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AXTSYMMETRIC ATR JET IMPINGING ON

A HEMTISPHERICAL CONCAVE PLATE

Dissertation Abstract

This experimental study was conducted on an axisymmetric air
jet impinging normally on a smooth, hemispherical, concave plate.
The jet Reynolds numbers, based on bulk nozzle velocity and nozzle

exit air properties, were between 14,000 and 75,000.

The impingement plate used in this work was a hemispherical

surface with the radius of 9L mm.

Calibrated Pitot tubes and a micromanometer were used for
pressure and velocity measurements. The Pitot tubes were mounted on
precision positioning mechanisms permitting the accurate traversing
of any direction in space. The test air flow rate was measured with

calibrated rotometers.

The following results of this work are considered a contribu-

tion to the knowledge of the jets:

1. It was observed in the free jet zone that the minimum value of
negative static pressure depends upon Reynolds number and that the
location of the minimum isg independent of Reynolds number. If the
nozzle-to-plate distance is smaller than 20 nozzle diameters, this
location is closer to nozzle exit in proportion to plate proximity.

For any nozzle~-to-plate distance larger than 20 nozzle diameters,



the location of minimum static pressure is constant and equal to
eight nozzle diameters from the nozzle exit which is in essential

agreement with other researchers.

2. Maximum velocity decay in the wall jet studied was determined

to be less rapid than in the case of the flat plate wall jet.

3. A semi-empirical equation for maximum velocity decay in the
wall jet was obtained. The development of this equation was based

on integral momentum analysis.

Li. Empirical equations for "reference boundary velocity" decay
and maximum velocity decay in the wall jet were found. The results

obtained from the equations are close to experimental results.

5. The developed hemispherical wall jet boundary layer was found
to be much thimner than it is in the flat plate case. This fact

may be significant in heat transfer.
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CHAPTER 1

INTRODUCTION

A jet is a forceful stream of fluid emitted into the environment.

Jets have wide application:

An octopus escaping danger, a ship propelling herself at sea,
an aeroplane in the air - use jet to gain velocity.

A boiler burner uses a jet to deliver fuel.

A jet impinging on Pelton wheel converts kinetic energy to
mechanical work., '

A jet of air or steam issued through a siren sounds an alarm,

A jet of air is used in metallurgy for surface hardening.

Granulated material fluidization and conveying utilize Jets.

The rocket jet put man on the moon.

The application of the jet is o0ld and common. It was first

applied by trial and error.

The era of jet investigation started after Prandtl had published
his mixing length theory in 1925. Tollmien used this theory the
next year and this became the first theoretical research of axially
symmetric jets. Purther theoretical contribution to the knowledge of
the jet came in 1932 with Taylor's publication of his theory of free
turbulence. Ten years later Prandtl published his new theory based
on viscous friction. Goertler (13)%, applying this theory obtained
a solution of a free turbulent circular jet. Goertler also used this

theory in his work on the problem of the mixing zone at the boundary

*Numbers in parentheses indicate references in bibliography



of parallel jets, obtaining results which are in good agreement with

the measurements by Reichardt (3L).

Many other theoreticians and researchers continued the study of
Jet in various flow and boundary conditions. Among them were:

Schlichting (LO) developed theory on two dimensional wake behind
a body, applicable to jets.

Glauert (11) was one of the first researchers to work on wall jet
along a flat plate.

Barat (L), then Miller and Comings (28) demonstrated the existence
of negative static pressure in the Jjet.

Gooderum, Wood and Brevoort (12) investigated free boundary of a
free supersonic jJet.

Bakke (3) experimented with wall jets and contributed to the
testing technique.

Poreh and Cermak (31) investigated impinging jets and added new
aspects to the subject.

Hrycak et al. (19) studied mass and heat transfer in impinging
Jets.

Bradshaw and Gee (7) in their study took into account a stream
external to the jet.

Albertson et al. (2) studied diffusion of jets.

More recently Maxwell (27) presented a study of momentum flux in
developing region of jets.

Russell and Hatton (37) used both Pitot tube and hot wire measure-
ments to study a jet impinging on a flat plate and found the
first one better.

Van Der Hegge Zijnen (L8) presented elaborate test data of jet
velocity distribution and obtained very consistent results.

Schnurr, Williamson and Tatom (L2) studied jets impinging on
curved deflector. Data were applicable to transport aircraft.

Reid and Katz (35) investigated free and impinging jets with and
without auxiliary flows.



Beltaos and Rajaratnam (6) presented compatible velocity dis-
tribution in their studies of a slit jet impinging on a flat
plate.

Narain (29) gave an account of a swirling turbulent plume.

Krishnan and Glicksman (2) analyzed jets impinging on smooth
plates.

Y. Tsuei (47) and T. S. Kim (23) in their respective disserta-
tions analyzed Jets impinging on smooth plates.

Hrycak, Nagarajan and Lee (20) studied mass and heat transfer
in the hemispherical geometry.
The list of investigators, who contributed to knowledge of jets
is long and growing. The acknowledgement of thelr accomplishments is
not the intent here. Only some were cited and some will be referred

to in the following chapters, as the correlation of topics develops.

For comparison purpcses, an effort was made in this work to
closely relate common tests to those in (20) and (25), while running

reproducible tests.

Instrument set-up in spherical coordinates and securing a
steady supply of test air were difficult and time consuming. It
took three quarters to one hour from start-up to reach the desired
steady operating conditions. The instrument calibration was very
sensitive to the probe positioning. In order to obtain reproducible
test data the experimental arrangement was modified three times

until the final version met the requirements.

The experimental error, as evaluated in Appendix C, was

about 2% of the measured velocity.



CHAPTER 2

SUBJECT OF INVESTIGATION

This investigation was of an experimental type. The subject was a
turbulent, subsonic, axisymmetric free jet of air impinging normally

on a smooth, hemispherical, concave plate.

Depending upon flow characteristics, the impinging Jjet can be
divided into four regions, or zones, as shown in Figure T:
I. Potential Core
IT., Free Jet
ITT. Deflection

IV. Wall Jet

The primary interest of this investigation was directed to:

a) velocity profile and pressure distribution of the free jet
as affected by the presence of the impingement plate.

b) wvelocity profile, pressure distribution and boundary layer

thickness in the wall jet.

The nozzle exit local Mach number range of jets investigated
was 0.1 to 0.54. The Reynolds number range of jets was 11,000 to
75,000 based on the bulk nozzle velocity and nozzle exit air

properties.

Local Reynolds number based on the hemispherical test plate
diameter was 7,300 and higher. Since laminar flow region exists for

Re £ 1,000 (19), transition region for 1,000 & Re &L 4,000 and



fully turbulent flow above L,000, the range of investigation was

entirely in the turbulent region.

The flow may be considered incompressible (39) up to M = 0.3.
The majority of the present tests was run below this value. The
highest local Mach number in the wall jet tested was M = 0.28,

with incurred error less than 2%, see Appendix C.

Momentum equation was applied to analyze maximum velocity decay

in the wall jet and the results were compared with the tests.,



CHAPTER 3

DESCRIPTION OF APPARATUS

3.1 Air Supply

The experimental part of this investigation was done in the
Mechanical Engineering Laboratory of New Jersey Institute of
Technology. The air supply system consisted of an electric motor
driven, two stage, reciprocating compressor with jacket cooling,
interstage cooling, oil separator and after-cooler with a moisture
trap. The compressor drew in ambient air. The compressed air was
directed to an air receiver of about L cu. ft. volume. Excess air
was blown off from the air receiver while the main stream was
supplied to the test room. After passing a regulating valve, the air
entered either a "large" or "small" rotometer as directed by isolat-
ing valves. Both rotometers had scale range of 0-60 cm. The "large"
or high flow unit had mass flow range of 0.00L to 0.0L6 1b/sec.
+ 1% rate of ingtantaneous reading, the "small" or low flow unit had
the range of 0.001 to 0.00725 1lb/sec. + 1% rate. Calibration was
done by National Aeronautics and Space Administration. Calibration
charts are shown on Figures 1b and 1c. The air flow was regulated by
the valves downstream of the rotometers. The main purpose of measur-
ing the air flow with the rotometers was to establish the Reymolds

number.

Two calibrated Bourdon type pressure gauges were installed up-
stream of rotometers: one was a rough reading gauge of 0-200 + 1

psig. The other was a fine reading, calibrated gauge of



0-30 psig + 0.15 psig range. After passing the rotometers the air
entered a 7.5 ft. long pipe in which a copper-constantan thermocouple
was installed in a well to measure the test air temperature. The
thermocouple was located about one foot upstream of the final elbow.
A flexible connection was applied between the thermocouple and the

final elbow to prevent plenum vibration.

Downstream of the flexible connection an elbow turned the air
down to a plenum terminated with a tap to accept test nozmzle, Figure
1. A screen type flow straightener was used in the plenum. The air
supply piping was 13" diameter up to the rotometers. The pipe be-
tween the rotometers and a plenum was 1%". The plenum was 25"
diameter, 35" long. The piping was suspended from the room ceiling.

It was held vertical with the aid of three anchoring wire lines with

turnbuckles.

Consistent with rotometer calibrations, the test air was
supplied at 25 psig measured at the flow meters. To maintain this
constant pressure level at different flow requirements, a pressure
regulating valve was mounted just upstream of the flow meters. The
mass flow rate was corrected for temperature deviation from the

calibration value.

The test room ambient air temperature was measured with a
mercury thermometer while barometric pressure readings were taken
from a laboratory aneroid type barometer at the compressor. The

ambient temperature difference between test and compressor rooms



was not greater than 1°7. Compressed air excess moisture was removed
in the aftercooler. Gas velocity measured is a function of its
specific gravity which in turn depends upon its humidity. This in-
vestigation was concerned with velocity and pressure ratios., In

such a case specific gravity appears in the numerator and denominator.

Relative humity effects were therefore omitted in the calculations.

Relative humidity has to be taken into account for "absolute"
velocity measurements. The most practical way in this case was to
measure the temperature of moist air leaving the aftercooler.
Assuming that it is nearly saturated and then heated to the plenum
temperature at constant humidity ratio, the specific volume can be

determined from the psychrometric chart.

3.2 Manometers

Different manometers were used depending upon the pressure
measured: g U-tube filled with mercury, a U-tube filled with water
and for the smallest pressures a micro-mancometer filled with a non-
hygroscopic manometric liquid having specific gravity of 0.7970 at
750F. The specific gravity of the manometric liquid was
stable within the range of measurements. The manometer was capable
of measuring the pressures smaller that 0.001 of an inch of water.

The scale was calibrated in inches of water.

3.3 Impinging Plate

The impinging plate shown on Figure 2 had a hemispherical shape

made of one piece 1.1 mm thick brass sheet. BSuch a sheet is flexible



if flat, but when given a three dimensional shape, it is rigid like a
basin or bowl. The plate had a surface finish of a cold rolled metal.
Such a finigh is considered smooth on Moody diagram., The plate ‘had a
93.7 mm inside radius. Twenty-nine plexiglass "corks" were bonded
from outside on plate meridionals. A 0.4 mm diameter hole was
drilled through the cork and plate in each cork, The hole ridges on
the Jjet side were made free of drilling burrs. The central hole was
located at the stagnation point. The "cork" holes served as taps

for measuring pressure distribution. They were also used as
"stations", Figures 1 and 2. The plate was held by a support having
three adjustable legs. The leg adjustment was used for plate
leveling, Figure 2. All taps were plugged with masking tape, from
the outside, to prevent air leaks, except when measurements were

being taken. The plate used in the test was approved by N.A.S.A.

3.4 Plate Mounting

The impinging plate and the probe holder were mounted on two
identical indexing tables bolted to a support table, Figure la. The
support table was braced for rigidity. The indexing tables had
linear movements along X and Y axes and rotation about Z axis, All
movements were equipped with vernier scales. The support table was
fastened to a vertical guide which could travel 50 cm on the vertical
axis for setting nozzle-to-plate distance. The vertical guide was

bolted to a structure resembling a drill press column.

