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ABSTRACT

Interaction "between solid and fluid has been recognized to be an 
important factor in the areas of aeroelasticity, hydroelasticity, and 
the study of flow-induced vibration in nuclear reactor components. This 
study develops a finite element model for interaction between an elastic 
solid and a fluid medium. Plane triangular finite elements have been 
used separately for fluid, solid, and solid-fluid continua and the equiv­
alent mass, damping, and stiffness matrices and interaction load arrays 
for all elements are derived and assembled into global matrices. The 
global matrix differential equation of motion developed is solved in time 
to obtain the pressure and velocity distributions in the fluid, as well 
as the displacements in the solid. Two independent computer programs, 
each employing different algorithms and numerical solution techniques 
are used to obtain the dynamic solution. The first program is FLINTS 
(Fluid Interacting with Solid), a special purpose finite element program 
developed herein for solid-fluid interaction studies. This program uses 
the modal superposition technique in which the eigenvalues and eigenvectors 
for the system are found and used to uncouple the equations. This approach 
allows an analytic solution in each integration time step. The second 
program is WECAN (Westinghouse Electric Computer Analysis), a general 
purpose finite element program in which new element library subroutines 
for solid-fluid interaction were incorporated. This program can employ a 
NASTRAN direct integration scheme based on a central difference formula 
for the acceleration and velocity terms and an implicit representation of



the displacement term. This reduces the problem to a matrix equation 
whose right hand side is updated in every time step and is solved by a 
variation of the Gaussian elimination method known as the wave front 
technique. Results have been obtained for the case of water, between 
two flat elastic parallel plates, initially at rest and accelerated sud­
denly by applying a step pressure. The results obtained from the above- 
mentioned two independent finite element programs are in full agreement. 
This verification provides the confidence needed to initiate parametric 
studies. Both rigid wall (no solid-fluid interaction) and flexible wall 
(including solid-fluid interaction) cases were examined. The pressure 
time histories for the flexible wall configuration show the following 
features: l) The observed period of oscillation of the fluid increased
with respect to the rigid wall fluid period 2 L/c as expected. This is 
due to a reduction in the effective speed of sound in the fluid resulting 
from the solid-fluid interaction: 2) The observed pressure in the fluid 
is generally lower than the pressure in the rigid wall case except when 
transversal water hammer occurs. This is also a solid-fluid interaction 
effect, caused by the motion of the wall as the step pressure wave advances 
along the channel; 3) Transversal flow due to the motion of the wall is 
also observed. When the motion of the wall reaches its maximum, the 
transversal flow is decreased resulting in a water hammer phenomenon.
This effect exhibits itself in the form of a pressure surge on the response 
curve.
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1 INTRODUCTION

In recent years, there has "been a wide interest in the subject of 
solid-fluid interaction. This area encompasses the interaction of a 
structure with an incompressible or compressible fluid which is of major 
concern in many fields of applied science and engineering such as aero- 
elasticity, hydroelasticity, flow induced vibration, etc. Solid-fluid 
interaction is also of particular interest in the design and analysis of 
nuclear reactor components involving geometric complexities and nonlinear­
ities. Experimental studies have been performed that confirm the impor­
tance of solid-fluid interaction D-0*23D’*’»

A survey of solid-fluid interaction literature reveals several major 
categories: l) Hydrodynamic mass approach; 2) Vibrational behavior of
a fluid-conveying pipe or conduit; 3) Interaction between a body and 
fluid flowing past the body; -̂) Interaction between a vibrating panel 
and a fluid medium; and 5) Generalized solid-fluid interaction.

In the first category, the hydrodynamic mass concept, frequently 
used in dynamic analyses, has the following limitations. Most practical 
problems have complicated geometries and the hydrodynamic mass analyses 
are generally performed for simple geometries with a limited range of 
applicability [21^. Moreover, for problems involving impact in nuclear 
power systems, the use of hydrodynamic mass makes the results unrealistic- 
ally conservative.

^Numbers in brackets designate references given in Section 9*
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In the second category, flow through vibrating pipes is a historic­
ally well known problem and has been examined extensively. Some authors 
have attempted to approach the problem in a fashion similar to Streeter's 
water hammer analysis [22]. Chen and Rosenberg studied general fluid- 
shell interaction characteristics in a small flow velocity range for 
cylindrical shells conveying fluid. They developed a modified water hammer 
theory and an approximate bending frequency equation including the effect 
of the flowing fluid. In the area of plastic response, Fox and Stepnewski 
[9] developed a one dimensional dynamic analysis which indicated that at 
pressures exceeding the pipe yield pressure, wave velocities are substan­
tially reduced from the elastic wave velocity, and the waves are dispersed.

