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ABSTRACT
Structural Reliability
Using Finite Element Method

by
Che-Chen Liou

During the last decade, structural reliability theory has been treated in a large num-
ber of research papers; therefore, from being a subject only well known by a relatively
small number of researchers, it has become an important engineering discipline. From the

application point of view, many practical applications have been made successfully.

In this dissertation some important fundamental concepts in statistics and in reliabil-
ity theory are presented. The concept of failure mode can be defined as: A set of failed ele-
ments turn a structure into a mechanism. Usually, a structure has many possible failure
modes; therefore, it will be necessary to estimate the reliability with respect to each speci-
fied failure mode, and then to estimate the overall reliability of the structure from a system
point of view. In this dissertation the methodology of using ANSYS finite element soft-

ware to identity the failure modes is introduced in detail.

The modelling used in this dissertation is based on the assumption that the total reli-
ability of the structure can be sufficiently accurately estimated by considering only a finite
number of significant failure modes and then combining them in a complex reliability sys-
tem. Usually, the reliability of a structural system is modeled by a series of failure modes

each composed of failure elements assembled in parallel.
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CHAPTER 1
INTRODUCTION

During the last decade structural reliability theory has been used in a large number of
research reports and conference papers; therefore, from being a subject only well known
by a relatively small number of researchers, it now becomes an important engineering dis-
cipline. From the application point of view, structural reliability is a relatively new area.

However, many practical applications have been made successfully.

In this thesis, some important fundamental concepts in statistics and in reliability theory
are presented. In the process of solving a real-life problem in statistics, three steps must be
considered. First, a mathematical model is selected. Second, a check is made of the rea-
sonableness of the model. Third, an appropriate conclusion is obtained from this model to
solve the specified problem. The theory of statistics can be treated as a fundamental part of
reliability analysis in which probability is the basic tool.

The reliability of a structure in this thesis can be defined as: the ability of a structure to

perform its design purpose, under some specified conditions, for a reasonably accepted
probability of failure. The reliability of a structure is denoted by R and is defined as

R=1 -—Pf where P I is the probability of failure of the structure. An individual’s

approach to probability depends on the nature of one’s interest in the subject. The applied
engineers usually think of probability as the proportion of times that a certain event will
occur if the experiment related to the event is repeated indefinitely. Some statisticians
think of probability of a system as its ability to perform a required function, under stated
conditions, for a stated period of time.The probability should be a number between zero

and one. The term reliability is also used to denote the probability of success.



In evaluating structural reliability, the first step is usually to identify the variables by
which the reliability of the structure can be described. Typically, these variables include
material strengths, geometrical quantities, and external loads; These variables are called
basic variables and are modelled as random variables or as stochastic process, but only
those modelled by random variables are considered in this thesis. Usually, a structure has
many possible failure modes; therefore, we will usually estimate the reliability with
respect to each specified failure mode, and then estimate the overall reliability of the struc-
ture from a system point of view. A failure mode can be defined as: A set of failure mem-
bers forms a mechanism which causes the structure to fail, then this set of failure members

1s called failure mode. A failure mode can be represented by a paralle] system.

It is a common recognition that an estimate of the reliability of a structure must be based
on a system approach. Sometimes it is sufficient to estimate the individual reliability of
each member in a structure: for instance, for a statically determinate structure where fail-
ure in any member will result in the failure of the whole structure. However, failure of a
single member will not always result in failure of the whole structure because the existing
members may be able to sustain the external loads by redistribution of the internal load
effects. For instance, a statically indeterminate (redundant) structure, where failure of the

structure needs that more than one member fail.

In practice, a structure is usually so complex that the number of possible different failure
modes is so large that they can not all be taken into account; therefore, the model must be
built up carefully so that the most significant failure modes of the structure are chosen in
the model. In order to assess the reliability of a structure, those failure modes and their
safety margins must be given. For a simple structure the safety margins can be obtained by
hand calculation. In the conventional analysis the failure modes and their safety margines
are derived by using the priciple of virtual work. However, it is very difficultto derive sig-

nificant failure modes for a large redundant structure. In this thesis we will describe how



to use ANSYS (a finite element software) to derive the failure modes in detail and the
modelling used in this thesis is based on the assumption that the total reliability of the
structure can be sufficiently accurately estimated by considering only a finite number of

significant failure modes and then combining them in a complex reliability system.

Usually, it is assumed that the reliability of a structure is estimated on the basis of a series
system modelling, where the components are failure modes, and the failure modes are
modelling by parallel systems. When the reliability of a structural system is modelled by a
series system of parallel systems, the reliability of the structure can be estimated by the
following steps: the first step is to calculate the probability of failure for each parallel sys-
tem, the second step is to evaluate the correlationship between the parallel systems, and

the final step is to calculate the probability of failure of the series system.

For some structures, the reliabilities of structures are calculated on the basis of failure of
single components, where the probability of failure of any component and the correlation
between failed components are taken into account. Then all the failure components are
combined to make up the series system. Modelling of this type is called system reliability
at level 1. The evaluation of the structural reliability can be obtained with satisfactory

accuracy by only including failure components with high probabilities of failure. Such sig-

nificant failure components can be selected by choosing those failure components with P b

values in an interval [P f P

max> £ fmax ™ AP f] , where AP fmust be chosen properly.

For some structures,the reliabilities of the structures are calculated on the basis of failure
of two faillure components, where the probability of failure of any pair of failure compo-
nents and the correlation between failure pairs are taken into account, and then all the fail-
ure pairs are combined to make up the series system. The modelling of this type is called
system reliability at level 2. The evaluation of structural reliability can be obtained with

satisfactory accuracy by only including failure pairs with high probability of failure.



To obtain the so-called significant pairs of failure components, the structure is modified
by assuming failure in the significant failure components and applying artificial loads
which are the strength capacities of the failure components if the components are ductile.

No artificial loads are applied if the failure components are brittle. Then the modified

structure is analysed elastically and new Pf values are calculated for all surving compo-

nents. Surviving components with high P f values are then combined with the significant

failure components so that the significant pairs of failure components can be determined.
By continuing in the same procedure, system reliability at level N, N=34.5...... can be

defined.

The most frequently used modelling of system reliability is system reliability at the mech-
anism level. Usually the number of mechanisms (failure modes) is very large; therefore,
only some reasonable number of significant mechanisms should be considered. The proce-
dure described above can be continued until formation of mechanisms, but when a struc-
ture is very complex it is better to base the ANSYS reliability analysis on the fundamental

mechanisms and on the linear combinations of fundamental mechanisms.

In order to assess the reliability of a structure, the failure modes and safety margins must
be given. Automatic generation of failure modes was initiated by using an incremental
method suggested by Moses, F., 1983. A method for generation basic mechanism was pro-
posed by Watwood, V.B., 1979. A general procedure for expressing the safety margins in

terms of the random variables was developed by Murotsu, Y., 1980.

During last decade, many papers have been published, but in most of these papers it is
only shown how the reliability of single structural members can be evaluated. Some of
these papers have a limited scope and some are more general. In this thesis, the joint prob-
ability distribution of relevant variables is simplified and the failure criteria are idealized

in such a way that the reliability evaluations can be treated for very complex structures.



The most difficult part of evaluating structural reliability is to identify the failure modes.
Several methods to identify the failure modes have been suggested. In this thesis Using
ANSYS finite element software to accurately identify the failure modes is describes in
detail, and this method can be used extensively.

The problem of calculating the reliability of a structure is complex. The complexity is due
to the large number of failure modes that have to be considered. As the structures become
larger, the number of failure mechanisms grows very rapidly. Large computational
resources are needed for discovering and ranking the possible failure modes. It is therefore
suggested that heuristic methods should be developped in order to direct the search

towards failure modes which result in the highest probability of structure failure.

This thesis is a first step towards automating the generation of all possible failure mecha-
nisms. It is clear from the above that future work should be directed toward efficient meth-
ods of enumerating only the most significant modes of failures so that the mothods can be

scaled up to tackle practical structures.



CHAPTER 2
BASIC STATISTICS

2.1 TERMINOLOGY

SAMPLE SPACE: It is a set which represents all possible outcomes to the experiment. It

can be a continuous set or can be a discrete set.

EVENT ( SAMPLE POINT ): An event is an outcome from experiment, and an event is a

subset of a sample space. An event can also be called as a sample point.

UNION: The union of two sets, say set A and B, is a new set denoted by A \U B, and this

new set has in it all the elements in either A or B or both.

INTERSECTION: The intersection of two sets, say set A and B, is another set denoted by

A N B, and this set has in it only those elements in both A and B.

COMPLEMENT: The complement of a set is the collection of all elements in the sample
space that are not in the given set. The complement of a set A is denoted by A .(Assume

that A and A consist of the entire sample space).
DE MORGAN'’S LAW ( FOR COMPLEMENTARITY ):
(AUB) = AnB;(ANnB) = AUB.

DISJOINT ( INDEPENDENT ): If two sets, A and B, have no outcomes in common they

are called as disjoint sets, or disjoint events.



2.2 PROBABILITY

In the applied engineers point of view, the probability can be described as the proportion
of times that a certain event will occur if the experiment related to the event is repeated
indefinitely. The probability should be a number between 0 and 1, and the probability of
the whole sample space should be 1. Finally, if two sets A and B are disjont, the probabil-
ity of the union of these two sets should be equal to the sum of the probabilities of these
two sets. Therefore, the probability P should satisty:

(H)OLP(A) £1,forevery setA.
(2) P (§) = 1, for whole sample space S.

G PAUBU..) = P(A) +P(B) +..., for disjoint sets A,B,...

2.3 SOME FUNDAMENTAL PROBABILITY RULES

ADDITION RULE (OR):

P(AUB) = P(A)+P(B)-P(ANB)

When A and A consist of the entire sample space, P (A) = 1—P (A), where A is
the set that A will not occur. This formula is useful for calculating the probability that an

event will occur when it is easier to calculate the probability that the event will not occur.

Addition Rule can be written in a general form:



P('C)Ai) = EP(Ai)—ZP(AimAj)+ 2 P(A;NA;NAY

=1 i=1 i<j i<j<k

+ot CD"TIP (A NA N L NAY)

CONDITIONAL RULE:
P(ANB)
P(B/A) = “PA)

The probability that B will occur given that A has already occured.

MULTIPLICATION RULE

P(ANB) = P(A)P(B/A) = P(B)P (A/B)

(AND):

If A and B are independent to each other, P (B/A) = P(B), and

P (A/B) = P (A) This means that the probability of B ( or A ) occuring is not

affected by that A (or B ).
When A and B are independent, P (AN B) = P (A) P (B)
Multiplication Rule can be written in a general form

A
P(A{NAyn...NA,) = P(Al)P(Az/Al)P( 2

PA /A NAN LA D)

AlmA2



BAYES’ FORMULA:

BI B2 B_g B4 B5

From the multiplication rule, it gives:

P(BNA) = P(A/B)P(B) = P(B/A)P (A)

From the figure shown above, the probability of A can be derived as following:
P(A) = P(B NnA)+P(B,NnA)+...+P(BgNA)

5
= P(A/B)P(B)) +...+P(A/B)P (Bs) = Y P(A/BY)P(B))
k=1

P(B,nA)  P(A/B))P(B)

P(A =~ 5
> P(A/BY)P (B
k=1

Therefore, P (B 1 /A) =

The result may be summarized as follows:

P (B, P (A/B)
k

ZP(A/BJ.)P(B].)
j=1

P (B,/A) = =12,k
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Therefore,the total probability is defined as follows:

P(A) = ZP(AmBj) = ZP(A/Bj)P(Bj)
j=1 j=1

Where, A is an event that occured when the experiment was performed, and calculate the

probability B; that was the cause of the occurrence of A.-Where, all B’s are disjoint.

Example 1. There are two identical boxes; One box contains two white balls,and the sec-
ond box contains one white ball and one black ball,if a box is selected randomly and one

ball is drawn from it. What is the probability that the second box was selected,if the drawn

ball turns out to be white ?

Let X1 and X represent box 1 and box 2 respectively, and let W represent the event of

1

getting a white ball. Therefore, P(X;) = P(X,) = 5

PW/X)) =1,

P(W/X,) = %.By Bayes’ formula:

P (X)) P (W/X,)
2
Y P(X)P(W/X))

i=1

P (X,/W) =

P (X,) P (W/X,)
T P(X)P(W/X) +P (X, P (W/X,)
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11 1
33 3 1
={ 11°-3°3

3l+35 7

2.4 COUNTING TECHNIQUES

Sometimes, the counting of various events is very tedious unless compact counting meth-
ods are used. Some of the formulas that provide such methods are described in this sec-

tion.

2.4.1 TREE

If an experiment can be treated as a multiple-stage experiment, the problem of counting
sample outcomes can be considerably simplified by using the tree diagram. For example,

toss a fair coin three times. This is a three-stage experiment where the various possibilities
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that can occur may be represented by a tree diagram as shown below: ( H stands for head;

T stands for tail ).

AN ED

Each stage of a multiple-stage experiment has as many branches as there are possibilities
at that stage. Here there are two main branches for each stage. The total number of termi-
nating points in the tree gives the all possible outcomes and therefore, the end points of a
tree may be treated as the sample outcomes of a sample space corresponding to the exper-

iment.

If there are many stages in the experiment and many possibilities at each stage, the tree
will become too large to be manageable. For such problems the counting of sample out-

comes can be simplified by means of other algebraic formulas.
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2.4.2 PERMUTATIONS

An ordered arrangement of n different objects taken k at a time is called a permutation of
the k objects. If two of the k objects are interchanged in their respective positions, a differ-

ent permutation results.

_ _ n :
nPk =n(n-1)...(n-k+1) = mwhem,nPkmca]ledmcnumbcrof

permutations of n objects taken k at a time, It is ususlly read “ given n objects select k “.

2.4.3 COMBINATIONS

An unordered arrangement of n different objects taken k at a time is called a
combination of n objects taken k at a time. Thus, if two of the k objects are interchanged in

their respective positions, the same combination results.

!
LZJ = nC P = -Er(rznfk)i where, ,Cy is called the number of combinations of n

objects taken k at a time.

2.4.4 PERMUTATIONS WHEN SOME OBJECTS ARE REPEATED
In the preceding sections, it is assumed that all the n objects are different. Sometimes, the
n objects contain some similar objects. Now suppose that there are only P different kinds

of objects and that there are k1 of the first kind, k of the second kind, and kp of the pth

kind, where k1 + ko +... + kp =n.
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The total number of different permutations of n objects is as follows:

n!
h%fm%!

Example 2. There are four balls, two balls are white and two balls are black. What are the

permutations for these four balls ? ( W stands for white ball, and B stands for black ball ).

4! 4x3x2x1 _

2!><2!_2><1><2><1"6

BBWW, BWBW, WBBW, BWWB, WBWB, WWBB

2.5 RANDOM VARIABLES AND DENSITY
FUNCTION

RANDOM VARIABLE: A random variable is a numerical value determined by the out-

come of an experiment. Therefore, a random variable is defined on a sample space.

A sample space that contains a finite number, or an infinite sequence, of outcomes is
called discrete sample space, while one that contains one or many intervals of outcomes is

called a continuous sample space.
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Example 3. Toss a fair coin twice, Let X = number of heads obtained, where X is a dis-

crete random variable. S = { X 1x=(0, 1, 2) }, where S is a discrete sample space.

Example 4. To measure how long a lightbulb lasts, Let X = time elapsed before bumn off,

Where X is a continuous random variable. S = { 0 £ x < oo },where S is a continuous

sample space.

2.5.1 DISCRETE RANDOM VARIABLES

Let X be a discrete random variable. Then the function f(x) = P (X = x ) = The probability
that the random variable X assumes the value x, and f(x) is called the discrete density

function of X.

P(XeR) = 3 f():P(S) = Y f(x) =1
all x

xe R

Where R is some set of outcomes in the sample space S, and X € R represents the event

that X will assume some values in the set of R values.

The discrete distribution function F (x): It is a function closely related to the discrete den-

sity function f(x), and is defined as follows:

F(x) =P(X<x) = 2 f () ,where the summation is over all those values of the
t<x

random variable that are less than or equal to the specified value x.

The discrete joint density functions: Many experiments involve some random variables
rather than one. For simplicity, consider only two discrete random variables X and Y here.

A function f(x,y) gives the probability that X will be a specified value x at the same time Y
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will be a specified value y. This function f(x,y) that gives such probabilities is called a dis-

crete joint density function of the two random variables X and Y. It can be written as:
f(x,y)=P(X=x,Y=y)

INDEPENDENT RANDOM FUNCTIONS: The random variables X X»,.... X, whose
joint density function is f(x{X,..,Xx;) and whose individual density functions are
£1(x1).£2(x9),--..fn(Xpy) are said to be independent if and only if

f(x1,%2,--Xn)=f1(X1)f2(x2)...£5(Xp). It can be shown that functions of independent ran-

dom variables are also independent random variables.

2.5.2 MARGINAL AND CONDITIONAL DISTRIBUTIONS

Consider a two variable experiment for which a random variable X will assume the value
x and the second variable Y will assume the value y.

From the multiplication formula:
PXNY)y=PX)PXY/X) - (a)

Equation (a) can be expressed in terms of density function. Since P (X NY) gives the
probability that the two random variables will assume the valures x and y, respectively,it
is equivalent to f(x,y). Similarly, P(Y/X) is equivalent to f(y/x); P(Y) is equivalent to f(y),
and P(Y/X) is equivalent to f(y/x).

Therefore, equation (a) can be written as:

f(xy) = f(X)f(y/x) ——(b)
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Since f(y/x) is the conditional probability that Y will assume the value y when X is a fixed
value x, the sum of f(y/x) over all possible values of y for this fixed value of x must be
equal to 1. Therefore, if both sides of (b) are summed over all possible values of y, one can

get:

X MARGINAL DENSITY FUNCTION: f (x) = Z f(x,)
ally

In connection with the joint density function f(x,y), the function f(x) is only the density
function of X.

Similarly, one can get:

Y MARGINAL DENSITY FUNCTION: h (y) = 2 f(x,y)
all x

These results show that one can get any density function from the joint density function of
two random variables and it only sums the joint density function over all values of the

other variable.
From equation (b),one can obtain:

CONDITIONAL DENSITY FUNCTION of Y for X given:

_f(xy)

fly/x) = Fa)

In a similar manner, one can obtain:

CONDITIONAL DENSITY FUNCTION of X for Y given:

_fy)

f(x/y) = 7()’—)—
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These results show that, if the joint density function of two random variables is given, the
conditional density function can be obtained by dividing the joint density function by the

density function of the given variable.

2.5.3 CONTINUOUS RANDOM VARIABLES

For a continuous random variable X, its corresponding density function possesses the

properties as follows:
1) f(x) 20
@  [Sfmax=1
(b
3 [ifdx=Pasxs<h)
4 - Lr
( ) f(x,)’) - ‘a}"a"y‘ (x’y)

) F@y =[5 [ fsndsdr

Therefore, probabilities for continuous variables are always calculated by integrals, and

those for discrete variables are given by sums.

THE DISTRIBUTION FUNCTION F(x) for the continuous variable X is defined by:

F(x) = P(X<x) = ij(z)dz

Sometimes, it is easier to find the distribution function of a random variable. After the dis-

tribution function has been found, the density function can be obtained by differentiating

the distribution function. ad;F (x) = f(x)

A density function f(x,y) of two continuous random variables X and Y represents geomet-
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rically a surface in three dimensions, just as a density function f(x) of one random variable
Tepresents a curve in two dimensions. The integrals of f(x,y) can produce probabilities,
and the total volume under this surface should be equal to 1. Therefore, a joint density
function of two continuous random variables X and Y will possess the following proper-

ties:

1) f(x,y)20

@ [Tty drdy = 1

3) jzjif(x,y)dxdy =P(c<X<d,a<Y<bh)

If two continuous random variables are unrelated they are said to be independent of each

other. The definition of independence is defined by:f (x, y) = f(x)f(y)

By using integrals in place of sums, formulas can be derived for marginal and conditional

density functions just as in the cases of discrete variables.

X MARGINAL DENSITY FUNCTION: f (x) = J f(x,y)dy
aly

Y MARGINAL DENSITY FUNCTION: % (y) = J' f(x,y)dx
all x

f(xy)

CONDITIONAL DENSITY FUNCTION: f(y/x) = SR

CONDITIONAL DENSITY FUNCTION: £ (x/y) = f ;’(‘yi )




CHAPTER 3
SOME PARTICULAR PROBABILITY
DISTRIBUTIONS USED IN RELIABILITY

3.1 INTRODUCTION

This chapter will present some properties of the main probability distributions used in reli-
ability. Some distributions are for discrete variables, some are for continuous variables. In
each case the probability distribution will be defined by its probability density function. In
many problems, it suffices to consider certain low order moments of a distribution rather
than to study the entire distribution. Therefore, this chapter will introduce the moments of

particular distributions and density functions.

3.2 DISCRETE DISTRIBUTIONS

3.2.1 EXPECTATION, MOMENT, AND MOMENT GENERATING
FUNCTIONS

EXPECTATION: The expected value of the function h(X) of the discrete random variable
X, whose density is f(x), is defined by:

E[h(X)] =p =Y h(x)f(x)
i=1

20
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The expected value of the random variable is usually called the mean or mean value of the

random variable.

MOMENTS:

The kth moment of the discrete random variable X, whose density is f(x) is defined by:

EIX] =, = Y xf(x)

i=1

The first moment u'l will be used so often that it is given a special symbol [

The kth moment about the mean of the distribution of the discrete random variable X

whose density function is f(x) is defined by:

b= Elx-w" = Y @-wfep

i=1
The moments of a distribution are very useful for describing a distribution when the den-

sity function is not available.

Usually, only the first two moments are used often to describe two important properties of

the distribution. The first moment, |1, is used to determine where is the center of the distri-

bution, and the second moment about mean, {L,, is used to determine the degree of con-

centration of the distribution about mean. Since the second moment about mean is used so

often it is denoted by a special symbol 0'2 and is called the variance of the distribution.
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The square root of the variance is called the standard deviation of the distribution and is

denoted by symbol G.

Sometimes, it is convenient to evaluate variance, 0'2 , by evaluating the first two moments

about the origin and then. calculate 0'2 from them rather then calculate it directly.

(-]

ny=0 = E(X-7 = Y (-w¥@) = p,-p?

i=1
MOMENT GENERATING FUNCTION:

The moment generating function is a function that can generate moments. The moment
generating function of the discrete random variable X whose density function is f(x) is

defined by:

[~-] oo

_ 02x?
MX(G) - E[eeX] = ZeGXf(xi) = 2{1+9xi+—§—!—l—+...}(xi)

i=1 i=1
= D FO)+0D xf(x) 57 > xif () + ..
i=1 i=1 i=1

2
0
=1+ 9“'1 + 7'-;,1'2 + ....This series is a function of parameter © only.

If a particular moment is desired, it may be obtained by evaluating the proper derivative of

My (6) 26 = 0.
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M

m
©aetlg

3.22SOME ALGEBRA FOR RANDOM VARIABLES

From the basic definitions, it is easy to derive the following relations which are true for a

constant
(1) E[cX] = cE[X]

) Elc+X] = c+E[X]

3) VAR [cX] = c*VAR[X]

4) VAR [c+X] = VAR [X]

(5)  VAR[X] = E[X*] - (E[X])?

(6) E[X+Y] = E[X] +E[Y]

()  COVIX,Y] = E[(X-py) (Y-pp)] = E[XY] —E[X]E [Y]

= > (5= 1) 0= F ()
i=1

= | oo oo (X Hy) (=) f (. y) dxdy
(8) VAR[X+Y] = VAR[X] +VAR[Y] +2[(X-},) (Y —py)]

= VAR [X] +VAR[Y] +2COV [X,Y]

_ COVIX,Y]

(9) PXY - O.XO.Y ’ - pXY -
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(10)  VAR[X-Y] = VAR[X] +VAR[Y] -2COV[X, Y]
(11)  E[XY] = E[X]E[Y] + COV[X, Y]

When X and Y are non-correlated :

(12) VAR [X+Y] = VAR[X] +VAR[Y]
(13) E[X-Y] = E[X] -E[Y]

Where COVI. ] stands for the covariance of X and Y, p Xy stands for the correlation coef-

ficient, VAR]. ] stands for variance, and E[. ] stands for mean. If Cov[X,Y]=0,then X and

Y are uncorrelated.Independent must be uncorrelated(inverse not applied).

3.2.3BINOMIAL DISTRIBUTION

Consider an experiment which consists of n trials; each trial has only two possible out-
comes (A, A) . Let p be the probability of A, and q = 1 - p be the probability of A .The
trials are assumed to be independent so p doesn’t change. The discrete random variable X

representing the number of occurrences of event A in the n trials is binomially distributed

with parameters (p,n):

— _ — ___n_P_n___ X n=Xx _ Lan n—-x
f(x) = P(X=x) = A= P d = D q x=0,1,2,....n.

The corresponding distribution function is:

X
i=0

X
F(X) =P(X<x) = 2 (n)pan—x,and
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W = E[X] = np;VAR[X] = npq

3.2.4POISSON DISTRIBUTION:

Poisson density function is an approximation to the binomal density function. This
approxition may be applied when the number of trials is large or the probability p is very
small. The probability density function of Poisson distribution is defined as follows:

e "
f(x) = =

The corresponding distribution function is:

X —I,Lx
4
F(X) = Z—X—"}—-,and
i=0

E[X] = ,VAR[X] = p

3.3COUNTINUOUS DISTRIBUTIONS

In this section we will briefly consider some main distributions used in reliability. Since it

i1s necessary to calculate the moments of these distributions, the definition of the kth

moment of a continuous random variable is discussed first.
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3.3.1EXPECTION, MOMENT, AND MOMENT GENERATING
FUNCTION

EXPECTATION: The expected value of the function h(X) of the continuous random vari-
able X, whose density is f(x) is defined by:

Eh(X)] =p=|"_h(x)f(x)dx

MOMENTS: The kthmoment of the continuous random variable X, whose density is f(x)

is defined by:

E[X] =p, = j‘:oxkf(x)dx

The kth moment about the mean is defined by:

ELE-" = w, = [, =¥ (x) dx

Usually, only the first two moments are used:

) w,o=p=EKX] = Jo_;xf(x)dx

@ =0t =EX-» = [T e-wY e = wy-u?

MOMENT GENERATING FUNCTION:
The moment generating function of the continuous random variable X whose density
function is f(x) is defined by:

(=<}

My (0) = E[¥] = j_meexf(x) dx
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SOME MAIN DISTRIBUTIONS USED IN RELIABILITY AND THEIR CORRE-
SPONDING MOMENTS:
DISTRIBUTIONS:DENSITY FUNCTION: MEAN VARIANCE:

,GSXSb a+b
2

UNIFORM  f(x) = {(b-a) %—(b2+ab+a2)

0, elsewhere

2
1 x-}
NORMAL f(x) = —1 e_i(_c_) M o?
o.2n
X
xa—le—(B) 2
GAMMA  f(x) = —f—— Ba o
BT ()
P 2
EXPONENTIALSf (x) = - B B
G-1 =3
CHI-SQUAREf (x) = ev v 2v
Zv/zr(_)
2
[_l(lnx—k)z]
LOGNORMALS (x) = ——el 2 B J e section 33.7)
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3.3.2UNIFORM DISTRIBUTION

The uniform distribution is the simplest continuous distribution whose density is a con-
stant over an interval ( a, b ) and is zero elsewhere; therefore, its density function can be

defined as follows:
——1———-, asx<b
fo) = { =0
0, elsewhere

From the moment generating function or direct calculation, its mean value and variance

can be obtained:

_a+b
=3

02 = %(b2+ab+a2)

3.3.3NORMAL ( OR GAUSSIAN ) DISTRIBUTION

The normal distribution is symmetrical about the mean |, and it is usually denoted by

N (I, ©) . When its mean value is zero and variance is 1, the distribution N (0, 1) is

called a standard normal distribution.

The density function of normal distribution is defined as follows:
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Therefore, the normal distribution is given by:

2
1,t-p
-5 (—)
1 e2 c dt

F(x) = Jiwcm

Using the moment generating function, the mean value and the variance of the normal dis-

tribution can be obtained: mean = W, variance = 62 .

