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ABSTRACT

g
s

Unsteady-state heat conduction in a cylinder of
finlte dimensions with constant physical and thermal
propertles was analyzed with the finite element method,
Symmetry of the cylinder and application of Newman's
method reduced the problem to two independent one-
dimensional problems, Finlte element equations for
the axial and radlal dimensions were developed utilizing
Galerkin's method of welghted residuals, Crank-Nicholson
approximations were used for time derivatives, A
computer program was written for solution of the finlte

element equations,

Solutions obtained were conditionally stable;
dependent on the value of the ratio KaxADCplz. For
values of the ratio less than 1/3, errors in solutions at
small times result, For values of the ratio greater than
2.0, very large errors result, The magnitude of the
errors increase with increasing values of the ratio,

For proper values of the ratio KatADCplz, finite
element solutions converge to the analytical solutlions

by increasing the number of finlte elements in the problem,
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1.0 TINTRODUCTION

1.1 Background

The analytical solution to an unsteady-state heat
conductlon problem requires the Jevelopment of explicit
functlions contalning infinlite series for the dependent
variable. Evaluation of the explicit functlon at a given
time and poslitlion may be tedlous and time-consuming, The
finite element method of analysis 1s a numerical method
for the solution of Aifferential equations that is siapler
than the analytical route and yet permits nmaterial hetero-
genltles and more than one boundary condition within a

glven problem,

1,2 Problem Definition
The subject of this thesis 1s the solution of a three-
Aimensional unsteady-state heat conduction vroblem using

the finite element method of analysis,

The physical object under exanminatlon is a cylinder
of finite dlmensions., ©ylindrical crordinates, as shown
in Figure 1.,2-1 are eaployed., 4ny polnt witain the
cylinder may be identified by coordinates ( x, r, ©), The
cylinder may be considered to be of length L and radius 3,
In this development, the cylinder is assumed to be of a
nomogeneous material, with a constant thermal conductivity,

density, and heat capaclity throughout.
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Flgure 1,2-1

Cylinder and Coordinate System

The unsteady-stalte heal conduction problem to be ex-
amined 1s that of a cylinder at an initial Semperature 70
throughout whose surface 1s instantaneously brouzht to the
temperature 7l at time zero and thereafter maintained at
temperature Tl. It 1s then desired to find the temperature

distributlion throughout the cylinder, or the temperature at

a specific location within the cylinder, at a specific time,

1.3 Aporoach

The problem may be readily reduced to a two-dlmensional
problem in terms of x and r, Due to the symaetry of the
cylinder about the x-axls, there is no wvariatlion of temper-

ature with 8, angular position. That is, @I‘/ae = 0,



Application of Newman's method further reduces the
two~-dimensional problem to that of two one-~-dimensional
problems, In Newman's method, the dimensionaless solution
at any point within the object is the product of the
dimensionaless solutions of that point in each dimension,
Therefore, the differential egquatlions for unsteady-state
heat conduction in the x dimension and the r dimenslion,

2T grT
g 2 - PCp—— =0 (1,3-1)

K

and

1 9 dr JrT

must be solved independently using the flnite element

method of analysis.



2,0 FUNDAMENTALS OF THE FINITE BELEMENT METHOD

2.1 General

The concept underlying the finite element method of
analysis is that of discretization. By discretization,
1t is meant that the extent or domain of a problem 1s
broken down into smaller, more manageable pileces, Each
plece of the problem may be termed a finite element, The
solution to the problem may be formulated within each
element easier than in the larger composlite problemn,
Assembly of the solutlons in each element and the a2ppli-
cation of the appropriate boundary condiitlons allows
solutlon of the larger composite oroblem, It 1is the
foranulation of the solution to the problem within the
1ndividual finite elements that is the power of the flnite
element method in englineering analysis, Irregular
geometries, heterogeneities in material properties, aad
several different boundary condlitions in the same problem

may be accomodated with the use of finite elements,

2.2 Discretirzation

In the one-dimensional heat conductlion orndblem, the
extent, or domain, of the probdlem, L, may be divided into
n finite elements, each of length L/n. The end of an
element, or intersection of two elements, is called a node,
A problem having n elements therefore has n+l nodes, The

discretization of a one-dimensional problem into four
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finite elements is shown in Figure 2.2-1,

nodes elements

x;o x=L/l x=L/2 x=3L/4% x=L

Pigure 2,2-1

One-dimensional Finite Elements

2.3 Localized Coordinates

It is useful to define a non-dimensional, localized
coordinate system within an element, A localized coor-
dinate system allows analysis of a finite element as an
entity in 1tself without the influence of neighboring
elements; the non-dimensional nature of the coordinate
system greatly facilitates the calculus in the derivation
of the finite element equations., A one-dimensional element
of length 1 is shown in Figure 2.3-1, 4ithin this element,
there are two reference points, node 1 and node 2, which
may act as the basis for the coordinate system. With
respect to node 1, the coordinate, s;, of a point within

the node may be defined as s, = (xz-x) / (XZ-Xl) or

8y = (x3-x) / 1. Similarly, with respect to node 2,



s, = (x-x1) / (Xp-x1) or sp = (x-x1) / 1. Expressed in

this manner, the localirzed coordinate 1s non-dimensional

and always has a value between 0 and 1,

(xp-x)/1 = 84 8p = (x-x4)/1
1 : 1
I
i
8 | s
0 | 0
X4 length = 1 X5

Flgure 2,3-1

Localized Coordinates

2.4 Approximation Model and Interpolation Functions

An approximation model which represents the shape or
form of the temperature proflle within the element must bhe
selected., The aporoxlimation model must be continuous
within an element and may be linear, parabolic, or of
higher order, The approximation model 1s deflned in terms
of two, or more, unknown nodal temperatures, For the one-
dimensional heat conduction problem, a linear approximation

may be used,

Interpolation functions, derived from the non-dimen-
sional localized coordlinate system, are used in te con-
struction of the approximation model. An interpolation

function 1s assoclated with a particular node and 1s
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defined only in the two adjacent elements on either side of
the node., At all other locations within the domain of the
problem, the interpolation function is equal to zero,
Consider the two elements, each of length 1, shown in

Figure 2.4-1,
(XB—X)/]. = NZ

(xp=-x)/1 = Ny Np = (x-x49)/1 Ny = (x-x5)/1

Nq No N

1 2 1
: i
| i
, )
i i
: |
i ;

0 & 0

X4 element 1 X2 element 2 X3

Figure 2,4-1

Interpolation Functions

Within element 1, Nl and N2 are defined and vary between 0
and 1., However, N3 is not defined in element 1 and there-
fore equal to zero in element 1, N_ is defined in both

2
elements 1 and 2 and a2lso ranges between 0 and 1,

A linear approximation model for temperatures within
element 1 of Figure 2.4-1 may be expressed as

T =N,T, + N,T, (2.4-1)
where Nl and N, are the interpolation functions defined

within the element, and Tl and TZ are the unknown tempera-

tures at nodes 1 and 2, respectively, &Lxtending this model



to a problem with n elements in its domaln gives

or
n+l
T= ) NI, (2.4-3)
1=1

Since at any given location only two interpolation
functions are non-zero, Egqs. (2.4=2) and (2.4-3) reduce to

a two term expression similar to Eq. (2.4-1).

2.5 Galerkin's Method of Weighted Beslduals

Galerkin's method of weighted residuals is one of the
most commonly used methods for formulation of the finite
element equations. Galerkin's method of welsghted residuals
is based on the concept of nminimization of the residual
error remaining after an approximate solution, as repre-
sented by Eq. (2.4-3), 1s substituted into the differential
equation describing the problem., In Galerkin®s method, the
residual error 1is weighted with the interpolation function
Ni' The weighted residual error then is summed over the
domain of the problem and an approximate solution is found

which minimizes the total residual error,

The differential equation for one-dimensional unsteady-

state heat conduction in rectangular cocordinates 1is

Fr ot
K —— - pCp — = 0 (2.5-1)
(9 %2 FEe @ t °



Substitution of an approximate solution into Eq. (2.5-1)
ylelds the residual error

az<§Tﬂﬁ>_ PCpthTﬂﬁ)

R(X) = Ka 1=1,2,3 (2-5"'2)

X
The residual error R(x) will be equal to zero if the
approximate solution equals the exact solution, Welghting
the residual error with N1 over the domain of the problem
results in the expression

j;zéx) Ny dx =0 | (2.5-3)
Performins the required differential calculus to evaluate
the residual errors in Eq. (2.5-2) and integral calculus
to minimize the totel welghted residual errors in Eq.
(2.5-3) results 1in a system of linear simultaneous
egquations of order n+l where n is the number of elements

comprising the domain of the problem.

2,6 Time Domain

In Eg. (2.5-1) the time derivative of temperature is
approximated using a finlte difference method such as a
Euler or Crank-Nicholson procedure, The derived system of
element equations will contain a vector of nodal tempera-
tures at time t and a vector of nodal temperatures at tine

t+ at.

