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ABSTRACT

APPLICATIONS OF
BINARY SEQUENCE OF ORDER k

by
Xulun Jiang

The cumulative distribution of the finite sum of the binary sequence of order
k is studied and some of its applications discussed. Certain properties of this
sequence are studied and uniformly superior bounds for the cumulative distribution
under minimal information on the "success" probabilities are derived.

As an application, an optimal randomized response model to collect sensitive
information with dependence in the sample is proposed. This dependence is caused
by untruthful response to stigmatizing questions and has been ignored in the past
procedures.

The proposed method is useful in collecting reliable information in situations
where the response is difficult to get, e.g., gathering data regarding the incidence
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CHAPTER 1

INTRODUCTION

The sum of independent, identically or non identically distributed binomial
random variables is one of the oldest random variable in probability and statistics.
Estimation of their cumulative distribution functions has been studied extensively
by Kolmogorov (1956), Hoeffding (1956), Anderson and Samuels (1956), Hodges
and Le Cam (1960) and Gastwirth (1977). Percus and Percus (1985) obtained
uniformly superior bounds for the sum of independent, non identically distributed
random variables with minimal information on the underlying "success"
probabilities {pl, Py, -}. In the present work, we study sum of a particular type
of dependent, non identically distributed random variables. This sum is defined in
terms of a binary distribution of order k, given by Aki (1985). We also obtain
uniformly superior bounds for the cumulative distribution under minimal
information on the "success" probabilities as in Percus and Percus (1985).
However, the mathematical problem encountered in the present work, and hence
the solution, turn out to be entirely different from theirs.

It is also noted that the optimal upper bound for the distribution of this sum
is independent of k. Further, if the p’s are close to zero then the upper bound
will be close to the true value.

Further study in this paper shows the asymptotic results of the binary
sequence of order k and these results can be applied to the procedure for
collecting sensitive information.

Definition 1.1 Let X., i1 =0,1,2,--- beasequence of {0, 1} — valued
random variables defined on a probability space (2, & P). Then, this sequence

{Xi} is said to be a binary sequence of order k if there exist a positive integer k



and real numbers 0 <p, p,, -, Py <1 such that

Xlzx

(i) POX, = 1] X, = %,

LI o | n—1 j

is satisfied for any positive integer n, where j—1 = (r—1) modk, ie., the
remainder in the division of (r—1) by k and r is the smallest positive integer
which satisfies X = 0. Here, the case k = 1 corresponds to the sequence of
independent identically distributed Bernoulli random variables and k = o to that
of a renewal sequence. The latter follows from the fact that each time a failure
occurs, the process starts again from the beginning and is independent of all the
preceding events.

In addition to the notations in Definition 1.1, q = 1— P, 1=1,2,---,k

bl )

from here onwards. Also, we shall follow the convention that any product or sum
over an empty set is one or zero, respectively.

To introduce the practical background of this distribution, we repeat the
Example 2.2 from Aki (1985) here. In chapter 3 we will show another application
of the sum of first n terms of the binary sequence in the field of non evasive

sample survey.

Example An electric bulb is lighted and checked daily at a given time.
Based on the result of the check on the jth day Xi takes the value 0 if the bulb
has burnt out, or 1 if it is working. A burnt out bulb is replaced by a new one
immediately. A new bulb is replaced after k consecutive days, even if it is still
working. Here p, represents the probability of that the bulb will work on the jth
day, given it has not failed for the past 1 —1 days. Then {Xi} is a binary
sequence of order k and the sum of its first n variables represents the total

number of days, out of n, when the bulb was working.



CHAPTER 2
PROBABILITY BOUNDS ON THE FINITE SUM

2.1 Some Properties of the Sequence
In this section we present certain conditional and joint distributions of a binary
sequence. We also forward a new approach to the binary sequence of order k,
which avoids the use of r and j of Definition 1.1. We begin by restricting
ourselves to binary sequence of order k > n > 1. Here, n is the sample size, i.e.,
the first n realizations of the binary sequence of order k. Let 0 represent the
failure of a light bulb and 1 be its state of functioning, i.e., not failure. Since p*
vanishes as a factor in a product of terms when x =0, andis p when x =1, let
x’s be the state of working of the light bulbs in the following discussion. Thus,
P(Xn = xnI Xl =X, X2 =Xy, Xn_1 =x__ could be any one of the Py,
SR L depending on whether X = 1 or 0, respectively. Let j be

as in Definition 1.1, which satisfies 1 < j<n. Inthecase n <k, j equals r

because r — 1 < k. This conditional probability, for a specific i =1, is equal to

1 n-1
(1=x, ;) ) H' x, (I=x, ) (1—x) _ H_+Xt
pi t=n -1+1 qi t=n -1+l

However, i need not be r and could be any integer in [1, n]. Hence, this

conditional probability is equal to

n -1

1}
2 (T=xp, ) HA X, (1—x}1_i)(1—x“) ) H' X,
(2,1) I [p. t=n -1+1 q. t=n -1+l
i i
1=1

The joint density of (Xl, Koy ooy Xn) in the case n < k can now be obtained

- SIY  — —_— Y ... {
from the fact that I(_Xl-.\l,sz‘\?, X =

(2.2) «P(X =x




x P(X :xr){ X, =x)P(X =x,).

This gives the joint density as

m -1

m
n .- Tl
—y b _1 (1—xy-3) I X, ) 1 (1—xp-1)(1—=xp) 11 Xy
i Ep m= t=m - 1+1 m= t=m - i+1
i i '
i=1

The above results for the conditional probability and joint density can be

derived without the restriction k > n > 1 by defining a function Sk(t;nwl) as

follows

[(n—t)/k] n—1}
N S R | T
’ l 1=0 l=n—1k—t-+1

0, t > n,

where 0 <t <k and Sk depends on the first n — 1 random variables of the
binary sequence. In general, the conditional and the joint distributions in (2.1)
and (2.2) can now be described by the following lemma and theorem, respectively.

For the proof of the lemma please see Appendix.

Lemma 2.1 Let {X } be a binary sequence of order k with p,p,, -, p,,
1
then
P(Xn = x| Xy = Ky = Xia ™ kn—l]

k

T Sk(t;n—l)xn Sk(t;n——l)(l—xn)

1 Py 4 '

t=1

The proof of the following theorem follows from Lemma 2.1 and (2.3).

Theorem 2.1 The density function of the binary sequence of order k with

p17 pz) T pk 13

k & &
- Y% S (j;m—1 %S (m—1)(1—
; (o x )= e m=1)x g m=1) (1= )
X Xg-- =X,V 172 0 T j i ‘

i=1

In order to state and prove the following theorem we need the notation (a,)k



(W4

to be the remainder in the division of a by k, ie., (a) =a-— la/klk, a, k€

integers.