Usually, it is convenient to use standard normal distribution instead of normal distribution,

because this allows use of standard normal tables for evaluation of probability.
The standard normal density function is defined as follows:

|
"2'/\'

9 (x) = J—;=e
T

Therefore, the standard normal distribution is given by:

1.,
—X

1
o P) = ﬁw—-e 2" dx
J2m
The relationship between normal and standard normal distributions is given by:

x—-

=

F(x) = © () where f =

°

For standard normal distribution, its mean value is equal to zero and standard distribution

is equal to 1.
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From the above definitions, it can be shown that a normal (or standard normal) distribu-

tion can be completely determined by specifying its mean value and standard deviation.

3.3.4GAMMA DISTRIBUTION

The gamma density function is defined by:

X

€

f(x) =
g BT (a)

,where I' (@) = J.:;xa - 1e_xdx is the gamma function.

Therefore, the gamma distribution is given by:

B)
F(x) = "imdz I,(l rioy L ( t/B) nd
o

the mean value and variance of gamma distribution are given by:
b= Boso® = Bla

When parameter Ot is an integer, it is known as the Erlangian distribution:

/py*?
F(t) = t/B z (k 1)'

when 00 = 1, the distribution becomes exponential distribution.
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3.3.5SEXPONENTIAL DISTRIBUTION

Exponatial distribution is a special case of gamma distribution, when & = 1; Its density

function is defined by:

-x/B

4

f(x) = T

Therefore, the exponential distribution is given by:
-t/B
N = [*€ _ 1.8
F(x) = jO—B—dz_ 1-¢7P and

mean = P;variance = [32

3.3.6CHI-SQUARE DISTRIBUTION

Chi-square distribution is another special case of gamma distribution, when } = 2 and

v
o = A and its density function is defined by:
\
(-1 =(3)
X e
f) = ———
2"°T ()

Therefore, the chi-square distribution is given by:
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Vv
=-1
2 —1/2
F(X) = Jgi—/z—‘*%-df, and
2 I'(5)

mean = Vv, variance = 2V

3.3.7 LOGNORMAL DISTRIBUTION

In this distribution, the natural logrithm of the random variable X has a normal distribu-

tion, and the lognormal dendity function is defined by:

Therefore, the lognormal distribution is given by:

F(x) = j{J(:) dr = @(@fﬁi) whereh = E [InX], p* = VAR [InX]

The mean and variance are given by:

1,2
(l'*‘EB)

2(h+ 28)
mean = ¢ ,variance = e

@ -1y

The lognormal distribution has this useful property:

- -\
Pla<x<b) =@ (l—n—%—&) —(I)(IEZB——); This allows use of standard nor-

mal tables for evaluation of probabilities with X lognormal.



3.3.8WEIBULL DISTRIBUTION

Its density function is defined by:

When A = 1,0 = 0,f(x) = Il§e

case of Weibull distribution.

mean = BI' (1 +A) +a; variance = BZ(F(%+1) —I"2(1+%))

33

. So, exponential distribution is a special



CHAPTER 4
INTRODUCTION TO SYSTEM
RELIABILITY

4.1DEFINITIONS

The reliability of a system is its ability to perform a required function,under stated condi-
tions, for a stated period of time. The term reliability is also used to denote a probability of

success Or a Success ratio.

RELIABILITY FUNCTION R(t): P( S will be operable during the interval [ 0,t] ), where

P(.) stands for probability measure, and S stands for system.

AVAILABILITY FUNCTION A(t): P( S will be operable at time t ).For non-repairable
systems A(t)=R(t).

MAINTAINABILITY FUNCTION M(t): 1-P ( S will not be repaired during the interval
[0,t]).

MEAN TIME TO FAILURE (MTTF): MTTF= j:tf(t) dt = J:;R (r)dr.
Where f{t) is failure density function;

f( =9F @) =4 1-R®) = -4R )

MEANTMETDREPARMWR):MTR:JBO(I ~M(8))dt

34
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4.2REPRESENTATION OF SYSTEM LOGIC

Assume that each component has only a finite number of states; Now consider two cases:

(a) The component is normally operating (active) in a system and usually has two states:

operating or failure.

(b) The component is nommally non-operating (passive) in a system and only begins to

operate if the main component fails. (stand-by redundency or auxiliary component).

Representing the logic of a system means representing all the operating and non-operating

states of the system and the connections between these various states.

There are three common methods to describe a system:

(1) RELIABILITY BLOCK DIAGRAM: (operating state)

The blocks represent the components,equipments,events,...etc.

series system: 1 —» A Bt—» 0O

parallel system: | — —» O
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complex system: I ——» —» O

Reliability block diagram is a circuitless diagram with input and output points, and the
system operates if there exists a path from input point to output point. The list of all suc-

cessful paths represent all the operating states of the system.

(2) FAULT TREE: (failure state)

The starting point is a single failure event, and the failure tree provides a diagrammatic

representation of the event combination resulting in the occurrence of the system failure.

Example 1. There is 2 system as shown below.Use the fault tree method to represent the

logic of the system.




system failure

path 1 fails

or

and

or

If A or B fails, path 1 fails.

If C or D fails, path 2 fails.

If path 1 and path 2 fail, the sytstem fails.

(3) MINIMAL CUT SETS:

path 2 fails

37

A cut set is a set of failure components, and this set causes the system to be in a failure

state. A minimal cut set has the propertiy that a subset of the minimal cut set, which is also

a cut set, does not exist.

HOW TO FIND THE MINIMAL CUT SETS:

(a) Fault tree approach (by Boolean function).

The minimal cut sets (or system failure functions) can be expressed by converting the fault

tree to a Boolean expression, associated with each basic event.
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Example 2. There is a systern as shown below.Now use a Boolean function to express the

minimal cut sets.

F=A + B + CD. There are three minimal cut sets: A , B, and CD.
In general, the boolean expression for a failure system can be written as:

F=A;+Ay+..+A;+ ..+ A, , where A; can be the product of some basic events.

(b) Structural function (or operating function).

{1 if i component works
X, =

1

0 if component fails

1 if system works

Xy =
&) {0 if system fails

oX) = ¢(x1,x2, cees Xy ...xn),wherevectorX = (xl,xz, ...,xn) is the state

of the system.

The structural function has the following properties:

(1) ¢ is a nondecreasing function for each variable.

ieif x; > x, then ¢ (x1) > ¢ (x,) or 6 (xp,¥,2) > ¢ (xp,,2)

2 60,0, ...,0) = 0If all components fail then the system fails.
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3)¢(1,1,...,1) = 11If all components work then the system works.

4.3ANALY SIS OF SIMPLE SYSTEMS

n
1. SERIES SYSTEM: ¢ (X) = Hxl. = min (xy, Xp, ...X,) . If any component
i=1

fails then the system fails.

n
2. PARALLEL SYSTEM: ¢ (X) = 1— H (1-x;) = max(xy, X, ..., X3) -

i=1

Any component works then system works.
COMPUTE STRUCTURE FUNCTION USING MINIMAL PATH:

A path set is a set of non-failure components and this set causes the system to be in a non-
failure state. A minimal path set has the property that a subset of the minimal path set,

which is also a path set, doesn’t exist.

Suppose A;,A,,...,A, are all minimal path sets. The structure function of the jth

H = 1, all component works
;=

0, otherwise

athis: &, (X) = min x; =
P J i€ A '

zeAj

The system will function if at least one minimal path works (similar to a parallel

system):
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X) = = .
¢ (X) lgjaécsaj(X) lénlag% xl

Example 3. Compute the structure function using minimal path method, and the system is

shown below:

I —»-0

The minimal path sets are : { (1,5), (2,5), (1,3,4), (2,3,4)}
Therefore, ¢ (X) = max (x5, XoXgy X1 X3X 4y X9 X3Xy)
=1-(1 - X{Xs) (1 — X5 Xs) (1 —J-clx3x4) (1 — XyX3Xy)
COMPUTE STRUCTURE FUNCTION USING MINIMAL CUT SETS:
Suppose By, B,, ..., B, are all minimal cut sets. The structure function of th fEBcut set

is:

. . th . ..
B,(X) = max x, = {1, if at least one component in j cut is functioning

i€ Bj ! 0, otherwise (similar to a parallel system)

The system will be functioning if each cut Bj (X) = 1 is functioning, (similar to a

series system).

k k
®) = min p.X) = [[ B, = [[maxx,
" <';“<nl3 11;11} JIJI'GBJ'.
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Example 4. Compute the structure function using the minimal cut set method, and the sys-

tem is shown below:

The minimal cut sets are: { (1,2),(4,5),(1,3,5),(2,3,4) }

o (X) = max (xl,xz) max (x4,x5)max (xl,x3,x5)max (X9, x3,x4)

= [1~ (1-x) (1=x)] [1- (1-x)) (1-x)]

X [IT=(1=xp) (1=x3) (1-x5)] [1=(1-xp) (1 -x3) (1-x5)]

4.4RELIABILITY OF SIMPLE SYSTEMS

Reliabilityfunction

R(p) =P{0(X=1)} = E[0(X)] = R(pypy D)

If i component works: P{x=1} =p;

If i® component fails: P{x;= 0} = 1 - p;

where vector P = (p;,p7 5..-sPn)-
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1.SERIES SYSTEM:¢ (X) = min (xy, Xy, ..., X,) = ’“x
i=1

R(p) = P{6(X)= 1} = P{min (x,%p ..., x,)= 1} = E[¢(X)]

P{x;=1,x,=1,..,x,= 1} = p;p,p3...0,

n n
= Hp,- = HE[xi],WhercE[xi] =pix1+ (l—pi) x 0 = p,

i=1 i=1

Therefore, the reliability function for series systems is:

R(p) = E[6(X)) =E{Hxl} = [1E1= = []»;

i=1 i=1 i=1
n

2. PARALLEL SYSTEM: ¢ (X) = max (X}, Xy, ..., %,) = 1— H (1-x;)
i=1

R(p) = P{6(X)= 1} = P{max (x;,xp ..., x,)= 1}

1=-P{min (xy,xp ...,x,)= 0}

1-P {x1= 0, Xy= 0,... x,= 0}, where components are independent.

= 1-P {x;= 0} P {x)= 0}...P {x,= 0}

1-(1=py) (1-py)...(1-p,) =1-J] (1-p)

i=1

Therefore, the reliability function for parallel systems is:
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R(p) =E[6(X] =1-] (-p)

i=1

4.5RELIABILITY OF DYNAMIC SYSTEMS ( TIME
CONSIDERATION )

A and | are constants in the static systems, but one should consider time variable in the

dynamic system, (see sections 4.6 and 4.7 for details).
RELIABILITY FUNCTION R(t): (for non-repair systems)

R(t)=P{S is functioning in [ 0 , t ]} = P{lifetime of system > t}

= 1-F () = F(f),(tail function)

where F(t) stands for system’s life time distribution, and P{.} stands for probability mea-
sure. At time t, the reliability of i®® component is 1 — F () = F ; (2) ; therefore, for a

non-repair system the reliability function is defined by:

R (1)

F() = REFL(10,Fy(0), ., Fy (1))

F() =1-F() =1-R(F{ (), Fy(0),.... F, (D))
1. SERIES SYSTEM:

Reliability function: R (p) = H Dp; (for static systems)
i=1
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n n
Reliability function: R (f) = Hﬁi(t) = H (1-F;(2)) (for dynamic sys-

i=1 i=1

tems)

Distribution function

n n
:F(t) =1-R() =1-F(») = 1-HF,-(t) =1-JJ a-F;®»)

i= i:

2. PARALLEL SYSTEM:

n
Reliability function: R (p) = 1- H (1—p;) (for static systems)
i=1

n n
Reliability function: R (f) = 1~ H (1-F,(1)) =1- HF,.(:)
i=1 i=1

(for dynamic systems)

n
Distribution function: F () = 1-R () = HFi(t)

i=1

4.6THE CONCEPT OF FAILURE RATE

Assume that the component works at time t, but it will fail after Az, then this probability

density is called failure rate A (¢) :
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P{t<X<t+Ar}

P{X< (t+An)/(X>1)} = P{X>1}

A
_ J‘t(z+ t)f(x)dx _ () Al
F (1) F (1)

= A (1) Ar.

_dFy  _d
@D RO g

Mt)_F(t)’ F(y = R@® ~ R(@

Therefore, failure rate A (#) represents the probability intensity that a t-year-old compo-

nent will fail.

From the distribution function, one can find the failure rate:

f(®

U oy

. 4F) =f(n, F@ =1-F(@
From the failure rate, one can find the distribution function:

e—ﬁ)x(u) du - ﬁ)k(u)du

F(r) = 1- , F@) =e

HOW TO CALCULATE THE FAILURE RATE OF A RELIABILITY SYSTEM:
F(t) = R(Fl (t)’ '--aFn(t))

F (1)

i

1-F(1) = 1-R(F (1), F5 (1), ... F, (1)
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d _d7p _dp /(% —
O @ _ 9F (1) i SR(F(D), ., Fp (D)

F() F(@ F (1) R(F{(D),...F, (1)

A =

THE FAILURE RATE OF SERIES SYSTEMS:

Assume that the i component’s failure rate is 7\.1. ().

n
F() =1-F() =1-R(F,(),...F (1)) = 1-HF,.(1)

i=1

—iﬁ)xi(t) dt J;ix,.(r) dt
i=1 i=1

= —¢€

. ﬁe—J;x,,(z)dr .

Therefore, the failure rate of a series system is equal to the sum of each component’s fail-

ure rate.

THE FAILURE RATE OF PARALLEL SYSTEMS:
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n n
F() =1-F(1) = 1-[1-1"[(1-1?,.(:))) = 1—(1-HFi(t))

i=1 1=

F() = H(l_ﬁi(t)) = fI (1_e—joli(u)dt)

i=1 =

From formula:

n n

H (1-a;) =1- Eai+2aiaj—- 2 aaa;t ...+ (—l)nala?_...an

1= i=1 1#] i#j#k

_ n —|' A (w) du
one can obtain: R () = F () =1-H(1_6J0 )

i=1

t ! -, n 7\,‘- )
= ie—jo%(u)du—Ze‘J‘o (A o) +;\j(u))du+...+ (—1)n€ JO; o

i=1 i#]
Since R (£) = F (1), A (?) is given by:

_dF _dFf -4
th () th ® dtR (*)

F&) RO RO

A(r) =

THE RELIABILITY FUNCTION OF A SERIES-PARALLEL SYSTEM:



48

-
v

stage 1 stage 2 stage p
n; redundent 1, redundent n, redundent
components components components

The reliability function for a series-parallel system is given by:

p i p i
R(t) =F( = H(I‘H(I‘FU(’))) = H(l—HFij(t)]

i=1 j=1 i=1 j=1

where F; 5 (1) : at i stage, the j node’s distribution function.

THE RELIABILITY FUNCTION OF A PARALLEL-SERIES SYSTEM:

......

(]
:
.
@

P branchs

The reliability function for a parallel-series system is given by:
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p n;
R() =1- H (1— HFU(:))

i=1" j=1

where F ij (t):ini % yranch, the jth component’s distribution function, and each

i® branch has n; components in series.

4.7SYSTEM AVAILABILITY FUNCTION A(t)

When the system is repairable, assume that the system has failed then the repair starts

immediately. If the distribution function of repair time is G(t), the repair rate |L (#) can be

defined by:
d

p(r) = a’
G (1)

MTTR = JZ;[I—G(t)]dt;MTTF = _[‘(’)" (R () ]dt = J:;[l——F(t)]dz
In the case, where the repair rate |L () is a constant |1, it can be proved that:

G@) =1-¢™ and MITR == =1

Tl

If component i has a failure rate 7\,1. and a repair rate K it can be proved that:

ui 7\11. - ()", + p‘,) t
e , and
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A (t) = R (ql (t)a qz (t)’ seey qn (t))

_ By 7‘1 (A +p)t L 7Ln —(A,+u1,)t
=R 3 +7\, e y oy +7b e
itTH ATy Apth, AR,

where g; (#) is the availability function of component i at time t, and A (7) is the avail-

ability function of system S at time t.

If £ — oo (long run), like a static system, the stationary availability function can be given

A =R Hy Ky
A=) = }\’1+u1’m,kn+p‘n

SYSTEM AVAILABILITY FUNCTION FOR SERIES SYSTEMS

n
1 rransient: A (1) = R(q; (£), -, 4, () = [Ja;(®

i=1

z H; A —up)e
= + e
H AU kl.+ b

i=1

n n
M
2. stationary: A (o) = H q; (o) = H (m)
i=1 i=1M1 1
SYSTEM AVAILABILITY FUNCTION FOR PARALLEL SYSTEMS

n
1 rransient:A (1) = R(q, (1), .., 4, (1) = 1= ] (1-4;(2))

i=1
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I
o
|
&
~
[y
|
—
Rae
+
F
"
-~
N’

nooA
2. stationary: A (e0) = 1- !
iI=-Il At

MINIMAL PATH METHOD FOR SYSTEM AVAILABILITY FUNCTIONS

The following notations are defined as:
p; (t): the probability of the i minimal path which is functioning at time t.
n components with availability function g,(t), i = 1,...,n.

m possible minimal paths: p;,...,p.

m m
A =P{Up;(0} = Y P@;(D) = Y P®;(Dp;(1))

i=1 =1 i<j
+ (D" TPy (1), P (D)

where P (pj (1)) = H g, (1) , (series in the minimal path).
1€ p;
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Example 5. Build up the availability function by the minimal path method, and the system

is shown below:

1 3
I 0]
—_— 4 >
2 5
The minimal paths are: (1,3),(1,4),(2,4),(2,5).

4
AW =P{Up;(0} = [q;(0)q5(r) +q; (1) g4 (2) +q,(2) g4 (1) ]

i=1

+ g, (D g5(0)] = [q, (D q3(1) g4 ()] = [q1 () g5 (D) g5(2) g4 ()]
— g7 (D4, () 43 () g5(1) +q, (1) g5 () g4 (D]
—[q, (1) 95 (1) g4 (1) g5 (1) + 95 (1) g4 (£) g5 ()]

+ 19, (1), (1) g5 (1) g4 (1) +q1 (1) g5 () g3 (1) 44 () g5 (1) ]

+ (g (D45 (Dg3(D) g4 (1) g5 (1) +q1 (1) g5 (1) g4 () g5 (1) ]
—[g9, (1), (1) g3 (1) q4(1) g5 (D) ]
MINIMAL CUT SET METHOD FOR SYSTEM AVAILABILITY FUNCTIONS
A(t) = 1-A(¢) = P {systemis not functioning at time t }.

Assume that a system has m minimal cut sets ¢j,...C,,



53

m m
A =1{Ue(} = Y Pe;()) = Y P(c;(5c;()

1=1 i=1 i<j

+ 3 P AGEN G E— + (D™ IP (e (1) e e, (1)

i<j<k

where P (¢; (1)) = []g;(0 = JT (1-q;0).

JE ¢ J€ ¢

Example 6. Build up the availability function by using the minimal cut set method, and the
system is the same as the system in example 5.

The minimal cut sets are: (1,2),(1,4,5),(2,3,4),(3.4,5).

—— 4 —_ — — —_ — — — —_— -— —_— —
A() = {Uc¢®} = (9195 + 919495+ 929394 +939495) —

i=1
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4.8DECOMPOSITION OF STRUCTURE FUNC-
TIONS

Any structure function of order n (n components) can be written as a linear combination of

two structure functions of order n-1:

O(X) = ¢(xp, 2y, ..05x,) = x10 (1, xp,...,x,) + (1=x,)0(0,x,, ..., x,)
= [x;x,0 (1, 1,x3, e X)) X4 (1 —X5) 0 (1,0, X3, ...xn)]

+ [ (1=x7)x,0 (0, 1,x3, LX)+ (1-x)) (1-x,)9 (0, 0, x5, e X)) ]

DECOMPOSITION FORMULA

n
0 (X) = ¢(X1,x2,...,xn) = 2 ij)')j(l—xj)l—yj
YEAj:l

1
where y. = , and A is the set of state @ such that ¢ (a) = 1.
here y; 0 d A is th f h th. 1

Example 7. Build up a structure function by using the decomposition formula, and the sys-

tem is shown below:

Il 1 0

A= {(111,0)’ (1,0’ 1)’ (1’1’ 1)} =

{ Y y3)s 01 YpY3)s (91 Y ¥3) . where ¢ (a) =1



55

$(X) = d(xpxpxy) = 3 [BrA-x) ! ][ A-xy) " T x
YeA

(P (=) 7= I (=2 1 Dy (1= %) 123 (1 - x) 1)
+ 0 (=21 B (L=x) 11 [x3 (1 -2 7
+ I (=21 ) (1=x) % [x3 (1 =x5) ]
= xlxz(l —X3) +x; (1 = Xp) X3+ X XpX3 = X Xy +X (X3 =X X9X3

CHECK: The structure function can also be obtained by the combination of parallel and

series systems.
n
For parallel systems: ¢ (X) = 1 - H (1-x)

i=1

n
For series systems: ¢ (X) = Hxi

i=1

Therefore, ¢ (X) = x;[1-(1-x,) (1 —x3)] = X|Xo + X X3 — X XpXg

4.9THE RELIABILITY IMPORTANCE OF A
COMPONENT

From the previous sections, the following equations are given:
O (X) = x0(1, x5, ..05x,) + (1-x)6(0,x,, ..., x,)

R(p) = E{$(X)], when components are independent,E [X, Y] = E[X]E[Y]



56
R(p) =E[0(X)] = E[x]E[0 (L, Xy ....x) ] +E[(1-x))] X

E[¢(0,xy...,x,)] =p;R(Q,py ...,p,) + (1 =p)R(0,py,....P,)

The reliability importance of component i is defined as follows:

I1(i) = %R )

_ 0
= Z)}fi[piR (PP - by p)) + (L=p) R (pys .. 0, ..., p,) ]

= R (P Pps -+ 1, .sD,) —R Py --e 0, s D) -

Therefore, —a%R () = Ry Py s 1, 0sDy) =R (Pys s 0y .oy p,)

1l
n
SERIES SYSTEM: R (p) = H (1-p)).
i=1

I(i) =R (pl,pz, ven 1, ...,pn) —R(pl,pz, e 0, ...,pn)

= p1Py--Pj_1 X 1 XPiy1:Pp—P1Pa---P;_1 x 0 XPiyq---Pp

" n
= Hpj.’rhercfore,[(i) = pr

J#i Jj#i

n
PARALLEL SYSTEM: R (p) = 1- H (1-p)

i=1
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I(i) p—d R (p19p2’ ceny 1, u.,pn) ""'R (pl,Pz, cney O, ...,pn)

= {1-H(1—pj) (1-1)]-{1—1’1(1—1’,-) (1-0)

J#i J#i J

n n
=1-1+]J(t-pp = [[(1-p)) . Theretore, 1)) = [] (1-pp

J#I j#i J#i

Example 8. A system as shown below has three components, and each component’s reli-

ability is given (p; = 0.5, p,=0.7, p; = 0.6 ). Find the reliability importance for each com-

ponent.
0.7
2
I 0.5 o
—p 1 —
0.6
3

R(p) = py[1=A=py) (1=-p3)] = p1py+Pp1P3—P1PyP5

1G) = %R @) =R@y s l,.pp) =R (D}, s 0, ...0,)
4

I(1) = R(1,0.7,0.6) —R (0, 0.7, 0.6)

= (1x0.7+1x0.6-1x0.7x0.6) ~ (0x0.7+0x%0.6-0x0.7 x0.6)
= 1.3-0.42 = 0.88

I(2) = R(05,1,0.6) =R (0.5,0,0.6) = (0.5X1+0.5%0.6~0.5x1x0.6)
—(0.5%0+0.5%0.6-05%0x0.6) = 0.5—0.3 = 0.2
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1(3) = R(05,0.7,1) ~R(0.5,0.7,0) = (0.5%0.7+0.5x1~-0.5x0.7x1)
—(0.5%0.7+05x0~-0.5%0.7%x0) = 0.5-0.35 = 0.15



CHAPTER 5
SOME BASIC THEORIES OF
STRUCTURAL RELIABILITY

5.JIINTRODUCTION

The reliability of a structure is its ability to perform its design purpose, under some speci-
fied conditions, for a reasonably accepted probability of failure.The reliability of a struc-
ture is denoted by R and is defined as R = 1 - P, where Pyis the probability of failure of
the structure. Usually, a structure has many possible failure modes; therefore, the first step
will usually be to estimate the reliability with respect to each specified failur mode, and

then the next step is to estimate the overall reliability of the structure from a system point

of view.

With regard to resistance variables it will be assumed that they can be modelled as time-
independent random variables, and load variables can only be modelled as stochastic pro-
cesses. However, in many cases the distribution of the extreme value of a load in the spec-

ified period of time can be used.

S.2THE FUNDAMENTAL CASE

In some simple cases the structural reliability is determined by only two independent ran-

dom variables( a load effect variable S and a resistance variable R ) and one failure crite-

rion R — S < 0. Such a case is called the fundamental case and is shown in figure (a). In

59
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this fundamental case the probability of failure Prcan be calculated as follows. The proba-
bility that the load effect S lies in the interval [ x, x+dx ] is equal to fg(x)dx. Failure will
occur if resistance R is smaller than x, and its probability is Fp, (x). Therefore, in the inter-
val [ x, x+dx ] the probability of failure is Fp(x)fs{x)dx.

Therefore, the total probability of failure is:

Pr= [T Fr®fsdx

Figure

Tr(r)fs(s)
A

load effect S resistance R

(a):

%
/x , g A

dx
figure (a)

In a similar manner, the probability of failure for the fundamental case can also be written

as:

Pr= |2, (1-Fg())fg () dx

Figure (b):
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Tr(r)fs(s)
A

load effect S resistance R

Example 1. There are two independent random variables R and S, where R represent

s resistance and S represents load effect, and their distributions are shown below. Find the

reliability of this sytem.

b fro(1) fo(1)

1 L

fg(t) = a+bt

fs(2) = a+2b = 0.5-—(1)

fs(2.5) = a+2.5b = 0-n()
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From (2)-(1), 0.5b = -0.5, b=-1; from (1) a+2 (-1)=0.5,a=2.5
fg(t) =a+bt=25-1
fr(t) = a+bt
fr(2) = a+2b = 0-—-(3)

fr(2.5) = a+2.5b = 05—

From (4)-(3),0.5 b=0.5, b=1; from (3) a+2 . 1 =0, a=-2

fr(t) = a+bt=-2+1
Fr() = [ofp@dx = [4(-2+x)dx = 2 (P-41+4),2€1525

fg(y =25-1 = 4—11 (10-41),2<1t<25
Therefore, the probability of failure is given by:

Pi=P(R-550) = [°Fp(nfs(ndt

_ (251 2 1 .0 -
_JZ 5 (©=41+4) 7 (10~ 4) tdr = 0.0026

R = l-Pf = 1-0.0026 = 0.9974

If R and S are independent and normally distributed, the probability of failure can be cal-

culated as following:

Let M = R - §, then M is also nommally distributed, and
Hy = Hgp—Hg

2 _ 2452

Gy = Op+Og
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Therefore,

Pf= P(R-S<0) =P(M=<0) =

0- - -
q)(_ﬁ_l) - cp(_l_lﬂ) ) MRTMs @ (—B)

c e} 2 2
M
M Gr+ 0y

where @ stands for the standard normal distribution function, and M = R - S is called the

safety margin. L M and © M 2C the mean and standard deviation of M.

For the fundamental case the reliability index P is defined by:

Since, Pf =0(-B), PB= —o! (Pf); Hence, the one-and-one relationship

between the probability of failure P ¥ and the reliability index f3 is proven.

Example 2. GIVEN: A simple supported beam loaded as shown below, and

= 3KN, 05, = 1 KN i = 10 KNm, G5 = 2.25 KN’m?

w

Ho

FIND: The failure probability of the structure.




Usually,this beam will fail by the maximum bending moment at the midpoint.

_ 9L _ 05 _

5 5
Hg = Mg = 23 = 3. 75KNm

2

2 _ 5 2 _ 25 _ 2.2
og = (Z) g = 16 X1 = 1.56 KN“m
Hy = Hp—Hg = 10-3.75 = 6.25

2 2 2 _ —
Gy = Ogp+0g = 2.25+1.56 = 3.81

Y 6.25 -4

= = —— = 3.20: P, = ®(-3.20) = 7x10 " (from the TABLE)

P 6, 8l f= 9320 o

64

If R and S are correlated and normally distributed, the probability of failure can be calcu-

lated as following:
safety margin M = R-S§

HM = “’R—us
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Cov (R, S)

where p is the correlation coefficient, which is defined by: p =
OrCs

’

and Cov (R, §) is called the covgriance of R and S.