2.7 Initial and Boundary ‘“onditions

Initial conditions are set by speclfying the vector

of nodal temperatures at time t = 0,
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Boundary conditlons of the problem are easily imposed
by simple modifications of the system of simultaneous
ejuations. Both Dirlchlet boundary conditions, specification
of temperatures, and Neumann boundary condlitions, specifica-

tion of temperature gradlents, may be accomodated in thils

manner,

2.8 Solution

The solution to the probhlen is obtained by solving the
simultaneous finite element equations for the values of
the unknown temperatures at the nodes of the finite elements,
The simultaneous equations may be solved usingz direct or
iterative numerical methods, As with finite dilfference
methods, the approximate solution generally converges to
the exact, or analytical, solution by increasing the number
of nodes, However, for a glven problem, the stability and
convergence of the approximate solution is influenced by

the size of the elements and the size of the time intervals

at which a solution is obtalned,
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3.0 DEVELOPMENT AND SOLUTION OF FINITE ELEMENT EQUATIONS

The finite element equations for unsteady-state heat
conduction in the axial and radial dimensions will be
developed for the discretization of the problem into two
elements, 1ln each dimension, using Galerkin's method of
welghted residuvals, The results are easlly extended to a

greater number of finite elements.,

3.1  Axlal Dimension

The differential equation for one-dimensional heat

conduction in rectangular coordinates is

d%r QT
K e - Cp =—— = 0 ( -1"1)
=2 PO 7

After substituting a linear approximation model for

temperature, as in Eq. (2.4-3), into Eq. (3.1-1) for T,

the residual error becomes:

2
R(x) = K g XZ(ZN"TQ - p cP—?)—%ZELT—Q 1=1,2,3 (3.1-2)

As the dowalin of the problem in the x dimension has been

broken down into two elements, there are three nodes and
three unknown nodal temperatures, Therefore the summation

in the approximation model for T in Eq. (3.1-2) has three

terms,

In Galerkin's method of welighted residuals, the
residual error as defined by Eq. (3.1-2) 1is weighted with

the approximation function Ni' The total weighted residual
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error over the domain of the problem is then minimized,

This can be expressed mathematically as:

X3 o2 AT
K =—5 - pCp =— [Ny dx = 0 (3.1-3)
X4 é)x a t
where § = 1,2,3 and T = NiTi' Weighting the residual
i=1

error with Nl’ Nz, and NB produces three equations with

Ty TZ’ and ‘I‘3 as unknowns,

The first term on the left side of Eq, (3.1-3)

2
3 g°r
K N, dx J=1,2,3 (3.1-4)
j:l axz J

may be integrated by parts to glve

T X X T N
K-él—-NJ 3 - K B-éz—»éz~i dx J=1,2,3 (3.1-5)
ax xl x aX ax

The term on the left side of Eq. (3.1-5) may be expressed

as the column vector

T X3
<92

X Xl

T X3

K"a-""'“Nz (3-1—6)

X X1

o°T *3
K—=—N
Xl_‘

Ox °

Since N2 equals zero at X3 and X4, N

1 equals zero at x3,

and N3 equals zero at x,, Eq. (3.1-6) beconmes
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O (301“‘7)

Later 1n the formulation of the finite element equations,
Neumann boundary conditions may be imposed on the problem
by specifying temperature gradients at the two end nodes,

x, and x in Eq. (3.1-7).

3’
Substltuting the linear approximation model for T, the

term on the left side of Eq. (3.1-5) becomes

[39 (Imr,) O, "

1=1;2,35 j=1|2a3 (3-1"8)

Xl aX @X
Since the nodal unknown temperatures Ti are constant in
the solution of the problem, Eq. (3.1-8) may be rearranged
to
3 X3 JN, N
K ) —Jdaxr, 3=1,2,3 (3.1-9)
1=1 Xl aX @X
For J =1, Eq. (3.1-9) may be written as
X N N X N N
K331@1de+K3C)231de+
Ox Ox ! Ox Ox 2
X X
1 1
p.
3 abl N
K ——JQ—A dx T (3.1-10)
<. Ox Ox 3



1&'

Similar expressions may be written for Eq. (3.1-9)
for J = 2 and J = 3 and assembled to produce the matrix
and column vector
OF gy, 9N, gy, N, AN,
ax ax @x @x @x @x
x3 (N, N, N, N, ¥4 OV,
K dx | T, | (3.1-11)
.. |0x 0= Ox 0= Ox Ox 2
Q_N_l Jrn, g, O, OLNGLE

_aX aX aX dx C)x aX.‘

Elements of the matrix in Eg. (3.1-11) that are a function

1

-

both of N1 and N3 are equal to zero. Since N1 is only
defined in the first finite element and N3 is only defined

in the second finite element, nowhere fron Xy to Xq are

both Ny and NB simultaneously non-zero. Therefore Eq. (3.1-11)

may be rewritten as

on, 9w oM,
Jdx OJx OJx Ox

KfXB SN" SNZ gNngZ 3N33N2dx T, | (3.1-12)

o N25N3 0 N, aN3
] Jx 0x Oz 0z |2

Other elements in the matrix of Eg, (3.1-12) must be

1

evaluated individually by inserting the proper expression

for the interpolation functions Ni‘ For example,



X N N X N N
3 ézwl-ézw; dx = 2 é) é) dx (301“13)

Xl é)x aix xl éax (9X

N1 = (x, - x)/(x2 - Xq) = (xz - x)/1 (3.1-14)

v,  Jdixx - oA
dx  Ox

X -1 -1 1 2 Xp = X 1
fz (-——) -—~—>dx =— [ " ax =-—————-—5——1— = — (3,1-16)
X4 1 1 1)« 1 1

1

1
B (301—15)
1

Similarly,

x3 JNz g X2 JN; JN, i fBC)Nz 0”2

dx =
X1 ax ax o) ax ax Gx ax
(3.1-17)
In the element between Xq and x2
N2 = (x - xl)/(x2 - xl) = (X = x4 )/1 (3,1-18)
oN Jdx - x.)/1 1
2 . L = = (3.1-19)
é)x é)x 1
In the element between Xo and x3
N, = (x3 - X)/(x3 - X5) = (x3 - x)/1 (3,1-20)
Oz Qlxy - x4 (3.1-21)
Ox Ox 1 ’
Therefore

2 g [ e YD -



(x, - x,) (x, - x,)
2 . 1, 3 5 20 - = (3.1-22)
1 1 1

Evaluated in this manner, Eq. (3.1-12) becomes

1 -1 0 Ty
K
—_— 1 2 -1 T, (3.1-23)
1
0 -1 1 T
s - L 3._

Inserting the linear approximation model for T,

the second term on the left side of Eq. (3.1-3) becomes

N, T
fj 0 (Zwi 1> Ny dx 1=1,2,3; J=1,23
X

For jJ = 1, Eq. (3.1-24) becomes

X3 dT, X3 aTz
Cp| "N4N4 dx =— + pCop MoN, dx +
F f 1V LR P fx 2Ny Dt

X1 1
T
pCp NN, dx 91, (3.1-25)
x, 0 L Ot
1

o

Similar expressions may be written for } = 2 and J = 3

and agsembled to produce the matrix and column vector

. - raTl -
X3 dTZ
x4
N1N3 NoNg NBNB aI‘:j
| | Dt



The elements of the matrix in Eq.

ated as before,

X
3
J( NlNl dx

2
2 /X=X
PR 4
1 27

17.

{(3.1-26) are evalu-

-1‘ (XZ-X)B X2

12 3 .
Xl 3 1
1 1 1
== — = — (3.1-27)
1 3 3
Since Nl + N2 = 1 within the first finite element;
X3 2 2 2
N1N2 dx = Nl (1—N1) dx = Nl dx - NlN1 dx (3.1-28)
b4
2 Xp [Xp-X 1 xz 2
Nl dx = dx =—*<%2x-—- =
Xy < Xp-X 1 2 x
1
i X X 1
2
- <”" “*—l> (xp-%,) =— (3.1-29)
1 2 2 2
Therefore,
X3 1 1 1
N1N2 dx =~ =« -— = - (3.1~30)
2 3 6
X4
Similarly,
x X X=X 2 p: X=X 2
[ 3N2N2 dxizg D dx{3<~—l—-—-—?~> dx =
-X X A=X
Xl 1 2 x2 3
— %2 _ 3%3 3 3
—13 {x-xy) i2 (x4-x) 2y 7
1 2 2
3 %, 1 3 o 1 3 1 3
21 L 1
3 6

(3.1-31)



After evaluating all the elements of the matrix, Eq,

(3.1-26) then becomes

(=)
(o]
Q)E)
¢ | 3

¥

Cp 1

[
&
WY

Q

ct

o]
ot
o
IF
ot | 3

Inserting Bgs. (3.1-7), (3.1-23), and (3.1-32) in Eq.
(3.1-3) gives the assembled finite element equations for
the axial dimension in terms of the unknown axial nodal

temperatures and their time derivatives:

T - ’_.
-K g 1 -1 0 T,
X
1
X
0 —-I- -1 2 -1 Tz -
T
K é) 0 -1 1 T
aXX3 3
- - . ] i __J

18,
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_ - .
OT
2 1 0 z—1
d
Cr 1 T
£orl 1 41 9%z = 0 (3.1-33)
6 Jt
T
0 1 2 975
" i _é)t |

or, in simplified finite element method notatlon,
[Rx] - [A]* [Tx} - [B}*[‘:’e]= 0 (3.1-34)
where

2]

{A} = assemblage matrix of axial element con-

column vector of axial Neumann boundary

conditions

ductive properties

assemblage matrix of axial element capaci-

[ amaanuns ¥
v e
—
H

tance properties

colunn vector of unknown axial nodal

—
3
e

B

]

temperatures
[T ] = column vector of time derivatives of un-

tnown axial nodal temperatures

Eq. (3.1-34) may be rearranged to

Wl e (e]0[E] =[] Gaow
This expression is the mathematical statement of Galerkin®s
method of welghted residuals applied to a one-dimensional

unsteady-state heat conduction prodblem in rectangular
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coordinates,

To solve Eq. (3.1-35) for the nodal temperatures,
the time derivatives of the nodal temperatures must be
expressed as a function of the nodal temperatures, In
finite element analysis this 1s usually done with a
finite difference approximation, EBq, (3.1-35) can be

expressed in finite difference form as

[A] ¥ (9{Tx}t+at + (1-6) [TX]t> ¥

[B] ¥ <e[i‘]t+at *1-9) [;r]t ) ) Ltii,}; (3.1-36)

If 6 = %, the Crank-Nicholson method is obtained., The

time derivatives in Eq., (3.1-36) mey be approximated by

2 ([ + [ )
~Eq. (3.1-36) then becomes

(14 + 2 [31) o [Mne = 2 [, -
([+] - = [e1)» [m, (5.1-38)

Ot

[Tx]t+at - {Tx]t
At

i

(30 1"‘37)

This eguation relates the nodal temperatures at time t + ot
to the nodal temperatures at t and the boundary conditions

of the problem,
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3,2 Badial Dimension

The development of the finlte element equations for
unsteady-state heat conduction in the radisl direction in
a cylindrical coordinate system proceeds in a similar
fashion as that in the axial dimension. The governing

differential equation is

K

19 /. gt ok
“57)

— -pCp F— = 0 (3.2-1)
r @I‘ al‘ gt at

After rearranging and performing the differentiation, Eq.
(3.2-1) becomes
: 2 ;
Jgr Q°T Jr

K =— + Kr

ar é) r2 ) pCpré—; =0 (3:2-2)

Application of Galerkin'®s method of weighted residuals to
minimize the residual error over the domaln of the problenm

in the radial dimenslon ylelds

by AL T T
T r r
1

where J = 1,2,3 and T = 23; NiTl’ Here the interpolation
function N1 and unknown éggal temperatures Ti apply to
finite elements in the radial dimension from r = 0 to

r = B, the radius of the cylinder; and are dlstinct from

those in the axial dimension.



