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ABSTRACT

The deposition of particles in a parallel-plate channel 
and a circular tube under the influence of inertia, fluid 
viscosity, gravity and electrostatic image forces was studied 
by analytical and numerical methods. A laminar flow with 
uniform and parabolic velocity profiles was investigated with 
a particle initial velocity of zero as well as that of the 
local fluid velocity.

The governing equations were solved by the Lagrangian 
approach to obtain the particle trajectories from which the 
fraction of deposition was calculated. Closed form 
solutions for particle trajectory and a complete deposition 
of particles in a finite length of the flow passage were 
obtained for the gravity force alone. When both gravity and 
image forces are present, the deposition increases greatly. 
However, a complete deposition cannot be attained, 
theoretically, in a finite length of the flow passage due to 
the balance of the downward gravity force and the upward 
image force in the flow field.
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In general, the particle deposition is high for 
particles with small inertia forces and high image forces. 
It is also higher for uniform flow than for a parabolic flow 
and is higher for particles with zero initial velocity than 
that for particles with the initial velocity of the local 
fluid.
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NOMENCLATURE
Symbol

a particle radius
D Brownian diffusion coefficient
Dp particle diameter
f Stoke's drag force
Fx,Fy,Fz dimentionless particle image force in the axial and 

vertical components 
Fp charge parameter
g gravity acceleration constant
G gravitational force parameter
K constant parameter, 1/(Q G)
H half of the dimensionless channel width
h half the channel width
m mass of a particle
n particle concentration
nQ inlet particle concentration
N dimensionless particle concentration
NQ dimensionless inlet particle concentration
Ix,Iy particle image force in the axial and vertical
q electric charge per particle
Q Stocke‘s number or particle inertia parameter
R dimensionless radial distance
R^ dimensionless radial distance at step i
RQ dimensionless radius
Rs radial distance of the new coordinate S



t time variable
T dimensionless time variable
T" dimensionless time variable ( T/Q)
u,v,w x, y, z component of fluid velocity
Up,Vp,Wp x, y, z component of particle velocity
uQ inlet velocity of fluid (uniform)
Up0 inlet velocity of particle
U,V,W dimensionless X, Y, Z component of fluid velocity
Up,Vp,Wp dimensionless X, Y, Z component of particle 

velocity
Uo dimensionless inlet velocity of fluid (uniform)
UpQ dimensionless inlet velocity of particle
x,y,z axial, vertical and horizontal coordinates
yo,zo inlet particle coordinate
X,Y,Z dimensionless axial, vertical and horizontal

corordinates
XI, X2 dimensionless channel length
Yo,Zo dimensionless particle inlet coordinate
Ys,Zs dimensionless vertical and horizontal component of

new coordinate system S 
Ym origin of new coordinate system S
Y1 vertical component of the upper point deposited at

a distance XI
Y2 vertical component of the lower point deposited at

a distance XI



Greek Letters
e" permitivity of free space
0 polar angle coordinate of inlet point
0W polar angle coordinate of inlet point at the wall
p. viscosity of the fluid of suspension
pi 3.14159...

Superscripts
11 dimensionless quantities as defined

Subscripts
i the ith step (i = 1,2,3....)
o initial or inlet condition
p particle phase
w condition at wall

xiii



CHAPTER 1 INTRODUCTION

Advances in science and technology have increased 
productivity and provided a luxurious life for mankind, yet 
these same advances have also accelerated the depletion of 
natural resources and polluted the environment. The major 
sources of pollutants are exhaust fumes and discharge liquid 
from chemical factories. The motion and deposition of such 
contaminants in suspension in a fluid moving through a 
conduit are, therefore, important subjects in recent years.

The investigation of the particle deposition process in 
a suspension of moving fluid is relevant to the design of 
dust collection equipment, aerosol spray devices and fluidic 
devices, and also to the understanding of the deposition 
process in the human respiratory system. A detailed 
knowledge of the mechanism of deposition would be helpful in 
understanding the deposition process, and controlling the 
particle deposition on these devices would result in better 
control of pollutants.

To predict the performance of deposition effectively, 
the significance of each mechanism or parameter involved has 
to be identified, and a mathematical model simulating the 
flow and deposition process must be developed.

The forces that affect the motion of the particles are
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the inertia or the mass of the particle, the gravity acting 
on the particle, and the force exerted on the particle due to 
the velocity difference between the particle and the fluid.

For particles with electrostatic charges, the deposition 
forces are due to space charge repulsive forces and image 
forces. When particles having the same polarity of charge 
are distributed in a space, they tend to repel one another 
and drift toward the tube wall. This type of force is 
called the space charge repulsive force. The tube wall is 
generally considered grounded, i.e. it has zero electrostatic 
potential. When a particle is placed in front of a grounded 
wall, an attractive electrostatic force, the image force, 
between the particle and the wall is induced. At a particle 
concentration of greater than 1.0 E7 particles per cubic 
centimeter, the deposition is mainly due to space charge 
repulsive forces (see Yu [41]), while at a particle 
concentration of less than 1.0 E5, the deposition is mainly 
due to image forces.

Practically all aerosols or particles, natural or 
artificial, are eletrostatically charged. When particles 
capture free ions from the air, they become charge carriers. 
Particles may also acquire charge when they impact each other 
and the wall.

The purpose of this study is to investigate the 
deposition of particles in a channel and a circular tube due
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to interia, gravity and charge image forces. The 
significance of each individual mechanism on the deposition 
is investigated first and the combined effect of each 
parameter on the deposition can, therefore , be assessed.

A steady incompressible laminar flow of fluid with 
uniformly charged particles in a parallel-plate channel and a 
circular tube are studied by a particle pathline method. The 
effects of inertia, gravity and image forces are considered, 
and parabolic and uniform velocity profiles are assumed. For 
uniform flow with inertia and gravity forces, a closed form 
solution can be obtained. In most cases numerical analysis 
of the non-linear differential equations is required.

The computer programs for the numerical method were 
executed on a UNIVAC VS/9, VAX 11/780. Programs in Univac 
and Vax systems were written in Fortran IV. The trajectory or 
pathline of each particle entering the tube inlet is 
calculated first, and then an equi-penetration line is 
determined as the inlet section is found. From the equi- 
penetration line the deposition can be calculated.

Two particle inlet velocities are studied. One is equal 
to the velocity of the fluid, the other is zero. This 
represents the limiting cases since the actual inlet velocity 
of a particle is, most likely, somewhat between zero and the 
fluid velocity.
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In Chapter Two a summarized literature survey on the 
deposition of suspension under the effect of gravitational 
force, inertia, and image forces are presented.

In Chapter Three the trajectories of particles due to 
these forces are obtained analytically and numerically and 
are used to calculate the fractions of deposition. In 
chapter Four the results from all the forces involved are 
presented and discussed.

High particle deposition is obtained for particles with 
small inertia forces and high image forces and for uniform 
flow with zero initial velocity. Conclusions are presented 
in Chapter Five and recommendation are in Chapter Six.
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CHAPTER 2 LITERATURE SURVEY

Investigations of particle deposition for laminar flow 
have been carried out by many authors. This survey focuses 
on the deposition of suspensions in parallel-plate channels 
and circular tubes due to gravity, inertia and electrostatic 
forces.

Gravitational Force Alone

For a submicron particle moving in a fluid, its inertial 
effect may be neglected and the particles can be maintained 
at the same velocity as that of the fluid. Deposition due to 
gravitational force alone has been studied by Walton [36] in 
1954 and Thomas [33] in 1958. These studies are included in 
The Mechanics of Aerosol by Fuchs [16].

By means of the concept of the particle trajectory 
function, Pich [27] derived an equi-penetration curve of 
particles at the inlet plane. The particles below the equi- 
penetration curve are considered deposited on the wall. The 
deposition efficiency is found by integrating the product of 
particle velocity and the area between the equi-penetration 
curve and the boundary of the channel wall.

Wang [37] further developed the concept of particle 
trajectory in an inclined channel in a laminar flow. 
Analytical solutions for gravitational deposition of
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particles were derived for the uphill and downhill flows. At 
zero inclination (i.e. in a horizontal tube) Wang obtained 
the same solution as that derived by Pich [27]. In an uphill 
flow with parabolic velocity profile, the axial component of 
particle velocity at the entrance region is negative; hence 
these particles are not able to enter the tube. Therefore, 
in the calculation of particle deposition, those particles 
are not included while in a downhill flow, this situation 
does not happen since the axial components of particle 
velocity in the entrance region are all positive. It was 
found that the deposition is dependent upon the sedimentation 
parameter, which is the product of the particle terminal 
velocity, the diameter of tube, and the angle of inclination.

When the settling velocity component in the axial 
direction of the tube was small in comparison with the axial 
flow velocity, Heyder and Gebhart [19] obtained a solution 
which is applicable to both uphill and downhill flow 
directions. By visualization of the small airways in the 
human respiratory tract as a system of randomly oriented 
circular tubes, it was found that the deposition efficiency 
was equal to vt/2r, where v is the terminal settling 
velocity, t is the mean residence time of aerosol particles 
in these tubes, and r is the radius of these tubes. Two 
He-Ne laser photometers were used to measure gravitational 
deposition of particles in laminar flows of air through 
inclined tubes.
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The deposition of particles from flows in a system of 
finite tubes in random orientation was further studied by 
Thiagarajan and Yu [32] to include the case of a large 
settling velocity.

Gravitational Force and Particle Inertia

Taulbee [31] studied the effects of gravity on 
deposition in the entrance region of a developing flow in a 
circular tube. The developing flow field was calculated 
numerically using the boundary layer equations. It was found 
that deposition at a very small settling velocity is 
essentially the same as that of fully developed flow. In 
this case, most of the particles settle out after the flow 
becomes fully developed. For a very large settling 
parameter, the solution with developing flow approached that 
for constant uniform flow. For this case, the particles 
settle out relatively near the entrance where the flow 
profile is flat.

In addition, Taulbee [31] studied the effects of 
particle inertia on the deposition and found that the 
deposition rate decreases with increasing inertia forces. 
The results show that the deposition is smaller near the tube 
entrance when the inertia parameter was introduced. The 
introduction of inertia causes the initial axial momentum of 
the particles to carry them farther downstream before the
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vertical gravitational settling velocity carries the 
particles toward the tube surface. The inertia effects could 
be neglected if the inertia parameter, which is defined as 
the square of particle radius divided by the product of 
kinematic viscosity and the particle relaxation time, is less 
than 1000.

Electrostatically Charged Particles

It has been known that all dust particles become 
electrostatically charged upon being dispersed into a cloud. 
Cheng and Soo [10] indicated that the basic mechanism of 
particle being charged is due to impact or collision. The 
charge redistribution during impact was described in terms of 
the particle dynamics, and the properties of the materials of 
the contacting surfaces.

When electrostatically charged particles are suspended 
in a fluid, the deposition is due to both the space charge 
repulsive force and the image force. Yu and Chandra [44] 
analysed these forces seperately and compared the results 
with existing experimental data. It was found that at 1.0E05 
particles per cubic centimeter, the space charge force can 
only lead to a small effect on the deposition and the 
predominant effect is due to image forces exerted on the 
particles. In the image force model, the interactive forces 
between particles is neglected and the deposition is 
independent of the particle density.
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Yu [41] studied the precipitation from still air in 
cylindrical and spherical vessels due to either space charge 
repulsion or image force. It was found that for the product 
of number density and cubic power of the vessel radius much 
greater that 100, the mutual repulsion gives a larger 
fractional deposition than that obtained by the image force, 
and for a product much less than 10 the image force is the 
predominant factor for deposition.

Chen [6] studied the deposition of aerosol in a two- 
dimensional parallel-plate channel due to diffusive and space 
charge effects by an integral method. The fluid phase was 
assumed to be either uniform flow or fully developed flow. 
Two models of particle density profiles, a third order 
polynomial and a fully developed particle density profile 
were employed.

Comparison between fully developed and slug flows which 
are equivalent to the series solutions given by Carslaw and 
Jaeger[4] showed that the fully developed density profile 
gives better results. The inverse of the centerline particle 
density was found to increase linearly with the product of 
space charge parameter and axial distance near the channel 
inlet. The centerline particle density, penetration and 
electric field force were found to decrease near the channel 
inlet. At far downstream, those factors decrease 
exponentially with the axial distance.
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The analysis on the deposition from charged aerosol 
passing through a pipe bend was presented by Diu and Yu [13]. 
The analysis for the case of t'/T << 1 and h/r were 
considered, where t'= m/f is the particle relaxation time and 
T = 6/a' is the residence time, where 0 is the bend angle and 
a' is a constant.

Three parameters which are related to inertia, image 
force, and tube geometry were introduced to analyse the 
particle collecting efficiency. Results are given for 
charged and uncharged particles at varying inertia. 
Significant increase of collecting efficiency due to the 
increase of the electrostatic image force were observed.

Experimental results by Diu and Yu [13] for flow of 
particles of 1 pm diameter in a 90-degree pipe bend for 
neutral particles and charged particles with electron charge 
density of 3 00 el./particle were presented and agreement 
between theory and experiment made by Chan et al. [5] 
appeared to be good.

Yu and Chandra [44] investigated theoretically the 
deposition of charged particles by their image forces from 
laminar flows in rectangular and cylindrical channels. They 
considered the case in which particles of 1 pm diameter and 
100 el./particle were breathed into the lung with 1000 cc 
tidal volume and 12 respirations per minute. It was found
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that the image force contributes approximately the same 
amount of deposition as the gravitational force does.

