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ABSTRACT

CHEMICAL REACTIONS AND MASS TRANSPORT IN EMULSION LIQUID
MEMBRANE

by
Huifang Fan

Emulsion liquid membrane (ELM) systems are an important technique for wastewater
cleanup. For this purpose, emulsion globules are dispersed in wastewater (external
phase), each emulsion globule consisting of many tiny aqueous droplets (internal phase)
enclosed in oil (membrane phase). Hazardous chemicals in the wastewater are
transported into the internal droplets by mass transfer mechanisms.

Since Li first invented an ELM system in the 1960s, much research effort has
been devoted to experimentally finding the optimal conditions for ELM recovery of
various chemicals. Such studies would have benefited greatly from the guidance of
mathematical models, especially those that provide analytical predictions. However,
mathematical modeling of ELM systems is highly challenging due to the interplay of
transport phenomena and chemical reactions.

In carrier mediated mass transfer in an ELM system, the hazardous chemical in
the external phase are extracted by reactions at the external-membrane interface to form a
complex with the carrier compound in the membrane phase. The complex then diffuses
to the internal-membrane interface, where the hazardous chemical is stripped from the
complex and the carrier freed.

This thesis establishes a mathematical model of carrier mediated mass transfer in

ELM systems. This model yields analytical solution that accurately predicts



experimental results. This solution provides theoretical guidance to optimal recovery
conditions and maximum achievable recovery efficiency.

| Using metal recovery as an example, this thesis conducts a first-principle study of
the extraction chemical reactions at the external-membrane and the stripping chemical
reactions at the internal-membrane interfaces and derives the extraction and stripping
distribution coefficients. This thesis also finds chemical reactions in the internal phase
greatly improve equilibrium recovery efficiency but also greatly lengthen the time to
reach equilibrium.

The analytical concentration profiles consist of converging series of infinite terms
each involving an eigenvalue of a certain eigenvalue equation. When external resistance
exceeds internal resistance, this eigenvalue equation exhibits a remarkable singular
behavior with significant impact on the concentration profiles. Also remarkable is the
metal accumulation phenomenon at the external-membrane interface when internal

resistance is big relative to external resistance.
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CHAPTER 1
INTRODUCTION
1.1 Emulsion Liquid Membrane (ELM) Systems and Waste Water Treatment
A liquid membrane is an immisible liquid phase separating two mutually miscible liquid
phases. In an oil/water/oil (O/W/QO) system, an aqueous phase is the liquid membrane
separating two oil phases. In a water/oil/water (W/O/W) system, an oil phase is the
liquid membrane separating two aqueous phases. This thesis mainly focuses on the
W/O/W system.

An emulsion liquid membrane (ELM) system results from mixing two immiscible
liquid phases to form an emulsion, and then, by mechanical agitation, dispersing the
emulsion in a third liquid phase (external phase). The agitation generates emulsion
globules consisting of myriad of internal droplets (internal phase) encapsulated by a
membrane phase immiscible to both the internal and external phases. The membrane
phase contains an organic compound to stabilize the configuration. This compound is
called a surfactant.

This system can separate a variety of chemical compounds by transferring the
compound from the external phase through the membrane phase into the internal phase.
In the W/O/W system, the external phase is the wastewater to be treated. The hazardous
compounds in the wastewater can be transferred into the internal phase. After that the
external phase can be separated from the membrane and internal phase. The treated
wastewater can be discharged.

Figure 1.1 is an illustration of a process of wastewater treatment using ELM

systems.
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Figure 1.1 Configuration of Process of Emulsion Liquid Membrane Systems



There are four unit operations of this wastewater treatment procedure. The first
unit operation is mixing which mixes the internal phase and the membrane phase to form
an emulsion. The second unit is emulsification, which mixes the emulsion with the
wastewater with an agitator. The emulsion is then present as thousands of globules in the
water containing numerous droplets of internal phase. The surfactant in the membrane
phase maintains the stability of the globules and droplets and mass transport occurs. The
hazardous compound in the wastewater can be transferred into the internal phase. The
third unit operation is settling. In this operation the membrane and internal phase are
separated from the treated wastewater which has a much lower level of metal
concentration than before. The globules regain their form of a continuous phase on the
top of the external phase. The last unit is breaking. The membrane phase and the internal
phase can be separated with high electric forces. The emulsion, which is rich in
hazardous compounds inside the internal phase, is demulsificated and separated by
application of high-voltage electric fields (1-2). The membrane phase will be recycled
and used again in the emulsification operation. Usually it can only be recycled once (3).
This part of the study was not made because of the lack of the equipment.

ELM separation of different compounds has been studied by many investigators
in the 1970°s and 1980°s. Metallic salts which can be treated by ELM have been
previously studied. Draxler, Furst and Marr (1988), Draxler and Marr (1986) and
Lorbach and Marr (1987) studied zinc (2, 4, 5). Draxler and Marr (1986) studied
nickel (4). Marr, Bart and Draxler (1990) studied cadmium, copper, mercury, and
lead (6). Fuller and Li (1984) studied chromium (7). Marr and Kopp (1982), Frankenfeld

and Li (1977,1979) studied cobalt (8, 9, 10). Reusch and Cussler (1973) (11), Schiffer et



al. (1974), Culler and Evans (1980) and Bartsch et al. (1987) studied sodium, potassium,
lithium, cesium and etc (11, 12, 13, 14). ELM can also treat many organic compounds.
Halwachs, Flaschel, and Schugerl (1980); Terry, Li, and Ho (1982), Yan, Huang, and Shi
(1987) and Qian, Ma, and Shi (1989) studied organic and inorganic acids (15, 16, 17, 18).
Thien, Hatton, and Wang (1986), Ho and Cowan (1987), thien and Hatton (1988) studied
acetic and propionic acid, cresol, hydrocyanic acid, etc (19, 20, 21). Thien, Hatton, and
Wang (1986), Ho and Cowan (1987) and Thien and Hatton (1988) studied bimolecular
(19, 20, 21). Li and Asher (1973) and Asher et al. (1975, 1976, 1979 and 1980) studied
amino acid, antibiotics, phospholipids, biomedical reagents, artificial blood cells,
cholesterol, toxins and etc (22-26). Among the above applications, removal of zinc from
wastewater in the viscose fiber industry and removal of phenol from wastewater have
been commercialized in Austria and China respectively (27, 28, 29).

Recently, more work has been done with the ELM system. El-Reefy, Selium, and Aly
(1998) studied recovery of uranium (30). Lee, S.S.Wang, and S.D.Wang (1994) studied
europium (31). Goto, Kakoi, Yoshii, Kondo and Nakashio (1993) studied rare earth
metals (32). Vasconcelos and Carvalho (1993) studied zinc (33). M.S. Uddin and K.
Hidajat (1993) studied gold (34). Juang and Lo (1993) studied cobalt (35). Huang and
Tsai (1991) studied cobalt and nickel (36). Pickering and Chaudhuri (1997) studied
phenylalanine enantiomers (37). Miesiac, Schugerl, Hasler, and Szymanowski (1996)

studied penicillin G (38). Juang and Huang (1994) studied Citric Acid, etc (39).
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1.2 Mass Tranport Operation in ELM Systems

ELMs were first invented by Norman Li (1970)(40). Figure 1.2 is an illustration of the
mass transport operation in ELM. The external phase is the wastewater to be treated. An
emulsion globule consists of the membrane phase surrounding many tiny droplets of the
internal phase. Mass Transport happens when we mix the external phase with the
emulsion phase. The size of the globules depends on the characteristics and concentration
of the surfactant in the emulsion, the viscosity of the emulsion, and the intensity and the
mode of mixing (41-43). The globule size is controlled in the range of 100 to 200
micrometers in diameter. A large number of the emulsion globules can be formed easily
to produce a very large mass transfer area adjacent to the external phase. Each emulsion
globule contains many 1 to 3 micrometer internal droplets. Thus, the internal mass
transfer area, typically 10°m?/m’, is even much larger than the external mass transfer
surface area. Therefore, a rapid rate of mass transfer in the ELM process can occur from
the external phase to the internal phase. It only takes a few minutes of mixing time to
achieve the desired amount of mass transport.

The components of emulsion liquid membrane are:
1. internal phase (receiving phase): an aqueous phase, actually made up of encapsulated

droplets, which will receive the solute.
2. external phase (source phase or feed phase): a continuous aqueous phase of

wastewater which is the source of the metal ions.
3. membrane phase: an organic phase that separates the internal droplets in the emulsion

from the external phase. It usually consists of two components:
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Figure 1.2 Mass Transport Operation of ELM System



a. diluent: organic solvent

b. surfactant: stabilizer of the system

For carrier-facilitated transport which will be discussed later, another compound, an
extractant, is added into the membrane phase. The extractant transfers the metal ion from
the external phase to internal phase.

There are two types of mechanisms of mass transport: type 1 and type 2 facilitation
(44,45,46). In type 1 facilitation, the reaction in the internal phase of the ELM maintains
a solute concentration of effectively zero. This is the minimization of the diffusing solute
species in the internal phase. The reaction of the diffusing species with a chemical
reagent in the internal phase forms a product incapable of diffusing back through the
membrane. The driving force of the diffusion of the desired compound from external
phase to internal phase is the concentration difference. Extraction of phenol is a good
example.

In type 2 facilitation, also called carrier-facilitated transport, the diffusing species are
“carried” across the membrane phase by a “carrier” compound, extractant. Reaction of
the diffusing species and the carrier compound takes place both at the external interface,
between external and membrane phases, and the internal interface, between the
membrane and internal phases. In this thesis, all the systems belong to type 2 facilitation.
Metal recovery usually uses this type of facilitation. This study focuses on metal recovery
with type 2 facilitation.

Figure 1.3 gives the mechanism of mass transport of type 2 facilitation using copper

as an example.
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Figure 1.3 Mechanism of Mass Transport of ELLM System



The mechanism involves the following steps
1. Mass transfer of copper ion from external bulk phase through mass transfer resistance
film to external interface between external phase and membrane phase.
2. Copper ion reacts with the carrier or extractant (HR) of the membrane phase at the
interface of external and membrane phase.

Cu*|extemat + 2ZHR  CURy | interface (extematimembrane) +2H Jextemal

3. Mass transfer of CuR; in the membrane phase from the external /membrane interface
to the membrane /internal interface

CuRy| interface (extemalimembrane)  CUR2 | interface (membrane/intemat)
4. Membrane-soluble complex (CuR;) at the membrane/internal interface reacts with

hydrogen ions from the internal phase.
CuRy| interface (membranefintemal) + 2H Jintemat 2 HR |interface(membranefintematy TCu " ptemnal
The metal ions are released from the membrane phase into the internal phase.
5. Mass transfer of extractant in the membrane phase from the membrane/internal
interface to the external/membrane interface.

HR|interface(membranefintemal)  F R|interface(extemal/membrane)

This facilitated transfer of copper ions occurs when the pH value of the internal phase is

lower in value than that of the external phase.

1.3 Advantages of Emulsion Liquid Membrane
There are several advantages of the emulsion liquid membrane process over the solvent
extraction process. They are: a. Simultaneous extraction and stripping take place n one

single step rather than two separate steps as required by solvent extraction. b. The ELM
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feature of simultaneous extraction and stripping removes the equilibrium limitation
inherent in solvent extraction. Therefore, the completed removal of the solute from feed
can be achieved with single-step ELM extraction. c. Another advantages resulting from
non-equilibrium feature of an ELM process is the significant reduction of the extractant
inventory required for the ELM extraction versus solvent extraction. Reduction by a
factor of more than 10 is possible so that an expensive extractant can be used. d. High
fluxes are possible. By combining the advantages of a high diffusion coefficient in the
liquid with the added carrying capacity of the carrier, a larger flux than that of a polymer
membrane is possible. e. Very selective separations are possible. The selectivity nature
of the carrier provides much better separation than those obtained based solely on relative
solubility and diffusion. f Ions can be concentrated. Coupled transport allows one to
pump ions against their concentration gradient. g. ELM is reported up to 40% less

expensive than solvent extraction (47).

1.4 Theoretical Modeling of ELM Systems
Emulsion Liquid Membrane systems are a novel and effective way to recover metal ions
from wastewater. In the past three decades, the separation of a variety of metals by ELM
has been studied by many investigators. For each indvidual metal, to find the best
experimental conditions, one must change one experimental condition, while fixing the
other conditions. Then one changes another condition and fixes the remaining conditons.
This process continues until the best conditions are found for every parameter. For
example, it is desired to extract copper with LIX-64 as carrier in the membrane phase and

sulfuric acid in the internal phase. First, if one wants to know the best volume
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percentage for the carrier, one must fix the other parameter and change the carrier volume
from 3%, 5%, 7%, 10%, 20%.... Then if one wants to know the best pH value for the
external phase, one must fix the other parameter and change pH from 1, 2, 3,4, 5...

