3267, 2.2887
pos. 7 -1.2206, 2.7149 -0.6954, 2.4876 -1.6597, 2.1584
pos. 8 -1.5644, 2.5463 1.0283, 2.3612 -1.9656, 1.9737

Phase 3
pos. 9 -0.4737, 2.8716 0.0281, 2.5824 -0.9754, 2.3608
pos. 10 -0.8067, 2.8306 -0.2943, 2.5658 -1.2828, 2.2980
pos. 11 -1.1273, 2.7381 -0.6044, 2.5024 -1.5742, 2.1853

Note: In this problem, rigid body positions 1, 5 and 9 are shared

The required R-S variables here are by, by, bon and by, Variable b,
represents the moving pivot of the R-S link. Variables by, bon and bz, represent
the fixed pivots in phases 1, 2 and 3 of the R-S link. Since each of these
variables has two scalar components, there are a total of eight required
unknowns.

bo=(box, Doy) bi=(b1x, b1y) bon=(Donx, bony)
The 11 prescribed rigid body positions and multiply separated positions result

in eight design equations. The following set of design equations were used to

calculate by, by, bo, and baon:
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([V1,2]b1) ([D1,2]bs - bo) = O (5.132)
([D1,3]b1 - bo)([D1,3]b1 - bo) - Ri?=0 (5.133)
([D1,4]b1 - bo)([D1 4]b1 - bo) - R4*=0 (5.134)
({[Ds 61D 5]1b1 - bon) '({[Ds,6)[D1,]}b1 - bor) - Ri?=0 (5.135)
({IDs7]ID1 s]}b1 - bon)"({[Ds,71[D1,51}b+ - bon) - Ri?= 0 (5.136)
({[Ds,6][D1,5]}b1 - bon) ({[Ds,][D1,5]}b1 - bor) - Ri*=0 (5.137)
({IDs,10][D1,6]¥b1 = b20n) ({[De, 10][D1,6]}b1 — bzon) — R2*= 0 (5.138)
({[Ds,11][D1,6]¥b1 = b2on) "({[De,11][D1,e]}b1 — bzon) — R2*= 0 (5.139)

The term R; represents the length of the R-S link in phases 1 and 2. The term
R. represents the length of the R-S link in phase 3. Since this example problem
involved fixed pivot adjustments with adjustable crank and follower lengths, the
values of Ry and R, were not identical in equations 5.132 through 5.139. The
specified values for Ry and R, are 2.5 and 2.25. Given the following initial
guesses:

bo=(0.1, 0.1) b:=(0.5, 2.5) bon=(0.1, -0.1) b2on=(0.5, 0.5)

the solution to equations 5.132 through 5.139 converged to the following using
Newton’s Method:

bo=(0.0010, 0.0153) b,=(0.5344, 2.4584) bon=(0.2965, -0.0306)

b2on=(0.3202, 0.2183)

The S-S link (co-c1) was the last link synthesized in this three-phase
adjustable fixed pivot problem.  Since this S-S link cannot function as a driving
link, it was not synthesized using MSPs. The length of this S-S link was adjusted

in the last phase.
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The values for 11 prescribed rigid body positions in the X-Y-Z frame are given
in table 5.30. These positions are represented by points p, q, r and s. To satisfy

the design equations of the S-S link, these points do not all lie in the same plane

in each rigid body position.

Table 5.30 Prescribed X-Y-Z frame rigid body positions for 3-phase RSSR-SS
fixed pivot problem with adjustable crank and follower lengths and MSPs

Phase 1
P q r d
pos. 1 | 1.0109,2.8716,-0.0460 | 1.5163,2.5824,-0.0690 | 0.5054,2.3608,-0.0230 | 1.0109,2.4716,0.2540
pos. 2 | 0.6282,2.8817,-0.0095 | 1.1455,2.6134,-0.0190 | 0.1435,2.3507,-0.0052 | 0.6355,2.4797,0.2877
pos. 3 | 0.2506,2.8328,0.0350 | 0.7791,2.5874,0.0336 | -0.2104,2.2814,0.0155 | 0.2678,2.4252,0.3240
pos. 4 |-0.1134,2.7271,0.0858 | 0.4264,2.5073,0.0875 | -0.5467,2.1554,0.0387 | -0.0820,2.3112,0.3616
Phase 2
pos. 5 | 1.0109,2.8716,-0.0460 | 1.5163,2.5824,-0.0690 | 0.5054,2.3608,-0.0230 | 1.0109,2.4716,0.2540
pos. 6 | 0.6316,2.8239,0.0369 | 1.1511,2.5627,-0.0019 | 0.1521,2.2887,0.0125 | 0.6486,2.4019,0.3044
pos. 7 | 0.2659,2.7149,0.1271 | 0.7992,2.4876,0.0669 | -0.1829,2.1584,0.0508 | 0.3065,2.2713,0.3544
pos. 8 | -0.0762,2.5463,0.2237 | 0.4694,2.3612,0.1362 | -0.4903,1.9737,0.0912 | -0.0049,2.0847,0.4020
Phase 3
pos. 9 | 1.0109,2.8716,-0.0460 | 1.5163,2.5824,-0.0690 | 0.5054,2.3608,-0.0230 | 1.0109,2.4716,0.2540
pos. 10| 0.6790,2.8306,0.0249 | 1.1969,2.5658,-0.0109 | 0.1963,2.2980,0.0075 | 0.6937,2.4118,0.2976
pos. 11| 0.3588,2.7381,0.0990 | 0.8892,2.5024,0.0474 | -0.0969,2.1853,0.0390 | 0.3933,2.3015,0.3402

Note: In this problem, rigid body positions 1, 5 and 9 are shared

The required S-S link variables are ¢y, €1, Con and czon. Variable ¢4 represents
the moving pivot of the S-S link. Variables ¢o, con and ¢z, represent the fixed
pivots in phases 1, 2 and 3 of the S-S link. Since each of these variables has
three scalar components, there are a total of 12 required unknowns.

Co=(Cox, Coy, Coz) €1=(Cix, C1y, C1z) Con=(Conx, Cony, Conz)  C20n=(C20nx, C20ny, C20nz)



123

The 11 prescribed rigid body positions and multiply separated positions result
in eight design equations. Therefore, four of the 11 required unknowns were
specified. Using AutoCAD 2000 software, the values of ¢, and ¢y, were specified
to ¢4=[0, 2.5, -1] and co,=-1. The following set of design equations were used to

calculate Cox, Coy, Con, @and Czon:

(ID1,2]e1 - €0) ' ([D12]e1 - €o) - R*=0 (5.140)
([D1,3]e1 - €0)'([D13]e1 - €o) - RiZ=0 (5.141)
({D1,4]c1 - €0) ([D1,4]c1 - €0) - R*=0 (5.142)
({[Ds 6][D1,s]}c1 - €on) ({[Ds 6][D1,5}¢1 - Con) - R1>=0 (5.143)
({[Ds,7][D1,s]}¢1 - €on) ({[Ds,7][D1,51}¢1 - Con) - R1*=0 (5.144)
({[Ds8l[D1 sl}e1 - €on) ({[Ds 6][D1 51}C1 - Con) - Re*=0 (5.145)
({[De,10][D1,5}¢1 — C20n) " ({[Dg,10][D1.9}€1 — C20n) - Re®=0 (5.146)
({[Do,11][D1 s]}e1 — €20n) " ({[Dg,11][D1,s]}€1 — C20n) — Ro®= 0 (5.147)

The terms R, represents the length of the S-S link in phases 1 and 2. The
term R; represents the length of the S-S link in phase 3. Since this example
problem involved fixed pivot adjustments with adjustable crank and follower
lengths, the values of Ry and Rz were not identical in equations 5.140 through
5.147. The specified values for Ry and R are 2.5 and 2.0. Given the following
initial guesses:

con=(0.1, 0.1, -0.5) C20n=(0.1, 0.5, -0.5)  Cox=0 Coy=0.1
the solution to equations 5.140 through 5.147 converges to the following using
Newton’s Method:

con=(0.0004, 0.0180, -0.7001) C20n=(0.0049, 0.5201, -0.7159)

Cox=-0.0009 Coy=-0.0003
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By using the initial rigid body points in each phase as the starting points for
the synthesized adjustable RSSR-SS mechanism and rotating the R-S link ap-a,
by certain angles, the remaining positions in table 5.31 can be approximated.
The R-S link rotation angles for the first four rigid body positions are 90°, 100,
110" and 120°. The R-S link rotation angles for the next four rigid body positions
are 101.30°, 121.30°, 131.30" and 141.30". The R-S link rotation angles for the
last three rigid body positions are 101.30°, 121.30" and 131.30". These angles
are measured with respect to the X-axis.

