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ABSTRACT

GENERAL PARALLEL-LEG MECHANISM: POSITION ANALYSIS
by
Hans Buus Gangwar
This thesis proposes to analytically express the positions of the legs (each leg has a length
and two spin orientations) for a parallel leg mechanism in terms of a single variable. The
only limitations imposed are the leg bases are all on the same reference plane and the tool
orientation is normal to the mobile upper plate. This is done for a parallel leg
mechanism having any number of legs. The variable chosen is the first leg’s vertex
position on the upper plate.
The state space is the space the configuration can occupy. By looking at a planar
slice of the state space for a specified tool axis position and orientation on the upper
plate, the different possible leg positions can be constructed. The three dimensional

space can then be generated by overlaying a progressive set of planes.



GENERAL PARALLEL-LEG MECHANISM: POSITION ANALYSIS

by
Hans Buus Gangwar

A Thesis
Submitted to the Faculty of
New Jersey Institute of Technology
In Partial Fulfillment of the Requirements for the Degree of
Master of Science in Mechanical Engineering

Department of Mechanical Engineering

January 2000



APPROVAL PAGE
GENERAL PARALLEL LEG MECHANISM: POSITION ANALYSIS

Hans Buus Gangwar

Dr. Zhiming Ji, Thesis Advisor Date
Associate Professor of Mechanical Engineering, NJIT

L ——

Dr. Ian S. Fischer, Committee Member Date
Associate Professor of Mechanical Engineering, NJIT

Dr. Rong’Y. Chen, Committee Member Date
Professor of Mechanical Engineering, NJIT



BIOGRAPHICAL SKETCH

Author: Hans Buus Gangwar
Degree:  Master of Science in Mechanical Engineering

Date: January 2000

Undergraduate and Graduate Education:

e Master of Science in Mechanical Engineering,
New Jersey Institute of Technology, Newark, NJ, January 2000

¢ Bachelor of Science in Mechanical Engineering,

New Jersey Institute of Technology, Newark, NJ, August 1999

Major:  Mechanical Engineering

iv



To my dad for his unobtrusive support of all my decisions



ACKNOWLEDGMENT
I would like to express my gratitude to Dr. Zhiming Ji, who in serving as my thesis
advisor never doubted my focus and resolve. Also, I would like to thank Dr. Ian Fischer,
for without dual numbers, the initial determination of the Single Leg Equation would
have been clouded in algebraic complexity. Special thanks as well to Dr. Rong Chen for
actively participating in my review committee.
A final note of thanks to Mathsoft and Parametric Technology. For the equations

seen throughout this thesis were made possible by Mathcad, and the figures by Pro-

Engineer.

vi



TABLE OF CONTENTS

Chapter Page

1.1 Advantages and Disadvantages of a Parallel-Leg Mechanism.............
1.2 Background..........c.oooi ittt e
1.3 Motivation and OBJECHIVE.............c.ccoiiitvin cie e i et e e,

1.4 DesignParameters... .. ..........oooiii it e e

2 POSITION ANALYSIS. ... e e

2.1 Advantages and Disadvantages of a Parallel-Leg Mechanism............
22 Single Leg EQUAtion. .. ... ......oooiiiii it e e e e

2.3 Leg Variable Dependence..................cooioi i iiiiee o e

24 Vertex Dependence.............cooooiiiiit it cin et e e e e

3 CONCLUSION....................
4 APPENDIX: DUAL NUMBER REPRESENTATION..........cc.ceeueiiiiiniiann e,

vii

.10

11

15

17

...20

23

.25



LIST OF FIGURES
Figure Page
1 Stewart Platform..............o oo 3
2 Griffs and Duffy’s Modified Stewart Platform..............................o . 4
3 Innocenti and Parenti-Castelli’s Parallel-Leg Mechanism
4 Leg Coordinates. .. ... ... .oo v vieies it e et e e e e e e el
5 Upper Plate Parameters. .. ... ... ....cooeiiiiiiiit i it e T
6 Base Coordinates for Six Legs.............cooiiieiiiiiee e e e . 8

7 Coordinate FTames. .. ... oo ot oo e e e e e e e e et e W10



Yi
Xi
0;
ni

Wi

LIST OF LEG SYMBOLS

leg subscript #
(when absent, the leg symbol is used as a general representation of all legs)

constant ground radial distance of leg i from origin
length of legi (X € [Xmin, Xmax])

constant ground orientation of leg i about zg-axis
rotation of leg i about the yg-axis at leg base

rotation of leg i about the X’’ axis so new coordinate x, axis aligned with leg



LIST OF OTHER SYMBOLS

B(r,8) 3x3 Dual Number matrix expressing first leg base coordinate xgyszn
placement in terms of ground (zp in z; direction)

D 3x3 matrix of leg top positions along the xg, v, Zc directions
) First column of matrix D