The third category, interaction between a body and fluid flowing past 
the body involving aerodynamic and nuclear problems, has received consider­
able treatment. In the area of reactor core and heat exchanger analysis,
Hine []llj studied the dynamics of slender rods in a cylindrical duct subject­
ed to parallel flow together with an acoustic field. He determined that 
acoustically induced rod vibrations are critically dependent upon a close 
structural-acoustic wavelength match. Paidoussis Cl93 reviewed the existing 
methods of prediction of the small amplitude vibrations of flexible cylinders 
subjected to flow that was not purely axial, steady, and uniform. He con­
cluded that experimental verification of this subcritical vibration ampli­
tude is probably best due to the extreme smallness of the vibration and 
because the force field in the boundary layer cannot be accurately character­
ized or predicted.
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In the fourth category, there has been some examination of solid- 
fluid interaction with regard to plate-acoustic systems. Graggs []7D studied 
the behavior of a coupled plate-acoustic cavity system in which the acoustic 
pressure was spatially uniform. The solution was obtained using finite 
plate elements by adding an acoustic stiffness matrix, representing the 
effect of the cavity, to the mechanical stiffness of the plate. Thus, 
the effect of the acoustic medium was included without having to model 
the medium itself with finite elements. None of the preceeding examples 
studied solid-fluid interaction as a phenomenon in itself. These studies 
concerned themselves with the effect that the fluid has on the system, 
similar to the hydrodynamic mass concept. Solid-fluid interaction has been 
studied by Nahavandi, Sun, and Ball [16,17] who examined the problem of a 
three-dimensional rectangular structure with one elastic wall, subjected 
to an external harmonic noise source, with and without damping. A concise 
closed-form solution for the sound pressure level inside the enclosure (for 
the first wall mode) was determined from the acoustic wave and vibrating 
plate partial differential equations using the Galerkin method of weighted 
residuals.

The final category is generalized solid-fluid interaction. In this 
case, most investigators have developed a finite element model with fluid 
displacement as the main variable with the ultimate objective of analyzing 
solid-fluid interaction. Feng and Kiefling [8] derived such a fluid finite 
element which was tested for the cases of sloshing and fluid compressibility. 
Tong [24] developed a fluid finite element for viscous flow based on small 
fluid displacements. The presence of the fluid was accounted for by the 
addition of equivalent fluid mass and stiffness matrices to the solid
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matrices. This model was applied to the problem of a liquid and a gas 
sloshing in an elastic container. In these studies, small fluid displace­
ment was assumed, thereby limiting their scopes to fluid slosh and fluid 
compressibility analyses. The advantage to using fluid displacement as 
the dependent variable is that no solid-fluid coupling terms would appear 
in a solid-fluid interaction formulation. The solid structure and fluid 
would be treated as continuum in which displacement is the dependent 
variable. However, limiting the analysis to small fluid displacements 
severely reduces the applicability of the solution. The applicability 
may be improved by the choice of a different dependent variable for the 
fluid. Baker [1,2,33 developed a fluid finite element based on stream- 
function which is more suited to problems involving fluid flow, but may 
also be rendered compatible with existing structural elements. However, 
no generalized solid-fluid interaction package has yet been presented 
which develops a fluid finite element compatible with existing structural 
elements and at the same time establishes the interaction between the 
solid and fluid elements as a phenomenon in itself. This is the purpose 
of this study.

Specifically, the objectives of this study are:
1) To develop a finite element model for the generalized problem 

of solid-fluid interaction in a two-dimensional continuum,
2) To develop a computer program based on this finite element 

model for the treatment of solid-fluid interaction problems.
3) To employ this program for the study of a wave propagation 

problem consisting of water, between two flat flexible plates, 
initially at rest and accelerated suddenly by applying a step 
pressure at one end.

k) To examine the effect of both fluid and solid damping on the 
above solution.
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2 MATHEMATICAL FORMULATION
2.1 Fluid Finite Element

The simplifying assumptions employed in the development of the fluid 
finite element are

1) The fluid flow is assumed to be compressible and two-dimensional.
2) The fluid pressure is used as the main dependent variable.
3) The density oscillations are assumed to be of small amplitude.

The fluid shear stress is assumed to be proportional to its 
velocity.