The column base was anchored to the floor, the column top was

clamped on the vertical axis to a sturdy wooden brace.
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3.5 Probe Mounting

A traversing carriage shown on Figures 3a and 3b was used to
mount the pressure measuring probes. It was fastened to an indexing
table identical to that of the test plate. The two indexing tables
were mounted next to each other on the support table, Figure la. The
traversing carriage had a vertical beam 2 ft. tall equipped with a
vernier. It had a stage mounted on a journal. The stage could
rotate about the journal and also travel on X and Z axes. The com-
bingtion of movements of the two indexing tables and the movements
of the traversing carriage made it easy to adjust the probe to any
required position. All movements had vernier scales. The whole
probe positioning mechanism could be precisely set at any point and
any angle in space. When setting and reading instruments, a two-

power magnifying glass was used for reliable resolution.

3.6 DPressure Probes

Pitot type probes were used for measuring static and total
pressures. The design of these probes was recommended by NASA and
used by Lee (25). The probes are shown in Figure L. The static
pressure probe was made of 0.8 mm (1/32 inch) diameter stainless
steel tubing. It had four 0.4 mm (1/6l inch) drill holes for sensing
static pressure. The total pressure probe was made of 0.4 mm diam-

eter stainless steel tubing.

Modified probes were used to reach the bottom of the hemispheri-
cal plate for measuring the boundary layer thickmess. The probes

are shown in Figure 6. The total pressure probe was made of
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3.18 mm (1/8 inch) diemeter stainless steel tubing with the tip of
0.8 mm diameter, The probe was bent to fit the inside of the
hemisphere, as illustrated. The static pressure probe had a similar

shape to the above, except for the tip which had four pressure

sensing holes of 0.l mm diameter.

3.7 Jet Nozzles

Two nozzles were used in this investigation. They were brass,
made of the same bar stock., Their outside dimensions were identical,
except for outlet diameters which were 9.5 mm (3/8 inch) and 6.35 mm

(1/L inch). The nozzle design is shown in Figure 5.
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CHAPTER L

EXPERIMENTAL PROCEDURE

The test apparatus set up for taking measurements was done in

the following way:

The test plate was mounted on one indexing table and lined
up vertically with the aid of a level gauge. The traversing
carriage was mounted on the other indexing table and locked in
vertical position with the aid of a stiffening bracket. The
vertical axis of the jet was set with the aid of turmbuckles on

plenum anchoring lines, Figures 1 and Ta.

The coaxiality of the vertical guide and the Jet axis were
checked prior to system operation in the following manner.

A. The plate was brought close to the jet nozzle.

B. The stagnation point was found, as described further
below.

C. The plate was moved away from the nozzle by lowering the
guide to minimum elevation.

D. Location of the stagnation point was rechecked at the low

guide elevation.
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It was suggested by Snedeker (L43) to use a dark grease drop for
visual location of the stagnation point. The grease is put on the
surface on the expected location of the stagnation point., The imping-
ing jet forces the grease to "creep" away from the stagnation point,
except at the stagnation point, where it remains motionless. This
method is very accurate and easy, but messy. It cloggs up the pressure
taps in the plate, and for that reason was not used in this experiment.
Since there was a drill hole located at station "1", at the bottom
center of the hemisphere, it was much neater and equally accurate to
locate the stagnation point by observing maximum pressure reading
under the impinging jet. A pressure probe connected to a manometer
showed the maximum reading easily located by X and Y traversing of
the indexing table. Rotation of the indexing table with respect to
the 7 axis was the final check, at which the maximum pressure reading

remained constant at the stagnation point.

The following preparations were made prior to testing:
I. A desired size of issuing nozzle was installed in the plenum
exit with a neoprene "o" ring to prevent air leaks.
IT. The impingement plate was positioned at the required nozzle-
to-plate distance.

ITI. The flow rate and the rotometer setting were predetermined
with the aid of rotometer calibration plot for the required Reynolds
number.

IV. The compressor was started. The flow and pressure were

then adjusted as test conditions required.
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V. The coaxlality of jet and the impingement plate was checked
and eventually corrected,

VI. Some adjustments were necessary to reach equilibrium conditions
at the desired flow. The adjustments were to be made on the
throttling globe valve, the blow-off valve, the pressure regulating

valve and also on intercooler and aftercooler water flow.

When the above preparations were completed, the system was

ready for measurements.

To take the measurements either the probes shown on Figures L

or 6 were used, depending upon which Jet zone was investigated.

The instrument setting in the free jet zone, marked II on
Figure 7, was simple. It required placing the probe in the jet

on the proper coordinate.

In the wall jet zone, marked IV on Figure 7, the probe position-
ing was time consuming. For any of the 15 stations in the rows A
and B on the hemisphere the directional angle of the probe holder
had to be predetermined and the traversing carriage stage aligned
at this angle. Subsequently the probe was made tangent to the
hemispherical plate surface and "zero" reading position set taking
into account the probe diameter. In this setup the probe was being

moved perpendicular to the surface of the plate at a given station.
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CHAPTER 5

POTENTTAL CORE

The pobtential core is zone I as shown on Figure 7. It extends
conically down and is characterized by maintaining nozzle exit
velocity. The length of the core depends upon the mass flux, i.e.
Reynolds number, at Rep & 10,000. For Repy between 10,000 and
20.000 this dependence is weak, according to (25). Above that,

the length of the potential core becomes independent of Rey, (1.

The length of the potential core is determined by plotting on
a log-log graph paper the centerline jet velocity UQ/UOc vs. the
distance from the nozzle exit, x/D. The intersection of the tan—
gent to the curve and Uy/U,, = 1 is defined as the nominal core

length.

The range of potential core lengths, expressed dimensionlessly

as given in (19) were:

%/D = 4.8 at Rey = 3500 for D = 9.52 mm
%/D = 5.3 at Rep = LOOO for D = 6.35 mm
%/D = 5.5 at Re = 5500 for D = 3.17 mm

Max x/D

]

The Reynolds numbers in the present study were all
above 13,000. To establish the jet centerline velocity decay and to
find the potential core length, a series of tests were run. The

results are summarized on the plots, Figures 8 through 15.

6.8 was at Rep = 10,000 for the above nozzle diameters.
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Plotting Uc/Uoc versus x/D on log-log paper as indicated above gave

the potential core lengths.

The plots are clearer for larger distances of the plate from the

nozzle, i.e. for large Zn/D values.

Figure 8 presents three curves for Re, = 15,L000; 27,000 and

16,100 at zn/D =20 and D = 6.35 mm,

Figure 9 presents three curves for Reynolds numbers comparable

to the above numbers and the same nozzle diameter with zn/D = 13.

From Figures 8 and 9, it appears that as ReD increases indepen-

dently of Zn/D, the experimental results approach equation 6.1l.

All six of the above mentioned curves produce the potential

core length of about x/D = 6.0.

Figures 8, 9, 10, and 11 were developed from data run for the same

nozzle diameter, D = 6.35 mm. Figure 10 presents the curves for

1l

similar Reynolds numbers but for zn/D 9. Figure 11 depicts the
same, adding one more Reynolds number = 72,700 for Zn/D = 7. These
two plots do not provide useful information concerning potential
core length, This is due to the proximity of the nozzle exit to the

impinging plate. There was no space to take measurements beyond the

range shown due to the physical size of the probes.

For another reason these two plots reveal this very important re-

sults At only two nozzle diameters from the plate the centerline
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velocity is still about 97% of the exit velocity. The proximity of
the plate resulted in an unexpectedly small velocity retarding

effect.

Figures 12, 13, 1L and 15 have the same purpose as Figures 8, 9,
10 and 11, but they show the results for nozzle diameter = 9.52 mm.
Figure 12 presents the centerline velocity decay for ReD = 15,8000;
28,800 and 57,800 at Zn/D = 20. Here the experimental results
approach equation 6.1l starting with higher Reg. Figure 13 shows
similar Reynolds numbers as Figure 12 but at zn/D = 13. From all
six curves on the above two plots the potential core length obtained
is again x/D = 6. TFigure 1l shows the centerline velocity decay for
ReD = 15,800; 30,800 and 56,500 at zn/D = 9. TFigure 15 exhibits the
results for ReD = 16,1003 29,700; 53,500 and 69,000 at Zn/D =7. In
this case the two last figures also provide no information to deter-
mine the potential core length due to the physical size limitations,
but they indicate that the nozzle exit velocity is little affected

by plate presence down to the distance of 2D.

The following important facts were established in the study of
the potential core:

1. The potential core length was found to be independent of
the nozzle diameter for nozzle diameters of 6.35 and 9.5 mm and
Reynolds number between 10,000 and 70,000.

2. The potential core length for the condition in the study
was essentially constant and equal to about 6D. A space limitation

between the nozzle and the plate prevented taking longer range
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measurements, A mean value of 6.0 is then accepted.

The core length discussed is the "nominal" length, shown on |
Figure 8 as dimension C. It is determined by intersection of the
line representing the centerline velocity decay in the jet with
the horizontal line representing the dimensionless centerline
velocity Uc/Uoc = 1. The real or "true" length shown on Figure 8
as the dimension L* is the distance from the nozzle exit to the

furthest point on the jet centerline where the wvelocity is still

equal to Uoc'

3., Even at distances of as close as two nozzle diameters from

the impinging plate, the exit velocity is retarded no more than 3%.
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CHAPTER 6

FREE JET

6.1 Centerline Velocity Decay and Jet Spread

The free jet, zone II on Fig. 7, in this experiment was turbu-
lent, axisymmetric and incompressible. It was studied analytically
and experimentally and at present the analytical results are fairly

well proven by measurements.

In the impinging plate experiments the free jet is L/5 of the
distance from the nozzle exit to the impinging plate, z,. This zone
of the jet is not affected by the presence of the plate.

This fact was established by Poreh and Cermak (31), Tani and
Komatsu (L45), Lee (25) and was confirmed by this study. For reference
purposes it is useful to present some historical background of the

free jet analysis.

The first theoretical study of the circular turbulent jet is
due to Tollmien, who based his work on Prandtl's mixing length

theory, i.e.

DU
>y (6.1)

o2 au
L ?1]33[_

where T is the shear stress
1 is the velocity in axial direction
y is the radial direction

1 is a length to be derived from experimental measurements.
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D u
2y

is a statistical mean of the slope

u
DY
Since the local mean can be written as
Vs ey
DY N Qv

When put into 6.1 becomes:

T=¢ 1, ’a; V(G;) ol @32) (6.2)

Where
l1 is a new length to be determined for the particular experi-
ment,
Purthermore introducing Prandtl's "new hypothesis" (441) with the

virtual kinematic viscosity

D u 2 u
S & Dy k1 b (Uﬁax - Umin) DY (6.3)

g
L=

Where

k1 ig an experimental coefficient, b is the width of mixing zone

It is assumed that & is constant over the width of jet and in-
dependent of the distance from the virtual origin x, as first discuss~

ed by Reichardt (3L).

Using Prandtl's assumption that the mixing length 1 is proportional

to the width of the jet, b

ol

= const (6.4)

Schlichting estimated the increase in width and decrease in

velocity as follows:
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From experimental investigation it could be stated that the in~
crease of mixing zone width time is proportional to the transfer
velocity, v'

O ab
u "Bx+ v 3y

~ V!