The successful recovery of one metal requires a great amount of tedious
experimental work. It can be very frustrating at times, for even after several trials under
every condition, it still may not be able to achieve the desired recovery rate.

This thesis is going to present the mathematical models to provide theoretical
guidance to optimal recovery conditions and to predict maximum achievable efficiencies
for metal recovery from wastewater.

Much research has been done on wastewaster treatment with the ELM systems.
However, few researchers have focused on the mathematical modeling of the system. Ho
and coworkers developed a model for type 1 facilitation in 1982 which is not going to be
studied in this thesis(48). Lorbach and Marr developed a model for type 2 in 1987(5).
Lorbach and Marr’s model took into account the diffusion of carrier and carrier-solute
complex in the membrane globules and the reversible reactions at the external and
internal interfaces. Although some simplifications have been made on constant
summation of free and complex carrier, constant pH in the external phase and eliminated
resistance for the peripheral thin membrane layer based on Teramota and Kataoka’s
model (49, 50), there were still four parameters dealing with extraction and stripping
equilibrium that are quite difficult to determine correctly.

Currently, Sang Cheol Lee and coworkers developed a general physical model of a
typical batch extraction system employing an emulsion liquid membrane process for the

extraction of silver (51). It is a very good model. However, it made a simplification that



the mass transfer resistances of silver and hydrogen ions in the external aqueous phase
were neglected. It is shown in Wang’s thesis (1984) that the external phase resistances
can not be neglected (52). Sang et al did not produce analytical solutions for their model.
Instead they solved their model with computer similation. This study will not neglect the
external phase resistence and will give analytical solutions to our mathematical model.

It is interesting to know that Rajdip and coworkers (1997) developed a new model
of batch-extraction in ELM considering interaction of globules for type one
facilitation (53). Jae Hwa Chang and coworker (1992) had a model for enzymatic
reaction with ELM (54).

In this thesis, based on the previous work of C. R. Huang’s group (29, 52),
theoretical models of the extraction and stripping distribution coefficients and theroretical
models of the chemical reactions and transport phenomena in the internal phase will be

made. The theoretical predictions and experimental results will be compared.



CHAPTER 2

MATHEMATICAL MODELING OF TRANSPORT PHENOMENA
IN ELM SYSTEMS

2.1 Constructing Mass Transport Model of ELM Systems
2.1.1 Introduction
Figure 2.1 shows the mass transport operation that will be modeled. The model describes
diffusion of the solute in the external phase, mass transfer of the solute across the film
between the external phase and membrane phase, chemical equilibrium of the extraction
reaction on the external-membrane interface, simultaneous diffusion of solute-carrier
complex inside the globule membrane phase, and chemical equilibrium of the stripping
reaction on the membrane-internal interface. Simultaneous partial differential equations
were solved analytically by the Laplace transform method. Some dimensionless groups
are found with special physical meanings to characterize the emulsion liquid membrane
system. The analytical solutions of the model give concentration profiles of solute in the
external phase C.(t), concentration profile of the metal-carrier complex in the membrane
phase Cy(r, t) and surface concentration of solute on the external membrane interface.
The extraction and stripping reactions are assumed to be very fast so that they are not the
rate limiting step and chemical reaction equilibrium has been reached at interfaces (52).
This assumption is made because of the physical structure of the ELMs. The radius of
the internal droplet of ELM is 1-10 pm. The radius of the emulsion globule is 0.1-0.2
mm. Such small droplets create huge surface areas for two phase contact so that
extraction and stripping reactions are assumed to reach equilibrium even though the

reaction kinetics are not too fast. Actually, most of the extraction and stripping reactions
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are very fast because they are ion-exchange reactions. Other simplifications have been
made in order to describe the complicated ELMs (52, 29): a. Emulsion globule is
monodisperse and spherical. Saunter mean radius is good enough to describe the globule
size (49, 55). b. There is no internal circulation inside the globule, due to sufficient use of
surfactant (56,57). Thus, mass transfer in the membrane phase is by diffusion only and
the effective diffusivity is constant in the membrane phase. c. There is no coalescence
and redipersion of emulsion globules (58). d. No volume change for each phase. e. The
internal mass transfer resistance is negligible since it is so small in size. f. The tank is
well mixed so that the concentration in the external phase is uniform. g. Leakage from the
mternal phase into the external phase is negligible.

Based on the above assumptions, a mathematical model of transport phenomena

in ELM systems has been developed.

2.1.2 Mass Transport Model of ELM
First, it is assumed that the solute used is a typical metal ion M™ . Following the work of
K. C. Wang (1984) and D.W. Zhou (1996), the mass transport model from the external
phase to internal is established (52, 29).

1. External phase mass transfer resistance from external phase to the external-
membrane interface.

There is resistance for diffusion from the external phase to external-membrane interface.
Wang (1984) proved that this resistance could not be neglected.

v, d;e =~N(4mR*k(C, -C)) (2.1)

Initial Condition: C.= C¢, when t =0
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where C(t)= Concentration of M*? in the external phase(mol/l)
C. (ty=Concentration of M*? in the external phase at the external-membrane
interface(mol/1)
Ceo= initial concentration of M*? in the external phase(mol/l)
k= external mass transfer coefficient(m*/sec)

V= volume of external phase (ml)

N = total number of emulsion droplets

R = radius of a emulsion droplet (m)
2. Mass fluxes at the external-membrane interface
At the interface of the external-membrane, there is no solute accumulation. Thus, the flux
of mass transfer outside the external-membrane interface is equal to the flux of mass
diffusion inside the external- membrane interface. The concentration of solute in external
phase, C. is greater than that on external-membrane interface, C.". The difference of

these two concentrations is the driving force to overcome external film resistance.

. oC
N(A4rR)k(C, - C)=N(4aR")D.( p ") r (2.2)
r
where C. (t) = Concentration of M*? in the external phase at the
external-membrane interface(mol/1)
Cu(r, t) = Concentration of M*? (in the form of metal-extractant complex)
in the membrane phase(mol/l)

D. = effective diffusivity of solute-carrier complex in emulsion phase (m?/sec)

k(C, —C)= the flux of mass transfer outside external-membrane interface and

D, (gagﬂ),:R = the flux of mass diffusion inside external membrane interface.
v
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3. Equilibrium at the external-membrane interface

Since chemical reaction at the external-membrane interface reaches equilibrium,

therefore:
C:, =pC. (2.3)
where p = extraction distribution coefficient
C e = the concentration of the metal-extractant complex in the membrane
phase at the external-membrane interface (or at r = R) (mol/1)
Equation (2.3) shows that the larger the extraction distribtuion coefficient, p, is the better
the performance

4. Mass transfer inside a droplet of membrane phase

r 6Cnl 1 a

1o p0, L 2 oy

2
(r )V

-z 2.4
r® or or (2.4)

N

att=0,C,=0, at all r
Cn,=finite, when r = 0; C= C pe , whenr =R
Where Ci(r, t)= Concentration of solute in internal phase of a droplet (mol/1)
V= volume of membrane phase (ml)
Vi= volume of internal phase (ml)
Vut Vi = total volume of emulsion (ml)
Note: there is no internal mass transfer film being considered
5. Equilibrium at internal-membrane interface
Wang (1984) proved that the internal mass transfer film is negligible. Therefore, in this
thesis, there is no internal mass transfer film being considered. Thus, the solute

concentration in the internal phase is the same as the solute concentration at the internal-
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membrane interface. Since at the internal-membrane interface, the chemical reaction
reaches equilibrium, therefore:
C/=C,=qC, =4qC, (2.5)
C=0, when t=0 for all r
where C;"=concentration of solute in the internal phase of the membrane-internal
interface(mol/1)
Cuwi = concentration of solute in the membrane phase of membrane-internal
Interface (mol/l)
q = stripping distribution coefficient
Equation (2.5) shows that the larger the stripping distribution coefficient, q, is, the better
the performance.
6. Recovery Efficiency E
The recovery efficiency is defined as:

_, _C.()
E(r)=1-=2= (2.6)

"e0

2.2 Analytical Solutions
The above four partial differential equations, together with two equilibrium equations are
all linear. Laplace transform method is applied to derive the concentration profiles of
C(t), Ce'(t) and Cu(x, t).
Combining equations (2.4) and (2.5), gives:

V. +qV)aC 10,,
m i m =De ___(’,
V.tV ot r? or or

Loy 2.7)
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Equation 2.7 shows that concentration of complex in membrane phase C,, is

proportional to concentration of solute in internal phase C; , so that these two variables

can be simply combined into one. Physically it means that the internal droplets are so

small that there is no concentration difference inside the droplet and the complex is

quickly stripped as soon as it reaches the internal interface.

The procedure for solving these equations

1. Convert equations to dimensionless form

C

Let U, ===

SH R
%

2|~

(2.8)

(2.9)

(2.10)

@2.11)

(2.12)

(2.14)



Equations 2.1 to 2.5 and equation 2.7 are converted into dimensionless form:

dlie =-K,U,-U) (2.15)
G = U, ~U7) (.16
ov
Equilibrium: U] =U ], (2.17)
Initial condition: U, =U, =1 when 7 =0 (2.18)
Membrane: @ ., =—1~—i(v —a—cl"—) (2.19)
8t v? v ov

Initial conditions: U, =0, when 7 =0 (2.20)
Boundary conditions: U,, = finite when v =0 (2.21)
U,=U, when v =1 (2.22

2. Solve equation(2.19) by the Laplace Transform method and obtain U = f(v,r)

sin(b, *v
c ; . 2(B-Gb )( ( (b; p2
U = Z exp(—— 2.23
" pCeO B Z:‘ +Bz+b2+Gb (Gb2 2B-1) X wT) (2.23)

3. Use equation (2.16) and equation (2.23) to find (U, - U )which is a function of
7 only

4. Use Equation (2.15) to find U ,(7)

v <G 3 ,% 2B p(_bj
) B+3 .,=1BB+Bz+bj+ij(ij—2B—l)

7) (2.24)



5 FindU =U, | g » the concentration of metal-extractant complex at external-
membrane interface

. C. 3 = 2(B-Gb?) b’
Ul=—¢= + i exp(——27 2.25
* C, B+3 §3B+B2+bj+ij(ij—2B-—l) 2 w ) (225)

The concentration profiles for the external phase, the external-membrane interface

and the membrane phase are respectively:

C._ 3 .3 2B "
B3 — (2.24)
C. B+ HBE 15 105GE 251 o)
C._ 3 .3 2(B-Gb?) p? ’
c, B+3 " : ~ (2.25)
C, B+3 §3B+Bz+b:+ij(Gbnz_ZB_I)GXP( wr)
1 %
2B - Gb; )06, * V), 2
C,,, — 3 +i V*Sm(bﬁ) ex (—ﬁr) .
pC, B+3 S3B+B +b +Gb(Gb’ -2B~1) p—— 2.23)
Where
b, are eigenvalues of the equation
b (B-Gb’ |
tan(b") = "( 2 ”) N2 (2.26)
B+5,(1-0)
6= 2% (2.27)
Rk
B=rfo (2.28)
Vi+V, +V,
=i (2.30)
Vi+7,
w=1—-e+eq



o
(3]

Mathematical details can be found in the appendix of D.W. Zhou’s thesis (29).

As time approaches infinity, equation (2.24) becomes:

¢, _ 3 (2.32)
C, B+3
e ) C. B
At equilibrium, recovery efficiency E(®)=1——==—— (2.33)
C, B+3

el

Equation (2.32) means that when the system reaches equilibrium, the external
concentration is 3/(B+3). The parameter B can be defined as the emulsion capacity of the
system. Equation (2.28) to Equation (2.30) give the expression of B value as a function of
extraction distribution coefficient, stripping distribution coefficient, volume ratio of
emulsion phase to total volume and volume ratio of internal phase to emulsion phase.

The larger the B value is, the bigger the recovery efficiency. Thus any effort to increase

the B value will optimize the ELM system.

2.3 Discussion of Analytical Solution
2.3.1 Eigenvalues b,
The term RHS(b,) is used to denote the functional dependence of the right hand side of

the eigenvalue equation (2.26). Hence,

b (B-Gb?)
B+b(1-G) (2.34)

RHS(b)) =



RHS(b.) depends on the parameters B and G. As shown in Figures 2.2(a) and

2.2(b), RHS(by) behaves very differently depending on whether G is greater or smaller

than 1.

If 0<G<1 (Figure 2.2(a)), the function RHS(b,) first increases from 0 to a
maximum positive number, then decreases toward negative infinity as b, approaches
infinity.