Using a series expansion Ingham [20] obtained an 
analytical expression for the concentration of particles at 
small duration as a function of the governing parameter and 
residual distance. The deposition at very small value of 
time is about 15 % less than that of Yu and Chandra [40].

Thiagarajan and Yu [32] studied the deposition of 
aerosol from laminar flow in parallel-plate and cylindrical 
channels due to the simultaneous effect of gravitational and 
electrostatic image forces. The equations of particle motion 
are solved numerically to obtained the particle trajectories 
in 3-dimensions. It was found that the deposition is 
considerably lower than that obtained by adding the 
deposition due to gravity alone and that due to the image 
force alone.

An analytical solution of the deposition of charged 
particles near the entrance of a cylindrical tube has been 
studied by Ingham [20]. In the analysis both plug and 
Poiseuille flow were considered and the axial diffusion force 
were neglected.

In the analysis outside the boundary layer, the value of 
density parameter is independent of radial distance which is 
consistent with the assumption by Chen [7]. By using a series
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expansion form and assuming a small time duration, solutions 
of the particle density and electrostatic force can be 
derived for a small axial distance. The two solutions are 
functions of time and radial distance. The results of the 
electrostatic charge effect, therefore, can be obtained by 
using the two functions.

The analysis indicates that in the aerosol generating 
process, the electrification of particles will affect the 
deposition efficiency of particles flowing in the tube.

Application of the deposition mechanism on the research 
of deposition process in the human respiratory system has 
been studied by many authors. Detailed analyses on the 
experimental and calculated data for the total and regional 
depositions in the human lung were investigated by Ferron et 
al [15]. Calculations with different mathematical deposition 
models were compared with the experimental data obtained in 
the region of the extrathoracic, bronchial and pulmonary 
area.

The influence of the electric charge carried by airbone 
particles on airway deposition was studied theoretically by 
many authors; Yu, 1977 [41]; Yu and Chandra, 1978 [44], Pich 
1972 [27]; Ingham, 1981 [20]. Successive experimental works 
have also been investigated by Vincent et al., 1981 [35], 
Jones et al., 1982 [24] on experimental animals.
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Recently/ Melandri [25] performed a series of 
measurements on volunteers' airway with unipolar charged 
monodisperse aerosols of both polarities. For the charge 
concentration tested, the increase in deposition was due to 
image forces between the wall and the particle. For particle 
sizes of 0.3, 0.6 and 1.0 )im and concentrations within 105 
i/cc, charged particles attracted to the walls of a spherical 
volume with size at same order as the alveoli is satisfied as 
described by Fuchs [15] and Yu [41] that the charge force 
effect is dominant the deposition process.

The magnitude of the ratio of the space charge force to 
the image force in a cylindrical cavity with radius R was 
discussed by Yu [41] . The ratio of these two magnitudes is 
equal to A = (32/3)1/3pi N R3(Te)2/3 where N is particle 
concentration and Te is dimensionless time which is related 
to axial distance. As Yu has pointed out, when A << 1 the 
deposition of a suspension flow is contributed predominantly 
by the image force. A detailed analysis is given to an 
aerosol of 1 Jim particle diameter carried with 100 elementary 
charges breathed into a Weibel's lung at 1000 cm3 tidal 
volume and 15 respiration per minute. The results showed 
that for N = 105 particles cm”3, the value of A is very small 
compared with unity everywhere in the lung.

The effect of electrostatically charged aerosol 
particles on the lung deposition of human being and rats were 
tested at in vivo condition by Prodi and Mularoni [28]. A
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significant deposition increase was found for particle 
charges exceeding a threshhold charge qc, which is dependent 
on the particle size but not on the individual volunteer at 
the charge concentration used. This increase is due to image 
forces between the wall and particle and depends on the 
magnitude of charge carried by each individual particle and 
not on the collective behavior of the charged particle cloud. 
The electrostatic deposition efficiency is a function of 
(Bq)1/3, where B is the mechanical mobility and q is the 
charge.

The electrostatic properties of work place aerosol and 
their implications in relation to occupational hygiene were 
discussed by many authors, such as Yu, 1977 [41], Vincent et 
al., 1981 [35]; Melandri et al., 1983 [25]; Jones et al., 
1983 [24]; Prodi and Mularoni, 1985 [28]. The theoretical 
studies supported the finding that the main factor enhancing 
the deposition process is the image force acting on an 
airborne charged particle. The survey indicated that most 
aerosols found in ambient and workplace enviroments have 
relatively insignificant space charge forces for particle 
concentration and amount of charge pertained on the aerosol.

Vincent [34] conducted the observations in animal 
studies and found that electrostatic enhancement of lung 
deposition is small for inhaled isometric polydisperse 
mineral dusts, but is potentially large for similarly
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disposed fine fibrous asbestos aerosols. Further study by 
Vincent [34] suggested that for particles of diameter 1 jim 
and density 1 gm per cubic centimeter inhaled by human 
subjects breathing under normal conditions, the threshold 
charge is found to be about 50 electrons, more than that 
studied by Schevchenko [29] which suggested that in some case 
the workplace aerosols are charged to levels substantially 
above Boltzman equilibrium.

Recent attention is focused on the possibility that 
electric charged particles produced on industrial aerosols 
during the dispersal process might cause significantly 
enhanced deposition in the lungs of exposed workers. Concern 
was expressed about the effect this might have on the 
relationship between the measured concentration and the lung 
dose received, and about whether it might therefore be 
appropriate in some instances - in order to properly reflect 
health risk - to monitor not only the dust concentration but 
also the charge level.

In reviewing the contributions related to lung 
deposition, John and Vincent [22] concluded that, in most 
industrial workplaces, aerosol charge levels are not high 
enough to warrant changes in occupational hygiene practice. 
However, for airbone asbestos fibers, the charges carried by 
respirable particles of long aspect ratio are large enough to 
suggest that a significant electrostatic effect on the lung 
deposition might occur.
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CHAPTER 3 ANALYSIS

All aerosols are, in reality, more or less polydisperse, 
so it is necessary to assume in such studies that the 
properties of a polydisperse aerosol with the mean particle 
radius "a" coincide with the corresponding properties of a 
monodisperse aerosol with the same particle radius. 
Monodispersed particles are, therefore, assumed in the 
analysis.

In this analysis, our interest is focused on the 
efficiency of deposition due to inertia, gravity, and charge 
forces. For charge carriers larger than molecules or atoms 
are simply called charged particles. Based on Davies's [12] 
suggestion, the particle diameter considered is greater than 
15 A and a mobility of about 0.1 cm/sec/v/cm. Usually the 
electrical characteristics of an aerosol particle can be 
defined by specifying any two of the three properties: 
particle size, number of unit charges, and mobility.

In practice, the electrical force which can be exerted 
on a small electrically charged particle in an electrical 
field or simply due to space charge, is many times that of 
gravity. This is apparent from Table 3.1 where the ratio of 
the electric force to that of gravity is compared with other 
forces that are exerted on aerosol particles. The analysis
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is presented by Chen(4).

From this analysis it is to be shown that, when the 
particle concentration is less than 105 #/cc, the image force 
is shown to be dominant. When the particle size is 
increased, the influence of gravity or inertia become more 
important.

3.1 Description of Analysis

The deposition of particles in suspension due to the 
effects of image charge, inertia, and gravitational forces are 
analyzed by analytical and numerical methods. The analysis 
is divided into two categories: (1) Deposition due to
viscous, inertia, and gravity forces; (2) Deposition due to 
viscous, inertia, gravity, and image forces. Two initial 
particle velocities and two flow velocity profiles are 
employed to calculate the fractional deposition efficiency.

For cases of inertia and gravity forces, the deposition 
of particles in a uniform flow can be obtained analytically. 
The deposition of particles in a flow of parabolic velocity 
profile is calculated numerically by the trapezoidal rule. In 
the numerical methods, equi-penetration points and curves 
over the inlet plane are constructed, and the fraction of 
deposition is obtained by integrating the product of the 
particle's initial velocity and its concentration over the
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area enclosed by the equi-penetration curve and the boundary 
wall. In this case, the equi-penetration curve is 
constructed from the time dependent solutions which are 
obtained analytically by solving the governing equations.

In the case of additional image forces, a set of data 
is chosen to calculate the particle trajectories by the 
Runge-Kutta Method. The deposition lengths of particles are 
interpolated by regression analysis to construct the 
functions of the equi-penetration curve. Once the equi- 
penetration curve is obtained, the fraction of deposition can 
be obtained by numerical integration. The results for both 
cases are presented in Chapter 4 for both parallel-plate 
channels and circular tubes.

3.2 ASSUMPTIONS

For flows of suspensions in a parallel-plate channel 
and a circular tube, the following assumptions are made:

(1) Incompressible, steady flow
(2) Two-dimensional, laminar flow
(3) Dilute suspension
(4) No diffusion forces are involved
(5) Stoke's Drag law for viscous forces applies
(6) Interaction between particles is negligible
(7) A constant velocity profile which is either uniform 

or parabolic
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(8) No chemical reactions take place
(9) Negligible temperature effects

The rectangular cartesian coordinate system as shown in 
Fig. 3.1 is employed in the analysis. The x-axis, is along 
the centerline of the channel and y-axis is parallel to the 
direction of gravity. The parallel-plate channel is made of 
two plates spaced by a distance of 2h apart, while the tube 
has a radius of h.

3.3 GOVERNING EQUATIONS

The fluid flowing in the constant area conduit is 
treated as a continuum and its velocity profile is assumed to 
be either uniform or parabolic. Thus, the continuity and 
momentum equations are satisfied by the fluid. From Newton's 
second law of motion, the governing equations for a particle 
moving in a fluid subject to viscous and body forces can be 
expressed as follows:

dU
m    f (Uf -Un) + F (3-1)

dT P

where m is the mass of particle, f is inverse of the particle 
mobility or f = 1/(6 pi u a) where u is the viscosity of 
fluid; F is the external force vector, and Uf and Up are the 
fluid and particle velocity vector respectively.
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In the cartesian coordinate system, the equations of 
motion under the influence of gravity and image force 
become

(3-2)

m  :dt
= f (v - vp) - mg + Iy (3-3)

m  — = f (w- wp) + Iz (3-4)
dt

where u, v and w are the components of velocity vector U^; g 
is the gravity force; I is the image charge force vector 
which varies with the geometry of the channel; and Iy and I2 
are the components of image charge force in the y and z 
directions.

Since the flow profile is constant, the velocity 
components in the z-direction and y-direction are zero. The 
equations are simplified to

du.Pm -- f (u - Up) (3-5)
dt
dv.
-- = f (-vp) - mg + Iym (3-6)

dt

m --- = f (-wp) + Iz (3-7)
dt
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In this analysis the particles entering the channel are 
assumed to be uniformly distributed across the inlet section 
of the channel. The boundary conditions are

at x = 0 and y = yQ, z = zQ (initial particle location) 

n = nQ = constant (particle concentration) 

where nQ is the particle initial concentration.

At the entrance, two types of particle initial 
velocities are considered. One assumes that the particle 
velocity is the same as the fluid velocity. The other assumes 
that the particle is initially stationary. In the realistic 
flow condition, we would expect that the particle should be 
at a velocity between these assumed velocities. Therefore, 
in the analysis, we assume that the particle is either 
initially at the fluid velocity or zero velocity.

Two types of initial conditions are considered.

At t = 0 and x = 0; (ii) At t = 0 , x = 0;
Up = 0 Up = u
Vp = 0 oII

o11 Wp = 0

For the fluid phase the velocity is either uniform or 
parabolic. Therefore, the profiles of the flow are
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at -h < y < h, -h < z < h and y2 + z2 < h2

(i) slug flow (ii) fully-developed flow
u = uQ u = 1.5 uQ (1 - (y/h)2)
v = 0 (parallel-plate channel)
w = 0 =2 u 0 (l -(y/h)2 -(z/h)2)

(circular tube) 
v = 0 
w = 0

where uo is the mean velocity in the x-direction and h is the 
boundary of the channel considered.

The following dimensionless parameters are introduced 
in the analysis to simplify the equations and reduce the 
number of variables involved.

yy  ----
h
x
h
z
h
t uo 
h 
m uoQ  -----  (Inertia Parameter) (3-8)
f h
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m g
G  ------  (Gravity Parameter) (3-9)f uo

q2
F„ = -------- ----- (Charge Parameter) (3-10)4 pi e" h2 f uo (Parallel-Plate Channel)

q2
 --------- ------(Circular Tube) (3-10a)16 pi e" h2 f uo

Using Lagrangian approach, a particle at time t is located 
at (x,y, z). The velocity components are

dx
Up  ---  (3-11)
* dt

dy
Vp  ---  (3-12)
* dt

dz
Wp  ---  (3-13)p dt

The dimensionless equations of motion are

d2X
Q ---

dT2
dX
dT

(3.14)

d2Y dYq      G + F, (3.15)
dT“ dT

d2Z
Q  - - - - -

dT2
dZ

 ------ + f2dT
(3.16)

where Fy and Fz are the dimensionless image forces in the Y
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and Z-directions, respectively. The equation of the image 
force given are discussed in Sections 3.4.4 and 3.5.4.