D! Second column of matrix D

D’ Third column of matrix D

d; 1x3 column matrix representation of D

di x xg-component of d;
diy vg-component of d;
d;,; zg-component of d;

L(m,y) 3x3 Dual Number matrix expressing second leg base coordinate Xy zr,
placement (x, in leg direction) in terms of XpysZs

n Tool axis orientation; assumed to be normal to the upper plate surface at the
tool axis position P.

ny Xg-component of n
Dy ye-component of n
n, Zg-component of n
P Position of tool axis on the upper plate with respect to the ground
Py xg-component of P

P, yg-component of P

P, zg~component of P



T0

Tp

Td

U(x)

Yi

LIST OF OTHER SYMBOLS
(Continued)

3x3 Dual number matrix expressing leg top in terms of ground, equal to
B(r,0)L(n,y)U(x)

First column of dual number matrix T
Second column of dual number matrix T
3x3 matrix of primary (rotational) component of dual number matrix T

3x3 matrix of dual (translation multiplied by rotation) component of dual
number matrix T

3x3 Dual Number matrix expressing leg top (or distal) coordinate in terms
of xpy .z,

Fixed distance from d; to P

Fixed angle between [P-d;| and [P-d;|

xi



CHAPTER1
INTRODUCTION
1.1 Advantages and Disadvantages of a Parallel-Leg Mechanism
There are three main advantages of a parallel-leg mechanism over a conventional serial
link configuration: identical components, even distribution of weight, and absence of
error buildup.

By the inherent nature of a parallel-leg configuration, the links and their ball joint
connections do not vary from leg to leg. This component universality thereby reduces the
costs of production and part replacement. A serial-link mechanism does not have this
intrinsic repetition of parts, thus raising the maintenance and production costs.

Second, in a parallel-leg mechanism, the weight of the tool plate is distributed
among the six legs. Thus, the legs do not need to be massive, nor do the servo-motors
controlling the movement need to exert a large amount of torque. Whereas in a serial-
link mechanism, the weight is additive, for the base link has to support all the other links
in addition to the tool plate. As a consequence of better weight distribution, parallel-leg
mechanisms exhibit better rigidity and higher acceleration.

Lastly, with the parallel-leg mechanism, the error in link orientation is isolated to
the specific links (it is not felt between links), so the total error is not additive, and
usually ends up being a little greater than the largest error {Behi, 1988]. However, with a
serial arfangement, the error is cumulative.

Thus a parallel-leg mechanism is superior to a serial-link mechanism in

performance, cost of manufacturing, and cost of maintenance.



The disadvantages are subtle. First, analysis of the movement for a serial
mechanism is fundamentally simpler. Only forces and moments between links cumulate,
and the effects of those are easily analyzed, especially with the effects being felt at the
link connections. Thus the motion can be isolated along orthogonal axes. With a parallel
mechanism, however, link movement is coupled — when one link moves, the relative
orientation of the others also changes. Second, tool path generation in the operation of
the mechanism is straightforward with a serial mechanism. Path generation is an
everyday requirement for machinists with NC machines. Every different machine job
needs a different program. Because the motion of a parallel-leg mechanism is complex,

planning a trajectory is time intensive, difficult, and many times not optimal.

1.2 Background
Parallel-leg mechanism designs were first introduced back in the 1800°s. It was not until
1947 that one was actually built by Gough. His Universal Tire Testing Rig was the first
practical application of a parallel-leg mechanism. Gough’s mechanism allowed the
measuring of wear by pressing a rotating tire at different angles against a rough surface
[Gough & Whitewall, 1956].

Parallel-leg mechanisms are popularly known as Stewart platforms, after
Stewart’s six degree of freedom flight simulator shown in Figure 1 [Stewart, 1965].
However, it was not until 25 years after the Stewart platforms first appearance that
theoretical research in robotics began to focus on parallel-leg mechanisms. The first

analytical efforts were made by Behi, Griffs and Duffy, and Fichter.



Figure 1 Stewart Platform

Fichter determined the leg lengths, velocities, and singular positions of the
configuration for a Stewart’s platform. His parameters were the position, velocity, and
orientation of the upper plate [Fichter, 1986].

Behi [1988] also studied a Stewart’s platform. He analyzed the platform for both
reverse and forward displacements. In reverse displacement analysis, the orientation and
center position of the upper plate are given, for which the leg lengths are solved. In
forward displacement analysis, the leg lengths are given, for which the orientation and
center position of the upper plate are solved. Then he looked as well at the workspace of

the mechanism — the three dimensional space in which the mechanism operates.



Griffs and Duffy [1989] analyzed a modified Stewart platform with six legs
attached at three separate ball joints at both the base and upper plates (shown in Figure
2). Eight reflected solution pairs for the leg lengths were arrived at, given the orientation

and center position of the upper plate.