The gecond term in the integrand of Ekg.

(3.2“"3) may
be integrated by parts,
r T
J/' % dv = u v'r3 —J/‘ %’du (3.2-4)
with = T1 1 Ty
w=r Ny (3.2-5)
and.
9T
dv = dr (3.2-6)
0 r2
Therefore,
n N
J = N, +r Q-—l (3.2-7)
dr ! or
T
v = a (3.2-8)
Or

and Eq. (3.2-4) beconmes

1
T|T T T N
KrN —-‘E—)—-—B - 32{—(-]——-N+r-Q—--3 dr =

T T T N

KrN -—a———-— 3 - 3 X a Nj dr - 3 Kr .Q_... Q_*:j. dr
J (9 r (9 r 1 é)r é)r
(302"‘9)

It 1s apparent that the second term on the right slle of

Eq. (3.2-9) cancels out the first term of Eq.

(3.2-3).
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The first term on the right side of Eq. (3.2-9) may

be expressed as the column vector

R

%

KrN

JUn
(@)
H

0

Q
=
=

KrN, (3.2-10)

Qs Cb!
= R
o ]

QO
H
o

~
where ry = 0 and ry = . The first elsment of 5q., (3.2-10)
equals zero since N, 1is undefined and eguals zero at r = R,
Similarly, the second element of Eq., (3.2-10) eguals zero
since NZ is undefined and equals zero at r» = #H and r = 0,

dith NB =1 at r = R, Eq. (3.2-10) reduces to

0 (3.2-11)

KR ET“‘

R
~— .
Neumann boundary conditions may be specified by heat

3

+

fluxes at the surface of the cylinder with Eq. (3.2-11),

To evaluate the third term on the rizht side of Eq.
(3.2-9), the linear approximation model for T is substl-

tuted
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[P« (Tn7) ay

Kr ar 1 =1,2,3; J=1,2,3
Or Or
1 (3.2-12)
Three equations, each in terns of the threse unknown
nodal temperatures, result after expanding and Intezrating

Eq. (3.2-12), For 3 =1,

N, AN ) N, AN
fr3Kr————alaldr-rl+f3KrazaldrT+
r

dr Or dr Or 2

1 Ty

r N, AN
[3 Kr 9% g 1 4y T, (3.2-13)
rl r T

Q@

reduces to

(T “1Y\ /-1 rp 1\ /-1
Kr . dr Tl + Xr { — ——-}dr TZ
l/f 1 1 1
T 1 A (3.2-14)
where 1 i3 the length of the finifte element. The limits
of integration of the first and sescond terws in Bq. (3.2-14)
are T and r, since N

1 1
r, to LY The third term of E2g. (3.2-13) equals zero

is undefined and eguals zero from

4 1 and N3 simultaneously

non-zZero, Bq. (3.2-14%) 1s integrated to

since nowhere from r, to r3 are N

T, - —— |,  (3.2-15)

In 1ike manner, Eg. (3.2-12) becomes for J = 2



2 2 2
~-X r% - ry K r; - ry
Tl +——§ fz +
12 2 1 2
2 2 2
K rh - 15 K r. -
2
> 2 T, - (/ g (3.2-16)
1 2 ¢\ 2 3
and for j = 3
2 2 2 2
=X T - T K r; -1
2 : 2 T, +— s T (3.2-17)
1 2 2 42 2 3

Eq, (3.2-12) can therefore be written in matrix notation

by assembling Egqs. (3.2-15), (3.2-16), and (3,2-17) as

—-— e

ot ‘N
N
)
R
N
i
w
[
S~
/”“m;\
)
[
H
- DN
+
H
oo TV
i
s
AN
~
]
—
r
W
]
"
S
(-

2 2 2 2 J| 7P
2 2 2 2\
r - r - T
0 (22 SR
2 2 || 3
- (3.2-18)

Ihe third term in the integrand of Eq. (3.2-3) is now

evaluated, The linear approximatlon model for T is inserted

to yield

i = 112033 j = 1l2t3
(3'2‘19)

t

[Poer 2T
T
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Expanding Eq. (3.2-19) results in three equations
with the time derivatives of the nodal temperatures as

-

unknowns, #q., (3.2~19) may be written in matrix notation

as
[ i [ ]
ar
]
N.N.r NoNyr N,N,r —_—
1 2N
1 o Jv
I‘3 a T2
p Cp NyNor NoNor  N,N,r dr 5= (3.2-20)
) 2 a £
Ty
0 T3
N1N3r NZNBT NBNBr 5——-—-

The elements of the matrix in BEq., (3.2-20) are evaluated

individually. For exaunple,

r T rp = r\ /T = 1
Jf 3 NNy dr i/fz 2 2 r dr =
1 1
T ry

1

T
> r, r - 2ror~ + r” dr = —; - +
T

T
12 2 3 "
1 T

2
1 r 2r 1
- | -2 2 2 2 3 b Lo\
Ir's - T - Tr - T + - r - T
17| 2 <2 1) 3 (2 %) 4 <2 L)

T
1
. r-r T - /ra - -
f?z ( 1\}( 1\\1, dr +f‘3s/r3 r} i T U
I‘l \ 1 // L / rs ‘\ 1 / 1



1
i
t— | Th - T
b\ ? 1>'
4
(3.,2-23)
2r2 - r3r2 + r

(3.2-24)
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Egs. (3.2-21), (3.2-22), (3.2-23), and (3.2-24) are
all the same functlon of, at most, three nodal coordinates,
With soecification of the nodal coordinates, the function
1s easily computed., For simplicity of notation the
function will be denoted Flj where 1 and J refer to the
interpolation functions in the intezrals of Eq. (3.2-20).

Therefore Eq. (3.2-20) becomes

0Ty

F11 -Fay 0 Js

fCp T
-F12 Fss -Fap a-@-——-tz (3.2-25)

T

B

o
W

0!
w
QD
QO

t

beee - L -

Ingerting Egqs. (3.2-11), (3.2-18), and (3.2-25) into
Eq. (3.2~3) gives the agsembled finlte element eguabtlons
for the radlal dimension in terms of the unknown radilal

nodal temperatures and thelr derlvatives:



i 2 r2 2
0 T'o - I T3 - ¥4 5
2 2
K - ro T r2 r2 - r2 rz - r2
0 R - 1 2 " 1 + _2.______2 - _3.__.__..2‘.
12 2 2 2 .2
or r; - r5 r? - r§
KR Ey— 0 - —;17;-——
r 2
~ B_AP’?’ -
T —1 r -
[z, | P F 9%
Ty 11 21 0 Jt
pCp F F » arz
\I\ - e - . >~ L -
2 12 12 22 32 EN
T 0 P P (9T3
3 23 33 "
— - L — _a v
(302"26)
or, in simplifled finilte element nmethod notation
[RR] - [R] * [TR} - [S] * [T] = 0 (3.2-27)
where

—
5,
i
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column vector of radlal Neumann boundary

conditlions
assemblage
propertlies

assemblage

matrix of radial element conductive

matrix of radial element capacitance




properties

column vector of unknown radial nodal

L
3
LEE’..;
i

temperatures
LP] = gcolumn vector of time derivatlves of unknown

radial nodal temperatures

Eq. (3.2-27) may be rearranged to
[2]* [ma] + [s]* (2] = [=s] (3.2-28)

The Crank-HNicholson method for evaluating f@}
with finite difference approximations may be applled as
in the axial dimension, The resulting assembled finite

element eguations

2]+ = []) [ g = 2 (3] e
(] - z:§ (5] [z] . (3.2-29)

may be solved for nodal temperatures at time t + At since

nodal temperatures at the previous time interval and the

boundary conditions are known,

3,3 Initlal and Boundary Conditions

In the unsteady-state heat conduction problem under
examination, initial conditlons are established Dy
snecifying the temperature at all axlal and radial nodes

at time t £0, Therefore for a finite cylinder of radius
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R and length L at an inltlal uniform temperature TO the

initial conditions are

T (x,£) = 71° 0<x£L t< 0 (3.3-1)
T (r,t) = 7T° 0<r<R t=0 (3.3-2)

The unknown nodal temperature column vectors of Egs.,.
(3.1-38) and (3.2-29) for two finite elements in each the

axial and radial dimensions become

Y

(303"'3)

—
i
b

—

o
il
o
I
L]
o

[t8] oo = |2° (3.3-4)

For a finlte cylinder having i1ts entire surface
1
Iinstantaneously changed to temperature T and maintained
at this temperature, the Dirichlet boundary conditions may

be expressed as

]

t?o (303’6)

i

T (0,t) T (L,t)

[}
3

T (B,t)

For two finite elements in the axlal dimension, Eq. (3.1-38)

becomes at time ¢
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Dirichlet boundary conditions introduced into the finlite
element equations by the following modifications of Eq.
(3.3-7)

1 0 0 | _Tl-‘
K _pool\ [ bpopl) K pCpl ;
1 3Int 1 3nt 1 3t 2
0 0 1 3 _T3_4
_21‘17
0 -

33.
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1 0 0 pl
a C . c
-k pol\ /2K RpORLy (K pERLAL o
1 IAtL 1 3nt 1 IAL
0 0 1 pl
7 (3.3-8)

The nodal temperature solutions at times t >0 will
now yield temperatures at nodes 1 and 3 equal to 71, This

can be seen by solving Eq. (3.3-8) for Ty and Ty i

1, = 2! - ot = 1 (3.3-9)
73 = 2pt - 1t = T (3.3-10)

The finlte element eguations 1n the radial dimension are

modified analogously for Dirichlet boundary conditlons,

3,4 Method of Solution

The solution of the assembled finite element equations
for one-~dimensional unsteady-state heat conduction, such as
Eqs. (3.1-38) and (3.2-29), consists of the temperatures
at the nodes at a particular time, t. The assembled finite
element equations are appropriately modified for the
boundary conditlons, The time t 18 broken down into n

time intervals, ot, such that t = nat. Beginning at time



35.