If G>1 (Figure 2.2(b)), the function RHS(b,) has a singularity at

The singular point b, divides the entire positive b, regime into two sub-regimes.
For 0< b, <bs, RHS(b,) first increases from 0 to a maximum positive number, then
decreases toward negative infinity as b, approaches bs. For b, > by, RHS(b,,) first
decreases from positive infinity to a minimum positive number, then increases to positive
infinity as b, approaches infinity.

The left hand side of the equation 2.26, LHS(b,)=tan(b,), divides the entire
positive b, regime into an infinite number of sub-regimes spanning between (n-1/2)r and
(n+1/2)w, n=1,2,3,..., plus a sub-regime between 0 and 7/2. There is no eigenvalue in the
sub-regime between 0 and 7/2.

For G<1, each sub-regime between (n-1/2)r and (n+1/2)r contains one
eigenvalue. Asn approaches infinity, the right-hand-side RHS(b,) approaches negative

infinity. For large value of n, the nth eigenvalue therefore approaches (n-1/2) .
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For G>1, each sub-regime between (n-1/2)n and (n+1/2)r contains one
eigenvalue, except the sub-regime enclosing the singular point bs of the function
RHS(b,), which contains two eigenvalues. As n approaches infinity, the right-hand-side
RHS(b,) approaches positive infinity. For large values of n, the nth eigenvalue therefore
approaches (n+1/2) .

Previous work failed to take note of the singular behavior in the G>1 case. Asa
result, one term was missing in the expressions of the concentration profiles for finite
times. In some cases, this term corresponds to one of the very first (smallest)
eigenvalues, and can contribute significantly to the time dependent concentration profile.
However, this effect has no impact on the equilibrium concentrations for infinite time. In

2.3.2, the importance of correctly handling the singularity in the G>1 case is illustrated.

2.3.2 Impact of Singularity on Concentration Profile
For the G=6, B=100 case, as an example, the impact of the singularity on the external

phase concentration profile

U, ===
e (2.8)

and the external-membrane interface concentration profile

* 2.10
o (2.10)
CeO

is illustrated.

The singularity in the function RHS(b,) is located at



_ B
VG-l

100

= |—=447~142x
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U, is used to denote the contribution to the initial normalized external phase

concentration Ug(t=0)=1 from the term associated with the nth eigenvalue b,, the

following table shows the first few eigenvalues as multiples of 7t and their contributions

Un.

Table 2.1 Figenvalues and their contributions to initial external concentration

n 1 2 3 4 5 6 7
bu/n 1.26 1.48 2.47 3.48 4.48 5.48 6.49
U, 0.78296 | 0.18411 | 0.00294 | 0.00053 | 0.00017 | 0.00007 | 0.00003

The second eigenvalue can be found only by correctly handling the singularity.
Note the contribution from the term associated with this eigenvalue is over 18%.
Figure 2.3 compares the external phase concentration profiles obtained in two different
approaches, by considering the singularity effect (this study) and by neglecting the
singularity effect (previous work). As expected, the external phase concentrations
converge as time approaches infinity, but differ significantly initially. Neglecting the
singularity effect, therefore, leads to the incorrect initial normalized concentration value
of 0.816, which is significantly less than the correct value of 1.

The parameter u,” is used to denote the contribution to the initial normalized

external-membrane interface concentration U, (t=0)=0 from the term associated with the
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nth eigenvalue by, the following table shows the first few eigenvalues as multiples of =

and their contributions u,".

Table 2.2 Eigenvalues and their contributions to initial external-membrane interface
concentration

n 1 2 3 4 5 6 7
bu/m 1.26 1.48 2.47 3.48 4.48 5.48 6.49
u 0.04560 |-0.05507 | -0.00767 | -0.00325 | -0.00184 | -0.00119 | -0.00084

The second eigenvalue can be found only by correctly handling the singularity.
Note the contribution from this eigenvalue is greater in magnitude than that from any
other eigenvalues.

Figure 2.4 compares the external-membrane interface concentration profiles
obtained in two different approaches, by considering the singularity effect (this study)
and by neglecting the singularity effect (previous work). As expected, the exernal
membrane interface concentrations converge as time approaches infinity, but differ
significantly initially. Especially, neglecting the singularity effect leads to the incorrect
initial normalized concentration value of 0.05507, which differs significantly from the

correct value of 0.

2.3.3 Concentration Profile at External-membrane Interface

Figure 2.4(a) shows the concentration profile at the external-membrane interface for
G=10 and B=100. Figure 2.4(b) shows the concentration profile at the external-
membrane interface for G=0.8 and B=100. In both cases, the concentration starts from 0

at time 0 and eventually approaches the equilibrium value B/(B+3) = 0.29 as time goes to
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infinity. However, for large value of G (Figure 2.4(a)), the external-membrane interface
concentration increases monotonically from 0 to the equilibrium value, while for small
value of G (Figure 2.4(b)), the external-membrane interface concentration first rises
above the equilibrium value before decreasing monotonically to the equilibrium value.
To understand such behavior, recall that G is the ratio of the external film resistance to
the emulsion diffusion resistance, as defined in Equation (2.27). Larger values of G
mean smaller emulsion diffusion resistances and, hence, faster mass transfer rates in the
emulsion. For large volumes of G, metal ions arriving at the external-membrane
interface diffuse quickly into the internal phase without causing any accumulation at the
interface (Figure 2.4(a)).

For small values of G, initially metal ions arrive at the external-membrane
interface at a rate greater than can be transferred into the internal phase causing an
accumulation at the interface. Eventually the accumulation diminishes as fewer metal
ions arrive at the external-membrane interface from the external phase. The external-

membrane interface concentration gradually decreases to its equilibrium value (Figure

2.4(b)).



CHAPTER 3

MATHEMATICAL MODELING OF CHEMICAL REACTIONS
IN ELM SYSTEMS

3.1 Literature Review
Professor Ching-Rong Huang’s group has worked on mass transfer mathematical
modeling of the ELM system since the early 1980’s. This model is the most complete one
in all the published models describing ELM systems. It considers diffusion in the
external phase, external film resistance, diffusion in the membrane phase and chemical
equilibrium at the two interfaces. This model is the only one that gives analytical
solutions.

K. C. Wang (1984) first established a mass transfer model of ELM under the
guidance of Dr. Ching-Rong Huang. He built a solid foundation for later researchers in
this area. However, he did not study the extraction and stripping distribution coefficients.
The two coefficients are simply input parameters to the model (52).

D. W. Zhou (1996) applied a mass transport model to arsenic (As) and strontium
(Sr) extraction experiments. He also modified Wang’s model to consider leakage
phenomena in the ELM system. However, he did not do research in the extraction and
stripping distribution coefficients. Extraction and stripping distribution coefficients were
considered as constants to be determined by fitting experimental data (29).

Previous studies did not model the chemical reactions at the interfaces that determine
extraction and stripping distribution coefficients. Chemical reactions in the mternal
phase were also neglected.

In this thesis, extraction and stripping coefficients will be studied. A theoretical

model of extraction and stripping distribution coefficients will be given. The chemical

34
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reaction in the internal phase and its impact to the mathematical models of ELM system
will be theoretically modeled. The existing models will be modified considering the
internal phase chemical reactions. In the next chapter theoretical predictions will be

compared with experimental results.

3.2 Equilibrium Constants of Chemical Reactions

The chemical reactions in the emulsion liquid membrane system are interfacial reactions,
which are different from reactions in the same phase. (When an equation for a chemical
reaction is written, a subscript should be used to identify each reactant and each product
with respect to their phases.) These interfacial reactions introduce complexities in
studying the equilibrium constant, which is needed to determine the extraction
distribution coefficient and stripping distribution coefficient.

For the reaction:
aA+bB < cC +dD (3.1)

and the definition of equilibrium constant, at low pressure, the following equation

results(59):
¢ ¢ d d
K = n;[C]ami [o] _ KK (3.2)
Y 4 [A] Ve [B]b
Henry’s law is used to the definition of activity coefficient here:
}/i = f‘l - (3.3)
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Where A, B, C, D =the components for the reaction involved
a, b, ¢, d = molar stoichiometric coefficients
y; = the activity coefficient of component i

[ ]identifies the concentration of the reactants and products at equilibrium.
}; = the fugacity of a component i in a mixture
7,° = the fugacity of pure component i at standard state (Henry’s law)
Yl
e 75V
For the ELM system, a typical metal (M**) complexion with LIX extractant (RH)
is described by
M?* (e)+2RH(m) < MR, (m)+2H " (e) (3.4)
where e identifies the external phase
m identifies the membrane phase

First, assume that the equilibrium constant of above reaction can be written as

follows:

i _ (MR, (H )
(M™), (RHY:

m

(3.5)

Metal complexion with n dimers of extractant D2EHPA [(RH),] is described by
M?*(e)+n(RH),(m) < MR, (m)+2H *(e) (3.6)
and

o AMR), (H):
(M}, (RH},




Where: {} represents activities that are products of concentrations and activity
coefficients (60).

There are many models to calculate the activity coefficients for Non-electrolyte
and electrolyte solutions. The aqueous phase of ELM system is an electrolyte solution.
The organic phase of the ELM system is a non-electrolyte solution.

The theory proposed in 1923 by Debye and Huckel provides a rigorous anchor
point for most engineering models of electrolyte solutions (59). The form of the Debye-

Huckel limiting law is:

1.8248*10°% p'"? ” 112
w7 = (D T)mps (Z.-z)[llz = —Azi 1" (3.8)

where D = static dielectric constant of the solvent
ps = the density of the solvent
z; = electrical charge or valance

I = the ionic strength of solution
I =%ic,.zf (3.9)
=1
¢; = the concentration of ionic species
If the solvent is water at 25 °C, D,=78.54, ps;=1.0Kg/L, and A=0.510, then:
log,, 7,(25°C,aqueous) = —=0.510z21"" (3.10)

The Extended Debye-Huckel form can produce more accurate results,

- Azlellz

G.11)
1+ Br,['”

log,7, =

where 1o = ionic radius, ranging from 2 to 6*107°m
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For water at 25 °C, A=0.510(L/mol)'?, B=3.2865*10° m™' (L/mol)'”,
10=3.5%10"" m, then:

~0.51021""
1+1'

log,, 7,(25° C, aqueous) = (3.12)

This equation gives values of y; that are too small for many electrolytes.
Guggenheim suggested that a linear term, bl, be included in Eq.3.11 and that the b factor
be determined by best fit of the data. After examining the values of b for a number of 1:1

and 1:2 electrolytes, Davies (1962) proposed the following equation:

1/2

logIO }/i = —Aziz(l + 11/2

-0.3]) (3.13)

At ionic strengths much above 0.1M, a more accurate representation of
experimental data can be obtained if an equation with several adjustable parameters is

added to the Guggenheim equation giving:

1/2

loglo }/i = —Aziz 1+ ]1/2

+ bl +cl* +dI’ (3.14)

the coefficients, b, ¢, d,..., must be determined experimentally to provide the best-fit
approximation of activity coefficients for the system in which they are used (61).

The Pitzer ion interaction model is given by the equation (59):

) 3
Iy =2t f7 m(ﬂ.’;] B4 m(%z_v_)_}c
|4

y (3.15)
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Where:

I} 2 .
Fr==34—— |+ Sl +bI°
"1+p17| b (

B =28 + 22— (1 ad* —0 50T exp(-ai D]

Py
a’l

The parameters Bo,3; and C;'are fitted for each ij electrolyte and values for several
typical electrolytes can be found in reference. For any 1:1, 1:2, 3:1, 4:1, ..., I: 1, or L}
electrolyte, Pitzer recommends setting o to 2.0 and b to 1.2 both in units of (kg/mol)".
The Pitzer ion interaction model does well in a concentrated electrolyte solution (62).
Like many other activity coefficient models of non-ideal behavior of importance to
chemical engineering operations, such as the Wilson, NRTL, and UNIQUAC models, the
Pitzer ion interaction equations require pure component and binary parameters. The
model is more complicated than the Debye-Huckel model, which limits its use in this

system.

The following equations define the Meissner model (59):

T =[1+B(1+0.11)% - Br" (3.16)

B=0.75-0.065]

C =1+0.055¢, exp(-0.023/°)
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T-T
q,(T)=q,(T,, )(1 — ~——"f—}

2.2 |
I =(y)"

where Ty is the reference temperature where qijO(Tref) is known.

This generalized correlation has many advantages. With only one data point for y;
at a particular I, one can determine the proper Fijo curve for that electrolyte for
extrapolation (or interpolation) to any other value of I, including those compositions that
even exceed the saturation value (solubility) of that particular salt. This feature is
particularly valuable for multicomponent systems. Although empirically generated, the
Meissner model rigorously follows the Debye-Huckel relationship for log 10 T at small
value of I. A key limitation of the Meissner model is that q;° must be known. One must
keep in mind that a minimum of one experimental data point is needed to establish a q;"
value.