Table 5.31 Rigid body positions for synthesized mechanism for 3-phase RSSR-

SS fixed pivot problem with adjustable crank and follower lengths and MSPs

Phase 1
P q r S
pos. 1 | 1.0109,2.8716,-0.0460 | 1.5163,2.5824,-0.0690 | 0.5054,2.3608,-0.0230 | 1.0109,2.4716,0.2540
pos. 2 | 0.6273,2.8818,-0.0093 | 1.1447,2.6137,-0.0190 | 0.1429,2.3505,-0.0051 | 0.6348,2.4797,0.2878
pos. 3 | 0.2489,2.8327,0.0354 | 0.7777,2.5877,0.0337 | -0.2116,2.2808,0.0159 | 0.2666,2.4249,0.3242
pos. 4 |-0.1156,2.7266,0.0863 | 0.4243,2.5074,0.0874 | -0.5484,2.1544,0.0393 | -0.0836,2.3107,0.3619
Phase 2
pos. 5 | 1.0109,2.8716,-0.0460 | 1.5163,2.5824,-0.0690 | 0.5054,2.3608,-0.0230 | 1.0109,2.4716,0.2540
pos. 6 | 0.6307,2.8237,0.0373 | 1.1503,2.5627,-0.0022 | 0.1515,2.2883,0.0133 | 0.6483,2.4015,0.3046
pos. 7 | 0.2644,2.7141,0.1280 | 0.7977,2.4874,0.0662 | -0.1841,2.1574,0.0524 | 0.3060,2.2705,0.3548
pos. 8 | -0.0780,2.5449,0.2247 | 0.4675,2.3605,0.1348 | -0.4918,1.9718,0.0937 | -0.0053,2.0833,0.4025
Phase 3
pos. 9 | 1.0109,2.8716,-0.0460 | 1.5163,2.5824,-0.0690 | 0.5054,2.3608,-0.0230 | 1.0109,2.4716,0.2540
pos. 10| 0.6751, 2.8337, 0.0245 [1.1939, 2.5708, -0.0120| 0.1944, 2.2993, 0.0078 | 0.6917, 2.4150, 0.2972
pos. 11/0.3574, 2.7376, 0.0996 | 0.8880, 2.5022, 0.0467 |-0.0980, 2.1844, 0.0404| 0.3927, 2.3009, 0.3405

The average error magnitude between the specified rigid body positions (table

5.30) and the rigid body positions of the synthesized mechanism for positions 2,
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3 and 4 is 0.0006 units. The maximum error magnitude between positions 2, 3
and 4 is 0.0022 units. It occurs at rigid body point px in position 4.

The average error magnitude between the specified rigid body positions and
the rigid body positions of the synthesized mechanism for position 6, 7 and 8 is
0.0007 units. The maximum error magnitude between positions 6, 7 and 8 is
0.0025 units. It occurs at rigid body point r; in position 8.

The average error magnitude between the specified rigid body positions and
the rigid body positions of the synthesized mechanism for positions 10 and 11 is
0.0015 units. The maximum error magnitude between positions 10 and 11 is

0.0050 units. It occurs at rigid body point gy in position 10.

Figure 5.21 Solution to 3-phase RSSR-SS fixed pivot problem with adjustable
crank and follower lengths and MSPs

The specified MSP parameters in table 5.28 are

Vpi2=(-0.4493, 11.0017)  Vq2=(-10.9903, -0.4496)  Vr;,=(0.3153, -2.9203)
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These parameters correspond to link (ap-a4) for rigid body positions 1 and 2.

Since these positions are in phase 1, the R-S link parameters for this position are

ao and a;. The values calculated for these parameters are the following:
a,=(0.0025, -0.0142)  a,=(-0.0004, 1.9851)

The velocity of a; was calculated using the a’ terms in equation 3.3 (where
[V12]=[Vp1 2|VQ1.2|Vr1 2] with a third row of zeros). The value calculated for the
velocity a4’ is

a,'=(-21.8169, -0.8888)

The specified MSP parameters in table 5.29 are
Vpi2=(-0.4526, 10.9405) Vq.=(-10.9404, -0.4455) Vr;=(-0.3530, -2.9597)
These parameters correspond to link (bo-b4) for rigid body positions 1 and 2.
Since these positions are in phase 1, the R-S link parameters for this position are
bo and by. The values calculated for these parameters are the following:

bo=(-0.0010, 0.0153) b=(0.5344, 2.4584)

The velocity of by was calculated using the b’ terms in equation 3.3 (where
[Vi2]=[VP1,2|Vai2|Vr 2] with a third row of zeros). The value calculated for the
velocity b+’ is

b,'=(-27.2608, 4.7514)

The angular velocities of both R-S links were calculated using the a’ term
equation in equation 3.3. Since both links rotate in planes, only the w, term was
used in equation 3.5 (therefore wx=wy=0). The fixed pivot velocity term was also

eliminated in equation 3.4 since the fixed pivots are "fixed."
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When the rigid body position parameters and the moving pivot position and

velocity parameters for link ap-a; were incorporated, the angular velocity values

calculated were ,=11.0014 rad/sec for the first row in equation 5.56 and

0,=10.8655 rad/sec for the second row. When the rigid body position parameters
and the moving pivot position and velocity parameters for link bg-bi were

incorporated, the angular velocity values calculated were w,=11.0020 rad/sec for

the first row in equation 5.56 and w,=11.0267 rad/sec for the second row. Since

the calculated position and velocity parameters of the moving pivots of the R-S
links were truncated (to four significant figures), the angular velocity values for

both links are not exact matches.

5.2.5 RSSR-SC Mechanism for Finite and Multiply Separated Positions
The R-S link ag-a; was the first link synthesized in this three-phase adjustable
moving pivot problem. The length of this R-S link was adjusted in the last phase.
The values for 11 prescribed rigid body positions projected on the X-Y plane
are given in table 5.32. These positions are represented by points px.v, qx.y and
rxy. To satisfy the design equations of the R-S link, points p, q and r are
projected in the X-Y plane in each rigid body position. The points are also non-
linear.
In addition to the 11 prescribed rigid body positions, several multiply
separated positions are also given for the first rigid body position. They
represent the velocity and acceleration of the rigid body from position 1 to

position 2.
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Table 5.32 Prescribed X-Y plane rigid body positions and MSPs for 3-phase
RSSR-SC moving pivot problem with adjustable crank and follower lengths

Phase 1
Px-v ax-y Ix-y

pos. 1 1.0109, 2.8716 1.5163, 2.5824 0.5054, 2.3608
vel. 1-2 -0.1802, 9.0032 -8.9977, -0.1812 0.0633, -1.2057
accel. 1-2 -81.0692, 0.3775 -0.3690, -81.0200 10.8656, 0.3015
pos. 2 0.8195, 2.8841 1.3309, 2.6051 0.3241, 2.3633
pos. 3 0.6282, 2.8817 1.1455, 2.6134 0.1435, 2.3507
pos. 4 0.4382, 2.8646 0.9612, 2.6074 -0.0350, 2.3234

Phase 2
pos. 5 0.8178, 2.9076 1.3302, 2.6299 0.3239, 2.3861
pos. 6 0.6239, 2.9273 1.1424, 2.6617 0.1414, 2.3957
pos. 7 0.4304, 2.9310 0.9541, 2.6782 -0.0409, 2.3898
pos. 8 0.2382, 2.9191 0.7664, 2.6795 -0.2217, 2.6385

Phase 3
pos. 9 1.0109, 2.8716 1.5163, 2.5824 0.5054, 2.3608
pos. 10 0.8385, 2.8830 1.3494, 2.6030 0.3421, 2.3632
pos. 11 0.6661, 2.8814 1.1823, 2.6109 0.1793, 2.3523

Note: In this problem, rigid body positions 1 and 9 are shared

All of the rigid body points in this example problem were obtained using d1=1.5,
d2=[0, 0, -1], ube=[sin 10°, 0, cos 10°] and uc,=[0, 0, 1] with respect to the X-Y-Z
frame.