The differential equation governing the pressure distribution p in 
a two-dimensional flow subjected to small amplitude acoustical oscillations 
is given by the wave equations

(2.1-1)
2 .2 i- >2_ _JL. 2 , 2  2 dx dy c

+ k iE2 fat^ 1 at

in which c is the velocity of the acoustic waves and k^ is the viscous 
damping coefficient. Eq. (2.1-1) is discretized on finite element subdiv­
isions of the fluid region by the Galerkin method of weighted residuals.
A plane triangular fluid finite element, as shown in Fig. 2-1, is used as 
the basis for the fluid finite element formulation. It is assumed that 
the pressure at any point in the triangular element may be expressed as 
a polynomial in x and y . In this case,

P = a-j_ + a2 x + y (2.1-2)
in which the coefficients a are functions of time. Employing the above 
equation at the nodes, it can be shown [_Z6[] that

P = [Nf(x,y)] (pe(t)} (2.1-3)
in which {pe3 is 'the elemental array of time-dependent nodal pressures
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FIG 2-1 FLUID FINITE ELEMENT
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and CN̂ ]] is the shape function of the fluid element, given by
[Nf] = y j - [(a1 + ^  x + c1 y) (ag + x + og y) (â  + b^ x + c^ y)]

f (2.1-it-)
where

(2.1-5)
al X2 y3 " x3 y2 bl = y2 “ y3 C1 x3 " x2

a2 = x3 yl “ X1 y3 b2 = y3 " yl C2 = xl - x3

a3 = X1 y2 - X2 yl b3 = yl “ y2 c3 = x2 - xi

Af = (a-L + a2 + a^)/Z.
are the local coordinates of the triangle and is the area of the
triangular fluid element. Employing the weighted residual method,
eq. (2.1-1) "becomes

r.2 ,2 , ^2 k
fSA [wf]T 9 p , 9 p 1 9 p f 9p

i  * i  - ‘ ~zZ.9x 9y c 9t c 9t
dx dy = 0 (2.1-6)

Direct substitution of eq. (2.1-3) into the above equation and integrating 
would result in a trivial solution. It is therefore necessary to integrate 
the spatial derivatives in eq. (2.1-6) by parts in order to reduce the 
order of the derivative. In terms of continuity requirements, continuity 
of the variable and its derivatives up to one order less than the highest 
derivative in the differential equation must be maintained in the solution. 
In the present form of eq. (2.1-6), it would be necessary to find a sol­
ution which would satisfy continuity of p , 9p/9x , and 9p/9y . This
is impossible using piecewise linear polynomials, which are "being employed 
here. Integration "by parts would reduce the order of the derivative so 
that continuity would have to be satisfied on p only, which is tractable. 
For these two reasons, it is necessary to integrate eq. (2.1-6) by parts. 
Doing so and substituting in eq. (2.1-3) yields
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c n .:t Is  as - j-j-.
d[uf]T aC«rf] a[Nf]T a[Nf]

. 9x 3x + 3y ay dx dy {p }
(2.1-7)k

- SSA [Nf]T [Nf] dx dy {pg} - SSA [Nf]T -| [Nf] dx dy {pe3 = 0 
c c

Defining the following matrices and arrays which are evaluated in Appendix
1 :

The inertia matrix [Ge3 = SSA D g T ~ ^  dx dy
c

The viscous damping „ k„
matrix [Lj = SSA [Nf] —  [Nf] dx dy

c

The fluidity matrix 0H 3 = SSA6 A
s[Nf]T a[Nf] a[Nf]T a[Nf] 

l ax ax + ay ay

(2.1-8) 
dx dy

The "boundary integral „ -
array {F } = S? Dip] dS"S L fJ an

eq. (2.1-7) reduces to
[eg £pe} f [Le] b e3 + [He] Cpe} = {Fe} (2.1-9)
is the contribution due to boundary integrals corresponding to the 

prescribed motion. For fluid elements, this contribution is cancelled 
out because it is an internal force. For fluid elements attached to a 
moving boundary, this term couples the fluid with the boundary, which will 
be discussed in Section 2.3 • Thus, for fluid finite elements the matrix 
differential equation becomes

[g6] b e} + D g  b e} + o g  {pe} = o (2.1-10)
The boundary conditions which may be applied to eq. (2.1-10) are either 
specified nodal pressures or specified velocity components that can 
readily be expressed in terms of nodal pressures. For a totally fluid 
system, this matrix equation is established for each individual finite 
element, and is then assembled into a global matrix differential equation
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of the same form for solution.