Theorem 2.2 Let {X,, i> 1} be a binary sequence of order k. Define b =

I
n—y, Aj_ =1~ J=0 p=1 Then the density of i& X is given by
b
n ) h B (/4 P
P(E Xi=y)= Ea I.ﬂ(popl P) ™ PoPy
« . [(n—j )/K] .
Piai =1y Yaj =1y +1 (popl pk) b7 PPyt Py
m k m k bk
2.2. Uniformly Tight Bounds
Let {Xi’ i>1} be a binary sequence of order k with parameters p,, py,- -+, Py

n

Denote Fn(a) =P(¥ X« a), where a is a nonnegative integer. In order to
=1

present the results of this section need the following notation. When Pl =

Pppg= ""=Pp=lorp . =p = =p=0 1<m<k, in F (a),

then denote it by F (a) or I (a). Even though intuitively F (a) and F (a)
seem to be the lower and upper bounds of Fn(a), the proof of this is not so

obvious.

Theorem 2.3 For a binary sequence of order k with given Py Py =t P

(m < k), Fn(a) reaches its maximum or minimum when p_ . =p_ ., ==
P, = 0 or Pl T Prgo = T =P = 1, respectively.
For the proof of this theorem please see Appendix.
Throughout the following work the definition of combinations [rﬂ is

m(m—1)---(m-n+1)/ nk

Case (1) F_(0) is given.
n
Since, F_(0) = P(;1 X, =0)=q, if F(0) isknown thensois q =
1=
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% F _(0) and therefore, k > m =1, and F (a), F (a), asin Theorem 2.3., are

the lower and upper bounds of Fn(a), respectively, when FH(O) 1s known.

o~ n
=

In order to compute Fn(a)) we first compute the P( % }\i =y), where D,
" i=1

=1

b

n
1 =23, ---, k. Intheevent { b Xi = y} there are y number of random

=1

variables in the set {Xi’ 1<i<n} with value 1. If for some i 0, Xi =0
and ki+1 =1 then Xi+2 = ... = X(i+k) An =1, where A represents
minimum. This implies that these y ones must appear in groups of size k

except for the last (y), ones. The probability of a typical outcome of the type

k

[v/k] bunches of ones, each of size k, n —y zeros and (y), onesis

k
b’/k] (

n—=y
PePy Py ) Ay 7

(2.4) (PP, Py)

If y isamultiple of k then [y/k] = [(y—1)/k] + 1, otherwise, [y/k] = [(y—1)/k].

Since p,=p,=p, = -+ =p =1, therefore (2.4) becomes pg(yﬁl)/k}“ qul-—y‘

n
The number of all outcomes in the event % Xi =y, which are described above
i=1

n
and are equally probable, is {n—}{j}i{k}} Therefore, P( ¥ X = y) =
1=1

{n_"fj/{%k]} pg(y_l)/k}ﬂ qul_y. Thus, the lower bound of I (a) is

iy e [nyt /) L [y=1)/K AL n—
F (a) = 20[ rHl }sz &

~

Interestingly, in the case when k — w, Fn(a) converges to the distribution

It
q y=10
function evaluated at a of the density function f(y) = ! B :
pay ~ 1<y<n

For computing F (a), the condition p, =0 means that in the binary

sequence no consecutive random variables will take the value 1. The event

n n
{ ) Xi = y} is equal to the disjoint union of { ) Xi =y, Xn = 1} and
=1 =1



{

1
Y n
Xi:y,X = 1} and {E Xi:y,Xn:O} satisfy 2y —1 <n and 2y < n,

{ :

=1 =1

Il g
7
Il

=Y Xrl = O}. However, in view of the preceding statement the events

1

oo

respectively.

n
We shall now compute the probability of { % Xi =y, Xn = 1}) where
1=1

X, =0. Inthis joint event, 2(y—1) of X, oo X are such that a zero

follows one, except for

X =1 and the remaining X’s take the value zero. Thus, 2(y—1) + 1 must be
at the most n, which puts the constraint 1 <y < [(n+1)/2] on y. Any outcome
of this type must have its probability equal to

9 & y—1 n—2y+1

(2.5) (P,a,)" q P,

2y+1

However, (2.5) becomes p)l' qul_ since q, = 1. Consider the one followed by

a zero as a single piece of a special zero and ignore the last Xn = 1. Now there are

a total of y —1 special zeros and (n—y) — (y—1) single zeros. Therefore, there

n—y

are {y—l

} distinct equally probable outcomes in this case. Thus,

1

n

N , — —2y+1

(26)  P(3 X =y, X, =1= "2 a1y <[n41)2)
1=1

Similarly,

n
(2.7) P{ X =y, X = O} = {nﬂ P’ i, 0 ¢y <n/2).
1=1

By adding up (2.6) and (2.7), we get the upper bound of Fn(a) to be

v a‘ n—y y n—2y+1 a’’” n—y y n—2y

where a = min (a, [(n+1)/2]) and 2 = min (a, [n/2]).
Case (i1) Both F (0) and F (1) are given.

The bounds for F (a) are computed using Theorem 2.3 with m =2 < k.



Since, P(L X =1)=P(X =1X =0 forall i# n)
r r 1—2
+P(X =0, % X =1)=q] p +(n- La] p,a,, we get
F1)=F (0)+P(3 X =1)=q" +(n—Dayfa} " —a} ).

Assuming 0 < q, <1, we get

(2.8) a,=(F ()= / ((-1)(aT " =) p, = 1 —q,

From Case (1) and (2.8), p, and p, are fixed because F (0) and F (1)

n
are given. Thus, n must be at least 2 to compute the upper and lower bound for

As in the previous section, for calculating the lower bound, we compute

P(% XiZY) first. For p=1,1=34 .-k if X, =0 and Xi+ =X

1 42
1=1
=1 forsome 1> 1, then X. S, = -.- =X, =1. Also,if X. =0 and
’ i+3 (i+k) A n ’ i
Xi+1 = Xi+2 = ... = Xi+jk+2 =1 for some positive integer 1 and j, then
Xi+jk+3 = Xiﬂk+4 = ... = Xi+jk+k = 1. Therefore, each realization of {Xi’ 0<

1 <n} in the event {
1

n
% Xi = y} can be written as the union of four disjoint

1

distinct groups. Group 1 consists of M pieces of consecutive ones of size k,
0 < M < [y/k]. Fixing the elements of Group 1, Group 2 is the set of consecutive

ones of size [ [ < (k—1) A (y—Mk)], located near the n'® position and Group 3

8t
consists of J pieces of a one followed by a zero, i.e., 10. Here, ¥ Xi =y gives
1=1

J in terms of M and [ through Mk + J + [=y. Having fixed Groups 1, 2, and
3, Group 4 consists of all the remaining zeros. The number of zeros in Group 4

must therefore be equal to n—y —J. When M and [ are fixed, the probability

n
of a typical outcome of this kind in the event { ) Xi = y} 15
=1



n—y—J

M J
(py-o-p ) (Pray) PPy -y,
Substitute J by y — Mk — [ and take Pp= Py =Dy = =P = 1, this

probability becomes

—Mk+M—L414+{1-1/k] MA14{(1-2)/k] y—Mk—] n—2y+Mk+1l
P’ [ /}p2 +( )/]qé Q) v ‘

The number of distinct, equally probable outcomes of this type, with M and !
fixed, is counted by ignoring the [ fixed ones located near the n'h position. Thus,
the number of all possible arrangements of n—y-+M pieces with M of them
alike, as described in Group 1, y—Mk—[ in Group 3 and n—2y+Mk+1 of the
pieces are zeros of Group 4. This number is equal to