Comparing this to the expression obtained by Prandtl for mixing

length theory

v' o~ 1_°2u
ey

Schlichting obtained

Db b 2 u
u + Vv 1 L=
ox ay"’ oy

Taking further approximation that the mean value of g;‘ is to

be taken for the half width of the jet and is proportional to Upgx/b,

therefore
w98k, 0b , 7 Umax
ox oy b
or

ab 3b 1
+ Vv = const =1,
-y Dy b LeX (6.5)

Taking for the jet boundary

?b 3b db
Y ox T oy~ mex iy (6.6)

Comparing 6.5 and 6.6

(6.7)
And after integration

b 6.8
2= 0, (6.8)
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The last equation is valid for circular and two dimensional
Jjets. To relate upgy and x, the momentum equation is used with the

assumption that the pressure is constant in the jet:

oI
J=S> uZdA,—_E'?Tg’ uzydy=
A o
= const ¢ um2b2 = constant (6.9)
from which
1
Uy = const 3\/;;? (6‘10)

Substituting equation 6.8

um:const%—{\/_g (6.11)

Since both J a.nd?g are constant,

const 6.12
Un =y (612
According to equ. 6.12 the jet centerline velocity is in-
versely proportional to the distance from the jet origin. For

plotting purposes it is more convenient to put 6.12 into dimension-—

less form
Uy C
.C%C_ 75 (6.13)

This equation holds for fully developed flow in the free jet

zone. The coefficient in equation 6.13 is the dimensionless
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potential core length as defined by Abramovich (1) who studied the
results of experiments previously conducted by German researchers.
Lee (25), running the tests with the flat plate, obtained the value
of C = x¢/D up to 6.8. Other researchers obtained C in the range of

5.2 to 7.7.

For Reynolds numbers between 1L,000 and 75,000, according to this
study, the value of C was a constant and equal to about 6.0, as
indicated in the previoug chapter. Therefore for the hemispherical

concave plate the last equation becomes

n o _ 6
e */D (6.1L)

The line representing this equation is drawn on Figs. 8, 9, 12
and 13. It makes sense for x/D}/ 6, since u.m/uoc is never greater
than one. As seen in the figures, relation 6.1L gives faster velocity
decay. Equation 6.1l could be viewed as a limiting line for these
experiments. It could be used for the prediction of lower limit
centerline velocity. The largest discrepancy appeared on Fig. 8§,
where x/D = 17, the actual velocity as measured is m 0.4 while

Uoc
equation 6.1l gives the value of E—ﬂi- = 0.35.
oc

The actual velocity is larger than that predicted theoretically.

According to Reichardt (3L) the half width of the developed jet
is given by:

by = 0.08L8 x (6.15)

Meking it dimensionless
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bi <
% - o.0n83 (6.16)

This relation is shown on Figure 17. It does not provide accu-
rate information for the jet impinging on a hemispherical concave
plate. Inspection of the two plots presented on Figure 17 shows
that the discrepancy between equation 6.16 and the measurement are
smaller for smaller nozzle diameter (6.35 mm) and larger for larger
nozzle (9.52 mm). According to this investigation, the following
equation represents experimental results better:

by

= X
T = 00923 (6.16a)

Apparently the half width growth depends upon nozzle construction.
Figure 5 shows that the nozzles used in this investigation had the

"approach diameter", D1 > 2D.

Many researchers use D1 = D, i.e. the nowzzle looks like a piece
of pipe. A constant half width growth cannot be expected to be

the same for all nozzles, regardless of their construction.

6.2 Static Pressure Variation Along Jet Centerline

In all previous theoretical considerationg of the free, ‘turbu-
lent, incompressible Jet it was always assumed that the static
pressure is constant and equal to ambient. Barat (L) and later
Miller and Comings (28) proved existence of negative static pressure

in the air jet. Lee (25) measured it also. There were many
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tests run in the present series to investigate the subject and the
test results confirm existence of the negative static pressure in

the jet stream.

Since Pitot tubes were congidered to give more conclusive re-
sults than hot wire method for velocity measurements, they were used
exclusively in these tests. Static pressure measurements were
done with Pitot tube shown in Figure L. According to Prandtl (33),
the Pitot tube pressure reading depends upon probe hole size and
should be increased by a small fraction of the flow velocity head
to obtain a true value. No such correction was applied in this

investigation.

Numerous tests were run in this investigation to establish
static pressure distribution in the free Jet zone. The results are
presented in Figures 18 through 26 showing the pressure distribution

along the jet centerline.

Figures 27a through 27f show the plots of static pressure
across the Jet. The tests demonstrate that the static pressure is

negative in the unrestricted regions.

Figure 18a symbolizes a typical trend of curves, except at
x/D close to zero. At low x/D, the nozzle exit dimensionless pressure
is close to ambient, downstream it reaches minimum (inverted scale is
shown on the plots) and then it rises again. Figure 18b compares the

test results obtained for a free jet with similar test by Barat (L)ang

Lee (25). The curves are compatible. Static pressure remains negative,
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asymptotically approaching zero, consistent with the experimental
results (16). Extensive tests which were run for (16) reveal another
important fact: the minimum static pressure on the Jjet centerline
always falls at x/D = 8, The location of this minimum was independ-
ent of ReD and appeared at x/D = 8 for the different nozzle diameters
used in the experiments. The results were obtained for eight differ-

ent Reynolds numbers ranging from 10,000 to 5L,000 and at three

different nozzle diameters, D = 3.2, 6.35 and 9.5 mm.

The results of the present study are in agreement with the above
mentioned results. PFor any nozzle-to-plate distance equal to or
larger than 20 D, the location of minimum static pressure is a
constant = 8 D, at any Reynolds number in the range tested. When
the distance zn/D becomes smaller, the minimum (inverted on plot)
is closer to the issuing nozzle. As expected, for larger Reynolds
number the static pressure contour is more pronounced, but the

location of the minimum is the same for the same Zn/D’ at any Re.

A1l the static pressure measurements along the jet centerline
were consistent, except for the points in the vicinity of the nozzle
exit. In that region, for 6.35 mm diameter nozzle, the pressure
curves were inverted and the same trend was observed for 9.5 mm
nozzle at larger ReD‘ In this region, for 9.5 mm nozzle at at
smaller ReD, the curves were not inverted and a positive pressure

was measured.

A possible explanation of this phenomenon' can be that, for the
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smaller nozzle at all Re and for the larger nozzle at larger

D,

Re_, the issuing jet was too much disturbed by the presence of the

D’
pressure probe inside the issuing nozzle. When measuring these

points, the static pressure probe tip had to be inserted into the
nozzle exit, in order to have static pressure sensing holes close

to it. The ratio of the pressure probe diameter to the smaller

nozzle diameter was 1/8.

6.3 Static Pressure Distribution Across the Jet

Identical nozzle diameters were used to study the static press-
ure distribution across the jet in this work. The plate~to-nozzle
distance was set at Zn/D = 20, Reynolds numbers run were 1l,000;
15,5003 27,600; 29,700; 18,000 and 59,300. There were three measure-
ment cross sections, at x/D = )i, 8 and 12. The test results are
shown on Figures 27a through 27f. A pattern for the curves is
established. It looks like an inverted mountain chain lined up
along the jet centerline. The curves have minimum (reversed on
plots) at the centerline for x/D = 8 and 12, then approach ambient
pressure further away. Consistent with the pressure distribution
along the centerline, the minima fall with increasing Reynolds

numbers, but for each Rep the extremum occurs at x/D = 8.

The plot for x/D = L behaving in the same way further away from
the centerline, has a dip at the centerline itself. From the pre-
vious consideration this is the region of potential core. As
mentioned in the preceding paragraph this region may not produce

stable pressure readings, and the presence of the pressure probe
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disturbs the flow too much in the proximity of the nozzle exit.

The curves obtained in this work for 6.35 and 9.5 mm nozzles
resembles the curves obtained by M. Barat (L), who used 150 mm
nozzle diameter. Since the nozzle size and construction were
different, a complete similarity of curves could not be expected.
The nozzle used by Barat was a piece of round pipe, while the

nozzles used in this work had an exit contraction, as shown in

Figure 5.

6., Velocity Distribution in the Free Jet

Velocity profile equations for the free jet were developed by
Schlichting from the Navier-Stokes and continuity differential equa-

tions.

In solving them, some simplifying assumptions were used and

semiempirical coefficients introduced.

One of these assumptions was that the static pressure is con-
stant and equal to ambient pressure, which is contrary to the data

presented in the preceding two paragraphs.

Another important assumption was that a jet can be considered to
have a point source and have geometrical similarity of velocity pro-
files. The best known velocity equations are those due to Schlichting's
theory for the turbulent jet, based on virtual kinematic viscosity

which is constant here.
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3 k i (6.17)

—— 2 '
_ 1 \( 3 Vx _(2;%_9_2 6.18
vE Ll- T X 1+ 7 l? )2 ( * )
Where
VE S L ey e
\? = \ T éo s = gimilarity variable
oo
_ T 2 s .
k=2 Il uw y dy = kinematic momentum
o
& = virtual kinematic viscosity

There are also solutions due to Tollmien, not given here. The
two equations differ in such a way that according to Reichardt's
(3L) measurements, equation 6.17 is better at higher velocity, i.e.
closer to the jet centerline while Tollmien's equation is better

beyond the Jets half width.

The test results are presented in Figures 16a through 16f. The
plots are shown in dimensionless velocity vs. dimensionless width.
For comparison the Schlichting and Tollmien curves are drawn and
test points are indicated. To have the most coverage the longest
nozzle~to-plate distance, Zn/D = 20, was selected for plotting. Six
plots were made, one for each test station distance from the exit
nozzle: x/D =6, 8, 10, 12, 1L and 16. Each plot represents two
nozzle diameters, D = 6.35 mm and D = 9.5 mm and there are three
different Reynolds number tests ranging from 1),000 to 60,000 for

each nozzle diameter.
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The present test results indicate that in this experiment the
velocity profile is closer to the Schlichting curve, as defined by
equation 6.17, rather than to the Tollmien curve and Reichardt test
points. TUp to y/y%_ = 1 the test points obtained in this experiment
are located above the Schlichting cuxrve, then they follow this curve
to about y/y_%_ = 1.h. Por still larger y/y%, the test results have
different tendencies: the test stations closer to the nozzle are
nearer to the Tollmien curve. With increased distance, e.g. x/D = 10,
the test points obtained in these experiments fall close and above the
the Schlichting curve. It was observed that at these points the
readings were unsteady and the points were scattered. It is attribu-
ted to small nozzle-to-plate distance case, when the fully developed

flow was not yet established.

The velocity profile reveals nc dependence upon nozzle diameter

and Reynolds number.

This behavior is consistent and well established (L1, L6, 3L,
L8, 25).

Scatter in velocity measurements in the free jet was mainly
due to fluctuations caused by vortices washed away from the target

plate boundary layer and entering the free jet region.
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CHAPTER T

DEFLECTION ZONE

In this investigation the jet axis was normal to the impinge-
ment plate. The common point of the Jet axis and the impingement
plate locates the stagnation point. TUsing a cylindrical coordinate
system with the origin at the stagnation point, Frdssling found an
exact solution of the Navier-Stokes equations. It is quoted here for

future reference,

For the non viscous case of the axisymmetric Jjet impinging

normally on the boundary he obtained:

Velocities

U =ar (7.1)

W = -2az (7.2)
Pressure

p=p -te e (2 +lzd) (7.3)
Where:

U is the radial velocity a 1is a constant

W is the axial velocity P, is the stagnation pressure

Based on the above, the following form of solution was assumed

for viscous flow:

UT=x2 1 (Z) (7-&)
W=-2f (z) (7.5)
P=D, -% g aZE-"2+F(Z)] (7.6)
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Where £ (z) and F (z) are new functions to be determined. By
substituting into Navier-Stokes equations, two equations are obtained:
£12 2 2 FE1 = a2 4y £ (7.7)

2 ff' =a? B - Yf (7.8)

Eliminating constant and introducing similarity transformation

&=\%- £ (x) = VoV # ()
The equations 7.7 and 7.8 reduce to
B 288 - g% 4120 (7.9)
with applicable new boundary conditioﬁs. The solution of 7.9 was
given in power series by F, Homamn (1). N. Frossling (10) presented
# = u/U relations forz§> in the tabular form,to simplify calculations.
There were also newer contributions to this problem like Strand (LL),

Tani and Komatsu (L5).

Since velocities close to the stagnation point are small and the
plate surface was smooth, the viscosity effects can be neglected.
Schlichting's equations are therefore satisfactory in the vicinity

of the stagnation point.