The required R-S link variables here are ap, as, ain and az,. Variable ap
represents the fixed pivot of the R-S link. Variables a; a, and az, represent the
moving pivots in phases 1, 2 and 3 of the R-S link. Since each of these variables
has two scalar components, there are a total of eight required unknowns.

ao=(aox, aOy,) a=(aix, a‘ly) an=(a1nx, a1ny) a2n=(a2nx, a2ny)
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The 11 prescribed rigid body positions and multiply separated positions result
in eight design equations. The following set of design equations were used to

calculate ag, a1, a1, and azn:

([A12]a1)"(ID1 2as - @) +([V1,2]a1)"([V1,2]a4) = O (5.148)
(ID1,5]a1 - @) '([D1 slas - @) - Ri*=0 (5.149)
(ID1,4]a1 - @) ([D14a1 - @) - R1*=0 (5.150)
({[Ds 6][D1,5T}a1n - @) ({[Ds el[D1 s1}@1n - @0) - R4*=0 (5.151)
({[Ds 7][D1,s]}a1n - 80) ({IDs 7][D1.5]}a1n - @) - R4*=0 (5.152)
({[Ds,l[D1 51}@1n - @0)({[Ds 6l[D1,s]}asn - @) - Ri*=0 (5.153)
({[De,10][D1,s]}@zn - @0)" ({[Ds,10][D1,sl}@zn - @0) — R*= 0 (5.154)
({IDs,11][D1,s}@z2n - @) ({[Dg,11][D1,6]}@20 - @0) — Ro*= 0 (5.155)

The term R represents the length of the R-S link in phases 1 and 2. The term
R, represents the length of the R-S link in phase 3. Since this example problem
involved moving pivot adjustments with adjustable crank and follower lengths, the
values of Ry and R, were not identical in equations 5.148 through 5.155. The
specified values for Ry and Ry are 2 and 1.75. Given the following initial
guesses:

ao=(0.1, 0.1) a:=(0.1, 1.85) ain=(0.1, 1.85) ax=(0.5, 1.85)
the solution to equations 5.148 through 5.155 converged to the following using
Newton’s Method:
a,=(-0.0006, -0.0000) a;=(0.0000, 2.0001)  ai1,=(0.3456, 1.9697)
axn=(-0.0046, 1.7496)
The other R-S link (bo-b1) was the next link synthesized in this three-phase

adjustable moving pivot problem. The multiply separated positions of the rigid
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body are governed by the angular velocity and acceleration of the driving link.
Since link bo-b; can function as a driving link, it was also be synthesized using
MSPs. The length of this R-S link was adjusted in the last phase.

The values for 11 prescribed rigid body positions projected on the x*-y* plane
are given in table 5.33. These positions are represented by points py-.y,, Qx-y*
and rey-. To satisfy the design equations of the R-S link, points p, q and r are
projected in the x*-y* plane in each rigid body position. The points are also non-
linear.

In addition to the 11 prescribed rigid body positions, several multiply
separated positions are also given for the first rigid body position. They
represent the velocity and acceleration of the rigid body from position 1 to

position 2.



Table 5.33 Prescribed x*-y* plane rigid body positions and MSPs for 3-phase
RSSR-SC moving pivot problem with adjustable crank and follower lengths

Phase 1
Pxy* Qx-y* Iy

pos. 1 -0.4737, 2.8716 0.0281, 2.5824 -0.9754, 2.3608
vel. 1-2 -0.1816, 8.9794 -8.9977, -0.1789 -0.2049, -1.2187
accel. 1-2 -80.8448, -0.1380 0.1107, -81.0096 10.9341, -2.0475
pos. 2 -0.6651, 2.8841 -0.1587, 2.6051 -1.1555, 2.3633
pos. 3 -0.8565, 2.8817 -0.3457,2.6134 -1.3348, 2.3507
pos. 4 -1.0467, 2.8646 -0.5315, 2.6074 -1.5122, 2.3234

Phase 2
pos. 5 -0.6636, 2.9076 -0.1571, 2.6299 -1.1538, 2.3861
pos. 6 -0.8555, 2.9273 -0.3447, 2.6614 -1.3338, 2.3957
pos.7 -1.0485, 2.9310 -0.5334, 2.6782 -1.5140, 2.3898
pos. 8 -1.2411, 2.9191 -0.7220, 2.6795 -1.6934, 2.3685

Phase 3
pos. 9 -0.4737,2.8716 0.0281, 2.5824 0.0281, 2.5824
pos. 10 -0.6460, 2.8830 -0.1402, 2.6030 -1.1376, 2.3632
pos. 11 -0.8185, 2.8814 -0.3086, 2.6109 -1.2993, 2.3523

Note: In this problem, rigid body positions 1 and 9 are shared

The required R-S link variables here are by, by, by, and bz, Variable bg
represents the fixed pivot of the R-S link. Variables by by, and by, represent the
moving pivots in phases 1, 2 and 3 of the R-S link. Since each of these variables
has two scalar components, there are a total of eight required unknowns.

bo=(box, boy) by=(b1x, b1y) bin=(b1nx, D1ny) ban=(b2nx, D2ny)

The 11 prescribed rigid body positions and multiply separated positions result

in eight design equations. The following set of design equations were used to

calculate by, b4, b1, and bon:
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([A][D1,2]b1)T([D12]bs - bo) + ([V][D1,2]b1) ([VI[D1 2]b4) = O (5.156)
([D1,3]b1 - bo)([D13]b1 - bo) - Ry?=0 (5.157)
(ID1,4]b1 - bo) (D1 4]b1 - bo) - Ry?= 0 (5.158)
({{Ds 6l[D1,51}b1n - bo) ({[Ds,6][D1,5]}b1a - bo) - R1*=0 (5.159)
({ID571[D1,511b1n - bo) ({[Ds7][D1 5tb1n - bo) - Ry*= 0 (5.160)
({[Ds 6l[D+ 511b1n - bo)({[Ds ][D1 stban - bo) - Ri?=0 (5.161)
({[Ds, 10]{D1 g]}bzn - bo)"({[Da,10][D1 g]}bzn - bo) — Rz*= 0 (5.162)
({{Dg,11][D1 6]}b2n - bo)"({[De,11][D1 o]}b2n - bo) — Re®= 0 (5.163)

The term R, represents the length of the R-S link in phases 1 and 2. The term
Rz represents the length of the R-S link in phase 3. Since this example problem
involved moving pivot adjustments with adjustable crank and follower lengths, the
values of Ry and Rz were not identical in equations 5.156 through 5.163. The
specified values for Ry and Ry are 2.5 and 2.15. Given the following initial
guesses:

bo=(0.1, 0.1) b,=(0.5, 2.5) bin=(1, 2.5) b2,=(0.5, 2)
the solution to equations 5.156 through 5.163 converged to the following using
Newton’s Method:
bo=(0.0716, 0.0077) b,=(0.4286, 2.4568) b1,=(0.8494, 2.3317)
b2n=(0.3592, 2.1140)

The C-S link (co-c1) was the last link synthesized in this three-phase
adjustable moving pivot problem. The multiply separated positions of the rigid
body are governed by the angular velocity and acceleration of the driving link.
Since this C-S link can function as a driving link, it was also synthesized using

MSPs. The length of this C-S link was adjusted in the last phase.
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The values for 11 prescribed rigid body positions projected on the x**-y**
plane are given in table 5.34. These positions are represented by points py+.y-,
gx-.y~ and -y~ To satisfy the design equations of the C-S link, points p, q and
r are projected in the x**-y** plane in each rigid body position. The points are
also non-linear.

In addition to the 8 prescribed rigid positions, several multiply separated
positions are also given. They represent the velocity of the rigid body from
positions 1 to 2 and from positions 5 to 6.

Table 5.34 Prescribed x**-y** plane rigid body positions and MSPs for 3-phase

RSSR-SC moving pivot problem with adjustable crank and follower lengths

Phase 1
Pxey Quey Py

pos. 1 1.0109, 2.8716 1.5163, 2.5824 0.5054, 2.3608
vel. 1 -0.1102, 5.5020 -5.4986, -0.1107 0.0387
pos. 2 0.8195, 2.8841 1.3309, 2.6051 0.3241, 2.3633
pos. 3 0.6282, 2.8817 1.1455, 2.6134 0.1435, 2.3507
pos. 4 0.4382, 2.8645 0.9612, 2.6074 -0.0350, 2.3233

Phase 2
pos. 5 0.8178, 2.9076 1.3302, 2.6299 0.3239, 2.3861
vel. 5 -0.1240, 5.5002 -5.4891, -0.1205 -0.0387, -0.7165
pos. 6 0.6239, 2.9273 1.1424, 2.6617 0.1414, 2.3957
pos. 7 0.4304, 2.9310 0.9541, 2.6782 -0.0409, 2.3898
pos. 8 0.2382, 2.9191 0.7664, 2.6795 -0.2217, 2.3685

Phase 3
pos. 9 1.0109, 2.8716 1.5163, 2.5824 0.5054, 2.3608
pos. 10 0.8385, 2.8830 1.3494, 2.6030 0.3421, 2.3632
pos. 11 0.6661, 2.8814 1.1823, 2.6109 0.1793, 2.3523

Note: In this problem, rigid body positions 1 and 9 are shared
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These points were taken using d1=1.5, d2=[0, 0, -1], uap=[sin 10°, 0, cos 107]
and uce=[0, 0, 1] with respect to the X-Y-Z frame.

The required C-S link variables here are ¢p, €1, Cin and ¢z, Variable ¢o
represents the fixed pivot of the C-S link. Variables ¢4 ¢4, and c2n represent the
moving pivots in phases 1, 2 and 3 of the C-S link. Since each of these variables
has two scalar components, there are a total of eight required unknowns.