. —y+M M+y—Mk—1
(ny+ M)/ {M!(y—Mk—0)! (n—2y +Mk+'}, i.e., [Miy{;k_ln - J

n [y /X [~
Therefore, P(2 X. =y)= % 3 {Mn—yﬁ{d J [M+y;\ng—lJ
i=1 ' M=o o (MFy-Mk—

y—Mk+M—+1+[({—1)/k] M+1+[({—2)/k] y—Mk—] n—2y+Mk-+![
Py P, 4 a, )

where | = min (k—1, y-Mk). Thus, the lower bound of F (a) is

(2.9) % [Yék] }f{ n-y+M }{M—Py—Ml«—ZJpy—Mk+M—~Z+1+[(l_1)/k}
| y=0 M=0 =0 M-+y-Mk —! M /

M-+1+[(1=2)/k] y—Mk—] n—2y+Mk+/{
Py ((L=2)/ ]q; qul y .

In this case, as k — w», the limit of (2.9) is given by

a [*
n—y | y—Il+1 y—1 n—2y+1(
y§0 Eo {y—l]}ﬁ Py 4y '

This limit can be obtained by just taking k > n and observing that M = [y/k] =
[(1-1)/k] = [({-2)/k] = 0. Also, it has been computationally seen that the above

limit of (2.9) is again a distribution function.
To compute the upper bound Fn(a)> note that the condition Py = 0
imposes the restriction that no three consecutive random variables are each equal

n
to 1. Therefore, each realization of {Xi’ 0 <i<n} inthe event { by Xi = y}
1=1
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can be written as the union of three disjoint distinct groups. Iix ] elementsin a
group of the type double ones followed by a zero, i.e., 110; the next group consists
of M elements of the type single one followed by a zero, 1.e., 10; and the final
group contains all the remaining zeros. The number of these remaining zeros is
n—y—M —j. Further, consider the set {Xi’ 0 <i<n} asthe union of three
mutually disjoint sets with restrictions, one with Xn_1 = Xn =1, the second

with Xn_ =0, Xn = 1, and the third with Xr1 = 0. In each of these three

1
cases, M isequalto y—2j—2, y—2j—1, or y—2j, and ] satisfies the
restriction 0 < j< (y=2) A [(n=2)/3] = j,, 0<¢ )< (y—1) A [(n=1)/3] = j, or 0¢j
<y A[n/3] = Jy» Tespectively. Also, y satisfies the restriction 0 <y <n— [n/3],
0<y<n—[(n+1)/3]or 0<y<n—[(n+2)/3], because the least number of zeros
we must have under each case is [n/3], [(n+1)/3] or [(n+2)/3], respectively. To
achieve this, count backwards and fill in as many ones as possible and imagine for
the second and third case the n+1"" and/or n4+2° positions are each 1. Again
for each of these three cases, the total number of all possible arrangements of the

n —y zeros, which are of three types with sizes M, j and n—y —M —j, is

(n—y )t/{M!j!(n—y--M—j)}. The three types of zeros are 10, 110 and single zeros, as
described above. Replacing M by y—2j—2, y—2j—1, or y —2j,

respectively, we get

° Yoy 2] y—i—1 _j+l y—2j—2 n—2y+i+2
(2100 F ()= 3 3 {yny } {y j } pI I It rai2 v

yos jog Y2 j 2 1
%2 }Jf n-y | {y=i=1] y—j J y=2i—1 n—2y+j+l
+ i1 P Py 4
y=1 ;=0 v )
0393 [nmy) () yij y=2) n—2y+]
+ L ¥ o Sl Py Py A T ,
=0 =0 I L

where y = min (a, n —[n/3]), y

[(0+2)/3]).

, =min (a, n —[(n+1)/3]) and y, = min (a, n —

~ ~
<

In both the cases (i) and (i) above I' (a) and F (a) are particular values
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of Fn(a)> implying that the bounds can not be improved.

2.3 Numerical Examples
Following are some examples comparing the upper and lower bounds with the true
value of F (a), for the case when both F (0) and F (1) are known. In reality,
the remaining p’s would be unknown. Under this minimal information one
cannot use Theorem 2.2 directly. Even though we have assumed in Examples 2
and 4 that all p,’s are same, this information may not be a priori known. Such an
assumption is made only to get a feel for the difference between the estimated
bounds versus the true values of the cumulative distribution function.

FORTRAN program was used to compute these values. The true values of

Fn(a) were obtained from Theorem 2.2 and that of Ir;n(a) and IN“n(a) from (2.9)
and (2.10), respectively. A cross check was performed and it was noted that the
upper and lower bounds matched the true value of the cumulative distribution
function when all Py, Dy, o, P Were 0 and 1, respectively.

Generally, the upper and lower bounds are close to each other when the given
P, and p, Aare near zero. Besides, when P, i> 3, arecloserto 1(0), we

notice, as expected, that the lower (upper) bound does better.

Example 1 k =4, p. = 0.051, Example 2 k = 5, p. 2 0.3,
n=12 " n=12 '

Upper Lower . Upper Lower
Y Fn(y) bound bound Y I‘n(Y) bound bound
0 .54036 .54036  .54036 0 .01384 .01384 .01384
1 .86517 .86517  .B6517 1 .08503 .08503 .08503
2 .96959 .97432  .94280 2 .25282  .26371 .22739
3 .99404 .99664  .95547 3 49252  .53034 .37158
4 .99905 .99971  .98722 4 .72365 .78369 .46113
5 .99988 .99998  .99807 5 .88215 .93541 .56821
6 .99999 1.00000 .99944 6 .96140 .98956 .74575




Example 3 k =3, p.= 0.54, 0.18,

0.04, 0.64, 0.42, n = 12
) Upper Lower
Y Fn(Y) bound bound
0 00009 .00009  .00009
1 00224 .00224 00224
2 02263 02266  .02172
3 12075 .12136  .10543
4 37377 .37735 .27925
5 71478 72420 .44623
6 93391 .94514 56140

Example4 k =4, p. = 0.5,
n=12

. Upper Lower
Y Fn(Y) bound bound
0 .00024 .00024 00024
1 .00317 .00317 .00317
2 .01929 .02173 .01685
3 .07300 .09277 .04883
4 .19385 .27100 .09912
5 .38721 .55640 .19409
6 .61279 .83521 .35962

12



CHAPTER 3

MODIFIED RANDOMIZED RESPONSE MODEL

3.1 Introduction and Summary
A question like, "Do you have AIDS?" is offensive and does not guarantee a
truthful answer. Collecting information of such sensitive and personal nature
requires carefully thought out procedures. The techniques employed currently do
address the sensitivity of the issue but do not take into account the basic instinct
to hide the truth in such matters.