Inspection of equation 7.1 reveals that the radial velocity
increases with increasing radius. This can only be true within close
vicinity to the stagnation point, depending upon the source strength.
The pressure distribution is parabolic, by equation 7.3. After reach-
ing a maximum value, the velocity is decelerated and the equation 7.1

does not hold any more. In that region the viscous equations,
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T.h, 7.5 and 7.67are applicable.

According to measurements by Lee (25), the maximum velocity is
reached at about r/D = 1 for nozzle-to-plate distances, zn/D < 20.
Having a plate curvature in this work much larger than the nozzle
diameter, little error is made by considering the plate flat at the
stagnation point. For nozzle diameters larger with respect to the

plate curvature this error could be significant.

Deflection zone region is small. It seems to have no immediate
practical agpplication and was not considered a major part of the

investigation.

Physically it was located at the bottom of the hemisphere and

therefore accessibility of this region was limited.
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CHAPTER 8

WALL JET ZONE

8.1 Pressure Distribution Along Impingement Plate

Pressure distribution along the impingement plate is shown on
Figs. 28a, b and c¢. All the plots are for a nozzle diameter of
9.5 mm, at various nozzle-to-plate distances: Zn/D =13, 9 and 7
and various Reynolds numbers. The curves have their maxima at the
stagnation point, s/D = 0, from which they rapidly decrease with
increased distance s/D and then asymptotically approach ambient
pressure, From about s/D = 3, the pressure is insignificantly
different from the ambient. The curves are practically independent
of Reynolds number. Fig. 29 shows the mean shape of the curves.

As anticipated, they become steeper as the impingement plate is

brought closer to the nozzle.

It was observed that at the distance about /D = 10 the static
pressure measured on the surface of the plate was negative. Boundary

shape and Coanda effect made the flow follow the plate contour.

8.2 Measurement of Boundary Layer Thickness

The boundary layer thickness on the concave surface of the hemi-
spherical plate was measured with the Pitot tubes. The tubes were bent

downstream of the probe to follow the shape of the hemisphere.

After the conditions of equilibrium at the required Reynolds
number were reached, the probe was brought in contact with the plate

surface under an angle perpendicular to the surface at the given
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station., This was accomplished with the aid of the positioning
mechanism described in paragraph 3.5. Taking into account the probe
tip diameter, a series of static or total pressure readings were
recorded at various distances, z, on the normal to the station. The
same procedure was repeated with the second (total or static) pres-
sure measurements at the station, to complete the series. The results
of these measurements gave velocity distributions at the stations lo-

cated on the plate meridionals.

The boundary layer thickness is by definition the distance from
the boundary to a point at which V = Vpax+ The location of this point
on the velocity plot is usually questionable due to asymptotic growth
of wvelocity. It is more distinct to base this definition on the point

where V = 0.99 vma.x' This approach was used in the present analysis.

Figure 30 shows several of these points as typical. The boundary
layer thickness was plotted on Figs. 31a, 31b and 31c, and the mean

trend is shown on Fig. 32.

The test results do not indicate any regular, uniform pattern.
A mean line approximates the boundary layer growth. It had been ob-
served that the rapid pressure fluctuation reveals very unstable flow
condition. The pressure fluctuated in a random manner, although the
air supply system operation was steady. The boundary layer growth

showed a strong time dependence.

To test the nature of this instability, a whisker of thread was
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attached to the tip of a thin, stiff wire and introduced into the
boundary layer. The thread fluttered, as expected, but it also
swirled randomly in the boundary layer region. The thread motion
reveals the existence of intense vorticity in the boundary layer.

The eddy axes were perpendicular to the direction of flow and parallel

to the boundary.

It seems that the boundary layer growth occurring in the meridi-~
onal direction is too rapid. The boundary layer thickness grows into
the onrushing stream of higher velocity. There are two streams close
together, the inner one having higher momentum than the outer. Since
the geometry of the hemisphere is directing these two flows on a
collision course, the two streams with different momentum collide.
Since this takes place in a viscous continuum, the result is
the vortex formation. The vortices roll away from the plate surface

and are being carried away by the stream in a continuous faghion.

As observed, there was no definite time pattern. The instability

of the pressure readings was not cyclic.

8.3 Velocity Decay Along the Plate

When analyzing the wall jet velocity, region IV on Figure 7,
Glauert (11), following Prandtl's boundary layer concept, divided the
flows into two categories:

1. The wall layer, where the boundary and viscous effects of

the wall govern.
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2. The outer layer, away from the wall, which has characteristics
of a free, turbulent flow.
Maximum velocity in the velocity profile separates the two flow

layers.

To represent the velocity profile in the outer layer of a flat
plate, Poreh and Cermak ( 31) introduced ' a reference boundary velocity,
Vgp» obtained by extrapolation of the outer layer velocity profile to
the boundary as if no boundary existed. It is shown dotted on Fig. 7.
This reference velocity can be considered a centerline velocity at
a given distance from the stagnation point of a hypothetical free jet.
This reference boundary velocity would be like a plane point flow
spreading radially:

Tpp = —S0ust (8.1)
r

In this case the velocity distribution for the outer layer can be
represented by Goertler's (13) free jet equations:

v 2 Z
—— = 1 - tanh® k -2
VrB T (8.2)

where k is the integration constant.

Von Karman (22) used the principle of integrated momentum equa~
tion in analyzing a steady flow. Applying this method and the con-
cept of Vgp in two dimensional wall jet analysis, Abramovich (1) ob-

tained results which were in good agreement with the measurements.

Lee (25) applied the same method for the investigation of a cir-
cular jet impinging on a flat plate and his results are also in good

agreement with the measurements.
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In this investigation the distance "r" has to be superseded
by "s", which is a curvilinear distance measured on the hemigpherical
surface. Fig. 33 presents a summary of nine series of tests showing

following nozzle-to-plate dimensionless distances: z/D = 13, 9 and

the reference boundary velocity. The plots were taken at the

T. At each distance three flows were investigated: Reynolds

number 25,0003 50,000 and 75,000.

Intuitively, one expects that equation 8.1 would not hold for the
case of the hemispherical plate. For a flat plate case the flow is

spreading radially from the stagnation point

In the case of a hemispherical plate, concave side, the flow is
spreading meridionally. Initially, in the proximity of the stagnation
point, it is similar to the flat plate case. Further away, the
direction of flow is gradually changing along the solid boundary of
the hemisphere. In the final stage it is similar to a two directional
flow in a pipe, where there is a high wvelocity, small cross section,
central flow in one direction and a slow velocity, annular flow in

the opposite direction.

The boundary geometries are different for the jets impinging on
a flat plate and on a hemispherical plate. The boundaries shape
the flow pattern, and for that reason the velocity distributions

are. different. .

Considering that the width of the jet is proportional to r for
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the flat plate impinging jet, the flow area at any r is proportional

to r squared, where r is unbounded.

For the hemispherical concave plate, the wall jet is confined
to an annulus, whose outer radius is finite. It is therefore antici-
pated that the reference boundary velocity VRLB will be larger for the
henispherical, concave plate jet than the corresponding velocity in
the case of the flat plate jet. Maximum velocity decay measurements
divided by nozzle exit velocity are shown on Figures 33a, 33b and
33c. The summary of these tests are shown on Figure 33d. The test

results are consistent and reveal no dependence upon Reynolds number

and plate-to-nozzle distance.

To have a general application, the formulae have to be dimension-
less. For that purpose the distance from the stagnation point located
at the bottom of thehemisphere to any given point on the hemisphere
hag to be measured not by the curvilinear distance, "s", but by the
angle, & = s/R, where R is the radius of the hemisphere. Position
angle © is the enclosed angle between the sphere radii to the stag-
nation point and the station. At the stagnation point 8 = 0, while

at the hemisphere rim it is T /2.

From the continuity equation one can deduce that the difference
between Vzp for the hemispherical case and the flat plate jets will

grow with the angle 6.

The chart on Fig. 33 was "normalized" with respect to the Vg
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velocities measured at & = T /6 = 30° which corresponds to station
8. The data points are indicated and the curve represents the purely

empirical formula developed:

Vrp ._ _const L 1
Vegg @ cos (3/5)8¢ ~ 26 cos (3/5)% (8.3)
or
V. = | const . . Cq
REB ~ 'RB8 "4 cos (3/5)6 & cos (3/5)e (8.3a)

The points for z/D = 13 at station 5 deviate from the
curve but the velocity measurements for these points were taken within
the region of the free Jjet. The Pitot tube measuring the velocity
at station 5 was situated parallel to the plaj;e while still in the
region of the free jet impinging on it. These points should not be

considered representative.

The Quter Layer

In a theoretical consideration of the hemispherical wall jet,
the momentum equation will be applied as developed by von Karman in
1921. This approach was used by Abramovich for the two dimensional jet

and by Lee for an axisymmetric jet impinging on a flat infinite plate.

Figure Ta represents the axial plane cross section of the control
volume. The equation of conservation of momentum in segment ABCD is:

Z momentum in - £ momentum out = A momentum in segment

(8.4)
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Momentum in thru AB + Momentum in thru BC +

— Momentum out thru CD - Momentum out thru DA =

= Momentum accumulation in the segment (8.5)
This equation holds under the following assumption:

Steady flow, —BT%G— ) =0

Constant density, ¢ = const

Stationary ambient fluid, no external velocity disturbance

T _0at V=T
L dz m

This last assumption by Prandtl was satisfactory and was suc-
cessfully used in many solutions, although more recent measurements
by Poreh, Tsuei and Cermak (32) indicate that T% 0 at V=T

for the flat plate wall Jet.’

With these assumptions introduced, there is no accumulation of
momentum in the control velume. In this case the right hand side of
the equation vanishes. The condition of stationary ambient fluid
justifies to disregard momentum influx thru the surface BC. The
equation is therefore reduced to:

Momentum in thru AB -~ Momentum out thru CD +

- Momentum out thru DA = O (8.6)
The equation component in the plane normal to the jet axis of this

vectorial quantity is applied.

The whole control volume has to be considered. Integration

over the control volume gives:
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27 s &
b s aw- |ev cose 2=| [2TV (B-z) sin o dz] dl +
§’ o % % LF gm o8 o1

o So ©
b+d

“fS’VZ.?TT(R—z) gin © cos © dz = 0 (8.7)
g

where:

R is the radius of hemisphere

© is the position angle in vertical plane

kID is the angle in the horizontal plane

1 is the curvilinear distance along the surface of integration

s is the distance along the hemispherical plane

Since the first term is in the region where the surface of in-
tegration is cylindrical, it can be written:

—

21

21

7 b AP - eV b & av=2Te v
?ooso (f'gooo 90‘“ ¢ o Yo %o
(4] o

Moreover, since ? is nearly constant, i.e. the flow is incompress-

ible, then 8.7 can be divided by 2TU @ :

s )
2 2 | .
bosovo-/Vmoosg——a——iL/V(R—z)s:.n@dz]dl+
bt§ S° °
- f 72 (R-2) cos & sin© dz =0 (8.8)
§

Equation 8.8 is not exact, the following approximations are introduced;
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It was assumed that ¢ =0 at V = Vm‘ Air dengity is not exactly
constant, since there is a measured pressure gradient along the flow.
Velocity is assumed parallel to the plate surface. This is true only
for the streamlines next to the plate. Velocities on streamlines
further away from the plate divert more. In the second term of
equation 8.7 and 8.8 the upper limit of integration is actually a
distance along the path of Vm’ and not a distance "g" meagured along
the hemisphere. §Since the boundary layer is thin, the difference
between these two is small enough to permit the substitution of the
"g" for "1", therefore 1] = 8 = R ©. By introduction of the last

relations into equation 8.8 one obtains, using a dummy variable:

6 &
b s Vo - /Vm cos of %& [ f V (B-z) sin X dzJRdOC +
bts ©o 2
—/ V2 (R-2)cos X sinc{ dz =0 (8.9)

§

Since the rate of change along the hemisphere contour is required,
8.9 is differentiated with respect to X . Noting from Figure 7 that
V=0atz=>b+0o a.ndV:Vmatz=S and returning from < to @

yields:

-V, oos@/(R z) @Q(Vsnlg)dz-:-
b+&

-(R—S)V cos 6 sin 8 ——= f(Rz)

(V2 cos O sin 6) dz +

R -~ 5 V COBQSan——— =0
+ ) G (8.10)



The second and fourth terms cancel, therefore:
)
V_ cos © (R-—z)/a (V sin @) dz +
m 2 0
b+8S Yo

C 2 .