5.3THE CONCEPT OF FAILURE SURFACES

In evaluating the structural reliability, the first step is usually to identify the variables by
which the reliability of the structure can be described. Typically, these variables include
material strengths, geometrical quantities, and external loads; These variables are called
basic variables and are modelled as random variables or as stochastic processes, but only
modelled by random variables are considered here. Therefore, for a given structure each

basic variable has a fixed value. A structure usually has a finite number of basic variables.

Assume that all basic variables are normally distributed with the multivariate joint normal

density function f}—( defined by:

! {-% 2 (x;— 1) Mij(xj—uj)J

fg(*) = (zn)n/2}a1/2e Ve

where X = (xl, cens xn) : It is convenient to consider the variable x as a point in an n-

—_— . —

dimensional basic variable space ®, M = C °, where C is the covariance matrix

defined by:
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Var[X,] Cov[X;,X,] ... Cov[X},X,]
Cov[Xz,Xl] Var[X2] ...Cov[Xz,Xn]

Cov[X,,X,] CovIX,,X,] ... Var[X,]

Sometimes, basic variables can not be obtained as normal distributions. If this happens a

transformation from the non-normal distribution to a normal distribution should be made.

For each failure mode of a given set of basic variables, it is possible to determine whether

the structure is in a failure state or in a safe state. In other words, the basic variable space

® can be divided into two parts called the failure region ®, and the safe region O)s' The

f

separation of these two parts is called the failure surface and is described by a failure func-

tion:

F®) = flxp.oox,) =0

When failure function is positive, this means the structure is in safe region, and when fail-
ure function is negative or zero, this means the structure is in failure region, i.e.

f(x) >0,when x € O (safe region).

f(x) £0,whenxe ® y (failure region).

Note that the same failure surfaces can be represented by many different failure functions,

and this means that the failure of a structure can happen in a number of different ways

(modes).
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The structural reliability can be calculated by:
R=1-P; = I—Jmff)—((x)dx
where f}—( (X) is a joint probability density function with n basic variables and the integral

is in n-dimension.

Let f( ) be a failure function. The safety margin (or failure margin) M can be expressed

as M = f(X) ; therefore, the safety margin is not unique for a given failure surface.

For example, A failure surface described by two random variables is shown below:

s
failure surface
A
failure region
Oy
T
safe region
[0V
s

The failure function can be expressed by: fl (r,s) =r-s

The corresponding safety marginis: My = f; (r,8) =r—s
The failure function can also be expressed by: f2 (r,s) = (r—ys) >

The corresponding safety marginis: My = f) (r,5) = (r =) >

When X;, i =1, ..., n are normally distributed and uncorrelated variables with a linear
safety margin:

M=R-8= a0+a1X1+... +aan,whcre ai,i = 1, ...n are constants.
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Therefore,

My = a0+a1qu+ ota,hy

2 _ 2 2.2
GM = GIO'X1+ +anGX,,
o My
The reliability index [3 can be used unchanged: B = —
Sm
When X;, 1 =1, ..., n are normally distribution and correlated variables with a linear

safety margin:
M=R-S§= a0+a1X1+ +anX
Therefore,

l.aLM - a0+a1qu+ ‘e +anan

2 _ 22
Oy = 410x, - ta GX+2 Z Pxx %19%% Ox » OR

i=1j=1,j#i
n n
2 22 2 2
Oy = a10X1+ +anan+ 2 z aiajCov [Xi’Xj]
i=lj=1j=#i
Cov[Xi,Xj] . Ky
pXX = ,1#FJ,and Pp = —.

Example 3. . GIVEN: A simply supported beam loaded as shown below. Assume that the
beam fails when IM| 2 M F at midpoint, where M is a critical limit moment and M is
the bending moment at the midpoint, and the random variables X = (P, Q, M F)

with i = (30KN, 205@ 250KNm)
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2
okN? KN 0
m

KN ¢ KN
m m

0 0 50(kNm)?
FIND: calculate the probability of failure for the structure

P

Y
e

a—— L=8m —

1

]
M| = M +M, = ZPL+§QL2

1 1 .2

1 1.2
= MF—ZSP—§8 Q=-2P-8Q0+Mg

Therefore,aq = 0,a; =-2,a, = -8, as = 1

My = alqu+aqu2+a3pX3 = —ZuP—8uQ—uMF = -2x30-8x20+

250 = 30
2 22,22, 22
Gy = achl+a2ch2+a30'X3+a1a2Cov [XI’XZ]

+ala3Cov [XI,X3] +c12a1Cov [X2, X1 +a2a3Cov [ X, X3]
+a3a1C0v [X3, X1+ a3a2Cov [X5, X,]

=4XxX9+64%x6+50+16x3+16%x3 = 566
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o, = /566 = 23.79

Mg 30
B = = = 126
Yy 23.79
Pf = ®(-B) = ®(-1.26) = 0.1038

5.4 THE CONCEPT OF LINEARIZATION AND
NORMALIZATION

In practice, it is almost impossible to describe a failure surface by a linear failure function;
therefore, if the failure surface is hyperplane, then there exists a linear failure function and
it should be used in favior of a non-linear failure function because the probability of fail-
ure can easily be calculated for a linear function, but is more complex for a non-linear fail-
ure function. However, the choice of linearization point should be considered. Let the non-

linear safety margin be given by:

M=fR) =f(ry...r,)

Expanding M by Taylor series about the linearization point 70 = (r(l), ey rg) and

keeping only the linear terms:

M=fR) =fi®)+ Y 2f0;-r))
1

i=1

Therefore,the approximation values for [l M and O M e given by:

by =F) + Y Df e, =)

i=1
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n n
cils 2 ga;fgarfCOV [7; 7]
i=lj=1 1)
My
and[3 = 6_—

M

In a two-dimensional space, a straight line can be expressed by a unit normal vector and a

distance from the origin.

&)
A
f(R):original

u

safe regign A . .
failure region

0 — >
\ f(R):linearized
a
f(ry,ry) = ar+bry+c = —g—%r1+gj’—zr2+c,smcea = g{?b = 5{;
o il
or, or, c

2 21T T 272" 2 2
¥l @iyt iy
arl 8r2 é_r—l‘ ar2 Fl Fz

a + b + c
Jaz + b?’r1 Jaz + b2'2 Jaz + b2




72

o oS
_ arl ar2 a b
unit vector U = , or ( , )
)af 2+af2 [E)f2+af2 Ja2+b2 L2+b2

qarl or, darl dr,

Cc c
or

Qf_2+§_f_2’ 22
arl 8r2

distance OA =

Now consider a fundamental case with two independent variables R and S and the safety
margin M =R - §; its mean values are [l R and | g’ and the standard deviations are G R
and G I

By using the normalization formula, one can get:

R-pp S—uS
= oy ,R=0pr +p, and ry= 5

The failure function f{R,S) will be transformed into a straight line in the normalized coor-

dinate system (r;,r;), and then the failure function f{r;r,) is given by:
f(RNS,) =R-S§ = (GRT‘1+I-1R) - (GSr2+us)

= Opry—Ogry+ (Bp—Hg) =0
therefore,

flrypry) = Opri=0gry+ (Hg—Hg) =0

Therefore, the shortest distance from the origin can be given by:

Hp—Hg
2. 2

0R+0'S

, and =|3
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From the geometrical definition, it can be proven that the reliability index [3 is the shortest
distance from the origin to the linear failure surface; therefore, the linearization point must
be chosen at the reliability index point. The so-called Hasofer and Lind reliability index is
defined as the shortest distance from the origin to the failure surface in the normalized
coordinate system, and by this definition the reliability index for a non-linear failure sur-

face is equal to the reliability index for the linear tangent hyperplane.

In the general case, a non-linear failure function usually consists of n basic variables;

therefore, the calculation of the reliability index must be done by an iterative method:

f(Z) = f(BU) =f(zq--r2,) = f(Puy,..., u,) = 0,and

(ﬁU))

S.J['x

n
ui——gét—(BU)z—l .,n and g = Z

Example 4. Consider a simply supported beam loaded as shown below, and assume that

the beam will fail when |M| 2 M ., where M F is the critical bending moment and M is

the maximum bending moment. Assume that P and Q are cormelated, where

Cov[P,Q] =0.2 KNZ, and other random variables are uncorrelated to one another

with:
Mp=2KN, = I5KN, b, = 5m,p,, = 16KNm
Cp = 0.4KN, GQ = 3KN, o, = 0.5m, GMF = 3KNm

Find: the reliability index and its corresponding probability of failure.
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P Q
Lo g
A —— ﬁB
~1 2 2 —T
i -y
R, Ry

_ 4. o A2 5,52
DMp=0 RexzL-PL-QFL =0, Rp=3(P+30)

1, 1
DFy=0  Rc+Ry=P+Q Rp=P+Q-Ro=50-7P

From strength of materials, one can expect that the maximum bending moment M will

occur at point D.

2

M = RgX §L = —116 20-P)L = —-l——LS,whcreS = 20 — P, therefore,

10
Mo = ZuQ—uP =2x15-2 =28

o; = 4oé+0120—2><1><2xC0v[P, 0] = 4x9+0.16—4x02 = 35.36

Og = 5.95
The failure function can be given by:

1
f(Mg,L,S) = Mp=75LS = 0

The random variables M, L and S are normalized by
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Mp=by,
Z = GMF s Mg }LMF+GMFZI = 16+3Z,
L—uL
Z,= 5, ,L = uL+cL22 =5+0.5Z,
S-—uS
1 1
MF‘ELS = (16+3Z,) ~ 16 (5+0.5Z,) (28+5.95Z5)

= 2432, - 14Z,-2982,—03Z,2Z,
= 2+3Bu; — 1.4Pu, - 2.98Bus — 0.3BPuju; = 0

£(Z) = F(BU) = 2+3Bu; - 1.4Bu, — 2.98Bu, — 0.3pPuju; = 0

1 1 1
up = ~33,up = 5 (14+03Puy), uy = = (298+03Buy)

g = 3%+ (14+03Bug) >+ (298 +03Buy)’
Therefore, one can obtain:

B =0.446, u; = —0.66, u, = 0.33, u; = 0.67
Pf = @ (—B) = ©(-0.446) = 0.33

F(Z) = B+uyZy+uZy +usZy = 0.446 - 0.66Z, +0.33Z, +0.67Z,

When the basic variables X = (xl, ceey xn) are correlated and the failure surface is

non-linear:
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The first step is: to find the uncorrelated variables ¥ = (yl, cees yn) i.e. to find the

eigenvalues and eigenvectors.

The second step is: to normalize these uncorrelated variables and to obtain the normalized

and uncorrelated variables Z = (zl, ceny zn) by this transformation formula:
Vi~ u}’i
z.= i=1,..,n
! 6)
Yi

The last step is: to find the linear tangent hyperplane to the failure surface of £ (Z) = 0,

and then to solve the probability index B value, and P = d (-B)
Assume that the covariance matrix of vector X is:

Var[xl] Cov [xl,xz] ... Cov [xl,xn]

C}-Z=

Cov[x,, x] Cov [xn,xz] ... Var [xn]

By the linear algebra theorems, the transformation from the correlated variables X to the

uncorrelated variables Y can be obtained by:

¥ =A%

where A is an orthogonal matrix, and each column of A is the orthonormal eigenvectors

— T _
of Cz,and A’ = 1
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Then, the uncorrelated diagonal matrix C y can be obtained by:
Var [yl] 0
0 ..Varly,)
Each element in the uncorrelated diagonal matrix C 7 is the eigenvalue of correlated

matrix C % ie. Var [yl-] ,i=1, ... ,n, are equal to the eigenvalues of C %

R
FromY = A X, one can get:

i N
Ey)  [Elx)
o T o .
E(Y] =AE[X]or| ... | =A
E[x
LEM [x,]
Yi— l»ly.
The transformation form, z; = 5 ',i = 1, ..., n can be written as the vectorial
Yi

form:Z = C5 2 (T~ E[F]),where Cy = A& C5A, ¥ = & X,and

E[T] = A E[X]

Therefore, the transformation from the correlated variables X to the uncorrelated and nor-

malized variables Z can be given by:
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-172
= @'czd)  AX-AEMX)

NI

-172_4 _
A CeA) A X-E[X)).

Example 5. Consider a simply supported beam loaded as shown below, and assume that
the beam will fail when |M| 2 M .., where M F is the critical bending moment and M is
the maximum bending moment. Let the basic variables X = (P, Q,L, M F) be given
by the mean vector:
E[X) = [Hp Hgr by bty ] = [2KN, 15T, 5m, 3808m ]

F m

and by the covariance matrix:

016 0.1 0 O

=__ 101009 0 0
X 0 0 025 0
0 0 0 036

v ¢ : A C\"_\I%*lB
D
f 4_L
éRc 5 —:TB

From strength of materials, one can find that the maximum bending moment will occur at

A

D, where length = % from the right edge.
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Y Mp =0; Rox4-Px5-40x2 =0,

5

4Rc = 5P+8Q,Rc = 3P +20

a— . — — 1
ZFy =0; Ry =P+40-R;=20-7P

1L 1 1, 1 _
Ml = 5 x5 xRy = 2L(20-7P) = 5L (80 -P)

Only P and Q are correlated; therefore, eigenvalues are calculated for the matrix:

c - [0.16 0.1
0.1 0.09

0.16=2 0.1 ' — 0, (0.16-1) (0.09-4) —=0.1x0.1 = 0
01 0.09-\

7\1 = 0.01905, Xz = 0.2309

o oml = o

for 7»1 = 0.01905, it gives the corresponding orthonormal eigenvector:

0.14095 0.1 1ix} = |0l 014095x+0.1y = 0;  y = —1.4095x
0.1 0.07095 0
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- . .

X! 1 |5 112+ (-1.4095) _ | 05786
~1.4095 ~1.4095 ~0.8156

| 1%+ (-1.4095)2

for 7&2 = (.2309, it gives the corresponding orthonormal eigenvector:

~0.0709 0.1 x| - |0l _00709x+0.1y = 0, y = 0.709x
0.1 —0.1409 0
S

@ _ { 19} _, [412+0709% _ {0.8158}

0.70 0.709 "~ 10.5784

1% 40.709%]

Therefore, the transformation matrix A is given by:

4 - | 0.5786 0.8158
—~0.8156 0.5784

- T
and the uncorrelated variables Y; and Y, are givenby ¥ = A" X

Yy _ {0.5786 ~0.8156|[P| _ [0.5786P - 0.8156Q
Y, |0.8158 0.5784 0.8158P +0.57840

-1
@ _ [0.5786 —0.8156] |Y1| _ [0.5786 0.8158]|¥1
0.8158 0.5784| |¥,| |-0.81560.5784]|Y,
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p| _ | 057867, +0.8158Y,
~ |-0.8156Y, +0.57847,

Therefore, the uncorrelated variables are
Y = [Y,Y,,Y;,Y,] = [(0.579P-0.816Q), (0.8158P +0.5784Q),L, M]

The safety margin
M=M.~M =My~ LL80-P) = M,-LL0+~Lp =0
—MF - YFT 4 I 24P =

can be written in uncorrelated variables by

1 1
M =Y, - 3Y;(-08156Y, +0.5784Y,) + 5. ¥, (0.5786Y, + 0.8158Y,) = 0

My = E[Y;] = 0.5786u,—0.81561, = 0.5338

oy = 0.5786201% + 0.8156202Q —2x0.5786 x 0.8156 x 0.1 = 0.0191

o, = 0.138

= E[Y,] = O.8158uP+O.5784uQ = 2.4992

o3, = 0.8158%?, + 0.57842032 +2x0.8158 X 0.5784 x 0.1 = 0.231

0.4806

N
i
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Y -Hy Y, -05338 3
Z, = = —41g— Y1 = 01382;+05338

Yo=Hy,  Y,-2.4992

Z, = = —samoe— Yo = 0:4806Z,+2.4992

z _ 37 NS Y, = 025Z,+5
37 o T 025 3T U073

Yy—n Y, -3
4 Y, 4
Z, = = 035" Y,=036Z,+3

M = Y, +0296Y,Y, - 0.1597,Y,
= (0.36Z, +3) +0.296 (0.138Z, +0.5338) (0.25Z; +5)
~0.159 (0.4806Z, +2.4992) (0.25Z;+5) = 0

M = 1.8031 +0.2024Z, — 0.3821Z, ~ 0.0598Z, + 0.36Z, + 0.0102Z Z,

~0.01912,Z, = 0

f2) =
1.8031 +0.2024Z, — 0.3821Z,, - 0.0598Z, + 0.36Z,, + 0.0102Z, Z,

~0.0191Z,Z; = 0

f(Z) = f(BT) = 1.8031 +0.2042u, — 0.3821Pu, — 0.0598 Bu,
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+0.36Bu , + 0.01028%, u3 — 0.0191p%u,u; = 0

1.8031
P = —02042u; +0.3821u, + 0.05984, - 0.36u, — 0.01Bu, u; + 00191 Pux,

uy = —202042; u, = L (03821 +0.0191Pu,)

g 8

1 1
uy = 7 (0.0598 - 0.0102Bu, + 0.0191Buy) ; iy = ~~0.36

g = Jo.zo42 + (0.382 + 0.019Buz) % + (0.06 - 0.01Bu, +0.019Bu,) > +0.36>

Therefore, one can obtain:

B = 3.14, 1, = —0.352,u, = 0.676,u, = 0.196, u, = —0.621
Pr=®(—B) = ®(-3.14) = 0.0008447
f(Z) = B+uZy+uZo+usZs+uuZ,

f(Z) = 3.41-0352Z, +0.676Z, +0.196Z; - 0.621Z,



CHAPTER 6
MODELLING OF STRUCTURES

6.1INTRODUCTION

A real structure is so complex that a complete calculation of the failure probability is
impossible. Usually, there are a large number of different failure modes so that they can-
not all be taken into account; therefore, it is necessary to idealize the structure so that the
calculation of the probability of failure becomes manageable, and to build up the model
carefully so that the most important failure modes are chosen to reflect the real structure
closely. It is assumed that the reliability of a structure is estimated on the basis of a series
system modelling, where the components are failure modes, and the failure modes are

modelled by parallel systems.

The modelling used in this thesis is based on the assumption that the probability of failure
of a structure can be sufficiently accurately estimated by choosing only a finite number of
significant failure modes and then by combining them in a complex system. One of the
main problems in the structural reliability analysis is to identify the significant failure
modes; Several methods to identify the failure modes have been suggested in the last
decade, In this thesis Using ANSYS finite element software to accurately identify the fail-
ure modes is described in detail. In this thesis only truss structures are considered, but the

method used can be extended easily.

84
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6.2MODELLING OF FUNDAMENTAL
STRUCTURAL SYSTEMS

Two fundamental systems, series systems and parallel systems, will be discussed in this
section, and these two fundamental systems occupy the most important parts in the model-

ling of structural systems.

HOW TO DECIDE A TRUSS STRUCTURE 1S STATICALLY DETERMINATE OR
STATICALLY INDETERMINATE:

Let b stand for the number of bars, j stand for the number of joints, r stand for the number
of reaction components, and e stand for the number of incomplete equilibrium equations.
Therefore, for a two-dimensional structure, one may defind:

for a statically determinate structure,b+r=2j-e

for a statically indeterminate structure, b+r>2j-¢e

for amechanism,b+r<2j-¢

Since there are b + r unknowns, and 2 j - e equilibrium equations.

In three-dimensional structures. The definition for statical determinacy becomes :

b+r=3j-e

Consider a statically determinate structure with seven bars as shown below. The total
number of failure modes is also seven, because for a statically determinate structure the
whole structure fails as soon as any structural member fails. This can be symbolized by the

series system as shown below:
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b+r=2j-¢;7+3=2.5-0
10 = 10 ; statically determinate

- 1 2 o

Let the random variable R be the strength of a series system, and let the random variable

R; be the strength of member i, where i = I, ... , n. Let a random load S with the density

function fg be loaded on the series system, and result in a load effect S; in menber i. Let
F R. be the distribution function for the variable R;, then the distribution function Fp for

the total series system is given by:

Fp(S) = P(RSS) = 1-P(R>S)

=1-P[(R{>S)) N (Ry>S,)) n...n (R,>S,)]

L= (1=Fg (S))) (1=Fg_(5)) .. (1=Fg (5,))

n

=1-[] A-Fg )
i=1

where it is assumed that R are independent.

Then the probability of failure P f for the series system is given by:
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Pr= [T PR f5(S)ds = 1-[7 TT 1-Fg (59)f5(S)as

i=1

Therefore, the reliability index for the series system can be calculated by:
—1
ﬁ == (P f)

Consider a statically indeterminate structure; Failure in a single bar will not necessarily
result in failure of the whole structure. A failure mode can be defined as follows: A set of
failure members forms a mechanism which causes the structure to fail, then this set of fail-
ure members is called failure mode. Therefore, a failure mode can be represented by a par-
allel system. In practice, a redundent structure usually has a large number of different
failure modes, and each failure mode will be modelled by a parallel system. Therefore, the

failure modes (parallel systems) are joined in a series system as shown below:

failure mode 1
failure mode n

6.3MODELLING OF STRUCTURES

For some structures the reliability of the structure is calculated on the basis of failure of a
single component, where the probability of failure of any component and the correlation

between them are taken into account, and then all the failure compoonents are combined
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to make up the series system. The modelling of this series system is called systems model-

ling at level 1 as shown:

Usually the probability of failure of structural systems can be estimated with sufficient

accuracy only by considering a finite number of significant failure components.

For some structures the reliability of the structure is calculated on the basis of failure of a
pair of components, where the probability of failure of any pair of components and the
correlation between them are taken into account, and then all the failure pairs are com-
bined to make up the series system. The modelling of this series system is called system
modelling at level 2, where a failure mode is a parallel system with two failure compo-

nents as shown:

failure mode 1 failure mode 2 failure mode n

In a same manner system modelling at level N;where N=1,2,3,...can be defined.

The most frequently used failure mode of structural systems is a mechanism which is
modelled by a parallel system. These mechanisms are then combined in a series system;
The modelling of this series system is called system modelling at mechanism level. Usu-
ally the number of mechanisms of structures is very large, and it is impossible to consider
all possible mechanisms. Therefore, only some reasonable amount of significant mecha-

nisms should be considered.
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6.4CALCULATION OF THE MULTIVARIATE
NORMAL DISTRIBUTION FUNCTION

For a significant pair of failure components, estimation of the bivariate normal distribu-

tion function with zero mean values (132 (-B 1’ —Bz;p) , where p is the correlation

coefficient between [31 and [32 is given by:

q)z(-Bla_Bz;P) = .[.3.; Eio(p(xlaxz;p)dxldxz

where the bivariate normal density function with zero mean values is given by:

—————T(x2+x§—2 X1X,)
1 , 2(1-p)) 1 px,x;

0y (X X3P) = ——
21yl - p?

This equation is useful in estimation of the probability of failure for a pair of failure com-

ponents, where the corresponding safety margins M 1 and M o are linear.

M1 = u,0+u1Z1 + ... +unZn

M2 = v0+v121+ +an
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where Zi’ [ = 1, ..., n are standardized normally distributed and uncorrelated, and M 1

and M o are also standardized normally distributed with a correlation coefficient P :

n
p= 2 1Y
i=1
u= (uO, ey un) and v = (vo, ""vn) are unit normal vectors, and the correlation

coefficient P can be written as
p = cost

where t is the angle between the unit vectors % and V. The reliability indices Bl and [32

corresponding to the safety margins M and M, are equal to 1, and v,,.

5
|
/

M, =0

The probability of failure Pf is equal to the intersection area of M; <0 and M, <0 in

the angle ABC, and equal to
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Pf = (DZ (—ﬁl’ "’B2;p)
The n-dimensional multivariate standardized normal distribution function (I)n is definded
by

n

"% 2 (xiTMijxj)

IS T I WA —

e =l dx,...dx
— 1

(2m "3 "
where —p = (=B oo —-Bn) M = C‘_l,where C is the covariance matrix defined
by:
" Var [xl] Cov [xl,xz] ... Cov [xl,xn]-
Cov [xz,xl] Var [x2] ... Cov [xz, xn]
Cov [xn, xl] Cov [xn, X5] ... Var [xn]

In general the calculation of (I)n for n 2 3 can only be estimated in an approximate way.

Alternatively, CDn can be calculated by

DR

ij=1

@, = [2..[5

e dx,...dx
—e —_ 1
2m 252

n

where M = p~ 1 and the correlation matrix p is defined by:
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CHAPTER 7
RELIABILITY OF STRUCTURAL
SYSTEMS

7.1PROBABILITY OF FAILURE OF SERIES
SYSTEMS

It has been suggested that the reliability of a structure be estimated on the basis of a series
system modelling, where the components are failure modes, and the failure modes are

modelled by parallel systems. Now, consider a simple series system which consists of two

failure modes denoted by the safety margins M, = f; (X;,X,) and
IF, = {M;<0} =f(X,X,)<0, i=12

Then the probability of failure P I of the series system is given by:

93
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\ v
_ —] BZ = vO t E
M, =
linearized B B, = u; -
O \\ M, = 0 original
M, = 0 linearized

1
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The safety margins M ; and M 5 can be linearized in their respective reliability index

points 3, and B,.
T._
M, =B +u X +uX, = B1+u X
T_
My =B, +v X +v,X) =B, +v' X

where u = (uy,Uy), v = (v, V) are unit vectors.

Then the approximation of P £ can be given by:

Pi=~P((M;<0) U (My<0)) = P((B;+u'X<0) U (B,+V'X<0))

= P((/'X<-B)) U ('X<-B,))

=1-P( (uTX’>—Bl) N (vTX>-I32))
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=1-P( (—uT)—(;< Bl) M ("’VTX< Bz)) = 1_(D2(B1’ BZ;p)

where X ; and X o are independent standard normal variables, and p is the correlation

coefficient given by:

M =

p:

”ivi = u1v1+u2v2
i=1

(Dz is the bivariate normal distribution function.

Therefore, the reliability index |3 for the whole series system can be given by:

B= -0 (Pp=—0"' (1-@,(B,, B,ip))

Now, consider a general series system with n components as shown below and let the

safety margin for component i be given by:

M;=fX),i=12..,n

where X = (X o X,,) are the basic random variables, and fz are non-linear

failure functions.

Usually, basic random variables X = (X P Xm) are not independent; therefore,

one should find out the corresponding uncorrelated variables Y = (Y- Y,,) and

then find out the comesponding independent standard normal variables
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Z= (2 P e Zm) (see chapter 5) so that the probability of failure P ¥ of component i

can be evaluated as follows:

P, = P(M;<0) = P(f;(X)<0) = P(g;(Z) <0)

Then the approximation of P ¥, can be calculated by linearization of g; at the reliability

index f point.
P, =P(g;(Z)<0) =P (B,+i;Z<0) = P(u;ZS—B) = ®(-B))

where ﬁi is the unit vector, Bi is reliability index, and @ is the standard normal distribu-

tion function.

Therefore, the approximation of the probability of failure Pf of the series system can be

estimated as follows:

n T n 7=
= 1—P(_(‘\1 (ul-Z>~[3i)) = 1—PLm1 (—uiZ<Bi))

=1-® (B:p)
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where B = (Bl, vees Bn) is the reliability indices, p = [pij] is the correlation

matrix, pij = ﬁ?ﬂ It (Dn is the n-dimensional standardized normal distribution function.

For a series system the estimate of the probability of failure, Pf =]1- CDn (B;ﬁ) , can

be reduced to evaluate CDn, but for # 2 3 the calculation can only be treated in the

approximate method.

Example 1. A structure consists of two bars loaded by a concentrated load P as shown.
Assume that the resistance strength in bar 1 is 1R, and in bar 2 is 2R. Assume that P and R

are independent normally distributed random variables,with:

M, = 10KN p, = 10KN

Cp = 2KN o, = 1KN

Calculate the probability of failure of the sturcture.