Co=(Cox, Coy) €1=(C1x, C1y) €1n=(C1nx, Ciny) C2n=(Cznx, Czny)

The 11 prescribed rigid body positions and multiply separated positions result

in eight design equations. The following set of design equations were used to

calculate ¢y, ¢4, €1n and Con:

(IVI[D1.2]e1)"([D1,2]e1 - €o) =0 (5.164)
(ID1.3]61 - €o) ([D1sle1 - €o) - Ri%=0 (5.165)
(ID1,4]c1 - €0)"([D1.4]c1 - Co) - Ri*=10 (5.166)
({[VI[Ds6][D1,s]}c1r) ({{Ds,6l[D1,51}€1n - €o) = 0 (5.167)
({[Ds 7][D1 s]}C1n - €0) ({[Ds 7][D1 51}€1n - €o) - Ri?=0 (5.168)
({{Ds,6][D1T}C1n - €0) ({{Ds,6l[D1l}C1n - €0) - Ri*=0 (5.169)
({[De,10][D1,s1}€2n - €0) ({[Ds,10][D1,0]}€2n - €0) — Ro*= 0 (5.170)
({[De,11](D1 sl}C2n - €0)"({[Ds,11][D1,8]}€2n - €0) = Re*= 0 . (5.171)

The term R; represents the length of the C-S link in phases 1 and 2. The term
R. represents the length of the C-S link in phase 3. Since this example problem
involved moving pivot adjustments with adjustable crank and follower lengths, the
values of R; and R, were not identical in equations 5.164 through 5.171. The
specified values for Ry and R, are 2.5 and 2.25. Given the following initial

guesses:



135

co=(0.1,0.1)  ©€1=(0.1,24)  ¢1,=(-0.5,25)  €2=(0.1, 2.5)
the solution to equations 5.164 through 5.171converged to the following using
Newton’s Method:
€0=(0.0000, -0.0000) ¢1=(-0.0850, 2.4931) c1n=(0.2762, 2.4720)
C2n=(-0.0539, 2.2473)

By using the initial rigid body points in each phase as the starting points for
the synthesized adjustable RSSR-SC mechanism and rotating the R-S link ag-a,
by certain angles, the remaining positions in table 5.37 can be approximated.
The R-S link rotation angles for the first four rigid body positions are 90°, 95°, 100’
and 105°. The R-S link rotation angles for the next four rigid body positions are
85, 90°, 95" and 100°. The R-S link rotation angles for the last three rigid body
positions are 90°, 95" and 100°. These angles are measured with respect to the

X-axis.
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Table 5.35 Prescribed X-Y-Z frame rigid body positions for 3-phase RSSR-SC
moving pivot problem with adjustable crank and follower lengths and MSPs

Phase 1

p

q

r

pos. 1
pos. 2
pos. 3
pos. 4

1.01089, 2.8716, -0.0460
0.8195, 2.8841, -0.0288
0.6282, 2.8817, -0.0085
0.4382, 2.8646, 0.0119

1.5163, 2.5824, -0.0690
1.3309, 2.6051, -0.0445
1.1455, 2.6134, -0.0190
0.9612, 2.6074, 0.0070

0.5054, 2.3608, -0.0230
0.3241, 2.3633, -0.0145
0.1435, 2.3507, -0.0052
-0.0350, 2.3234, 0.0048

Phase 2

pos. 5
pos. 6
pos.7
pos. 8

0.8178, 2.9076, -0.0663
0.6239, 2.9273, -0.0832
0.4304, 2.9310, -0.0971
0.2382, 2.9191, -0.1081

1.3302, 2.6299, -0.0674
1.1424, 2.6617, -0.0639
0.9541, 2.6782, -0.0587
0.7664, 2.6795, -0.0520

0.3239, 2.3861, -0.0345
0.1414, 2.3957, -0.0446
-0.0409, 2.3898, -0.0532
-0.2217, 2.6385, -0.0605

Phase 3

pos. 9
pos. 10
pos. 11

1.0109, 2.8716, -0.0460
0.8385, 2.8830, -0.0300
0.6661, 2.8814, -0.0109

1.5163, 2.5824, -0.0690
1.3494, 2.6030, -0.0464
1.1823, 2.6109, -0.0219

0.5054, 2.3608, -0.0230
0.3421, 2.3632, -0.0149
0.1793, 2.3523, -0.0051
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Table 5.36 Rigid body positions for synthesized mechanism for 3-phase RSSR-
SC moving pivot problem with adjustable crank and follower lengths and MSPs

Phase 1
P q r

pos. 1 1.0109, 2.8716, -0.0460 | 1.5163, 2.5824, -0.0690 | 0.5054, 2.3608, -0.0230
pos. 2 0.8201, 2.8841, -0.0281 1.3315, 2.6050, -0.0441 | 0.3246, 2.3634, -0.0143
pos. 3 0.6293, 2.8818, -0.0114 | 1.1465, 2.6132,-0.0198 | 0.1444, 2.3510, -0.0060
pos. 4 0.4397, 2.8648, 5.0074 0.9626, 2.6073, 0.0054 | -0.0338, 2.3238, 0.0030

Phase 2
pos. 5 0.8178, 2.9076, -0.0663 | 1.3302, 2.6299, -0.0674 | 0.3239, 2.3861, -0.0345
pos. 6 0.6252, 2.9285, -0.0604 | 1.1434,2.6618,-0.0519 | 0.1421, 2.3967, -0.0339
pos.7 0.4320, 2.9342, -0.0516 | 0.9556, 2.6788, -0.0347 | -0.0399, 2.3921, -0.0321
pos. 8 0.2391, 2.9248, -0.0403 | 0.7680, 2.6810, -0.0161 | -0.2209, 2.3724, -0.0292

Phase 3
pos. 9 1.0109, 2.8716, -0.0460 | 1.5163, 2.5824, -0.0690 | 0.5054, 2.3608, -0.0230
pos. 10 0.8390, 2.8828, -0.0303 | 1.3498, 2.6028, -0.0466 | 0.3425, 2.3630, -0.0151
pos. 11 0.6670, 2.8810, -0.0134 | 1.1831,2.6106, -0.0234 | 0.1801, 2.3520, -0.0065

The average error magnitude between the specified rigid body positions (table
5.35) and the rigid body positions of the synthesized mechanism for positions 2,
3 and 4 is 0.0009 units. The maximum error magnitude between positions 2, 3
and 4 is 0.0045 units. It occurs at rigid body point p, in position 4.

The average error magnitude between the specified rigid body positions and
the rigid body positions of the synthesized mechanism for position 6, 7 and 8 is
0.0106 units. The maximum error magnitude between positions 6, 7 and 8 is
0.0678 units. It occurs at rigid body point p, in position 8.

The average error magnitude between the specified rigid body positions and

the rigid body positions of the synthesized mechanism for position 10 and 11 is
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0.0006 units. The maximum error magnitude between positions 10 and 11 is
0.0258 units. It occurs at rigid body point p, in position 11.

The three initial translation magnitudes for the C-S link that were used in the
RSSR-SC mechanism to calculate the rigid body positions in table 5.36 are S=0

units for phases 1, 2 and 3. They were determined by trial and error.

Figure 5.22 Solution to 3-phase RSSR-SC moving pivot problem with adjustable
crank and follower lengths and MSPs

The specified MSP parameters in table 5.32 are

Vp:2=(-0.1802, 9.0032) Vq12=(-8.9977,-0.1812) Vr;2=(0.0633, -1.2057)
Ap,.=(-81.0692, 0.3775) AQq:.=(-0.3690, -81.0200) Ar,>=(10.8656, 0.3015)
These parameters correspond to link ag-a4 for rigid body positions 1 and 2. Since
these positions are in phase 1, the R-S link parameters for this position are ap
and as. The values calculated for these parameters are the following:

ao=(-0.0006, -0.0000) a;=(-0.0000, 2.0001)
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The velocity and acceleration of a; were calculated using the a’ and a” terms
in  equations 33 and 3.6 (where [Vi2]=[VP12|VqQi2|Vri2] and
[As2]=[Ap1,2|Aq1,2|Arq 2] With a third row of zeros). The values calculated for the
velocity a,’ and acceleration a;” are

a,'=(-17.9963, -0.3624) a;"=(-0.7380, -162.0481)
The specified MSP parameters in table 5.33 are
Vpi2=(-0.1816, 8.9794) Vq12=(-8.9977, -0.1789) Vr,»=(-0.2049, -1.2187)
Ap>=(-80.8448, -0.1380) Aq:.=(0.1107,-81.0096) Ar;,=(10.9341, -2.0475)
These parameters correspond to link bg-by for rigid body positions 1 and 2.
Since these positions are in phase 1, the R-S link parameters for this position are
bo and by. The values calculated for these parameters are the following:
bo=(0.0716, 0.0077) b,=(0.4286, 2.4568)