Figure 2 Griffs and Duffy’s Modified Stewart Platform

The most intensive study was done by Innocenti and Parenti-Castelli [1990],
whom analyzed the mechanism shown in Figure 3. They solved for the orientation and
mobile upper plate position in terms of the leg parameters. Their approach was first
closure of the loop equation for the legs, then construction of the orientation and center
position vectors for the upper plate by means of the three top vertices. Using complex

numbers, their result was a 16 order polynomial in terms of one variable.



Figure 3 Innocenti and Parenti-Castelli’s Parallel-Leg Mechanism

1.3 Motivation and Objective

In machining, it is important to be able to move a parallel leg mechanism through a
prescribed path. Since most tools are symmetric, the mobile upper plate can be rotated
about the tool axis without changing the tool orientation. Thus a single degree of
freedom exists for the upper plate, a rotation about the tool axis. Having an equation
expressing the leg variables in terms of a single point on the upper plate (in addition to
the tool axis position and orientation) would enable the generation of the leg positions for
different rotations of the upper plate. From inputting the different points on the tracer
line of the tool axis position, this process can be repeated to generate a set of such
solutions. In addition the tool orientation need not be held constant over tracer path.

The objective is then to determine all possible configurations for a specified tool

position and orientation.



1.4 Design Parameters

Each leg is given an axial length x, an angular orientation 1 about the yg-axis, and a
second angular orientation y about the z; axis as shown in Figure 4. There are six legs,
so there are 6 * 3 variables. Given the tool axis orientation and position, a point in the
upper plate can lie on a circle of solutions. Therefore the objective of this thesis is to
express the other variables in terms of the first leg’s upper vertex position on the mobile
plate, d;. This is done in order to provide the equations to map out the solution space

over the range of the single independent variable.

Figure 4 Leg Coordinates



The tool axis orientation n is assumed to be normal to the upper plate surface at

the tool axis position P. The distance between P and leg vertex d; is V;(see Figure 5)

Figure 5 Upper Plate Parameters




The last parameters needed are the base positions of each leg. The assumption

made is that each leg 7 is on a circle of radius r; at an angle 0; (Figure 6 illustrates the

base coordinates for the case of six legs).

Figure 6 Base Coordinates for Six Legs



CHAPTER 2
POSITION ANALYSIS

2.1 Approach
A parallel leg mechanism’s position depends on the tool axis position P and orientation n
on the upper plate. The main quantity of interest controlling the position of the upper
plate is the legs’ lengths. Since the legs are attached to the upper plate at the vertices, in
order to express the legs’ lengths in terms of P and n, first the equation describing the
position of the vertices is needed. To accomplish this, a general equation will be
developed in Section 2.2 for any arbitrary leg. This equation will be called the Single
Leg Equation. Once the Single Leg Equation is known, the leg variables (length x and
angular orientations 1 and ) can be expressed in terms of the vertex distance d. This
will be done in Section 2.3. The equations derived in Sections 2.2 and 2.3 are for an
arbitrary leg and corresponding vertex. Since the vertices are not independent, but
related by the geometry of the upper plate and by specifying the tool axis position and
orientation, there is only a single degree of freedom (once one vertex is specified, the
plate is fully constrained). As such, the other vertices after the first can be expressed in
terms of the first. All that is needed is the distance V; between vertex d; and tool axis
position P, and the angle v; between the axis position and the vertices d; and d;. Section
2.4 derives the equation relating the vertices. From this set of equations, all leg lengths

are expressible as a function of the first vertex d,.
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2.2 Single Leg Equation
The purpose of this section is to express the distance from a vertex to the ground in terms
of the leg variables. This expression is called the Single Leg Equation, and can be used

to relate any vertex position in terms of its leg’s variables x, 1, and .

ey,

Figure 7 Coordinate Frames

A leg is broken into the three different coordinate frames shown in Figure 7: its
reference base frame {B} on the base plate, its leg direction frame {L} whose origin
coincides with {B} but whose x-axis points in the direction of the leg, and its upper
connection frame {U} which lies on the connection of the leg to the upper plate. By

formulating dual number transformations from the ground {G} to {B}, from {B} to {L},
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and from {L} to {U}, the vertex d becomes simply the transformation T from the ground

{G} to the upper connection (vertex) {U}. The appendix describes the dual number

transforms in detail.