The Chen Local Composition Model combines Pitzer’s extended Debye-Huckel
equation for long-range ion-ion interactions with the NRTL model of Renon and
Prausnitz for short-range interactions in a local composition framework (59). It is a very
nice model. However, it is not practical for the ELM system, as it needs many
parameters that are not available.

Since the ionic strength of the aqueous phase of the ELM system is usually less
than 0.1M, the Extended Debye-Huckel model and its Davies modified form are suitable

and realistic for ELM system. The activity coefficients can be calculated if the
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concentration of the reactants and products at equilibrium are known. Therefore, in this
thesis the Davies modified model is used to calculate the activity coefficients of the

aqueous phase of the ELM systems.

Raghuraman and coworkers suggested using the modified Guggenheim equation:

0.5

1
logy, =—Az 7 + b1 (3.17)

Where:

A =0.509;

b = 0.15 for the unmodified equation valid for I<0.1 M. The factor, b, is an adjustable
parameter in the modified equation for higher ionic strengths. However for all the
predictive models developed here, the standard deviation in the estimated equilibrium

constant did not appreciably vary with the b value. Hence a value of 0.15 was used for b

throughout (60).
For neutral species, logy, =0.1/. (3.18)
And the activity for water is given by: a,, , =1-0.0 I7Zc, (3.19)

=1
The modified Guggenheim equation is almost the same as the Extended Debye-
Huckel model. The only difference is it has one more term, bl, than the Extended Debye-
Huckel model. After applying these two models into the ELM systems, we found that the
term, bl, in the modified Guggenheim equation was negligible, and the results of the two
models were similar. The difference of the modified Guggenheim equation and the
Davies modified Debye-Huckel equation is the different parameters of the second term.
As the second term is usually much smaller than the first term for the ELM system, the

resulting difference is negligible. Thus, all of the three models can be used in the ELM
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system. In this thesis, the Davis Modified Debye-Huckel equation is used to calculate the
activity coefficients in the aqueous phase of the ELM systems.

The activity coefficients of organic phases were investigated. Of the many
activity coefficient models for non-electrolytic solutions, the Group contribution model
seems the best model for the emulsion liquid membrane system. For a very complicated
system as the ELM system, the group contribution model makes the situation even more
complicated. It involves many parameters that require complicated thermodynamic
experiments. Since this thesis focuses on the behavior of ELM system, the group
contribution method was not investigated very deeply. In this thesis, the activity
coefficients of the organic phase are assumed to be near one, which means that the
organic phase nonidealities are neglected. The reason why organic phase nonidealities
may not be significant is due to the fact that the mole fractions of extractant and the metal
complex in the organic phase are usually very low (loading< 0.05-0.1) in the ELM
system and, hence, activity coefficients of the organic species are close to unity (loading
=[organic-metal complex]/[initial extractant]) (60). This approximation may result in
minor deviation in the data.

Raghuraman and coworkers also ignored the organic-phase nonidealities in their
research initially. If equilibrium constant varies with loading (loading =[organic-metal
complex]/[initial D2ZEHPA dimer]), organic phase nonidealities are lumped and
accounted for by fitting an equation for K as a function of loading. For the five metals
they studied, only Ni-D2EHPA required this procedure when the loading is bigger than

0.1. For the Cu-LIX systems, a single K value could be used over a large range of pH and
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ionic strengths. For the Zn-D2EHPA system, a single K value was used for the entire
range (60,63).

For the Ni-D2EHPA systems, a single K value was obtained for loading less than
one (loading =[organic Ni complex]/[initial D2ZEHPA dimer]). At higher loadings, the
organic phase nonidealities become significant, and the equilibrium constant was fitted as

an exponential function of the loading. Organic phase activity coefficients are normally
exponential or power functions of component mole fractions, Ing y = Ax?: however,

this did not improve or change the predictions (60).

From their research, it can be concluded that for most metals, the equilibrium
constant of the interfacial reaction in ELM systems is a constant value. Similar
experiments were performed in this study and the results are the same. Assuming the K
value as a constant, the following derivation of extraction and stripping coefficients

result.

3.3 Extraction and Stripping Distribution Coefficients
3.3.1 Extraction Distribution Coefficient

The reaction at the external-membrane interface:

Cu(e)+2RH(m) < CuR,(m)+2H *(e) (3.20)

e cor L T fur ] :
R 7 P 7 A R e

m

I

Hence: [Cu“l, = [LH]E [Cur,],
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Since

[Cur,] =C:

m m

C. =pC: (2.3)

As stated earlier, a larger extraction distribution coefficient p means better
performance. Equation (3.22) shows that low external hydrogen ion concentration [H'].
and high extractant concentration in membrane phase [RH],, means better performance
for copper ion transfer from external phase to membrane phase.

Equation (3.22) is verified by many facts. Wang (1984) experimentally verified
that for copper ion extraction, high extractant concentration in membrane phase [RH],.
will perform better (Figure (3.1)) (52).

Zhou (1996) experimentally verified for strontium extraction that pH is reduced
gradually in the external phase, or there is hydrogen ion released from membrane phase
to the external phase. The experimental curve also shows that when hydrogen ion
concentration [H'] increases in the external phase fhe value of extraction distribution
coefficient p is reduced. Thus the performance of ELM operation shows poor results
(Figures (3.2) and (3.3))X29).

In the model calculation, extraction distribution coefficient p is assumed to be a
constant and this fact is true when excess extractant RH and buffer are used. When the

extractant concentration is much larger than the metal-extractant complex,
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[RH]>>[CuR,], the change of extractant concentration [RH] during the reaction is not
very large and the concentration of extractant is assumed constant. Hydrogen ion

concentration [H'] is almost constant because of the buffer.

3.3.2 Stripping Distribution Coefficient

The reaction at the membrane-intemnal interface is given by the equation:

CuR,(m)+2H* (i) & Cu’** (i) +2RH (m) (3.23)

Vs (Cu* )y [RH T, _ Kk [cu][RH T

K, = — = — = (3.24)
VewmowlCuR Ly, 2lH ] 7 [Cur ] [H ]
The reaction in the internal phase is:
Cu™ (i) + SOF (i) © CuSO, (i) (3.25)
The equilibrium constant for the above reaction is:
_ fewol] :
oo ] 620
Therefore:
o) =k R [ ]
K Y [RH:rn

[CUSO4 ]i =K, [Cu " ]v [SOlf—]i
Since‘

C: - Ci = qC:zi = qcm (2-5)
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Since C;” includes all forms of Cu in the internal phase,

c, =[cu*] +[cuso,] (3.27)

C, :KIIE—??H%[HT +K2Kl%%%f[H*HSOj'],

_lCuR], 1) .
Cz' - Kvy[RH]zn [H IZ{K1 +K1K2[SO4 ],}

C, =lCuRr,],

Therefore:

H*|

Equation (3.28) shows that high internal [H'] and low extractant [RH] will

(K, +KK,[s0" |3 (3.28)

enhance the performance of [Cu'"'] transfer from the membrane phase to the internal
phase. Wang (1984) shows that increasing the internal phase nitric acid concentration
gives a higher value of q, and therefore better ELM performance (Figure (3.4))(52).

Equation (3.28) shows that for better performance, [RH],, should be small and
equation (3.22) shows that for better performance, [RH]., should be large. This means
that an accurate important optimum value of [RH], should be determined in Cu™

extraction by ELM.

3.4 Impact of Internal Phase Chemical Reactions on the Mass Transport Model
In the previous model, chemical reaction in the internal phase was not considered (29,
52). When the metal ion is transferred into the internal phase, it does not simply stay in

the internal aqueous phase as assumed before. The metal ion will react with the salt ion
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in the internal phase to form salt. Some of the salt is not soluble and, hence, the
concentration of metal ion in the internal phase is smaller than when the chemical
reaction is not considered. In this situation, the mass transfer rate should be larger
because the driving force, the concentration difference of the metal in the two phases, is
bigger. Considering the internal phase chemical reactions, mass transfer can be described
by a mathematical model.

The example used is the extraction of copper with extractant LIX-64N (octanol)
in the membrane phase and sulfuric acid solution in the internal phase. The following
equations result:

1. External phase mass transfer resistance from external phase to the external-
membrane interface

v, d;; = -N(4R*)k(C, -C") (2.1)

when t =0, C.= C for allr
2. Mass fluxes at the external-membrane interface

NUARIKC, - C)) = N(4aR)D, (22, (22)
:

3. Equilibrium at the external-membrane interface

C..=pC; e
where C . = the concentration of the metal-extractant complex in the membrane phase
at the interface (or at =R) of membrane and external phase

4. Mass transfer inside a droplet of membrane phase with water-in-oil emulsion of
internal phase

Eo o, 70, 522 Ty,
or or

y ac,
m a t m e rz

ot

(2.4)
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Initial condition: C, =0 for all r, when t =0
Boundary conditions: Cp=finite, when r=0; C,=C me , whenr=R
C,=C,+C, (3.29)
where Cj = total concentration of metal in the internal phase
Ci = concentration of metal ion in the internal phase (mol/1)
Cis = concentration of metal salt in the internal phase (mol/1)

5. Equilibrium at internal-membrane interface

C/=C =4C, =4C, (2.5)
Initial condition: C=0, when t=0
Where C,; " = concentration of metal-extractant complex at the membrane-internal
interface

All other variables are the same with those in Chapter 2, Section 2.2.

Since the chemical reactions in the ELM systems are being modeled, an example
of a specific system must be considered. The example is extraction of copper with
extractant LIX-64N(octanol) in the membrane phase and sulfuric acid solution in the
internal phase.

The reaction at external-membrane interface is:

Cu’*(e) + 2RH (m) < CuR,(m)+2H *(e) (3.20)

The equilibrium constant of above reaction is the following:

e lorly, BY e ]
Vor ™ Ly [REHT, 7 O | [RET,

(3.21)

The reaction at membrane-internal interface is:

CuR,(m)+2H * (i) & Cu** (i) + 2RH (m) (3.23)



The equilibrium constant of above reaction is the following:

terlo e CREE o ]lRe R

FammlCR )y, 2l four ][]

K,

The chemical reaction in the internal phase is:
Cu® (i) + SO} (i) < CuSO, (i)
The equilibrium constant of above equation is:

[CcusO, ],

K. =
"~ ew][s0]

The total concentration of metal ions in the internal phaseC, =C, +C,,.

In this example: C, = Cu** (i) + CuSO, (i)
C, = Cu* (i)

C, =CuS0, (i) = K, [s0 ] [cu*] = &, [s07 ] ¢,
and, hence,

¢, =(1+K,[507 |)C, = 1+ &, [502 | )aC

m

Equation (2.4) becomes:

oC,,

v Lo d ,aC
ot

1
+V D, ——
D, ==

m ) - V a(l + K2 [S :_1 )qcm
or ' ot

Rearranging the above equation gives:

v, +(+K, [0 Daviec, 16,8,
.+ o Crior o
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(3.24)

(3.26)

(3.27)

(3.31)



Changing the above equations into dimensionless form gives:

External: %gi: -K,(U,-U))
T

ou,

G
(8\/

Nom =(U.-U))

Equilibrium: U] =U,
Initial condition: U, =U, =1 when 7 =0

Membrane: @ U, = —1—
8 2

T v*ov ov

Initial conditions: U,, =0, when =0
Boundary conditions: U, = finite when v =0

U, =U, when v =1

where

w=1-c+e((1+K,[50* Do)
v, +(1+K,[s07 )V,
- V +V)

m i

O L
Ly

n

-1 vk for])

[RH ],
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(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
(2.21)

(2.22)
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Other variables are the same with those in Chapter 2, Section 2.2. The procedure
to solve the above equations is the same with that in Chapter 2, Section 2.2. The detailed
mathematical steps are omitted and final analytical solutions are given.

The metal ion concentration profile in the external phase is:

C 3 2 2B

U=—t= +
*C, B+3 EBB+BZ+bj+ij(ijézB—l)

(—-— ) (2.24)

The metal ion concentration profile at the external-membrane interface is:

. C = 2(B - Gb?) b’

U, = exp(——=~ 2.25
TC TR ZBrE Ak rGhGh 2B P, O

The metal-extractant concentration profile in the membrane phase 1is:

sin(b, *v

28-GE)(E )y

U = c, 3 +i sin(b,)
" pC, B+3 53B+B*+b+Gb(Gb)-2B-1)

exp(— b 7) (2.23)
@

With the concentration profile of membrane phase, the concentration profile in
internal phase can be found with equation (2.5), C; = C, = ¢C,, = qC,,.