+ (R - 2) (V" cos © sin ©) dz = O (8.11)
20

é

To generalize, dimensionless parameters are introduced:

v

— v — m — Z Z - S
Vv Wty Foy oewd 5=73
o o)
~ dz dz
then algo 4z = S d § =%
after substituted into equation 8.11, one gets
v l
m Ci v . dz
7 Scos@f (R—Z)?Q(V 31n9)8+
) 0
o
v . dz
+b f (R - z) =75 (V02 cos © sin 9) T =0 (8.12)
(o}

or ag expressed in the above notation

!
VmgcosG/ (R - 3 %) ,gg(\—fsinG)dE+
o
l

+b/ (R—E-bg)-;—aa—a(ffzcosGsinQ)d§=0 (8.13)
o

Primed symbols indicate differentiation with respect to 6 in

subsequent notation.
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On performing the differentiation there results

l
‘V‘mB cos © f (R-812) (7! sin 6 + TV cos ©) dz +
l o

+bj (r- 3 —bé‘)(2?ﬁ'cos@sin@+
o

= 72 sin® 0 + T2 cos® 9) a g =0 (8.14)

and introducing trigonometric identities yields

|
"ngcosgf (R-9 2) (! sin 6 + ¥ cos 6) dz +

! o
+b/[:(3— S ‘b§) (V' sin 26 + T2 cos 29)] d§=o
0

(8.14a)

2 from O to 1,

Now within the boundary layer. i.e. for Z =

o7

velocity distribution can be defined according to Schlichting by the

power law (32)
T, (2" (8.15)

where the symbols are asg above and the exponent "n" is a weak
function of Reynolds number. In older references, lower values
were favored for "n". Newer test data done with more advanced
laboratory equipment suggest higher '"n" values for the investigated
range of Reynolds numbers in turbulent wall jet flow. Reference

(19) recommends values for ™" from 7.5 to 15.
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Beyond the boundary layer, i.e. for region from & to b +&

or Z from 0 to 1, the following relation is used:
= = 232
V=T (1- (;3/) (8.16)

This equation gave good agreement with measurements conducted by
Poreh and Cermak (31) and Lee (% ). For thickness of the wall jet,
according to the present investigation summarized on Fig. 3L, the

following relation is accepted:
b=0.226R (8 -96,) =0.226 R A& (8.17)

which is very close to that used by Lee for a flat plate impinging

jet:
b =0.22 (r - )

For boundary layer thickness, the results obtained in the present

investigation which are summarized on Figures 3L and 35 give

5§ _ .1
5~ = 0-0543L = —5- (8.18)

This last relation is significantly different from the flat

plate investigation in which Lee obtained:
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Differentiation of equations 8.15, 8.16 and 8.17 with respect to

8 gives:

In boundary layer region:

Q
=il

|

— —1/n -—1/ - = 8
=-a§é-(mz/)=z C T, -1/ D) (8.19)

o))
@

And in outexr region, the formula

REAC 32 () _ €3/2)

for 0 £ & £ 1 (8.20)
Also the rate of growth of wall jet thickness igs:
.@%: 4 [ 0.226 R (8 - ©,) ] - 0.226 R (8.21)

Introduction of 8.15, 8.16, 8.19 and 8.20 into 8.1l and

dividing by cos 28, (0 € 8 < T /2) gives:

/ |
7 Sﬁiﬁ-@—j (2§ -5) [ 5/ -1/n vm%) sin 0 +

cos 20
9]

+VmE1/n cos 9] a4z +
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+b/{(R- -bg)[v(m 3/2)2 [Vﬁ(1-§3/2)2+

§'
+l—%—- §3(1—5}3/2) iﬁb—é} .»;3/2)Jtan29+
+'\7§1 (1 - & 3/2)“}d § =0 (8.22)

The rest of the computation is shown in Appendix A, where the

reference number is started with the subsequent equation .

The resulting equations obtained for the exponent n = 14 are:

Solution by polynomial interpolation

For 6 & L7°

v
Vo= Vﬁ _ (1 1-2% aOo) .4708 (90) 5374 I(e,) - I(e)

(8.23a)
[w]
for 6 > LT°
_ ¥ _ - 08 I(e,) - I(e
m- V. w7 T g8 e
(8.23b)
where
a = 0.0567
o, = 10.9° £ 0.19 in radians
0, = L7° expressed in radians

vm).ﬁ" = .{VTE evaluated at €, = L7°
mo
I(@O) - 1(8) = - [6.98 (6 - eo) - 16.89 (92 - 95) +
+ 25.63 (67 - 93) - 23.54 (9” - eg) + 11.67 (95 ~ gg) +

- 2.l (e° - eo))
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and correspondingly I(e4) - I(6) with proper symbols.

Solution by series expansion

For 6 £ 64.3°

_ v 6, 1.075  0.3216 (62-68) + 0.0L415L (ol-ok)
V == = (= e
Ve (8.2La)
For @ > 64.3°

v 0
= _m _z ©2,1.075  _0.3216 (68-02)+ 0.0L415L (ek-ol)
Vi v Y2 61,30 ) e (8.2ib)

where: 6, = 64.3°

In equations 8.23 and 8.2L the reference points 6, and 92 are
determined by the location where the approximate integrand crosses
the abscissa. In this manner the formulae for velocity becomes

gimpler as opposed to using Qo at the beginning of integration.

Bmpirical equation

1

v o
= (5.29 © cos E) (8.25)

7 -2
Vﬁo
In these equations the following values are applicable:

So
o) R

(]
i

= 0.19 ig the initial position angle in radians, con-

stant in this study, as demonstrated in Figure 3L.

Vv =V g is the initial velocity, which in this investigation
is equal to the maximum velocity at station 5, at

10.9°.
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Equations 8.23, 8.2l and 8.25 represent the maximum velocity
decay of the wall Jjet at the concave side of the hemispherical plate

for the range of 14,000 < Re &£ 75,000 with the exponent n = 1l.

It became evident from the data obtained that maximum velocity
decay depends upon nozzle-to-plate distance. The reduction relation

used for plotting is:

Vm Vm Tz T X

7 =\7 L("ﬁ) (3 j

m5 \mb/m r (8.26)

where:

Vm
(V—- )m is measured ratio

m

2 . s z _

(D)r igs reference 3= 10

X is the exponent as shown on Figure 36b

All the values are functions of the initial velocity which is maximum

velocity at station 5, i.e. at & = 10.9°.

In all three equations: 8.23, 8.2l and 8.25 the angle © is ex-
pressed in radians. The following tabulation compares wall Jet maxi-

mum velocity decay calculated from the three equations,
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Table I

Comparison of Maximum Velocity Decay
Calculated by Equations 8.23, 8.2L and 8.25

Velocity Ratio Eqn. 8.23 Eqn. 8.2k Ban. 8,25
T 10,9 1 1 1
v 1u_6/vo 0.736 0.739 0.751
L RAR 0.L75 0.L479 0.193
v 38° /VO 0.299 0.300 0.301
Vo 17°7V,  0.261 0.260 0.252
Vu 53°/7, 0.2L3 0.215 0.228
i 61/ Vo 0.202 0.235 0.199
Vi 68.5°/Vo 0.185 0.20l 0.191
i 80°/75 0.12l 0.136 0.177
T, e3.00/T, | o0.102 0.119 0.17L

Figure 36 shows the test pointsmarked and the curves are by equations

8.23 and 8.2, equation 8.25 is shown in Figure 36a for clarity.

The agreement of the curve with test points may be considered
satisfactory. Equation 8.23 is most cumbersome to use. Equation
8.2l is quite handy, in comparison to 8.23, The simplest is the

empirical equation 8.25.
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The curves representing equations 8.23 and 8.2l deviate from
the test results close to the rim of the hemisphere. Maximum wall
jet velocity decay in this region calculated by equations 8.23 and
8.2l fall below the measured values. The difference between the
test results and calculated values diminishes if the reduction equa-
tion 8.26 is not used on test values in this boundary region. Empir-

ical equation, 8.25, gives best results in the whole range.

The agreement obtained between the experimental results and the
curve could indicate that the assumption of T =0 at V = Vﬁ incurred
negligible error. This assumption was used by M. B. Glauert (11) in

the analysis of wall jets.

Equations 8.23, 8.2 and 8.25 being dimensionless, can be
applied to any size hemispherical plate. The first and second equa~-
tions express maximum velocity decay in terms of the angle 6, once
the initial velocity VO is determined. The empirical equation, 8.25,
assumes the value of "1" at this point of 8 = 10.90 and references the
rest to it. All the equations have the numerical coefficients for
Reynolds numbers 14,000 < Re < 75,000, for which n = 15 along
with jet width and boundary layer thickness as given by equation

8.17 and 8.18.

For investigation of maximum velocity decay outside of the
present range of Reynolds numbers, a proper value for the exponent

"m" would have to be established.
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This value would be inserted into equation A.2 and the modified
coefficients in equation A.6 would be found. Although with different
coefficients, equations 8.23 and 8.2L would have the same form.

The deviation of the results obtained from the equations 8.23
and 8.2l and the velocities measured close to the edge of the hemisphere
is explainable also by the fact that the entire boundary layer must be
small with respect to the significant dimension of the system. In
this case this dimension is R, the radius of the hemisphere (41). In
the present investigation the ratio of (b + S)to R for 6 > 80° was

close to 1/3 which cannot be considered small.

The present problem is handled essentially by a modified bound-
ary layer treatment in the integrated form., It refers to the fact
that, for boundary layer flow over bodies of revolution, the governing
equations are the same as for two dimensional flow., Difference exists,
however, in the form of the continuity equation*)which ig fully ob-
served in the present approach. When the boundary layer treatment
of the problem is physically attainable, the present method will also
show it as a deviation between the experimental results and the cal-

" culated curve. A much more powerful method would be needed, requiring

perhaps integration of the turbulent Navier-Stokes equation.

*)
Schlichting (41), p. 190
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CHAPTER 9

VISCOUS SHEAR FORCE AT THE WALL

For consideration of viscous shear force at the wall, a control
volume ADEA is chosen, as shown on Figure 7Ta. The momentum equation
component in this control volume adjacent to the wall is taken in the

plane normal to the impinging jet axis.

The result of the calculation performed in the Appendix B, with

the equation numbers preserved, iss

Tw 0 \-2
QU5 — ¥ (35) (9.1)

In order to compare these results with those obtained for the
flat wall jet, one can refer to Lee (25) and Poreh, Tsuei and Cermak

(32). An equivalence to equation 9.1 was given in the form:

Tw r \-2( + a ~ 1
—_— P (-
QUOG ( Zn) (9'2)
in which Lee (25) had
_ n 2
F = — T A“B(oln+a+1) (9.

In the present investigation, the boundary layer thickness,

expressed by equation B.15 is

S= B R © which can be written: &= B R 82

where a = 1

Baged on this, the expressions for hemigpherical plate  and
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flat plate friction force are similar, as it can be seen by equations

9.1 and 9.2. In both the exponent ig equal to:
-2 + a =1

The term F, represented by equation B.19 for the hemispherical
plate and by equation 9.3 for the flat plate differ significantly in
gspite of their apparent similarity. The difference is functional.
This term for the flat plate, equation 9.3 is a function of'n’,
which is a weak function of the Reynolds number. For the flat plate
at an established ©f and "a" in the range of Reynolds number in-
vestigated it is just a coefficient. Intuitively, T/?Uocz should

be a function of the Reynolds number.