Bj(r,0) expresses the coordinates of the reference base of leg 7 in terms of the

ground. Two coordinate transforms are needed. First rotate about z, by 0 to arrive at the
new x’- and y’- axes. Then translate along the new x’-axis by r to arrive at the xp- and
yg- axes. Since the purpose is to express a coordinate point (Xg,ys,Zg) as (Xg,Ye,Zg), the

order of matrix operation for By(r,0) is backwards.
B =Z(6,0)X(0,1).

cos(6) -sin(8) O ({1 O O
B(r,0) :=|sin(8) cos(®) O[O0 1 -er
0 0 1110 er 1

Now each leg i is presumed to be connected at {B;} by a ball joint. Looking at
the leg #, a second coordinate system can be established at {B;}, where the x; -axis points

in the leg direction. Since we are only looking at the joint right now to see the directional
orientation of the leg, the translation r = 0. To arrive at the new coordinate system, first

rotate {B;} about the yg-axis by 1 until the leg is in the x”’y’” (or x”"yg) plane, then
rotate about the z’” axis by wj to align x; with the leg. So undoing this operation to arrive
at the coordinate transformation,

L=Y("n,0)Z(y.0)

cos(n) O sin(n) ||cos(y) -sin(y) 0
L(n,v) = 0 1 0 }isin(w) cos(y) O
-sin(n) 0 cos(n) 0 0 1
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Next, each leg has a length x;, so to move from the coordinate system at {L} to

the coordinate system at {U} (upper part or distal end of the leg), a simple translation

occurs along the x; -axis.

1 0 O
Ux) =0 1 -gx
0 ex 1

Combining the equations, the position of the top of each leg can be expressed in

terms of the ground coordinate. T=B*L * U

cos(f) -sin(0) O{|1 O O cos(n) O sin(n) |{|cos(y) -sin(y) Of{1 O O
T=|sin(8) cos(6) O[]0 1 -egr|| O 1 0 |]sin(y) cos(y) OO0 1 -¢
0 0 1110 ex 1 -sin(n) O cos(n) 0 0 1110 ex 1

Evaluating the matrix symbolically

cos(8)-cos(n)-cos(w) - sin(8)-sin(y) - sin(6) e r'sin(n)-cos(y)
T(r,0,0,4,0 " > | sin(8)-cos(n)-cos(w) + cos(8)-sin(y) + cos(6)-e rsin(n )-cos(w)
e 1siny) - sin(n )-cos(w)

~c0s(0)-cos(n )-sin(y) ~ sin(8)-cos(y) + sin(8)-s-T-sin(n sin(y) + s-x-c0s(0)-si(n ) + s xsin(8) T-cos(n) |
<1>
TC0.m.9.%" > _Gin(8)-cos(n)-sin(y) + cos(6)-cos(y) - cos(8)-¢-rsin(n)-sin(y) + -xsin(B)-sin(n ) - &>-xcos(8)--cos(n)
&-1-cos(y) + sin(n)-sin(y) + cos(n)-ex

& 'x'cos(0) cos(n) sin(y) + & xsin(0)-cos(y) - sZ-X'sin(G)-r-sin(n)-sin(q:) + cos(0)sin(1) + sin(0) € rcos(n)

T(r,8.,9 ,\V,x)<2> > e-xsin(8) cos(N) sin(y) - € x'cos(8) cos(y) + 82'X'cos(9)'r'sin(n)'sin(\y) + sin(8)sin(n) ~ cos(8) e T cos(n)

—52'x'r>cos(\v) - gxsin(n ) sin(y) + cos(n)
Using the property g2 = 0, the result is

cos(8)-cos(n)-cos(y) - sin(0)sin(y) - sin(8)-¢ r-sin(n)-cos(y)
T(r,0,n,v,0 " = | sin(8)-cos(n)-cos(y) + cos(8)-sin(y) + cos(6)-¢ r-sin(n)-cos(y)
e rsin(y) - sin(n )-cos(y)
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Fucos(e)'oos(n)'sin(\p) - sin(8)-cos(y) + & -r-5in(0)-sin(n ) sin{y) + &-x-cos(8)-sin(1)
T(0,8,m,9,%° " u|~sin(0)-cos(n)-sin(y) + cos(8)-cos(w) - ¢ r-cos(8)-sin(n)-sin(y) + & -x-sin(8)sin(n )

e-r-cos(y) + sin(n)-sin(y) + e-x-cos(n)

'a-X‘cos(6)~cos(n)-sin(\y) + &-x-sin(8) cos(y) + cos(0)-sin(n) + & r-sin(8)-cos(n)
T(r,0.,m,,%° u| 6-x8in(6)-cos (n)sin(y) - & xcos(6)-cos(w) + sin(6) sin(n) - & -cos(8)-cos(n)
] -e-xsin(n ) sin(y) + cos{n)

Separating the primary component T, and dual component T4

cos(8)-cos(n)-cos(y) - sin(6)-sin(y) -cos(8)-sin(y)-cos(n) - sin(@8)-cas(y) cos(8)-sin(n) |
sin(8)-cos(n ) cos(y) + cos(8)-sin(y) -sin(9d)-sin(y}-cos{n) + cos(8)-cos(y) sin(8)-sin(n)
~sin(n )-cos (y) sin(x )-sin(y) cos(n) |

Tp(rse LW ,X) =

~r-sin(8)-sin(n)-cos(y) X-cos(8)-sin(n) + r-sin(8)-sin(n )-sin(y) x(cos(8)-cos(n)-sin(y} + sin(8)-cos(y)) + r-sin(@)-cos(n)
Td(r,8.m ,y.x} = | r-cos(8)-sin(n )-cos(y) x-sin(8)-sin(n) - r-cos(8)-sin(n)-sin(y) x(sin(A)-cos(n)-sin(y) - cos(8)-cos(y)}) - r-cos(8}-cos(n)
resin(y) %005(1) + rroos(y) ~x-sin{n)-sin{y)

Now, to deal with the coupling of leg ends, we can look at the origins, which have
to coincide. Letting {U;} = the reference coordinates for the upper (distal) end of leg i,
the matrix T can be decomposed as follows.