0, solutions are found at each successive time interval
until the solution at time t = nat 18 obtained, This
is done by solving the assembled finite element equations

for [T]b+5twhere [Tlt is the solution at the previous time

interval,

The solution for the three-dimensional unsteady-state
heat transfer problem involving a cylinder of finite length
is easily obtained by application of Newman's method, In
Newman's method, the dimensionaless solutlon at any point
within the three dimensional object is the produect of the
dlmensionaless solutions in each dinension., Assuming no
variation of temperature with angular position, the teupera-

ture at any point within the cylinder is simply

Ox,r = Ox Or (3.4-1)
where
Tl .
0 = ——— (3.4-2)
71 - 70
and
TO = initial conditlon, uniform temperature
Tl = temperature boundary condition
T = nodal temperature at time ©

Dimensionaless nodal temperature vectors are directly
substituted for [1X] and [TR] 1in the assembled finite

element equations, Thus the temperature at a node with
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coordinates x and r at time t 13 obtailned by solving Egs,
(3.1-38) and (3.2-29), individually for O, and Q_ es
defined by Eq. (3.4-2) at time t., For the node of interest,

Eq. (3.4-1) i1s applied to calculate B4y,

In the solutlon of both Egs, (3.1-38) and (3.2-29),
a tridiagonal system of linear equations in terms of the
unknown nodal temperatures results, The Crout Reductlon
method, which 1s an efficient, direct method of solution
for tridiagonal linear systmes of equatlions, may be used

to solve for the vector of nodal unknown temperatures,

3.5 Computer Progzram

A FORTRAN computer program written to calculate the
temperature distribution throuchout the cylinder’is shown
in Appendix A, In the program, the thermal conductivity,
heat capacity, and density of the material are specified,
The cylinder 1is assumed homogeneous with respect to these
properties, The length and radlus of the cylinder, and
the time at which a solution 1s desired are specified,

The number of finite elements in both the axial and radial
dimensions must be set and the length of the time interval
for successive solutions in time must be indicated, All

matrices and vectors are dimensloned to permlit a maximum of
50 finite elements in both the axlal and radial dinmensions;

any lesser number of elements may also be used,

The program constructs the assembled finlte element



37

equations, Egs, (3.1-38) and (3.2-29), for the desired
number of nodes, The matrices and vectors for problems
with more than two elements are constructed based on the
symmetry and form evident in Eqs. (3.1-33) and (3.2-26)

which were derlved for two elements,.

Solutions, in terms of dimensionaless nodal tempera-
tures, are obtained independently in both the axial and
radial dimension at successive time intervals by solving
the assembled finlite element equations using the Crout
Reduction method, At each successive time interval,
Newman's method 1s applied using the independent axlial
and radial solutions to calculate dimensionless tempera-

tures throughout the cylinder,
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4.0 RESULTS

4,1 Temverature Profiles

For purposes of i1llustration, the solution was obtalned
for an unsteady-state conduction problem for a cylinder with
the following parameters: L = 10.0 inches, 10 axial finite
elenents, R = 5.0 inches, 5 radial finite elements, K = 20.0
Btu-ft/hr—ftz-oF,fD = 490.,0 1b/ft3. Cp = 0.12 Btu/1b=-°F,
The time increment, At,; at which successive solutions in
time was selected as 36,75 seconds, The physical and
thermal properties chosen approximately correspond to those

of a mild steel,

Por both the axlal and radial dimension, the value of
the ratio K at/p Cpl?, where 1 is the size of the finite
element, 1s 0.50. The effect of the value of thls ratio on
the stabllity and accuracy of solutionsg obtained by the
finite element method developed here is explored in

Sections 4,2 and 4,3,

The solutions at successive time increments obtained
by the computer program developed are presented in Appendix
B, The dimensionaless nodal temperatures are defined as
(T1 - T)/(Tt - T°) where T° is the initial uniform
temperature throughout the cylinder and Tl is the tempera-
ture apvlied to the surface of the cylinder at time t = 0,

As the Tables show, the temperatures are symmetric about
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the axial mildpoint of the cylinder, L/2.

Figure 4.,1-1 shows the temperature profiles in the
cylinder at time t = 147.0 seconds, The parameter of
the curves, x/(L/2), 18 the dimensionaless distance from
the axial midpolint of the cylinder at L/2, Figures 4%,1-2
through %,1-5 show the temperature profiles at x/(L/2) =
0.0, 0,2, 0,4, 0,6, and 0.8, respectively, at different
times, The curves of each Figure are at times 147.0, 294.0,
441,0, 588.0, and ?735.0 seconds corresponding to Fourier
numbers in the axial and radial dimensions, Kt/PCp(L/z}2
and Kt/p CpR°, of 0.08, 0.16, 0.24, 0,32, and 0,40,

respectively.

The breakpoints on these curves are the nodal temp-
erature solutions in the Tables of Appendix B, The
straight lines between the nodal temperature solutions are
the profiles imposed by the assumption of a linear approxi-
mation model for temperature., [For better estimetes of
temperature solutions between nodes, a smooth curve could
be drawn through the nodal solutions with a zero slope at

r/R = 0.0, the center of the cylinder,
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0.0 = x/(L/2)
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Figure 4,1-1

Temperature Profile at t = 147,0 seconds
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Temperature Profile at x/(L/2) = 0,0
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Figure 4,1-3

Temperature Profile at x/(L/2) = 0,2
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Figure 4,1-5

Temperature Profile at x/(L/2) = 0.6
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4,2 Stability of Finite Element Solutions

In the developnent of computer programs for solution
of the finlte element equations in both the axlal and radial
dimensions, physically impossible solutions or solutions
with very larze errors were freguently obtained. For a
ecylinder of a given size, physical and thermal properties,
the accuracy of the solution was found to be dependent on
the length of the finite element, 1, and the slize of the
time increment, At, at which successlve solutlions in time
were obtained. As in certaln finite difference methods for
the solution of partial differential equations, the solutions
from the finite element method of analysis are conditionally
gtable and the stabllity of the solutions are dependent on
the magnitude of the dimenslionaless ratlo ngt/fDCplz. A

2 was found to exist,

well-defined lower bound for Kat/p Cpl
However, a well-defined upper bound for the ratio was nob

dlscerned,

Dimensionaless nodal temperature vectors at successive
time increments are shown in Table 4,2-1 for a problem in
the axial dimension with the following parameters: L = 10,0
inches, 10 finite slements, K = 20,0 Btu-ft/ft?-hr-C°F,

P = 490.0 1b/ft2, Cp = 0.12 8tu/1b-CF, £ = 20,0 seconds.
The corresovonding value of Xat/p Cpl2 is 0.272, Tthe
solutions shown in Table 4.2-1 are for initial conditions

and boundary conditions witn 11>70,
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Therefore all physically realistic dimensionaless temperatures,
defined by Eq. 3.4-2, should lie between 0 and 1. However,
nodal solutions greater than 1, as denoted by an asterisk,

were obtailned, Dimensionaless solutions greaber than 1 are,
of course, a physical impossibility corresponding to
temperatures less than TO. the initial temperature. As shown
in Table 4,2-1, the dimensionaless solutions greater than 1

move closer to the nodal midpoint with increasing time until

they disappear altogether.

The phenomenon noted in Table 4,2-1 was found to occur
in all problems where KAbt/f>Cp12 18 less than 1/3. This
lower limit was established by varylng one parameter in
K[&t/f’Cplz with all others constant; dimensionaless solu-
tions greater than 1 occurred when the ratio dropped below
1/3. In both the axial and radilal dimensions, all parameters

in the ratio Kat/pP Cpl® exhibited this effect.