Consider a community being surveyed by a government agency for the
incidence of AIDS. Due to the very stigmatizing nature of the disease, the
community may want to hide the truth to present a positive image. To get an
accurate estimate in a situation like this, the proposed work assumes that k
subjects in the sample collaborate to distort the truth, where k = 1 gives rise to
the existing procedures. Further, people giving truthful answers are doing so
independently.

Warner (1965) proposed a randomized response procedure assuming that the
yes and no reports on sensitive information are made independently and truthfully.
Abul-Ela et al. (1967) generalized this idea to t disjoint categories of the
population, of which at most t—1 categories are stigmatizing. Under the same
assumptions of truthful reporting and independence among responses of different
individuals as in Warner (1965), but with no direct replies needed from the
respondents, Kuk (1990) designed a randomized response model with a more
efficient estimator. To capture the bias due to the possibility of the truth being
concealed in a specific manner, the binary sequence of order k, as defined in the

Chapter 1, is introduced in the randomized response model of Kuk. This includes

13



dependence and changes the probability of an affirmative from person to person,
due to negative implications.
As in Kuk (1990), imagine an enclosed booth with two packs of cards, each

with red and green colors. The percentages of red cards are 01 and 02, ()1 # 02‘
Pack 1 relates to an affirmative for AIDS and pack 2 to its negation. Each
respondent shuffles and draws a card from each pack and puts it back after noting
its color. Depending on whether the person does or does not have AIDS he reports
the color of the card from either pack 1 or 2, which ever relates to him. Let these
responses be realizations from binary sequence of order k, X., ---, X . Assuming
that everyone tell the truth (k = 1) the probability of obtaining a red card is
given by

p = P(Red Card) = 0w + 0,(1 — ),

where 7 is the proportion of people in the population that have AIDS. Further,

n
when p is estimated by X = Tty X, k=1, the above equation gives
=1

maximum likelihood estimator of 7 which is also a moment estimator. The
effects of using the binary sequence of order k are seen through the following
facts. The probability of the first person saying "no" to having AIDS is P,
Influenced by the previous number of "no’s", the probability that each of the next
k—1 individuals will give the same answer 18 Doy =5 P respectively. After k
negations have been noted, k41t person saying "no" has the same probability as
that of the first person with this answer. If a person says "yes" to the above
question then the next set of answers will be independent of all the previous
answers. These facts can be derived from Definition 1.1 in Section 2. Note that
for a given problem there may be different k’s involved which need to be
estimated.

In view of the Chapter 2 of this paper the sum in the estimate of p can more

generally be replaced by the finite sums of first few random variables of several



independent binary sequences, which needs to be investigated.
Asymptotic results such as consistency and normality of the estimator taking

the bias into account are determined. Reduction in bias strategies is investigated.

3.2 Properties of the Estimator

i3}
In this section, Xn =% Xi/n is shown to be a strongly consistent estimator of .
1=1

The p turns out to be the asymptotic mean of Xn) which is also computed in
this section.
These results are obtained by showing that E Xn satisfies the following

sequence property. A sequence {an} is said to be a weighted mean sequence of

k
order k if there exist weights {Wi’ i=1,2,--- k} suchthat 0 < w.o < 1, )y W,
1=1

k
=1, and for any n > k, a = % wa . If not stated below, please see

Appendix for the proofs of lemmas and theorems.
Lemma 3.1 If {un} is a weighted mean sequence of order k, there exist

real numbers x, 0 < g <1 and M > 0 such that Iun —pu] <q"M for all n.
All the results obtained here onwards will inherently assume that 0 < p, < 1,1 =
1,2, ---, k. In the subsequent results Lemma 2.2 is repeatedly used.

Lemma 3.2 The binary sequence of order k satisfies the property that the
joint conditional distributions of XA+1’ XA+2"
- Xn} X1 =X

XX =x 2, "

)X2:x

X x, , X, =0, and X, X

1T M, k410 k42 ==X, =1 are

2

the same as those of Xl, XQ,- -, X and Xl, Xg,- -, X respectively.

3 7 n__k)

n—A

Proof These properties automatically follow from the definition of binary
sequence of order k.

Here onwards, the condition 0 < p, < 1, 1 <1<k 1sassumed.

Theorem 3.1 Suppose {Xn} is a binary sequence of order k with

parameters po, o, -, Py - Then there exist real numbers 5, ¢ and M asin
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Lemma 2.1. such that
NN I
|E(X ) —ul <M forall n.

Theorem 3.2 Let X, X, X3 .-+ be a binary sequence of order k. Then

n
}_fn = ¥ X,/n converges to u with probability 1 as n— .
1=1

Since, from Theorem 3.1 BEX ~convergesas n— o and Kronecker’s Lemma
give lim E Xn = 1 exists. There is an asymptotic bias in estimating = when
n—m
using binary sequence, k > 1. Aki [2, Proposition 2.1] gives p satisfying
® .
= e N A
(2.1) p= El P P (P B ()

In the special case when k=1, p=p= P 1.e., no bias, where product over

empty set is taken to be 1.

3.3 Central Limet Theorem
This section proves the limit distribution of (X _— p)/(¢/yn) to be N(0, 1).

Where g is given by (2.1) and 2. the variance of the limit distribution, is equal

>

to

(3.1) =+ 2(1p)

J

I g8

1

This is achieved by first showing n Var(Xn) — ¢° and then proving (Xn—~
u)/,/@ar(Xn) converges in distribution to N(0, 1). The later is shown by using
the central limit theorem of Philipp (1969, Section 3, Theorem 3, p. 164) given
here for the sake of completeness.

Let {2, } bea double sequence of random variables centered at
2 2

. :EV%2 . Assume that o =
Nn Nn

expectations and with finite variance o N

i

N 2
2 )
max o, —0,¢(N)= max ||, || —0(N—w) and ¥ ;=E{ & <
1 <n<N Nn 1<n<{N Vég\!n ® N n=1 ‘%n

¢, where ¢ isa constant not depending on N and that X /o — o (N — o).

Moreover suppose that the following condition holds.
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Denote by Mg) the o—algebra generated by the events {2, <o}, 1<a
<n<b<N and any real number « The mixing condition that is satisfied by the
process {Z& } is given by

(3.2) sup sup (AB) = P(A)P(B)| < afn) | 0,

P
0y |
©oAen) BeMﬁmN
o1y
with ¥ a’/%(n) <o
n=1
To simplify the notation let n assume the values 1,2, ---, N and hence §
N

stands for ¥ . Further, omit the index N in the random variables %\,n, A
n=1 )

2 defined below. With this convention for fixed N write

N
! l+1
Y% =Yy .+ ¥ z,
nn ey )
where
V=4t + 4 I T4 e
y, = 4 +Z z, = + o+ 5
l Pl phy l pith i+l P

z = 2 + o+ F
l+1 /)Z_HH “%N

Here, put p. = b (hv+k)} the integers h ~and k being at our disposal.
v<i

Theorem 3.3 Let {.%, } be a stochastic process satisfying all the conditions

described above and that £, — 1 (N —w). Let (x, S_) beany admissible pair

n
[Philipp 1969, Definition p. 164). Then ¥ 2, converges to N(0,1) in
1= 1

17
distribution and Cy 0 if and only if, for any € > 0,

3 2 o . i
-}<Jz y dFNj(y) 0 as N -— a.
Blyl2e
Let 2 = (Xn —EX )/ ar(% Xn) in the above theorem. The following

work shows all the conditions of the above theorem hold.

r (a2 N - : : 2 :
Theorem 3.4 The variance of Xn multiplied by n converges to ¢~ asin
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(3.1).
Proof Rewrite n Var(X ) as

oy 1/2 200 2 1 g . 2
B4R ) =0 PN —u)’ =07 B B(X)(Xu) —n[EX -y

1<, <n :

15 2 —1 2

(3.3) =n L EX-p) +2n " ¥ BX-p)(X-—pu) -nEX -4

=1 ! 1<i<j<n ' J "

&nazxf::xp1axfwf::u2+(1—ngximmthaemnan“fElE@g—MQ
i
— - /1,2 as n — .