T=[R]{Uj} +e[DR]{Uj}.

The dual component Td of matrix T represents the total translation [D] multiplied
by the total rotation {R] (which makes sense by considering the matrix operation in dual
numbers.., [D1] € X [D2] € = 0; so only the {[R1][D2] + [R2][D1]}& dual term remains;
or in three terms, {{[R3][R2][D1] + [R3][D2][R1] + [D3][R2][R1]}<).

So [D] = [DR] [R]".

(Note: (R]fl = [R]T because [R] is obtained from the rotation matrices X, Y, Z
whose inverses are their transposes; since [R] is composed directly from these matrices,

its inverse is its transpose — decompose then take its inverse step by step to see). (Fischer

1999, p. 83)
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D(r,ﬁ .M ,\(I,X) = Td(r,B sN sWaX)'Tp(l',e »M a‘U,X)T

[

~rain(8)-sin(n }cos( ) > cas(B)-cos( ) - #sin(0)-sin( ) siny)-cos(8)-cos (3 ) + cos(8)-sin(n )r-sin(8)-cos(n )
O
D5, 8,1,4,0° > | cos8)sin(n )-cos(y) -cos(n ) - sin(8)>6in(n )x-cos(y) + r-cos(8) sinn )-sin(w) cos(n ) - x-cos(8y>sin(n )-cos(y) - cas(8)%sin(n )-r-coa(n)

~rsin (y)>-5in(0) - x-cos(0)-cos (1) >sin(y) ~ cos(n )-x-sin(8)-cos(y) ~ rcoa(y) sin(8) - sin(n ) sin(y ) x-cos(8)

~e-sin(@)-sin(n )-c0n(y ) -cos(n) + x-c08(8)sin(n ) -cos(y) - rsin(8)*sin(n )-sin(y)cos{n) + sin(8)*sin(n ) x-coa(y) + Sn(&) sin1 }T-c08(n )
1
D(r, 81,937 > rsin(8)-sin(n ) cos(y)cos(8 )-cos(n ) + r-sin{d)-sin(n -sin( ) cos(B)-con(n) - cos(8)-sin(n )-r-sin(8)-cos(n)

rsin(y)-cos(8) - xsin(8)-cos(n ) sin(i) + con(n ) x-cor(8con(y) + r-cos(y) -coa(®) ~ sin(n ) -sin(y ) wein(d)

r-sin(8)-sin(y ) -coa(y)? + sin(n ) sin(y)x-co(8) + sin(n)>sin(y)%r sin(d) + x-cos(8)-cos(n)sin(y) + cos(n)-x:sin(8 )-coa(w) + r-sin(8 }-cos(n )’

< 2>
Der,8:1w%)™™" > v cos 0y sin(n ) -co(y)> + sin(n ) sin(y)xsin(8) - sin(n ) sin(y)%r coa(8) + x-sin(8)-con(n ) sin(w) - cos(n)-x-cos(8)-con(y) - r-cos(8)-cos(n)?

1]

where [D] is the matrix result of the cross of d by the unit vectors of frame {U}

dx cu,x 0 'dz dy eu,x

De= dy x Cu’y = dz o -dx . eu’y

Gl [Puz] |4 9% 0 [[%,2
As a check, the 1-1 element should be zero
-rsin8) sin(n) cos(®)-cos(n)-(cos()” + sin()") + cos(9) sn(n) sin(8) cos(m)=0
As a check, the 2-2 element should be zero
r-sin(8)-sin(n )-cos(y )*-cos (8)-cos(n ) + r-sin(6)-sin(n)-sin(w)*cos(8)-cos(n ) - cos(8)-sin(n)--sin(8)-cos(n )
1sin(6)-sin(n )-cos(8) cos(n) - cos(€)-sin(n)-r'sin(6)-cos(n)=0
Now, the 2-1 element = d,
r-cos(8):sin(n)-cos(n)-{cos(y)? + sin(y)?) - x{cos(@)? + sin8)?)-siucn)-cos(y) - cos(8)?-sin(n )--cos(n)
-x:sin(n)-cos(y)=d,
And, the 3-1 element = d
[r-{cosw? + sincy)?)-cos(8) - xsin(8)- (cos(n)? + sin(n)?)-sinCw) ] + cos(n)xc0s(0)-cos(w)