D F, =0 5§ sind5+5,sin30~P =0

Y F, =0 5 cosd5—S,c0s30 = 0

By solving these simultaneous equations, one can get:

S, = 0.897P, S, = 0.732P

Therefore, the safety margins can be given by:
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R-p _
z, = R_R=10 p_z 410
c 1 1
R
P-p -
z,=—2 =210 p 97 410
Cp 2 2

M, =R-0897P = (Z,+10) -0.897 (2Z,+10) = Z; - 1.794Z, + 1.03

M, =2R-0.732P = 2(Z;+10) - 0.732 (2Z, + 10)

= 27,-1.464Z,+12.68

M, = 0.501 +0.487Z, - 0.873Z,

M, = 5.12+0.807Z, - 0.591Z,
where B, = 0.5 and B, = 5.12, and the correlation coefficient is

p = 0.487 x0.807 + 0.873 x 0.591 = 0.909
Therefore, the probability of failure of the structure is

Pr=1-0,(B,,Byp) = 1-®,(05,5.12,091)
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7.2APPROXIMATE TECHNIQUES FOR SERIES
SYSTEMS

It is very difficult to calculate the value of the multinormal distribution function CI)n,

when n is greater than three; therefore, approximate techniques are needed, In this section

two bounding methods are introduced.
First, the simple bounds method is suggested by Thoft-Christensen as follows:

n

n
max® (-B,) SP,<1- I'[ (1-@(-B))

1= i=1

When safety margins are normally distributed and p 2 0, the simple bounds can be used,
but when the gap between lower and upper bounds is big this method is rarely used. The

lower bound is the exact value of Pf when Py = 1 for all i and j are totally depen-

dent; The upper bound is the exact value of P £ when pij = () for all { # are totally

independent.

Ekample 2. Consider the structure of example 1, the probability of failure P [ of the struc-
ture is given as: Pf =1- <I>2 (Bl, ﬁz;p) =1-9, (0.5,5.12;0.91) . Calculate

the probability of failure P i by using the simple bounds method.

P, = ®(-B)) = ®(-0.5) = 0.4801

_ _ _ _ _ -7
P, = ®(-B,) = ®(-5.12) = 1.536x10
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max® (-B) = @ (-0.5) = 0.4801

n

1-Jla-o®)) =1-1-2(-B)) (1-2(-H,)

i=1
=1-(1-0.4801) (1- 1.536><10—7) = 0.480100079
Therefore, the bounds for the probability of failure P ¢ axe:

0.4801 < Pf-<' 0.480100079

Second, the Ditlevsen bounds is defined as follows:

n n
upper bound: P < Z ) (—ﬁi) - 2 max®, (—Bi’ "Bja P)

i=1 i=2, j<i
n i-1
lower bound: PfZ () (—f)l) + Z max, ® (—Bi) - 2 (D2 (_Bi’ —Bj§P)a 0
i=2 j=1

Note that ordering is important, where P (-Bl) 2P (-[52) 2...2P (—[3”)

The gap between the lower bound and upper bound of the Ditlevsen bounds is usually
much smaller than the gap between the simple bounds.

Example 3. Consider the structure of example 1 again, the probability of failure Pf is

given. Now use the Ditlevsen bounds to calculate P ¢ value.
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Py=1-@,(B,,Byp) = 1-®,(05,5.12;091)

P, = @(-B;) = D(-05) = 0.4801

P = ®(-B,) = @(-5.12) = 1.536x10”"

Upper bound: P;< @ (~0.5) + @ (=5.12) — @, (~5.12,-0.5;0.91)
= 0.4801 + 1.536x107 — 3.4029%10™° = 0.480100119

lower bound: P ; 2 @ (=0.5) +max [@ (-5.12) - @, (-5.12,~0.5;0.91), 0]
= 0.4801 + 1.536x1077 - 3.4029%10™° = 0.480100119

0.480100119 < Pfs 0.480100119

7.3PROBABILITY OF FAILURE OF PARALLEL
SYSTEMS

It has been mentioned several time that the reliability of a structural system is modelled by
a series system of parallel systems; Each parallel system represents a failure mode. Then
next step is to calculate the probability of failure for each parallel system and the correla-
tion between the parallel systems, and then final step is to calculate the probability of fail-

ure of the series system of parallel systems by the methods suggested in previous section.

Consider a simple parallel system( failure mode ) with only two failure components and

the safety margins are given by M| = f; (X;,X,) and My = f5 (X|,X,) , where
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X 1 and X 5 are independent standard normally distributed random variables. If failure
functions F; = (M;<0), F, = (M,<0), then the probability of failure Pf of

the paralle] system can be given by:

P;= P (F|NF))
Ml
M2

T=
My =B +u X +uX, =B +u'X
My =B, +v X, +v,X, = B, +7'X
P;=P ((M;<0) N (M,<0)) = P((B,+7'X<0) N (B,+7X<0))

= P((@'X<-B)) N (VX<-B))) = @, (~B,,—B,:p)

where P the correlation coefficient is given by:

T~
1

(D2 is the bivariate normal distribution function.

Therefore, the reliability index [ for the parallel system can be obtained by:
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B= (@ (P)=-0" (-B,~B,ip))

The formula derived above can be generalized to a general form where the parallel system
has n failure components and where the number of basic varibales is m. Let the safety

margin for component i be given by:

M, =fX),i=12..,n

where X = (X 1> --+» X,) are basic variables and where f; are non-linear functions.
Ml
> M; >
M,

The probability of failure P 7 of component i can be derived as before (see section 7.1) so

that
Py = P(M;<0) = P (f;(X)£0) = P(g;(Z) <0)

where the basic variables X = (X 1o see X ) are transformed into independent stan-

dard normal variables Z = (Zy, ""Zm) .
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The approximation of Pf. can be estimated by linearizing g; in the reliability index point

B;
P; = P(g;(2) <0) =P (B+#Z<0) = P(i;Z<-B) = @ (-B)

where u ; is the unit normal vector, Bi is the reliability index, and @ is the standard nor-

mal distribution function.

Therefore, an approximation of the probability of failure P f for the general parallel sys-

tem can then be estimated as follows:

n n n
Po=P[A a0 | = P(A GBS0 | = P( A @ <0 |

=1
—-PLﬁl (Bi+ﬂ?2s0>) = P[ﬂ <ﬁ§"ZS-Bi>) = @ (-B;p)

where B = ([31, vevs [3") and p = [pij] is the correlation matrix for the linearized

m
safety margins, ie. pij = Z ﬁiﬁj = L-l,lrﬁj. (Dn is n-dimensional standardized
i=j=1

normal distribution function.

From the formula Pf =® (=B;P) , the estimation of the probability of failure of a

parallel system with linear and normally distributed safety margins is reduced to estimate

(Dn' However, as mentioned before, estimation of (Dn for n greater than three can only be

treated in an approximate approach.
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7.4APPROXIMATE TECHNIQUES FOR PARALLEL
SYSTEMS

Since it is difficult to calculate the multinormal distribution function (I)n directly, approx-

imate methods must be considered.

The simple bounds is suggested by Thoft-Christensen as follows:

n
H @ (-B,) SP;< m?ncb (-B,)

i=1 i=1

The lower bound is the exact value of P [ when pij = 0 (i #j) are totally independent;

The upper bound is the exact value of P £ when pl.]. = 1 (for all i and j) are totally

dependent.

The modified simple bounds is introduced by Murotsu as follows:

n n
[TeB) <Pi<min®, (-B,-B;p;)
=1

ij=1

The Hohenbichler approximation.
= _ =&  _
(I)n ([3ap) = O ([31) q)n—l (B(Z) P (2))

=e
where the equivalent reliability index Bi is definde by:
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e _ pé/= _ -1 = -
B; _ﬂi(e)'é_o"'_cp (P(f;(Z+€) £0))|_ _,where
- €=0
Z= (Zl’ ooy Zn) are standard normal independent variables, and the corresponding

l—tf unit vector is definde by:

— T—
where B?Z)i = -—[3?,1' =1,..,nandp o i ug ui,where

—e e e
up, = (“kl’ ‘“’“kn)’k =2, ...,Nn

Therefore,the calculation of (Dn has been reduced to calculation of (Dn _ 1- By repeating

the same procedure, it gives the following approximation:

@, (B:p) = @(B) DB ;) PB, )

When a parallel system (failure mode) consists of only two failure components the bounds

for @, (—B,, —B,;p) have been derived by Thoft-Christensen :
for p>0 max(P,Py) S, (—Bl, —]32, p) <P +P,

for p<0 0<O@, (—Bl—ﬁz;p) Smin (P, P,)
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here P @(B)cp( Bl_pﬁz)

where =.Q (- —_——
-pB

P2—<I>(—|31)<I>(-2 21)
1-p

7.5EQUIVALENT LINEAR SAFETY MARGIN FOR
PARALLEL SYSTEMS

From the previous section the probability of failure P I of the parallel system can be repre-

sented by: Pf = (Dn (—B,ﬁ)

where B = (Bys --» B,) are the reliability indices of the failure components, and p is

the correlation matrix.

When the reliability of a structural system is modelled by a series system of parallel sys-

tems, the reliability of the structure can be estimated by the following steps:

(1) calculate the probability of failure for each parallel system.
(2) calculate the correlationship between the parallel systems.

(3) calculate the probability of failure of the series system.

Consider a parallel system (failure mode) with n components and the safety margin for

element i ,i=1,...,n is linear as follows:
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m
M;=B+uyZi+...+u, Z =B+ Z uiZ;
j=1

where the basic variables Zi’ i = 1, ..., m are independent standard normal variables,

u; = (Ujqs - U;p,) is a unit normal vector, and where Bi is the reliability index.

Therefore, the reliability index B for the parallel system can be obtained by:
-1 = _
B=-0"@ (-B:p))

The reliability index Be of the equivalent linear safety margin M € is equal to the reliabil-

ity index ﬂ of the parallel system so that the equivalent linear safety margin M¢ has the

same sensitivity as the parallel system when the basic variables change.

Let the basic variables Z = (Zl’ ...,Zm) increase by a small amount

€= ( €ps s em) . The corresponding reliability index [ (E) of the parallel system

becomes:

=1

B(§) = -@ (P (’fn\ [.ilﬁi”if (Z;+¢g) <0 )D)
=

- —@ (P (.(51 (jg"ijzj <-Bi- uifef)))

= -2~ (@, (-B-uEp))
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The equivalent linear safety margin ME is defined by:
m
— R€ 4 (4 _ ne e
M= B+uiZy+ . +upZ, = B4 Y uZ;
i=1

where B¢ = P. By the same increase € in the basic variables Z,i=1,..., mthereli-

ability index B° (£) becomes:

T T
BE(E) = - L (D(-P-uE)) = B+ E = B +ufe +...+uje

1 m

Let B (0) = B®(0), one can get:

op
3
e _ £=0

n

op
2 |5

J=1{T

£=0

Example 4. Assume that a parallel system (failure mode) consists of two failure compo-

nents and the safety margins of the failure coimponents are given by:

M, = 3.0-0.3Z,+0.954Z,

1

M,

M, = 3.5-0.866Z, +0.5Z, — — = M*
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where Z; and Z, are independent standard normal variables.

The reliability index [ of the parallel system is :

@ (-B) = @, (-3.0,-3.5;0.74) = 0.00008491;8 = 3.76

B = -@1(-3.0,35:0.74) = 3.76

let €, = 0.1,i = 1,2. for € = (0.1, 0) one gets:

_B-iE = 30| 03 0954101 _ |-2.97
-3.5 [-0.866 0.5 || 0 -3.14

B(E) = -@~' (®,(-2.97,-3.14;0.74)) = 3.53

for € = (0,0.1)

_®_-=_ -30_[-030954][ 0] _ [-3.1
p-ue [-3.5J [0.866 O.SHOJ [—3.55}

B(E) = -0 (®,(~3.1,-3.55;0.74)) = 3.98

Therefore,
53_[3_ _ B(E)-P _ 3.53-3.76 = 23
agl _ 81 0.1
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B/| _398-376 _

3, 01 22
£=0
By normalizing
=23 22

= (4 ul) = ( ): (=0.7226, 0.6912)

J(=23)2+22% [(=23)2+2.22

Then the equivalent safety margin is given by:

M® = B°+u5Z; +uSZ, = 376 —0.7226Z, +0.6912Z,



CHAPTER 8
GENERATION OF SAFETY MARGINS
BY ANSYS

8.1INTRODUCTION

A real structure usually has many different modes of failure, In order to estimate the struc-
tural reliability, these failure modes and their corresponding safety margins must be given.
For a simple structure the safety margins can be built up by hand calculation. In the con-
ventional analysis, the structural safety margins are built up by using the principle of vir-
tual work, but in practice, for a complex structure with large redundancy it is difficult to
derive the safety margins by using the principle of virtual work. However, in this chapter,
we show how to use ANSYS (a finite element software produced by Swanson Analysis

Systems, Inc.) to derive the failure modes and their corresponding safety margins in detail.

8.2THE THEORY OF GENERATION OF SAFETY
MARGINS

Consider a structure with n bars. A bar will fail if the internal force exceeds the strength of

the bar. The safety margin is determined by the difference between the strength of material

and the internal force: Mi = Ri - Si

112
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where M; is the safety margin of the i bar, R; is the strength capacity of the it bar,

and S, is the internal force of the i bar.

The strength capacity R i is given by specifying the material, and the internal force S ; can

be evaluated by ANSYS finite element software.

Let ]71 and & ; Tepresent the nodal force vector and displacement vector of the ith bar in

the local coordinate system as shown below:

N
FR i IR)‘.‘

R,

P,

g FL}’;’ tL}’i

The stiffness equation of bar i is given by:

= B

where).‘i= (FR,FR, FL,FL,FL),S

’ '=( ’ Y
i Y % i i i 1 XY

Ry
=

! AE AE S

Nk ! !

B!
|
|

Sincec = Eg, - = E

2| "y



nodal forces: F' L{ =

AE.
"1 , oL
X ll (5 X;

(1 00-100]
000000

11000000

-100100
000000

10000 00)
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AE
I

1

R R i «R L
=98 )’i) ’inz l (3 xi_s )’;)

fi = ki5i can be written as the matrix form:

where A ; 1s the cross area, E j s the Young’s modulus, / ; is the length of bar i.

Therefore, the stiffness matrix of bar i is given by:

1000000

(1 00-100
000000

-100100
000000

10000 00

The displacement and nodal force vectors can be transformed into the global coordinate

system by the transformation matrix T';.
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Ql
Il
)
—
N

L 3
Pt
o {

fi=TiFpF =T
where d ; and F ; are the displacement and nodal force vectors of bar i in the global coor-
dinate system.

Therefore, the stiffness equation of bar i in the global coordinate system can be written as:

i,

»"i:l

F, =

1

"’I

f %3 ETE K.d,

where Ei = T T T

In the similar manner the stiffness equations of other bars can be formed, and then the glo-
bal nodal displacement vector d is formed by arranging the individual displacement vec-

tors d j» and the global nodal force vector F is also formed by the individual nodal vectors
fi, Furthermore, the whole structural stiffness matrix K is constructed by superposing the

individual stiffness matrices.

Therefore, the total structure stiffness equation can be given by

F =Kd

The nodal force fz in the local coordinate system is related to F j in the global coordinate

system; therefore, the nodal force }_fl can be solved as follows:



116

fi=TF; =

=~
ul

e ol ole sl = - o

1

iKi
— - = =1 =1 ) =1 . th
where A; = k;T;K; " ,and K; ~ is a submatrix of K ~ corresponding to the I bar.

For a truss structure the local internal force is equal to the local axial force

n
_ R _ . ) . _
S.=F ——Fi’i,andncanbewnttcnas.si— zaiij
j=1

where a; ; is the element of matrix A i referred to S i and F 2

Therefore, the safety margin of the ' bar can be defined by

n
M;=R,-S,=R;- Zaiij
j=1

When the bar fails in tension or compression, the yield stress is taken into account, and

when the bar is instable in compression, the bucking stress is considered.

For a statically determinate structure, the structure will fail, if any bar of the structure fails.
For a statically indeterminate structure, the structure will not necessarily fail if any bar of
the structure fails, and the failure will occure only after the structure becomes a mecha-
nism. Failure modes will be produced by the following method. When any one bar fails,

the intemnal forces will be redistributed among the survival bars and a bar next to fail is
found. After any bar failed, the residual strength Ri is applied as an artificial force at the
corresponding nodes, and its individual local stiffness matrix is set to zero. Repeating the

same procedure, structural failure occurs when the failed bars reach some specified num-

ber q. A mechanism will be formed if the determinant of the total structure stiffness matrix
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K (n=4) becomes singular. That is
29| = ¢

where r-¢q is the number of surviving bars.

The safety margins of the surviving bars after some bars failed can be defined as follows:

n n
n-q _ (n=q) p(n-q) _ n-Dp _pn-p _
§;70= Dy UFTY = X ey UF-b " UR,

ir,

(n-q) ' (n-9q)
byy VR, —..=b VR,

q

)

where bl-(jn ~ 9 are the coefficients of influence and where suffix (rl, oy eees ¥

7
denote the failed bars. Therefore, the safety margins are defined by:

M?_qERi—S?-q,wherei =(1,2,...,n-g~-1).

Therefore, a structural failure criterion for a statically indeterminate(redundant) truss can

be defined as:
M!"9<0

8.3GENERATION OF SAFETY MARGINS
USING ANSYS
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Usually each bar can fail in two different forms, namely in tension or in compression. Let

+ - o - . . . .
R; and R; represent the strength capacity in tension and in compression for bar i and let

S; represent the load effect of bar i. Then the following two safety margins are described:

Mi oL Ri + _Si tension load effect

M; =R, +S§; compression load effect

Therefore, the corresponding safety margin M is determined by:

. + -
M; = min(R; = =S, R; +5))

Example 1. Consider a statically determinate truss structure as shown below. Assume that

‘e . . + -
the strength capacities for compression and tension are same R, = R, . Calculate

the safety margins of the total structure.

The ANSYS PROGRAMS and the corresponding results are listed in the appendixes A,
Al, and A2.
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P2=10000

(57.735,100)
P1=10000 J 2 (2)  X173.205,100)
OSR OWORO
5(230.94,0)
_L_
O(115 47,0) Oy

figure a

b+r =2j—e=7+3 = 2 X5 -0 (statically determinate)

The external loads in figure a are the linear combinations of individual external loads as

shown in figure al and in figure a2.

(57.735,100)
2 3(173.205,100)
),

OSR O ORO

(0,001 5(230.94,0)

AN G D &y

(115. 47 ,0)
figure al

PI1=10000

P2=10000
l(57.735,100)

2 @ 3(173.205,100)

OER O ORO

(0,0)1 5(230.94,0)
VAN
(115 47 ,0) ﬁ
figure a2




The load effects of figure al are as follows:

ELEMENT

1 5000
2 -5000
3 5000
4 -5000
5 -5000
6 7500
7 2500

Therefore, for each element the safety margins of figure al are given by:

FORCE

tension

compression

tension

compression

compression

tension

tension

M, =R;T -5, (tension) = R;—5000 = R; —0.5P,

M, =R, —S, (compression) = R,—5000 = R, —0.5P,

M, =R;™ -S, (tension) = Ry—5000 = Ry~ 0.5P,

M,=R, +S,(compression) = R,—-5000 = R, - 0.5P,

Mg = R +S5(compression) = Rg—5000 = Rg—0.5P,

Mg = Rg™ - S (tension) = Rg—7500 = Rg—0.75P,

M, = R,™ =S, (tension) = R,;—2500 = R, —0.25P,

The load effects of figure a2 are as follows:
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ELEMENT FORCE
1 -8660.3 compression
2 -2886.8 compression
3 2886.8 tension
4 -2886.8 compression
5 -2886.8 compression
6 4330.1 tension
7 1443.4 tension

Therefore, for each element the safety margins of figure a2 are given by:

M, = R, +S,(compression) = R;—8660.3 = R; —0.866P,
M, = R, +S,(compression) = R,—2886.8 = R,-0.289P,
My = R,™ —S,(tension) = Ry—2886.8 = Ry—0.289P,
M, =R, +S,(compression) = R,—2886.8 = R,—0.280P,
My = Ry +Ss(compression) = Rs—2886.8 = Rq—0.289P,
Mg = Rg" — 5S¢ (tension) = Rg—4330.1 = Rg—0.433P,
M, =R," —S,(tension) = R,—1443.4 = R, —0.144P,
The load effects of figure a are as follows:

ELEMENT FORCE
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1 -3660.3 compression
2 -7886.8 compression
3 7886.8 tension
4 -7886.8 | compression
5 -7886.8 compression
6 11830 tension
7 39434 tension

Therefore, the safety margins of the total sructure are given by the linear combinations of

figure al and a2:

M, = R] +S§,(compression) = R;—3660.3 = R; +0.5P; —0.866P,,
M, = R, +S,(compression) = R,—7886.8 = R,—0.5P, —0.289P,
My = Ry" =S, (tension) = R, —7886.8 = R;~0.5P, —0.289P,
M, =R, +S,(compression) = R,—7886.8 = R,—0.5P, —0.289P,
Ms = Rg +S8s(compression) = Rg—7886.8 = R¢—0.5P, —0.289P,
Mg = Rg* =S, (tension) = R — 11830 = R,—0.75P, - 0.433P,

M, = R, =S, (tension) = R,-39434 = R,—0.25P, - 0.144P,

For a statically determinate structure, the failure modes can be plotted in a series system.
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— M, My — e M, My —»

Example 2. Consider a statically determinate truss structure as shown below. Assume that

the strength capacities for compression and tension are same and then calculate the safety

margins of the total structure.

7(40,34.64)
(20,28.28) 6 ) 8(60,28.28)
5 1
G ©
0,001 220,004 (40,00 4(60.08 5(80,0)
LHT@ | @6
\ \ \
F1=10000 F2=10000 F3=10000
(Figure b)

The ANSYS PROGRAM and the corresponding results are listed in the appendixes
B,B1,B2, and B3.

The external loads in figure b are the linear combinations of individual external loads as

shown in figure bl,b2,and b3.

7(40,34.64)
(20,28.28) 6 G 8(60,28.28)
8 1

@ 10) 7
(0,0)1 220,003 (40,0)] 4(60.0% 5(80,0)

ONEC O

Y

F1=10000

(Figure b1)



The load effects of figure bl are as follows:

10

11

12

13

Therefore, for each element the safety margins of figure bl are given by:

ELEMENT

-9185.6

-3029.1

5303.3

10000

-4185.6

1835

-3061.9

-3029.1

1767.8

1938.1

5303.3

1767.8

FORCE

compression

compression

tension

tension

compression

tension

compression

compression

tension

tension

tension

tension
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M, = R| +S§,(compression) = R, —9185.6 = R, —0.9186F
M, = R, +8,(compression) = R,—3029.1 = R, —0.3029F
My = Ry" —S3(rension) = R3—5303.3 = Ry~ 0.5303F,
M, =R," -8, (tension) = R,—10000 = R, ~F

Mg = Rg + S5 (compression) = Rg—4185.6 = R;—0.4186F
Mg = Rg* —Sg(tension) = Rg~1835 = R¢ ~0.1835F,

M, = R, +S,(compression) = R;—3061.9 = R,—0.3062F
Mg = Rg +Sg (compression) = Rg—3029.1 = Rg—0.3029F
Mg = Rg* —Sg(tension) = Ry—1767.8 = Ry~ 0.1768F
Mg =Ryg=5)9 =Ry p=0=Ry

M, =R, =S (tension) = R —1938.1 = Ry, —0.1938F,
M, =R, =Sy, (tension) = R;,~5303.3 = Ry, —0.5303F,

M3 = R;; =—S;(tension) = R;3~1767.8 = Rj3—0.1768F
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7(40,34.64)

F2=10000
(Figure b2)

The load effects of figure b2 are as follows:

ELEMENT FORCE

1 -6123.7 compression
2 -6058.1 compression
3 3535.5 tension

4 0

5 3876.3 tension

6 3670 tension

7 -6123.7 compression
8 -6058.1 compression
9 3535.5 tension

10 0



11 3876.3 tension
12 3535.3 tesnion
13 3535.3 tension

Therefore, for each element the safety margins of figure b2 are given by:

M, =R, +S§,(compression) = R; —6123.7 = R, - 0.6124F,
M, = R, +S,(compression) = R,—6058.1 = R,~0.6058F,
My = Ry" =S, (tesnion) = Ry—3535.5 = Ry~ 0.3536F,
M,=R,-S,=R,-0=R,

Mg = Rs™ —Ss(tesnion) = Ry —3876.3 = Rs—0.3876F,
Mg = Rs™ —Sc(tesnion) = Rg—3670 = Rg—0.3670F,

M, = Ry +S,(compression) = R,—6123.7 = R, ~0.6124F,
Mg = Rg +Sg (compression) = Rg—6058.1 = Rg ~0.6058F,
Mg = Ry" =Sy (tesnion) = Ry—3535.5 = Ry~ 0.3536F,
My =Ryjg=S10 =Ry p-0 =Ry

M, =R, -8, (tesnion) = R;; —3876.3 = R,, ~0.3876F ,
M, = Ry -5y, (tesnion) = Rj,~3535.5 = R;,~0.3536F,

My = Ry —S;(tesnion) = Rj3~3535.5 = R 3~ 0.3536F,
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7(40,34.64)

(20,28.28) 6 9) 8(60,28.28)
s} 1
2 ©
20200073 (40.0)1 406003, 5(80,0)
y @ @ 9
\

F3=10000

(Figure b3)

The load effects of figure b3 are as follows:

10

ELEMENT

-3061.9

-3029.1

1767.8

1938.1

1835

-9185.6

-3029.1

5303.3

10000

FORCE

compression

compression

tension

tension

tension

compression

compression

tension

tension



11 -4185.6 compression
12 1767.8 tension
13 5303.3 tension

Therefore, for each element the safety margins of figure b3 are given by:

M, = R] +S;(compression) = R;-3061.9 = R, —0.3062F 5
M, = R, +S,(compression) = Ry—-3029.1 = R, —0.3029F 4
My = Ry" -5, (tension) = Ry~1767.8 = Ry~ 0.1768F,
M,=R,~S,=R,~0=R,
Mg = Rs™ —Sg(tension) = Rg—1938.1 = Rs—0.1938F,
Mg = Rg* —Sg(tension) = Rg—1835 = R —0.1835F,
M, = R, +S,(compression) = R,—9185.6 = R,—-0.9186F,
Mg = Ry +Sg(compression) = Rg—3029.1 = Rg-0.3029F 5
Mg = Ry™ =Sy (tension) = Ry—5303.3 = Rg—0.5303F,

+ .
M,y =R,y —S;(tension) = R;;—10000 = R;,—F;
M, =Ry, +8,, (compression) = R, —4185.6 = R;; —0.4186F,

+ .
M, = R, -—S§,;,(tension) = R,,—-176].8 = R12—O.1768F3

129
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M3 = Ri; =S5 (tension) = R;~5303.3 = R ;~0.5303F,

7(40,34.64)
(20,28.28) 6 @ 8(60,28.28)
| 5 1
@) 10
(0,0)1 220, (40,01 4(60.0 5(80,0)
3 | @ 9
\ Y \
F1=10000 F2=10000 F3=10000
(Figure b)
The load effects of figure b are as follows:
ELEMENT FORCE
1 -18371 compression
2 -12116 compression
3 10607 tension
4 10000 tension
5 1628.9 tension
6 7340.1 tension
7 -18371 compression
8 -12116 compression
9 10607 tension
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10 10000 tension
11 1628.9 tension
12 10607 tension
13 10607 tension

Therefore, the safety margins of the total structure are given by the linear combinations of

figure bl,b2,and b3:

M, = R] +S,(c) = R, 18371 = R, ~0.9186F, - 0.6124F , — 0.3062F,
M, =R, +S,(c) = Ry—12116 = R, —0.3029F — 0.6058F, — 0.3029F ,
My = Ry —S3(1) = Ry—10607 = R, —0.53F, —0.3536F, — 0.1768F
M, =R," ~5,(t) = R;—10000 = R,~F,

Mg = Rs" —Ss(1) = Rg~1628.9 = Ry +0.42F, — 0.3876F , — 0.1938F
Mg =R¢" —S.(1) = Rg~7340.1 = R —0.184F, — 0.367F, - 0.184F,
M, = Ry +5,(c) = R;—18371 = R, —0.3062F; - 0.6124F, - 0.9186F
Mg = Rg +8g(c) = Rg—12116 = Ry —0.3029F - 0.6058F , — 0.3029F
Mg = Ry™ —Sg(r) = Rg—10607 = Ry~ 0.1768F, ~0.3536F, — 0.53F,
My =R, -8;0(t) = R;p—10000 = R, —F,

M =R, -8, =R -16289 = R;;—0.194F | —0.39F, + 0.42F

+
M3 = Ryy =S;3(t) = R;3—~10607 = Ry3—0.53F, —0.35F ,— 0.18F
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For a statically determinate structure, the failure modes can be plotted in a series system:

—_— Ml Mz—-— ......... JR— M12 M13—-—’

Example 3. Consider a redundant truss sturcture as shown below. Assume that the strength

. . . + -
capacities for compression and tensjon are same R = R; = 60000 and then

calculate the safety margins of the total structure.