Solutions at larger tlimes for the 3ame problem are
shown in Table 4,2-2 with time increments ¢t = 20 seconds
and t = 30 seconds and the corresponding ratios
Kat/p Cpl2 = 0,272 and Ka t/PCpl2 = 0,408, respectively.
The solutions, at earlier times, with Klst/(’Cplz = 0,408
d4id not exceed 1., At t = 300 seconds, dimensionaless
solutions greater than 1 for Kz:t/p’CplZ = 0,272 have

disappeared, After a sufficlently long time, t = 600
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seconds, the solutions for Kzst//>0p12 = 0,272 aporoach

and become ldentical to those for Klst/{>Cp12 = 0,408,

For solutions at early times, therefore, the dimen-

sionaless ratio KAt/p cp1?

must be greater than 1/3, It
18 not sufficlent to use a small time increment At., For
early times, the length of the finite element, 1, must be
ad justed together with the time increment At to maintain

K bt/ pCpl? =1/3,

Nodal temperature solutions in the axlal and radial
dimensions at time t = 735,0 seconds for a cylinder with
the properties L = 10,0 inches, R = 5,0 inches, K = 20,0
Btu-ft/hr-ftB-oF. P = 490,0 1b/ft3, and Cp = 0,12 Btu/1b-°F
are shown in Tables 4,2-3 and 4.2-4, respectively. In each
case, a time increment of 73.5 seconds was used, Solutions

were obtalned using 10, 20, and 30 finite elements,

In the axial dimension, Table 4,2-3, the Ainmensionaless
coordinates are from the midpoint of the cylinder as the
solution is symmetric about the midpoint, For solu?ions
with 10, 20, and 30 finite elements, the ratio KZAt/f’Cplz
has the values 1.0, 4,0, and 9.0 resvectively. It might
be expected that increasing the number of finite elements
in a problem would increase the accuracy of the solution,
Howewver, as shown in Table 4,2-3, the average absolute

deviation of the finite element solutions from the

analytical solutions, (ZﬂT-T]) /n, increases from 0.0059
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to 0.0127. PFor large values of K'At/fDCplg. extreme errors
occur at the nodes near the surface of the cylinder rendering
the solution useless, For the case with Kﬁxt//DCplz = 1.0,

the nodal solutlon deviations are acceptabdble,

The same phenomenon is noted in the radial dimension
in Table 4.,2-4, The average absolute deviations increase
from 0,0093 to 0.0173 as the ratio K1>t//>Cp12 increases
from 4,0 to 36,0, In each case, extreme errors occur at
nodes near the surface of the cylinder. For the cases
with K:st/fDCplz values of 16,0 and 36.0, some nodal
solutions are negative., Negative dimensionaless temper-
atures indicate temperatures greater than Tl, the
temperature imposed at the surface of the cylinder,
Clearly, this 13 a physical impossibility. Also, the
solution for the case with K&t/p Cpl? = 4,0 has un-

acceptable errors,

The value of the dimensionaless ratio KZ&t/f’Cplz

in the solution of unsteady-state conduction in cylinders

is of singular importance in the stability and accuracy of
the solutions. The ratio must exceed 1/3 for reasonable

and accurate solutions at small times, Extreme errors

can occur with large values of KAot/p Cplz. No well-defined

2

upper limit for KN t/p Cpl® was found; however, values of

2,0 and less were found to give useful solutlons,
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4,3 Accuracy and Convergence of Finite Element Solutlons

Due to the assumption of the linear approximation
model for temperature in the development of the finlte
element equations, the temperature distributions obtained
by finlte element analysis are not expected to be exact,
The accuracy of the finlte element solution may be seen
by comparing the nodal temperatures in tare axial and
radial dimensions with the temperatures predicted by the

analytical solutlons,

In the axial dimension, the analytical solutlon to

this unsteady-state conduction problem is

Tl-—‘l‘ (-1 132 2 2
1_go ZZ(n«r%)ﬂ A {(n+%)"x/b] (4.3-1)
n=0
Wwhere
t = tine
= = K/pCp
b =1L/2
X = coordinate in axial dimension measured from

midpoint of cylinder, L/2.

Similarly, in the radial dimension, the analytical solution
is

2
phop 5 vorg =23 Kt/PCp

T T Jolayr)
7 -1° R{ayJ(asR) o
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where
R = radius of cylinder
t = time
Jn = Bessel function of first kind of order n,

n=290, 1,

8, = 1'th root of Jo(aiR) = 0

Finite element solutions in both the axial and radial

dimensions were obtalned for a cylinder with the following

parameters:
L = 10,0 inches
R = 5.0 inches
XK = 20.0 Btu-ft/ft2-hr-°F
p = 490,0 1b/ft’

Cp = 0.12 Btu/1b-°F
Solutions were obtained at 183.75 seconds and 735.0 seconds
corresponding to Fourier numbers of 0,1 and 0.4, resvectively,
with the cylinder discretized into 10, 20, and 30 finite
elements in each dimension. In each case, the time increment,
at, was chosen to maintain Kc;t/PCpl2 within the identified

permissible bounds, For the axial dimension cases,

K st/ p Cpl?
2

0.5, and for the radial dimension cases,

]

Kat/pCpl 2.0, The results are shown in Tables 4,3-1
through 4,3-4 along with the analytical solutions, In the
axial dimension, the dimensionaless coordinates are from the

midpoint of the cylinder; nodal temperatures are only
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shown for one half of the cylinder because of the symnetry

about L/2.

By exanining Tables 4,3-1 through 4,3-4, the finite
element solutions can be seen to be reasonably zood app-
roximations of the analytical solutlons even for the axial
and radlal cases with only 10 finite elements, For each
case, the nodal deviatlons, TQE, and the average nodal
deviation, (E:ITJT)> /n, are shown, By comparing the
nodal devlatlions with the analytical temperature profiles,
1t can be seen that the larzest nodal deviatlions occur
in the areas of largest rate of change of slope,

OZT OZT
9= . J £,

Furthermore, in the areas of the largest rate of change

of slope, the nodal deviations decrease with an lncreasing
number of elements, In view of the linear approximation
model used in the finite element analysis, this is a

reasonable result,

The finite elenment solutions comverge to the analytical
solution with an increasing number of finlte elements,
Since the dimensionaless temperatures are defined as
(Tl—T)/(Tl-TO), the generally positive nodal deviatlons
indicate the Tinite element method of analysis converges

to an upper bound solution in thls problem.
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For most engineering applications, solutlions obtalned

from 20 finite elements provide adeguate accuracy.
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5.0 CONCLUSIONS

The finite element method of analysis may be easily
applied to three-dimensional unsteady-state heat conduction
in a eylinder of constant thermal and physical properties
in which the cylinder, initially at some temperature TO
throughout, has its entire surface temperature instantan-
eously changed to a temperature Tl. The symmetry of the
cylinder about an axis through the center and parallel
with the curved surface of the cylinder reduces the analysis
to a two-dimensional problem, The use of Newman'®s method
reduces the problem still further to two independent
one-dimensional problems, A Crank-Nicholson scheme 1s used

for the approximation of time derivatliwves of temperature,

Solutions for this problem obtained by the finite
element method of analysis are conditionally stable., The
stabllity of the solutions in both the axial and radial
dimensions 1s dependent on the value of the ratio

2

Kat/pCpl®where t 1s the time increment used in the

approximation of time derivatives and 1 is the length of

2

the finite element. For stability, Kat/PCpl” must be

greater than 1/3 but less than approximately 2.0,

An absolute upper 1limit for KAtAOCplZ was not found,
but for values greater than 2,0 very large errors result,
The magnitude of the errors increase with increasing values

of KAtAanlz. The large errors occur at nodes near the
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surface of the cylinder in both the axial and radial
dimensions., Physically impossible solutions may result
where nodal temperatures are greater than the surface
temperature in the case where the cylinder 1is belng

heated.

If the value of the ratio Kat/pCpl® is less than
1/3, errors in solutions at small times result with
temperatures in the interior of the cylinder less than
the initial uniform temperature of the cylinder in the
case where the cylinder is being heated, Again, thls is a
physically impossible solution, After a sufficlently
long time, these deviations disappear and no longer

affect the accuracy of the solution,

Solutions for this problem obtalned by the finlte
element method of analysis converge to the analytilcal
solution forming an upper bound limit. Convergence may
be obtained by increasing the number of finite elements
in the axisl and radial dimensions in the formulation
of the problem provided the value of the ratio KAt/pCpl2
is maintained within the ldentified acceptable limits,
The greatest deviations of the finlite element solutlons
from the analytical solutions occur where the rate of
change of the slope of the temperature proflile is large,
Solutions with sufficient accuracy for most engineering

applications may be obtained with 20 finlte elements,
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6.0 RECOMMENDATIONS

For a given problem, care must be exerclsed in the
selection of the size of finite elements used and the time
increment on which time derivatives are based, Improper
selectlion can result in instabilities and rather large

errors,

A useful extenslion of this work would be the appli~
cation of the methods of numerical analysis to the formu-
lation and solution of the finlte element equations to
determine the origin of, snd better define, the conditional
stablility of the method, and to predict bounds for the

maximum errors in the solutions,
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APPENDIX A

Program Listing
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02 = IN
* INTHRHONT FWIL FAISSHOONS HOVE IV QANIVIEO SI NOIINTIOS ¥
*QINTWEMONT AWII FHI J0 HIONTT #HI 81 IVII140 #TdVIHVA #HL
CTYANHINT IWIT HHI
NI SINTWHHONI FWIJ J0 HFEHAN (F¥ISHEd WHI ST IN FI9VIHVA HHI
HN/SNIOVE = HYITIA
¢ = BN
*CINTHATT FTINIL TVIQYVE FHI 40 HIONFT 9HI SI ¥VJITIHC
*NOTSNAWICQ TYIQVH FHL NI SINIWHTE ®IINIJ J0 HIAWAN FHI ST BN
TN/HIONTT = I¥IT3d
01 = IN
SINTWETH HLINIL TVIXY BHI J0 HIONET @HI SI TvI1ad
*NOISNTWIO TVIXV ®HI NI SINSWHTE HIINIJ J0 HAEWNN HHIL 81 ‘IN

21°0 = do
0°064 = OHH
0°02 = X

0°6CL = EWIL
0°S = SNIUvH
0°0T = HIONFT

*ANIVIHO 81
NOTINTOS V HOIHKE HIAO IVAHAINT #WIJ 3BHL ST BWId FIEVIUVA HHL
A0A091/nI49 do
crd/97 OHY
IO wHH 22T /T I« 0 IE b
SAUNODES TWIL

SHAONT enIavy
SAHONT HIDNZT
'QIINN ONIMOTIOL ®HI HWAVH VIVQ TIVOISXHd
I HADHINI
¥ ‘HIONFT TVRY
(19)z °
S(TIS°TG)S “(T6°16)H “(T9)HL “(T16)XT ‘(16)x¥ *(1¢)wy *(18)a °
S(T6)D ‘(1s'TSYua (16°16)E ‘(T16415)HY *(1S°TS)V NOISNIWIA