1-c08(0) ~ x-sin(0 )-sin(y) + x-cos(8)-cos(n )er;os(\y)==dx
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Lastly, the 1-3 element = d,

r-sin(f))~sin(n)2'<C<>S(w)2 + sin(w)2> + <Sin(n)2 #: COS(n)2>'sin(w)'x-COS(9) + cos(n)-xsin(8)-cos(y) + r'sin(8)-cos(n )
r'sill((9)'<si11(r\)2 + cOS(n)z) + xcos(8)-sin(y) + x'sin(6)-cos(n)-cos(y)

r-sin( 0 ) + x-cos(0 ) -sin( ) + x-sin( 6 ) -cos(n )-cos(\y)=dy

or combining the results for dy, dy, and d,.

r-cos(8) - x-sin(8) sin(y) + xcos(8)-cos(n)-cos(y)
d(r,0,n,y,x) =| rsin(8) + x-cos(8) sin(y) + x-sin(8)-cos(n)-cos(y)

-x-sin(n)-cos(y) lSingle Leg Equationl

This equation is applicable to any leg, whatever the top constraint is.

2.3 Leg Variable Dependence
The Single Leg Equation can solved for x, n, & y in terms of dy, d,, and d,. Now, the
subscript i is introduced, for clarity of differentiation between legs.
6 x| [r7008(05) = x;sin(®3) sin{3) + x;c0s(6;)-cos ;) -cos v

di,y = r;sin( 9i> +xi-cos< ) sm(wl> +X. sm<91> cos( > ( )

_di,z - X sm('r]l) cos(w)

| Single Leg Equation

-x;sin(0;)-sin{ ;) +x; cos (6)-cos (n;) cos (w) | [d; = ryces(6y) |

1,X

X, 08 <9i> -sin(wi> + xi-sm<91> -cos( Th) cos (\m) = di,y « ri-sin<6i>

~x;sin(n;)-cos (v} 4,2
Multiplying the first equation by cos(6;) and the second equation by sin(6;).
-—x sm<91> <Bl> (\ul) + X.°C0S <Bl> “COS <ni>-cos <‘Vi> - [ cos <6i>-<di’x— I.:cos <9i>> ]

-3 sm<61> <91> Sln<W1> +x.- sm<61>2 cos<n1) cos<\u1> - sm<ei>'<di,y_ ri'sm@i))

-X, sm<n1> cos(wl) | % ]

2
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Then adding the first and second equation to form another

X;°c08 (ﬂi> *C0S <‘!’i> [cos <Bi> ’<di,x 1,-c08 <6 >>] * sm(é) ) <di,y - ri-sin<6i>>

_xi-sin<ni> *COs (‘l’i> di,z Eq. 1
Another similar transform can be performed by multiplying the first equation by

sin(6;)and the second by cos(6;).

-xi-sin<(-)i>2-sin< > + X sm(8l> cos< > cos <’1i> -cos(q/i> ; sin(9i>~<di,x— ri-cos<9i>> 1

xi-cos<6i>2-sin< >+x sm<91> cos( > s<ni>-cos<q/i> = cos<6ie>-<di’y—ri-sin<Bi>>

- -xi-sin<n1 -COS <\y1> i di, z ]
Then subtracting the first from the second
xi-sin<\yi> ' cos <9i> '<di,y - ri-sin<ei)> - sin(ei) '<di,x - 1;°C08 ((—)i))
-xysin{n)-cos (i) | % Eq. 2
Combining Equations 1 and 2
] xi-sin<\ui> 1 [cos <9i> '<di,y - ri-sin<9i>> - sin<ei> : <di, <~ Tycos <9i>> ]
oos (s cos (054 = e0s(o) - o3 (- (o)

Taking the square of each row and adding the lines.

(The leg length can not be negative, so only the positive square root is taken.)
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From the first row of Eq. 3

- <9i> . <di, o Ti‘Sin<9i>> - sin<9i> '<di, o~ Tycos <9i>>

sin<\ui> = Xi

The square root
can be either +/-

Since d, , in the third row of Eq. 3 can not be negative, either sin(n;) is negative or cos(v;)
is negative.

<— xi-sin<ni>> cos ( Wi)adi,z X.:C0S ( ni) cos <\yi>=cos (GO '<di,x - 1.:C08 <6 1)) # sin<ei> d, y

2

- ri-sin<6i

So there are two solutions based off the sign of cos ;).