The dimensionless boundary conditions become

at X = 0 and Y = Yo (particle initial location)
Z = Zo
Nq = 1 (particle concentration)

and the two types of flow are

(1) slug flow (2) fully developed flow
U = 1 U = 1.5 (1 - Y2)
V = 0 (parallel-plate channel)
W = 0 = 2  ( 1- Y2 - Z2)

(circular tube)
V = 0 
W = 0

In the parallel-plate, Y = 1, -1 are the boundaries of the 
channel. While in the circular tube, Y2 + Z2 = 1 is the 
boundary of the tube.

The two dimensionless initial conditions become

(i) at T = 0 and X - 0; 
dX/dT = 0 
dY/dT = 0 
dZ/dT = 0

(ii) at T = 0 and X = 0; 
dX/dT = U 
dY/dT = 0 
dZ/dT = 0
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For given velocity of a particle in a channel and body 
forces acting on the particle, the system of differential 
equations (3-8) - (3-10) along with the boundary and initial 
conditions can be solved analytically or numerically 
depending on the velocity profile of the fluid and the type 
of flow passage. In the analysis, we assumed that the 
particle is either at the fluid velocity or zero velocity 
initially.

Two types of flow passages are considered in this 
analysis: flow in a parallel-plate channel and that in a
circular tube. They are analyzed individually in the 
following sections.

3.4 Computation of Fractional Deposition in Parallel-Plate
Channels

Imposing the assumptions made in Section 3.2, the 
analysis of the deposition mechanism is discussed in the 
following schemes.

3.4.1 Influence of Particle Size on Magnitude of Charge, 
Inertia and Image Forces

Table 3.1 shows that the effects of particle sizes on 
the inertia, gravity and image forces. In Table 3.1, for a 
particle size of 1 p m, the magnitude of charge, gravity and
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inertia are 7.88E-2, 9.86E-5 and 4.55E-5 respectively. It is
noted that the gravity and inertia parameters have the same 
magnitude. As particle size decreases, the relative 
magnitude of charge and gravity become closer. For example, 
the magnitude ratio of charge to gravity is 800 for a 
particle size of 1 ja m, while for a particle size of 0.1 p. 
m, the ratio is 80. Hence, when the charge force exists, the 
inertia effect on the process of deposition increases with 
decreasing particle size.

3.4.2 Solutions for Channel Flow with Inertia and Gravity 
Forces

The governing equations in a parallel-plate channel are

d2X 
Q — —  = dT2

dX
dT

d2Y
Q---------  =  _

dT^
dY   G
dT

(3-17)

(3-18)

Eq. (3-18) can be integrated directly and solved for the 
initial conditions that Y = Yo and dY/dT = 0 at T = 0. 
However solutions to Eq. (3-17) depend on the velocity 
profile U and the given particle initial conditions. These 
solutions are presented in the following section.
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(A) Particles with Zero Initial Velocity and Fluid with 
Uniform Velocity

Initial conditions:

At T = 0 : Y = Yo, dY/dT = 0, X = 0 and dX/dT = 0
At T > 0 : U = 1

Solutions:

Y(T) = Q G + Yo - G T - Q G Exp(-T/Q) (3-19)
X(T) = - Q + T + Q Exp(-T/Q) (3-20)

(B) Particles with Uniform Initial Velocity and Fluid with 
Uniform Velocity

Initial Conditions:

At T = 0 : Y = Yo, dY/dT = 0, X = 0 and dX/dT = 1 
At T > 0 : U = 1

Solutions :

Y(T) = Q G + Y o - G T - Q G  Exp(-T/Q) (3-21)
X(T) = T (3-22)

When the inertial effect becomes negligible, i.e. at Q = 
0, the solutions of Egs. (3-21) and (3-22) are reduced to the 
case of particles under the influence of gravity alone. The
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special case is presented as follows:

Y (T) = Yo - G T 
X(T) = T

The effect of gravity on the deposition are discussed by 
many authors such as Pich [27], Wang[37], and Carpenter [3].

(C) Particles with Zero Initial Velocity and Fluid with 
Parabolic Velocity Profile

Initial conditions :

At T = 0 : Y = Yo, dY/dT = 0, X = 0 and dX/dT = 0
At T > 0 : U = 1.5 ( 1- Y2)

Solutions :

Y(T) = Q G  + Y o - G T - Q G  Exp(-T/Q) (3-23)

X(T") = 1.5 G2 Q3 { 4.5 + 6 Yo K + k2(l - Yo2)
+ [ K2(l - Yo2) - 4 Yo K - 5 ] T"
+ (2 + Yo K)2 T ''2 - 1/3 T"3 
+ [ K2(l - Yo2) - 6 YO K - 4 ] Exp(-T")
- 2 Yo K T" Exp (-T") + T"2 Exp(-T")
- 0.5 Exp (-2 T") } (3-24)

where K = 1/Q/G 
T" = T/Q
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(D) Particles with Initial Velocity of 1.5 ( 1 - Yo2) and 
Fluid with Parabolic Velocity Profile

Initial conditions :

At T = 0 : Y = 0, dY/dT =0, X = 0
and dX/dT = 1.5 (1 - Yo2)

At T > 0 : U = 1.5 (1- Y2)

Solutions:

Y (T) = Q G + Yo - G T  - Q G  Exp(-T/Q) (3-25)

X(T") = 1.5 G2 Q3 { 4.5 + 6 Yo K
+ [K2(l - Yo2) - 4 Yo K - 5 ] T"
+ (2 + Yo K) T"2 - 1/3 T"3
- 2 (2 + 3 Yo K) Exp (-T") - 2 Yo K T" Exp(-T")
+ T"2 Exp (-T") - 0.5 Exp (-2 T") } (3-26)

Again, when the inertial effect becomes negligible, i.e. 
at Q = 0, the solutions of Eqs. (3-25) and (3-26) become

Y (T) = Yo - G T
X(T) = 1.5 G T2 ( 1 - G T/3 )

These solutions are for the case of particles under the
influence of gravity alone.

In summary, based on these solutions obtained from the 
case of gravity and inertia involved, the fraction of
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deposition at any axial location can be calculated for the 
given conditions. The analysis of deposition is presented in 
the following paragraphs.

3.4.3 Computation of Fraction of Deposition

In a 2-dimensional parallel-plate channel, the fraction 
of deposition is the ratio of the total number of particles 
entering the channel, Qt , to the number of particles 
deposited on the wall, Qd, at a given axial distance. The 
deposition is expressed as

where A is the cross sectional area of the flow passage, A' 
is the area for which particles penetrate through the 
channel. Thus, DEPO varies with flow passage and particle 
initial velocity. Discussion for the fractional deposition, 
therefore, is divided into four categories.

(A) Particles with Zero Initial Velocity and Fluid with 
Uniform Velocity Profile

1) Description of Deposition Process

The fraction of deposition a'- any axial distance XI is

DEPO (3-27)
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defined as the ratio of the number of particles deposited 
between X = 0 and X = XI to the total number of particle 
entering the channel at X = 0. The schematic diagram shown 
as in Figure 3.2 depicts a trajectory of a particle which 
enters the channel at point A and is deposited on the wall 
at X = XI and another particle which enters at point B and is 
deposited on the wall at X = X2 for a uniform flow in a 
channel.

For the case of a uniform flow all particles initially 
located between point A and the bottom wall C will deposit in 
the region 0 < X < XI. Particles initially located between 
point A and the upper wall D will deposit in the region X > 
XI. Assuming that the particle concentration nQ at the inlet 
is uniform, we may calculate the fraction of deposition at XI 
based on the inlet condition of particles at point A 
(i.e. Y = Yo).

2) Computation of Fraction of Deposition

Since the total number of particles is the integral of 
the product of particle density and particle initial velocity 
along the Y-axis, the fraction of deposition is expressed as
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JYO fYo
N Up dY J

f  1 f  1J N Up dY J
dYQdDEPO = ----

Qt
dY

= 0.5 ( 1 + YO ) (3-28)

where Y = -1 as particles deposit on the wall.

By substituting the boundary condition of Y = -1 into 
Eq. (3-19), we obtain

— 1 = Q G + Y O - G T - Q G  Exp(-T/Q) (3-29)
Yo = -1 - Q G  + G T  + Q G  Exp(-T/Q)

= -1 + G ( -Q + T + Q Exp(-T/Q))

From Eq. (3-20), we obtain

Yo = -1 + G X (3-30)

Substituting Eq. (3-30) into Eq. (3-28), we obtain

DEPO = 0.5 (G X) (3-31)

From Eq. (3-31), at any given X, the fraction of 
deposition can be obtained. For example, at X = 0, the
fraction of deposition is zero. The results are presented in
Fig. 4.1.
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(B) Particle with Uniform Initial Velocity and Fluid with 
Uniform Velocity Profile

1) Description of Deposition Process

The deposition process of particle is same as that 
stated in Case A. The analysis is divided into two parts (1) 
deposition with gravity and inertia, and (2) deposition with 
gravity only. The second part is utilized to verify the 
correctness of the approach.

2) Computation of Fraction of Deposition

For a particle entering the channel at Up = U = 1, the 
solution is obtained by combining Eqs. (3-21) and (3-22).

Y(T) = Q G + Yo - G X - Q G Exp(-X/Q)

By letting Y = -1 for deposition on the wall, we have 

Yo = G X + Q G Exp(-X/Q) - Q G - 1

The fraction of deposition DEPO is 0.5 or

DEPO =0.5 ( G X + Q G  Exp(-X/Q) - Q G ) (3-32)

As X = 0, the deposition is equal to zero. When X 
increases, the deposition increases also. As Q = 0, the
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fraction of deposition becomes

DEPO = 0.5 G X (3-33)

which is the fraction of deposition given by gravity alone. 
The equation is same as stated by Pich [27].

(C) Particle with Zero Initial Velocity and Fluid with 
Parabolic Velocity Profile

1) Description of Deposition Process

For a uniform fluid velocity (Cases A and B), at a given 
axial distance, only one corresponding initial point is 
found; while for the case of particles entering with a 
parabolic velocity, two corresponding initial points of Y are 
computed. The schematic diagram shown in Fig. 3.3 depicts 
trajectories of two different particles entering at point 
B(0, Yl) and E(0, Y2) which are deposited on the wall at the 
same location of X = XI. Particles entering between location 
B and E will deposit farther than XI. Particles entering 
between points E and Y = 1, and B and Y = -1 will deposit in 
the region 0 < X < XI. Therefore, the fraction of deposition 
is proportional to the summation of two regions; the region 
between E and D and the region between B and C.
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2) Computation of Fraction of Deposition

The fraction of deposition by definition is

DEPO Qd
No UpQ dY +No No UpQ dY

Qt No UpQ dY

0.5 ( 1- Yl) + 0.5 (Y2 +1) (3-34)

where Up is a constant in the calculation of Q̂ .

As given by initial conditions discussed in Section 
3.4.2 (C), the initial location of the particle can be 
obtained by solving Eqs. (3-23) and (3-24) for a given axial 
distance. A numerical program (Appendix A) is used to 
calculate the values of Yl and Y2 for a given dimensionless 
axial distance. The corresponding fractional deposition is 
then calculated from Eq. (3-33). It is noted that the value 
of Yl is associated with the larger value of T.

It is observed that at points well below certain values 
of Yo, only one point for each corresponding axial distance 
is found. Thus the deposition of particle becomes

DEPO = 0.5 (Y2 + 1) (3-35)
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Eq. (3-34) can be rearranged to

DEPO = 1.0 - 0.5 (Yl - Y2) (3-36)

In the analysis, if the values of Yl obtained from the 
associated T value is greater than one, then only one 
corresponding point is found. Thus by assuming Yl as one, 
the fraction of deposition can be calculated.

(D) Particles with Initial Velocity of 1.5(1- Yo2) and 
Fluid with Parabolic Velocity Profile

Similarily, the initial locations of particle deposited 
for any given axial distance can be calculated from the time 
dependent solutions of Eqs. (3-25) and (3-26).

Since the total number of particles is the integral of 
the product of the particle concentration and particle 
initial velocity along the Y-axis, the fraction of deposition 
is

DEPO
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(1) 1.5 (1 - Y2) dY + fY2 2J (1) 1.5 (1 - Y2) dY

(1) 1.5 (1 - Y2) dY

The equation can be simplified to

DEPO = 1.0 - 0.75 ( Y2 - Yl) + 0.25 (Y23 - Yl3) (3-37)

In the numerical analysis, if the corresponding Y value 
is greater than one, then only one corresponding point exists 
for a given axial distance. To simplify Eq. (3-37) if only 
one particle is involved, the value of Yl is set to one. The 
computation algorithm is given as discussed in Case A of 
Appendix A.

3.4.4 Deposition due to Viscous, Inertia, Gravity and

When the particle concentration is sufficiently diluted, 
the image charge forces become important to the process of 
deposition (see Yu [42]). For flow in a parallel-plate 
channel, the magnitudes of dimensionless parameters are 
listed in Table 3-2 and Table 3-3. These parameters are 
based on particle material density of 1 gm/cc, a fluid 
velocity of Uo = 3 0 cm/sec and a channel width of h = 2 cm in 
Table 3-2 and h = 0.1 cm in Table 3-3. When the particle 
diameter is 1 jam, the gravity parameter G = 9.80 E-5, the

Image Forces
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inertia parameter Q = 4.53E-5, the image force parameter Fy = 
4.9E—7 ( at Y = 0.98) and Fy = 1.96E-6 ( at Y = 0.99). When h 
= 0.1 cm , the image parameter becomes more significant.