When j> i, B(XX)=P(X, =X, =1)=P(X,=1)-P(X,=0,X,=1) =
EXJ. —(1 - EXi)EXj—i‘ The preceding equality gives
(3:4) E(X = m)(X; = p) = (1) (EX =) = (1=pu)(BX, =) + (EX—p)(EX,_—p).

From Theorem 3.1.

4 D =1 . 0 .
(3.5) |n " % (EXj—u) <n "% T¢g=n""3% (-1)¢ — 0 as n— a,

s3] . [ .
because % jq’ converges. Since {(EXi—u)(EXj_i—M)[ <q'q” ' =¢, the

j=1
calculation in (3.5) again gives
(3.6) 1l S (EX—p)(EX. —p) —0 as n — a.

1€i<j$n : !

Consider EXj—i — 1 as elements of an upper triangular matrix say A = <aij)’ In

A, add all the elements along diagonals parallel to the major diagonal to give

n—1

(3.7) " Y (EX, —p) =1 % (n—m)(EX —p) =
1<i<j$n = m=1 m
n—1 A _ln—l
Y (EX —p)—n " ¥ m(EX -—u).
m=1 m=1
s3]
Thus (3.7) converges to — ¥ (u— EXJ.). Substitute (3.4) in (3.3) and then apply
j=1

to it (3.5) through (3.7) to get the desired result.
Subsequent results need the following notation. Let A, B denote subsets of
0—1 valued vectors of the vector space with dimensions t and N, respectively.

Furthermore, let
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Axl)_ i {a = {_\'p. X A at): ac A}, j<i,
.:\Xb x {(Xl" . ,xt)} naA,
wa -~ = {b = (xl,. X bj+1’ bN): be B}, j<N,
BXI) = {(Xl’ ‘)XN)} n B,
‘le,- ©LXj - {(aJ+1’ n) g= (Xl’ ’ Xj’ aj+1’ at) € Ax;,- ,Xj}’
E"Xl)' o = (bjﬂ,‘ - bN): b= (xl,- , Xo ij, bN) € Bxl) ,xj}’
and >~<i,j’ \“’{i,j’ the random vectors (Xi,XiH)---,X) and (Y"Yi+1> X J),
respectively. In particular, denote >~<i,i+t—1 and ¥i,i+N—1 as :,)Si and Xl In this

section, the constants q and M are as in Theorem 3.1.

Lemma 3.3 The inequality

. n
P(Y €B)—P(Y eB)] <C.q" holdsfor C,

= M/(1—q), any B, and all integers n, N > 0.
§ L al : : . _ Rl n .
Lemma 3.4 The inequality |P(¥n+1€ B) P(¥n€ B} < C,q" holds for C,
= Cl/(l—q)) any B, and all positive integers n and .

Lemma 3.5 The inequality

|[P(X €AY €B)—P(X e AP(Y

n
~n-+m-1 € B)I < QCZQ

n-n

holds for any B and all positive integers m, n, [, where A is the subset of R
Lemma 3.6 There exists a constant C(t) depending only on t such that

(3.8) |P(X_€A,Y € B) = P(X_ € A)P(Y

n
Nﬂ"{"l’ﬂ"}‘t“] Nn+rn+l+t_1 E B)l S C(t)q

holds for all positive integers m, n, [, t and N.

Lemma 3.7 Let C(k) be as in Lemma 3.4, where k is the order of the binary
sequence. Then IP()Nil €A, Yo € B) — P()N(1 € A)P(};/n+t ¢ B)| < C(k)q" holds
for any positive integer n, t, and N.

Corollary 3.1 Let C(k) be as in Lemma 3.5, then for any integers 1 <1, <

ly <oee << <y e <) and 2 N, the following inequality holds:

IB(X. X, -+ X, X, X, X, )= B X X )E(X. X, ---X.)] < C(k)g™.
o mo 12 J ) 'm Jio 3

Theorem 3.5 (Central Limit Theorem) The limit distribution of (X~

w)/(o/yn) is N(0,1). Where g isgiven by (2.1) and ¢ by (3.1).



% *
Proof Start with (%p o V%;Qt) €A and (% b G €EB in
Mgf) and MS\:) . Notice that these events get translated into X, ¢ B X, +

n,N
* *
A ‘/Qar(E X ) and Y . €EY +B «/Qar(E X ). Since, Lemma 3.5 holds
n o n
©
for any Borel measurable set A and B, (3.2) holds with ¥ czl/?‘(n) <o
n=1

Further, it is a fact that % =1. From Theorem 3.4 o2 and ¢(N) are of the

N
1/2 T
orders of O(1)/N and O(1)/N"/“ because Var(X )<1 and [[X —E Xn“m <1.

In Philipp (1969, Definition, p. 159), let Sy = oy, Ay = 05/

o[*? 1PN

. Then CN =

APIEN) —w, 328 = o' —w and a(¢)5L/S, !

Il

U;\; — {,

by the same reasoning as in the preceding statement. Finally, the set | >
g p g YNJ

11

X E X 4+ -+ X — EX | > e\/gar(E X ), theright hand
]

+1 +1 +h. ~+h
pJ pJ pJ+ J pJ n

side of this inequality goes to o as N — o, whereas the left hand side is bounded

by th Thus for a suitable choice of hj the Lindeberg type condition of Theorem

3.3 is satisfied and hence the result.



APPENDIX

We start with the proof of Lemma 2.1. In order to do so we will first prove

Lemma A.1.