OO

DO

DOLDODDODOLODD
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JANNTINOD 01

0°0 (pf1)S
0°0 (r'1)wu
0 = (L'I)ud
‘1 =007 001
‘I =107 oa

ANNTINOD §
(r‘o)e
(r'n)y
£soa
I 6 o
NN
WN

*NOISNIWTC TVIQYYH AHI NI SHGON J0 HIEWAN FHI SI NN

*NOISNAWIO TVIXY AHI NI SHEOON 40 HIAWAN RHI ST KN
0°0 = TI
0°1 = 01

*OHEZ FWIJ IV HEONITAD #HI 40 HOVLENS

THI IV aI7ddY S¥NIVHEEIWEL SSATVYNOISNBWICU dHI €T 0°0 = 11

*HAGNTITED MBI

INOEONOYHT FUNIVEAJHAL SSHIVNOTSNEHIA IVILINT 9HI ST 0°T = 01
(IVITEC#EVITRAC#HVITEA) /0 °009+dD«0BE = 0711€d™
(UVITRO#HYIIHQ) /02T = VWWVD

*NOTISNEWIQ TVIOVH HHI NI SEDIHIVH XIuidoud

TOVTIENESSY 9HI BIIM QHIVIDOSSY SINVISNOD FHI @HY OTISdE UNV VWWYD
IVITIR0/0° 00 T TVITHC xdD#OHY = YImd
TYITAC/0  2Td = YHIIV

*NOISNIWIC TIVIXV ®HI NI SEOIHIVH AJUzdoud

FOVIERTSSY THI HITK QRIVIODOSSY SINVIENOD 9HL HHY VI¥d ANV YERJIY

B

e OO
nianH

+ +

i
g

o

=E

(G ROR OGRS Do

ORE)
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. IANIINOD 62
(£*I)S#0TISAE = (£°I)UxVHHYD

m = (r‘ryug
(£°1)S+0TISdT + (LI)HxVHHVYD = ([£°I)Uy
NN ‘T =P G2 od

NN *T = I S2 0oQ

*AAINAWOD F¥V NOISNTWIC IVIQYH #HI NI D
NOIINTOS NOSTOHOIN-JMNVHD HOJ SHOINIVH FOVIIWHASSY QATJICOW EFHIL D
ANNIINOD 02

(2U*CHCH'CHINNS + (THZHE'TH'TUINNL = (I'I)S

(T+41°'1)8 - (1-1'I)8~ = (1‘'1)HW

(2U*CH ZU CHINNA- = (T+I*'1)S

0°2/(2Hx%2H = CUxCH)~ = (T4+I‘'T)Y

(I‘1=-I)S = (T-I‘'I)S

(I*1-I)E = (T-I‘I)H

HYITH0«I = €

YYITAQ#(T~1) rA:

HYII30x(2~1) 14

8N ‘'z = I 02 oa

(ta*zy'tutey)NnI~= (2°1)¢

0

(tafeu‘tzu‘ew)Nnd = (1°1)8
(v'1)E~ = (2'1)8
0'2/24x28 = (1'1)H
HVIIAQ = 2H

0°'0 = TH

*NOISNTWICQ TVIQVH FHI ¥04d QYIINAWOD A¥Y € XIHIVW HAONVIIOVAYD D
OVIAHASSY FHIL QNY ¥ XIHIVH XITATIONCNOD HOVIAWASSY EHI D
AONTINOD 6T

VIE€ - VHJATIY- = (I'1-1I)"
VI39 + VH4IV- = (I'1-1)VY
VIdg - VHATIV- = (1-1°I)d
VIad + VHJIV- = (1-I‘'I)V
VIAE 404 - VHATIV«+0°'2 = (1I°'I)€
VIA9x0° 4 + VHITYV%0°2 = (I‘I)V

N 2 =161 oU :
‘UEINANOD AHY NOISNAWICQ IVIXY 9HI NI D
NOTIQTIOS NOSTOHDIN-JMNVHD ¥0d SHOTUIVH AOVIAWHSSY CHILICOW AHI D



73.

1L
T4

(T+¥N)HL
(T+8N)HH
SINNTINOD &€
0l = (I)4r
0°0 = (I)uy
HN ‘T = I ¢€ oa
‘YT HOIOHUA FHAIVHAEAWHAL HHI ONV HH HOIDHEA FBI O
NI QIHSITEVISHE FHY SNOIJIIONOD XHVONNOH ONV SNOIIIANOD TMVYILINI D
T3 = (T+TIN)XI
= (I+IN)XH
ANNIINCD OF
0L = (I)XL
0°0 = (I)XH
IN ‘2 = I 0€ oC
IL = (1)XI
1L = (1)x¥
‘X1 HOIOIA FHNIVHAIWHI HHI ANV XY HOIDHA AHI
NI (IPSITEVISH FMV SNOILIQNOD ZUVANNOH ONV SNOIJIANOD TVIIINI
* SSATYNOISNAW IC
FYY ‘YT ANV XI °‘SHOIDHA FHALYHHIWHI TVIAVH ONV TVIXY FHL

o

DOVO

0°T = (T+HN’'I+HN)YL
0°0 = (HMN'T+¥N)ud
0T = Aﬁ+mz.ﬂ+mzvm<
0°0 = (HN‘T+HN)HY
0°T = (T+IN‘T+IN)€E
0°'0 = (TN ﬁ+qzvm
0°'0 = (2°1)9

0°T = (1°1)8

0°T = (T+TIN‘'T+IN)V
0°0 = (IN‘T+IN)VY
0°0 = (2°'1)V

0°'T = (1'1)V

*SEDTHLIYW 0
IOVIEHACSY CATJTICOW HHI NO UASOdWI HUY SNOIITIANOD Z¥VONNOH 0
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FNNIINOD 69

(T+0)XTx(T+L°0)V - (0)Z = (£)XT
I-T1T+IN=r_
IN *T = I §9 0Q
(T+IN)Z = (T+INIXT
ANNTINOD 09
(1°DIV/( (T-D)Za(T-1'T)Y - (1)D ) = (I)Z
KN ‘2 =1 09 od
(v'r)v/(n)o = (1)2
‘(0) = (XI) (V) TUABM
GOHIAH NOIIONGHY INOHD FHI X9 QHINIWOOD SI XI BOILOEA THI
ANNTIINOD S§
(D)o =~ (I)X¥=0°2 = (1)
ANNTINOD 0§
(P)XIx(rI)e + (I)D = (I)D
HN ‘T = £ 0§ oa
0°'0 = (I)D
HN ‘T =1 6% o
(XI)x(g) = (X¥)Z = (D) WHEHEM CIINdWOOD SI O HOIOHAA HHI
IN 'T = 1 00T oa
*INFWEHONI #WIJ SAISSHOONS HOVA
IV a9INdWoD FEY SNOISNTWICU TYICYH OGNV TVIXY HHI NI SNOIINTOS
(T+ENEN) UV (HN® T+EN) HY - (T+HUN°T+UN)EY = (T+HN'T+HN)YY
ANNTINOD GH
(1°D)8V/(T+1°1)8Y = (T+I‘I)HY

(I‘T-I)8ve(T-I'1)8Y - (I'I)8V = (1°'1)4¥v
UN ‘2 = I G4 0OQ
(t*T)wv/(e*1)avy = (2°1)8V

(T+IN‘TIN) Ve ("IN T+IN)V = (THIN'T+IN)V = (T+IN° T+IN)Y
ANNTINOD 0%
(I'T)V/(T+I°'I)V = (T+I°1)V
(I'T-DV(T-1°T)V - (I'D)V = (I'I)Y
N ‘2 = I 04 oa
(r'n)v/(e'1)v = (2*1)y
*SNOIIVARE 40 SWIISAS TYNOOVIGIHI HOJ COHIEW NOTIDNCAY INOUD
FHL X CHUINGTH SV QHIVINOTVOHH FHV ¥V ONV V SHOIHIVK FHI

(SR
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aNz
d0IS
((/*4°8dTT)9"* 40, ) IVHEOL 02T
( +SANOOES +°2°8d*y = AWIL,*XC*,T,)IVWHOL 0OTT
ANNTINOD 00T

ANNTINOD G6
( NN ‘T = *(£)Z ) (02T°9) RITHUM
‘U = H 0L 0O = H HOoHd D
FOON IVIXY BOVH IV (RALINAINO HEV SHHNIVUAIWAL SSTIVNOTISNIWIA o)

ANNIINOD 06
(LYHI=(I)XT = (r)Z
‘HAGNITED ®HI INOHONOHMHI SFCON IV D
STUNIVUAIWAL SSHTYNOISNAWIC FHI AINAWOD O OHSN SI COHIAW S NVHMEN O
NN *T = £ 06 0Q
HN T =1 66 oa
FWIL (0TT°9) FITHM
IVITACed = FWIT
ANNTINOD $8
(T+0)HI(T+0°'LYEY - (£)Z = (L)HT
I-T+HN =/_
N ‘T = I ¢8 0d
(T+8N}Z = (T+4YN)HI
AANIINOD 08
(1*1)uv/( (1-I)Z2+(T-1'I)8Y - (1)a ) = (I)Z
NN ‘2 =1 08 0oa
(1'n)uv/(1)a = (1)2
*(¢) = (Y1)«(¥Y) EHIHM D
JOHIEW NOIIDNURAY INOHD FHIL X6 (AINAWOD SI HI HOIDWA ®HI D
AONTINOD G4
(I)a-(I)¥8«0°2 = (I)a
FANIINOD 04
()uIx(e' g + (I)C = (I)A
NN ‘T =0 04 0a
0°0 = (I)a
NN *T =1 G4 oG
(ML)« (¥g) - (¥E)Z = (Q) TUIHM CIINAWOD SI U HOIOAA HHI D



76-

ang
N¥NTTH
Ld + 94 - Gd = NNd

0°4/(0 hsentpd = 0 fsafd) = 4d
0°C/(0Canthd = 0°Cuxfel) (24 + Td) = 94
0°2/(hdstid = €dubd)x2dsTd = G4

'NOTSNEWIU TVIAVHE FHI NI XTHIVW AJHEJO0Hd
FONVIIOVAYD HHYVIEWHSSY HHI J0 SINIWHTH #FHI SHEINIWOD NOIIONAd SIHL
(td‘€d’ed  T4)NNd NOIIONNS