The velocity and acceleration of by was calculated using the a’ and a” terms in
equations 3.3 and 3.6 (where [V12]=[Vp1.2|Vq12|Vri 2] and [A12]=[Ap1,2|Aqi 2|Ars 2]
with a third row of zeros). The values calculated for the velocity by’ and
acceleration b4” are

b,'=(-22.1834, 3.4090) b1"=(-34.3781, -199.0835)
The specified MSP parameters in table 5.34 are
Vp12=(-0.1102, 5.5020)  Vq1.=(-5.4986, -0.1107)  Vr,»=(0.0387, -0.7368)
Vpse=(-0.1240, 5.5002) Vqse=(-5.4891,-0.1205)  Vr5¢=(-0.0387, -0.7165)
These parameters correspond to links ¢o-¢1 and co-cyn for rigid body from

positions 1 to 2 and from positions 5 to 6. Since these positions are in phases 1,
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and 2 the C-S link parameters for these position are ¢o, ¢4 and ¢4,. The values
calculated for these parameters are the following:
¢0=(0.0000, -0.0000) ¢1=(-0.0850, 2.4931) c1n=(0.2762, 2.4720)

The velocity and acceleration of ¢4 and ¢4, were calculated using the a’ term
in equation 3.3 (where [V12]=[Vp12|Vq1,2|Vr1 2] and [Vse]=[Vps.6|Vds.6|Vrse] with a
third row of zeros). The values calculated for the velocities ¢4’ and ¢4’ are

c1'=(-13.6992, -0.7437) c1n'=(-13.6033, 1.2213)

The angular acceleration of both R-S links were calculated using the a” term
equation in equation 3.6. Since both links rotate in planes, only the up, unit
vector term was used in equation 3.8 (therefore up,=up,=0). The fixed pivot
acceleration term was also eliminated in equation 3.7 since the fixed pivots are
“fixed" (therefore up =0 also).

When the rigid body position parameters and the moving pivot position and

acceleration parameters for link ag-a; were incorporated, the angular velocity and

acceleration values calculated using the simultaneous equations were ®=9.0000

rad/sec and 0=2.0015 rad/sec?®. When the rigid body position parameters and the

moving pivot position and acceleration parameters for link bg-by were

incorporated, the angular velocity and acceleration values calculated using the
simultaneous equations were m=9.0018 rad/sec and a:=1.4941 rad/sec®.

The angular velocities of both R-S links and the C-S link were calculated

using the a’ term equation in equation 3.3. Since these links rotate in planes,

only the w, term was used in equation 3.5 (therefore w,=wy=0). The fixed pivot
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velocity term was also eliminated in equation 3.4 since the fixed pivots are
"fixed."
When the rigid body position parameters and the moving pivot position and

velocity parameters for link ap-a; were incorporated, the angular velocity values

calculated were ©,=9.0004 rad/sec for the first row in equation 5.56 and

0,=9.0149 rad/sec for the second row. When the rigid body position parameters
and the moving pivot position and velocity parameters for link bo-bs were
incorporated, the angular velocity values calculated were ®»,=8.9994 rad/sec for
the first row in equation 5.56 and ®»,=9.0018 rad/sec for the second row. Since

the calculated position and velocity parameters of the moving pivots of the R-S
links were truncated (to four significant figures), the angular velocity values for
the R-S links were not exact matches.

When the rigid body position parameters and the moving pivot position and

velocity parameters for link ¢o-¢4 were incorporated, the angular velocity values
calculated were ®,=5.4999 rad/sec for the first row in equation 5.56 and
0,=5.5007 rad/sec for the second row. When the rigid body position parameters
and the moving pivot position and velocity parameters for link co-c1n were

incorporated, the angular velocity values calculated were »,=5.5000 rad/sec for

the first row in equation 5.56 and ®,=5.4989 rad/sec for the second row. Since

the calculated position and velocity parameters of the moving pivot of the C-S
link was truncated (to four significant figures), the angular velocity values for the

C-S link are not exact matches.



CHAPTER 6

CONCLUSIONS

The objectives of this work were to present several new methods for synthesizing
adjustable spatial four and five-bar mechanisms for multi-phase finite and
multiply separated positions. The spatial mechanisms of choice in this research
were the RRSS, RRSC, RSSR-SS and the RSSR-SC and the link adjustments
this work considered were the following:

e adjust the moving pivots while maintaining fixed crank and follower lengths

o adjust the fixed pivots while maintaining fixed crank and follower lengths

¢ adjust the moving pivots and crank and follower lengths between phases

¢ adjust the fixed pivots and crank and follower lengths between phases

One method presented involved the synthesis of spatial four and five-bar
mechanisms for multi-phase motion generation. Using this technique, spatial
mechanisms were synthesized to achieve 2 and 3 phases of finitely separated
rigid body positions.

Another method presented involved the synthesis of spatial four-bar
mechanisms for muiti-phase motion generation with tolerances. Using this
technique, spatial mechanisms were synthesized to achieve 2 and 3 phases of
finitely separated rigid body positions-including positions with tolerances.

Another method presented involved the synthesis of spatial four and five-bar
mechanisms for multi-phase motion generation and multiply separated positions.
Using this technique spatial mechanisms were synthesized to achieve 2 and 3

phases of rigid body positions-including velocities and/or accelerations.
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The final new method presented involved the synthesis of spatial four-bar
mechanisms for multi-phase motion generation and multiply separated positions
using instant screw axis parameters. Using this technique, spatial mechanisms
were synthesized to achieve 2 and 3 phases of finitely separated rigid body
positions-including velocities and/or accelerations based on instant screw axis
parameters.

Using specific computer-aided rigid body point motion and selection
approaches, the general displacement equations for the R-S, C-S and R-R dyads
were reduced to the constant length constraint only. Using these schemes, joint
axes need not be synthesized for R-S and R-R links and translation terms are not
required for C-S link synthesis.

When under the constant length constraint alone, the number of prescribed
rigid body positions is theoretically unlimited. This constraint is ideal since each
additional phase in a multi-phase synthesis problem results in additional rigid
body parameters.

In two and three-phase problems, the theoretical maximum numbers of
prescribed rigid body positions are 8 and 11. Part of this research focused on
determining the actual maximum prescribed rigid body position values. Every
two-phase example problem in this research was solved using 8 prescribed rigid
body positions and every three-phase problem was solved using 11 prescribed
rigid body positions. Based on the results of the example problems in this work,
the theoretical maximum rigid body position values for two and three-phase

problems are achievable.



APPENDIX A

EXPANDED DISPLACEMENT, VELOCITY AND ACCELERATION
EQUATIONS FOR R-R, R-S AND C-S LINKS

This appendix contains the simplified and expanded R-R, R-S and C-S link
displacement, velocity and acceleration equations used in this research. The
partial derivatives of these equations are also included with respect to the given
components of variables a; and ao.

Displacement Equation:
;
gly 92,; 93, fax Qy gl 92, 93, fax oy
2
F1y=|| 9% 92y 93y &y || 8o || |9l 92y 93y |8y || 8o ||~Ri" =0
gl; 925 93, 1 1 gl,; 92, 93, 1 1

(A.1)

Expanded Displacement Equation:

F1, =1+a,° +a,,° - R,® - 2a,a,01,; +8,, 91" - 2a,,a,,91,; +a,. ‘g1, -

yij VU

2a1xg1zq + a1)( g1zu 2a0xa1y92xu + 2a1xa1yg1xugzxu + a1 gzxu 2a a1yg2

YU

2a1xa1yg1y|| 92 yij + a1 g2 yij 2a1y92 zij + 2a1xa1y g1zu gz zij + a1y 92 zu 2a Oxg3 Xij
+ 2a1xg1xij g3,; +2a,,02,;93,; + g3 xu -2a,93, + 2a1xg1yij g3,; +2a,,92,;93;
+ 93 yu 293 Zij + 2a1xg1zij 93 2ij + 2a1y 92 zij 93 zij + 93 zu =0
(A.2)

Partial Derivatives of Expanded Displacement Equation:
oF1;

2an 2a1xg1xij —2a1y92xij _293xij (A-3)
aa(,x
doF1;

=2a,, —2a,9g1,-2a,,g2, -293; (A.4)

aaoy
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aF1ij 2 2 2
‘5;" = _2ang1xij + 2a1xg1xij - 2a0yg1yij + 2a1xg1yij - 2g1zij + 2a’1xg1zij +
1x
2a, 91,92, + 2a, 91,92, +2a,,91,,02,; +291,;93,; + 291, g3,; +291,,93,
(A.5)
oF1; 2 9
o =-2a,02,; +2a,,01,,92,; —2a,02; +2a,,92,," -292,; + 2a,,g2,;" +
1y
2a,,91,;02,; +2a,,91,;92,; + 231y92zi12 +2g92,;93,; +292,,93; +292,;93;
(A.6)