L=80000 2(0,50) @ 3(50,50)

© ®

0,01 4 (50,0)

@
b+r>2j—e 6+3>2x4-0 9> 8 (one redundancy).

The ANSYS PROGRAM and the corresponding results are listed in the appendixes
C,C1,C2,C3,C4,C5,C6,D,D1,D2,D3,D4,D5,E E1,E2 E3,E4,and E5. The force distribu-

tions are listed below:



133

ELEMENT AND FORCE

CASE LOAD APP. 1 2 3 4 5 6

1 L C 40000 40000 56569  -56569 40000  -40000
2 L D FAIL 0 113140 0 -80000  -80000
3 R1 E FAIL 60000  -84853  -84853 60000 60000
4 LRI C1 FAIL 60000 28284  -84853  -20000  -20000
5 L D1 0 FAIL 113140 0 -80000  -80000
6 R2 El 60000 FAIL -84853  -84853 60000 60000

7 LR2 c2 60000 FAIL 28284  -84853  -20000  -20000
8 L D2 80000 80000 FAIL  -113140 0 0

9 R3 E2 -42426  -42426 FAIL 60000 42426  -42426
10 LR3 C3 37574 37574 FAIL -53137  -42426  -42426
11 L D3 0 0 113140  FAIL  -80000 -80000
12 R4 E3 42426 42426  -60000 FAIL 42426 42426

13 L.R4 C4 42426 42426 53137 FAIL  -37574 -37574
14 L D4 80000 80000 0 -113140  FAIL 0

15 RS E4 -60000 -60000 84853 84853 FAIL  -60000
16 L,RS G5 20000 20000 84853  -28284 FAIL  -60000
17 L D5 80000 80000 0 -113140 0 FAIL

18 R6 ES -60000  -60000 84853 84853  -60000  FAIL

19 L.R6 C6 20000 20000 84853  -28284 -60000  FAIL

From the above table and appendix C, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:
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M, =R;% -5 (tension) = R, —40000 = R, - 0.5L

M, =R," —S, (tension) = R,—40000 = R,—0.5L

M; = Ry" +S;(tension) = Ry—56569 = Ry—0.7071L
M, =R, +S,(compression) = R4—5656§ = R,-0.7071L
Mg = Ry +Ss(compression) = R5—40000 = Rg-0.5L

M¢ = R¢ +Sg(compression) = Rg—40000 = R6—O.5L

‘When member one fails in tension,the safety margins of the other members are calculated

below.

From the above table and appendix D, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

L=80000 2(0,50) @ 3(50,50)
>

@ (9

(0,0)1 4 (50,0

@

The corresponding safety margins can be written as:
My =R,

My (1) = Ry" —S;(rension) = Ry~113140 = Ry~ 14142L
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My =Ry
M5(1) = Ry +Ss(compression) = R5—80000 = Rs—~L
M6(1) = Ry +S¢ (compression) = Rg—80000 = Rg~L

From the above table and appendix E, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

2(0,50) @ 3(50,50)

© (5

3 4

(0,0)1 1. R=60000 N 4 (50,0

@

My 1y = R,™ =S, (tension) = R,~60000 = R,—R,
M3(1) = Ry +S;(compression) = Ry—84853 = Ry~ 1.4142R,
M4(1) = R, +S,(compression) = R,—84853 = R, — 1.4142R,
Ms 1) = Rs™ —Ss(tension) = Rg—60000 = Rs—R,

Mg 1y = Rg™ —Sg(tension) = Rg—60000 = Rg—R,

From the above table and appendix C1, one can refer to the force distributions.
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- 2(0,50 3(50,50
L=80009 2(0,50)(6) (50,50)

© ©

©

Therefore, when member one fails in tension, the safety margins of the other members are

4 (50,0)

as follows:

Myqy = Ry" =S, (tension) = R,—60000 = R,-R,

My jy = Ry* —S;(tension) = Ry—28284 = Ry+ 1.4142R, —14142L
M4(1) = R, +S§,(compression) = R,—84853 = R, —1.4142R,
M5(1) = Rs +S5(compression) = Rg—20000 = Ry+R;~L

Mgy = Ry +Sg(compression) = Rg—20000 = Rg+R; —L

If any more member fails, the stiffness mateix will become singular; therefore, when mem-
ber one failed, the failure modes of the structure can be plotted in a series system as

shown:

S HHEH -

) My} My 1)

M,

The corresponding safety margins are as follows:
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M, = R -05L
M,y = Ry—R;

My ) = Ry+1.4142R | — 14142L

When member two fails in tension, the safety margins of the other members are calculated

below:

From the above table and appendix D1, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

L=80000 2(0,50) @ 3(50,50)
— -

@ >

0,0)1 @ 4 (50,0)

M1(2) = R,

My p = Ry* =S, (tension) = Ry—113140 = Ry 14142L
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My = Ry
Mgy = Rs +Ss(compression) = R5—80000 = Rs—L
M6(2) = Rg + S¢ (compression) = Rg—80000 = Rg-L

From the above table and appendix El, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

2(0,50)(%) 3(50,50)
60000
5
@ »Xa B
(0,0)1? 4 (50,0)

M, 2) = R +S;(compression) = R;—84853 = Ry~ 14142R,
M4(2) = R, +S,(compression) = R,—84853 = R, - 14142R,
Ms(y) = Rg™ —Ss(tension) = Rs—60000 = Rs—R,

Mgy = Rg™ —Sg(tension) = Rg—60000 = Rg~R,

From the above table and appendix C2, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:
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L=80000 ¢2(0,50)@ 3(50,50)
60000
5
@ X B
(0,0)1? 4 (50,0)

D

My =R " =S/ (t) = Rj—60000 = R ~R,

M3y = Ry" =S,(f) = R3—28284 = Ry+1.4142R,) — 1.4142L
Mgy =Ry +S4(c) = R —84853 = R, — 1.4142R,

Ms 5 =Rs +S5(c) = Rg—20000 = Rs+R,—L

If any more member fails, the stiffness matrix will become singular; therefore, when mem-
ber two failed, the failure modes of the structure can be plotted in a series system as fol-

lows:

M, M, M, M, M,

1 Ho—

My o} Myl Ma2) Ms o) Mg 2}

The corresponding safety margins are as follows:
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M, = R,—05L
My 3 = Ri-R,
My (g = Ry+14142R,~ 1.4142L
M, 3 =Ry~ 14142R,
Mgy = Rs+Ry~L
M6 2) = R6+R2—L

When member three fails in tension, the safety margins of the other members are calcu-

lated below:

From the above table and appendix D2, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

L=80000 2(0,50) @ 3(50,50)

@ o\ O

0,01 4 (50,0)

@

M3 =R;" =5, (tension) = R —80000 = R  ~L
M, 3y = Ry™ =5, (tension) = R,—80000 = Ry~L

My (3 =Ry +S,(compression) = R,—113140 = R, - 1.4142L
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Mg 3y = Rs

Mg 3y = Rg

From the above table and appendix E2, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

2(0,50)(8) 3(50,50)
60000
5
@ o \o P
(0,0)1 / 4 (50,0)

@
My 3 = R] +S, (compression) = R) —42426 = R; - 0.7071R,
My = R, +S,(compression) = R, —42426 = R, —0.7071R,
Mgz = RyT —S4(tension) = R,—60000 = Ry —Rj;
Ms 3 = RS +Ss(compression) = Rs—42426 = Rg—0.7071R,

Mg (3) = Rg +Sg(compression) = Rg—42426 = Rg—0.7071R,

From the above table and appendix C3, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:
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L=80000 2(0,50)@ 3(50,50)
D /,
60000
2 5
d o\a P
(0,0)1 / 4 (50,0)

©

M (3 =R, =S, (tension) = R —37574 = R +0.707T1R; ~ L
M, 3y = R,™ =S, (tension) = Ry—37574 = Ry+0.7071R; ~ L
M4(3) =R, +S,(compression) =R, —53137 =R, +R,-1.4142L
M5(3) = Ry +Ss(compression) = Rs—42426 = Rg5—0.7071R,

If any more member fails, the stiffness matrix will become singular; therefore, when
member three failed, the failure modes of the structure can be plotted in a series system as

follows:

M, M, M, M, M,

pua ] s s o e

M 3} Mysp Mas) Ms 3 Mg 3}

The corresponding safety margins are as follows:

M (3, = Ry +0.7071R,-L
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Mg 3 = Rg—0.7071R,

When member four fails in compression, the safety margins of the other members are cal-

culated below:

L=80000 2(0,50) @ 3(50,50)
>

@ on P

0,0)1 4 (50,0)

@

From the above table and appendix D3, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:
My 4 =R,

My 4 = Ry
My (4 = Ry" —S;(tension) = R;— 113140 = Ry - 1.4142L
M5(4) = R§ +S5(compression) = Rg—80000 = Rs—L

M6(4) = Ry +Sg(compression) = Re—80000 = R, —L

From the above table and appendix E3, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:
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2(050)(3) 3(50,50)
5 60000 z
QW B

0,001 \4 50,0

0,0) @ (50,0)

M 4 = R;" =S (tension) = R, —42426 = R, —0.7071R,
M, 4 = R,™ =S, (tension) = Ry— 42426 = R,—0.7071R,
M, 4) = R +S;(compression) = Ry —60000 = R; - R,

Mg 4 = Rs™ —Ss(tension) = Ry—42426 = R5—0.7071R,

Mg 4y = Rg™ —Sg(tension) = Rs—42426 = Rg—0.7071R,

From the above table and appendix C4, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

L=80000 2(0,50)@ 3(50,50)
60000
2 5
@ 2 P
(0,0)1 \ 4 (50,0)
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My 4 =Ry* =S (1) = R —42426 = R, ~0.7071R,
M4y =Ry" =S$,(5) = Ry—42426 = R, ~0.7071R,
My 4 =R3™ —53(r) = Ry—53137 = Ry+R, - 14142L
My 4 = R5 +S5(c) = Rg~37574 = Rg+0.7071R, ~ L

Mg 4 = Rg +Sg(c) = Rg—37574 = Rg+0.7071R L

If any more member fails, the stiffness matrix will become singular; therefore, when
member four failed, the failure modes of the structure can be plotted in a series system as

shown:

A H—HH

Myay Mo Maap  Msw)  |Mea

The corresponding safety margins are as follows:
M, = R,~0.7071L

M) 4 =R, -0.7071R,

M, 4 = Ry-0.7071R,

My 4 = Ry+R,—14142L

Mg 4 = Rs+0.7071R, - L

Mg 4 = Rg+0.7071R,-L
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When member five fails in compression, the safety margins of the other members are cal-

culated below:

L=80000 2(0,50) @ 3(50,50)
—>

@ ®

3 4

(0,0)1 4 (50,0)

©

From the above table and appendix D4, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

M, (5) = R1+ - S, (tension) = R; - L

My sy = Ry™ =S, (tension) = Ry—L

M35y = R3

My(sy = Ry +S4(compression) = R,~113140 = R, - 1.4142L

Mg(sy = Rg

From the above table and appendix E4, one can refer to the force distributions. Therefore,



the safety margins of the individual bars are given by:
2(0,50) @ 3(50,50)

(0,0)1

60000

®

3 4

4 (50,0)

My =Ry

M, 5 =R,

O &

+S; (compression) = R, — 60000 = R, — R,

+ S, (compression) = R,—-60000 = R, — R5

M35y = Ry3™ —S;(tension) = Ry —84853 = Ry —1.4142R,

+
Mysy =Ry

— 84 (tension) = R, — 84853 = R, —1.4142R,

Mg s = Rg +S¢(compression) = R —60000 = Ry~ Ry

147

From the above table and appendix CS5, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

L=80000 2(0,50) @ 3(50,50)
—_—

Y

@

0,0)1

60000

®

3 4

4 (50,0)

O &

-+
Mys) =R,* =S, = R—20000 = R, +Rs—L
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+
+
M, =Ry +5,(c) = R,~28284 = R, +14142Rs ~ 1.4142L

If any more member fails, the stiffness matrix will become singular; therefore, when

member five failed, the failure modes of the structure can be plotted in a series as shown:

M Ms M M M

~A—H-H—_H—_H

Mysp  Mais)  [Mas)  Maish  [Mes)

The corresponding safety margins are as follows:

Mg = Rg—0.5L; My 5 = Ry +Rg—L
M, = Ry+Rs—L

My s = Ry-14142R,

M, sy = Ry+14142Rs - 14142L
Mg sy = Rg—R;s

When member six fails in compression, the safety margins of the other members are cal-

culated below:



149

L=80000 2(0,50) @ 3(50,50)
—

@ (5

(0,0)1 N 4 (50,0)

@)

From the above table and appendix D5, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

My =R;" =S (tension) = R, —80000 = R, —L

M, =Ry =S, (tension) = R,—80000 = R,-L

Ms ) = R3

M4(6) = R, +S8,(compression) = Ry—113140 = R, —1.4142L

Ms 6 = Rs

From the above table and appendix E5, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

2(0,50) @ 3(50,50)
N —
60000

O,

(0,001 4 (50,0)
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M, 6) = R, +S,(compression) = R;—60000 = R; — R,
M2(6) = R, +S,(compression) = R,—60000 = R, —R¢
My = Ry™ —S;(tension) = Ry—84853 = Ry~ 14142Rg
My =Ry" —S4(tension) = R,—84853 = Ry~ 1.4142R

M5(6) = Ry +S5(compression) = Rs—60000 = Rs—R¢

From the above table and appendix C6, one can refer to the force distributions. Therefore,

the safety margins of the individual bars are given by:

L=80000 2(0,50)@ 3(50,50)
et~ —_—
60000

© (>

(0,0)1 4 (50,0)

@

My =R —S;(z) = R{—20000 = R, +R¢—L

My =Ry" —S,() = Ry—20000 = Ry+Rs—L

M3 = R3" —S3() = Ry—84853 = Ry—1.4142R¢

My =Ry +S4(c) = Ry—28284 = R, +14142R—1.4142L

My = Rs +Ss(c) = Rs=60000 = Rs—Rg



151

If any more member fails, the stiffness matrix will become singular; therefore, when
member six failed, the failure modes of the structure can be plotted in a series system as

shown:

Mg Mg Mg Mg Mg

1 Ine

M; 6 My Ms36) M, (6) Ms )

The corresponding safety margins are as follows:

M, = Rg—0.5L

M =Ry +Rg-L

My = Ry+Rg—L

My g = Ry-14142R¢

M, s = Ry+1.4142Rg~14142L
Ms 6y = Rs—Rg

If one considers the probability of failure of the whole structure, there are thirty different

possibilities (failure modes) which can cause the structure failure as shown below:

M M, M, M,

M) 1] M1(2} M1(3} M4
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M, s

M Ms s




CHAPTER 9
STRUCTURAL RELIABILITY ANALYSIS
USING ANSYS

9.1 INTRODUCTION

For some s&ucmes the reliabilities of structures are calculated on the basis of failure of
single components, where the probability of failure of any component and the correlation
among failed components are taken into account. Then combine all the failure components
to make up the series system.The modelling of this type is called system reliability at level
1. The evaluation of the structural reliability can be obtained with satisfactory accuracy by

only including failure components with high probabilities of failure. Such significant fail-

ure components can be selected by choosing those failure components with P Ji values in

an interval [P 5

maze L fmax ™ AP f] , where AP ¢ moust be chosen properly.

For some structures the reliabilities of the structures are calculated on the basis of failure
of two failure components, where the probability of failure of any pair of failure compo-
nents and the correlation among failure pairs are taken into account, and then all the fail-
ure pairs are combined to make up the series system. The modelling of this type is called
system reliability at level 2. The evaluation of the structural reliability can be obtained

with satisfactory accuracy by only including failure pairs with high probability of failure.

To obtain the so-called significant pairs of failure components, the structure is modified
by assuming failure in the significant failure components and applying artificial loads

which are the strength capacities of the failure components if the components are ductile.
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No artificial loads are applied if the failure components are brittie. Then the modified

structure is analysed elastically and new P f values are calculated for all surviving compo-

nents. Surviving components with high P f values are then combined with the significant

failure components so that the significant pairs of failure components can be determined.
By continuing in the same procedure, system reliability at level N, N=3,45...... can be

defined.

The most frequently used modelling of system reliability is system reliability at the mech-
anism level. Usually the number of mechanisms (failure modes) is very large; therefore,
only some reasonable number of significant mechanisms should be considered. The proce-
dure described above can be continued until formations of mechanisms, but sometimes
such a procedure will be very inconvenient due to many reanalyses needed for a highly
redundant structure. Therefore, it is better to base the ANSYS reliability analysis on the
fundamental mechanisms and on the linear combinations of fundamental mechanisms.

(see the platic theory of structures for details).

9.2 TRANSFORMATIONS OF NON-NORMAL BASIC
VYARIABLES

In general basic variables can not be modelled by a normal distribution; In such a case the
transformation from the non-normal distribution to a normal distribution is needed. If all
basic variables are normally distributed, the evaluation of the structural reliability will be
greatly simplified; The only information needed will then be the expected values, the stan-

dard deviations and the correlation coefficients.
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Many different transformation methods have been suggested to overcome the problem. A
very accurate method suggested by Rackwitz and Fiessler is discussed below: A non-nor-
mal variable is transformed into a normal variable so that at the design point the corre-

sponding density functions and the distribution functions are same , i.e.:

"

x"i—Wy
FXi (x";) = d)(—,—-—‘) ....... (1)

where x"' = (x"l, cee x"i, . x"n) is the design point, I'UX. and G'X_ are the mean
1 13

value and standard deviation of the transformed normal distribution.

From equation (1) , (2) the mean value and the standard deviation of the transformed nor-

mal distribution can be given by:

Wy = x' - @ (F x, (X))o
(@ (g ()))
cXi - fX,- (x";)

where the design point X" can be obtained by iterative method.

A simpler way called the multiplication factor method suggested by the Thoft-Christensen

to define the design point is as follows:

"

s" = Pg+ 0O
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where L and G ¢ are the orginal mean value and standard deviation of non- normal dis-

tribution, and where O s is a positive multiplication factor, and it can be determined by

experiment.

Therefore, at design point §"

) S"_uS

l s"_u'S
f (S“) = _v'“(p( T ]
S Gg G

Finally, the unknown equivalent mean value and standard deviation can be given by:

W =s"—® (Fg(s") 0
L 9@ FsY)
ST TR

According to experience, in some cases one can use the original mean value [ S and orig-
inal standard deviation G S of a non-normal distribution variable instead of the equivalent

mean value [’ s and equivalent standard deviation G' S of the approximate normal distri-

bution variable.
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9.3ESTIMATE OF STRUCTURAL RELIABILITY

In this section it is assumed that all basic variables are normally distributed. The structure
1s considered at a fixed point in time so that only static situation is discussed and all elas-

ticity coefficients are assumed deterministic.

Example 1. Consider again the structure of example 1 of chapter 8. The expected values
and standard deviations are listed below. Assume that the bars at the same level are per-

fectly correlated; otherwise, uncorrelated.

P2=10000

(57.735,100)
PI1=10000 2 (2) 3(173.205,100)

OSRON.ORNO

0,001 5(230.94,0)
PANI ORI OIA
(115.47,0)
figure a
up] = 10000, up2 = 10000, pu, = 60000
G, = lOOO,cr!Jl = 1000, o5 = 6000

The safety margins of the structure are given as follows:

M, = R, +0.5P, ~ 0.866P,
M, = R,~0.5P, —0.289P,

M, = R,~0.5P| —0.289P,
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M, = R,~0.5P, —0.289P,
Ms = Rs~0.5P, —0.289P,
Mg = Rg—0.75P; - 0.433P,
M, = R;—0.25P —0.144P,

Due to the perfect correlated at the same level the safety margins can be reduced as fol-

lows:

M, = R +0.5P - 0.866P,
M, = R,~0.5P, —0.289P,
Mj = R,~0.5P, —0.289P,
M, = Rg~0.75P | - 0.433P,

Mg = R—-0.25P - 0.144P,

The random variables are normalized by

Pl-—uP]
Z, = 5 P, = GPIZI+|,LP] = 1000Z, + 10000
1
Pz—uPz
Z, = 5 Py = <5},222+u1,2 = 1000Z, + 10000
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Ry—ng .
Zy = oy R, = GRZ3+;.LR = 6000Z, + 60000
i ile
6= o Ra = OgZy+hy = 60002+ 60000
Rg—ng
Zs = —g— Rg = Opls+ iy = 6000 + 60000

By the substitutions, one can get:

M, = R, +0.5P, —0.866P, = (6000Z,+60000) +0.5 (1000Z, + 10000)

~0.866 (1000Z,, + 10000)
M, = 56340 + 500Z, — 866Z, + 6000Z,

M, = 9.26+0.0822Z, — 0.1424Z, + 0.9864Z , (atter unification)

® (=9.26) = 0.1098x10™ 7

M, = R,~0.5P, —0.289P, = (6000Z, + 60000) —0.5 (1000Z, + 10000)

~0.289 (1000Z,, + 10000)
M, = 52110 - 500Z, — 289Z, + 6000Z,

M., = 8.65-0.0829Z, —0.0479Z, +0.9954Z,

@ (-8.65) = 0.2736x107"7
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My = R=0.5P, —0.289P, = (6000Z, +60000) —0.5 (1000Z, + 10000)

~0.289 (1000Z,, + 10000)
My = 52110~ 500Z, — 289Z, + 6000Z,

M, = 8.65-0.0829Z,-0.0479Z, + 0.9954Z,

® (-8.65) = 0.2736x1077

M, = Rg—0.75P; - 0.433P, = (6000Z4+ 60000) — 0.75 (1000Z, + 10000)

—0.433 (1000Z, + 10000)

M, = 48170~ 750Z, — 433Z, + 6000Z;

M, = 7.95-0.1237Z, - 0.0714Z, + 0.9897Z;

® (—7.95) = 0.9823x1071°

Mg = R—0.25P, —0.144P, = (6000Z5 + 60000) — 0.25 (1000Z, + 10000)

~0.144 (1000Z,, + 10000)
Mg = 56060 —250Z, — 144Z, + 6000Z5
Mg = 933-0.0416Z, - 0.024Z, + 0.9988Z

® (-9.33) = 0.553x10 20

The coefficients of correlation are



161

Py = —0.0822 x 0.0822 + 0.1424 x 0.0479 = 0.00000658 =0

Pz = —0.0822x0.0829 +0.1424 x 0.0479 + 0.9864 x 0.9954 = 0.9819
Pig = -;0.0822 x 0.1237 + 0.1424 x 0.0714 = ~-0.00000078 =0

P15 = —0.0822x0.0416 + 0.1424 x 0.024 = —0.00000192 =0

P,y = 0.0829 x0.0829 +0.0479 < 0.0479 = 0.0092

P,y = 0.0829 x0.1237 +0.0479 X 0.0714 = 0.0137

Pys = 0.0829 x0.0416 +0.0479 x 0.024 = 0.0046

P34 = 0.0829 x0.1237+0.0479 X 0.0714 = 0.0137

P35 = 0.0829 x0.0416 +0.0479 x 0.024 = 0.0046

P4s = 0.1237x0.0416 +0.0714 % 0.024 + 0.9897 x 0.9988 = 0.9953

® (-7.95) = 0.9823x107"° > @ (-8.65) = 0.2736x107L7 =

-17

@ (—8.65) = 0.2736x10"17 > ® (~9.26) = 0.1098x10™*° >

® (~9.33) = 0.553x10"2°

—-33
@, (-B,,—B,;p) = @, (-8.65,-7.95;0.0137) = 6.534x10

-33
@, (-B5,—B,ip) = @, (~8.65,~7.95;,0.0137) = 6.534x10
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@, (B —B,ip) = @, (~8.65,-8.65;0.092) = 5.472x107"°

1.0786x107>3

@, (-B,,-B;:p) = @,(-9.26,-7.95;0)

3.004x10738

@, (B, —B,ip) = @, (-9.26,-8.65;0)
@, (=B, —Byip) = D,(-9.26,-8.65;0.9819) = 1.04x10™>"
@, (BB ip) = D,(-9.33,-7.95;0.9953) = 5311107
@, (B, —Bip) = @, (-9.33,-8.65;0.0046) = 2.14x107°"
@, (B, ~B,ip) = D, (-9.33,-8.65;0.0046) = 2.14x107>°
D, (-Bs, —B,ip) = @,(-9.33,-9.26;0) = 6.0719x10~

By using the Ditlevsen bounds:

n n
upper bound: P,< 2 (o (_Bi) - Z maxq)2 (‘Bp _ﬁj;P)

i=1 i=2,j<i

P,<9.878x107' - max [®, (B, ~B3p)]
—max [(I>2 (—-B3, —BZQP) s (D?_ (“By —Bl p) ]
—max [(I) (_ﬁ4’ —ﬁl;p)a o (—B4’ "[32§P) ’ P (_B4: —B3 ,P) ]

—max [q) (_BS’ —ﬁl;p)’ o (—_[35’ —ﬁz;p) ’ o (—BS’ '—B3 ;P) ’ P (—BS’ —34;[)) ]
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= 9.878x107 10 - 6.534x1073% — 5.472x10718 - 1.04x1072% — 5.311x10~ 2L
= 9.823x10"16
n i-1
lower bound: PfZ 0] (—Bl) + szax L)) (—[31.) - Z (D2 (_Bi’ —-Bj;p) ,0
i= =1

P> 9.823x107' + max [® (-B,) ~ @, (=B, ~B,;p), 0]
+max [(b (—B3) - (DZ (—'33’ —Bl ap) - (I)2 (—[33» _Bz;p) s O] +

max [(D (—B4) - (I)2 (_B4’ _Bl;p) - (1)2 ("“B4y _BZ;P) - (I)2 (—64, _33;9) ’ O]

+
max [P (_BS) - (DZ (-B5> —Bl p) — q)z (_Bsa —Bz;p) - (1)2 (_BS’ _B3;p)

_q)2 (_Bs; -ﬁ4;p)’ 0 ]

P> 9.823x107 10 + 0.2736x10717 — 6.534x107>2 +0.2736x10™ 7

— 65341022 = 5.472x107 18 + 0.1098x1071? - 1.0786x10>° — 3.004x10~>8

-20 -20

— 1.04x10 ~5.311x1072t = 2.14x10738 = 2.14x10738

+0.533x10

~6.0719x10~H = 9.823x10716

Therefore, one can get the probability of failure and probability index of the structure as

follows:

P, = 9.823x10 C and B = ™! (P) = -7.95

From the result one can expect that the failure bar six is the only dominant failure mode.
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When W, = 30000, Ky, = 30000, pp = 60000’GP1 = 3000, S, = 3000,

Op = 6000

The structure reliability can be evaluated as follows:

R-uR
Zy = —5 "+ R = Ogly + g = 60002, + 60000
Py—np
Zy = —5 Py = Op Zy+ip, = 30002, + 30000
1
Py,
Zy =~ Py = Op Ly tp, = 30002+ 30000
2

Mg = Rg—0.75P - 0.433P, = (6000Z, +60000) — 0.75 (3000Z, + 30000)

—~0.433 (3000Z, + 30000)
M = 24510 + 6000Z, - 2250Z, — 1299Z,

M = 3.75+09177Z, - 0.3441Z, — 0.1987Z; (after unification)

P;= ®(-375) = 8.837x107°



when h, = 50000, “Pz = 50000, up = 60000, ¢
1

1

Cp = 6000

The Structure reliability can be evaluated as follows:

R
Z = oy , R = GRZI'H‘LR . 6OOOZI+60000
Pi—Hp
Zy = g Py = Oy Zy iy = S000Z, + 50000
1
Py—up,
Zy = gt Py = O 2y, = S000Z, + 50000

= 5000, sz
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= 5000

M = R-0.75P, - 0.433P, = (6000Z, + 60000) — 0.75 (5000Z, + 50000)

—0.433 (500024 + 50000)

M = 850+ 6000Z, — 3750Z, - 2165Z,

M = 0.11+0.8109Z, - 0.5068Z, — 0.2926Z,
P, = @ (-0.11) = 0.4562
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when L = 20000, ) = 20000, i, = 60000, 3, = 2000, 5, = 2000
1 2 1

Cp = 6000

The Structure reliability can be evaluated as follows:

R—uR
Zy = —5 R = Oply *ig = 6000Z, + 60000
Py—Hp
Zy = —g— Py = OpZythp, = 20002, +20000
i
Py—kp,
Zy = —g— Py = OpZyhp, = 2000Z;+20000

M = R-0.75P, - 0433P, = (6000Z, + 60000) — 0.75 (2000Z, + 20000)

—0.433 (2000Z + 20000)
M = 36340 + 6000Z, — 1500Z,, - 866Z,

M = 5.82+0.9608Z, - 0.2402Z, - 0.1387Z,

P;= @ (-582) = 2951x10™
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Example 2. Consider the structure of example 3 of chapter 8. Calculate the reliability of

the structure. The expected values and standard deviations are given below. Assume that:

R,™ =R, = 60000, (i=1,2,...,6) are independent.