The metal ion concentration profile in internal phase is:

2 SIn(b, *v)
2(B-Gb;
c, 3 +i ( N *sm(b"))
pqC., B+3 33B+B*+b+Gb:(Gb; -2B~-1)

2

exp(—?—"—f) (3.34)
0

Since C, = CuS0, (i) = K, [s0>| [cu™] = k,[s07" ] c,
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The metal salt concentration profile in internal phase is:
(B *
2(B—Gpy S8 V)

C 3 ] v*sin(b) b’ ..
= = +2 r—r P exp(——7)(3.35)
K,|sor ]| pgC,, B+3 S3B+B*+b +Gb*(Gh>-2B 1)

The total metal concentration profile in internal phase can be obtained by
combining equations (3.34) and (3.35).

The variables are the same with those in Chapter 2, Section 2.2, except the
dimensionless group o, the extraction distribution coefficient, p, and the stripping
distribution coefficient, q. Equation (3.33) is the new expression for dimensionless group
o. The extraction distribution coefficient, p, and stripping distribution coefficient, q, are
no longer input parameters determined by experiments. Equation (3.22) and equation
(3.28) give their theoretical expressions.

Extraction of cadmium is used as an example to illustrate the impact of internal
phase reaction. The external phase is 500ml with 1000ppm Cd*. The initial pH value is
3.8. The membrane phase is 41ml of 5% D2EHPA as extractant and Exxol D-80 as
diluent. The internal phase is 9ml of 3M H;SO..

The external concentration profile for this system considering internal phase reaction is
shown in Figure 3.5 as a solid line. The external concentration profile without
considering internal phase reaction is the dot line. The curve shows that the two lines do
not have much difference within finite time. The dimensionless group @ is much bigger
when we consider the internal phase reaction. This results the dimensionless time, T=t/a,

being smaller. Thus, the corresponding dimensionless time to this experiment period,
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30 minutes, is relatively small. As a consequence, the difference between the two
concentration profiles is not significant.
However, when time approaches to infinity, the solute concentrations at

equilibrium are different. The dimensionless concentration when time goes to infinity is:

Co_ 3 (2.32)

The internal phase reaction is not considered and the value of emulsion capacity
B=1700 is calculated. In this case, the external dimensionless concentration at

equilibrium is Co =0.00176-

el

Considering the internal phase reaction, one can get emulsion capacity is

B=5.0*10%and the external dimensionless concentration at equilibrium is Co =2%10~.

"el

The difference of the external phase equilibrium concentration shows the impact
of the intemnal reaction. The model shows that the internal reaction increases the driving
force of the mass transport in ELM systems and enhances the performance of the ELM
system. This is true because the internal reaction decreases the metal ion concentration in
the internal phase, thus, increasing the driving force for the metal transport from the
external phase to the internal phase. Therefore the performance of the ELM is better.
However, the impact of the internal phase is not significant when applied to engineering

practices.



CHAPTER 4
EXPERIMENTAL VERIFICATION OF MATHEMATICAL MODEL
4.1 Verification Methodology
Copper extraction is used as an illustration to show the methodology. Copper is extracted
with extractant LIX-64N (octanol) in the membrane phase and sulfuric acid solution in

the intemal phase.

4.1.1 Evaluation of the Extraction Distribution Coefficient p and the Stripping
Distribution Coefficient q Theoretically

The reaction at the external-membrane interface is:
Cu’*(e)+2RH (m) < CuR,(m)+2H"(e) (3.20)

As previously discussed, the equilibrium constant is:

Yem, ICuR )7, [ ] _x [Cur,] [H*]

K= - 3.21
Voo lC0* Ly JIRHE " [Cu [[RHT, (3.21)

and extraction distribution coefficient is:

p=K IR ], (3.22)

KHT

The lumped activity coefficients are theoretically predicted with the Davies
modified Debye-Huckel model. The extraction distribution coefficient p is calculated
with equation (3.22).

The reaction at the membrane-internal interface is:

CuR,(m)+2H* (i) < Cu** (i) + 2RH (m) (3.23)
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The equilibrium constant is:

Ve 0V RE L ¢ len]rE T,

K, = = (3.24)
}/CuR 2,m [CUR 2 ]m }/ H‘*i : [H * r ’ [CuR 2 ]m [H +1'2
The reaction in the internal phase is:

Cu® (i) + SO} (i) & CuSO, (i) (3.25)

The equilibrium constant for the above equation is:

_lewsol]

K, = 3.26
> lew* ][50 ] (3.26)

As shown in Chapter 3,equation (3.28), the stripping distribution coefficient is:

_ ] i :
R (K, +K K, [s07 |} (3.28)

4.1.2 Evaluation of Extraction Distribution Coefficient p and Stripping Distribution
Coefficient q with Single-stage Equilibrium Experiments

[CHRZ ]m (4 l )

[Cuz*]e

A one-stage equilibrium operation with mixing and then settling in a closed vessel

By definition, the extraction distribution coefficient p =

with equal volumes of external phase and organic phase (membrane phase without
internal phase in it) is used to get the equilibrium concentration of the metal ion in the
external phase. A mass balance is used to get the equilibrium concentration of metal-
extractant complex. Using equation (4.1), the extraction distribution coefficient can be

calculated.

2+
By definition, the stripping distribution coefficient is g = —[[C—u——]L (4.2)
u

"
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A one-stage equilibrium operation with mixing and then settling in a closed vessel
with equal volumes of internal phase and organic phase is used to find the stripping

distribution coefficient q.

4.1.3 Calculate the Extraction and the Stripping Distribution Coefficients p and q
from ELM Experiments

The extraction and stripping coefficients p and q are calculated from the experimental
data of ELM system. An ELM experiment is made to measure the concentrations as
functions of time. The set of extraction and stripping distribution coefficients p and q
values are determined producing the theoretical concentration profile that best matches
the experimental data. The resulting values of p and q are compared with the values

obtained from the theoretical prediction.

4.2 Measurement of Stoichiometric Coefficients and Equilibrium Constant

For any metal ion that is to be removed from water with the ELM systems, it is necessary
to first know the chemical reactions at the interface and the stoichiometric coefficients of
the reaction. Only after these are known, can the equilibrium constant, extraction and
stripping distribution coefficients be predicted. Therefore, initially the interfacial
reactions and stoichiometry were studied.

The theory of the equilibrium constant was studied in Chapter 3, section 3.2. In
this chapter, it can be verified experimentally that the equilibrium constant can be written
in the traditional way. Therefore, two kinds of experiments on these two issues are

performed prior to proceeding the extraction and the stripping distribution coefficients.
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4.2.1 Stoichiometric Studies
4.2.1.1 Experimental Design: It is desired to recover the metal ion M*" in the
wastewater with the emulsion liquid membrane system. The extractant (carrier) in the
membrane phase is the Di(2-Ethylhexyl)-Phosphoric Acid (D2EHPA), or simplify RH.
The reaction at the extemal-membrane interface is:
M*(e)+in(RH),(m) < MR,(n—2)RH (m)+2H " (e) (4.3)
It is desired to know what the value of n should be in such a reaction. Once the
value of n is determined, the equilibrium constant and extraction distribution coefficient
and stripping distribution coefficient can be evaluated. There is an empirical method to
determine the value of n (64). Using Cd*" as an example,
Cd* (e) +Ln(RH),(m) < CdR,(n—2)RH (m)+2H " (e) (4.4)
If the jonic strength in the aqueous medium is kept constant, the activity
coefficients of the species do not change during the reaction. The equilibrium constant is
in the following form:

o _[car, -], [ “s)

lca> | [rm), E

The extraction distribution coefficient p is:

p:kﬁﬁ;iaﬁl (4.6)

Therefore, the relationship between the equilibrium constant and extraction

distribution coefficient is obtained:

K=~Ej; (4.7)
[(ReD), |

m



Taking the logarithm of equation (4.7) yields:

LogK = Logp +2log[H™], —+log[(RH),]

or:

m

Logp = LogK +2pH +21log[(RH ), ], (4.8)
If the volumes of the organic phase and the aqueous phase are equal, then:

[CdR, (n-2)HA]

m

= [cd*], - [ca), (4.9)
From the stoichiometry of the reaction:
[(RE),| =+[RH], - +n[CdR, (n—2)HA] (4.10)
If the initial extractant concentration [RH]o is much greater than the concentration
of the metal-extractant complex [CdR,(n-2)HA], , the above equation shows that the
equilibrium extractant concentration [(RH);], can be approximated as a constant of '
[RH]o.
Equation (4.8) shows that , at constant pH, a plot of log[p] against log [(RH)2]

gives a straight line of slope equal to %2 n.

The experiments are designed to determine the dependence of the extraction
distribution coefficient on the D2ZEHPA concentration. From the straight line, the

stoichiometric coefficient n can be obtained.

4.2.1.2 Experiments: Each sample consists of 10ml volume of each phase in a one-inch
closed specimen tube. The membrane phase consists of extractant Di(2-Ethylhexyl)-
Phosphoric Acid (D2EHPA) and Exxol D-80. Exxol D-80 consists predominantly of

C12-C14 saturated hydrocarbons. The concentrations of D2EHPA of different samples
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are different. The aqueous phase is a buffer solution with Cd*". The buffer is a solution
of Na;HPO, and Citric Acid. The samples are shaken using a magnetic stirrer for 24
hours. Then the sample is allowed to settle and separate. The temperature is room
temperature. The concentration of cadmium ion in the aqueous phase is measured using
an atomic absorption spectrophotometer at the wavelength of 228.8nm. The organic

phase concentrations are found by difference (29).

4.2.1.3 Results: The extraction of cadmium ion from the aqueous phase to the membrane
phase with extractant concentration of D2EHPA of 0.005 kmol/m3, 0.025, and 0.05
respectively is investigated. The results are potted in Figure 4.1. The straight line is
obtained by the least squares method. The correlation coefficient R= 0.9995. The slope
of this line is 2.50225 which means Y2 n=2.5, and, therefore, n=5. This result suggests

that the stoichiometry of the overall reaction is:

Cd* (e)+2.5(RH ), (m) < CdR, -3RH (m) +2H *(e) (4.11)

This is the same result of previous work on the cadmium ion (63).

4.2.2 Equilibrium Constant Studies

4.2.2.1 Experimental Design: Using cadmium as an example,

Cd* (e)+2.5(RH),(m) < CdR, -3RH(m)+2H " (e) (4.11)

= Toman [COR SRHLy,, VL [CaR, SRHTLIH' (4.12)
yoo JC L S (RELE e IR,

The activity coefficients of organic phase are considered to be one.
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The aqueous phase activity coefficients are calculated by Davies modified Debye-

11/2
Huckel model: log, 7, = -—Aziz(1 T 0.37) (3.13)
Where I = the ionic strength of solution
I=Ycz] (3.16)
i=1

z; = the ionic charge;
c; = the concentration of ionic species;
A =0.509;
The equilibrium concentrations are measured and entered into equation (4.12)

to verify that K is a constant.

4.2.2.2 Experiments: The source for cadmium ion is Cadmium sulfate from Sigma. The
extractant is D2ZEHPA from Sigma. Solvent is Exxol D-80 from Novick Chemical
Company. Water is deionized (DI) water. Aqueous solutions of metal ions are prepared
by dissolving the cadmium sulfate into deionized water. The initial metal ion
concentration is set at about 1000ppm. The pH value is adjusted by sodium acetate-
acetic acid buffer. The organic phase contains 5% by volume extractant (carrier)

D2EHPA and 95% by volume Exxol D-80 as a diluent.

Equilibrium distribution experiments require contacting known volumes of aqueous
phase and organic phase in an Erlenmeyer flask with agitation for about 2 hours at room
temperature(60). Ten ml of aqueous phase and 10ml of organic phase mentioned above

are placed into a closed Erlenmeyer flask with a magnetic stirrer for 24 hours. The two
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phases are separated with separatory funnel and the pH of the aqueous phase is measured
with a pH meter. The metal ion concentration in the aqueous phase is measured with
flame atomic absorption spectroscopy with the wavelength of 228.8nm. The organic

phase metal ion concentration is calculated by material balance.

4.2.2.3 Results and Discussion: Figure 4.2 shows extraction of cadmium ion with 5%
D2EHPA as a function of pH. The aqueous phase is 10 ml of 1000ppm Cd*", with the pH
to be adjusted by NaAc-HAc buffer. The organic phase contains 5% volume D2EHPA

and 95% volume Exxol D-80.

Equation (4.11), (4.12) together with mass balance equations and Davies modified
Debye-Huckel model are solved for experimental data. Each data set gives a value of
the equilibrium constant, K. The average K value is calculated to be 0.0258. This agrees
with the results of Raghuraman and coworker’s(63). However, some data points at the
extremes of the extraction curves are excluded since even small errors in aqueous phase
concentration measurement could lead to large errors in the estimating of the equilibrium

constant, K.