2.4 Vertex Dependence
The position of a vertex depends on both the tool orientation n and position P on the
upper plate and internal geometry. The tool orientation of the upper plate describes the
plane in which the plate lies. It is also the normal vector to that plane. The vector curl or
cross product of two lines in the upper plate’s plane will determine the normal vector.
Since the normal vector is normalized (n,” + n,,2 +n,” = 1), the lines used in the cross

product need to be normalized as well (divided by the line length). The lines from P to
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d; and P to d; are used, whose line lengths are Vy and V; respectively. (Note: this is

done in order to develop equations relating the vertex d; in terms of d;.)

|P-d,| |P-q] h R

\A AR i or Pomdiy By-dy Bp-dy =m0V,

1 n, Px.‘ di,x Py - dLy Pz‘ di,z n /

Which can be rewritten as
VyVins (Py - dl1y>' (Pz— di,Z) - (Pz" d1,2>' <Py - di,y)
Vl“"ri'ny= (Pz_ dl,z>' (Px— di,x> - (Px- dl,x)‘<Pz_ di, z)
VyVin= (Px' dl,x)' (Py B di,y) - <Py - dl.y)'(Px' di,x)
or expressing in terms of d;.
(Pz" dl,z)'di,y - (Py - dl,y)'di,z“ (Pz“ d1,z)'Py - (Py - dl,y>‘Pz+ Vi Vin,
(Pz— dl,z)'di,x— (Px_ dl,x)'di,z’g(Pz— dl,z)'Px* (Px— dl,x)'Pz” VyViny Eq. 4
-(By-dy ) dy o+ (Pe-dy )0y = (P—dy JP = (P —dy JP -V Vim, Eq.5

Since the upper plate’s geometry is fixed, the angle y; between the lines from P to d; and

P to d; does not change.
‘P—d[‘P~d‘

\A 1 \Z —=cos <Yi>
or

(P dy ) (P d )+ (By =y (B~ ) + (B, dy ) (B~ d )=V, V;cosr)

which can be rewritten as
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(Pe-dy Jdy o+ (By=dy )ody o+ (P=dy )d, == (Ped) +Pdy +Pdy )= V) Vycos(n)
This equation is used with Eq. 4 and Eq. 5 to find an expression for d;:

-(B, - d, )4+ (P-dy Jd; =(P~d; JP -~ (P -d )P -V, Vin

(P,-d; )4 - (By-d; )d =(P,~d, P - (P -d }P +V, Vin

(Pemdy Jd o+ (P -dy )dy + (P=dy Jd, =PP= (Pedy #Pdy +Pdy )=V Vicos(y)

Expressing in matrix notation

) <Py - dl,y) <Px* dl,X> g g x (Px_ dl,X>'Py - <Py - dl,y)'Px_ VyVin,
0 (PZ' dl,Z> '<Py - dl,y> 1diy |= (PZ_ d1,2>'Py - <Py - dl,y>'Pz+ Vi Ving
(Px" dl,x> (Py - d1,y> (Pz' dl,z> di,z [l <Px-d1’x+ Py—dl’y + Pz'dl,z> - Vl-Vi-cos<7i>

or moving the coefficients of d; to the right side

d —(Py - d]’y> (Px— dl,x> 0 i (Px‘ dLX)'Py - (Py - dl’y)l’x— v Ven
dl= 0 (PZ- dl’z) -(Py - dl,y> . (Px~ dl’x)-Py - (Py - dl,y>-PX—- v, Von

di’z <Px~ dl,X) (PY - dl,Y> (PZ_ dl,l) P <Px'd1,x+ﬁPy-dl,Y +Pz'dl,z) - Vl‘vi'cos<7>

i

Which can be expressed as

where

Cl=~[<d1’x— P e (d,,-P Y+ (d,- PZ>2] Com-(dy , - Py){(dl,x—?x)z r(dy,-B) e (4 - Pz)z}



CHAPTER 3
CONCLUSION

It is important to be able to move a parallel-leg mechanism through a prescribed path.
Since most tools are symmetric, the mobile upper plate of a parallel leg mechanism can
be rotated about its tool axis without changing the tool orientation. Thus a single degree
of freedom exists for the upper plate, a rotation about the tool axis. Having an equation
expressing the leg variables in terms of a single point on the upper plate (in addition to
the tool axis position and orientation) would enable the generation of the leg positions for
different rotations of the upper plate. The point chosen is the vertex d;, where the first
leg connects onto the upper plate.

Thus, all leg variables x;, i, & ; have been expressed first as functions of d;.
Then the vertices have been expressed as functions of the single variable, dy, and the two
parameters, tool axis orientation n and tool axis position P.

For the leg i, the solution is expressible in terms of d;.

(4 (8, (8, (1) 250 (o) - 4 ceon0))

ws(ei)'di,y 3 Si“("i) d; \ J (xi>2 i (ms(ei)'di,y 5 Sin(ei) 'di,x>2 The square root
- ("'i/ iy can be either +/-

sinfy;)=

R | 4om(o) )

oos("li x5 (‘l’1>

However taking n. and . into account together, the Single Leg Equation still needs to be

satisfied. As such, d, can not be negative, so either sin(n i) Or cos ( WJ is negative.
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These equations combined with

-C [ C
1 0 1 I P s AR
di’x (d Px) (d p) (d P) dl’y Px dl,xPy Vl Vix&
1z Lz T DAl g i
di,y = ._._.._.__Z BT z: y/ A dl’y Pz dl’zl’y+\f1 ’Vinx
d : ’ ; Pz—-(P d _+P-d _+P-d )-v -V.-oos(y.)
1,Z XLk ¥ ALY - 18 I s 1,

where

L B a1 (G VR U S A
expresses all the legs in terms of d;.