0

0



APPERDIX B

Program Output - Dimensionaless Nodal Temperatures
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Table B-1

Program Output - Dimensionaless Nodal Temperatures

t = 36,75 seconds

78,

> r 0,0R | 0.2R | 0.4R | 0.6 R | 0.8 R | 1.0R
0.0 L 0,0 0.0 0.0 0.0 0.0 0.0
0.1 L 0.5692 0,5690 0,5671 0,5461 0,2933 0.0
0.2 L | 0.9690 0.9687 0,9655 0,9297 0.4994 0,0
0.3 L 0.9977 0.9974 0,99%1 0.9573 0.5142 0,0
O.4 L 0.9998 00,9994 0.9962 0,9592 0.5152 0,0
0.5 L 0.9999 0,9996 0.9963 0,959 0.5153 0.0
0.6 L 0,9998 0,9994% 0.9962 0.9592 0,.5152 0.0
0,7 L 0.9977 0.9974 0,9941 0,9573 0.5142 0,0
0.8 L 0.9690 0,9687 0.9655 0.9297 0.4994% 0,0
0.9 L 0.5692 0.5690 0,5671 0,5461 0.2933 0.0
1.0 L 0.0 0.0 0.0 0.0 0.0 0.0
t = 73.50 seconds
0.0 L 0.0 0.0 0.0 0.0 0.0 0.0
0.1 L 0.4839 0,4815 0.4642 0.3588 0,2034% 0.0
0.2 L 0.8009 0.,7970 0.,7684% 0.5939 0.3367 0.0
0.3 L 0,9726 0.9678 0,9331 0,7212 0.4089 0.0
0.4 L 0,9956 0,9907 0.9551 0,7383 0.4186 0,0
0.5 L 0,9978 0.9929 0.9572 0,7399 0.4195 0.0
0.6 L 0.9956 0,9907 0.9551 0.7383 0.4186 0.0
0.7 L 0.9726 0,9678 0.,9331 0,7212 0.4089 0.0
0.8 L 0.8009 0.7970 0.7684 0.5939 0.3367 0.0
0,9 L 0.4839 0.4815 O0.4642 0,3588 0,203% 0.0
1.0 L 0.0 0.0 0.0 0.0 0.0 0.0




Table B-1

t =

(contdo )

110,25 seconds
r 0.0 R ‘ 0.2 R { 0.4 R ‘ 0.6 B ‘ 0.8 R \ 1.0 R

79,

o
»4

o

o

o

|

[

famd
[l

o
N
=

o
()
-

o
=
)

o
R
-

O
(o)}
=

o
®
~3

ol e
o | @
[l B B

[
o
o

0.0 L

0.1 L

0.2 L

0.3 L

0.4 L

0.5 L

0.6 L
0.7 L
0

8 L

0.9 L

1.0 L

0.0

0.4019
0.7188
0.8911
0.9688
0.9811
0.9688
0.8911
0.7188
0.4019
0.0

0.0

0.3430
0.6187
0.8022
0.8906
0,9188
0.8906
0.8022
0.6187
0.3430
0.0

0.0

0.3910
0.6992
0.8668
0.9424
0, 9544
0.9424
0.8668
0.,6992
0.3910
0.0
t =
0.0
0.3217
0,5802
0.7523
0.,8352
0.8616
0.8352
0.7523
0.5802
0.3217
0.0

0.0

0.3435
0.6143
0,7615
0,8279
0.8385
0.8279
0.7615
0,6143
0.3435
0.0

0.0

0.2783
0.5020
0.6508
0.7225
0.7454
0.7225
0.6508
0.5020
0.2783
0.0

0.0

0.2624
0.4693
0.5818
0.6325
0,6406
0.6325
0.5818
0.4693
0,2624
0.0

147 .00 seconds

0.0

0.2011
0.3627
0.4703
0.5221
0.5386
0.5221
0.4703
0.3627
0.2011
0.0

0.0

0.1352
0.2418
0.2998
0.3259
0.3300
0.3259
0.2998
0.2418
0.1352
0.0

0.0

0.1035
0,1866
0.2420
0.2686
0.2772
0.2686
0.2420
0.1866
0.1035
0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0



Table B-1

(contd,)

t = 183.75 seconds

r 0.0 R l 0.2 R l 0.4 R | 0.6 R ‘ 0.8 R \ 1.0 R

80.

0.0 L

0.1 L

0.0

0.,2827
0.5215
0,6873
0.781k4
0,8093
0.7814
0,6873
0.5215
0,2827

0.0

0.0

0.2383
0.4432
0.5942
0.6824
0.7118
0.6824
0.5942
0,432
0.2383

0.0

0.0

0,2664
0.4915
0,6478
0,7364
0.7627
0,736k
0.6478
0.4915
0.266L
0.0

0.0

0.2241
0.4134
0, 5449
0.6194
0.6416
0.6194
0. 5449
0.4134
0.2241

0'0

0,0

0.1602
0.2956
0.3896
0.4429
0.4587
0.4429
0.3896
0.2956
0.1602

0.0

t = 220,50 seconds

0.0

0.2212
0.4115
0.5516
0.6335
0.6607
0.6335
0.5516
0.4115
0.2212
0.0

0.0

0.1852
0.3445
0.,4618
0.5303
0.5531
0.5303
0.4618
0, 3445
0,1852
0.0

0.0

0.1302
0.2422
0.3247
0.3729
0.3890
0.3729
0.3247
0.2422
0.1302
0.0

0.0

0.0804
0.1483
0.1954
0.2222
0.2301
0,2222
0.1954
0.1483
0.0804
0.0

0.0

0,0651
0.1210
0.1622
0.1863
0.1943
0.1863
0.1622
0.1210
0.0651

0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0,0
0.0

0.0
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Table B-1 (contd.)

t = 257.25 seconds

~._r 0,08 [0.2R[O0MR|0.6R]|0BR|1.0R
0.0 L 0.0 0.0 0.0 0.0 0.0 0.0

0.1 L | 0.1988 0.1851 0,1536 0.1076 0.0533 0,0
0.2 L | 0.3730 0.3474 0.2882 0.2018 0,1000 0.0
0.3 L | 0.5041 0.4695 0,3895 0.2728 0.1352 0.0
0.0 L | 0.5843 0.5442 0.4515 0.3162 0.1567 0.0

0.5 L 0.6107 0.5688 0.,4719 0.3305 0.1638 0.0
ETETET‘ 0.5843 O0,5442 O0.4515 0,3162 0.1567 0.0
0.7 L | 0.5041 0.4695 0.3895 0.2728 0.1352 0.0
0.8 L | 0.3730 0.3474 0.2882 0.2018 0.1000 0.0
0.9L| 0.1988 0.1851 0.1536 0.1076 0.0533 0.0
1.0L| 0.0 0.0 0.0 0,0 0.0 0.0
t = 294,00 seconds
0.0 L 0.0 0.0 0.0 0.0 0.0 0.0
0,1 L | 0.,1676 0,1553 0,1286 0,0896 0.0443 0,0
0.2 L 0.3159 0.2926 0.2424 0.1688 0.0835 0,0
0.3 L 0.4299 0.3981 0.3298 0.,2298 0.1137 0.0
0.4 L 0.5005 O0,4636 0.3841 0,2675 0.1324 0.0
0.5 L | 0.5245 0.4858 0.4024 0,2803 0,1387 0.0
0.6 L 0.5005 0,4636 0.3841 0.2675 0,1324 0,0
0.7 L | 0.4299 0,3981 0.3298 0.2298 0,1137 0.0
0.8 L 0.3159 0.2926 0.,2424 0,1688 0,0835 0.0
0.9 L | 0.1676 0.1553 0.1286 0.0896 0.0443 0,0
1.0 L 0.0 0.0 0.0 0.0 0.0 0.0




Table B-1

t =

(contd.)

330.75 seconds

82,

S~ T 0.0R ‘ 0.2 R l 0.4 R 1 0.6 R ‘ 0.8 R ‘ 1.0 R
0.0 L 0.0 0.0 0.0 0.0 0.0 0.0
0.1 L 0.1410 0.1308 0.,1080 0.0751 0.0371 0.0
0.2 L 0.2666 0.2472 0.2042 0.1420 0.0701 0.0
0.3 L 0.3641 0.3378 0,2790 0.1940 10,0958 0.0
0.4 L 0.4255 0.3947 0.3260 0.2268 0.1119 0,0
0.5 L O. 46l 0.,4140 0.3419 0.2379 0.1174 0.0
0.6 L 0.4255 00,3947 0.3260 0.2268 0,1119 0.0
0.7 L 0.3641 0,3378 0.2790 0.1940 0.0958 0.0
0.8 L 0.2666 0.,2472 0,2042 0.1420 0.0701 0.0
0.9 L 0.1%10 0.1308 0,1080 0.0751 0.0371 0.0
1.0 L 0.0 0.0 0.0 0.0 0.0 0,0
t = 367.50 seconds
0.0 L 0,0 0.0 0.0 0.0 0.0 0.0
0.1 L 0,1191 0,1102 0,0910 0.0632 0,0312 0,0
0.2 L 0.2256 0.2089 0.1725 0,1197 0.05%1 0.0
0.3 L 0.3091 0.2861 0,2362 0,1640 0,0809 0.0
O.4 L 0.3619 0.3350 0.2766 0,1921 0,0947 0,0
0.5 L 0.3800 0.3518 0.2904 0.2017 0.0995 0.0
0.6 L 0,3619 0.3350 0,2766 0,1921 00,0947 0.0
0.7 L 0.,3091 0.2861 0,2362 0,1640 00,0809 0,0
0.8 L 0,2256 0.2089 0,1725 0.,1197 0,05%1 0.0
0,9 L 0.1191 0,1102 0.0910 0.0632 0,0312 0.0
1.0 L 0.0 0,0 0.0 0.0 0.0 0.0