Lemma A.1 Let {Xi} be a binary sequence of order k. Suppose x,i=1,

2,---,n—1, aregiven and ] is defined by Definition 1.1, then for 1 <t <k,

. _ [0, t#]
(A1) Sk(t,n—l)—{ bt

Proof This result holds true for the following two cases, (i) t > n and (ii)
n > t. Under (i), the fact that n > r > j, with r and j asin Definition 1.1, gives
t > j and from (2.3) both sides of (A.1) are equal to zero. In case (i), let i = [(r

—1)/k], then r = ik + j. Again, from Definition 1.1, we get

(A'2) X = X = ... =X

n—1_ ‘n-2 neikejtl = L Fpgrieg = O

If t =) then the i« {erm in the summation (2.3) is the product of ones
from (A.2). All terms i > i* and i <i* in (2.3) are zero because they include in

their factors X and l_xn—ik—j’ respectively. Therefore, Sk(t;n—l) =1

If t# j, then each term of the summation in (2.3) has at least one zero
factor. Let us see this when (a) k>t >j>1 and (b) 1<t < j<k In Case(a)

the terms 1 < i+ in (2.3) contain the factor 1 —x . ., which is zero because

n—ik —t>n —i*k + k —t > n —i*k —j. Also, the terms with subscript 1> i*

contain the factor X because n—i*k —j>n —1k —t + 1. Hence, they are

—ik—
zero from (A.2). In Case (b) the terms i <i* in (2.3) contain the factor

1— X b which is zero because n —ik —t > n —i1*k — j. Also, the terms with

subscript 1 > i* contain the factor x = 0) because n—i*k —j>

n~i*k—j(
n—ik + k—j>n—ik —t + 1. Hence the result.

Proof of Lemma 2.1 From Definition 1.1
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s — ;o .. _ _ . Xn l—=xn
P(kn_xnlxlwxl’k2_x2’ ’Xn—l_‘\n—l ”pj qj '
From Lemma A1, Sk{i;n—l\ = { §> i i i Therefore,
K S (D)% S (hn—1)(1—x )
l [ {ptk " qtk ’ " } = p}(“ qﬁ_x“. This completes the proof.
t=1

n
Proof of Theorem 2.2 When ¥ X; =y, there are y number of Xj’s
1=1
satisfying Xj =1, and b number of Xj's satisfying Xi;= 0. Fix the positions
of those X; satisfying X; =0 at jl, USERRS oy < j2 << jb, in the first n

terms of the binary sequence. The probability of [le = ... = Xj =0,X =1

b

i#j ,1<¢i<n, 1<m¢b] is

=P[(X, X, X X.)=(L, -, 1,0)

o = h
(A.3) x P{XMH: s = ng—F 1, XjQ: 0 ' (X,= = ;j}wl: 1, Xn: 0)] x ---
x P[XJ. T = Xj =1 XJ, = O}Xi: Li<j it ij: 0,1<m < b
b-1 b b
xP{Xj T :Xn:]_ 1 Xi:l,i<jb,i#jm,ij:O,lgmgb}.

b

According to Definition 1.1, the m'® factor on the right hand side of (A.3) is

((a) —1)/k]
(p()pl pk) n PoPy7 77 Pra; —l)kq(Aj -1) 41,
HH m

and the last factor is

/KL,

)

) [(ﬂ—j}

(I)Opl- .. I)k Ol)l- . ox I)(

nj ),
Adding all probabilities corresponding to the various positions of {jm}’s, we get
the desired result.

To prove Theorem 2.3 we shall first prove some lemmas.

n

Lemma A2 Let 1 <} < n, P(i:§+1 X <a | X =x, X, _ =%,
n
X, =0)=F (a)and P( & X <a| X, ==X =1)=F  (a)

1=k+1



Proof According to the definition of binary sequence of order k, the joint

distributions of XA+1’ KA+2> e an kl =X, ‘XA-l =X, 5 XA =0, and
Xk+1> Xk+2’ e Xnt )&1 = ... = ‘Xk = 1 are the same as the distributions of
Xl, XQ, SR Xn—A and Xl, XQ, ceey Xn——k’ respectively. Therefore,

n n n—A n—k

Yy X <al|lX =0, ¥ X<alX =---=X=1land ¥ X, ¥ X
. i a T i 1 k . v i
1i=A+1 i=k+1 1=1 1=1

have the same cumulative distribution functions, respectively.

Since Xn+j <1, the proof of Lemma A.3 below follows from the fact that

n+j n+j+1
% Xi < a+j implies that Y X.1 <a+j+1.
1=1 1=1

Lemma A.3 For any integer m,

F(a)<F

(&) SF L (@41) € < F

n+m(a+m).

Proof of Theorem 2.3 We shall use induction on n to give this proof. The
hypothesis is true for n < m, because Fn(a) does not depend on Pt Proio

> Py and is a known constant as a function of the remaining p.’s. Suppose the

statement is true for n — 1 or less, then: If m < n <k,

n n
Fla)=P(3 X ¢a, X=0)+P(3 X <¢a-1,X =1X,=0)

n 1=2 1=3 2
n
FP(D X a2 X, =X, = 1, X, = 0)
n
+o+P( Y X <amtl, X =--=X =1X =0)
. 1 1 m—1 m
1=m-1
n
+P( 5 X <am X ==X = 1,Xm+1:O)
i=m-+2
+ -+ P(Xn ¢an42, X ==X ,=1X | = 0)
+ P(Xn Camntl, X = =X = 1).

The previous equality follows from the fact that the sample space is the

union of mutually disjoint sets



(A {X, =0}, {X, =1,X, =0}, -, {X, = =X 1, X =0},

9 1 n—2 n—1

Applying Lemma A .2, we have

(A5) Foa)=F (a)a, +F ,(a-l)p,q, +F__,(a=2)p q,q,

b+ B (aemtlpyop jq) + P (a-m)pcep g

m—lqm n mim+1

+ oo+ Fi(a—n+2)p - - -p +F (a=n+1)p,---p

n—qun—l n—1"

In this expression, take p__ =p = =p =1, ie,also q_,

q == q = 0, which gives all the last n —m terms, except the last, to

m-+2

~

be zero. The last term simplifies to Fl(a—n+1)p1p2- S-p_ glving

[a¥

(A6)  F(a)=F (aJg,+F _(a-1)pa, + F__ (),

N
+ o+ Pn_m(a—m+1)plp2- ©pq + F.(a=n+1)p.p,---p_.

Since Fn() 1s an increasing function, using Lemma A.3 yields

(A7) F (a—n+1) < F (a~n+2) < Fz(a—~n+1) <---<F (a—m).

1

n—m-—1

Applying these inequalities to the last n —m terms of (A.5) yields

(A8) F(a)>F _(a)Ja, +F (a-1)pa, + F__,(a)p;p,q,

n b

m—lqm

+ -+ F _ (a—m+1)pp,---p

+ F (et lppy--op fa o+ 000Gt R PP P 0d

+ pm+1pm+2. ) ‘pn—an—l]'

24

Since p.+q =1, the factor in the last term on the right hand side of the above

inequality

U1 P19t 0 1P

m+1pm+2. o pn-—2qn~l+ pm—%—lpm+2’ o pn—2pn—1:

1.

By induction hypothesis, Fj < Fj’ 1<j<¢n—1 Applying these inequalities term

o~

by term to the right hand side of (A.8) gives F (a) < I (a).