2) Governing Equation

The dimensionless governing equation for a 2- 
dimensional parallel-plate channel with additional image 
forces are given as follows:

d2X
dT2

dXU -----
dT (3-38)

d2Y
dT2

dY
-  G + F.

dT J (3-39)

where Fy is the dimensionless image force component in the Y- 
direction. The magnitude of charge force for monodisperse 
particle in the space of the parallel-plate from Yu [45] is 
given in Eq. (3-11).

For particles in a parallel-plate channel, the 
component of the dimensionless image force is

q2 Y 1
Fy = (.... —  )( —  - —  )(----7-r — - + A) (3-40)4 pi e" f uo h2 (1-Y2)

where q = electrostatic charge
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e" = free space permitivity
pi = 3.14159

((2 n+1)2 - Y2)2
2 n + 1

(3-41)

In the numerical analysis only up to five terms of 
function A are needed to be considered for the image force to 
be accurate within 1 %.

3) Description of Deposition Process

As depicted in Fig. 3.4 for flow in a parallel-plate 
channel, for a given axial distance XI, two initial points A 
and B can be found. Particles entering at point A deposit on 
the top wall, while particles entering at point C deposit on 
the bottom wall. Points A and C are symmetric with respect 
to the X-axis, however, the particles will not deposit at 
the same axial distance due to the gravity and image forces 
acting in opposite direction for particles above the X-axis.

4) Computation of Fraction of Deposition

The fraction of deposition for particles with uniform 
inlet velocity is given by Eq. (3-36), while that for a 
parabolic inlet velocity is given by Eq. (3-37).
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Therefore, the fraction of deposition for a given axial 
distance is, for a particle with constant inlet velocity

DEPO = 1 - 0 . 5  (Yl- Y2) (3-42)

and for a particle with parabolic inlet velocity

DEPO = 1.0 - 0.75 ( Y2 - Yl) + 0.25 (Y23 - Yl3) (3-43)

The particle trajectories in this case were calculated 
numerically by using the fourth order Runge Kutta method. A 
data set of 21 points located on the Y-axis is taken as 
initial points. The corresponding value of the axial distance 
for each particle deposited is computed and used in an N'th 
order regression curve fitting. In the analysis, the 
magnitude of image force parameter, Fp is assumed to be 
unity, i.e. q2/(4 pi e") = 1.

By using the functions obtained from the N'th order 
regression fitting method, the initial coordinates of those 
particles deposited at the same axial distance X can be 
determined. The predicted values of Y are substituted into 
the deposition Eq. (3-42) for a uniform velocity profile and 
Eq. (3-43) for a parabolic velocity profile.
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The four different cases encountered in the previous
analysis are studied. With the additional image force, the
fraction of deposition is expected to be higher than that due 
to inertia and gravity alone. As the inertia increases, the 
rate of deposition decreases.

The fractional deposition for Q = 0.01, 0.1, 1, 10 and
100 are presented in Fig. 4.7 through Fig. 4.11 and are
discussed in Chapter 4. The numerical methods used to 
compute the fractional deposition are presented in 
Appendix A.

3.5 Computation of Fractional Deposition in Circular Tubes

In practical applications, flows are more often 
encountered in the circular tube problem than in the 2- 
dimensional channel. The analytical technique, basically, is 
similar to that discussed in the 2-dimensional case, but it 
is more complicated due to 3-dimensional non-symmetrical 
effects. The boundary conditions, fluid velocity profiles 
and the initial conditions are similar to those in 2- 
dimensional flows as given in Section 3.3.

3.5.1 Influence of Particle Size on Magnitudes of Gravity, 
Inertia and Image Forces

The magnitudes of the forces of inertia, gravity and

41



charge for particles flowing in a tube are shown in TABLE 3.4 
and TABLE 3.5. TABLE 3.4 shown the magnitude obtained with 
radius h = 2 cm. TABLE 3.5 shows the magnitude obtained at h 
= 0.1 cm. The charge number carried is based on Cheng and 
Soo's experimental findings [10] where the charge electron 
density was found to be 1 electron per 1.18 E-10 cm2. 
Detailed analysis is discussed by Chen [12].

As is seen from Table 3.4 the magnitudes of gravity, 
inertia and image forces at Y = 0.98 and 0.99 are 9.86E-5, 
9.06E-5, 2.0E-4 and 7.92E-4 respectively for particle size
of 1 Jim. These three forces have the same magnitude and 
therefore, the influence of each individual force on the 
process of deposition becomes equally important.

It is noted that the magnitude of the forces varies with 
particle size. In TABLE 3.4 for particle size less than 1 
urn, the inertia become significant when compared with the 
image force. The magnitude of the image force becomes larger 
as the particle size increases. This result is expected
since a larger particle provides more surface area for 
carrying the charges, and therefore has higher image force. 
It is seen from these Tables that the magnitudes of gravity, 
inertia and image forces increase with increaing particle 
size. The levels of charges carried by different size of 
particles are shown in TABLE 3-4.
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From the magnitude of image forcse and gravity given in 
TABLE 3-4, one discovers the ratio of gravity to image force 
increases with increasing particle size. The ratio of 
gravity to image force for 0.1 jam is 1, but decreases to 0.1 
for particle size of 1 jam. Therefore, the size of particle 
considered in the analysis should be less than 0.1 jam if the 
image force is to be considered.

In order to investigate the mechanism of each individual 
force in the deposition process, the influence of inertia and 
image force on the deposition are analyzed in the following 
sections.

3.5.2 Solutions for Tube Flow with Viscous, Inertia and 
Gravity Forces

To better understand the mechanism of each individual 
force on the deposition, the gravity and inertia forces on 
the deposition are analyzed. However the effect of depositon 
due to gravity alone, is not included in the analysis, since 
it has been investigated by many authors such as Pich [27], 
Thomas [32], Wang [37] and Carpenter [3].

The governing equations for motion of a particle with 
the effects of gravity and inertia are as follows:
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d2X
Q  - -

dT2
dX
dT

d2 Y
Q  - -

dT2
dY
dT

d2Z dZ
dT2 dT

(3-49)

(3-50)

(3-51)

Eq. (3-50) can be integrated directly and solved for 
the initial conditions that Y = Y0 , Z = ZQ and dY/dT = 0 at 
T = 0. Solutions to Eq. (3-49) depend on the velocity 
profile U and the initial conditions. These solutions are 
presented in the following section.

(A) Particles with Zero Initial Velocity and Fluid with 
Uniform Velocity Profile

Initial conditions:

At T = 0 : Y = Yq, Z = ZQ, dY/dT == 0, dZ/dT = 0,
X = 0 and dX/dT = 0

At T > 0 : U = 1

Solutions:

Y(T) = Q G  + Yq - G T - Q G  Exp(-T/Q) (3-47)
X (T) = - Q + T + Q Exp(-T/Q) (3-48)
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Z(T) = ZQ (3-49)

(B) Particles with Uniform Initial Velocity and Fluid with 
Uniform Velocity Profile

Initial Conditions:

At T = 0 : Y = Y0, Z = ZQ, dY/dT = 0, dZ/dT = 0,
X = 0 and dX/dT = 1

At T > 0 : U = 1

Solutions :

Y ( T ) = Q G  + Yq - G T - Q G  Exp(-T/Q) (3-50)
X (T) = T (3-51)
Z (T) = ZQ (3-52)

When the inertia effect becomes negligible, i.e. at Q = 
0, the solutions become that of particles under the influence 
of gravity alone. This special case is presented as 
follows:

Y(T) = Yq - G T (3-53)
X (T) = T (3-54)
Z(T) = ZQ (3-55)

The effect of gravity has been discussed by many authors 
such as Pitch [27], Wang [37] and Carpenter [3],
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(C) Particles with Zero Initial Velocity and Fluid with 
Parabolic Velocity Profile

Initial conditions:

At T = 0 : Y = Yq, Z = ZQ, dY/dT = 0, dZ/dT = 0,
X = 0 and dX/dT = 0

At T > 0 : U = 2 (1- Y2 - Z2)

Solutions:

Y (T) = Q G + Yo - G T - Q G Exp(-T/Q)

X (T ") = 2 G 2 Q 3 { 4.5 + 6 Yq K 

+ K 2 (1-Y02-Zq2)
+ [K2 (l - Yq2 - ZQ2) - 4 Y q K - 5 ] T"
+ (2 + Y q K)2 T"2 - 1/3 T"3
+ [ K2(1-Yq2-Zo2) - 6 Yq K - 4 ] Exp(-T")
- 2 Y q K T" Exp(-T") + T"2 Exp(-T»)
- 0.5Exp(-2 T") }

Z(T) = ZQ

where K = 1/Q/G 
T" = T/Q

(D) Particles with Initial Velocity of 2 ( 1 - YQ2 - ZQ2) 
and Fluid with Parabolic Velocity Profile

(3-56)

(3-57)

(3-58)
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Initial conditions:

At T = 0 : Y = YQ/ Z = ZQ, dY/dT = 0, dZ/dT = 0, 
X = 0 and dX/dT = 2 (1 - YQ2 - ZQ2)

At T > 0 : U = 2 (1- Y2 - Z2)

Solutions:

Y(T) = Q G  + Yq - G T - Q G  Exp(-T/Q) (3-59)

X (T ") = 2  G 2 Q 3 ( 4.5 + 6 Y q K + K 2 ZQ2
+ [ K2(l -Y02 - ZQ2) - 4 Yq K - 5 ] T»
+ (2 + Y q K) T"2 - 1/3 T"3
- 2 ( 2 + 3 Y q K ) Exp(-T") - 2 YQ K T" Exp(-T»)
+ T"2 Exp(- T")- 0.5Exp(-2T") } (3-60)

Z(T) = ZQ (3-61)

Again, when the inertia effect becomes negligible, i.e. 
at Q = 0, the solutions reduce to

Y (T) = Yq - G T (3-62)
X(T) = 2 G T2 ((1 - Zq2)V2 - G T/3 ) (3-63)
Z(T) = ZQ (3-64)

Eqs. (3-62) through (3-64) are for the case of particles 
under the influence of gravity alone.

Based on these solutions, the fraction of deposition at
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any axial location can be calculated for the given 
conditions. The analysis of deposition are discussed in the 
following paragraphs.

3.5.3 Computation of Fraction of Deposition

The expression of deposition is given in Eq. (3-27) 
which is

Qd ®tDEPO =    - (3-65)Qt Qt
where Qp is the penetration at a given axial distance X.

The value of DEPO depends on the flow passage and the 
particle initial velocity. Discussion for the fractional 
deposition therefore, is divided into four categories.

(A) Particles with Zero Initial Velocity and Fluid with 
U niform V elocity

1) Description of Deposition Process

The fraction of deposition at any axial distance XI is 
defined as the ratio of the number of particles deposited 
between X = 0 and X = XI to the total number of particle 
entering the tube at X = 0. The schematic diagram shown in
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Fig. 3-5 depicts a group of particles which enters the tube 
at points on the equi-penetration curve DB and deposited on 
the wall along the curve of D'B' at X = XI. As shown in the 
diagram, two particles entering at points D and B will 
deposit on the points D 1 and B,' respectively. For a uniform 
flow both points D and B have a distance of XI from the inlet 
plane.

For a uniform flow all particles initially located 
between curve DB and the bottom wall D'B'B will deposit in 
the region 0 < X < XI. Particles initially located between 
curve DB and the upper wall BA will deposit in the region X > 
XI. Assuming that the particle concentration n at the inlet 
is uniform, the fraction of deposition at XI can be caculated 
using the initial conditions of the particle on the equi- 
penetration curve.

Since the particle on the locus has the same initial 
velocity, the particles will take the same time Tf to reach 
the wall and all deposit at X = XI. With the assistance of 
the schematic diagram shown as in Figure 3-6, we can explain 
the process in physical term. The schematic diagram shows two 
unit circles intersecting at point A and B. The upper one is 
originated at (0, 1+YQ) and the lower one at (0,0). The
deposition process can be seen as the upper unit circle moves 
downward at a velocity of Vp in the Y-direction. Vp is the 
velocity of particle in the Y-direction. As the two unit
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circles coincide, the particle are said to be deposited on 
the wall. Therefore, the curve ACB is the equi-penetration 
curve for the particles having the same deposited axial 
distance.

2) Computation of Fraction of Deposition

To find the characteristics of the equi-penetration 
curve, the equations of two circles are given as

Upper one (Y - Yd)2 + Z2 = 1 (3-66)
Lower one Y2 + Z2 = 1 (3-67)

The radius of each circle is unity.

The distance of Yd, Yw, Zw and angle Ow shown in Fig.
3.6 can be expressed in terms of Y0 as follow

Yd = Yo + 1 (3-68)
YW = 0.5 DA + Yq 

= 0.5 (1 + YQ)
0.5 Yd (3-69)

so that the origin of upper circle is (0, 1+YQ) and

Zw = cos 9w (3-70)
Yw = sin 0w (3-71)
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where
6w = sin-1(0.5(Yo+l)) (3-72)

Then the fraction of deposition (DEPO) for the uniform 
inlet velocity UpQ is

jA No upo dA IdA
Qd JA ' JA

DEPO =         (3-73)Qt N q Pi UpQ pi

where jdA = shaded area = 20  + sin20

Therefore, the fraction of deposition is

2 0 + sin 2 0
DEPO =   (3-74)

pi

Rearranging Eq. (5-53),

X + Q = T + Q Exp(-T) (3-75)

Substituting Eq. (3-75) into Eq. (3-47),

Y = (QG + Y0)- G X  - G Q
= Yq - G X (3-76)

As the particle fall on the bottom wall where Y = -1,
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1 + Y,o G X (3-77)

From Eq. (3-69)

Yw = 0.5 ( 1 + Yq) 
= 0.5 G X

From Eq. (3-71)

sin 6w = 0.5 G X (3-78)

Substituting Eq. (3-78) into (3-74), the fraction of 
deposition becomes

Thus, the fraction of deposition at X = 0 is zero and 
for GX = 2, the deposition is unity. Hence, a complete 
deposition takes place at X = 2/G. For G = 1, this relation 
gives X = 2.