The corresponding term for the hemispherical plate is a local
function with the angle variable @. For that reason its practical

application is limited.
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CHAPTER 10

BOUNDARY TAYER THICKNESS NEAR STAGNATION POINT

For calculation of boundary layer thickness near the stagnation

point, one can use formula given in (19) after Schlichting

& 2,788

D Va¥me (10.1)

in which "a" is the coefficient when expressing velocity in the form:
U=as as in (7.1)

The symbol "g" is the distance from the stagnation point,
measured along the impingement surface.
In the present investigation D = 6,35 mm

Teking as an example one of the tests for which Z,/D = 7,
U, = 402.5 ft/s s = 35.56 mm  Rg = 48,000

One obtains a* = -2 = 0.1786

UO C

Therefore,

& 2,788

D \la*Re

This value compares favorably with that calculated for the flat

0.0299 (10.2)

plate case (19), where it was

S
- = 0.02765 (10.3)
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The actual meagurement of the boundary layer thickness near the
stagnation point was not attempted due to physical restrictions. The
measurements would have to be done at the bottom of the hemispherical
surface oniits concave side and using relatively large probes fto mea=
sure small dimensions, The smallest probe diameters available for the
test was 0.4 mm, while the boundary layer thickness was of the order
of 0.2 mm. The measurements taken under such conditions would not be

satisfactory.
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CHAPTER 11

VELOCITY PROFILE IN THE JET WALL ZONE

The mean velocity profile measurements in the wall zone are pre-
sented on the plot Fig. 37. !Figures 37a to 37g show the profiles at
some selected stations. The Reynolds number range investigated was
10,000 to 78,000 and dimensionless distance from the nozzle-to-plate,
z./D =7, 9 and 13. The velocity measurements were taken on normals
at the station indicated. The velocity profiles measured are in

good agreement with the formula 8.16:
V.o _ (1. 2322
v = (1- &Y%
m
These results therefore confirm the results obtained by Poreh

and Cermak (31) and Lee (25).

The velocity profiles were identical for allipoints above
z/z%_ = 0.2 at all distances from the issuing nozzle. There were
small differences closer to the wall. Figure 38 depicts the general

trend in the wall Jet spread.
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CHAPTER 12

SUMMARY AND CONCLUSION

This study was mostly concerned with the wall Jet zone in the
cage of hemispherical concave, smooth surface. The range of Reynolds
number was from about 1,000 to 75,000, which corresponds to Mach
number from about 0.1 to about 0.5. This range was selected due to

the suitability of the available testing equipment.

Reynolds numbers lower than 10,000 represent small velocities in
the order of 20 m/s and less. The measurement of such low velocities

requires very sensitive insgtruments.

Reynolds numbers higher than 75,000 represent velocities in the
order of 200 m/s and higher. At such velocities the probes began to
vibrate violently when inserted into the jet. Pitot tubes would
have to be much more rigidly built to take measurements at such

velocities and the effect of compressibility would have to be included.
Eight important observations were made in this study.

1. The Jet is not throttled easily. When the impingement plate is
only two nozzle diameters away from the Jet issuing nozzle, the flow
is gtill practically unrestricted. This confirmg previously made ob-
servations by other researchers, yet it has not found many practical
applications. The use of screens and guides was suggested (17) for
restricting hot streams discharged into the environment. By placing

baffles cloge to hot stream outlets discharging into the lakes one
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can localize warm spots and dissipate heat gradually. It ié known
that, if unrestricted, the hot streams travel long distances thermally

polluting lake and river water and affecting aquatic life.

2. The results of this work, published iﬁ‘Letters in Heat and Mass
Transfefl(16), indicate that the minimum static pressure of the free
jet is located 8 nozzle diameters from the nozzle outlet. These tests
were run with three nozzle diameters: 3.2, 6.35 and 9.5 mm., When the
impingement plate was moved closer to the nozzle exit, the minimum
pressure point wag also moved closer to the nozzle. The location of
minimum pressure point was found to be independent of nozzle diameter
and Reynolds number, This last phenomenon is surprising since it
means that no matter what the exit velocity was, the lowest static
pressure would always fall at the same point, 8 nozzle diameters

away from the nozzle exit in the unrestricted jet.

While the location of minimum static pressure is fixed in space,
the value of the minimum does depend upon Reynolds number. The
higher the Reynolds number, the lower the depression for the range of

Reynolds number in this study.

3. Compared with flat plate experiments, the maximum velocity decay
of comparable Jjets was less rapid for the concave, hemispherical plate.
Such behavior of the jet could be predicted from the plate geometrical

differences forming the boundaries in the incompressible flow.

Li. The strong vorticity found in this investigation seemed to inten-

sify turbulence. The vortices were formed in such a way that their
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axes were parallel longitudinally to the hemispherical plate. It
indicates that heat transfer by convection in such a condition is
greater, The vortices formed in the hot boundary layer carry

away heat into the colder region of higher velocity.

5. The boundary layer thickness in the developed wall jet zone of
the hemispherical plate was measured to be about half of that mea-
sured in (21) for the flat plate. It is significant in heat transfer,
as related by Prandtl's modification of Reynolds analogy. At Prandtl
number close to unity for air, the velocity profile is similar to

the temperature profile hence the velocity and thermal boundary

layer thicknesses are nearly the same. The thermal gradient is
higher for thinner boundary layer. Since heat conducted through

unit surface per unit time is by Fourier conduction laws:

o7
@=-k Dz
where: k = conductivity in Btu/hr £t °F
o ' . e
o =" temperature gradient at the wall, in F/ft

z =0
Based on the above, one can conclude that the hemispherical plate

conducts heat at a higher rate than a flat plate when impinged by an

identical jet.

"0 .
This is not a proof, since the gradient, —,5——2-—, is to be evalu-~

ated at z = o of the temperature profile T (a), which is not exactly

known.
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The ultimate proof would be to measure the heat transfer of the
heated hemispherical plate when blown on by an air jet. Such experi-
ments were not in the scope of this investigation, but confirmation
of this corollary is found in (8), by Dyban and Mazur, who measured
heat transfer rate in concave and flat plates, when impinged upon
by an air jet. According to these tests, the rate of heat transfer
for a concave plate is about 35 to hO%ZEigher than for a flat plate

under identical conditions.

6. The method of measuring the boundary layer thickness with the
probes available was not practical near the stagnation point. The

Pitot tubes were too large for measuring small distances.

7. The empirical relations of "reference boundary velocity" decay
and maximum velocity decay in the wall jet, equations 8.3 and 8.25
respectively established in this work, give useful predictions for the

investigated range of Reynolds number.

8. Equation 8.23 for maximum velocity decay in the wall jet based
on the theoretical consideration gives good agreement with measure-
ments. In the Reynolds number range investigated it is a function
of the local angle only. It is independent of Reynolds number,
radius of curvature of the hemisphere and the nozzle diameter.
Practically it means that this relation can be used for any

velocity in the range investigated and for any size of the hemisphere.



63

Recommendation

In future research of subsonic jets, the hemispherical, convex
plate draws the firgt attention. Normally impinging and skew axial

jets provide a large field for investigation.

Parabolic and hyperbolic surfaces may also find practical appli-
cation., Hyperbolic shape cooling towers have the best natural
draft performance. They can be thought of as huge jet issuing
nozzles in which gravity effects have a major role but were

negligible in this study.

It is logical to conduct small scale, model tests and extend

the information to large applications, considering scale factors.

Large scale test equipment is costly to furnish and run.

New Jersey Institute of Technology
Newark, New Jersey

April, 1978
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APPENDIX A

The Continuation of Calculation of the‘ Ma.ximuin

Velocity Decay in the Wall Jet, for Chapter 8, Page ),8

For simplicity the two integrals in equation 8.22 are solved separate-

ly. The solution of the first one is:

!

(
= cos © | =1/n N .
Vo © Gos 26 J (R‘Z)LZ (Vm-VIleS ) sin 0 +
© n+1
% (5)1/n = cos O n —n [ =
+7 (2) cosO]dz:Vmgcoszg{Rnﬁz [+
1 5 2n+1
= & . - n T _
_1/an-——~)SJ_n9+Vmcost -5 7 [(1;1 +

- 5. . - z _
- 1/n Vm—g—-) sin @ + V_ cos QJ} =

7z =

<

0
_ cos © R —2 [(“u_1/nif §—‘)sin9+'ff cos@]-&-
= 'n cos 20 n + 1 m mn 5 o

i
n - - S . — _
-5 m[(vr'ﬂ-1/nvm~—5 )S:Ln9+VmCOSQJ}—
i

= cos © Rn oSn = = 5 .
=V o cos 26 \ n+t1 = 2n#l ) [(Vm 1/n v ) sin 6 +

+-W7'm cos QJ



The second integral:

T b (R-5) f{ (1 '%3/2)2[-‘7:; (1 -§3/2)2 +

. '-imét é% (1 _€3/2) +_3_Eb__§3/2)<1 _ 63/2) ]:tan 20 +

|

£ T (1 - @3/2)“} dg-vmbzf{m -§3/2)2§[Tf'1;(1 - €
(o}

3Ym § (1 §3/2) + iv%b‘ é 3/2 (1 _ é 3/2) ] tan 20 +

I
+ T (1-¢ 3/2)h§} g = Vb (R—é)f{[ﬂm _;_H:B/z
o

+ 6@'3 - h§9/2 +§'6) +~-i—-—v%é' (ﬁ% - 3@'2 + 3&7/2 _€5) +

L I TSN YA ) Fp e

+Vm (1 - LL€3/2 + 6@3 - hf9/2 + éé)} d,§ +

65
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I (675 3D s

11/2

”fm(@-hg +6§ hE +¢7>} aE =

! —

- T.p
,hv b (R ~ 5){ v 0.31558 + V505+ S 0.1578’] tan 26 +

- : -2 —V_CS
+vmo.31558};vmb{[v 0.06676 + —5— 0.1578 +

_m o
+ .
b

Substituting the components back into 8.22 yields:
1

= Bn cos O ~t = 5 ) -
Vi o > cos 29[(Vm—1/nvm8 )31n9+vmcos(9] +

!

= S ) =
-1/anS )Sln9+VmCOSQJ +

= 821 cos =
- 1
m 2n+1 cos 28 [:(V
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{
Rb{[ffm 0.31558 +“x7m—§—— 0.5 + ‘x’fm %'0.1578 ] tan 20 +

- _ v '

T o.31558} - b S{[ Tt 0.31558 + —E—g-‘?—- 0.5 +
Vb _ o

+ 2 0.1578 ] ten 26 + T, 0.31558} - T {[vm 0.06676 +
- ! —
T 5 T b

+ —5— 0.1578 + — 0.06676] tan 20 + \'fm 0.06676 } =0

(A.1)
Dividing by 'me tan 20:

R 8{-2-61%- [(Vﬁ-1/nﬁm—§—)+fmcot9]}+

\
- 52 2("'—)'22# [ (T - 1/nir'm—§— ) + T cot 9]} +
P (R-5 )03 T 4 (R-8 )T, 805+ (R~ S )b T,0.1579 +

2

+b (R- & )7V 0.31558 cot 26 - b° V10.06676 - b & ¥ _0.1578 +

- Bb' T 0.06676 - b° T 0.06676 cot 20 = 0
(A.2)
Equations 8.17 and 8.18 in which GO = 0 gives:
b=0.226 RAO=0.226 R @ b' = 0.226 R
S -0.01228 R 0 =0.01228 R 6 &' = 0.01228 R
S/b = 0.053l 1/
=1/0

b' /o
S‘/(§= 1/8
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Exponent "n" used in equation 8.15 for the range of Reynolds
numbers in the present investigation is n = 1L as suggested by (19).

For checking purposes, the particular values are used here.