Similarly, in (A.5), take Pl = Py = =P, = 0, 1.e., also Qi1 =
Qip = 77 = G = 1. We have:
Fla)=F _(a)a, +F (a=l)pia, +F ,(a)p pya,
T o Fn—m(a_m_{ﬁl)plpf ' 'pm—lqm n—m~—1(amm)p1p2 pm'
From (A.5) and (A.7) we get, as above,
Fn<a) < Fn—l(&)ql T Fn—Z(a_l)p1q2 T Fn—3(a)p1p2q3
T Fn—m(ahm_{_l)plpf ) .pm—lqm t Fn—m—l(a_m)plpf ' .pm'

Therefore, once again Fn(a) < Fn(a), n < k, by induction hypothesis.
Consider the case n > k. Use (A.4), with n replaced by k 4+ 1, in the

proof of (A.5) to give

(A.9) Fa)=F (a)g +F ,(a-l)pa,+7F (a=2)p,q,q,

+ o+ anm(a—m—l—l)pl- P9, T Fn——m—l(a_m)pl' T Pnm

+-+F  (ak+l)p,--op 9 + Fn_k(a»—k)pl- "D, -
Hence, applying Lemma 5.3 to last k —m + 1, excluding the last one, of the

terms on the right hand side of (A.9) and induction hypothesis give

F(a)>F (a)g, +F ,(a—l)pa, +F .(a=2)p,p,q,

n

+ooo 4+ F (a-mtDpipy-oopja + F o (ak)p iy op

m

2

n—

o B aemt oy op g + F o (ak)pipgopp = F (a).

n

Also, as seen earlier,

F (a) < anl(a)ql +F  (a=pq, + Fnag(a—E)plpgq3

4 o

m—lqm + b n—m—l(a_nl)plpj P

+ e 4 I?n_ln<a_m+ 1>p1p2 )

m

~

CF L @gy+ F (a=pa, + F(a=2)p p,a,



22

2

+ -+ (a—m+1)p1p9- p_.q +F (a-m)p p,---p_=F (a).

n—m 2 m—1"m n-—m--1 m n
Therefore the statement is also true for n bigger than k. This completes the
proof.

Proof of Lemma 3.1 Let Mn = max (un, Pogp

k

k
(Mn’ ;Ln+1, T un—%k—l)‘ Since un+k - § Wi’u'n—{—k—i ¢ igl WiMn - I\/In’ then

and m = min

) un—{—k—l) 1

M . =max (g

1 SR IPNELES un—!—k) <M, le, {Mn} is an decreasing sequence.

Similarly, we can show that {m_} isa increasing sequence. Both {M_} and
{mn} are convergent because {Mn} and {mn} are bounded according to

m, < m_ < Mn < Ml. We shall now prove lim I\/In = lim m by proving

n— o n—m

lim (M _—m ) = 0.
n n
n—+w

% P
Let w = min (WP Wo, o, wk), and i be such Pogis 18 the value M ,

0<i <k—1. Then

ok = Wikppen Tt Wi e o W

Replacing w by w,_.m_+w (Mn - mn), and using Pogi2m

-
*
for 0<i<k=1,14#1, weget

k—i*Fa it k—i*

n

poge 2w+ tw et w m +w (M—m )

k—* n n

J,n> 1.

n-+

* *
>m +w (Mn — mn) >m + w (Mn+k_ Mo

The last step follows from the fact that {Mn - mn} 1s a decreasing sequence.

In the preceding inequality, replace n by n+1, ---, n+k—1, gives
* *
Pogig1 2 Mgy TV (Mn+1 - mn—}—l) zm ot w (M= mn+k)'
* * M
u’n—}-Qk—l 2 mn+k—1 tw <NIn—H(—l_ mn+k—1) 2 mn T w ( n+k mn+k)'
Therefore
(A.10) m o, = min (#n+k’ NRUNTRARE Mn+2k——l) >m o+ w (Mn+k_ mn+k)’

n> 1.
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Similarly, in the preceding paragraph, replace maximum by minimum and "

> by "< to give

M ~—w*(M —m
n

(A.11) M )

<
n+k -
Subtracting (A.10) from (A.11) yields

M, —m (M —m ) —2w (M —m ), e
(A.12) M —m (142w )T (M —m ) and
M T Mg € (142w )0 )
Hence, Mn+jk_ m o 0 as j— o. Also, iir;l Mn = iif m because

lim (M — mp) exists. Finally, the relation M_>p >m  gives the
n—wm )

convergence of the sequence {un}.

Let q = (142w )7/% and M= max {(M, —m)/q"""}, from (A.12)
1< i<k

_ S\ K kL n v — _
M —m <(1+2w ) (Mq™"7) <M. Ityields |p —p] <M —m <
q"M. This completes the proof.
Proof of Theorem 3.1 It suffices to consider the case when n > k. Thus,
— PIY — o e - . o — . — —
EX)=PX =1)=PX =5LX =0)+P(X =5LX =1X,=0)+
) X=X, .)X3:0)+...+P(Xn:1;){1:...:Xk_

=1,% =0)

Using Lemma 2.2 and Definition 1.1, E(Xn) further reduces to
GEX )+ Py @K )+ p Py BIX ) e 4 pypy by g BOX )+
p1p2' ) 'pkE(Xn_k)

=w BX )+ wBX )+ o+ w B(X )+ w E(X

n—2 n—k)’
where wl - popl' ) .pi~—1qi’ 1 S 1 S k'_1> ‘Vk - (pl pk—]qk) + (pl pk)

k
The fact that p, + q, =1 yields ¥ w. =1 Also, p, € (0,1) implies w. € (0,1).
=1

Thus, {E(X )} is a weighted mean sequence of order k. Hence the result follows
from Lemma 2.1.

Proof of Theorem 3.2 First, let us prove that there exists a constant D and



an integer n, > 0 such that

(A.13) 5 E(X)(X ) (X, —p)(X_~w)| <Dn*? for n>n
13,5, ,m<n . "

5

In order to achieve this, consider the term inside the expectation of (A.13)
and change the positions of its factors so as to satisfy i< j< [ <m. Then, identify
each term inside the summation of (A.13) with one of the following mutually
exclusive and exhaustive sets Gi’ 1=1,2, 3,4 with their subscript satisfying

[1] m—1 >N 2] m—1<N,j—i>N, i>N,

Bl m—I <N, j—i>N, i<N, [A] m—1<N,j—1<N,
respectively, where N is any real number.
To determine the order of each term in group G, or G, consider a general term
E{(Xi~u)(Xj—u)(Xl —u)(X_—p)} and expanded it as

{E(XinXZXm) — B(X,X X, )B(X m)} BOCX X )(E(K,) — i) +
“HWW%Q+M¥E>+M¥XH( e mxxx>+mxxx)+
BOXX, X )]+ (B(XX) + BXX,) + B(XX,)][r - } b {[E(xixm)
FE(XX,) + B(X, X ) - [B(X) + B(X) + B(X,)] E(xm)} + [B(X) + B(X) +
BX))(BX,) = m)} + wlu—BeX )
Simplify the preceding equation by using the fact that XI} = Xi’ for any integer
n, when one or more of the subscripts are equal to each other. Then by Corollary
3.1, and the fact m — [ > N, the expanded term above is observed to be of the
order qN. Due to the symmetry of the subscripts in the above expansion

interchange the role of m and 1 to note the same order holds for each term in

G2.