1

H; = 80000, p, = 60000, o, = 8000, Cp = 6000

L=80000 2(0,50) @ 3(50,50)
—»

© O,

3 4
0,001 @ 4 (50,0)
X;= Wy,
Z = oy X = O'Xizi+}LXi

R; = OpZ;+ Wy = 6000Z;+60000,L = 6,Z;+p, = 8000Z;+80000

The safety margins of the structure are given as:

M, = R, —0.5L = 2.77+0.8321Z, - 0.5547Z,
M,y = Ry—R; = 0-0.7071Z, +0.7071Z,
My qy = Ry+1414R, — 1414 = 2.06 +0.5523Z; +0.3906Z, — 0.7365Z,

M,y = Ry—14142R, = -2.39 - 0.8165Z; +0.5774Z,
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Ms 1y = Rs+R| ~L = 3.43+0.5145Z, +0.5145Z ~ 0.686Z,

M, = Ry-05L = 277+ 0.8321Z, - 0.5547Z,

My 5y = R, —R, = 0-0.7071Z; +0.7071Z,

My ) = Ry+1.414R)— 1.4142L = 2.06 + 0.5523Z, +0.3906Z, — 0.7365Z,
My gy = Ry~ 14142R, = -2.39 —0.8165Z, + 0.5774Z,

Mg 5y = Rg+Ry-L = 343+0.5145Z, +0.5145Z; - 0.686Z,

Mg gy = Rg+R,—L = 3.43+0.5145Z, +0.5145Z¢ - 0.686Z,

My = Ry~0.7071L = 0.42+0.7276Z, — 0.686Z,,

My 3y = Ry +0.707T1R;~L = 2.06+0.5523Z, + 0.3906Z, — 0.7365Z;
My 3y = Ry+0.7071R;— L = 2.06+0.5523Z, + 0.3906Z, — 0.7365Z,
My 3 = R4+ Ry~ 141421 = 0.49 +0.4243Z; +0.4243Z,, - 0.8Z,

Ms 3y = Rs—0.7071R; = 2.39 - 0.5773Z; + 0.8165Z
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M, = R,~0.7071L = 0.42+0.7276Z, ~ 0.686Z,

My 4 = Ry —0.7071R, = 239 + 0.8165Z, - 0.5773Z,

M, 4y = Ry—0.7071R, = 239+ 0.8165Z, - 0.5773Z,

My 4 = R3+R,~ 141421 = 049 +0.4243Z, +0.4243Z, - 0.8Z,
Mg 4y = Rg+0.7071R L = 2.06 +0.3906Z, + 0.5523Z; — 0.7365Z,

Mg 4y = Rg+0.7071R,— L = 2.06+ 0.3906Z, + 0.5523Z¢ — 0.7365Z,

Mg = Ry~ 0.5L = 2.77+0.8321Z, — 0.5547Z,,

My sy = R{+Rs—-L = 343+05145Z, +0.5145Z; - 0.686Z

My sy = Ry+Rs—L = 3.43+05145Z, +0.5145Z; - 0.686Z,

My sy = Ry—14142Rg = -2.39 +0.5774Z; - 0.8165Z;

My (s) = Ry+1414Rs - 1414L = 2.06 +0.3906Z, +0.5523Z5 ~ 073652,
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Mg = Rg-0.5L = 2.77 +0.8321Z, — 0.5547Z,

M5 =R +Rg—L = 3.43+0.5145Z, +0.5145Z¢ - 0.686Z,

M, = Ry+Rg—L = 3.43+0.5145Z, +0.5145Z¢ - 0.686Z,

My ) = Ry—14142Rg = —2.39+0.5774Z; — 0.8165Z

My ) = Ry+1.414Rg—1414L = 2.06 +0.3906Z,, +0.5523Z¢ - 0.7365Z,

Ms ) = Rs—Rg = 0+0.7071Z5~0.7071Z¢

There are thirty different failure modes, and the corresponding probabilities of failure are

calculated as follows:

M, = 2.77+0.8321Z, - 0.5547Z,

p = —0.5884, @, (-2.77,0;-0.5884) = 0.0000393003 M; 1y

M, = 2.77+0.8321Z, - 0.5547Z,

M, 1y = 2.06 +0.5523Z, +0.3906Z; — 0.7365Z,

p = 0.8681, ®

, (-2.77,-2.06;0.8681) = 0.00242703 L Mj )




M, = 2.77+0.8321Z, ~0.5547Z,,
Mgy = —2.39-08165Z +0.5774Z,

p = —0.6794, @, (-2.77,2.39;-0.6794) = 0.00184232

M, = 2.77+0.8321Z, - 0.5547Z,
Mg 1y = 343+05145Z +0.5145Z; — 0.686Z,

p = 0.8086, @, (-2.77,-3.43;0.8086) = 0.00019021

M, = 2.77+0.8321Z, - 0.5547Z,

Mg 1y = 343+05145Z, +0.5145Z;— 0.686Z,

p = 0.8086, @, (-2.77,-3.43;0.8086) = 0.00019021
M, = 2.77+0.8321Z, - 0.5547Z,

My 5y = 0+0.7071Z,-0.70712,

p = —0.5884, @, (-2.77,0;-0.5884) = 0.0000393003

M, = 2.77+0.8321Z, - 0.5547Z,
M3 (3 = 2.06+0.5523Z, +0.3906Z; — 0.7365Z,

p = 0.8681, ®, (-2.77, -2.06;0.8681) = 0.00242703

M, = 2.77+0.8321Z, - 0.5547Z,
My () = —2.39-0.81652,+0.5774Z,

p = —0.6794, @, (-2.77,2.39;-0.6794) = 0.00184232

5 (

|
|
|
|
|
|

4(2)

[ I L 1 L T L 1 | I | N

171



172

M, = 2.77+0.8321Z, - 0.5547Z,

M
2

Mg 5y = 3.43+0.5145Z, +0.5145Z5 - 0.686Z,

p = 0.8086, @, (-2.77,-3.43:0.8086) = 0.00019021 [ ] py, .

M, = 277 +0.8321Z, - 0.5547Z, M,

Mgy = 343+05145Z, +0.5145Z¢ - 0.686Z,

p = 0.8086, @, (-2.77,-3.43;0.8086) = 0.00019021 L Mg 3

Mj = 0.42+0.7276Z, - 0.686Z, ",
My 3) = 2.06+0.5523Z; +0.3906Z; — 0.7365Z,

p = 0.7894, @, (<0.42,-2.06;0.7894) = 0.0194841 M, 3
M, = 0.42 +0.7276Z, ~ 0.686Z, ,
My 3y = 2.06+0.5523Z, +0.3906Z; — 0.7365Z,

p = 0.7894, @, (~0.42,-2.06;0.7894) = 0.0194841 M, 3
M; = 0.42+0.7276Z, - 0.686Z, ",
My (3) = 0.49 +0.4243Z; +0.4243Z, — 0.8Z,

p = 0.8575, @, (~0.42,-0.49;0.8575) = 0.246666 My 3




M, =042+ 0.7276Z, - 0.68627

= 042, ®, (-0.42,-2.39;~042) = 0.000369715

M, = 0.42+0.7276Z, - 0.686Z,
Mg 3y = 239 —0.5773Z;+0.8165Z

p = -042, @, (-0.42,-2.39;-042) = 0.000369715

M, = 0.42+0.7276Z,, ~ 0.686Z,
My (4 = 239 +038165Z, —0.5773Z,

p = —042, D, (-0.42,-2.39;,-0.42) = 0.000369715

5 (
M, = 0.42+0.7276Z, - 0.686Z,

M, 4 = 239 +0.8165Z, - 057732,

p = —042, D, (-0.42,-2.39;-042) = 0.000369715

M, = 0.42 +0.7276Z, - 0.686Z,
My 4y = 0.49 +0.4243Z; +0.4243Z, - 0.8Z,

p = 0.8575, @, (-0.42,-0.49;0.8575) = 0.246666

M, = 0.42+0.7276Z, - 0.686Z,
Ms (4 = 2.06+0.3906Z, +0.5523Z; — 0.7365Z,

p = 0.7894, @, (-0.42,-2.06;0.7894) = 0.0194841

1 _—  — [ [ 3 [ 1

— 1 ‘—71 ‘-7 >y 7 L 1]

173



M, =042+ 0.7276Z, - 0.68627

p = 0.7894, @, (-0.42,-2.06;0.7894) = 0.0194841

M, = 2.77+0.8321Z, - 0.5547Z,
My (s, = 343+05145Z; +0.5145Z5 - 0.686Z,

p = 0.8086, @, (-2.77,-3.43;0.8086) = 0.00019021

Mg = 277 +0.8321Z¢ - 0.55472,

My s, = 343+0.5145Z,+0.5145Z, - 0.686Z,

p = 0.8086, @, (-2.77,-3.43;0.8086) = 0.00019021

Mg = 2.77+0.8321Z, - 0.5547Z,

My sy = —2.39+0.5774Z, - 0.8165Z;

p = —0.6794, @, (-2.77, 2.39;~-0.6974) = 0.00184232

Mg = 2.77+0.8321Z, - 0.5547Z,
My sy = 2.06+0.3906Z, +0.5523Z - 0.7365Z,

p = 0.8681, @, (-2.77,-2.06;0.8681) = 0.00242703

Mg = 2.77+0.8321Z4 - 0.5547Z,

Mgs) = 0=-0.7071Z5+0.7071Z

p = —0.5834, @, (-2.77,0;-0.5884) = 0.0000393003

— - 7  _— - [ 1

| ] | I | I L 1 L 1 L 7
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Mg = 2.77+0.8321Z, - 0.55472,
My (g = 343+05145Z +0.5145Z¢ - 0.686Z,

p = 0.8086, @, (-2.77,-3.43;0.8086) = 0.00019021

Mg = 277 +0.8321Z¢ - 0.5547Z,
My ) = 343+05145Z,+0.5145Z¢ — 0.686Z,

p = 0.8086, @, (-2.77,-3.43;0.8086) = 0.00019021

Mg = 2.77+0.8321Z - 0.5547Z,
Mj ) = —2.39+0.5774Z,— 0.8165Z

p = —0.67%4, D, (-2.77,2.39;-0.6974) = 0.00184232

Mg = 2.77+0.8321Z¢ - 0.5547Z,
My = 2.06+0.3906Z, +0.5523Z¢ — 0.7365Z,

p = 0.8681,@2(—2.77, -2.06;0.8681) = 0.00242703

Mg = 2.77+0.8321Z, - 0.5547Z,
Ms ) = 0+0.7071Z5~0.7071Z

p = —0.5884, @, (-2.77,0;-0.5884) = 0.0000393003

[
|
|
|
|

Ms 6

e e e A e A e S
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To reduce the calculation efforts, the reliability assessment is performed for the failure

modes with higher probability of failure.
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M = 0.42+0.7276Z, - 0.686Z,

p = 0.8575, @, (-0.42,-0.49;0.8575) = 0.246666

M, = 0.42+0.7276Z, - 0.686Z,

p = 0.8575, D, (~0.42,-0.49;0.8575) = 0.246666 M3 (4

The reliability is then modelled as a series system.

My L ] M,

Mgy H Y Mz

and the equivalent series system:

e e
— M1 M2 —»

The equivalent safety margins are calculated as follows:

M, = 0.42+0.7276Z, - 0.686Z,

My (3 = 0.49 +04243Z; +0.4243Z, - 0.8Z;

p = 0.8575,P; = @, (-0.42,-0.49;0.8575) = 0.246666 M4(3)
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0.68

2
i

]
I

(0.1, 0, 0)

= 0.1
B (&) = —Pize = |~042[_|07276 0 —0.686/| " _ |~0.49
~049 0.424304243 08 J| /| = |-0.53

B, (E) = ~07! (@, (~0.49,-0.53;0.8575)) = —@~' (0.229583) = 0.74

€, = (0,0.1,0)

0
Ae - A= _ [-042] _[07276 0 -0.686]| | _ [-0.42
P(E) = —p-ue [-0.49} {0.4243 0.4243 —o.sﬂoﬂ {-0.53}

B/(E) = ~0o7! (@, (-0.42,-0.53;,0.8575)) = @1 (0.239473) = 0.71

g, = (0,0,0.1)

0
e _ me=_ [043_[07276 0 -0.686]| | _ [-0.35
P = -p-ue [—0.49} [0.4243 0.4243 -o.sJLO} {_0,41}

B, (&) = ~o7! (@, (-0.35,-0.41;0.8575)) = —®1(0.27168) = 0.61

an

o2,

_0.74-0.68 _

01 0.6

£E=0
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J -
By _071-068 _ .
3%, _ ol
£E=0
d -
By _o61-068 _
g, _ 01
E=0

ut = (ui,ug, ug)

_ ( 0.6 0.3 0.7 )
J0.62+03%+ (0712 J0.62+03%+ (—0.7)2 J0.62+03%+ (=0.7)2
= (0.6189, 0.3094, —0.722)

Therefore,

M7 = 0.68 +0.6189Z, +0.3094Z, — 0.722Z,

M, = 0.42+0.7276Z, - 0.686Z M,
p = 0.8575, @, (-0.42,-0.49;0.8575) = 0.246666 My 4y
B, = 0.68

€, = (0.1,0,0)

0.1
Rem = A= |-042]_[ 0 07276-0.686|| | - |-0.42
B(®) = -p-ut [_0.44 [0.4243 0.4243 —0.8]{8} [—0.531
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B,(®) = ~@7! (@, (-0.42,-0.53;0.8575)) = -1 (0.23948) = 0.71
g, = (0,0.1,0)

-0.49 4243 0.4243 —0.8 "~ |~0.53

B (@) = —p-ae = [—0.42} _ [0 0 0.7276 —0.686] [OH _ {-0.49}

B, (&) = ~o7 (@, (-0.49,-0.53;,0.8575)) = -1 (0.22961) = 0.74

g, = (0,0,0.1)

B (E) = —PifE = [—0.42} _[ 0 07276 —o.ﬁsﬂgj _ [—0.35]

~049] 0424304243 0.8 || ~0.41

B,(®) = —¢! (@, (-0.35,-0.41;0.8575)) = - ~1027169) = 0.61
B _071-068 _ .
T =~ o1 "

Us=0
By _074-068 _
Je. 01 -

2 _ —_

£E=0

Bl _o061-068 _ .
Je, 01 ‘

£E=0
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—e e 4 e
u = (ug, Uy, Uz)

_ ( 0.3 0.6 ~0.7 )
J0.62+0.32+ (=0.7)2 J0.62+0.3%+ (=0.7)2 J0.62+0.3%+ (=0.7)2
= (0.3094, 0.6189, —0.722)

Therefore,

M, = 0.68 +0.3094Z, +0.6189Z, - 0.722Z,

The Ditlevsen bounds for the probability of failure of the series system are as follows:

— | M My
M7 = 0.68 +0.6189Z, +0.3094Z, — 0.722Z,

M5 = 0.68 +0.3094Z, +0.6189Z, — 0.722Z,, p,, = 0.9043

upper bound:
PfS P (_Bl) + @ (_Bz) - (Dz (_B2’ _Bl ,P)
= @ (-0.68) + ® (~0.68) — @, (—0.68, —0.68;0.9043)

= 0.24667 + 0.24667 - 0.192757 = 0.3006

The lower bound:
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sz P (—Bl) +max [(I) (_Bz) - (DZ (—Bza “ﬁl ;p) s 0}
= @ (-0.68) + ® (-0.68) — q)2 (—0.68, —0.68;0.9043)

= 0.24667 + 0.24667 - 0.192757 = 0.3006

Therefore, an estimate of the structural reliability is

P, = 03006, = —@ ' (0.3006) = 0.52

f

Example 3 Consider the same structure of example 2 with different external load

o, = 60000, L= 6000. Calculate the structural reliability.

By the same procedure used in example 2, one can obtain the following results:
For L=60000, the ANSYS PROGRAMS and the corresponding results are listed in the
appendixes: E,E1 E2 E3 E4,E5.JJ1,J2.J3J4,5,J6 K ,K1,K2XK3 K4,and KS.

My = R,* —S, (resnion) = Ry—42426 = Ry —0.7071L
M5(3) = R; +Ss(compression) = R5—42426 = R5—0.7O71R3

Mg 3y = Rg +Sg(compression) = Rg—42426 = Rg—0.7071R,

M, =R, +S,(compression) = R,—42426 = R,—0.7071L

M4y = Ry™ -8 (tesnion) = R, 42426 = R, - 0.7071R,
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My 4y = Ry™ =S, (tesnion) = R,—42426 = R,—0.7071R,

i

For the normalization: Z; = X, = GX,.Zi + by

R; = Op Z;+ g = 6000Z;+60000, (i=1,...,6).
L = 0,Z,+}; = 6000Z,+ 60000

M5 = R;-0.7071L = (6000Z5 + 60000) —0.7071 (60002, + 60000)

= 2.39+0.81652, - 0.5773Z,

Mg 3, = Rg—0.7071R5 = (6000Z5 +60000) —0.7071 (6000Z5 + 60000)

= 2.39 - 0.5773Z5 +0.8165Z,

Mg (3, = Rg—0.7071R; = (6000Z4+60000) — 0.7071 (60005 +60000)

= 2.39 - 0.5773Z, +0.8165Z

M, = R,-0.7071L = (6000Z, + 60000) —0.7071 (60002, + 60000)

= 2.39 +0.8165Z, - 0.5773Z,

M, 4 = R, -0.7071R, = (6000Z, +60000) —0.7071 (6000Z, + 60000)

= 2.39 +0.8165Z; - 0.5773Z,
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M, 4 = R,y—0.7071R, = (6000Z, + 60000) — 0.7071 (6000, + 60000)

= 2.39 +0.8165Z, - 0.5773Z,

My = 2.39+0.8165Z, ~ 0.5773Z,

M,

Mg 5 = 239 -05773Z;+0.8165Z5, p = ~0.4714

Ms 3
@, (~2.39,-2.39;-04714) = 0.1566x10°°, B = 5.12
My = 239 +0.8165Z, - 0.5773Z, ",
Mg 3y = 2.39 - 057732, +0.8165Z¢, p = ~0.4714

Mg (3
®, (-2.39,-2.39;,-0.4714) = 0.1566x107°, B = 5.12
M, = 239 +0.8165Z, - 0.5773Z, ",
My 4y = 239 +08165Z,~0.5773Z,, p = ~0.4714

M 4
@, (-2.39,~2.39;,-0.4714) = 0.1566x107%, B = 5.12
M, = 239 +0.8165Z, - 0.5773Z, o,
My 4 = 2.39+08165Z,~05773Z,, p = ~0.4714

M, (a)

D, (-2.39,-2.39;-0.4714) = 0.1566><10_6,B = 5.12

The reliability is modelled as a series system:



184

M, M, M, M,

Ms 3 Mg (3) My (4 M;

The equivalent series system is

€ e €
| M M Mt Myl .

The equivalent safety margins are calculatedd as follows:

M3 = 2.39+0.8165Z, ~ 0.5773Z,

My (3 = 2.39 ~ 0.5773Z; + 0.8165Z, p = ~0.4714
Ms 3y

@, (-2.39,-2.39;-0.4714) = 0.1566x107°, B = 5.12

g = (0.1,0,0)

" 0.1
B(E) = —PoiE = 23] _[08165 0 05773 ") _ [-247
239 |-0.577308165 0 ]| | |-2.33

BA(E) = ~@71 (@, (-2.47,-2.33;-047)) = @~ (0.1415x107%) = 5.14
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g, = (0,0.1,0)

7 0
_B(E) = —P-iE = {-2.39 _[o8165 0 -05773)| "\ _ [-2.39
-239] |-0577308165 0 [ | |-247

B/(E) = ~@7! (@, (~2.39,~2.47;-047)) = @~ (0.1055x10°%) = 5.19

§‘3 = (O’ 09 0'1)

= 0
_B (§) = —P—iiE = [—2.39 _[o8i6s 0 05773 | _[-2.33
239 |-0.577308165 0 | 0| [-2.39

B(E) = o (®, (-2.33,-2.39;-047)) = —1 (0.2005%x10°%) = 5.06

By _514-512 _ .,

ge,| 01 -
e=0

By _519-512 _ .

0g,| _ 0.1 '
£=0

By  _506-512 _

3, 01 '
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—€ e ¢ _é
u = (uy, Uy, U3)

) ( 0.2 0.7 0.6 )
10224072+ (<0.6)% J0.22+ 0.7+ (=0.6)% J0.22+0.7%+ (=0.6)>
= (0.212,0.742, —0.636)

Therefore,

M = 5.12+0.212Z, +0.741Z, ~ 0.636Z,

My = 239 +0.8165Z, - 0.5773Z,

Mg 3) = 2.39—05773Z5+08165Z¢, p = —0.4714

M (3)

@, (~2.39,-2.39;-0.4714) = 0.1566x10°°, B = 5.12

51 = (0.1,0,0)

B@) = fiie = |23 _[08165 0 05773 0(') _ [-247
239 [-05773 08165 0 ]| 0| |-233

B:(8) = -7 (®,(-247,-233;-047)) = -0 (0.1415%10°%) = 5.14

g, = (0,0.1,0)
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— 0
—B (&) = —P-ut = -239_|08165 0 -0.5773 01l = -2.39
. -2.39; |-0.57730.8165 O 0 —2.47

B,(®) = ~07! (@, (-2.39,-247:-047)) = -&1 (0.1055x10°°) = 5.19

g, = (0,0,01)

B (§) = —B-zg = |"239|_| 08165 0 —0.5773 g _ [—2.33}
-2.39] |~05773 08165 0 ]| 7| [~2.39

B,(®) = ~07! (@, (-2.33,-2.39;-0.47)) = ~@7! (0.2095x10™°%) = 5.06

B _s14-512 _ .,

Jgel o1 7
He=1

By _519-512 _

de,| 01
2g=0

By _506-512 _

d, 01 7

£E=0
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= (ui,ug, ug)

_ ( 02 0.7 ~0.6 )
10224072 + (=0.6)2 J0.22+0.7%+ (=0.6)2 J022+0.7%+ (=0.6)2

= (0.212,0.742, -0.636)

- Therefore,

4
M = 5.12+0.212Z, +0.741Z¢ ~ 0.636Z,

M, = 2.39+0.8165Z, - 0.5773Z,

My 4y = 2.39+0.8165Z, - 0.5773Z,, p = —0.4714

M 4

@, (~2.39,-2.39;-0.4714) = 0.1566x10°°, B = 5.12

E, = (0.1,0,0)

R 0.1
—B(E) = —P-ug = 7239 _| 0 08165 -0.5773) " _ -2.39
-2.39| |0.8165-0.5773 0 0 —2.47

B (®) = o (©, (-2.39,-2.47:-0.47)) = ~o1(0.1055x107%) = 5.19

£, = (0,0.1,0)
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N .
_B(E) = —P-ug = |7239|-| 0 08165 -0.5773)) | _ |-247
~2.39| |0.8165-0.5773 0 o ~233

B.(E) = —@ ! (@, (-2.47,-2.33;-047)) = -®"1(0.1415x107%) = 5.14
¢ 2

g, = (0,0,0.1)

0

are o s =239 [ o 08165 —0.5773)| 0| _ [-2.33
P& = —p-ue {—2.39} [0.8165 ~05773 0 }LO} {-—2.39}

B,(®) = ~@7 (@, (-2.33,-2.39,-0.47)) = -@71 (0.2095x107°) = 5.06

Bt _519-512 _

3¢, 0.1 ‘
lg=0

By  _514-512 _ 5

Jc., o1
lg=19

By _506-512 _ .

¥, 01 ‘

£E=0
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—€ [4 e 4
u = (ul’ uz’ u3)

_ ( 0.7 0.2 ~0.6 )
10224072 + (=0.6)% J0.22+0.7%+ (=0.6)2 J022+0.7%+ (=0.6)2

= (0.742,0.212, -0.636)

Therefore,

M5 = 5.12+0.742Z; + 0.212Z, - 0.636Z,

M, = 2.39+0.8165Z, - 0.5773Z,

M, 4) = 2.39+0.8165Z,-0.5773Z,, p = —0.4714

M; (ay

D, (-2.39,-2.39;-0.4714) = 0.1566)(10_6,[3 = 5.12

€ = (0.1,0,0)

B (E) = —p-ize = 239 _| 0 08165 ~0.5773 [061 _ [-2.39
239 [08165-05773 0 || | =247

B(®) = 07! (®,(-2.39,-247;-047)) = -@ (0.1055x10°%) = 5.19

g, = (0,0.1,0)
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0

&) = _Bgs < |-2391_[ 0 08165 -0.5773 .47
- €) = —D—ug = — -
PO = ~p-u [—2.39] {0.8165 ~05773 0 }[OA {_2,33}

B(®) = —@7 (®,(-247,-2.33;-047)) = —07! (0.1415x107%) = 5.14

g, = (0,0,0.1)

B (&) = —PisE = [—2.39}_[0 0 08165 -0.5773}{8} _ [—2.33}

=239 0816505773 0 | U1 [~2.39

B,(®) = -0 (®,(-233,-2.39:-047)) = -@™' (0.2095x10~%) = 5.06
B _519-512 _ .
3, o1

£=0
By _s14-512 _ o,
3¢, o1

21 =

g=0
By _506-512 _
o, 0.1 '
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—€ e e _¢é
u = (uy, uy, uz)

_ ( 0.7 0.2 ~0.6 )
10224072+ (=0.6)% J022+0.72+ (~0.6)% J02%+0.72 + (=0.6)2
(0.742,0.212, ~0.636)

Therefore,

(4
M = 5.12+0.742Z, + 0.212Z, - 0.636Z,

The Ditlevsen bounds for the probability of failure of the series system are:

€ € 4 €
e M M M | M L

€ - -

M = 512+0.212Z,+0.741Z; - 0.636Z;, p,, = 0.4494,p . = 0.4045
€ —_ —

M5 = 5.12+0.212Z,+0.741Z¢ - 0.636Z,, p . = 04045, p,, = 0.4045
€ — —

M = 5.12+0.742Z, +0212Z, - 0.636Z,, p,, = 0.4045,p, = 0.4494

M = 5.12+0.742Z, +0212Z,, - 0.636Z,

n n
upper bound: P, < 2 D (-|31.) - 2 maxCI’2 (‘Bp “Bj;P)

i=1 i=2,j<i
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PfS D ("ﬁl) +® (_ﬁz) +O (-ﬁ3) +@ (_B4) —max [(Dz (_Bzf —Bl;p) ]
—-max [@2 (_ﬁ3a “Bz;p) ’ (I)z ("ﬁy -Bl 1p) ]
-max [(I) (""34, "Bl;P): o ("'B4a -ﬁz;p) > O (_B4a "ﬁ3 sp) ]

= 4%0.1536x10°0 - 1.7501x1020 — 9.0809x10~ 1! — 1.7501x10~°

= 6.1396x10”
n i—-1
lower bound: P2 @ (=B ) + Y max | @ (-B) ~ D ®,(-B,—B;:p),0
i=2 j=1

sz D (*Bl) + max [(D (—ﬁz) —@2 (-BT —BPP) ’ 0]
+max[® (-B;) ~ @, (B3, —B,:p) — @, (-B3. —B,:0), 0] +

max [(D (—34) - (I)2 ("B49 'Bl;P) - <D2 ("B4> _Bz;P) - (I)2 ("B4’ "63;[)) ’ 0]

= 0.1536x10~C + 0.1536x107% = 1.7501x1071% + 0.1536x10~¢
—0.0809x10~ ! — 9.0809x10™1! + 0.1536x107° — 9.0809x10

—9.0809x10™} — 1750110719 = 6.1369x10™"

6.1369x10 ' < P, < 6.1396x10"

P,=6.1383x107 B = 4.85
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Example 4. Consider the same structure of example 2 with different external load

By = 40000, o L= 4000. Calculate the structural reliability.