4.3 Single-stage Measurements of Extraction and
Stripping Distribution Coefficients

4.3.1 Single—stage Measurements of Extraction Distribution Coefficients, p

Aqueous solutions of metal ions are prepared by dissolving cadmium sulfate in deionized
water. The initial metal ion concentration is set at about 1000ppm. The pH

value is adjusted by a sodium acetate-acetic acid buffer. The organic phase contains

5% volume extractant (carrier) D2EHPA and 95% volume Exxon D-80.
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Ten ml aqueous phase and 10ml organic phase are placed into a closed test tube
with magnetic stirring. After 24 hours, the two phases are separated. The pH of the
aqueous phase is measured. The metal concentration in the aqueous phase is measured
with flame atomic absorption spectroscopy with the wavelength of 228.8nm. The organic
phase metal ion concentration is calculated by material balance.

Based on the definition, the extraction distribution coefficient can be calculated

[CdR,-3RH ],
lCd2+ l

4.3.2 Single-stage Measurements of Stripping Distribution Coefficients, q

The aqueous phase is 3M H,SO, and the initial cadmium ion concentration is 1000ppm.
The organic phase is 5% volume D2ZEHPA and 95% Exxol D-80. Ten ml aqueous phase
and 10ml organic phase are mixed with magnetic stirring for 24 hours to ensure that the
reaction reaches equilibrium. Then the sample is allowed to settle and the two phases are
separated with a separatory funnel. The pH of the aqueous phase is measured. The metal
ion concentration in the aqueous phase is measured with flame atomic absorption
spectroscopy with the wavelength of 228.8nm. The organic phase metal ion

concentration is calculated by material balance.

[car, -3RH],

; , and,
Cd* |

By definition, the stripping distribution coefficient, 4 =

hence, the stripping distribution coefficient, q, can be calculated, knowing the

equilibrium concentrations of metal ion in the membrane phase and in the internal phase.
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4.4 Evaluate Extraction and Stripping Distribution Coefficient p and q with ELM
Experiments and Analytical Solution of the Mathematical Model

4.4.1 Experimental
The ELM experiments are performed to evaluate the extraction and stripping distribution
coefficients. The external phase is the cadmium ion solution which is prepared by
dissolving cadmium sulfate (Sigma) in DI water. The pH is adjusted by the sodium
acetate- acetic acid buffer. The emulsion consists of the membrane phase and the internal
phase. The membrane phase contains diluent, Exxol-D80, carrier, D2ZEHPA and
surfactant, ECA4360). ECA4360] is a nonionic polyamine with a molecular weight of
about 1800 manufactured at Exxon. It can prevent swelling of the system and stabilize
the emulsion (18, 65, 66, 67). A typical volume fraction of three components is 88:10:2.
First, 5% extractant E2EHPA and 3% surfactant ECA4360J are added to the diluent,
Exxol-D80. Then the internal phase which is 3M H,SO. is poured into the formulated
membrane phase at a ratio of 1/9. The solution is emulsified by Warring Commercial
Laboratory Blender for 25 minutes at the fixed speed of 10,000rpm. After that, the
emulsion is cooled down to room temperature and is ready for the experiment. The

emulsion is freshly prepared each time before the permeation experiment.

The prepared emulsion is then dispersed into an agitated vessel with the external
solution in a volume ration of 1/5. The agitator speed is controlled at 300 rpm to 350rpm
by a G.K.Heller Corporation, GT-21 motor controller and detected by a laser detector.
Samples are taken every couple minutes during agitation. After 30 minutes, the agitation
is stopped. The samples are placed into the VWR Scientific GT-2 centrifuges for 10

minutes to ensure the complete separation of the external phase and the emulsion phase.
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Then the sample’s aqueous phase is pipetted, diluted and ready for instrumental analysis.
A flame atomic absorption spectrophotometer is used to analyze the cadmium ion

concentrations in the samples at the wavelength of 228.8nm (29).

4.4.2 Evaluate Extraction and Stripping Distribution Coefficients p and q

The ELM experiments give data of the external concentration profile, which is the metal
ion concentration versus time. The model that was developed in Chapter 2 gives the
theoretical prediction of the concentration profile. Hence, the parameters, p and q can be
evaluated with the experimental data.

The concentration profile obtained from the analytical solution which is given in

Chapter 2, section 2.2, is:

¢ 3 < 2B B
—_ - + e _5 T (2‘24)
C,,o B+3 ;3B+Bz+b:+Gb:(Gb:_2B_l) Xp( o )

Ast goes to infinity, the theoretical value is:

Co_ 3 _ v, (2.32)
C, B+3 V +p¥,+qV)

The procedure to find p and q is:
1. Read the value of C.e/Ceo from experimental curve when t=co
2. From equation (2.32) obtain q = £ (p)
3. From the analytical solution of Co/Ce versus t with p and q as the parameters, find the
best value of p and q that gives the closest fit to the experimental data.
A suite of Visual Basic Applications has been developed to numerically calculate

the solutions. For given values of p and q, the programs compute the theoretical external
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concentration profile and compare it with the experimental external concentration profile.
Thus, the values of p and q can be found that produces the best fit by minimizing the

standard error.

4.4.2.1 Calculation of Parameter: Chemical and physical parameters are needed as
input into the program. Published correlations can be used to evaluate the parameters and
then placed into the program. One set of ELM experimental data for cadmium ion can be
used as an example (Figure 4.3). The experimental condition is: Membrane phase
contains 5% D2EHPA, 7% ECA 4360 and 88% D-80, internal phase contains 3M H>SO,
and external phase is 938ppm Cd*" with pH=2.91. The experimental curve shows the

external concentration as a function of time.
1. Evaluate Effective Diffusivity of metal-carrier complex in emulsion phase D,

The diffusivity of cadmium sulfate in the aqueous phase D; and the diffusivity of the
cadmium-D2EHPA complex in membrane phase Dy, are evaluated by the Wilke-Chang

equation (68).

The Wilke-Chang equation is:

_7.4* 102 (g * M )T
' Vi

D

(m* /sec) (4.13)

Where: ¢= Associate factor of solvent (2.6 for water, 1.0 for unassociated solvent)

M;z= Molecular weight of solvent phase (g/mol)

T= Absolute temperature (K)
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ng= Viscosity of solvent phase (cp)
Va= Molar volume of solute A at its normal boiling temperature (cm®/mol)

Table 4.1 Molar volume of some elements for the determination of the molar
volume of cadmium complex at its normal boiling temperature (Le Bas correlation)

73

Elements Carbon C Hydrogen H | Oxygen O | Cadmium sulfur

Va(cm®*/mol) | 5.29 3.7 12 14 16

Assume that the molar volume of Phosphorus is 10.
The molar volume of solute Va is calculated by the Le Bas correlation (69).
For CdSO, in aqueous phase:
Va=14+16+4*12=78(cm’/mol)
The associate factor of the solvent ¢=2.6 (for the aqueous phase);
The molecular weight of the aqueous phase, Mg=18 (g/mol),
The absolute temperature, T=298.15 (K);
The viscosity of aqueous phase, ng=1.0 (cp);

The above data are placed into Wilke-Chang equation, and the diffusivity of

CdSO; in aqueous phase is obtained:

_7.4x107 (4 x M )T

D 0.6
NV

1

(m?*/sec) =1.105 x107°(m?*/s)
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For CdR;¢3RH complex in the membrane phase:

The CdR;e3RH is equivalent to CisH3404PCd, therefore, the molar volume of

CdR,e3RH is:
Va=16%5.29+34*3.7+4*12+10+14=282.44 (cm’/mol)
The associate factor of the solvent $=1.0 (for the organic phase);
The molecular weight of the membrane phase diluent Exxol D-80,
Mp=177 (g/mol);
The absolute temperature, T=298.15 (K);
The viscosity of aqueous phase, ng=1.7 (cp);

The above data are placed into the Wilke-Chang equation, and the diffusivity of

CdR,3RH in the organic phase is obtained:

_T4x107(gx M )T
m 7781’//40.6

D (m?/sec) =5.83 x10 7 (m?*/s)

The Jefferson-Witzell-Sibbert correlation is used to calculate the effective

diffusivity of the complex in the membrane phase (70):

A1+2h) -7 r__ A+ 21)D,D,

D,=D +
8 4(1+2h)? ) 4(1+2h)*° D, +2hD, (4.14)

€
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where

2yp 2 D
__ P b P
D, =pr—l5t—nG-1
RS S A L Dm m
2 p
h= 0.403(V V. )3 -0.5

m i

Diffusivity of Cadmium sulfate in aqueous phase D; and diffusivity of cadmium-

D2EHPA complex in membrane phase Dy, are determined above;
The internal phase volume V; = 9ml;
The membrane phase volume V,, =41ml.

The extraction distribution coefficient is p=24(determined from single stage

equilibrium experiment).

The above data are placed into Jefferson-Witzell-Sibbert correlation, and the
effective diffusivity, De=4.06%107° (m*/sec). The effective diffusivity represents the
diffusivity of Cd-D2EHPA complex in the membrane phase. It is less than the diffusivity
of the complex in the organic phase, Dy, because of the block by the internal aqueous
droplets. The effective diffusivity also may increase when the internal volume ratio

(Vi/(Vi+Vy)) increases.
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2. Evaluation of the External Mass Transfer Coefficient, k

The external mass transfer coefficient, k, is

K 203107 (L ey Gy
NDi I/x + va + Ve
Re = Nd; p
U

Table 4-2 Variables and their assigned data
coefficient of cadmium system

d

determined by Skelland & Lee equation (71):

d

0.548 Rel'371
r .

(4.15)

in determining the external mass transfer

N: agitating speed(rps) 5

Dy: external diffusivity(m?/sec) 1.11*107
d: diameter of the propeller(m) 0.04

dy: diameter of the tank(m) 0.1

Vi: volume of internal phase(ml) 9

Vi volume of membrane phase(ml) 41

Ve: volume of external phase(ml) 500

p: density of the external phase(g/cm®) 1.0

1: viscosity of the external phase(g/cm/sec) | 0.01
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The above data are placed into Skelland & Lee equation and yields the Reynold

number, Re=8*10° and the external mass transfer coefficient, k=1* 10~ (m/sec).
3. Evaluation of Sauter mean globule radius

The Sauter mean radius of the emulsion globules is determined by the same method as

Ohtake (41).

When the viscosity of the emulsion phase n <160cp,

Do _g 12w (4.16)
d, ‘

When viscosity of emulsion phase 1 >160cp,
%l =0.5n""Ww " (4.17)

1

Where ds;=the Sauter mean diameter (cm)

Table 4.3 Variables and their assigned data for determination of sauter mean diameter

N: agitation speed(rps) 5
Dr: diameter of the propeller(m) 0.04
p: density of the external phase(g/cm) 1.0

y: surfacial tension 72.8
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Since the viscosity of the emulsion is less than 160cp for the ELM systems, the
first Ohtake equation is used. The above data are placed into the first Ohtake Equation,

and the Sauter mean diameter, d;;=0.116(cm)

4.4.2.2 Find the Best Extraction and Stripping Distribution Coefficients with the
Computer Program: All of the above parameters are placed into the computer program
that was developed. The experimental data which are the external metal ion
concentrations as a function of time were also entered into the computer program. The
best extraction and stripping distribution coefficients p and q are found by minimizing the
standard errors. With this set of ELM experimental data, an extraction distribution
coefficient, p, is in the range from 18 to 40 and those values give minimized standard
error. However, stripping distribution coefficient q can be in a very wide range from 10°

to 10° to give the smallest standard error.