From inputting the different points on the tracer line of the tool axis position P,
this process can be repeated to generate a set of such solutions. In addition, when
constructing the tracer path, the tool orientation need not be held constant.

Another approach would be to map the state space numerically by constructing a
series of different tool axis positions’ P and orientations’ n. Each different value of P and
n corresponds to a different plane the mobile upper plate can lie in. The three
dimensional space can then be generated by overlaying a progressive set of planes and
removing the unattainable configurations.

This analysis can be extended to consider velocity by simply taking the
derivatives with respect to time of x;, n;, & y; where only the variables dy, n, and P have
time derivatives. The second derivative could also be taken to find the accelerations of
the leg variables. Acceleration and velocity are important in design of mechanisms

because the control systems need to produce them.
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Also, instead of constraining the leg bases to lie on the same ground plane, the
Single Leg Equation can be modified to incorporate an elevation z in the z4- direction at
base point B.
Using

cos(8) -sin(6) 0 ({1 O O 1 -ez 0
B(r,8,2) :=| sin(0) cos(8) O0{{0 1 -erfjez 1 O
0 0 110 er 1 0 0 1

It can be shown that the Modified Single Leg Equation would be:

r-cos(0) ~ x(sin(0)-sin(y) - cos(8)-cos(n)-cos(w))
d(r,8,2z,%,y,%) := | r-sin(0) + z(cos(6) - sin(8))-(sin(n)-cos(y)-sin(y)) + x-(siny)-cos(8) + cos(n)-cos(y)-sin(6))
z~ x-sin(n)-cos(y)

From this equation the leg parameters could be expressed as functions of the variables d;,
n, and P.

A last modification that could also be done is not to constrain the tool axis
orientation to be normal to the mobile upper plate. Then n would not be the tool axis
orientation, and the upper plate would be able to eccentrically rotate about the tool axis
instead.

The reason why an elevation and eccentricity were not addressed was because in
parallel leg mechanisms the leg bases do primarily lie on the same base plane and the tool

is also primarily normal to the mobile upper plate.



APPENDIX
DUAL NUMBER REPRESENTATION
Dual numbers are used to determine the leg vertex (top) position in terms of the ground.

The following is an overview of dual numbers. Refer to Fischer’s Dual-Number Methods

in Kinematics, Statics and Dynamics for an in-depth derivation.

A dual number is comprised of a primary (real) component and a dual (g)

component, where £2 = 0. This is a useful representation of simultaneous rotation and
translation. The rotation is done in the primary plane and the translation is done in the €
plane. (The reason why translation is done in the € plane is because from one coordinate
transform to another, you never multiply separate translations, but multiply instead the
translation by the next rotation; thus in dual numbers, a rotation times a translation ends
up in the £ plane, pure rotations stay in the primary plane, and any multiplied translations
disappear.) Now a dual angle is the rotation (vector curl) about a coordinate axis and a
translation along that same coordinate axis (the translation does not effect the plane of
rotation, but simply elevates the rotated plane). The breakdown of coordinate
transformation is the same as if done with a pure rotation, i.e. a 3X3 matrix M, whose
det(M) =1 in all cases. However, to represent the cos(8+re), a Taylor series expansion

about the primary component is done. (Note, the expansion of flateag) = f(a) + € a¢)

[df(a) / da]; all other terms disappear because £2=0.) On the next page are the dual angle

rotations and translations about the X, Y, & Z axes respectively.
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Je

5V

e

Ro)l-(b

Ma[ih i kb]
cos(0 +1e) -sin{@+re) O

Ms=| sin(6 + re) cos(6 +18) O
0 0 1

So M transforms coordinates in b into a. However to do this, it is important to
remember (6+re) is measured in a, not b.

To decompose a dual vector, it is important to realize that N = No + (r x No)e,
where No is the angular orientation: projections along 1, j, & k axes.

Now the dual vectors for transformations about the X, Y, & Z axes are

¢(9,r1) = cos(8) - &-r-sin(6) s(0,r) := sin(8) + & ‘r-cos(0)
1 0 0 c(n,r) 0 s(n,r) c(0,r) -s(0,r) O
X(o,1) =0 e(o,r) -s(o,r) Y(n,1) = 0 1 0 Z(0,r) =|s(0,r) ¢(O,r) O

0 s(o,r) c(o,r) -s(n,r) 0 ¢(n,r) 0 0 1
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