Introducing the above into equation A.2 yields:

2 1L
0.01228 R 9[ 35 (

- <il
1
rl—‘
B<}!
[ B
+
E§<H
e}

o
e od
©
—
L
+

2 2 21 14 1= 1. =
- 0.01228° R” 6 [—g(i-1uvmg+vmcotg)]+

2

+ 0.226 B° © 0.31558 7' - 0.226 5% 6% 0.01228 x 0.31558 LA

+% x 0.01228 R° T_- % x 0.01228° K 0° T+ 0.226 B> 0.1578 T, +

I

0.01228 R® @ 0.226 x 0.1578 "Vm + 0.226 B @ 0.31558 Tfm cot 20 +

0.226 B° 6° 0.01228 x 0.31558 Vm cot 20 +

0.2262 R2 92 0.06676 —vr'u - 0.226 R2 @ 0.01228 x 0.1578 —\?m +

+ 0.226° B o 0.06676 Tfm - 0.226° B © 0.06676 Tfm cot 20 = 0

(4.3)
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Multiplying the terms and dividing by 0.01228 R2 one obtains:

0.L6667 © ’v;n - 0.03333 Tr‘m + 0.146667 6 Tfm cot @ +

0.00296L ° i +0.0002117 6 T_ - 0.00296L o° T oot 6 +

+ 5.808 © LARE: 3.405 Vo+ 5.808 V, 6 cot 20 +

2 =, = T a2
0.2777 € VI - 0.3133 6 V - 0.2777 V_ 6~ cot 26 +

0.07132 0° ?/1 - 0.041871 @ x‘fm - 0.07132 Tfm 6% cot 20 = 0

(a.L)
Collection of similar terms yields:
- 2 — —
6.275 © V! - 0.3520 6 Vi +3.3727V - 03509 0T+
+ 0.L4667 "\fm 6 cot 6 - 0.00296L 'Vm o° cot @ +
— — 2
+ 5.808 V6 cot 20 - 0.3L490 Vmecot 20 = 0
(A.5)

Dividing by 6.275 and collecting:

v (1 - 0.0561 8) 6 + 0.537) ’xfm - 0.05656 6 Vm +

+ 0.07437 8 T_ cot © - 0.000472 67 T_cot 6+ 0.9256 © T cot 20 +

2 —
- 0.05562 @ V_ cot 26 =0 (A.6)
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Using the symbols:

a = 0.0561 A = 0.537L B = 0.05656
¢ = 0.07L37 D = 0.000L472 E = 0.9256
F = 0,05562

Introducing these symbols into the equation:

V' (1-20)0+A7V -B6V +CoV coto+
m m m m

2

- D%°T cot@+EOTV cot 20 -F0°T oot 20 =0
m m m

Dividing by '\fm (1 - a 8) 0, where gjé 0, © 74 e

T
m 1 1 cot8 _ . 8 coté
'\-T;'*'A('I—anG-B‘I-aO_"C'I—aQ PI—=got
cot 20 e cot 26
R ee - Ti-ae = O
_ (A7)
v

Since ‘W_/:I'ﬂ = g’-a—rg , equation A.7 can be integrated:

cot ©

= do0 d e
1an+Afz——-———T—-,|_ag 9_3]1—a9+0/1—a9dg+

© cot © cot 20 6 cot 206
_D]1—anG+E[1-anO-F/1—a9 d @ = const

(4.8)
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The first and second integrals in equation A.8 can be solved
exactly. The remaining four are not integrable exactly. Two solutions

are used: by polynomial interpolation and by expansion in series.

Solution by polynomial interpolation

The first two integrals have exact solutions:

d e
jm = -Aln(1-a86)+Alne

d e ~B
Bfm =3 =m0-a9

The remaining four integrals are not soluble exactly. In order to
integrate them, they are combined under one integral sign. The region
of interest is 10° ¢ & < 80°, i.e. 10° away from the stagnation
point and the edge of the hemisphere. 8ix points in this region

are selected evenly spaced, the terminal ones being 10 and 80°, The
values of the integrand are found for these points and a polynomial

is found passing through these points thus approximating the integrand.
Since a polynomial is always integrable, the solution can be found.

Executing this procedure in steps one obtains:

C —9-9:2—9-—6.9-]) 8 cot 6 cot 20
f’l-a@ m-—g'dQ+E 1—-__—-é-—g-d9+

0 cot 20 , cot 9 9 cot @ cot 20
_F]1—a9 f(1—aO_D1-aG +Bgt
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0 cot 29) _
-F—5Jd0=

or for simplicity:

= J[ (c g, -Dg, +E 83 - T gh) de

The following tabulation shows the values of the integrand at

the selected six points:
10 2l 38 52 66 80 (degrees)
LA7L5 4189 L6632 .9076  1.152  1.396  (radians)

g, =5.728 2.300 1.329  .8232  .L76  .1913
9995 .9635  .881L  .7L4T1 Su8lL L2671
2.775  .9221  .2590 -.2676 =.9626 -2.981

N
1l

]

g, = -48L3 .3862 17175 -.2384 -1.1088 -L.1622

Premultiplying and calling £(8) = C gy - D g, + E g3 -F gh

C g = L1260 ,1710  .0989 L0612 L0354  .0142

i

-D &5 -.0005 -.0005 =-.000L4 =-.0004 =.0003 =-.0001

E &3 2.5685 .8535 .2397 -.2L477 -.8910 -2.7592

~-F g)_L = -.0269 -.0215 -.0096 .0133 L0617 .2315

£(e) = 2.9676 1.003 2329 -.1732 -.7939 -2.5135

It is obvious that the integral premultiplied by D contributes very
little and therefore can be disregarded. TUsing Newton's interpola-
tion method for finding the polynomial passing through these points,
where, A0 = 0.2L1346:



2.97

1.0

.33

~2.51

-1.97

-.50

-.62

~-1.72

1.3
-1.13
7
- .29
.12
- .98
~1.1
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8L

-1.53
-.69

£(0) = 2.97 - —31f2Lz (8 - .1715) + =iz (0 - .1745)( -.14189)

B .;Ll33x6(9 - 17u5)(e - .L189)(e - .6632) +

+ .ZﬁBZixZ”(g - .17)45)(9 - .h189)(9 - .6632)(9 _ -9076) +

1.

= T2LL35e20(8 - +17L5)(6 - .L189)(e - .6632)(6 - .9076)(6 - 1.152)=

~ 6.98 - 33.790 + 76.900° - 91,.263 + 58.366% - 11.6L0°

For future use £(8) = 0 at 6 = 0.8195 = 46.95° = n7°
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Moking the approximstion

f (Cg, + Bgy - Tg) a0 = jf(@) a9 =
[(6.98 - 33.796 + 76.908° - 9L.263 + 58.366" - 1L.6L6°) ao =
2 3 by 5 6
= 6.980 - 16.896° 4+ 25.636° - 23.5L67 + 11.676° - 2.L8° = I(6)

Substituting the above integrals into equation A.8 yields:

in ﬁm - 0.537U 1n (1 - a8) + 0.537L 1n 6 + 1.008 1n (1 - a@) +

+ I(8) = const
(4.9)
Reducing
1n Vm + 0.4708 1n (1 - a@) + 0.537L 1n @ + I(®) = const
(A.10)
Applying boundary conditions:
= 0
Vm=1 at@=90=10.9 = 0.19
0.4708 1n (1 - a@) + 0.5374 1n o, + I(GO) = const
(A.11)
Substituting back into A.10:
.4708 .537L
= ,1 - af 0
1n[V ( ) (=) +I{(6) ~I(e ) =0
m 1 - a@o QO J (o] (A.12)

Finally, for 6 £ L7°:

v _ 1 - a0  .L708 (_9_9_).537u ] I(QO) - I(9)
m 1 - al e

(A.13a)
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where:

1(s,) - 1(6) = - [6.98 (8-6,) - 16.89 (8°-67) + 25.63 (87-07) +
- 23.54 (e”-@i‘) + 11,67 (@5-95) - 2.1 (95_95)]

And for 6 > L7°%:

4 ag1)-h708 & -537h 1(e) - 1(e4)

V= e (T ag 5 ) e
(A.13b)
where:
meo =7 ate-= L7° = .8195 radians

In equation A.1l, the symbol ﬁ£h7 represents the value ofAVQ
calculated at 91 = h?o, for which f(Q) = 0, This equation 1is
awkward to use. A much more manageable eguation is obtained as

follows:

Solution by expansion in series

The starting point is again equation A.B8. The first two integrals
have exact solution, but the remaining ones do not and an expansion
in series will be used to solve them, Some terms in exact and
series expansion will be similgr., Collection of exact and rough
coefficients by which integrals are multiplied produce incorrect
results. In order to obtain consistent coefficients, all integrals

are expanded in series.
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The following series expansions will be used:

(1 - za,y;)"1 R L N

Using those, the component integrals become:

de . 1 2 3,2 _
Af'(,l——_—m _Af(g+a.+ag+a9 + ...) d0 =

2 3
=A(1nO+aO+%92+%93+...)

Since a = 0.0561, the terms multiplied by powers of "a" larger than

2 will be disregarded, as will the integral premultiplied by
D = 0.000L72.

2
de . 2.2 _ a2 a3
B[———1_dg_Bf(1+a9+aG +...)dO-B(9+29 +39)

3
te . 2.2v¢/1 68 8
C[%d@:C/(1+a@+aO)(a—§--§ ee.) d6 =

=CL1n9+a@+%(a2-

o=

' 3
E/%?d@éEfUJraeJrazQQ)(ga-%g —%...)d@:



1T

) 1@ 22 223 18 2% b B 5
_EL21n9+-2-O+2(2 3)9 -5 0 h(h5+ 3)9 -EQJ

3
[ [0 B
~ 2 2
1 a2, 1@ 23 e 1,8 22 5 8 6
SERRE-URE I LiSE ol 1= S8 SLSd - Tl

Substituting these components back into equation A.8 one obtains:

InV +21n0 + A ad +—+a%6° - BO - + a B6® - +~a® BO> + C 1no +
m 2 2 3
1 2 1.2 1 3 a® 1.\
= - =)o - = -=C (2 +yo)8
+aC0+35C(a 3)e 5 & ce hc(3+u5) +

2
FLE 100 + 4 ame 4+ BE --_f;)@z--21 a B +

2 2 2 N2 9

1S ﬁ)glL 1o laFGZ—lF(—a—z-g)93+
TLEMs T3 T2 372 73
+laFQh+l(i +-2£2-) GS = const

6 5 L5 3

(A.14)

collecting terms:

1n7m+(A+C+%F)1n9+(a.A—B+aC+-1§aE)G+

+(-1é-a2A- aB +

NGy PN

1
2
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+ (- %- %5 - % aC - %‘&E e %-F) o> 4
-1 .2 2 1
+ ( 75 aC - 180 -izE-ga %% + + aF) gk
+ (225 2a F) G = const
(A.15)

After substitution of values:

ln-V£ + 1.07457 1ne + 0.003723 & - 0.3216 92 + 0.0002688 93 +

- 0.0415L QL‘L + 0.002001 95 = const
(A.16)
Disregarding the terms with negligibly small coefficients:
o 2 )_l» 3
1n Vm + 1.075 1n6 - 0.3216 8° -~ 0.0L415L4 67 = const
(A.17)

Applying boundary conditions that VﬁAE 1T at 6= GO and

rearrangings:

1.075
_} = 0.3216 (92-95) + 0.0415L (Gh—Og)

1 [T, (@)
(A.18)
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And finally:

o 0T 0.3216 (92-95) + 0.0415k (gh-@i*)
Wy = () e

(A.19)

The derivative of A.19 equals zero for 92 = 6&.30 = 1.1228 radians.

Therefore, for € < 6, = 6li.3° the following relation applies:

2 6% ' Looh
s _ (90)1.075 . 0.3216 (o eo) + 0.0415Y4 (@ go)
m e
(A.202)
And for @ 2 0,
_ 1.075  0.3216 (05-67) + 0.0415l (oh-eM)
" = Tue.3° (%) e

(A.20D)

In equation A.20b, the symbol vm6h 3o denotes the value of Vﬁ at

6=0,z 6L.3° = 1.1228 radians.