4.5 Compare the Theoretical Values of Extraction Distribution Coefficient and
Stripping Distribution Coefficient with Experimental Values

The extraction and stripping distribution coefficients can be compared with predicted
values from the theoretical prediction. Theoretically, the extraction distribution
coefficient can be calculated by:

[RHT;

p:KK [H+]: (4.18)
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As the organic phase nonideality is neglected, equation (4.18) becomes:

[RHL Y ..
7]y

The Davies modified extended Debye-Huckel model is used to calculate the

p=K (4.19)

]0.5
activity coefficient: logy, = —Az,’ (1 T 0.31) (3.13)
+ "
where I = the ionic strength of solution
1=t3cz’ (3.16)
i=1

z; = the ionic charge; c; = the concentration of ionic species; A =0.509;

At equilibrium, the concentrations are [Cd**]=13 1ppm=0.001165mol/l and

[H']=107'=0.00123mol/l. These data are placed into equations (3.16) and (3.15), and

n

[=tYcz’ =1(0.001165x2 +0.00123x 1) = 0.00295

i=1
and

0.5

0.00295%
1+0.00295%

lOg }/Cd’* = _AZi2 1 Io,s

+ BI = —0.509 x 22[
+

~0.3x 0.00295j

=-0.103084
or,

Y. =0.788707
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. 1% 0.00295"
logy, .=-A4z + Bl =-0.509%x1"| —————-0.15%0.00295
&7 1 (1+0.00295‘“ * ]
=-0.02532
hence,
y,. =0.943

At equilibrium, the extractant concentration is approximately the initial
concentration because most of the metal ion is released and the extractant becomes free.
The volume of D2EHPA is 5%. The molecular weight of D2EHPA is 322.4g/mol. The
density of D2EHPA is 0.98g/cm. The initial D2EHPA concentration is 0.152mol/l. The
concentration of the dimer D2EHPA [(RH),]=0.152/2=0.076mol/1. At equilibrium the pH
value is 2.91 which means the concentration of hydrogen ion [H+]=107?"=0.00123mol/l.

As previously shown, the equilibrium constant for the interfacial reaction is
K=0.0258.

The above data are all placed into equation(4.19) and

RHE y* . "
p:K[__i'V_m_zo‘OZSSX 0.076" | 0789 ),
(5] 0.00123  0.042°

The extraction distribution coefficient obtained from the theory, 24, is consistent
with the value obtained from the ELM experiment, 18 to 40. Hence, the value of
extraction distribution coefficient can be determined without running experiments.

The extraction distribution coefficient obtained from single-stage equilibrium data
is compared with data from the above two methods and the values are close. Since data at
a pH=2.91 are not available, the curve in Figure 4.2 is used to find the value at a

pH=2.91, and the extraction efficiency is about 95%. With the definition of extraction
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distribution coefficient, the value of p=19. This range is very close to the theoretical
prediction. This further proves the theory that has been developed.

The stripping distribution coefficient can be theoretically calculated by equation

(4.20)

q =-—[§i3{l<l +K.K,[s07 ]} (4.20)

K,[RHT,

Since the organic phase activity coefficients are one, therefore:

. v (1]
7 e [(RED, L

K, +K.K[s0r]) (4.21)

The internal phase concentration of H;SOy is 3M and the hydrogen ion
concentration can be approximated as [H']=3mol/l. The extractant concentration

[(RH);]=0.152/2=0.076mo/1.
The extended Debye-Huckel model is used to calculate the activity coefficient.

First the the ionic strength is:

1 %ZC,.Z,.2 ~1(3x1%) =1.5( Ignore the term for the metal ion as it is very small
i=]
compare to the term of the hydrogen ion)

Since the extended Debye-Huckel model is for ionic strength less than 0.1, this
model can not be used for an ionic strength equal to 1.5. Other methods are investigated
in order to get the activity coefficients at higher concentrations. Finally, activity
coefficients at these concentrations are found to be yx'=0.119 and ycq'=0.517

respectively (72).



The equilibrium constant of the membrane-intemal interfacial reaction K; is the

reciprocal of the equilibrium constant of external-membrane interfacial reaction K.

K=1-_L1 _3516
K 0.0258

The equilibrium constant of the internal phase reaction, K; is 281.8 (63).

The above data are placed into equation (4.21) and the stripping distribution
coefficient is q=1.38*10°. Using this value in the computer program gives the smallest
standard error. This shows that the stripping distribution coefficient can also be predicted
by the theory that was developed without running an ELM experiment.

The stripping distribution coefficient can be calculated without considering the
internal phase reaction which means that the second term in equation (4.21) is zero. Thus

the stripping distribution coefficient is:

: [157]
q — }/H; [ r — KI
7 o ((RED, [,

The data which were obtained are placed into this equation and g=3938. This
value of q is entered into the computer program and it also gives the smallest standard
error. This shows that the stripping distribution coefficient is large enough to transfer the
metal ion into the internal phase. To increase the value from 10° to a larger value does
not have a dramatic impact on the performance of ELM system.

To further verify the theory on the extraction distribution coefficient, data on page
168 of K. C. Wang’s thesis (52) are used. Wang did copper ion extraction with LIX-64N

as extractant and HNOj; as internal phase.



Since the organic phase activity coefficients are near one, the extraction

distribution coefficient can be written as:

_ . [rep _ [RHL Y.
70 e 7D

(4.23)

At equilibrium, the copper ion concentration [Cu**]=26.4ppm=0.000384mol/l and

hydrogen ion concentration [H]=10%?=0.00501mol/. The ionic strength is:

[=S ¢z} =1(0.000384% 2% +0.00501x 1) = 0.003275

0.5
then, logy , =—Az] ! — + Bl =—-0.10823
1+7
Yo =0.779
y,. =0.9396

Wang’s thesis gives:

K[RH],ZH =127x107
These data are placed into equation (4.23), and the extraction distribution

coefficient is p=0.446.

Wang’s thesis states the value of the extraction distribution coefficient, p, is 0.402

which is very close to the theoretical prediction 0.446.
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The same set of data given by Wang is put into the computer program. The
results show that the best value of extraction distribution coefficient, p, is from 0.40 to
0.43. This range is also very close to the theoretical value 0.446.

It can be concluded that the extraction distribution coefficient, p, and stripping
distribution coefficient, g, can be theoretically predicted with equations (3.22) and (3.28)

(extraction of copper ion is used as an example to illustrate the method).

[RH |
=K d 3.
g Kr [H +:t -
— [ +12 2-
q= ———————Kyj. [i P (K, + K.K,[s0* ]} (3.28)

4.6 Discussion
The concentration profile obtained in Chapter 2, section 2.2, is

2B

c 3 = b
C, B+3 ;38+Bz+bj+ij(ij—ZB—l) X 0] )
As t goes to infinity, the theoretical value is:
Co_ 3 (2.32)
C, B+3
where: B=pf’ o

[95)
(9%
[PF]
N

w=1-e+e(l+K,[S0* ])q (3.



Therefore, when time goes to infinity, the system reaches equilibrium. At

equilibrium, the external metal ion concentration is 3Ceo/(B+3).

o . C B
At equilibrium, the recovery efficiency E(®0)=1—-—"=>= —é——?:
+

C

e0

Equation (2.33) is the best performance an ELM system can achieve. This means
that no matter how hard one tries, the highest recovery efficiency for this system can not
be larger than B/(B+3), and B/(B+3) is the maximum recovery efficiency for an ELM
system. Equation (2.33) also shows that a larger value of B gives a larger maximum
recovery efficiency. Therefore B should be as high as possible.

For equation (3.33), when the term K3[SO4*] is much larger than 1 and usually it

is, the terms of 1, e (e<1), and eq can be neglected, and equation (3.37) becomes:
o~K, [SOj‘ 1 ge (4.24)
Hence, B~ K, [SO* ] 1" pge (4.25)

Equation (4.25) shows that increasing p and q will give larger values of B and a

higher recovery efficiency at equilibrium. Since the extraction distribution coefficient

p=K —[R—[ir'—f and stripping distribution coefficient
V4

K |H*

q= —-[‘[i {K,+K K, [SO:'I}, therefore,

K, [RH],

B=K,[SO*] /' pge= i} etk [sor]ik, + KK [s0r ]y @20

[H ' I K}’ KV
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Equation (4.26) shows that to achieve better performance, the internal phase
hydrogen ion concentration should increase and the external hydrogen ion concentration
should be decreased. Equation (4.26) also gives other factors that affect the performance
of the ELM system. A larger ratio of the emulsion to the external phase gives better
performance. However, the volume ratio can not be selected arbitrarily because of the
stability of the emulsion. Larger equilibrium constants for interfacial reactions and
internal phase reaction give a larger recovery efficiency. These observations mean that a
good selection of the extractant and internal phase acid with bigger reaction rate
constants will enhance the performance of ELM. Larger acid concentrations in the
internal phase will also enhance the efficiency. Equation (4.26) gives very valuable

guidance for the operation of ELM experiments.

If no terms in the equation @ =1-e+e(1+ K, [SO:'])q are neglected, then,

= pf'o=pf'{1-e+e(1+K,[SO* ])g}
= pf'(1-e)+ pf ' qe(1 + K, [SOF])

[R{fftf(l_e)% %fe -1+ K [s0 (K, + K K, [s0* ]

7 }'

(4.27)

Equation (4.27) shows that the extractant concentration does affect the first term
of B. Hence, a larger extractant concentration will give a larger value of B and then better
performance. However, in many cases, the first term is much smaller than the second one
and the impact of extractant concentration on the equilibrium recovery efficiency is not

significant. Equation (4.27) also shows that the internal phase volume fraction of



emulsion, e, has impact on the recovery efficiency. However, we can not change the

fraction too much because of the stability of the emulsion.
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CHAPTER 5

CONCLUSION

5.1 Conclusion
It can be concluded that the experimentally measured values of the extraction distribution
coefficient p and stripping distribution coefficient q are no longer necessary. The
extraction and stripping distribution coefficients can be predicted theoretically. Thus
with the mathematical modeling of the ELM, the concentration profile can be predicted
without running an ELM experiments. The best recovery efficiency can be predicted
theoretically. This study gives the theoretical guidance to find the optimal experimental
operating conditions.

The impact of the internal reaction on the external phase concentration profile
exists. However, within the experimental time period, the difference between the model
considering internal phase reaction and the model not considering the internal phase
reaction is not significant. The impact of the intermal phase reaction on equilibrium
external concentration is, however, noticeable.

A singularity in the eigenvalue equation is found which was neglected in previous
studies. Thus the second eigenvalue is located which has an important impact in the

concentration profiles.

5.2 Recommendation
This thesis ignored the nonideality of the organic phase of ELM which might result in
some deviation on the equilibrium constant. Further studies may include the study of the

activities of the organic phase of the ELM system.
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APPENDIX

COMPUTER CODE

Option Explicit

" This function computes the dimensionless external concentration
ConcentrationRatio=Ce/Ce0

Function ConcentrationRatio(ByVal G As Double, ByVal B As Double,
ByValt As Double) As Double
Dim ratio As Double, n As Integer, abv As Double, increment As Double
Dim num_roots As Integer, root As Double, brac As Double, pi As Double
Dim start_bn As Double, end_bn As Double, coef As Double
Dim increment1 As Double, increment2 As Double
Dim ratio0 As Double

pi=3.1415926
ratio0 =3 /(B + 3)
ratio = ratio0

Forn =1 To 10000

num_roots = NumRoots(G, B, n)

If (num_roots = 1) Then
start bn=(n-1/2)*pi
end bn=(n+1/2)*pi
root = FindRoot(G, B, start_bn, end_bn)
coef = CeCoef(G, B, root)
increment = coef * Exp(-root * root * t)
abv = Abs(increment)

Else
brac = FindBrac(G, B, n)
start bn=(n-1/2)*pi
end_bn = brac
root = FindRoot(G, B, start_bn, end bn)
coef = CeCoef{G, B, root)
increment1 = coef * Exp(-root * root * t)
start_bn = brac
end bn=(m-+1/2)*pi
root = FindRoot(G, B, start_bn, end _bn)
coef = CeCoef(G, B, root)
increment2 = coef * Exp(-root * root * t)
increment = increment1 + increment2
abv = Abs(increment2)

End If
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ratio = ratio + increment

If abv < Abs(ratio0) * 0.0001 Then
Exit For

End If

Next n
ConcentrationRatio = ratio

End Function

' This function computes the dimensionless external concentration
' ConcentrationRatio=Ce/Ce0 given p, w (Omega), f, De, R, k, t
"where t is the real time (RT)

"t1 is the dimentionless time tao/w.