(B) Particles with Uniform Initial Velocity and Fluid with 
Uniform Velocity Profile

1) Description of Deposition Process

The deposition process is similar to that described in

2 sin”1(0.5 G X) + G X (1 - 0.25 G2 X2)1/2DEPO (3-79)
Pi
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Case A. The analysis is presented in the following 
subsections.

2) Computation of Fraction of Deposition

The analyses are divided into two parts: deposition
with gravity and inertia and deposition with gravity only. 
The second one is used to verify the validity of the 
approach.

(1) Fraction of Deposition due to Gravity and Inertia

Similarly, the fraction of deposition in this case can 
be obtained by arranging the associated time dependent 
solutions.

1 + YO = - Q G + G X + Q G Exp(-X/Q)
= 2 sin 0w (3-80)

and

0W = 0.5 sin_1[ - Q G  + G X  + Q G  Exp(-X/Q) ] (3-81)

Since the particle inlet velocity is assumed to be 
uniform, the fraction of deposition is the same as that given 
in Eq. (3-73). Thus the fraction of deposition becomes
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2 sin-1 ( 0.5 ( - Q G  + G X + Q G  Exp(-X/Q)))DEPO  -----------------------------------------------
Pi

(1 - 0.25 (- Q G  + G X  + Q G  Exp(-X/Q)) 2)+ --------------------------------------------
Pi

X ( - Q G  + G X  + Q G  Exp (“X/ Q)) (3-82)

With the parameters Q and G given, the fraction of
deposition for a given axial distance can be obtained.

At X = 0, the fraction of deposition given by Eg. (3-82) 
is equal to zero. The fraction of deposition is unity when 
- QG + GX + QG Exp(-X/Q) = 2. When Q = G = 1, complete 
deposition takes place at X = 2.9 45.

(2) Fraction of Deposition with Gravity Only

For Q = 0, i.e. the inertia is neglected, the fraction
of deposition becomes

2 sin-1 (0.5 (G X)) + G X ( 1 - 0.25 G 2X 2)1/2
DEPO  ---------------------------   (3-83)

Pi

which is the fraction of deposition under the influence of 
gravity alone. Eq. (3-83) can be obtained also from the time 
dependent solutions given in Eq. (3-53) through Eq. (3-55) 
for the case of gravity alone. The deposition equation is
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the same as that obtained by Pich [27].

(C) Particle with Zero Initial Velocity and Fluid with 
Parabolic Velocity Profile

1) Description of Deposition Process

For a flow of uniform velocity profile described above 
(Cases A and B), there is only one initial point (0, Y 0, ZQ) 
corresponding to each axial point (X, 1- Z02, ZQ) where the 
particle is deposited. For a flow of parabolic velocity 
profile, however there may be two initial points, D(0, YA , 
ZQ) and B (0, Y c, Z Q) on the Y axis that will deposit at the 
same axial point (X, 1 - Zo2, Zo) as shown in Fig. 3-7. In 
Fig. 3-7, those particles entering the tube along the curve 
DB (the equi-penetration curve) will deposit on the tube wall 
at XI along the wall D 'B '.

The dashed lines in Fig. 3-7 are the trajectories of 
particles moving in the tube. The shaded area is symmetrical 
to the Y-axis. All particles entering the tube through the 
shaded area will deposit in the region of X > XI, while 
particles entering the tube out of the shaded area will 
deposit in the region of 0 < X < XI. Two other types of 
penetration curves are shown in Figs. 3.10 and 3.11.

2) Computation of Fractional Deposition
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For a particle entering at constant velocity, the 
deposition is expressed as

DEPO =
Qd J a Nq UPo dA J (3-86)Qt N0 pi Ro2 UpQ pi

where \dA can be obtained by numerical integration

Based on the location of the equi-penetration curve 
above or below the Z-axis, the fraction of deposition at any 
given X may be obtained by two numerical integrations. 
Detailed analysis is discussed in Appendix A.

(D) Particles with initial velocity of 2 (1-Y02-Z02) and 
Fluid with Parabolic Velocity Profile

Similarly, at given initial and boundary conditions, the 
fraction of deposition for particles entering the tube with a 
parabolic velocity can be obtained by using the same 
numerical approach as described in Appendix A.

For a particle entering at parabolic velocity profile, 
the fraction of deposition is
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QdDepo = 1  ----
Qt

where

Qd
Qt

jA, %Dp°ai
JA % UPo dk

1 j:j
0 rR

0 Jo
p i  rR

2 (1 -R2) R dR d9

2 (1 - R^) R dR d©

re
(R2 - 0.5 R 4) de

pi

Two numerical integration methods are used to compute 
the fraction of deposition for the case with two types of 
penetration curves as shown in Fig. 3-7.

The characteristics of the equi-penetration curve can be 
obtained by numerically solving Eq. (3-59) through Eq. (3- 
61). Description of the analysis is discussed in Appendix A.

3.5.4 Deposition due to Viscous, Inertia, Gravity and Image 
Charge Forces

When the particle is sufficiently diluted, the image 
charge force becomes important to the process of deposition. 
The magnitude of associated parameters are listed in Tables
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3-4 and 3-5 for density = 1 gm/cc and uo = 30 cm/s. Tables 
3-4 and 3-5 have the geometry of a circular tube given as h = 
0.1 cm and 2 cm. For h = 0.1 cm, at particle size of 1 ji m, 
the magnitude of gravity, inertia and image forces are 9.8 6e- 
5, 9.06e-4 and 1.96e-5 for Y =0.98 and 7.84 e-4 for Y = 0.99 
respectively. As we can see from Tables 3-4 and 3-5, the 
magnitude of image forces compared with gravity and inertia 
cannot be neglected for particle sizes less than lja m.

1) General Description

Again, the flow is assumed sufficiently diluted at a 
concentration of less than 105 particles per cubic 
centimeter. The deposition of a suspension flow is
contributed predominantly by the image force.

2) Description of Deposition Process

As depicted in Fig. 3.8, the curve ACB is the equi- 
penetration curve for a given axial distance XI. The point 
E, where the gravity force acting downward is balanced off by 
the image force acting upward, has the maximum deposited 
distance. Particles entering along the curve ACE deposits on 
the bottom wall and is depicted as curve A'C' while those 
entering along curve EB excluding point E deposit on the top 
of wall and are indicated on curve B'E'. Particle entering 
through the shaded area are deposited in the region of X> XI.
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3) Governing Equations

For a circular tube with radius h, the dimensionless 
governing equations with additional image force become

d2X dX
Q  z—  = U ------  (3-88)dT dT

d2 Y dY
q  = -  G + F (3-89)

dT dT 1

d2Z dZq   = -   + F (3-90)
dT2 dT

where the parabolic velocity profile for circular tube is 
U = 2 (1- X 2 - Y 2) .

For a particle in a circular tube, the components of 
dimensionless image force are

Y2
Fy = ( F )(-- ---- —  -) (3-91)

Y + Z
Z2

Fz = ( F )(-- ----— — ) (3-92)Y + Z2

where
q2 R2 1F = ( ) (------  ) (----- -— ) (3-93)

16 pi e" Ro 1 - R2
Fy = Y-component of dimensionless image force
Fz = Z-component of dimensionless image force

59



R = r/h
Ro = dimensionless radius which is equal to one

Instead of using time dependent solutions to find the 
initial particle location, the trajectory method accompanied 
with the curve-fitting method are used to determine the 
particle initial locations for which a particle entering the 
tube will deposit at the same axial distance. Since the 
particle trajectories are symmetrical to the Y-X plane, a 
typical analysis consists of calculating trajectories for 
191 particles initially distributed over a right-side semi
circular inlet section ( -90 < 0 < 90 ). When a particle 
trajectory intersects with the wall, the particle is assumed 
to have deposited and the penetration length for the particle 
is determined. After all the trajectories are calculated, 
the function of equi-penetration curves can be obtained by 
the method of curve-fitting. As shown in Fig. 3.6, the area 
enclosed by the curve BC is proportional to the penetration 
and the exterior area is proportional to the deposition.

Once the equi-penetration curve is determined, the 
deposition can be calculated by numerical integration of 
the product of particle concentration and the particle 
velocity over the shaded area.

4) Computation of Deposition

The fractional deposition in a circular tube with
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DEPO = 1 - PENT

where
'0 fRj; NQ UpQ R dR d0 .pi/2 )0

PENT
f pi fR

Nq UpQ R dR d6\ fJ o  J o

Thus, the PENT, for UpQ = constant is

r. R2 d0
_ -pi/2PENT  ---------------------- (94)

Pi

For UpQ = 1- R 2, the PENT is

PENT

r 0
-pi/2

(R2 - 0.5 R 4) d0

0.5 pi
(95)

Egs. (3-94) and (3-95) can be numerically integrated. 
The detailed numerical scheme is discussed in Appendix A.
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RESULTS AND DISCUSSIONS

In this chapter, the fraction of deposition obtained 
from previous analysis is discussed. The results vary with 
fluid velocity profile and particle initial velocity in a 
parallel-plate channel and a circular tube. These results 
were obtained either by an analytical or numerical method. In 
the discussion , the results from the channels under the 
influence of viscous, gravity and inertia are presented 
first, then the results from additional image forces follow. 
Comparison on the results under the influence of inertia and 
viscous, gravity, and additional image forces are discussed.

4.1 Deposition in Parallel-Plate Channels

The particle deposition efficiencies obtained under the 
influence of inertia, gravity and image forces are 
discussed. The fluid velocity profiles of uniform and 
parabolic are assumed in the analysis. The amount of 
particles entering the inlet plane is computed based on the 
inlet particle velocity which is either a uniform or 
parabolic profile. To analyze the deposition, the particle 
initial velocity was assumed either equal to the fluid's 
velocity or zero.

The discussions on the deposition of fine particle in 
channel flow are summarized into two sections. These
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involved the effects of (1) viscous, inertia and gravity and 
(2) image force on the deposition.

4.1.1 Viscous, Inertia, and Gravity Forces

In a parallel plate channel, particles carried by a 
fluid of uniform velocity profile are considered to have 
deposited when the particle reached the wall. At any given 
axial distance from the entrance, the amount of particles 
deposited will be affected by the particle initial velocity, 
fluid velocity profile, fluid viscosity, gravity, and the 
particle inertia. In the analysis the particle inertia is 
represented by the parameter Q which varied from 0.01 to 100. 
No image force is considered in this section.

From the governing equations (3.2) - (3.4), a set of 
time dependent equations are solved analytically or 
numerically. For a given axial distance, the particle 
deposition can be obtained by particle concentration 
integration from the penetration point to the channel wall. 
Results are compared with Wang's [27] which has no inertia 
force involved. Four cases are discussed in the following:

(A) Particles with Zero Initial Velocity and Fluid with 
Uniform Velocity Profile

Since the particle initial velocity is zero, the
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distance of deposition predicted is smaller than those 
particles entering with some momentum. Therefore, the 
deposition is higher than that obtained for particles 
entering with a uniform velocity profile. The results of 
deposition are derived from Eq. (3-31) which is independent 
of Q and are given in Fig. 4.1 for gravity of unit magnitude. 
The dimensionless axial distance X in Fig. 4.1 is equal to 
the ratio of axial distance to half width of the channel. 
For example, at G = 1 and X= 1.0, the deposition is 0.5 for 
all cases of Q. From Eq.(3-31) for a completed deposition the 
channel requires a length of 2/G. It is noted that the 
deposition distance is independent of the Q value and is the 
same as that obtained for case without inertia as indicated 
in Eq. (3-35).

(B) Particles with Uniform Initial Velocity and Fluid with 
Uniform Velocity Profile

As indicated in Chapter 3.1 (B), an initial location Yo 
is found for each axial point X. The fractions of deposition 
are calculated analytically from Eq. (3-32). The results 
for a gravity parameter of G = 1 are depicted as in Fig. 4.2.

In general, a particle with higher inertia (larger Q 
value) will travel longer distance than those with lower 
inertia before depositing on the wall. Thus, particles with 
higher Q will be expected to have smaller deposition than
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that with a smaller inertia Q as shown in Fig. 4.2. For 
example at X = 1.0, the deposition for Q = 0.01, 0.1, 1.0, 
10, and 100 are 0.492, 0.45, 0.182, 0.022 and 0.0
respectively.

The lengths of channel required for a complete 
deposition of particles are 2, 2.1, 2.94, 7.05, and 20.6 for 
Q equal to 0.01, 0.1, 1, 10, and 100 respectively. The
above results are based on G = 1.

Since particles in this case have higher inlet velocity 
than that in Case A, it is clear that particle with higher 
inlet velocity would deposit farther downstream. The 
deposition for Case A, therefore, is higher than that for 
Case B. For example, at Q = 1, the deposition at X = 1 is 
0.5 and 0.182 for Upo = 0 (Case A) and Upo = Uf (Case B) 
respectively.