Finally, it would be of interest to obtain an equation similar
to 8.3a. For that purpose, at 6_ = 10.9° = 0.19 radians that

equation should equal 1, therefore

and the purely empirical equation found is:

8. -1
v 1 = (5.287 6 cos 3)

B 5,287 6 cos 3 (a.21)
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APPENDIX B

Calculation of Viscous Shear Force

at the Wall, for Chapter 9

The momentum equation component is in the plane normal to the
impinging jet. In a consideration similar to that in chapter 8, but
for an angular element d(p of the control volume ADEA, at the wall,

as shown in Figure Ta, the following equation applies:

5

5 —
jgvmcosg 31 L/V(R-z)sin@dz] a1 +

gso o

—0/‘§ v (R-2) cos @ sin 6 dz =
= ~/, R sin © ?Tw cos € ds (B.1)

Where: Vﬁ is the max. velocity, i1.e. velocity at =z =5

v is a velocity at z in the velocity profile

e ig the position angle in vertical plane

R is the radius of curvature of the hemispherical plate
1 ig the curvilinear distance measured along the surface

of integration
s is the distance along rhe hemispherical surface
is the air density
is the wall shear stress

is the angle in the plane normal to the free jet axis

- M
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Since the boundary layer thickness is small, one can approximate

1=g=~RH. Assuning gJ = constant and introducing a dummy variable

X for @
e &
9[ i [ V(R-z)sino(dz]Rdo(‘+

m R

5 o
g o

_.S;fvz (R=-2)cos & sinX dz = [‘[w R® cos o sind d oC
o)

2P
(B.2)

Differentiating each term in equation B.2 with respect to ¢ ,
observing that V= V_at z = S and returning back from X to @

one obtains:

)
o (R - 2) —2— (T sin 0) 4
Vmgcos -z =% gin Z 4
0

(V2 cos © sin 9)dz+

+S)(R—S)V2003931n9 f(R-Z)

- ¢ (R-S)Vicosgsing-;g—= T B cos O sin ©

(B.3)

Since the second and fourth terms cancel, it reduces to:

V. S oos@/ (R-—Z)————(V81n9)dz+
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5
=) 2 . o L2 .
—S’j(R—z) ,eg(v cos © sin 0) dz = L, R cos @ sin 6
o
(B.3a)
Introducing dimensionless parameters:
v
- v = m Z -~ d=z
V=o— V == Z == and dz = =
Uoc: - Uoc S &
‘e ns 2
Dividing by Uoc H
Vm g D
— © O cos @ (R - z) (7 sin 08) =
S 206 '\T
oc oc
O
D V2 . dz
- f&j(ﬂ-z)—;a——é-(Uocg cos 6 sin 9) 5
o
Ty ¥ :
= —F7— cos 0 sin @ (B.L)
oc
Introducing the new symbols and dividing by g :
{
T & cos o (R -57%) © (V sin 6) d7 +
m D0
O
! 2
' D - - TR
-5 | (- &%) (¥ cos 0 sin 0)dF = —¥ cos © sin ©
R e Use
o

(B.5)
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Using the identity sin 20 = 2 cos © sin 0, the last equation becomes:

/

‘\-f"mgoosg j(R—S'z’)

()

:aag (V sin ) a7 +
I 2
- Ty R

-5 f (R-&2) gg(vz%sin%)dz':—%— % sin 20

0 ocC

(B.52)
Carrying out the differentiation and multiplying by two:

[ p—
2\7mgcosg f (R - SE)LV' sin9+V'cosO] az +

—

I [a]
-25] (R—SE)LW‘ sin29+\72cos29j az =
8]
-~ 2

Lw R
T og2
§UOC

and multiplying out the terms, yields:

sin 20 (B.6)

{
2‘\fmgcosef (RV' sin @ + RV cos 6 - & V' 7 sin 0 +
© /

- &7 % cos Q)dz_—zgf (RV 7 sin 20 + V- cos 20 +
8]
Ty B

= g= sin 20
§ “oc

- STT % sin 20 - & 7% cos 20) 47 =

(B.7)
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Within the boundary layer region the velocity distribution may be

agsumed as before:

V:‘_fmg 1/n (8.15)
wa 2L 5 VAT -t/ T, _g__) (8.19)

Introducing 8.15 and 8.17 into B.7 yields:

/

: {
2V goosg‘/[REJI/n(ff'-Vn? §»)sin9+Rv 21/noosO+
m m my m

18]

n+ 1 . n+ 1
o} —_1 — - — . —
-8z (Vm-‘l/nvm%)sine—gvmz cos O] dz +

!
— 2/n ! — ' —o_
—26f[3vmz/ (vm-1/nvm—g—) sin 2@+Rv§1z2/n cos 26 +

o)
n+ 2 . n+ 2
- m -8 _p =® _
-8V, 7 (V, - 1/n7V, —£) sin 26 - 8 7,z cos 2@] az =
ez' 2
= —WER__ sin 20 (8.8)
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On carrying out the integration, there results

n+1 |
S\ n
= - = 8.y . AE
2vm§oos,e[R(VI;1-1/:zlvmS)S,m@m1 +
n 0
2n+1
...'rlrtll 1 — - 5 - l
F . Z
+ RV, cos © o =3 (V, - 1/n Vo S ) sin o +
n 0 n 6
on+l ot n+2 |
. = n _ ) _ 5' = n
- © ¥, cos ezn_n" :' -2§[Rvm v, - anm's_) sin 26 =— +
n 0 n 0
2 2n+2 }
- 2 %— 7 —_ —_ 1 — 5! Z
+ RV~ cos 26 — -8V, (V, -1/n vm—g—) sin 26 —5—>5— +
n o n ¢
on+2 |
2}
—672 cos 29_ ] = —-(L—#‘“LQBZ sin 26
20i2 N g Uz (3.9)

On substituting the limits and dividing by sin 28, € {: 0, i.e. away

from stagnation point, one gets

l
2 cose = g g . on
2 cosb sin@vmg[nﬂ R(V - 1/nV ns ) Sln9+—n+1 RV cos @ +
60
b . _on
2n+1 b (V —1/an—-S—)s1nQ ey S V cos O] +
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n - ! = & n =
- — - —r— — 2
2 & [ 2RV, (T, - 1/a7 — ) + =5 RV, cot 26 +
' s 2
n = (7 T G n g
- Ly __n 20 =
L T (T, -1aT, < ) - 55 © T, co ]
Z—w 32
= == (B.10)
g ocC
Multiplying and reducing terms
1 [}
m e Sv T _ 1l gé F2,m 38772
= R Vm Vm e R m t — R Vm cot & +
2 — ! Voo 2
n 1 N 5 2 _ n 2
2n+1 Vi m 2n+1 m 2n+1 S Vi cot & +
2n = =1 2 "=2 on T
--1-1:2-38 Vo Vo + 5 R vm-n+235vm cot 20 +
2 1 ~ .
n —_ - 1 e 2 n < 2
2 - v B T € cot 20 =
o 9 T Vi i1 © o Vo n+1 ©
— cTv_w 32

(B.11)
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Which, after a few transformations, becomes

— -
_%_-_Zﬂ)aévvar(ﬁT—znfq) SV, Vo o+

Y— —
(2 -)rR & T2+ ROV (2 cot 6 - =22 oot 20)

T\ T o o n+1 n+2
+ (_2_;17 - %1_) S é' '\fmz + 52 Vfl HET cot 20 - 21121 cot ©)
_ gj:gj? ( .12)
Multiplication of coefficients yilelds:
(n+1-)'n§n+2) R O vm v1111 * Tatt) I(linﬂ) & : vm Vm' +

. _
RS Vm2+BSV§1(I—ﬁTcotQ-ﬁ-§-oot 20) +

* )n(n+2)

n §§8' 72 2=2 , n n
o - _—n_ _
(n+1) (20+1) 6 Vm S T (n+1 cot 20 - o °ot o) =
T 2
= it (B.12a)

S T2



If Vm is assumed to have the following dimensionless form

v

o
Vo, = A (=
ns @)
where A is a velocity proportionality coefficient

o =(ets)
BN
d o o] 0

And also if it is assumed that
& = BRe
where B is a coefficient of the boundary layer growth.

d
10 = BR

(B.13)

(B.1L)

(B.15)

(B.16)

After substituting the last four relations into equation B.12:

n? > o 6 2% n° o 2 2 2 0.\
(n+1) (n+2) B 47D (5‘;) T ) (2047 AR (6:)
—20¢ -2
n 2 2 _.a 2 2. 9 n
S eveaw e Y B(ag) + R" A" B O (QO) <EIT cot ©
- 2B oot 20) +

n+2

2

+
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+
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-2 X -2 K

n 2 2 .2 o) 2 2 2
") (e A B e (§> - K 42 38% 0 ("“) (m cot 20+
n Tw RZ
= Tog1 ©OF 0) = Uc?c' (B.17)

Observing that B is a small number, about 1/80 in the present
investigation, one can disregard terms in which B2 appears. Without

committing large error one can write, therefore after dividing by
2

R:
—
z = S e
e Usw (n+1)(n+2) o, n+2
2 ) -2 0 n
+A°Bo (5—-0-) (m,' cot 6 - == 2 cot 20) (B.18)
After reducing:
Ly n20<+n 2 o) -2
= A B () (-——-ecoto+
2
e U2 (n+1)(n+2) e,
2 X
- 28 cot 29)A B (——) (B.18a)

+2

For simplicity letb:

2
.2 n ol +n n n_
F=A"B EYSRIETE) + o 6 cot 0 = ;) 20 cot 20

(B.19)
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Then B.18a becomes

T, -2
ﬁid F (%_) (B.18Db)
oC 0
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APPENDIX C

Evaluation of Bxperimental Error

The maximum relative error for velocity, measured with the Pitot

tube at steady, incompressible flow is evaluated as follows:

The velocity formula is:

T=\2en (§w/Qa-1) (o-1)

in which 528- = __%_Lﬁg_% (c-2)

Where: g = gravity acceleration, ft/§ 2

h = water column reading, inches of water

¢, = density of water, 1by/ft3

€5 = density of air, lbm/ft3

P = ambient pressure, psia

2 = compressibility factor

R = air constant = Ibg ft/1by °F

T = air temperature, °R

On substituting C-2 into C-1, one obtains:

« |2gh ZRTQw
V= V T, P (-3)

By definition, a maximum relative error is:

- Max. measurement error -
6 Measured value 100% (0=l
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Since g, Z and R may be assumed exact, they do not contribute to

the error and it is expressed by:

gv=%(89+ ST"' gh+ Sp) (c.5)

Bvaluating individual relative errors:

Water density error between 75 and 90°F

 62.27 - 62.12 __0.15 _
gg“ 62,72 =592 = 0-2L%

Temperature error, 2°F at an average of 75°F

-—

2 0,
bT='§'3"5'= 0.4%

U-tube water column reading, O.1"

=91 _ 50 o o
8&1-22-7 = 0.1% at the velocity = 320 ft/sec,

measured with the U-tube

Barometric pressure, 0.03" Hg

_0.03 _
Sp = =32 = 0.7%

Combining the components yields:

Sv=%(o.2+o.u+o.u+o.1) =2 (1.1) = 0.6% (c.6)

The maximum relative error at steady flow and the velocity of

320 ft/sec measured with a U-tube is 0.6%.
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Compressible Flow

Air compressibility effects are most prominent at the highest
velocity. The highest velocity measured in the wall jet was

320 ft/sec which corresponds to Mach number M = 0.28.

The Pitot tube pressure reading has to be corrected according to

the relation (30):

2 (1 - 5P (c.7)

T_Vz—=1—%M + ceeee (C°8)

After disregarding smeller terms, I M2 is the correction for
compressibility and also the relative error incurred by assuming
an Incompressible flow:

S =31 =% (0.28)% £ 0.02 = 2% (c.9)

(e}

The total maximum error with compressibility effects included is

then:

So =% (0.2 4 0.l + 0.y + 0.1 + 2) £ 1.6% (c.10)

Since compressibility error is the dominant component and it is
proportional to velocity squared, the total relative error decreases

rapidly with decreasing velocity.
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