Table B-1

(contd,)

t = Lob,25 seconds

83,

r 0.0 R l 0.2 R ‘ 0.4 R ‘ 0.6 R l 0.8 R \ 1.0 B

0.0
0.1
0.2
0.3
0.4 L |
0.5
0.6
0.7
0.8

0

O
-

Tua A o B O v O o I o N A o O

1.0 L

0.0

0.1006
0.1908
0.2618
0.3070
0.3225
0.3070
0.2618
0.1908
0.1006
0.0

0.0

0.0851
0.1615
0.2219
0.2604
0.2737
0.2604
0.2219
0.1615
0.0851
0.0

0.0

0.0931
0.1767
0.2425
0.2843
0.2987
0.2843
0.2425
0.1767
0.0931
0.0

0.0
0.0768
0.1458
0.2000
0.2345
0.2463
0.2345
0.2000
0.1458
0.0768
0.0

0.0

0.0533
0.1012
0.1388
0.1628
0.1710
0.1628
0.1388
0.1012

0.0533
0.0

t = 441,00 seconds

0.0

0.0787
0.1495
0,2054
0.2411
0.2533
0.2411
0.2054
0.1495
0.0787
0.0

0.0

0.0649
0.1233
0.1694
0.1988
0.2089
0.1988
0.1694
0,1233
0.0649
0.0

0.0

0,0450
0,0855
0.,1175
0.1379
0.1449
0.1379
0,1175
0,0855
0.0450
0.0

0.0

0.,0263
0.0499
0.0684
0.0802
0.0843
0.0802
0.0684
0.0499
0.0263
0,0

0.0

0.0222
0.0421
0.0579
0.0679
0,071k
0.0679
0.0579
0.0421
0,0222

0.0

0,0

0,0
0,0
0.0
0.0
0,0
0,0
0.0
0.0
0.0
0.0



Table B-1

(contd.)

t = 477,75 seconds
r 0.0R ‘ 0.2 R l 0.4 R i 0.6 R l 0.8 R ‘ 1,0 B

84,

0.0 L

0.1 L

0.2 L

0.3 L

0.4 L
0.5 L

0.6 L

0.7 L
0.8 L

0.9 L

1.0 L

0.0

0.0720
0.1367
0.1880
0.2207
0.2320
0.2207
0.1880
0.,1367
0,0720
0,0

0.0

0,0609
0.1158
0.1592
0,1871
0.1967
0.1871
0.1592
0.1158
0.0609
0.0

0.0

0.0666
0.1266
0,1740
0.2043
0,2148
0.2043
0,1740
0.1266
0.0666
0.0

0.0
0.0549
0.1044
0.1434
0.1685
0.1771
0.1685
0.1434
0.10U44
0.0549
0.0

0,0

0.0381
0,072k4
0,0995
0.1168
0.1228
0.1168
0.0995
0.0724
0.0381
0.0

t = 514,50 seconds

0.0

0.0564
0,1072
0,1474
0.1731
0.1820
0,1731
0.1474
0.1072
0.0564
0,0

0.0

0.0465
0.0884
0.1215
0.1427
0.1500
0.1427
0.1215
0.0884
0.0465
0.0

0.0

0.0322
0.0613
0.0843
0.0990
0.1040
0.0990
0.0843
0.0613
0.0322
0.0

10,0
0,0188
0.0357
0.0490
0.0576
0.0605
0.0576
0.0490
0.0357
0,0188
0.0

0.0

0.0159
0.0302
0.0415
0,0488
0.,0513
0.0488
0,0515
0.0302
0.0159
0.0

0.0

0,0
0,0
0.0
0.0
0.0
0,0
0,0
0.0
0,0
0.0



Table B-1

(cOntd.)

t = 551.25 seconds

\;\\\\ r 0.0R l 0.2 R I 0.4 R l 0.6 R ‘ 0.8 R l 1.0 R

85,

0.0L| 0,0 0.0 0.0 0.0 0.0 0.0
0.1 L 0.0516 0,0477 0.0393 0.0273 0,0134% 0.0
0.2 L 0.,0981 0,0908 0,0748 0.0519 0,0256 0.0
0.3 L 0.1349 0.1249 0,1029 0,0714 0,0351 0.0
0.4 L 0.1585 0,1467 0.1209 0.0839 0,0413 0.0
0.5 L 0,1666 0.15%2 0,1271 0.0882 0.0434 0,0
0.6 L 0.1585 0.1467 0,1209 0,0839 0.0413 0.0
BT;—Zﬂ 0.1349 0,1249 0,0129 0.0714 0,0351 0.0
0.8 L 0.0981 0.,0908 0,0748 0.0519 0,0256 0.0
0.9 L 0.0516 0,0477 0,0393 0.0273 0.0134% 0,0
1.0 L 0.0 0.0 0.0 0.0 0.0 0.0
t = 588.00 seconds
0.0 L 0.0 0,0 0.0 0.0 0.0 0.0
0.1 L 0.0437 0,0404 0.0333 0,0231 0.0114 0,0
0.2 L 0.0831 0.0769 0.0634% 0.0439 0.0216 0,0
0.3 L 0.1143 0,1058 0.0872 0,0604 0.0298 0,0
0.4 L 0.1343 0.1243 0,1025 0.0710 0.0350 0.0
0.5 L 0.1412 0,1307 0.1077 0.0747 0.0368 0,0
0.6 L 0.,1343 0.1243 0,1025 0.0710 0.0350 0.0
0.7 L 0.1143 0,1058 0.0872 0.0604 0.0298 0.0
0.8 L 0,0831 0.0769 0,0634% 0.0439 0.0216 0.0
0.9 L 0.0437 o0.0404 10,0333 0,0231 0.,0114% 0.0
1.0 L 0.0 0,0 0.0 0,0 0.0 0.0




Table B~1

(contd.)

t = 624,75 seconds

86,

r 0.0 R l 0.2 R 1,0.4_3‘{ 0.6 B l 0.8 R l 1.0 R

0.0 L 0.0 0.0 0.0 0.0 0.0 0.0
0.1 L | 0.0370 0.0342 0.0282 0.0196 0.0096 0,0
0.2 L 0.0703 0.,0651 0.0537 0,0372 0,0183 0,0
0.3 L 0.0968 0.0896 0.,0738 0,0512 0,0252 0,0
0.4 L 0.1138 0,1053 0,0868 0,0602 0.,0296 0,0
0.5 L 0.1196 0.1107 0.0913 0.0633 0.,0312 0.0
0.6 L 0.1138 0,1053 0.0868 10,0622 0.0296 0.0
0.7 L 0.0968 0.0896 0.,0738 0.0512 0,0252 0,0
0.8 L| 0.0703 0.0651 0.0537 0,0372 0.0183 0.0
0.9L| 0.0370 0.03%2 0,0282 0,0196 0,0096 0.0
1.0L| 0.0 0.0 0.0 0.0 0.0 0.0
t = 661,50 seconds
0.0 L 0.0 0.0 0.0 0.0 0.0 0,0
0.1 L 0.0313 0,0290 0.0239 0,0166 0,0082 0,0
0,2 L 0.0596 0.0551 0.0455 0,0315 0,0155 0.0
0.3 L| 0.0820 0.0759 0.0626 0.04%34% 0,0214% 0.0
0.4 L 0,0964 0,0892 0.0735 0.0510 0.0251 0,0
0.5 L 0.,1013 0.0938 0.0773 0.0536 0.0264 0,0
0.6 L 0,0964 0,0892 0.0735 0.0510 0,0251 0,0
0.7 L 0.0820 0.0759 0.0626 0,0434 0,0214 0.0
0.8 L 0.0596 0,0551 0.0455 0,0315 0,0155 0.0
0.9 L 0.0313 0.0290 0.0239 0,0166 0,0082 0.0
1.0 L 0.0 0.0 0,0 0.0 0.0 0.0



Table B-1

(contd.)

t = 698,25 seconds

87.

r 0.0 R i 0.2 R lo.u R ‘ 0.6 R l 0.8 B \ 1.0 R

o?o L 0.0 0.0 0.0 0.0 0.0 0.0
0.1 L | "0.,0265 0,0246 0.0202 00,0140 0.0069 0.0
0,2 L 0.0505 O,0467 0.,0385 0,0267 0,0131 0.0
0.3 L 0.0695 00,0643 0.0530 0,0367 0,0181 0,0
0.4 L| 0.0816 0.0756 0.0623 0,0432 0.0213 0.0
0.5 L] 0.0858 0.0795 0.0655 0.,0454 0,0224 0.0
0.6 L| 0.0816 0.0756 0.,0623 0.0432 0,0213 0,0
0.7 L| 0.0695 0,0643 0,0530 0.0376 0,0181 0.0
0.8 L| 0.0505 0,0467 0.0385 0.0267 0.0131 0.0
0.9 L| 0.0265 0.0246 0,0202 0.,0140 0,0069 0.0
1.0L| 0.0 0.0 0.0 0.0 0.0 0.0
t = 735,00 seconds
0.0L| 0.0 0.0 0.0 0.0 0.0 0.0
0.1 L| 0.0225 0.0208 0.0171 0.0119 0.0059 0.0
0.2 L | 0.0428 0,0396 0.0326 0.,0226 0.0111 0.0
0.3 L] 0.0588 0,0545 0.0449 0.0311 0,0153 0.0
0.4 L | 0.0692 0,0640 0.0528 10,0366 0.0180 0.0
0.5 L 0.0727 0,0673 0.0555 0.0385 0.0189 0.0
0.6 L| 0.0692 0.0640 0.0528 0.0366 0.0180 0.0
0.7 L| 0.0588 0.0545 0.0449 0.0311 0.0153 0.0
0.8 L| 0.0428 0,0396 0.0326 0.0226 0.0111 0.0
0.9 L| 0.0225 0,0208 0.0171 0,0119 0.0059 0.0
1.0L| 0.0 0.0 0.0 0.0 0.0 0.0
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