(C) Particles with Zero Initial Velocity and Fluid with 
Parabolic Velocity Profile

When a fluid flows in a parallel-plate channel with a 
parabolic velocity profile and particles enter the channel 
with zero velocity, the effect of gravity and inertia force 
on the deposition are similar to that obtained from a 
uniform flow; i.e. as Q increases, the deposition decrease. 
In Fig. 4.5, the deposition at X = 1.0 is 0.495 for Q =
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0.01, 0.46 for Q = 0.1, 0.408 for Q = 1 and 0.39 for Q = 100. 
It is interesting to note that all the particles deposit in 
the region of 0 < X < 2.

Again, particles entering at a velocity higher than zero 
will have lower deposition efficiency. Thus, a suspension 
channel flow with a parabolic velocity profile and particles 
with zero initial velocity have higher deposition rates.

(D) Particles with Initial Velocity of 1.5(1 - Y2) and
Fluid with Parabolic Velocity Profile

Deposition for this case is calculated by a numerical 
method as discussed in Section 3.4.2-l(A). Similar effects 
of inertia and gravity on the deposition described in Case B 
are also observed in a flow with particles entering at a 
parabolic velocity; i.e. particles with higher inertia have 
lower deposition efficiency. As shown in Fig. 4.6, the 
deposition at X = 1 is 0.3 for Q =0.01, .22 for Q =0.1, .052 
for Q = 1 and 0.0 for Q = 10 and Q = 100. At Q = 0.01, the 
deposition curve is almost same as that for the case of Q = 
0; this verifies that as Q < 0.01, the particle inertia may 
be neglected.

The distance required for a complete deposition for Q = 
0.01, 0.1, 1, 10 and 100 is 2, 2.04, 2.99, 7.66, and 22.85
respectively. These distances are much higher than those in
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a uniform flow due to the fact that particles near the 
centerline of the channel are initially at higher velocity 
than those in a uniform flow. At Q = 0.01, the deposition 
curve is almost same as that for case of Q = 0; this verifies 
that for Q < 0.01, the particle inertia may be neglected.

(E) Comparisons and Discussions

For both uniform and parabolic flows in a parallel 
plate channel, the fraction of deposition decreases with 
increasing inertia parameter and the deposition in a uniform 
flow is higher than that in a parabolic flow for a given 
inertia parameter. For example, the deposition at X = 1 and 
Q = 1 is 0.182 for the uniform flow and is 0.052 for the 
parabolic flow as shown in Fig. 4.2 and Fig 4.6 respectively.

Moreover, for both flow profiles, the deposition at Q = 
0.01 is very close to that at Q = 0 as shown in Fig. 4.2 and 
Fig. 4.6. Therefore, when the inertia parameter Q is less 
than 0.01, the inertia effect may be neglected.

In practice, the initial particle velocities should lie 
between zero and that of the local fluid velocity; thus the 
deposition of the particle should fall between that obtained 
from Upo = 0 and Upo = Uf for both flow profiles discussed.

When the inertia parameter is decreased to a value of
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0.01, the deposition calculated from the case of UpQ = Uf is 
very close to that from the case of UpQ = 0.0. This is due 
to the fact that the viscous force accelerates the particle 
to a velocity equal to the fluid's in such a very short axial 
distance that the deposition for zero initial velocity is 
practically the same as that for Up = uf for a small X.

4.1.2 Viscous, Inertia, Gravity and Image Forces

In the analysis, the image parameter of q2/(16 pi e") (f 
uo) and the gravity parameter are assumed as unity. The 
parameter is the ratio of image force to the viscous force. 
The force tends to attract particle to the top wall as well 
as to the bottom wall. At a location of Yo = 0.5191 the 
image force acting upward is equal to the gravity force 
acting downward, therefore, particles near this region travel 
farther before depositions occur. Also, particles entering 
in the region above the point Yo are attracted toward the top 
wall; while those entering in the region below the point Yo 
will deposit on the bottom wall.

In the analysis, the particle inlet velocity is assumed 
to be the same as that of the fluid which is either uniform 
or parabolic. The discussion of deposition due to additional 
image forces is divided into two parts as follows:
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(A) Particles with Uniform Initial Velocity and Fluid with 
Uniform Velocity Profile

For flow with uniform velocity in a parallel-plate 
channel, an additional image force increases the deposition 
significantly. The fraction of deposition was calculated by 
a numerical method. The results of deposition with respect 
to the dimensionless axial distance X are depicted in Fig. 
4.7. In the analysis, the inertia parameter Q varied from 
0.01 to 100 which has a different degree of influence on the 
deposition of particle. For example, at Q = 1, the 
deposition with gravity and inertia alone, at X = 1 is .052 
(see Fig. 4.2), while with the additional image force, the 
deposition increases to .395 (see Fig. 4.7). Significant 
increases are also observed for other inertia parameters. For 
example, at Q equal to 0.01, 0.1, 1, 10 and 100 the fraction 
of deposition at X = 1, with additional image force it varies 
from .91, .82, .39, .1 and .02 respectively and without the 
image force it varies from 0.5, 0.45, 0.18, 0.02 and 0.002 
respectively.

There is another significant difference in the pattern 
of deposition when the image force is considered. A 
particle located at Yo = 0.5191 and G = 1 has zero net force 
acting in the vertical direction due to cancelation of the 
image force and gravity, and the particle will not be 
deposited on the wall theoretically. Particles entering
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near Yo = 0.5191 will travel longer distances than those with 
inertia and gravity alone. Therefore, at a certain X 
downstream, the deposition for particles with additional 
image force is lower than that without it and there is no 
axial distance at which a complete deposition takes place.

(B) Particles with Initial Velocity of 1.5(l-Yo2) and Fluid 
with Parabolic Velocity

For flow of suspension entering a parallel plate channel 
with a parabolic velocity, the effect of image, gravity and 
inertia on the deposition of particles is similar to that of 
uniform flow.

An increase of deposition with additional image 
parameter of q2/(4 pi e")/(f uo) is observed from Fig. 4.16 
and Fig. 4.14. In the region of 0 < X < 4.1, depositions for 
the case with additional image force are higher than those 
with gravity and inertia alone. For example as gravity and 
the image parameter are considered as unity, the fraction of 
deposition at X = 1, for Q =1, is .325 and .055 for case with 
and without additional image force respectively. The 
significant increase in deposition for Q = 0.01, 0.1, 1, 10 
and 100 also can be observed from Fig. 4.14 and Fig. 4.16.

Again, the opposite effect of the inertia parameter on 
the deposition is that particles with higher inertia forces
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have lower deposition efficiency. For example, at X = 1, 
where Q is equal to 0.01, 0.1, 1, 10 and 100, the deposition 
are .785, .67, .325, .135 and .055 respectively for the
magnitude of the image parameter of unity. The drop in the 
deposition is indeed significant.

From Fig. 4.6 and Fig. 4.8, at certain axial-locations 
where the deposition is greater than 0.95, the fraction of 
deposition for cases with additional image forces is lower 
than that without image forces. In the inlet plane around Yo 
= 0.5191, a particle with additional image force will travel 
longer distance than with inertia and gravity alone. For 
example, at Q = 1 and X = 4.3, the particle deposition for 
the case with additional image forces is lower than that 
without the image force (see Fig. 4.6 and Fig. 4.8). 
Similarly, near the entrance of the channel, the deposition 
of the particle entering under the influence of image forces 
is higher than those without the image forces for a parabolic 
flow.

(E) Comparison and Discussions

In this section we have presented the results of 
deposition for flow of suspensions in a parallel-plate 
channel under different initial particle velocities and fluid 
velocity profiles. The forces included are the inertia, 
viscous, gravity and image forces. When the gravity force
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is the only force acted in the vertical direction, all 
particles will deposit on the wall in a finite axial 
distance. When the image force and the gravity are involved, 
the particle deposition increases greatly, but some particles 
will have to travel extremely far downstream before 
deposition occurs. The inertia of a particle tends to keep 
it from changing the direction of motion and thus increases 
the distance traveled before deposited. Therefore, as Q 
increases, the deposition decrease.

The fraction of deposition in a given length for flow 
with uniform velocity profile is higher than that of 
parabolic velocity profile for particles with same initial 
velocity.

4.2 Deposition in Circular Tubes

The analysis on the deposition efficiency in a circular 
tube is basically same as that in a parallel-plate channel. 
However, the time required to perform the analysis in a 
circular tube is much longer than in the parallel-plate case. 
For a given axial distance in a parallel-plate case only one 
or two points need to be determined before computing the 
fraction of deposition, while in a circular tube a group of 
points which form the equi-penetration curve have to be 
determined before proceeding with the computation of 
deposition.
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In this section, the fraction of deposition under the 
influence of viscous, inertia, gravity and image forces are 
discussed. The variation with fluid velocity profile and 
particle initial velocity are considered and the influence of 
them on the deposition is also presented. In the 
discussion, the deposition due to inertia and gravity is 
discussed first, then that of additional image force.

4.2.1 Viscous, Inertia, and Gravity Forces

The fraction of deposition obtained from the Eqs. (3.49) 
- (3.51) are depicted in Fig. 4.11 through Fig. 4.14. The 
effect of gravity and inertia on the deposition is similar to 
the effect in the parallel-plate channel.

The variation of results variances with fluid profile 
and particle initial velocity are discussed as follows. In 
this subsection, no image force is involved.

(A) Particles with Zero Initial Velocity and Fluid with 
Uniform Velocity Profile

The fraction of deposition obtained from Eq. (3-47) 
through Eq. (3-49) is depicted in Fig. 4.11 for gravity 
parameter of unity. It is interesting to note that the 
deposition is independent of Q as in Case A in a parallel-
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plate channel. From Eq. (3-52) and Eq. (3-53), it is observed 
that the increase of axial velocity by an amount of (Q +Exp(- 
T/Q)) due to increased Q is cancelled out by the increase of 
vertical velocity at an increment of G (Q + Exp(-T/Q)). 
Thus, the fraction of deposition at any given axial distance 
for all cases of Q is the same.

The length required for complete deposition is 2/G 
which is same as that in a parallel-plate channel. However, 
the fraction of deposition is different from that obtained in 
a parallel-plate channel. For example, at G = 1 and X =1 , 
the fraction of deposition is 0.62 for a circular tube, 0.5 
for a parallel-plate channel.

(B) Particles with Uniform Initial Velocity and Fluid with 
Uniform Velocity Profile

As depicted in Section 3.4.3 (B), an equi-penetration 
curve for a given axial distance is determined first, then 
the amount of particle entering the tube can be obtained by 
integrating the product of particle concentration and inlet 
particle velocity over the area enclosed by the equi- 
penetration curve and the boundary wall. The fraction of 
deposition under the influence of inertia and gravity is 
depicted in Fig. 4.12.

Similarly, the deposition efficiency of particles with
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higher inertia is smaller than those with lower inertia. 
For example, at G = 1 and X = 1, the deposition in a circular 
tube for Q equals to 0.01, 0.1, 1, 10 and 100 are .6, .55, 
.23, .03 and .005 respectively; while in the parallel-plate 
channel the depositions are .492, .45, .182, .022 and 0.0
which is lower than that in a circular tube.

As Q = 0.01, the deposition is close to that for the 
case of Q = 0. Thus, the particle inertia parameter is 
considered negligible when Q is less than 0.01. As depicted 
in Fig. 4.12, the deposition curve for Q = 0.01 almost 
conincide with the curve of Q = 0 except in the case of small 
axial X.

It is noted that for a suspension of uniform velocity 
profile the deposition curve for UpQ = 0 is exactly the same 
as that of Q = 0 (see Fig. 4.11 and Fig. 4.12).

As observed in Fig. 4.11 and Fig. 4.12, the fraction of 
deposition in this case is lower than that in case A. This 
is indicated by the fact that the higher particle initial 
velocity in Case B allows particles to travel farther than 
those in Case A.

The lengths required for Q equal to 0.01, 0.1, 1, 10 and 
100 are 2, 2.2, 2.94, 7.05 and 20.6 respectively.
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(C) Particles with Zero Initial Velocity and Fluid with 
Parabolic Velocity Profile

Again, the effects of gravity and inertia force on the 
deposition are similar to that for uniform flow. In 
Fig.4.13, the deposition at G = 1 and X = 1 is .6, .565, .53 
and .53 for Q equal to 0.01, 0.1, 1 and 100. For Q > 1,
increasing the particle inertia has little effect to the 
deposition efficiency.

Comparing the results obtained in a circular tube ( see 
Fig. 4.13) with those in a parallel-plate (see Fig. 4.7), for 
a given X, the deposition is higher for case in a circular 
tube.

The complete deposition distance required is about 2.7 
for all cases of Q values.

(D) Particles with Initial Velocity of 2 ( 1-Y2-Z2) and Fluid 
with Parabolic Velocity Profile

The fraction of deposition calculated numerically is 
depicted in Fig. 4.6. As Q increases, the deposition 
decreases. For example,at X =1, the fraction of deposition 
for Q equal to 0.01, 0.1, 1, 10 and 100 are 0.01, 0.035,
0.145, 0.4 and 0.505. Those data are higher than that
obtained in a parallel-plate channel.
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Since the initial particle velocity is higher than that 
in Case C, the fraction of deposition in this case is lower 
than that in Case C. It is observed in Fig.4.13 and 
Fig. 4.14. For example, at X = 1, the deposition for Q = 1 
is 0.53 and 0.145 for particle with initial velocity of zero 
and parabolic respectively.