Velocity Equation:

.
0 —w v, +wa, (9l 92; 93 |[ax gl 92; 93;lanx) (3
F2,=|||lw 0 v, —wa,|gl; 92; 93;||a, gl; 92; 93 |ay ||y |0
0 0 0 gl; 92; 93;/] 0 gl; 92; 93;] 0 0
(A7)
Expanded Velocity Equation:

F2, = -wagya,, gl,; + Waga, g1y —a0@1,Vaox 91z — 80y @1xVaoy 91z

+ Wag, A1, 9191 + 81 Va0 1401z — WaG A1, 91591, + 81, Vo0, 91,491
—-wa, a,,g2,; + wa, a,a,,91,;02,; +a,,8,,V,, 91 g2,; +waga,, g2, -
Wap, 1,84, 91,5925 + 24,1y Va0, 91592y — 8084y Va0 32,5 — B0y 84y Va0, 32
+Wag,a,a,,91,;92,; + 84,84, Va0, 91,392, — wag,a,,a,,91,;,92,; +
8181y Vaoy Oy 02,5 + WA Ay, “02,4 02, +8,, Y 10,02,402,; — WALy, 2,02,

+ a1y2VaOy92yij g2,=0

(A.8)



Partial Derivatives of Expanded Velocity Equation:

oF2,

ij

dag,
a,, V92, —way,a,, 91,92, - wa1y292yij 92,

2
= wa1xg1yij _'a1xV30xg1zij - wa,, g1yijg1zij +wa1ygzyij _wa1xa1yg1zij gzyij -

(A.9)

oF2,

- =-Wa,, gl —a,Va, 91, +wa1ng1xijg1zij -wa, g2,; +wa,a,g1,,92,; -

0a,,

a1yVaOygzzii + wa1xa1yg1xij gzzij + wa1y292xij g2zij
(A.10)

oF2,
oa,,
2a,,v,,,91,;91,; —2wa,a,gl,;91; +2a,,v,,91,91,; + waga, gl g2,; +
85, Va0x 91,02, —Way,a,,91,;,02,; +8,, V40,091,402, + waga,, 91,92, +
83V a0 91592, — Wag A4, 91,92, +2,,V,0,91,;,92

= _waOyg1xij +w30xg1yij —a0xva0xg1zij _aOyvaOyg1zij +2wa0ya1xg1xijg1zij +

(A.11)

oF2,
oa

=—Wa,, g2,; + Wa,,a,,91,;02,; +a,,V,0,91,;92,; + wa, g2, —

1y

Wag,a,,91,;92,; +8,,V40,91,492,; — 5,V a0x 925 — oy Vagy 9245 + WaAG,A4,91,;92

+8,, V109192, — WA, a,,91,;02,; +@,,V,40,91,;92, + 2wag,a,,92,;92,; +
2a,,V,0,92,;92,; — 2wa,,a,,02,;02,; +2a,,V,,,92,;92

(A.12)
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Acceleration Equation:

—w? —a Ay, +wia + aa,, (gl 92,; 93, ||an '
F3, = a -w? a, —aa, +w’a, |gl; 92, 93, ||a,
o 0 0 gl; 92; 93;/| 0
9l 92 93, [an Aoy 0 —w v, twa, (9l 92 93, |[ax '
gl 92; 93, (ay |—|ay [[H||{Ww O Vg, —wa, |91; 92, 93 ||ay
t gl; 92, 93;] 0 0 0 0 0 gl; 92, 93,/ O

( 0 -w Vaox t wa()y g 1xij g2xij gsxij a,
w 0 v, -wa, |gl; g2; 93,||a, (|=0
0 0 0 g 1zij gzzij gszij 0

(A.13)

Expanded Acceleration Equation:

F3ij = w2a0xa1xg1xij -aaya, gl +aaya,gly,; + wzaOya1xg1yij "w2a(>x2a1xg1zij -
w2a0y2a1xg1zij _aOXa1xa30xg1zij - aOya1xaaOyg1zij - w2a0xa1ng1xijg1zij + aa()ya1x2g1xijg1zij

+ a1x2aang1xijg1zij + 2wa1x2VaOyg1xijg1zij - aa0xa1ng1yijg1zij - w2a0ya1x291yijg1zij +

8y, B0y O1y G —2Wa,, Vo0, O, 01,y + WA R, Gy + way a,, gty +
2wa0ya1x2va0xg1zij2 + a1x2Va0x291zij2 —2w30xa1x2vaOyg1zi12 +a1x2Va0y291zi12 +

wzanawgzxij -aa, a,,92,; _w2a0xa1xa1yg1zij g2,; +aa,a,a,,91,,92,; +
84,24,8,0,91,;,02,; +2wa,,a,,V,0,91,,92,; +aa,a,,92,; + wzaOyawgzyij -
aana1xa1yg1zij92yij - wzaOya1xa1yg1zijgzyij + a1xa1yaa0yg1zi192yij - 2wa1xa1yv30xg1zijg2yij

- wzanzawgzzij - wzaOyzawgzzij — Q04,5092 — A0y A4, 0,92, —

w280xa1xa1yg1xij 92, + aay,a,,a,,91,;92;; +a,,8,,2,,,91,;92;; + 2wa,,a,,v,,,91,;92;;

- aana1xa1yg1yij gzzij - wzaOya1xa1yg1yij 92zij + a1xa1yaa0yg1yij gzzij - 2wa1xa1yV30xg 1yij gzzij

+ 2w2a0x2a1xa1yg1zij 92, + 2w230y231xa1yg1zi192zij +4wa, a,,a,, V091,92, +
2a1xa1yva0xag1zijgzzij - 4waOXa1xa1yva0yg1zij gzzij + 2a1xa1yva0yag1zij g2zij - w2a0xa1y292xij gzzij
+ aaoyawzgz 92, + a1y2a30xgzxij 92, + 2wa1y2Va0y92xijgzzij - aa0xa1y292yijgzzij -

Xij

2 2 2 2 2. 2 2 . 2
wa,,ay,"92,;92,; +a,,8,,,92,;02,; —2wa,, V., 92,,92,; + wa,, a,, g2, +
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2 2 2 2 2 2 2 2 2 2 2
w a'Oy a1y gzzij +2waOya1y Vangzzij +a1y Van gzzij _2wa{)xa1y vaOygzzij +

a1y2v30y2921ij2 =0
(A.14)

Partial Derivatives of Expanded Acceleration Equation:

oF3,
Kl = _w2a1xg1xij + aa1xg1yij - 2("‘)2a0xa1xg1zij - a1xa‘a0xg1:ij - w2a1ng1xijg1zij -
0x

2 2 2 2 2 2 2
aa,, "g1,;91,; + 2w aya,, "gl,” —2wa,, v, g1, +wa, g2, -

zij
2 2
wa,a,,91,92,, +aa, g2, -aa,a, 91,92, —2wa,a, g2, — a,,8,,,92,; -

2 2
w a1xa1yg1xijgzzij - aa1xa1yg1yij gzzij +4w a0xa1xa1yg1zijgzzij - 4wa1xa1yva()yg1zijgzzij

2, 2 2 2 2.~ 2 2 2
-wa,,"92,,02,; —aa,,"g2,,92,; + 2w"a,a,, 'g2,;" —2wa,, v, 92,

(A.15)

oF3;
aa_’ = w2a1xg1yij —-aa, gl _2w2a0ya1xg1zij = Q4,8,0,91; _w2a1ng1yijg1zij +
Oy

2 2 2 . 2 2 2.2
aa, "g1,;91,; +2waya,,"gl,;" +2wa,, v, g1, +wa, g2, -

2 2
w-a,a, 91,92, -0aa, g2, +aa,a, g1,,92,; -2wa,a, g2, —a,,a,, 92, -

2 2
wa,a, 91,92, +aa,a, g1,,92, +4w-a,a,a, 91,92, + 4wa,a,v,,91,92,

zij

- w2a1y292yij g2, + aa1y292xij 92, + 2w2a0ya1y2922ij2 + 2wa1y2V30xgzzij2
(A.16)
aFSij PRY 2 2, 2 2, 2
Ta. w°aygl,; —aa, gl,; +0aygly,; + wa, gl —wa, gl,; —wa, gl -
1x

aOXaang1zij —aoyaaOyg1zij ‘2w230xa1xg1xijg1zij +2aa0ya1xg1xijg1zij +
2a1xa30xg1xijg1zij + 4wa1xva0yg1xijg1zij —zaa0xa1xg1yijg1zij —2w2a0ya1xg1yijg1zij +