The inequality (A.13) can now be proved by showing that there is only an
order of N*n? terms in G3 and G4 both combined and an appropriate choice of
N. The number of different terms with subscripts 1 < j< 1 <m, is n? for the

different pairs of (m, j) and for each fixed pair of these there are N? pair of

m-—N< [ <m for

J2

(i, 1) because 1 <i<N, m—=N<{<m or j—N <i<]j



G3 or G,, respectively. To incorporate all the terms in the sum of (A.13) the

condition 1< j< 1 <m can be removed by taking the number of terms in each of
groups G3 and GQ t0 be no more than 4! N’n? terms. Thus, choosing N =
nl/g) gives (A.13).

Therefore,

BOG-wl =0T B B )X, ) (X)) <D,
__l,_), ,m_n

forall n >n_ . Forany ¢>0, and n>n P{I—Xn~u|25}:P{|Yn—m42

0 0

54} et tepetaT by the Markov inequality. The result now

follows from the Borel—Cantelli Theorem.

Proof of Lemma 3.3 From the definition of the B’s and Lemma 2.2

P( B) - P(YEB) P(Y EB)+P(Y EB)—P(YEB)—

P(Y eB) = P(Y = O)P(N1V €8 —P(Y = 0)P(Y | Nw- €B)+

P( n+2N+EB) ( _O)P( ~1,N— EE) (n+1N+ EE1>Jr

P(Y = O)P(XI)N_IG }“31/

The absolute value of the preceding expression is dominated by

IP(Y = 0)=P(Y_=0)]|P(Y, N_i€ B o) —P(Y BOI+ [P(Y 2N
B = P(Y, € B MA™ + [P(Y, oo e B)=PY e B,

which is obtained by applying Theorem 3.1. Using the inequality obtained so far
iteratively yields IP(Y E€B) - P(Y € B)]

n+1 5
< Mq + Mq T IP( n+3,N-+n € j:31,1) ! (Xn—}-Q;N—%nmlE gl,l)l

<Mq" 4+ MqP s Mg T g

{

eB)—P(Y € B)| < % |P(Y

Proof of Lemma 3.4 Note that |P(Y €
~ ~Ny JII Nn—+-J

n-+1{

B) — P(Y

Nn+j—1€ B)|. To each term in this sum apply Lemma 3.1, with n

b~

P <" J(1mq) = C

replaced by n+j—1, which gives a bound of C1
1

j
Proof of LLemma 3.5 Consider all possible choices of A of dimension 1. If

A = ¢, the statement is obviously true. If A = {0}, by Lemma 3.2,
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;P(Xm =0, }V/n_Hn € B)— P(Xm = O)P(j{nerH € B)| =
[P(X = 0{P(Y €B)-P(Y . €B)}< C,q" ¢ C,q™.
If A={1}, P(Xm =1, ‘gnm € B)~ P(Xm = )P(Xn+m+l €B)=
(XHmE B) — P(Xm: O)P(‘r{ne B) — [I—P(Xm:O)}P(XH+m+I € B),
by Lemma 2.2. The preceding expression is bounded by
}P(\N(Hm €B) - P(¥n+m+l €B)| + [P(X_=0)[P(Y €B)- P(¥n+m+z € B]| ¢

QCQQH, by Lemma 3.2. If A = {0, 1}, the hypothesis reduces to that of Lemma
3.2.

Proof of Lemma 3.6 Apply induction to this hypothesis as a function of t
and note that it is true for t = 1 by Lemma 3.3. Assume that the statement is
true for any integer t < by tO show that it holds for t = bty + 1 Consider the

expression on the left hand side of (3.8). It can be rewritten as

P(X_ =0, Xt L1 A, Y o €B)
PX, =1 Lt Lt € ;K‘l’ Y imei €B) -
P(X_=0, Xt mat € KO>P(¥n+m+l g EB) -
P(Xm =1 >~<m+1,m+t—1 € KI)P(XH—HYHJ +t—1E B)’

because A 1s the disjoint union of the sets A0 and Al‘ This expression using
Lemma 2.2 can be rearranged as

€ B) - P(:)N{l,t—l

AP g ia € B)) F

1 € B) N P<>f£m+l,m+t—l6 Kl)P(¥n+m+l+te B)} -

_EADP(Y € B)}

P(X_ = O){P(X :

m ~ 1t

——16 KO’ :{n%—

{P(%m—*rl,m—#t—le 2\‘1’ ¥n+m+t—

P(X = O){P(X XY L EB)-P(X

~ 1 t Lt ~n+m-+1 A+t
Notice that KO and ?il are subset of the space with dimension t—1. By
induction hypothesis each of the terms in the curly brackets is less than C(t—1)q".

Hence, take C(t) = 3C(t—1), ie., C(t) = 2C23t_1, where C, isasin Lemma
3.2. The statement being true for t = by + 1 the proof is complete.
Proof of Lemma 3.7 This result 1s derived by applying induction on t. The

hypothesis is true for 1 <t < ko’ which follows from Lemma 3.4 and the fact that
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C(k) = Max C(j). Assume that the statement is true for t < tg to show that
1< i<k

it 1s true for t = t0+1) t > k. Since A can be written as the union of mutually

> I 1sjoint sets A A it gl
exclusive disjoint sets ‘\O) 5\1’0, ’A],l,---,l,O and Al,l, D it gives

Nok—1os e K

P(X, €AY €B)=P(X € AJP(Y . €B)| <|P(X €AY  €B)-

P(X, € AO)P(Y EB)+[P(X €A € B)—P(X€ A1,0)P(¥n+t6 B)| +

L, ¥y
T IPEA e Y B) _P(Z(lE Al P E B
k=1 ~—k—1_~
|P(X € A1,1,- S Y€ B —P(X € Al,l,- _ ',I)P(¥n+t € B)|.

~— k ~— k —

This in turn by Lemma 2.2 is equal to

P(X, —0)|P(1HEK YHHEB)—P(HM e R )P(Y_ LEB
P(X,=1, X,= 0)|P(X, | pof KlO, Y € B) - P(X, e A ) ( a€ B+
. P = pusens D ol
FPX =X, = =X =1,X =0)[P(X X keK L1
o —
Nn—H.—kE B) - P(>~<1,t-—k € ‘K‘l,l, .- -,1)0)P(Xn+t €B)|+
Sk —1
PO =Xy = =X = DIPX, e Ry Y€ B) -
~—k —
POS o Ky P, € B)
~—k —
< {P(XI: 0) + P(X;= 1, X,= 0) + - + P(X, =X, = --- = X,_ =1, X,_=0)
+P(X1:X2: :szl)} anchn.

The last inequality follows from Lemma 3.5.
Proof of Corollary 3.1 Since {XI} is a binary sequence,

B(X, X, -+ X, X0 X, -+ X ), B(X. X, ---X.) and B(X. X, ---X.)
ol moJr o 31 o1 11 JyoJo Jl

are equal to their corresponding joint "success" probabilities and therefore it is a

special case of Lemma 3.5.
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