Function ConcentrationRatioRT(ByVal p As Double, ByVal w As Double,
ByVal f As Double, ByVal De As Double, _
ByVal R As Double, ByValk As Double,
ByValt As Double) As Double

Dim B As Double, G As Double, t1 As Double
B=p*f*w

G=p *De/(R *k)

tl=De*t/(W*R"2)

ConcentrationRatioRT = ConcentrationRatio(G, B, t1)

End Function

' This function computes the dimensionless external concentration
ConcentrationRatio=Ce/Ce0

' But it ignores one of the two eigenvalues around the singular point
'when G>1

Function ConcentrationRatioWrong(ByVal G As Double, ByVal B As Double, _

ByValt As Double) As Double
Dim ratio As Double, n As Integer, abv As Double, increment As Double
Dim num_roots As Integer, root As Double, brac As Double, pi As Double
Dim start_bn As Double, end bn As Double, coef As Double
Dim increment1 As Double, increment2 As Double
Dim ratio0 As Double

pi=3.1415926

%0



ratio0 =3 /(B + 3)
ratio = ratio0

Forn =1 To 10000

num_roots = NumRoots(G, B, n)

If (num _roots = 1) Then
start_ bn=(n-1/2)*pi
end bn=(+1/2)*pi
root = FindRoot(G, B, start_bn, end bn)
coef = CeCoef{G, B, root)
increment = coef * Exp(-root * root * t)
abv = Abs(increment)

Else
brac = FindBrac(G, B, n)
start bn=(n-1/2)*pi
end bn =brac
root = FindRoot(G, B, start_bn, end bn)
coef = CeCoef{G, B, root)
increment1 = coef * Exp(-root * root * t)
start_bn = brac
end bn=(n+1/2)*pi
root = FindRoot(G, B, start_bn, end bn)
coef = CeCoef(G, B, root)
mmcrement2 = coef * Exp(-root * root * t)
increment = increment
abv = Abs(increment2)

End If

ratio = ratio + increment
If abv < Abs(ratio0) * 0.0001 Then
Exit For
End If
Nextn
ConcentrationRatioWrong = ratio
End Function
' The coefficient in external Concentration Ce/Ce0
Function CeCoef{ByVal G As Double, ByVal B As Double, _
ByVal bn As Double) As Double
CeCoef=2*B/(3*B+B 2+ "2+G*(bn"2)*(G*(bn"2)-2*B-1))

End Function
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Option Explicit

Function RHS(ByVal G As Double, ByVal B As Double, _
ByVal bn As Double) As Double
Dim diff As Double
dif=B-G*bn"2
RHS = diff * bn / (diff + bn " 2)

End Function

Function fun_0(ByVal G As Double, ByVal B As Double, _
ByVal bn As Double) As Double
Dim Coefl As Double, Coef2 As Double

Coefl =B-(G-1)*bn "2
Coef2=B-G*bn"2
fun 0 = (Coefl * Sin(bn) - Coef2 * bn * Cos(bn))/ B

End Function

Function fun_1(ByVal G As Double, ByVal B As Double, _
ByVal bn As Double) As Double
Dim Coefl As Double, Coef2 As Double

Coefl=(B-2*G+2)*bn-G*(bn"3)
Coe2=2*G+1)* (bn"2)
fun 1 =(Coefl * Sin(bn) + Coef2 * Cos(bn))/ B

End Function

Function fun 2(ByVal G As Double, ByVal B As Double, _
ByVal bn As Double) As Double
Dim Coefl As Double, Coef2 As Double

Coefl=B-2*G+2)-(5*G+1)*(bn"2)

Coe2=(B+2*G+4)*bn-G*(bn"3)

fun 2 = (Coefl * Sin(bn) + Coef2 * Cos(bn))/B
End Function

' Find the number of roots between (n-1/2)*pi and (n+1/2)*pi

Function NumRoots(ByVal G As Double, ByVal B As Double, _
ByValn As Integer) As Integer



Dim num As Integer, pi As Double ,
Dim start_bn As Double, end bn As Double
Dim start_val As Double, end_val As Double

pi=3.1415926
start bn =(n-1/2) *pi
end bn=(n+1/2)*pi

start_val = fun_0(G, B, start_bn)
end val = fun 0(G, B, end bn)

If (start_val * end_val > 0) Then

num = 2
Else

num = 1
End If

NumRoots =num
End Function

"The function FindRoot finds the root for fun_0 using bisection
" between start_bn and end_bn if there is only one root in
' the interval between start_bn and end_bn

Function FindRoot(ByVal G As Double, ByVal B As Double,
ByVal start_bn As Double, ByVal end_bn As Double) As Double
Dim left As Double, right As Double, mid As Double
Dim left_val As Double, right val As Double, mid val As Double
Dim n As Integer

left = start_bn
right = end_bn
mid = 0.5 * (left + right)

left val = fun_0(G, B, left)
right val = fun_O(G, B, right)
mid_val = fun_0(G, B, mid)
n=0

Do While ((Abs(mid_val) > 0.00001) And (n < 10000))
If (left_val * mid_wval > 0) Then
left = mid
left val = mid val
Else
right = mid
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End If
mid = 0.5 * (left + right)
mid val = fun 0(G, B, mid)
n=n-+1

Loop

FindRoot = mid
End Function

' If there are two roots between (n-1/2)*pi and (n+1/2)*pi
' The function FindBrac finds a point between them so
' there is one root on each side of the point
Function FindBrac(ByVal G As Double, ByVal B As Double,
ByVal n As Integer) As Double
Dim m As Integer
Dim interval As Double, pi As Double
Dim left As Double, brac As Double, right As Double
Dim left_val As Double, brac_val As Double
Dim prod As Double
pi=3.1415926

left=(n-1/2)*pi
right =(n+1/2) * pi

left val = fun_0(G, B, left)

Form=1To 10
interval = pi/ (2 ~ m)
brac = left + interval
Do While (brac < right)
brac_val = fun_0(G, B, brac)
prod = brac_val * left_val
If (prod < 0) Then
Exit For
End If
brac = brac + interval
Loop
Next m

FindBrac = brac
End Function
Sub FR()

' Cells(10, 1).Value = FindRoot(11, 400, 1.5 * 3.1415926, 2 * 3.1415926) / 3.1415926
Cells(30, 1).Value = FindBrac(11, 400, 2)



End Sub
Option Explicit

' This function computes the dimensionless

' concentration CR_IM=Ce*/Ce0 at the external membrane
" interface

Function CR_IM(ByVal G As Double, ByVal B As Double,
ByVal t As Double) As Double
Dim ratio As Double, n As Integer, abv As Double, increment As Double
Dim num_roots As Integer, root As Double, brac As Double, pi As Double
Dim start_bn As Double, end_bn As Double, coef As Double
Dim increment1 As Double, increment2 As Double
Dim ratio0 As Double

pi=3.1415926
ratio0 =3 /(B + 3)
ratio = ratio0

Forn=1To 10000

num_roots = NumRoots(G, B, n)

If (num_roots = 1) Then
start bn=(n-1/2)*pi
end bn=(n+1/2)*pi
root = FindRoot(G, B, start_bn, end bn)
coef = CeIMCoef{G, B, root)
increment = coef * Exp(-root * root * t)
abv = Abs(increment)

Else
brac = FindBrac(G, B, n)
start bn =(n-1/2)*pi
end bn =brac
root = FindRoot(G, B, start_bn, end bn)
coef = CeIMCoef{G, B, root)
incrementl = coef * Exp(-root * root * t)
start_bn = brac
end bn=(n+1/2)*pi
root = FindRoot(G, B, start_bn, end bn)
coef = CeIMCoef{G, B, root)
increment2 = coef * Exp(-root * root * t)
increment = increment1 + increment2
abv = Abs(increment2)

End If

ratio = ratio + increment
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If abv < Abs(ratio0) * 0.0001 Then
Exit For
End If

Nextn

CR_IM = ratio
End Function

' This function computes the dimensionless

' concentration CR_IM=Ce*/Ce0 at the external membrane
" interface given p, w (Omega), ', De, R, k, t where t is the
" real time (RT)

"t1 is the dimentionless time tao/w.

Function CR_IMRT(ByVal p As Double, ByVal w As Double, _
ByVal f As Double, ByVal De As Double, _
ByVal R As Double, ByVal k As Double, _
ByValt As Double) As Double

Dim B As Double, G As Double, t1 As Double

B=p*f*w
G=p *De/(R*Kk)
tl=De*t/(w*R"2)

CR_IMRT = CR_IM(G, B, t1)

End Function

' This function computes the dimensionless
" concentration CR_IM=Ce*/Ce0 at the external membrane
" interface

Function CR_IMWrong(ByVal G As Double, ByVal B As Double, _
ByValt As Double) As Double
Dim ratio As Double, n As Integer, abv As Double, increment As Double
Dim num_roots As Integer, root As Double, brac As Double, pi As Double
Dim start_bn As Double, end bn As Double, coef As Double
Dim increment1 As Double, increment2 As Double
Dim ratio0 As Double

pi=3.1415926
ratio0 =3 /(B + 3)
ratio = ratio0
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Forn =1 To 10000

num_roots = NumRoots(G, B, n)

If (num_roots = 1) Then
start bn =(n-1/2)* pi
end bn=(n+1/2)*pi
root = FindRoot(G, B, start_bn, end bn)
coef = CeIMCoef{G, B, root)
increment = coef * Exp(-root * root * t)
abv = Abs(increment)

Else
brac = FindBrac(G, B, n)
start bn =(n-1/2)* pi
end_bn = brac
root = FindRoot(G, B, start_bn, end_bn)
coef = CeIMCoef(G, B, root)
increment] = coef * Exp(-root * root * t)
start_bn = brac
end bn=(n+1/2)*pi
root = FindRoot(G, B, start_bn, end bn)
coef' = CeIMCoef{G, B, root)
increment2 = coef * Exp(-root * root * t)
increment = increment 1
abv = Abs(increment?)

End If

ratio = ratio + increment

If abv < Abs(ratio0) * 0.0001 Then
Exit For

End If

Next 1

CR_IMWrong = ratio
End Function

' The coefficient in Concentration Ce*/Ce0
"at the external membrane interface

Function CeIMCoef{ByVal G As Double, ByVal B As Double, _
ByVal bn As Double) As Double
CelMCoef=2*(B-G*bn"2)/3*B+B"2+bn"2+G*(bn"2)* (G*(bn’\
2)-2*B-1))



End Function
Option Explicit

Function Omega(ByVal h As Double, ByVal q As Double) As Double
Omega=1-(1-q)*h
End Function

98



Option Explicit
"h=¢e

Function STDErrPQ(ByVal f As Double, ByVal u As Double, ByVal h As Double,

ByVal p As Double, ByVal q As Double, _
TArray As Variant, CArray As Variant) As Double

Dim num_pts As Integer

Dim w As Double

Dim B As Double, G As Double

Dim I As Integer, tao As Double, t As Double

Dim cr_exp As Double, cr_th As Double

Dim var As Double

num_pts = Application. Count(TArray)

w = Omega(h, q)
B=p*f*w
G=p*u

var =0

For1=0 To (num pts - 1)
tao = TArray(l)
cr_exp = CArray(l)
t=tao/w
cr_th = ConcentrationRatio(G, B, t)
var = var + (cr_th - cr_exp) "2
Next [

STDEmPQ = (var / (num_pts - 1))~ 0.5
End Function
'h=e
Function STDErPQ_SPRD(ByVal f As Double, ByVal u As Double, ByVal h As
Double,
ByVal p As Double, ByVal q As Double, _
ByVal start_row As Integer, ByVal end _row As Integer, _
ByVal start_column As Integer) As Double

Dim num_pts As Integer, I As Integer
Dim TArray() As Double, CArray() As Double

num pts = end_row - start_row + 1
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ReDim TArray(num_pts - 1)
ReDim CArray(num_pts - 1)

For I=0 To (num_pts - 1)
TArray(I) = Cells(start_row + I, start_column)
CArray(I) = Cells(start_row + I, start_column + 1)
Next 1

STDErPQ_SPRD = STDErPQ(f, u, h, p, q, TArray, CArray)
End Function
Option Explicit
'h=e

Function STDEmrQ(ByVal f As Double, ByVal u As Double, ByVal h As Double,

ByVal q As Double,
TArray As Variant, CArray As Variant) As Double

Dim num_pts As Integer

Dim w As Double

Dim B As Double, G As Double

Dim I As Integer, tao As Double, t As Double

Dim cr_exp As Double, cr_th As Double

Dim var As Double

Dim p As Double

num_pts = Application. Count(TArray)

w = Omega(h, q)

B =3%*(1/CArray(num pts-1)-1)
p=B/(f*w)

G=p*u

var = 0

For I =0 To (num pts- 1)
tao = TArray(I)
cr_exp = CArray(l)
=tao/w
cr_th = ConcentrationRatio(G, B, t)
var = var + (cr_th - cr_exp) "2
Next 1

STDExrQ = (var / (num_pts- 1)) " 0.5

End Function
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'h=¢e

Function STDErrQ_SPRD(ByVal f As Double, ByVal u As Double, ByVal h As Double,

ByVal q As Double, _
ByVal start_row As Integer, ByVal end row As Integer, _
ByVal start_column As Integer) As Double

Dim num _pts As Integer, I As Integer
Dim TAurray() As Double, CArray() As Double

num_pts = end row - start_row + 1
ReDim TArray(num_pts - 1)
ReDim CArmray(num_pts - 1)

For I1=10 To (num_pts - 1)
TArray(I) = Cells(start_row + I, start_column)
CArray(I) = Cells(start_row + I, start_column + 1)
Next 1
STDEmrQ_SPRD = STDErrQ(f, u, h, q, TArray, CArray)

End Function
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