By the same procedure used in example 2, one can obtain the following results:
For L=40000, the ANSYS PROGRAMS and the corresponding results are listed in the
appendixes: E,E1,E2 E3 B4 E5 H H1,H2 H3,H4,HS5 H6,111 12 13,14,and I5.

My = Ry* —S, (tesnion) = R, —28284 = R, —0.7071L
Mg 5y = R +Ss(compression) = Ry—42426 = Rg~0.7071R,

M6(3) = Rg +S¢(compression) = R, —42426 = R, —0.7071R,

M, = R, +S,(compression) = R,—28284 = R,—0.7071L

M 4 =R," —S, (tesnion) = R; —42426 = R, - 0.7071R,

M, 4y = Ry" =S, (tesnion) = Ry—-42426 = R,~0.7071R,

Xi—uy
For the nommalization: Z; = oy X, = GX,-Zi_H’LX,-

{

R; = OpZ;+ |ty = 6000Z;+60000, (i=1,...,6).
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L = 0,Z,;+u, = 4000Z, +40000

M, = Ry-0.7071L = (6000Z; + 60000) — 0.7071 (4000Z +40000)

= 4.78 +0.9045Z, - 0.4264Z,

Mg 3, = Rs—0.7071R; = (6000Z;+60000) ~ 0.7071 (6000Z; + 60000)

= 2.39 - 0.5773Z, +0.8165Z5

Mg 3y = Rg—0.7071R5 = (6000Z¢+60000) — 0.7071 (60005 + 60000)

= 2.39-0.5773Z, + 0.8165Z

M, = R,—-0.7071L = (6000Z, + 60000) — 0.7071 (4000Z, + 40000)

= 4.78 +0.9045Z, - 0.42642Z,

M, 4) = R,-0.7071R, = (6000Z, + 60000) — 0.7071 (6000Z, + 60000)

= 2.39 +0.8165Z, - 0.5773Z,

M, 4 = Ry—0.7071R, = (6000Z, +60000) —0.7071 (6000Z, + 60000)

= 2.39 +0.8165Z, - 0.5773Z,

My = 4.78 +0.9045Z, - 0.4264Z,

My 3y = 2.39 - 0.5773Z; +0.8165Z5, p = —0.5222
Ms (3

@, (-4.78,-2.39;-0.5222) = 02571x107 % B = 7.83




M, = 4.78+0.9045Z, - 0.4264Z.
M,

Mg 5y = 2.39—0.5773Z;+0.8165Z¢, p = ~0.5222

Mg 3)
@, (—4.78,~2.39;-0.5222) = 0.2571x10""4, B = 7.83
M, = 478 +0.9045Z, - 0.4264Z., ",
My 4 = 239+08165Z,~0.5773Z,, p = —0.5222

My 4
@, (—4.78,-2.39;-0.5222) = 02571x10™'4 B = 7.83
M, = 4.78 +0.9045Z, - 0.4264Z, ",
My 4 = 2.39+08165Z,~0.5773Z,, p = ~0.5222

M; )

@, (~4.78,~2.39;-0.5222) = 0.2571x107, B = 7.83

The reliability is modelled as a series system:

Ms 3) Mg 3) My (4 M, (4

196
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The equivalent series system is

'4 (4
— M M, M3 Myl

The equivalent safety margins are calculated as follows:

My = 478 +0.9045Z, — 0.4264Z,

Ms 3, = 2.39 - 0.5773Z, +0.8165Z;, p = ~0.5222

@, (~4.78,-2.39;-05222) = 0.2571x107 %, B = 7.83

g, = (0.1,0,0)

0.1
o m o [-478) [09045 0 —0.4264 _4.87
P& = -p-u {-—2.39} {—0.5773 0.8165 0 MgJ {—2.33}

B(®) = -7 (@, (-487,-233:-052)) = —@”! (0.1805x1071%) = 7.87

€, = (0,0.1,0)

0
pem - _ [-478 _[09045 0 -—04264]|° | _ [4.78
P& = —p-ue [—2.39} [—0.5773 08165 0 MOA [—2.47}

B,(®) = —07" (@, (-4.78,-247;-052)) = ~@~1(0.1464x107 %) = 7.89
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£, = (0,0,0.1)

. 0
B (&) = -P-ut = {—4.78 _[090a5 0 -0az6d| | _ [-474
-239 " |-0577308165 0 | ° |7 [-2.39

BA(E) = -0 (®, (-4.74,-2.39:-0.52)) = —@' (0.3616x10"*) = 7.78

9B, _187-783 _
%, _ or 7
£=0
By _789-783 _
J%, _ 01 '
E=0
B _778-783 _ .,
% 01
3. =
E=0

—€ e e €
u = (U, Uy, Us)

_ ( 0.4 0.6 ~0.5 )
1042 +0.6%+ (<05)2 J0.42+ 0.6+ (<0.5)2 J0.4%+0.6%+ (—0.5)>
= (0.4558,0.6838, ~0.5698)

Therefore,

e
Ml

7.83 +0.4558Z5 +0.6838Z5 — 0.5698Z,

My = 4.78 +0.9045Z, - 0.4264Z, Ms (3)
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Mg 3y = 2.39 - 0.5773Z; +0.8165Z¢,p = ~0.5222

@, (~4.78,-2.39;-05222) = 0.2571x107* B = 783

51 = (0-1’ O’ O)

B(5) = —pif = {-—4.78}_[0.9045 0 --0.4264}

-2.39] |-0.5773 0.8165 0 0 -2.33,

0.1 -
0} _ {-—4.87‘

B,(®) = -7} (®,(-4.87,-233;-052)) = —@™} (0.1805x107) = 7.87

g, = (0,0.1,0)

B (&) = i = 478 _[09045 0 —0.4264 (001 _ [—4.787%
239 -0577308165 0 [ =247

B(E) = -0 (@, (-4.78,-247,-052)) = —@" (0.1464x107*%) = 7.89

E, = (0,0,0.1)
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— 0
_B(E) = —P-iig = 7478/ | 09045 0 04264/ | _ |-474
239 |-0.57730.8165 0 || |-2.39

B(®) = ~o71 (@, (-4.74,-239;-0.52)) = -@} (0.3616x107") = 7.78

B _787-783 _ o,
Je. 0.1 '
Ng=0
By _789-78 _
Je. 01
20 =
€=0
B _778-783 _
3¢, o1
£=0

U = (ui, ug, ug)

_ [ 0.4 0.6 ~0.5 )
10424062+ (=05)% J0.4%+0.62+ (=0.5)2 J0.42+0.6%+ (~0.5)2

= (0.4558, 0.6838, —0.5698)

Therefore, M5, = 7.83 +0.4558Z; + 0.6838Z5 — 0.5698Z,,

M, = 478 +0.9045Z, — 0.4264Z, ",

M 4y = 239 +0.8165Z, —0.5773Z,, p = —0.5222
M (4
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@, (-4.78,-2.39;-0.5222) = 0.2571x107%, B = 7.83

g = (0.1,0,0)

8 0.1
—B(E) = —P-ug = |~478/—| O 09045 —0.4264 " " _ |-4.78
~2.39] [08165-05773 0 | | [-247

Bs(8) = —07! (@, (-4.78,-247;-0.52)) = -0 (0.1464x107%) = 7.89

£, = (0,0.1,0)

0

B (&) = —BiiE = {——4.78}_[0 0  0.9045 —-0.4264J {O'IJ _ [—4.87}

-2.39] |0.8165-0.5773 0 0 © =233

B,(8) = -07! (@, (-4.87,-2.33;-0.52)) = —@" (0.1805x10™ %) = 7.87

£, = (0,0,0.1)

0
ey - mo=_ [-478_[ 0 09045 —0.4264] O | _ [-474
P®) = -p-ie [-2.39} [0.8165 ~05773 0 JLOJ [—2.39}
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B, (®) = ~@7! (@, (-4.74,-2.39;-0.52)) = -@! (0.3616x107"%) = 7.78
Bl _7.89-783 _
Je. 01
Ng=0
By _787-783 _
Je. 01 o
slg=10
By _778-78 _
Je. 01 e
1
e=0

—e 4 € e
u = (ula uza ll3)

_ [ 0.6 0.4 ~05 )
1042+ 0.62+ (=052 ,J0.42+0.62+ (=0.5)2 ,J0.42+ 0.6+ (—0.5)2
= (0.6838, 0.4558, —0.5608)

Therefore, M5 = 7.83 + 0.6838Z, + 0.4558Z, — 0.5698Z,,

M, = 4778 +0.9045Z, ~ 0.4264Z,

My 4 = 2.39+0.8165Z,-05773Z,, p = —0.5222

M) (4

@, (-4.78,-2.39;-0.5222) = 0.2571x107"*, B = 7.83
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§ = (0.1,0,0)

B (&) = —f-uE = [—4.78 [ 0o 09045 —0.4264)|%1 _ [-478
- _ A
-239] 0816505773 0 || 0| " |-247

B(E) = -0 (@, (-4.78,-2.47;-0.52)) = -0 (0.1464x1071%) = 7.89

£, = (0,0.1,0)

a 0
~B(E) = —P-ig = | 478 _| O 09045 —0.4264 | | _ |-4.87
-2.39] |0.8165-0.5773 0 0 -2.33

B(8) = 07! (@, (-4.87,-2.33:-0.52)) = @71 (0.1805x107%) = 7.87

£, = (0,0,0.1)

0
_ = [478 [ 0 09045 —0.4264 474
- £) = —pB- —_ _ —
P(®) = —p-ue [—2.39} [0.8165 ~05773 0 }LO} [—2.39}

B(®) = ~071 (0, (-4.74,-239;-0.52)) =~ (0.3616x10" 4y = 7.78

B  _7.89-7.83 _

01 0.6
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B _787-783 _ .,
Je, 0.1 '
e=0
By _778-783 _ .
Je, 0.1 '
e=0

ut = (ui,ug, ug)

1042 +0.6%+ (<05)2 J0.4210.62+ (~05)% J0.42+0.6%+ (=0.5)>
= (0.6838, 0.4558,0.5698)

Therefore, My = 7.83 +0.6838Z, + 0.4558Z, — 0.5698Z,,

The Ditlevsen bounds for the probability of failure of the series system are

(4 e (4 €
— » M] M; M My |
M7 = 7.83 +0.4558Z; +0.6838Z5 - 0.5698Z,, Py, = 0.5324,
Py = 0.3247
M7, = 7.83 +0.4558Z +0.6838Z; — 0.5698Z., pyq = 0.3247,

P,y = 0.3247
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M} = 7.83+0.6838Z, +0.4558Z, — 0.5698Z, Py, = 0.3247,

= 0.5324

M§ = 7.83 +0.6838Z, +0.4558Z, — 0.5698Z.,

n

n
upper bound: P < Z o (-—Bi) - Z max<I>2 (—Bi, —Bj;p)
i=1 i=2,j<i

SO (-B) +@(-B,) +@(-B;) +P(-B,) —max[®,(-B,,—B;:p)]
—max [@2 (_B3a —Bz;p) ’ q)z ('—B3: —Bl ,P) ]
—max [(I) ("B47 _Bl;p) ) D ('—64’ —Bz;p) ’ O (—B4: —B3 ’p) ]

-19

= 4%0.2439x10” % - 0.2826x10" 10 = 3.641x10™% - 0.2826x10~*°

9.7559%x10™ 1

i—-1

lower bound: P2 @ (- B)+22max @ (-p) - Zlcp 2 (=B =Bp), 0
]—.

P2 ® (-B)) +max[®(-B,) - @, (-, —B;;p), 0]
+max [® (-B;) - @, (B3, —B;3p) — @, (B3, —B,;p), 0] +

max [P (_[34) - @2 ("'B4’ "Bl;P) - q)z (—64’ —Bg;P) - (Dz ("[34’ —B3;p) ’ 0]

-14

= 0.2439x10™ 4 +0.2439x10714 - 0.2826x1071° + 0.2439x10™ 4
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— 3.641x107 22 = 3.641x102 + 0.2439x10" 4 - 3.641 x10™>>

—3.641x10~23 — 0.2826x10~10 = 9.7559x101°

P;=9.7559x10"", B = 7.66

Example S. Consider the same structure of example 2 with different extemal load

M, = 20000, o 1= 2000. Calculate the structural reliability.

By the same procedure used in example 2, one can obtain the following results:
For L=20000, the ANSYS PROGRAMS and the corresponding results are listed in the
appendixes: E,E1 E2 E3,E4,ES5 FF1,F2 F3 F4 F5F6,G,G1,G2,G3,G4,and G5.

My = R,™ -8, (tesnion) = Ry—14142 = R;—0.7071L
M5(3) = Rg + S5 (compression) = R5—42426 = R5_0'7071R3

M6(3) = Rg +S6 (compression) = R6—42426 = R6"'0'7O71R3

M, = R, +S,(compression) = R,—14142 = R, —0.7071L

M) 4 = Ry™ -S| (tesnion) = Ry 42426 = R; —0.7071R,
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My 4y = Ry" =5, (tesnion) = Ry~42426 = R,~0.7071R,

For the normalization: Z; = & = GX.Zi+uX.

R; = OpZ;+Hp = 6000Z;+60000, (i=1,...,6).
L = 6,Z;+}, = 2000Z,+ 20000

M5 = R3;-0.7071L = (6000Z5 + 60000) - 0.7071 (20002 +20000)

= 7.44 +0.9733Z, - 0.2294Z,

M, (3) = R5-0.7071R; = (6000Z5 + 60000) —0.7071 (6000Z; + 60000)

= 2.39-0.5773Z, + 0.8165Z5

Mg (3) = Rs—0.7071R; = (6000Z¢ + 60000) —0.7071 (6000Z; + 60000)

= 2.39-0.5773Z, + 0.8165Z

M, = R,—0.7071L = (6000Z,+60000) — 0.7071 (2000Z, +20000)

= 7.44 +0.9733Z, - 0.2294Z,

M, 4y =R, -0.7071R, = (6000Z; +60000) — 0.7071 (6000Z, + 60000)

= 2.39+0.8165Z, - 0.5773Z,
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= 2.39+0.8165Z,-0.5773Z,

My = 7.44+0.9733Z, - 0.2294Z, ,
Mg 3 = 2.39-0.5773Z,+0.8165Z5, p = ~0.5619

My 3,
@, (~7.44,-2.39;-0.5619) = 0.288352x107°, B = 11.18
M, = 7.44 +0.9733Z, - 0.2294Z,, ",
Mg 3y = 239~ 057732 +0.8165Z¢, p = ~0.5619

Mg (3)
@, (~7.44,-2.39;-05619) = 0.288352x107>° , B = 11.18
M, = 7.44+0.9733Z, - 0.2294Z, ",
M (4 = 2.39+08165Z,~0.5773Z;, p = ~0.5619

M, (4
@, (-7.44,-2.39;-0.5619) = 0.288352x107%%, B = 11.18

M,

M, = 7.44+09733Z, - 0.2294Z,
M; ()
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M2(4) = 2.39+0.8165Z,-0.5773Z,, p = —0.5619

@, (~7.44,~2.39;-0.5619) = 0.288352x107%%, B = 11.18

The reliability is modelled as a series system:

M, M, M, M,

Ms 3y Mg 3y My (a) M, ()

The equivalent series system is

€ € e
Sy B vy I v B v

The equivalent safety margins are calculated as follows:

My = 7.44+0.9733Z, - 0.2294Z, ",

Mg 3 = 239 - 057732, +08165Zs, p = ~0.5619
My 3y

@, (~7.44,-2.39;-0.5619) = 0.288352x10™>°, B = 11.18
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£, = (0.1,0,0)

0.1
_R(F) = _B_js = (—744/ _109733 0 -0.2294 _ |-7.54
P(&) = ~p-se [—2.39} [—0.5773 08165 0 J[g} Lz,ggj

Bs(E) = ~ 1 (@, (~7.54,-2.33;-0.56)) = —@! (1.4046x10>) = 11.25

5 (
€, = (0,0.1,0)

-2.39] [-0.57730.8165 O 247

—B(§) = —PB-ut = [—7.44}_ {0.9733 0 —0.2294} (OH _ [—7‘44}

B () = ~07! (@, (-7.44,-2.47;-0.56)) = ~@ ! (1.3093x107%%) = 11.25

g, = (0,0,0.1)

B (8) = —PiE = |14 _{0.9733 0 -02204]| | _ [-7.42
239" |-05773 08165 0 || T [-2.39

B.(®) = -0~ (@, (-7.42,-2.39;-0.56)) = — ~1(3.7409x107%) = 11.16
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Bl _11.25-11.18

3. 0.1 = 0.7
1i - —-
£=0
By _1125-1118 _
Je. - 0.1 e
2lg=10
By _1116-1118 _ .,
Je. - 0.1 I
g=0

—e e e e
u = (ul,uz,u3)

_ ( 0.7 0.7 -0.2 )
J0721072+ (=02)2 Jo72+ 072+ (=02)2 J0.72+0.7% + (=0.2)2

= (0.6931, 0.6931, —0.198)

Therefore,

Me

11.18 + 0.6931Z, +0.6931Z5 — 0.198Z,

M, = 7.44+0.9733Z,-0.2294Z, M,

Mg s, = 2.39-05773Z, +0.8165Z¢, p = ~0.5619
M (3)

@, (~7.44,-2.39;-0.5619) = 0.288352x107%%, B = 11.18
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g = (0.1,0,0)

B(E) = —p-iiE = {—7.44} _[0.9733 0 -02204 %l _ [-7.54
239 |-0577308165 0 || )|~ |-2.33

B(®) = —07! (@, (~7.54,-2.33;-056)) = ~®™! (14046x107>) = 11.25

g€, = (0,0.1,0)

B (E) = —p-it = {-7-44}_[0.9733 0 02204\ O | _ [-7.44
239" |-o577308165 0 |5 T 247

B(®) = -0 (@, (-7.44,-247:-056)) = ~7 1 (1.3093x107%) = 11.25

g = (0,0,0.1)

B (&) = —P—iiE = —7.44_[0.9733 0 -02294 g _ 743
239 |-0577308165 0 || [-2.39

~29

B(®) = ~07 (@, (-7.42,-239;-0.56)) = —®"! (3.7409x1077) = 11.16

8Bf

1

_1125-1118 _

01 0.7

£€=0
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0 -
_Lf]_c _1125-1118 _ .
882 0.1

£E=0
0 _
By _1L16-1118 _ .,
3, 0.1

£=0

—e € e e
u = (ul,uz,u3)

_ ( 0.7 0.7 —0.2 )
10724072+ (=02)% J072 4072+ (=02)2 J0.72+0.7%+ (—0.2)2
= (0.6931,0.6931, —0.198)

Therefore,

M5 = 11.18 +0.6931Z, +0.6931Z — 0.198Z,

M, = 744+0.9733Z, - 0.2294Z,

M, 4y = 239+08165Z, ~05773Z,, p = —0.5619
M 4

@, (~7.44,-2.39;-0.5619) = 2.88352x10°", B = 11.18

€1 = (0.1,0,0)
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o

B = —pge = 74 _[ 0 09733 ~02204 %1 _ [-7.44
239 " los165-05773 0 || |7 247

B(® = - (@, (-7.44,-2.475-056) ) = - ~1(1.30027x10°%) = 11.25

?:2 = (0,0.1,0)

B = B = |74 _[ 0 09733 02294 ol = {-7.54}
239 os1es—05773 0 J[%Y T 233

B(&) = ~o7! (@, (-7.54,-2.33;-052) ) = - ~1(1.4046x107%) = 11.25

g, = (0,0,0.1)

-B (&) = -B-ut = {“7'44] -

0 09733 ~0229d)| )| _ [1.42
~2.39)

0.8165-0.5773 0 01 ~2.39

B,(&) = ~@7! (@, (-7.42,-2.39;-056) ) = ~@ (3.7409x10°%%) = 11.16

_11.25-11.18 _
- 0.1 -

0.7
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d -
B _1125-1118 _ .
3%, 01

£=0
d -

B _1n16-1118 _ .

3%, 01

£E=0
u = (u‘i’, ug, ug)

_ ( 0.7 0.7 0.2
J072 40724 (=02)2 J0.72 4072+ (=02)2 J0.72+0.7%+ (=0.2)2

= (0.6931, 0.6931, —0.198)

Therefore, M5 = 11.18 +0.6931Z, +0.6931Z — 0.198Z,

My = 7.44+09733Z,-0.2294Z, M,

My 4 = 239 +08165Z,-0.5773Z,,p = ~0.5619
M; (4

@, (-.44,-2.39;-0.5619) = 2.88352x1077", B = 11.18

£, = (0.1,0,0)

0.1
B(F) = _B_js = =744 _| 0 09733 -0.2294 _ |—7.44
B (€) B—ug [_2,39} [0.8165 -0.5773 0 Mg} [—2,47]

)
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B,(®) = - (@, (-7.44,-2.47;-0.56)) = ~1 (1.3093x10°%) = 11.25

g, = (0,0.1,0)

B () = Pzt = |74 _[ 0 09733 02294 001 _ 754
239 o8165-05773 0 |5 T |[-233

B(®) = ~07! (@, (~7.54,-2.33;-0.56) ) = —@ ! (1.4046x10°%) = 11.25

g, = (0,0,0.1)

-2.39| 10.8165-0.5773 0 ~ ]=2.39

B &) = P = [—7.44}_ [o 0 09733 —0.2294}[8} _ [_7,42}
0.1

B (®) = -7 (@, (-7.42,-2.39;-0.56)) = -@~ (3.7409x10°%) = 11.16

0 -~
By  _1125-1118 _
o€ 0.1
1l =
e=0
d -
By _1125-1118 _
o€ 0.1
20 =
€=0



217

0 -
By  _1116-1118 _
Je. 0.1
3. =
£E=0
uf = (u'i’, ug, ug)

_ ( 0.7 0.7 —0.2 )
J072 407+ (=02)% Jo.2+0.7%+ (—02)% J0.72 4 0.7+ (<0.2)2

= (0.6931,0.6931,0.198)

Therefore, M§ = 11.18 + 0.6931Z, +0.6931Z, — 0.198Z,

The Ditlevsen bounds for the probability of failure of the series system are:

e

| M} M; M; My | o

€
M{ = 11.18 4 0.6931Z, + 0.6931Z — 0.198Z,, Py, = 0.5196,
P53 = 0.0392

€
M5 = 11.18 +0.6931Z5 +0.6931Z - 0.198Z,, py, = 0.0392,
Py = 0.0392
M3 = 11.18 +0.6931Z, +0.6931Z, — 0.198Z,, Py, = 0.0392,

Pyg = 0.5196
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Mj; = 11.18 +0.6931Z, + 0.6931Z, - 0.198Z,

n n
upper bound: P < Z ()] (_Bi) - z maxCDz (~Bi’ ‘Bj;P)

i=1 i=2j<i

Pr<® (=B)) + @ (-B,) +® (~By) +® (-B,) ~max[®, (—B —B,p)]
—max [P, (—B5, —B5:p), P, (—B3, =B 5p) ]
~max [® (=B, ~B,;p), D (=B, —B,:p), @ (-B,, —B55p) ]

= 4 x 2.5545x107% - 6.29596x107>? — 7.86105x107°° - 6.29596x10™>°

= 1.0218x10™28
n i-1
lower bound: P2 @ (=B ) + S max | ®(-B) - > o, (B, —B;:p), 0}
i=2 j=1

sz o (_Bl) +max [(D (-Bz) - @2 (—Bz: _Blsp) y O]
+max [(I) (_[33) - (1)2 (_B3: _Bl 9p) - @2 (—B3’ —Bz;p) ’ 0] +

max [CI) ("B4) - q)z (—34’ _Bl;p) - (DZ (_B4’ _Bz;p) "(Dz (—54’ —B3 ;p) ’ 0]

= 2.5545%1072% + 2.5545%10™%° — 6.29596x10>°

+25545%10~%°
— 7.86105x1070 — 7.86105x107>0 + 2.5545x10”% — 7.86105x10™>°

— 7.86105x10C — 6.29596x107>° = 1.0218x10™ %



P=1.0218x10™%%, B = 11.07
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Example 6. Consider the effects of loads on structures: (1) probabilities vs. loads (2) dafe-

indices vs. loads (3) probabilities vs. safety-factors.

ultimate load

SF.= safety factor = allowable load

(a).

P2
l(57.735,100)
Pl

2 @ 3(173.205,100)

O OV.ORE
0,001 . 5(230.94,0)
ANG 4 (7
Q(115.47,0)0—ﬁ
figure a

Forp = p; = p, = 10000; P; = @ (-B) = @ (~7.95)

60000 _

S.F.=1—18_3_6 =

5.07

Forp = p; =p, = 20000; Pf = @ (-B) = ®(-5.82)

60000 _

SE.= 53660 =

2.54

9.823x10716.

2.951x107°;
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Forp = py = p, = 30000; P; = ® () = ®(-375) = 8.837x107;

60000 _

= 35750 = 1.69

SF

Forp = p; = py = 50000; P, = ® (-B) = @(-0.11) = 0.4562

60000

= 59150 ~ 10!

SF.

(1) In prob. vs. In load.

InP
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(2) (-) safety index vs. load.

0

(-) safety index

-8

10000 50000
load

(3) Inprob. vs. (-) In S.F.

0
In prob.
40
-1.6 0
(-)InS.F.
(b).
*2(0,50)@ 3(50,50)
@ Ka B
0,001 @ 4 (50,0)

ForL=20000; P, = @ (-B) = @ (-11.07) = 1.02x10"28, s F. = 4.24



For L=40000; P, = ® (-B) = @ (~7.66) = 9.756x10™ 1>, S.F. = 2.12

ForL=60000; P, = ® () = ®(~4385) = 0.6138x107 %, SF. =141

For L = 80000; Pf = @ (—f) = ®(-0.52) = 0.3006;S.F.=1.06

(1) In prob. vs. In load.

9 12
InL

(2) (-) safety index vs. load.

(-) safety index

-12

20000 80000
load

222
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(3) Inprob. vs. (-) In S.F.

In prob.

-65

-1.4 0
(-)InS.E.



APPENDIX A ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

P2=10000
l(57.735,100)

2 3(173.205,100)
t @

OSR ONORO

0,001 , 5(230.94,0)

(115.47,0)
/PREP7 figure a

KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,57.735,100 $N,3,173.205,100

P1=10000

N,4,115.47 $N,5,230.94 $E,1,2 $E,2,3 $E 3,4 $E,2,4 $E,3,5 $E,1,4 $E4,5 $D,1, ALL,0
D,5,UY,0 $F,2,FX,10000 $F,2,FY,-10000 $ITER,1,1,1 $AFWRITE $FINISH
$/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE $FINISH

FOREC DISTRIBUTIONS:
ELEMENT FORCE
1 -3660.3 compression
2 -7886.8 compression
3 7886.8 tension
4 -7886.8 compression
5 -7886.8 compression

224
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6 11830 tension

7 39434 tension

APPENDIX A1ANSYS PROGRAM AND

FORCE DISTRIBUTIONS

(57.735,100)
P1=10000 2 (2) 3(173.205,100)
O OWORO,
©0)1 5(230.94,0)
A 6 4 7
O(115.47,0)C) .