The lengths required for completed deposition are 2.7, 
3.0,4.0,7.0 and 10 for Q equal to 0.01, 0.1, 1, 10 and 100
respectively. Those lengths are much longer than in Case B 
of uniform velocity profile.

(E) Comparison and Discussions

The fraction of deposition, for both uniform and 
parabolic flows in a circular tube, increases with decreasing 
inertia parameter and the deposition in a uniform flow is 
higher than that in a parabolic flow for a given inertia 
parameter. For example, the deposition at X = l and G = l 
for the case of Q = 1 is 0.23 for the uniform flow and is 
.052 for the parabolic flow. The results can be observed in 
Fig. 4.12 and Fig. 4.14.

Similarly, as Q approaches to 0.01, the inertia effect 
on deposition becomes negligible. These are depicted in 
Fig. 4.12 and Fig. 4.14; also, the deposition of particle
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practically should fall between that obtained from UpQ = 0 
and UpQ = Uf for both flow profiles discussed.

4.2 Viscous, Inertia, Gravity and Image Forces Effects

As discussed in Section 4.1.2, the image force 
parameter of q2/(16 pi e")/f uo is assumed to be unity. The 
image force tends to attract the particle radially toward the 
wall. In the analysis, the particle inlet velocity is 
assumed to be the same as that of the fluid. The deposition 
obtained due to additional image force, gravity, inertia and 
viscous force are discussed as follows.

(A) Particles with Uniform Velocity and Fluid with Uniform 
Particle Velocity

The deposition in a circular tube with additional image 
force is increased significantly than those with inertia and 
gravity alone. The results are depicted in Fig. 4.15 and 
Fig. 4.12. For example, at Q = 1, the deposition with 
gravity and inertia alone, at X = 1 is .23 (see Fig.4.12), 
while with additional image force, the deposition increase to 
.82 (see Fig.4.15). Significant increase are also observed 
for other inertia parameter of Q = 0.1 and 10.

No completed deposition distance is obtained due to the 
force balance in the vertical direction along the point
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YO = 0.5191 for image and gravity parameters of unity.

(B) Particles with Initial Velocity of 2 (1- Y2“ z2̂  anc* 
Fluid with Parabolic Velocity Profile

The fraction of deposition in the flow with parabolic 
velocity profile is presented as shown in Fig. 4.16. For 
flow of a suspension entering a circular tube, additional 
particle image forces increase the deposition significantly. 
Those can be observed from Fig. 4.14 and Fig. 4.16 for Q = 
0.1, 1 and 10. As example, at Q = .1, 1 and 10, the
fraction of deposition at X = 1 is .035, .145 and 0.4 for the 
case with gravity and inertia alone, while for the case of 
additional image forces, the depositions are 0.82, 0.55 and 
0.3 respectively.

Again, as Q increases, the depositions with additional 
image force decrease. For example, at x=l and G =1 , for Q 
equal to 0.1, 1 and 10, the depositions are 0.82, 0.55 and 
0.3 respectively. And the fraction of deposition for a 
fluid with a parabolic velocity profile is lower than that 
for uniform velocity profile (see Fig. 4.16 an Fig. 4.14). 
Similarly, no completed deposition can be obtained.

4.2.2 Summary and Discussions
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The effects of velocity profiles and initial conditions 
on the deposition have been discussed in this chapter. It 
is observed that for both uniform and parabolic flows in a 
circular tube, the fractional deposition decreases with 
increasing inertia parameter and the deposition in a uniform 
flow is higher than that in a parabolic flow for a given 
inertia parameter. Additional image forces greatly increase 
the fraction of deposition. Also, as indicated in the 
paralle-plate, when particles in the region where gravity and 
image force are balanced on vertical direction will travel 
far downstream than those with inertia and gravity alone.
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CHAPTER 5 CONCLUSIONS

The deposition of suspension (fluid-solid) flow in a 
parallel-plate channel and a circular tube under the 
influence of viscous, inertia, gravity and image forces has 
been studied theoretically and certain conclusions are 
summarized in Table 3.6 and drawn as follows:

(1) The time dependent solutions for the case with inertia 
and gravity forces involved are derived and given in 
Chapter 3. The solutions for either uniform or 
parabolic velocity profile and particle initial 
velocities of zero or the same as the fluid are 
included. The solutions basically are dependent upon 
the particle inertia and gravity which influence the 
particle deposition process. For particles in a 
parallel-plate channel and circular tube, particles with 
higher inertia take more time to reach the channel wall, 
while the gravity parameter has a reverse effect.

(2) In cases of flow of a uniform velocity profile in a
parallel-plate channel, the analytical solutions of the 
fractional deposition are derived and given as Eq. (3- 
31) and Eq. (3-32) for particle initial velocities of 
zero and constant respectively. For a particle initial 
velocity of zero, the deposition obtained is independent 
of the partcle inertia parameter Q. As the particle
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inertia is neglected, i.e. Q = 0, the equations of 
deposition for particles of uniform initial velocity are 
reduced to that given by Pich [27] for a horizontal 
parallel-plate channel with no inertia force involved.

(3) In a flow of uniform velocity profile in a circular 
tube, the solutions of fractional deposition for 
particles are derived and given by Eq. (3-79) and Eq. 
(3-82) for a particle initial velocity of zero and a 
constant one. It is noted that for the case of a 
particle initial velocity of zero, the solution of 
fractional deposition is independent of the particle 
inertia parameter. When the particle inertia is 
neglected, i.e. Q = 0, the solutions of deposition are 
reduced to those obtained by Pich [27].

(4) In a flow of parabolic velocity profile and a particle 
initial velocity of zero, the analytical solutions of 
the fractional deposition are derived as Eq. (3-36) and 
Eq. (3-86) for both parallel-plate channels and circular 
tubes respectively. It is noted that the solution of 
deposition in a parallel-plate channel is the same as 
that obtained by Wang [37] for cases with no inertia 
forces. However, for cases in which the particle inlet 
velocity is the same as the fluid, the fractional 
depositions are obtained numerically.
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(5) Increasing the particle inertia will decrease the 
deposition efficiency of a particle in either a 
parallel-plate channel or a circular tube.

(6) If the particle initial velocity is zero or the same as 
that of the fluid, deposition in the flow of uniform 
velocity profile is higher than that in a flow of a 
parabolic velocity profile for flows in a parallel-plate 
channel and a circular tube as well. But in terms of 
deposition rate, for case of UpQ = 0, the deposition 
rate is zero.

(7) Results of particle deposition reveal that when the 
particle inertia parameter is less than 0.01, the 
inertia effect can be neglected as the gravity parameter 
is assumed to be unity.

(8) In both a parallel-plate channel and a circular tube, 
additional image forces greatly increase the deposition 
efficiency.

(9) A complete deposition of particles in a finite length of 
a parallel-plate channel or a circular tube is possible 
for the case of inertia and gravity alone. For the 
case with additional image forces, a complete 
deposition cannot be attained due to the cancellation 
between the downward-acting gravity and the upward-
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acting image forces.

(10) In a parallel-plate channel and a circular tube, the 
particle trajectory solutions (time dependent solutions) 
can be obtained analytically for the case of gravity and 
inertia alone. However, for the case with additional 
image forces, the particle trajectory solutions are 
obtained numerically.

84



CHAPTER 6 RECOMMENDATION

A detailed analysis on the deposition of solid particles 
in a parallel-plate channel and a circular tube has been 
studied. The flows of both uniform and parabolic velocity 
profiles along with particle initial velocities of zero and 
those equal to that of the fluid were investigated. The 
influence on particle deposition due to viscous, inertia, 
gravity and image charge effects in a system of 
incompressible flow provided valuable information on the 
deposition mechanism of fine particles. The influence of the 
magnitude of particle size and shape on the deposition may be 
considered for further investigation.

Since the particle sizes are considerably small, the 
diffusion effect on the deposition can be investigated. The 
simultaneous effect of diffusion and the image charge 
parameter may be of importance on the research of the 
particle deposition mechanism.

Many experimental results on the deposition did reflect 
the importance of the image force on the deposition mechanism 
of fine particles. A recent survey by Vincent [34], John 
and Vincent [22] and Johnson [23] reveals that the 
contribution of the image charge effect on the particle 
deposition may not be neglected; rather, the shape of the 
particle with a longer aspect ratio; such as an asbestos
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fiber, would be more important to the research in improving 
the working environment. As indicated by John [22] the 
amount of charge carried by the fibrous particle is more than 
the regular shape of particles. The emphasis on the reseach 
of the deposition of fibrous particle is also indicated in 
the 1984 Annual Conference of the British Occupational 
Hygiene Society at York.

Attention can also be given to the research on how the 
pollutant particles flow through a river or how long the 
pollutants suspend in the air and what the patterns of its 
deposition process are. It is hoped that in the near future 
these investigations would be useful in reducing the 
accumulation of pollutants and its negative impact on the 
ecology.
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APPENDIX A

NUMERICAL COMPUTATION METHODS FOR CIRCULAR TUBES

The fractional deposition in a circular tube was 
discussed in Section 3.5.2 Since the deposition cannot be 
obtained by analytical methods, a numerical method is 
developed to analyze the fractional deposition of the tube 
flow. Two cases requiring numerical methods are discussed 
below.

By using the solutions given in Section 3.5, the locus 
of particles deposited at the same axial distance can be 
calculated. Once the equi-penetration curve is determined, 
the fraction of deposition can be obtained numerically by 
integrating the product of the particle initial concentration 
and the particle initial velocity over the area enclosed by 
the equi-penetration curve and the boundary wall.

Based on whether the position of the equi-penetration 
curve lies above or below the Z-axis(depicted in Fig. 3-6 and 
Fig. 3-7), the fraction of deposition at any given X can be 
obtained by two numerical methods of integrations.

(A) Particles with Zero Initial Velocity and Fluid with 
Parabolic Velocity Profile
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1) First Mehod

This scheme is applied to the case given in Fig.3-7(B) 
where part of the equi-penetration curve is below the Z-axis. 
The fraction of deposition (DEPO) is

DEPO =

where

QP

1 QP 
Qt

J*.L
No UpD dA

No UpQ dA

(A-l)

(A-2)

r9 rR1 (1) R dR d9
J-p i/2j 0J ’?J 0 Jo

R dR d0

R2 d0
-pi/2
Pi

(A-3)

where Qp is the rate of penetration.

Since the penetration curve is symmetric with respect to 
the Y-axis, we may consider only the hemisphere on the right 
hand side of the tube. The numerator of Eq. (A-3) becomes

Ri (A0)i4 (Qp) i  ----------------
Piwhere the angle varies from -pi/2 to pi/2

(A-4)
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ei = ei " ei-l

Taking the summation of the increment 4 ( Q p ) the 
fraction of deposition can be obtained by subtracting Qt from 
Qp.

(2) Second Method

For the case as shown in Fig. 3-6 (B) in which the 
equi-penetration curve is located above the Z-axis, the 
second numerical method may be used to compute the fraction 
of deposition.

The method requires a new coordinate system with the 
origin at (0, 0.5(Y1 + Y2)) in which Y1 and Y2 are the Y-
coordinates of points B and D, respectively, as shown in 
Fig. 3-7.

Let Zs and Ys be associated with new coordinate system 
and Z and Y with the old coordinate system. Then

Ym = 0.5 (Y1 + Y2) (A—5)
YS = Y - Ym (A-6)
Zs = Z (A-7)

If B is the only point not on the Y-axis, then Y1 is
assumed to be one. The values of Y1 and Y2 can be obtained 
from time dependent solutions. Hence, the corresponding Ys
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and Zs are calculated from Eq. (A-6) and Eq. (A-7).

Again, let

R s= the radial distance along the equi-
penetration curve in the new coodinate system.

R = the radial distance along the equi-
penetration curve in the old coodinate system.

0S = the angle along the equi-penetration curve in 
the new coodinate sytem.

Then we have

Rs2 = Ys2 + Zs2 (A-8)

R2 = Y2 + Z2 (A-9)

From Eq.(A-6) and (A-9), we have

Rg2 = R2 - 2 Ym Y + Ym2 (A-10)

The penetration, Qp based on the new coordinate system
can be expressed as
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(A-ll)

Therefore, the increment of penetration based on the new 
coordinate is

(B) Particle with initial velocity of 2( 1 - Y2 - Z2) and 
Fluid with Parabolic Velocity Profile

Similarily, at given initial and boundary conditions, 
the fraction of deposition with a parabolic velocity can be 
obtained by using the same numerical approach as described in 
Case A.

compute the fraction of deposition for cases shown as in Fig. 
3-6 (B) and Fig. 3-7. The method is presented below.

A(Qp)i = [Rs2 AQgli (A—12)

where

es = tan-1( ), which varies from -pi/2 to pi/2
Zs

Two numerical integration methods are used to
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(1) First Method

For cases as shown in Figs. 3-6 and 3-7 in which 
part of the equi-penetration curve is located below the Z- 
axis, the fraction of deposition becomes

DEPO = 1 --
Qt

where

QP
Qt

No UpQ dAJ , _ _ _
j No Up0 dA

f 9 P 21 I 2(1 -R ) R dR d6 + 0.5 (0.5 pi - 0 )
J -pi/2JO

' J o  'j o

J
2(1 - R2) R dR d0

0
(2 R2 - R4) d0 + (0.5 pi - 0W)

“Pi/2
Pi

0W is the polar angle at point B where the equi- 
penetration curve intersects with the tube wall.