2 2 2 2 2 2
2a,,a,,91,;91,; —4wa,,v,,91,;91,; +2w"a,"a, g1,;” +2wa, "a,,gl,;" +

2 2 2 2 2 2
4('oacvya1xva0xg1zij +2a1xva0x g1zij _4wa0xa1xva0yg1zij +2a1xva0y g1zij -

wza()xa1yg1zij g2,; +0aa,a,,91,;,92,; +a,,8,0,91,;92,; + 2wa,, v, 91,92, —
aay,a,,g91,,92,; _w2aOya1yg1zijgzyij +a,,8,,01,,92,; —2wa, V40,9102, -

wzaoxa1yg1xij gzzij + ua(}ya1yg1xij gzzij + a1ya30xg1xijgzzij +2wa1yva0yg1xij gzzij -



149

aa,a,,g1,;92,; - w2a0y31y91yij 92,; +8,,8,4,,91,;92,; — 2wa, v, 91,92, +

2w2a0x2a1yg1zijgzzij + 2w2a0y2a1yg1zijgzzij + 4wa0ya1yva0xg1zijgzzij +

2a1yva0ng1zijgzzij - 4wa0xa1yva0yg1zijgzzij + 2a1yVa0yzg1zij gzzij
(A.17)

e W*a,,g2,; —0a,,g2,; ~ W aya,gl,;92,; +aa,a,,91,,92,; +
1y

81,8,0,91,92,; +2Wa,,V,4,91,,92,; +0a,,92,; + wzaOyg?'yij —-aaya,, 91,92, -
W?a4,84,915;02,; + A1xa0, 91,502, — 2WA,V 0, 915,02, — WA, 702, —
mzac,y"’gzzij — Qox@20x92 ) — A0y @50y 92 —wza(,xa,xg1xﬁgzzij +0a,,a,,91,;92,; +
A1,@,0091,; 92, +2Wa,, V40, 91,;92,; — 0a,a,,91,;92,; — wzawaumyij g2, +

81y ,0, 01,3 9255 — 2WaA4,V 10,01, 02, + 2w%a,, 8., 01,02, + 2way, *a,, 91,92, +
4Way, 4,V 10x0 1592, +28,, Va0, 91,02, — 4WA,A,, V40,091,024 +
28,,V40,°91;,02,; — 2w2a0,a,,02,;02,; +208,,8,,02,;92,; +2a,,8,,92,;92,; +
4wa,,V,,,02,;92,; - 203,,a,,02,;92,; — 2w*a, a, 92,92, +2a,,8,,,02,;02,;

2 2 2 2 2 2 2
—4wa,yvao,(gzyiig2zij +2w%a,,"a,,g2, +2w%a,, "a,,g2,; +4waoya1yva0,gzzij +
2 2 2 2 2

2a, V0, 92, —4wa,a, Vv, 02, +2a,,V,,, 92,

(A.18)
where
gl 92 934 Px Qx Tx|Pix GQx i

9ly; 92y 93y |=|Py Gy Ty [Py Gy Ty (A.19)
g1y 92, 03y 11 111 1 1



APPENDIX B

EXPANDED INSTANT SCREW AXIS VELOCITY AND ACCELERATION
EQUATIONS FOR R-R, R-S AND C-S LINKS

This appendix contains the simplified and expanded R-R, R-S and C-S link
displacement, velocity and acceleration equations used in this research. The
velocity and acceleration equations incorporate ISA parameters. The partial
derivatives of these equations are also included with respect to the given
components of variables a; and a,.
Velocity Equation:

0 -wup, wuR, (9l 92; 93)a|((9k 92 9% (a

F1j= wWUR, 0 —WURy, gl:ij g%ij ga/ij a, gl/ij g2yij galij &, || %y =0
—WuR, wWuR, 0 gl 92; 93;| 0 gt 92; 93;] 0 0

(B.1)
Expanded Velocity Equation:

F1ij = aOya1xg1zijup0st +a0ya1ygzzijup0st _a0xa1xg1zijup0yws —a0xa1ygzzijup0yws -
80,81,91,;UPo, W, +28,8,,91,;Upg, W, — ,84,92,;UPg, W, +a4,@,,92,,Up,, W, = 0

(B.2)

Partial Derivatives of Expanded Velocity Equation:

dF1,

Ja - = -8,,91,;Upo, W, —a,,02,;Up,, W +a,,91,;Upo, W, +a,,92,,upq, W (B.3)
Ox

oF1.

55"‘" = a1xg1zijup0st + a1ygzzijup0st _a1xg1xijup02ws - a1yg2xijup02ws (B-4)
oy

dF1,

% - = 80,07,UPo W, — 80,15 UP o, W, — 80,914 UPo, W, + 80, g1y UPo, W, (B.5)
1x
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oF1
da,

i

=8,,02,;UP g Ws —85,92,;UP o, Ws =80, 92,;,UP o, W + 80, 92,;;UP o, Wy (B.6)
y

Acceleration Equation:

wsup,,” —ws” UPLUR S —Vopodts —UR0s  URURS. +Vyp0fsls +UR, G '
UR LR, 0™ V080 +URL O ws'up,,” —ws” URyURA” Vot ~UR D
2 - Kucbxun)z%z ~Vipods ~UROs  URURS” ~Vypofds +UR,O5 Wy Uy, —0”
gl(ij gZai ga&ij a
gl; 93; 93,|ay
oty 92, 93| 0

gl(ij g%ij g‘?&ij Q) Aoy 0 —WsURy, wsuR)y g1xij Q%ij g‘?'xij Qx '
gl 925 93 |ay [y ||| Wur. O -uxum, |9l 93 93;|a,
{ g1zij gzzij g3zij 0 0 _wsuR)y WsUR, 0 g1zij ggij gazij 0
0 —usUR, Wwsup, |91 92, 93;]ax
wWsup,, 0 —WsUR, gLij g2yij gew a,, =0
—WsUR,  WsUp, 0 gl; 92; 93,| 0

(B.7)
Expanded Acceleration Equation:

F2; = a,,a,,91,;UPo, s +80,8;,92,;UPo, 05 — 80,1, 715UPo,As —0,85,92,;UPo, O —
80,81,91,;UPo, 05 +84,8,,971,;UPo,As —8,84,92,;UPg, 0 +80,84,92,;;UPo,As +
ay,a4,91,;Ws —a1ng1xij2ws +a4,,8,,91,;Ws _a1ng1yij2ws "a1x291zij2ws +85,8,,92,;Ws -
2a,,a,,91,;92,;Ws —a1y292xij2 Ws +ay,8,,02,;Ws —2a,,a,,91,92 ; ws -aIyzgzyijz Wg —
2a,,a,,91,,92,,ws _a1y2921ij2 Wg —a0xa1xg1xijup0x2w8 +a1ng1xij2up0x2ws -
a0xa1ygzxijup0x2ws +2a1xa1yg1xijgzxijup0x2ws +a1y292xij2up0x2ws _aOya1xg1yijup0y2wS +
a1x291yi12Up0y2ws _aOya1ygzyijup0y2wS +2a1xa1yg1yijgzyijup0y2ws +a1y292yij2up0y2ws +
a1ng1zij2up0z2ws +2a,,a,,91;; gzzijup()zzws +a1y292zi12up0z2ws +a1ng1yi12up0x2ws2 +
81, 0" UPoc W~ +22,,8,,01,92,4UPg, W5 +a,,°92,;Upy, ws” +

2a,,a,,91,; g2zijup0x2w52 +a1y292zij2uP0x2w52 - aOya1xg1xijup0xup0yw82 -

2 2 2 2 2 2 2
a0xa1xg1yijup0xup0yws _aOyawgzxijupOxupwaS —a0xa1y92yijup0xup0yw8 +a1x g1xi} upOy wS
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+ a1x29 1zij2 UP0y2w52 +2a,,a,,91,;02,; l‘poyz(“’s2 + a1y292xij2 l-'po)fz"os2

+2a,,a,,91,,92, UPOyz(J'Js2 + a1y2922ij2 l-'poyz(""s2 - ana1xg1zijup0qu0zw32 -
ana1ygzzijup0xupOzw82 - aOya1xg1zijup0yupOzw52 - aOya1ygzzijup0yup02w82 +

a1x29 1xij2 UP0z2w82 + a1x291yij2 UP0z2w32 +2a,,a,,91,; gzxijupo:("’s2 + a1y292xij2 L‘pczz(")s2 +
2a,a, g1 gzyijup022w82 + a1y292yij2 UPOzZ""s2 +80,8,,91,;WsV pox — 2a1x291yijg1zijwsvup0x -
2a,,,,91,;92,;WsV p0x + 3oy, 92, WsV yo0x — 284,81,91,;92,;WsV 0x — 2a1y292yij 92,;WsV p0x
— 80,81, 91, WsVpoy ~ Box@1y 92,5 WsV ooy — Boy@1xT 1 Ws Viypoz +@0x@1x9 1y WsViypoz —