/PREP7 figure al

KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $§N,2,57.735,100
$N,3,173.205,100
N,4,115.47 $N,5,230.94 $E,1,2 $E,2,3 $E3,4 $E.2,4 $E,3,5 $E,1 4 $E4,5 $D,1,ALL,0

D,5,UY,0 $F,2,FX,10000 $ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $FINISH
/POST1 $SET $PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:

ELEMENT FORCE

1 5000 tension
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2 -5000 compression
3 5000 tension
4 -5000 compression
5 -5000 compression
6 7500 tension
7 2500 tension

APPENDIX A2 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

P2=10000
(57.735,100)

3(173.205,100)

0,001 5(230.94,0)
L (6 4 (7
Q(115.47,0)Q -ﬁ
/PREP7 figure a2

KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,57.735,100

$N,3,173.205,100 N,4,115.47 $ N,5,230.94 $E,1,2 $E,2,3 $E,3,4 $E,2,4 $E,3,5 $E,1 4
$E,4,5 $D,1,ALL,0 D,5,UY,0 $F,2,FY,-10000 $ITER,1,1,1 SAFWRITE $FINISH $/
INPUT,27 $FINISH

/POST1 $SET $PRDISP $NFORCE $FINISH



FORCE DISTRIBUTIONS:
ELEMENT FORCE
-8660.3 compression
-2886.8 compression
2886.8 tension
-2886.8 compression
-2886.8 compression
4330.1 tension

1443.4

tension
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APPENDIX B ANSYS PROGRAM AND

FORCE DISTRIBUTIONS
7(40,34.64)
(20,28.28) 6 © 8(60,28.28)

5 1
@ 10
2020003 (40,0)]_4(60.0. 5(80,0)
Yy | @ @ O

(0,0)1

v \ \
F1=10000 F2=10000 F3=10000
(Figure b)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 SMP,EX,1,30E6 $N,1 $N,2,20 $N,3,40 $N,4,60
N,5,80 $N,6,20,28.2843 $N,7,40,34.641 $N,8,60,28.2843 $E,1,6 $E,6,7 $E,1,2

E,2,6 $E 3,6 $E,3,7 $E,5,8 $E,7,8 $E 4,5 $E.4,8 $E,3,8 $E,2,3 $E,3,4 $D,1,ALL,0
D,5,UY,0 $F,2,FY,-10000 $F,3,FY,-10000 $F,4,FY,-10000 $ITER,1,1,1 $AFWRITE
FINISH $/INPUT,27 $FINISH $/POST1 $PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS
ELEMENT FORCE
1 -18371 compression
2 -12116 compression
3 10607 tension
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11

12

13

10000

1628.9

7340.1

-18371

-12116

10607

10000

1628.9

10607

10607

tension
tension
tension
compression
compression
tension
tension
tension
tension

tension
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APPENDIX B1 ANSYS PROGRAM AND

FOREC DISTRIBUTION
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7(40,34.64)

(20,28.28) 6 NG 8(60,28.28)
2 1

@ 107
(0,0)1 2(20.00M/3(40.0)| 4(60.0y, 5(80,0)

)8 U Om

y
F1=10000

(Figure bl)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,20 $N,3,40 $N,4,60 $N,5,80
N,6,20,28.2843 $N,7,40,34.641 $N,8,60,28.2843 $E,1,6 $E,6,7 $E,1,2 $E,2,6 $E,3,6

E;3,7 $E5,8 $E,7,8 $E4,5 $E 4,8 $E,3,8 $E,2,3 $E,3,4 $D,1,ALL,0 $D,5,UY,0
F,2,FY,-10000 $ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1

SET $PRDISP $NFORCE $FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -9185.6 compression
2 -3029.1 compression
3 5303.3 tension
4 10000 tension
5 -4185.6 compression
6 1835 tension
7 -3061.9 compression
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8 -3029.1 compression
9 1767.8 tension

10 0

11 1938.1 tension

12 5303.3 tension

13 1767.8 tension

APPENDIX B2 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

7(40,34.64)

8(60,28.28)

o
4 é ), 5(80,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,20 §N,3,40 $N,4,60
N,5,80 $N,6,20,28.2843 $N,7,40,34.641 $N,8,60,28.2843 $E,1,6 $E,6,7 $E,1,2 $E,2,6
E,3,6 $E,3,7 $E,5,8 $E,7,8 $E.4,5 $E 4,8 $E,3,8 $E,2,3 $E,3,4 $D,1,ALL,0 $D,5,UY,0



F,3,FY,-10000 $ITER,1,1,1 SAFWRITE $FINISH %/INPUT,27 $FINISH $/POST1

SET $PRDISP $NFORCE $FINIS
FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -6123.7 compression
2 -6058.1 compression
3 35355 tension
4 0
5 3876.3 tension
6 3670 tension
7 -6123.7 compression
8 -6058.1 compression
9 35355 tension
10 0
11 3876.3 tension
12 35353 tesnion
13 3535.3 tension
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APPENDIX B3 ANSYS PROGRAM AND

FORCEDISTRIBUTIONS
7(40,34.64)
(20,28.28) 6 9 8(60,28.28)
3 : 2
(0,01 220,003 (40.0)1 4(60.08 5(80,0)
\
F3=10000

(Figure b3)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,20 $N,3,40 $N,4,60

N.,5,80 $N,6,20,28.2843 $N,7,40,34.641 $N,8,60,28.2843 $E,1,6 $E 6,7 $E,1,2 $E,2,6

E 3,6 $E,3,7 $E,5,8 $E,7,8 $E 4,5 $E 4,8 $E 3,8 $E,2,3 $E,3,4 $D,1,ALL,0 $D,5,UY,0
F.4,FY,-10000 4ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET

PRDISP $NFORCE $FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -3061.9 compression
2 -3029.1 compression

3 1767.8 tension



10

11

12

13

1938.1

1835

-9185.6

-3029.1

5303.3

10000

-4185.6

1767.8

5303.3

tension
tension
compression
compression
tension
tension
compression
tension

tension
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APPENDIX C ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=80000 2(0,50) @ 3(50,50)

© (5

(0,0)1 4 (50,0)
©)
/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP.EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,80000
ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $NFORCE
FINISH .

FORCE DISTRIBUTIONS:
ELEMENT FORCE

1 40000 tension
2 40000 tension
3 56569 tension
4 -56569 compression
5 -40000 compression
6 -40000 compression
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APPENDIX C1 ANSYS PROGRAMS AND
FORCE DISTRIBUTIONS

- 2(0,50
L=80009 2(0.50)(6)

3(50,50)

©

(0,0)1

3 4

R=60000

@

(5

4 (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,2 $E,1,3 $E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,80000 $F,1,FX,60000

F.4,FX,-60000 $ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET

PRDISP $NFORCE $FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
2 60000 tension
3 28284 tension
4 -84853 compression
5 -20000 compression
6 -20000 compression
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APPENDIX C2 ANSYS PROGRAM AND

FORCE DISTRIBUTIONS
L=80000_ 2(0,50)(6) 3(50,50)
60000
@ 3 4 @
(0,0_)}1_ © 4 (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,13 $E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D4,UY,0 $F,2,FX 80000 $F,2,FY -60000
F,1,FY,60000 $ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET
PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 60000 tension
3 28284 tension
4 -84853 compression
5 -20000 compression

6 -20000 compression
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APPENDIX C3 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=80000_ 2(0,50)(’¢) 3(50,50)
—

s

60000

@ o \p P

4

(0,0)1 / © 4 (50,0

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4%E,123E24$E34$E2,3$D,1,ALL,0$D,4,UY,0$F,2,FX 80000 F,1,FX,42426.4
F,1,FY 42426.4 $F,3 FX,-42426 .4 $F,3, FY,-42426.4 $ITER,1,1,1 $AFWRITE $FINISH
/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 37574 tension
2 37574 tension
4 -53137 compression
5 -42426 compression

6 -42426 compression
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APPENDIX C4 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

1=80000_ 2(0,50)(%6) 3(50,50)

(3) 60000 o )
(0,0)1 \\ 4 (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E 1,3 $E 3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,37573.6

F,2,FY 42426.4 $F,4,FX 42426.4 $F,4 FY,-42426.4 $ITER,1,1,1 SAFWRITE $FINISH
/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 42426 tension
2 42426 tension
3 53137 tension
5 -37574 compression

6 -37574 compression
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APPENDIX C5 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=80000_ 2(0,50)(6) 3(50,50)
- —

60000

© ®

3 4

(0,0)1 4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1 3E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4 $E,1,2 $E,1,3 $E,2,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX 80000 $F,3,FY,60000
F,4,FY,-60000 $ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET

PRDISP $NFORCE $FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 20000 tension
2 20000 tension
3 84853 tension
4 -28284 compression

6 -60000 compression
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APPENDIX C6 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

= 2(0,50 ,
L=80000 ._<( )@ 3(50,50)

60000

©

0,0)1

O

4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,3E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

$E,1,4 $E,1,2 $E,1,3 $E,2,4 $E,3,4 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,20000 F,3,FX,60000

ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP

NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 20000 tension
2 20000 tension
3 84853 tension
4 -28284 compression
5 -60000 compression



APPENDIX D ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=80000 2(0,50) @ 3(50,50)

© (5

(0,0)1 4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,2,4 $E 3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,80000
ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP
NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
2 0
3 113140 tension
4 0
5 -80000 compression
6 -80000 compression

242



243

APPENDIX D1 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=80000 2(0,50) @ 3(50,50)
—-

@ (5

3 4

0,001 4 (50,0
(0,001, D (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP.EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,2 $E,1,3 $E,2,4 $E ;3,4 $E 2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,80000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE

1 0

3 113140 tension

4 0

5 -80000 compression

6 -80000 compression



244

APPENDIX D2 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=80000 2(0,50) @ 3(50,50)

@ DN\ P

0,001 4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E.1,4 $E,1,3 $E,2.4 $E,3,4 $E,2,3 $D,1,ALL,0 $D4,UY,0 $F,2,FX 80000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE

1 80000 tension

2 80000 tension

4 -113140 compression

5 0

6 0
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APPENDIX D3 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=80000 2(0,50) @ 3(50,50)
-

3 o P

(0,0)1 O 4 (50,0)
1
/PREP7 $KAN,0 $ET.,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4$E,1,2$E,24 $E3,4 $E 2,3 $D,1,ALL,0 $D,4,UY 0 $F,2,FX,80000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE

1 0

2 0

3 113140 tension

5 -80000 compression

6 -80000 compression



246

APPENDIX D4 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=80000 2(0,50) @ 3(50,50)
-

© ®

3 4

0,001 4 (56,0

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,3,4 3E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,80000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE

1 80000 tension

2 80000 tension

3 0

4 -113140 compression

6 0
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APPENDIX D5 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=80000 2(0,50) @ 3(50,50)
—

@ (5

(0,0)1 4 (50,0)

©

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4$E,1,2$E,1,3 $E,2,4 $E,2,3 $D,1,ALL,0 $D4,UY,0 $F,2 FX 80000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE

1 80000 tension

2 80000 tension

3 0

4 -113140 compression



APPENDIX E ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

2(0,50) @ 3(50,50)

@ (9

3 4

0,0)1) . R60000 N 4 (50,0

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N 4,50,0
E,1,2$E,1,3 $E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,1,FX,60000 $F 4,FX,-60000
ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP
NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
2 60000 tension
3 -84853 compression
4 -84853 compression
5 60000 tension
6 60000 tension
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APPENDIX E1 ANSYS PROGRAM AND

FORCE DISTRIBUTIONS
2(050)(3) 3(50,50)
60000

O,

4 (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4$E,13 $E,24 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 §F,2,FY -60000 $F,1 FY,60000
ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP

NFORCE $FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 60000 tension
3 -84853 compression
4 -84853 compression
5 60000 tension
6 60000 tension
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APPENDIX E2 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

2 (O,SO)@ 3(50,50)

s

606000
4

a o\ P

(0,0)1 / @ 4 (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 §N,4,50,0
E,1,4 $E,1,2 $E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D4,UY,0 $F,1,FX,42426.4

F,1,FY 42426.4 $F,3 FX ,-42426 4 $F,3 FY,-42426.4 $ITER,1,1,1 SAFWRITE $FINISH
/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -42426 compression
2 -42426 compression
4 60000 tension
5 -42426 compression

6 -42426 compression
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APPENDIX E3 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

2(0,50) @ 3(50,50)

@) 60000 o )
(0,0)1 \ 4 (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4 $E,1,2 $E,1,3 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,-42426 4
F,2,FY 42426.4 $F,4,FX 42426.4 $F 4 FY ,-42426.4 $ITER,1,1,1 SAFWRITE $FINISH
/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 42426 tension
2 42426 tension
3 -60000 compression
5 42426 tension

6 42426 tension
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APPENDIX E4 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

2(0,50) @ 3(50,50)

60000

@ ®

3 4

(0,0)1 4 (50,0)

O &

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4 $E,1,2 $E,1,3 $E,2,4 $E2,3 $D,1,ALL,0 $D 4,UY,0 $F,3,FY 60000 $F,4,FY,-60000
ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $%FINISH $/POST1 $SET $PRDISP
NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -60000 compression
2 -60000 compression
3 84853 tension
4 84853 tension

6 -60000 compression
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APPENDIX E5 ANSYS PROGRAM AND

FORCE DISTRIBUTIONS
2050)8) ___3(5050)
60000

@

(0,001

O,

4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,2,4 $E 3,4 $D,1,ALL,0$D,4,UY,0 $F,2, FX,-60000 $F,3,FX,60000

ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP

NFORCE $FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -60000 compression
2 -60000 compression
3 84853 tension
4 84853 tension
5 -60000 compression



APPENDIX F ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=20000 2(0,50) @ 3(50,50)

© (5

(0,0)1 4 (50,0)
©
/PREP7 $KAN,0 $ET, 1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,20000
ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP
NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE

1 10000 tension
2 10000 tension
3 14142 tension
4 -14142 compression
5 -10000 compression
6 -10000 compression
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APPENDIX F1 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=20000 2(0,50)(%) 3(50,50)
——

® (5

3 4

0,001} R=60000 N\ 4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,2 $E,1,3 $E,24 $E,34 $E,2,3 $D,1,ALL,0 $D 4,UY,0 $F,2,FX,20000 $F,1 FX,60000
F,4 FX,-60000 $ITER,1,1,1 SAFWRITES$FINISH $/INPUT,27 $FINISH $/POST1 $SET

PRDISP $NFORCE $FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
2 60000 tension
3 -56569 compression
4 -84853 compression
S 40000 tension

6 40000 tension
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APPENDIX F2 ANSYS PROGRAM AND

FORCE DISTRIBUTIONS
L=20000_ 2(0,50)(%) 3(50,50)
6000‘0
@ ,Xa @
(0,0_)£_ D 4 (50,0

/PREP7 $KAN 0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,13 $E,24 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX 20000 $F,2 FY ,-60000
F,1,FY,60000 $ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET
PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 60000 tension
3 -56569 compression
4 -84853 compression
5 40000 tension

6 40000 tension
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APPENDIX F3 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=20000_ 2(0,50)(6) 3(50,50)
.

s

60000

d o \o P

(0,0)1 / @ 4 (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4$E,1,28E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D 4,UY,0 $F,2,FX,20000 F,1,FX,42426 .4
F,1,FY 42426.4 $F,3 FX -42426.4 $F,3,FY -42426 4 $ITER,1,1,1 $AFWRITE $FINISH

$/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -22426 compression
2 -22426 compression
4 31716 tension
5 -42426 compression

6 -42426 compression
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APPENDIX F4 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=20000 2(0,50)@ 3(50,50)

@) 60000 )
(0,0)1 \ 4 (50,0)

/PREP7 $KAN,0 $ET.,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 3E,1,3 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,-22426.4

F,2,FY 42426 .4 $F4,FX 424264 $F,4, FY,-42426.4 $ITER,1,1,1 $AFWRITE $FINISH
/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE $FINISH

FORCE DISTRIBUTION:
ELEMENT FORCE
1 42426 tension
2 42426 tension
3 -31716 compression
5 22426 tension

6 22426 tension
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APPENDIX F5 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=20000_2(0,50)(6) 3(50,50)
—_— -

60000

© ®

3 4

(0,0)1 4 (50,0)

O o

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $SMP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,24 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,20000 $F,3,FY,60000

F,4,FY,-60000 $ITER,1,1,1 $SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET
PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -40000 compression
2 -40000 compression
3 84853 tension
4 56569 tension

6 -60000 compression
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APPENDIX F6 ANSYS PROGRAM AND

FORCE DISTRIBUTIONS
L=20000 >2< (0,50)@ ’3(50,50)
60000

©

0,01

e

4 (50,0)

©

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4$E,1,2$E,1,3 $E,2,4 $E 3,4 $D,1,ALL,0 $D.4,UY,0 $F,2,FX,-40000 $F,3,FX,60000

ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP

$NFORCE $FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -40000 compression
2 -40000 compression
3 84853 tension
4 56569 tension
5 -60000 compression



APPENDIX G ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=20000 2(0,5 O)@ 3(50,50)

© (5

0,0)1 4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MPEX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,2 $E,1,3 $E,2,4 $E,3,4 $E,2,3 $D,1, ALL,0 $D,4,UY,0 $F,2,FX,20000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
2 0
3 28284 tension
4 0
5 -20000 compression
6 -20000 compression
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APPENDIX G1 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

1L=20000 2(0,50) @ 3(50,50)
—

@ (>

3 4

0,01 4 (50,0
00LL D (50,0

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,14 $E,1,3$E,2,4 $E 3,4 $E,2,3 $D,1,ALL,0 $D,4,UY 0 $F,2,FX,20000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTION:
ELEMENT FORCE
1 0
3 28284 tension
4 0
5 -20000 compression

6 -20000 compression
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APPENDIX G2 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=20000 2(0,50) @ 3(50,50)

3 o \@ P

0,001 4 (50,0)
@
/PREP7 $KAN,0 $ET, 1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E 2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,20000 $ ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 20000 tension
2 20000 tension
4 -28284 compression
5 0

6 0
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APPENDIX G3 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=20000 2(0,50) @ 3(50,50)

@ @ 2

(0,0)1 4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,14 $E,1,2$E,1,3 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,20000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 0
2 0
3 28284 tension
5 -20000 compression

6 -20000 compression
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APPENDIX G4 ANSYS PROGRAM AND
FORCE DISTRIBUTRIONS

L=20000 2(0,50) @ 3(50,50)

© ®

3 4

(0,001 4 (50,0
O &
/PREP7 $KAN,0 $ET, 1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,2,4 $E,2,3 $D,1,ALL,0 $D4,UY,0 $F,2,FX,20000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 20000 tension
2 20000 tension
3 0
4 -28284 compression
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APPENDIX G5 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=20000 2(0,50) @ 3(50,50)
—_—

© (9

0,001 4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4 $E,1,2$E,13 $E2,4 $E,3,4 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,20000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 20000 tension
2 20000 tension
3 0
4 -28284 compression



APPENDIX H ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=40000 2(0,50) @ 3(50,50)

© (5

(0,0)1 4 (50,0)

©)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4 $E,1,2 $E,1,3 $E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY 0 $F,2,FX,40000
ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP

NFORCE $FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 20000 tension
2 20000 tension
3 28284 tension
4 -28284 compression
5 -20000 compression
6 -20000 compression
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APPENDIX H1 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=40009 2(0,50)(6)

3(50,50)

@

3 4

R=60000

©

0,001

O

4 (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,2 $E,1,3 $E,2,4 $E 3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2 FX,40000 $F,1,FX,60000
F,4,FX,-60000 $ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET

PRDISP $NFORCE $FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
2 60000 tension
3 -28284 compression
4 -84853 compression
5 20000 tension
6 20000 tension
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APPENDIX H2 ANSYS PROGRAM AND

FORCE DISTRIBUTIONS
L=40000_ 2(0,50)(6) 3(50,50)
60000
@ X B
(O,O_)JL @ 4 (50,0

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,13 $E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX 40000 $F,2,FY ,-60000
F,1,FY 60000 $ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET
PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 60000 tension
3 -28284 compression
4 -84853 compression
5 20000 tension

6 20000 tension
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APPENDIX H3 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=40000_ 2(0,50)(6) 3(50,50)
—

<

@ @ 60000 @

4

0,001 / @ 4 (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4 $E,1,2 $E,2,4 $E,3,4 $E,2,3 $EPLOT $D,1,ALL,0 $D,4,UY,0 $F,2,FX,40000
F,1,FX42426.4 $F,1, FY 42426 .4 $F,3,FX,-42426 .4 $F,3 FY -42426.4 $§ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -2426.4 compression
2 -24264 compression
4 3431.4 tension
5 -42426 compression

6 -42426 compression
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APPENDIX H4 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=40000_ 2(0,50)(6) 3(50,50)

@ 60000 @ @

3

(0,001 \ 4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $$N,4,50,0
E,1,4$E,1,2 $E,1,3 $E,3,4 $E,2,3 $D,1,ALL,0 $D4,UY,0 $F,2 FX,-2426 .4

F,2,FY 42426.4 $F,4 FX,42426.4 $F,4, FY,-42426 .4 $ITER,1,1,1 SAFWRITE $FINISH
/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE $FINISH

FORCE DISTRIBUTION:
ELEMENT FORCE
1 42426 tension
2 42426 tension
3 -3431.4 compression
5 24264 tension

6 2426.4 tension
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APPENDIX H5 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=40000 2(0,50)@ 3(50,50)
——ee - n

60000

© ®

3 4

0,001 4 (50,0)
O &
/PREP7 $KAN,0 $ET,1,1 $R,1,2 SMP.EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,2,4 $E,2,3 $D,1,ALL.0 $D,4,UY,0 $F,2,FX,40000 $F,3,FY 60000
F4,FY,-60000 $ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET
PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -20000 compression
2 -20000 compression
3 84853 tension
4 28284 tension

6 -60000 compression
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APPENDIX H6 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

_ 2(0,50 3(50,50
L=40000 ><( )@ ( )

60000

©

0,001

e

4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4$E,1,2$E,1,3 $E,2,4 $E,3,4 $D,1,ALL,0 $D,4,UY,0 $F,2 FX,-20000 $F,3,FX,60000

ITER,1,1,1 $AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP

NFORCE $FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 -20000 compression
2 -20000 compression
3 84853 tension
4 28284 tension
5 -60000 compression



APPENDIX T ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=40000 2(0,50) @ 3(50,50)
>

© (5

(0,01 4 (50,0)

©

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,2 $E,1,3 $E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2, FX,40000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
2 0
3 56569 tension
4 0
5 -40000 compression
6 -40000 compression
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APPENDIX I1 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=40000 2(0,50)(5) 3(50,50)
-

@ (5

0,0)1 4 (50,0
0,0)L D (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 SEMP EX,1,3E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,3 $E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D4,UY,0 $F,2,FX 40000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTION:
ELEMENT FORCE
1 0
3 56569 tension
4 0
5 -40000 compression

6 -40000 compression
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APPENDIX I2 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=40000 2(0,5 O)@ 3(50,50)

d \@ O

(0,001 Q 4 (50,0)
1
/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,2,4 $E 3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,40000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $%PRDISP $NFORCE
FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 40000 tension
2 40000 tension
4 -56569 compression
5 0

6 0
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APPENDIX I3 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=40000 2(0,50) @ 3(50,50)
—

@ op P

(0,001 Q 4 (50,0)
1
/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E ;3,4 $E2,3 $D,1,ALL,0 $D4,UY .0 $F,2,FX 40000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 0
2 0
3 56569 tension
5 -40000 compression

6 -40000 compression
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APPENDIX 14 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=40000 2(0,50) @ 3(50,50)

@ ®

3 4

(0,0)1 4 (50,0

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,2,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX 40000 $ITER,1,1,1

AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 40000 tension
2 40000 tension
3 0
4 -56569 compression
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APPENDIX I5 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=40000 2(0,50) @ 3(50,50)
——

@ (5

(0,0)1 4 (50,0)
@D
/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,14 $E,1,2 $E,1,3 $E,2,4 $E,3,4 $D,1,ALL,0 $D,4,UY 0 $F,2, FX 40000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 40000 tension
2 40000 tension
3 0
4 -56569 compression
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APPENDIX J1 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=80009 2(0,50)@ 3(50,50)

@ (S

3 4

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,2$E,1,3 $E,2,4 $E,34 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,60000 $F,1,FX,60000
F4,FX,-60000 $ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET
PRDISP $NFORCE $FINISH

4 (50,0)

FORCE DISTRIBUTIONS:
ELEMENT FORCE
2 60000 tension
3 0
4 -84853 compression
5 0
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APPENDIX J2 ANSYS PROGRAM AND

FORCE DISTRIBUTIONS
L=60000_2(0,50)(6) 3(50,50)
60000
@ 3 4 @
(0,0_)1£t_ D 4 (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4$E1,3 $E2,4 $E 3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,60000 $F,2,FY,-60000
F,1,FY,60000 $ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET
$PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 60000 tension
3 0
4 84853 compression
5 0
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APPENDIX J3 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

- 2(0,50 3(50,50
L=60000_ 2(050)(%) (50,50)

S

60000

d o o @

0,001 / @ 4 (50,0

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D4,UY,0 $F,2 FX,60000 F,1,FX 42426.4
F,1,FY 42426.4 $F 3 FX,-42426.4 $F,3 FY,-42426.4 $ITER,1,1,1 SAFWRITE $FINISH
/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 17574 tension
2 17574 tension
4 -24853 compression
5 -42426 compression

6 -42426 compression
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APPENDIX J4 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=60000_ 2(0,50)(%) 3(50,50)

(3] 60000 3)
(0,0)1 \ 4 (50,0)

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,17573.6

F,2,FY 424264 $F,4 FX 42426.4 $F 4, FY,42426.4 $ITER,1,1,1 SAFWRITE $FINISH
/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE $FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 42426 tension
2 42426 tension
3 24853 tension
5 -17574 compression

6 -17574 compression
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APPENDIX J5 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=60000_ 2(0,50)(6) 3(50,50)
-

60000

© ®

3 4

(0,0)1 4 (50,0)
O &
/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,2,4 3E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2, FX,60000 $F,3,FY ,60000
F,4,FY,-60000 $ITER,1,1,1 SAFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET
PRDISP $NFORCE $FINISH

FORCE DISTRIBUTION:
ELEMENT FORCE
1 0
2 0
3 84853 tension
4 0

6 -60000 compression
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APPENDIX J6 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

1;60000*2(0,50) @ 3(50,50)
60000

© (>

3 4

0,0)1 @ 4 (50,0)
/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E24 $E,3,4 $D,1,ALL,0 $D,4,UY .0 $F,3,FX,60000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 0
2 0
3 84853 tension
4 0

5 -60000 compression



APPENDIX K ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=60000 2(0,50) @ 3(50,50)

© (5

(0,0)1 4 (50,0)

©

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP.EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,2.3E,1,3 $E,2,4 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2 FX,60000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
2 0
3 84853 tension
4 0
5 -60000 compression
6 -60000 compression
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APPENDIX K1 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=60000 2(0,50)
P @

3(50,50)

®@

3

(5

4 (50,0)

(0,0)1

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,3 $E,2,4 $E3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,60000 $ITER,1,1,1
AFWRITE $$FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE

FINISH
FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 0
3 84853 tension
4 0
5 -60000 compression
6 -60000 compression
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APPENDIX K2 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=60000 2(0,50) @ 3(50,50)
>

A o \@ P

(0,0)1 4 (50,0)
@
/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,143E,1,2$E2,4 $E3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,60000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 60000 tension
2 60000 tension
4 -84853 . compression
5 0

6 0
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APPENDIX K3 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=60000 2(0,50)(3) 3(50,50)

© @ @

(0,01 4 (50,0)

@

/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0

E,1,4$E,1,2$E,1,3 $E,3,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,60000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 0
2 0
3 84853 tension
5 -60000 compression

6 -60000 compression
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APPENDIX K4 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=60000 2(0,50) @ 3(50,50)

© ®

3 4

0,001 4 (50,0)

QL &
/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP,EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,2,4 $E,2,3 $D,1,ALL,0 $D,4,UY,0 $F,2,FX,60000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 60000 tension
2 60000 tension
3 0
4 -84853 compression
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APPENDIX K5 ANSYS PROGRAM AND
FORCE DISTRIBUTIONS

L=60000 2(0,50) @ 3(50,50)
—

@ (5

(0,001 @ 4 (50,0)
/PREP7 $KAN,0 $ET,1,1 $R,1,2 $MP EX,1,30E6 $N,1 $N,2,0,50 $N,3,50,50 $N,4,50,0
E,1,4 $E,1,2 $E,1,3 $E,2,4 $E,3,4 $D,1,ALL0 $D,4,UY,0 $F,2,FX,60000 $ITER,1,1,1
AFWRITE $FINISH $/INPUT,27 $FINISH $/POST1 $SET $PRDISP $NFORCE FINISH

FORCE DISTRIBUTIONS:
ELEMENT FORCE
1 60000 tension
2 60000 tension
3 0
4 -84853 compression
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