The method of numerical integration is given below to 
compute the integration term of penetration
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A(Qp )i = 2 Ri2 ( 1 - 0.5 R ±2)( & Q L) (A-14)

where A0^ = 0^ - 0i_!
RjL = radial distance at point i

(2) Second Method

For the case as shown in Fig. 3-6 (B) in which the equi- 
penetration curve is located above the Z-axis, the second 
numerical method is needed to compute the fraction of 
deposition.

The method requires a new coordinate system centered on 
(0, 0.5(Y1 + Y2)) where Y1 and Y2 are the maximum and minimum 
values in the Y coordinate of the equi-penetration curve. The 
definition of the new coordinate system is as defined in Eqs. 
(A-8) through (A-10). From Eq. (A-10) we can derive

R2 = Rs2 + 2 Ym (Rs sin 0) + Ym2 (A-15)

The penetration, Qp based on new coordinate system can 
be expressed as

S2(l- R2)RdR d9

(A-16)
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Substituting Eq.(A-15) into Eq.(A-16),

f ®s 4Qp = (Rs2 - 0.5 Rs4  (Ym sin0s)Rs3 - Ym2 Rs2)d©sJ-pi/2 3
(A—17)

Therefore, the numerical scheme based on the new 
coordinate system is

4A(Qp)i=(Rs2- 0.5 Rs4 (Ym sin 0S)RS3- Ym2R2s) i(40s)3
(A-18)

where Rs, Ym and 0S is corresponding to the step i,

-l YS 04 = tan ±(---- )
Zs

(A9s)i - #i -

(E) Constraint on the Numerical Analysis

In the numerical analysis, the increment on Y and Z are 
set as Y < 0.005 and Z < 0.005.

4) Computation Algorithm

The numerical scheme in the analysis is divided into 
three routes.

(i) Beginning at the first route
Given Zo to find Yo. Delimiter is 0 > -1



(ii) Followed by the second route
Given Yo to find Zo. Delimiter is Z < 0 or R = 1

(iii) Then, the third route
Given Zo to find Yo. Delimiter is 0 = pi/2 or R>1

For the case as in Fig. 3-6(B), the first route and
second route are applied to complete the computation. For 
the case as in Fig. 3-7, three routes are necessary to 
complete the computation.

A Bisection Method is designed to compute the deposition 
time Tf value for the given Yo or Zo. In routes one and 
two, the first calculated Tf is the value associated with the 
given Zo or Yo. In route three, the second computed Tf is 
the value associated with the given Zo.

The computation algorithm is as follows:

Step 1. For a given X and Zo or Yo, assume a Tf and 
calculate the corresponding Yo or Zo.

Step 2. Substitute the calculated Yo or Zo into time 
depenedent solutions to verify the Tf.
If not satisfied, go back to step 1.

Step 3. Compute R and 0, then substitute them into
Eq. (A-18) to obtain the increment of 
penetration.
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To obtain the corresponding value of Yo or Zo, we 
substitute the assumed Tf value into Eq. (3-56), and when 
the particle is deposited on the wall , Yf = - ( 1 - Zo2)1/2, 
we have

-(1-Zo2)1/2 = Q G + Y o -  G T -  Q G  Exp(-T/Q) (A-19)

Rearranging Eq. (A-19), we have

Yo = -(1-ZO2)1/2 - Q G + G T + Q G  Exp(-T/Q)
or

Zo = [1 -(Q G - Y O - G T - Q G  Exp (-T/Q) ] 2) V 2

The calculated Yo or Zo is substituted into Eq. (3-58) 
for a particle initial velocity of zero or Eq. (3-60) for 
a particle initial velocity of 2 (1 - YQ2 - Z02). If the 
equation is satisfied, the Tf is the time value for the 
corresponding Yo or Zo. Once the corresponding value is 
obtained, we can proceed to the next increment on Y or Z. 
The results are presented and discussed in Chapter 4.

The numerical program is presented in Appendix C, named 
DEP0_3D_QG. The program is capable of handling Cases (A) and
(B) .
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APPENDIX B

NUMERICAL COMPUTATION METHOD FOR ADDITIONAL IMAGE FORCE

The numerical schemes discussed in the following 
paragraphs are governed by Eqs. (3-88) through (3-90) which 
are given in Section 3.5.4. The numerical technique 
includes forth order Runge Kutta method, regression analysis 
and trapezoidal integration. The schemes are adopted to 
compute the deposition of particles discussed in Chapter 3.

(A) Computer Program

Six programs are used to compute the fraction of 
deposition in a circular tube. The functions of each program 
is explained in the following:

1. Program P3D

The program is designed to compute the trajectory of 
particles by the fourth order Runge-Kutta method. The typical 
points picked to calculate the trajectories are depicted as 
shown in Fig. 3.9. The points along the radial lines are 
totally 191 points.

Given an initial particle location, the corresponding 
deposited distance can be calculated. Once the corresponding 
distance to each set of data points located along the radial 
line is collected. The data set then can be transferred to
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the next program for curve fitting. The data set is 
constructed into a function with two variable (X,R) at a 
given angle 9, or given as (X,R,0).

2. Program PREGAA

This program is designed to curve-fit a set of data by 
the N*th order regression method.

For each data set (X,R,9) obtained from program P3D is 
divided into three subsets. Each subset is then curve fitted 
into three polynomial functions at associated angle 0.

The function to be fitted for the first and third 
subsets functions are expressed as

F (R,0) = X where the angle 9 is constant.

The second set is expressed as

F (X, 0) = R where the angle 0 is constant.

The data subsets and equations created are stored in a 
file ready for the use of next program.

3. Program DATAMK

The program is designed to compute initial coordinates 
of particles of same characteritic length X from the curve- 
fitted functions.
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For a given axial distance, X , the corresponding 
radial distance R can be obtained by direct substitution 
method or Bisection Method. For functions ofthe form, F(R,0) 
= X, direct substitution is employed. For functions of the 
form, F(X,0) = R, a Bisection Method is utilized. The 
obtained data set (R,0) are points located along the equi- 
penetration curve for the given axial distance X. Thedata 
set (R,0) are chaqnged into the form of (Y,Z,0).

5. Program ORDER

The program is designed to rearrange the data set 
(Z,Y,0) on the order of increasing Y. The datasets are 
obtained from program DATAMK.

6. Program REFIT

The program is designed to curve-fit the data sets 
given by program ORDER for each corresponding X.

Each data set (Y,Z,0) is readjusted to fit a new 
coordinate system. The new coordinate system is constructed 
with a new origin at (Ym,Z) where Ym is obtained by averaging 
the minimum and maximum values of Y in the data set. Z 
coordinate is unchanged.

The new data set is divided into three subsets, then do 
the curve fitting. The characteristic function of equi-
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penetration curve, therefore, can be obtained for each given 
X.

6. Program PVOLUME

The program is designed to calculate the fraction of 
deposition of a suspension flow by using the Trapezoidal 
rule.

Overall speaking, curve-fitting a set of data requires 
appropriate adjustment on the order of polynomial 
equations, since each data set has different characteristics.

Finally, the equi-penetration curve created, after 
adjusted by the program ORDER, is display on the TEXTRONIC 
graghic terminal by using the PLOT 10 Graphics Package given 
in the Vax 11/780 system at NJIT. The equi-penetration curve 
therefore, can be verified visually for each given axial 
distance.
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TABLE 3.1 The Magnitudes of Charge, Gravity and Inertia Parameter
Part. Dia 
(meter)

Cha/vi Cha/Gr Gr/vi Int/vi #Cha/part.

1.0e-7 
2.Oe-7 
4.Oe-7 
1.0e-6 2.Oe-6 
4.Oe-6

7.88e-5 
6.30e-4 
5.04e-3 
7.88e-2 6.30e-2 
5.04

80.0
160.0
320.0
800.

9.86e-7 4.53e-7 2.66 
3.94e-6 1.81e-6 10.65 
1.58e-5 7.25e-6 42.60 
9.86e-5 4.53e-5 266.2 3.94e-4 1.81e-4 
1.58e-3 7.25e-4 —

* Particle density 1 g/cc, h= 2 cm, Uo = 30cm/sec 
vi= Viscousity; Gr = Gravity; Cha = Charge; Int= Inertia

TABLE 3.2 The Magnitudes of Image Force ,Gravity and Inertia in a 
Parallel-Plate Channel

Part. Dia 
(meter)

Gravity Inertia Image Force 
Y=.98 .99

#Cha/Part.

1.Oe-7 
2.Oe-7 
4.Oe-7 1.Oe-6 
2.Oe-6 
4.Oe-6

9.86e-7 
3.94e-6 
1.58e-5 9.86e-5 
3.94e-4 
1.58e-3

4.53e-7 
1.81e-6 
7.25e-6 
4.53e-5 
1.81e-4 
7.25e-4

4.90e-10 1.96e-9 
3.92e-9 1.57e-8 
3.13e-8 1.25e-7 4.90e-7 1.96e-6 
3.92e-6 1.57e-5 
3.13e-5 1.25e-4

2.66
10.65
42.60266.2

* Particle density 1 g/cc, h= 2 cm, Uo = 30cm/sec

TABLE 3.3 The Magnitudes of Image Force ,Gravity, and 
a Parallel-Plate Channel

Inertia in

Part. Dia 
(meter)

Gravity Inertia Image Force 
Y=.98 .99

#Cha/P

1.Oe-7 
2.Oe-7 4.Oe-7 
1.Oe-6 
2.Oe-6 
4.Oe-6 
1.0e-5

9.86e-7 
3.94e-6 1.58e-5 
9.86e-5 3.94e-4 
1.58e-3 
9.86e-3

9.06e-6 
3.62e-5 
1.45e-4 9.06e-4 3.62e-3 
.015 
.090

1.96e-8 7.84e-7 
1.57e-7 6.27e-6 
1.25e-6 5.02e-5 1.96e-5 7.84e-4 1.57e-4 6.27e—3 
1.25e-3 5.02e-2 
.196 .784

2.6610.6542.60266.2

* Particle density 1 g/cc, h= .1 cm, Uo = 30cm/sec

Note: Charge Density 1 Electron per 1.18E-10 cm^ Surface Area 
Y = 1 is the location of wall
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TABLE 3.4 The Magnitudes of Dimensionless Image Force ,Gravity, and Inertia Parameters in a Circular Tube
Part. Dia Gravity 
(meter)

Inertia Image Force 
Y=.98 .99

#Cha/Part

1. Oe-7 9.86e-7 9.06e-6 1.96e-8 7.84e-7 2. 662.Oe-7 3.94e-6 3.62e-5 1.57e-7 6.27e-6 10. 654. Oe-7 1.58e-5 1.45e-4 1.25e-6 5.02e-5 42. 601.0e-6 9.86e-5 9.06e-4 1.96e-5 7.84e-4 266. 2
2.Oe-6 3.94e-4 3.62e—3 1.57e-4 6.27e-3 —
4. Oe-6 1.58e-3 .015 1.25e-3 5.02e-2 —
1.0e-5 9.86e-3 .090 •196 .784 —

* Particle density 1 g/cc,, h= .1 cm, Uo = 30cm/sec

TABLE 3.5 The Magnitudes of Dimensionless Image Force /Gravity, 
and Inertia Parameters in a Circular Tube

Part. Dia 
(meter)

Gravity Inertia Image Y=. 98 Force
.99

#Cha/Part

1.0e-7 9.86e—7 4.53e-7 5.00e-:0 1.98e-9 2.662.0e-7 3.94e-6 1.81e-6 4.00e-9 1.58e-8 10.65
4.0e-7 1.58e-5 7.25e-6 3.20e-8 1.27e-7 42.60
1.0e-6 9.86e-5 4.53e-5 5.00e-7 1.98e-6 266.2
2.0e-6 3.94e-4 1.81e-4 4.00e-6 1.58e-5 —
4. Oe-6 1.58e-3 7.25e-4 3.20e-5 1.27e-4 —
1.0e-5 9.86e-3 4.53e-3 5.00E-4 2.00E-3

* Particle density 1 g/cc, h= 2 cm, Uo = 30cm/sec

Note: Charge Density 1 Electron per 1.18E-10 cm2 Surface Area 
Y = 1 is the location of wall
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Table 3.6 Summary of Analysis on the Particle Deposition due 
to Viscous, Inertia, Gravity and Electrostatic 
Charge Forces in Parallel-Plate Channels and Circular Tubes

Fluid Velocity of Fluid Velocity of
Uniform Profile Parabolic Profile

Item Gravity Gravity + Gravity Gravity +
Alone Image Forces Alone Image Forces

Closed Form 
Solutions 
for X and Y
UpQ=0 Eqs.(3-19)-(3-20) no Eqs.(3-23)-(3-24) no
UpQ=U Eqs.(3-21)-(3-22) no Eqs.(3-25)-(3-26) no

Closed Form Solutions 
for Fractional 
Deposition
UpQ=0 Eqs.(3-47)-(3-49) no Eqs.(3-56)-(3-58) no
UpQ=U Eqs.(3-50)-(3-52) no Eqs.(3-59)-(3-61) no

Deposition — higher — higher

Complete
Deposition
Length yes no yes no

Q increase 
on Deposition decrease decrease decrease decrease

G increase 
on Deposition increase increase increase increase

Fp increase 
on Deposition increase increase increase increase
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