0,84, 92,;WsV 0, + 8084y F2;; WV oo, =0

Xij

up0z
(B.8)

Partial Derivatives of Expanded Acceleration Equation:

oF2,
j
aa - —a1xg1zijup0yas - a'1ygzzijup0yas + a1xg1yijup0205 + a1ygzyijup02Gs + a1xg1xijws
Ox
2 2 2
+ a1y92xu a1xg1xijup0x W — a1ygzxijup0x W - a1xg1yijup0xup0y(*)s -

2 2 2
2,,02,;UP o UPoy W — 81, 1,iUP o UPo, W~ — 81y92,UP o UP o, W5~ — 84, G150V o, —
a1ygzzu upOy + a1xg1yuw vupOz + a1ygzyuws up0z

(B.9)
dF2;
aa = a1xg1zuup0xa +a1ygzzuup0x s a1xg1xuup02 a1ygzxuup02G + a1xg1yu
(%
+2,,02,;w, a1xg1yijup0y2ws - a1yg2yijup0y2ws "a1xg1xijUp0xUp0yws2

2 2 2
8,,02,;UPoxUPoy W, —a4,91,UPo UPo, W~ —a,,92,,up, UP o, Wy +a5, 91,0V ypox +
a1ygzzqws upOx a1xg1xuu)s up0z a1y92xu upOz

(B.10)
oF2,
aa = aOyg1zuup0x ang1zijup0yas - aOyg1xijup0205 + a0xg1yijup0205 + ang1xijws
1x
- 2a1xg1xijzw + aOyg1yijws - 2a1xg1yij2ws - 2a1xg1zu W, 2a1yg1xugzxu

2a1yg1yij gzyuw 2a1yg1zugzzu ang1xiiup0x2ws + 2a1xg1xij up()x ws +
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2a,,91,,02,;UP o W, — 80, G1,;UPo, "W, +2a,,g1,,°up,, “w, +2a,,91, 92,,Up, W, +
2a,,91,,°Upy, W, +2a,,01,,02,,Up,, W, +2a,,g1,,°upy, ‘w,” + 28,91, Upe, W, +
2a,,91,;02,;UPo, W, +22,,91,402 U0, W,” = 86, G145 UPoUP oy W, =

80,01, UP6UPoy W~ +28,,9 1, Upy, “w,? + 22,91, up,, “w,® +2a,,91,,92,4up,, "W, +
2a,, g1, gzzijup()yzwsz —a0xg1zijup0xup02wsz _aOyg1zijup0yup02w52 +2a1xg1xij2up022ws
+2a,,1,, Upy, W, +28,,01,;02,4UP e, W, +28,,91,;02,;UPy, W, +85,G 15 W,V pox
—4a,,91,,01,;W.V 0 —28,,91,;92 WV 0, —284,973;92,;WV ypox — 80T 120V ipoy

aOyg1xuw VupOz +a0xg1y|| s upOz

2

(B.11)

oF2,
Ia L= 80,02 ,;,UPox 0 — 80,32, UP, A — 8, F2,;UP g, A +80,92,;UPo, O +2,,92,; Wy
1y

-2a,,91,,02,;0 —22,,02,;° W, +8,,02,;w, —2a,,02,;°w, —2a,,g1,;92,;W,
2a,,91,;,92,,w, —2a1ygzzij"’oos —a(,xgz,diupo,("’ws +2a,,91; gzxnupo,( w, +
2a,,02,,7UPo, "W, —8,02,;UPy, W, +28,,91,,02,,Up,, “w, +2a,,92 ,*up,, “w, +
22,01, 02, UPo; W, +28,,92,,7up,,“w, +2a,,g1,,02,,Up,, W, +2a,,g2,,°up,, ‘w,” +
2a,, 91, gzzijup0x2w52 + 2a1ygzzij2up0x2ws2 —4,02,;UP o, UP o, W
80,92, UP o UP oy W, + 281,01, 92,5UPo, "0, +28,,92,,°Up,, “w,” +22,,01,,02,,up, “w,” +
2a1ygzzij2up0y2w52 "angzzijuPOquOzwsz “aOygzzijUPOyUPOzwsz +2a,,91,; g2xijUp0z2ws
+2a,,92,,°Upy, W, +28,,01,;,02,;UP,, W,” +22,,02,,%Upg, W, + 80,02,V ox

—4a,,02,,92 W,V oy — 284,971,592V o0, — 28,9192 WV ypox —86xT24;W5V ooy
—84,02,;W4V o0, 80,92 WV o0,

2

2

(B.12)

where

gl 924 934 Px 9x Tx [Px Qx T
gl 92, 93y =[Py Ay Ty [Py Gy Ty (B.13)
gl 92, g3, 1T 1 111 1 1



APPENDIX C

EXPANDED S-S LINK DISPLACEMENT EQUATION

This appendix contains the simplified and expanded S-S link displacement
equations used in this research. The partial derivatives of the S-S link
displacement equation are also included with respect to the given components of
variables a1 and ao.

Displacement Equation:

T

f; 15 9% 957Ya,) (ax f; 15, g% 85 Ya,) (an

F1. f2ii f6ij 92; g6, a,, Qg f2ij f6ij gzij gsij a,
P 7 93 97 fag | |a 3, 7, 93, 97;|a, | |2,

Y [} L]

fa, 18, g4, 98| 1 1 f4, 18, g4, g8;] 1 1

] [l

I
|
|
V)
2
|
Yy
N
I
o

(C.1)

Expanded Displacement Equation:

F1 =142y, +a, +a, —28,a,f1 +a, 11" —2a,a, 12, +a,°12° —2a,,3,,f3, +
a,’13° -2a,f4, +a, 14" - 2a, 18, - 2a,,a, 18, —2a, a, 18, —2a.,a,,18, +

2a,a,,f1,f8, +2a,a,12,18, +2a,a, 13,18, +2a,a, 4,18, +a, °18," -2a;a,,0%,
+2a,,a,,f1,9%, +2a,a,15,0%, +a,°01’ —2a,2,02, +2a,a,,12,02, +2a,,,.16,92,
+a,,°92" —2a,,a,,03, +22,,,13,03, +2a,2,.17,93, +a,,°03" - 2a,,04, +2a,,,,/4,04,
+2a,,a,,18,04, +a,,°04," —2a,,05, +2a,,11,05, +2a,, 15,5, +2a,91,g5, +95;" -
2a,,06; +2a,,12,g6, +2a,,16,96, +22,,92,06, +9g6,” - 2a,,07; +22,,13,g7; +

2a,,7,97; +2a,,93,07, + 97," —298, +2a,,14,08, +2a,,18,08, +2a,,94,98, +

g8° -R? =0

(C.2)
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Partial Derivatives of Expanded Displacement Equation:

dF1;

ga—l = 2a,, -2a,,f1, -2a, 15, - 2a,,01, - 295
0x

oF1;

K‘ =2a,, -2a,,f2, -2a, 6, - 2a,,92, - 2g6,
Oy

oF1;

5—-1 =2a,, -2a,,f3, -2a, 7, - 2a,,g3, - 297,

aOz

oF1;

T =28l 2a, f1,° - 2a, 12, +2a,,f2,° - 2a,,13; + 2a,,13,° - 24, +
1x

2a1,(f4ij2 +2a,,f1,15; + 2a,, 12,16, + 2a, 13,17, + 2a, 14,18, + 2a,,f1,91; +
2auf2i,.gzij +2a,,13,93; + 2a,,f4,04, + 2f1,95; + 22,96, + 213,97, +
2f4,98;

oF1,
o = ~28,,15, +2a, 11,15, +2a,,15,° - 2a, 16, + 2a,,f2,16, + 2a,,16,”
1

y

-2a,,{7, +2a,,13,17, +2a, 7, - 218, + 2a,,f4,18, + 2a, 18,° + 2a,,15,g1,
+2a,,16,92; +2a,,f7,93; + 2a,,18,94; + 2f5,95; + 216,96, + 27,97, +
218,98,

1.
” L =-2a,g1; +2a,f1,01, +2a, 15,91, + 2a,zg1i,.2 - 2a,,g2; +
1z

2a1xf2ij g2; + 2a1yf6ijgzij + 2a,zgzij2 -2a,,93; + 2a1,(f3ijg3ij + 2a,y1‘7ij g3;
+2a,,93,° - 294, + 2a,,14,04, + 2a,,18,04, + 2a,,04,% + 291,05, +
292,96, + 293,97, + 294,08,
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(C.3)

(C.4)

(C.5)

(C.6)

(C.7)

(C.8)



g1, g5
g2; g6, _
g3, 97;

g4; 98,

piz in I"jz sz P G; I
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