Once the solution is obtained, the velocity components may be computed 
on an element basis by the application of the momentum equations

dvx
at

av

- k Vpf ax f x (2.1-11)
 I = _ _iL_ _at pf ay k„ v f y

Applying a simple finite difference scheme in time and discretizing the
pressure yields for the horizontal velocity component v

n + 1 n v - vx________ x_
At

1
—  ^ £p 3 - ^ _ vp„ 3x ^ e J f x

which when solved for the updated velocity v
x
n + 1

n + 1 n . ,v = v + Atx x
Similarly, for v. n + 1

n + 1 nv = v +y y At

_1_______
Pf

! a[Nf:

{pj - fcf vxn

{pj - K  v n

(2.1-12)

(2.1-13)

(2.1-1̂ )pf ay eJ f x 
Thus, the velocities are updated in each time step, using the velocities 
from the previous iteration n .
2.2 Solid Finite Element

The solid finite element used in this study is developed based on the 
method of virtual work. This method equates the work and change in inter­
nal energy in a system generated during a virtual displacement d6 . This 
procedure is well known and has been documented £20,26],

A plane triangular solid finite element as shown in Pig. 2-2, is 
used as the basis of the solid finite element formulation. It is assumed
that the displacement at any point in the triangular element, û . and u ,
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may be expressed as a polynomial in x and y . In this case

(2.2-1)Ux = a4 + a5 X + a6 y
= ay + otg x + y 

Eq. (2.2-1) may be employed at the nodes in the same fashion as the 
pressure in the fluid element, yielding

ux
uy

= [N (x,y)] {u (t)} = \ l  0 N s 2  0  N s 3  °

• 0 Nsl 0 N s 2  0  N s 3 j

{ue} (2.2-2)

where {u } is the array of time-dependent nodal displacements and
[N ] is the shape function for the solid triangular element composed of s
nodal shape functions N . given bysx

"si = F T  (ai + h x + °i y) (2-2_3)S
in which all terms are defined as for the fluid element. The relationship 
in eq. (2.2-2) is used in conjunction with the principle of virtual work 
and the theory of elasticity to yield the matrix differential equation for 
the nodal displacements of the solid finite element

[Me] {ue} + [Ge] {ue3 + [Ke] {ue} = {Re} + {Re’} (2.2-4)
where

m
The mass matrix [M ]] - ffA D O  p_ D O  dx dy6 A S  S S

The damping matrix = a ^e-^ +  ̂^e-^ (2.2-5)
The stiffness matrix t-̂ e-1 = *^A dx dy

and {Rgj is the applied load array. P g is the density of the solid,
[Cg] is the proportional damping matrix related to the mass and stiffness 
matrices by the damping factors a and 3 respectively, jjB] is the strain- 
displacement matrix, D D  is the elasticity matrix. {Rg } is the force 
on the solid due to pressure forces on the boundary, and represents the 
coupling force which will be evaluated for the solid-fluid superelement.
The matrices of eq. (2.2-5) are evaluated in Appendix 1. The
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boundary conditions which may be applied to eq. (2.2-4) are specified 
nodal displacements. For a totally solid system, this matrix equation 
is established for each individual finite element, and is then assembled 
into a global matrix differentail equation of the same form for solution.

Once the solution is obtained, the stresses may be computed on an 
element basis by backsubstituting the nodal displacements into the stress- 
displacement relationship

2.3 Solid-Fluid Finite Element
The solid-fluid finite element, as shown in Fig. 2-3» is a super­

element consisting of a solid and a fluid finite element. As will be 
shown later, the equations for the nodal pressures and displacements of 
the combined element are obtained from the separate fluid and solid parts, 
but in each case an added term exists which represents the interaction.
For the solid part, the interactive term is the pressure force acting 
normal to the moving boundary. For the fluid part, the interactive term 
is the inertial force of the moving solid acting on the fluid.

The contribution due to the pressure load on the solid is determined 
by calculating the work done by the pressure force during the virtual 
displacement as follows:

{a} = = [D] D O  £ue} (2.2-6)
Txy

The virtual displacement d6 is given by
Ss (<1un)T P dS (2.3-1)

d6 = d (2.3-2)
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The displacement may be resolved into its normal and tangential components
du^ and dû , by a coordinate transformation

UT ) — ■ cos a sin a"
d

uX

UN ) -sin a cos a uy
(2.3-3)

in which a is the angle the solid-fluid boundary makes with the 
horizontal axis, measured counterclockwise. The virtual normal dis­
placement may then be written

du.N = [- sin a
where

[ Ng ] = [- sin a

cos a] [Nj d{ue} = [ Ng] d{ue}

cos a] Cn H s

(2.3-4)

(2.3-5)
£ N J is the solid boundary shape function. Substituting eq. (2.3-4) s
into eq. (2.3-1) yields

dWp = d{uef  fs [ Ng ]T p dS (2.3-6)
Employing the shape function of the fluid and the array of nodal pressures, 
eq. (2.3-6) becomes

dWp = d{ue}T Ss [ Ns :T [Nf] dS {pe} (2.3-7)
The matrix differential equation which results from the inclusion of the

1
coupling term in eq. (2.2-4) is
D g  Cue} + [c9] ciej + [Ke] £ue} = {se3 + ̂  [Se]T £pe} (2.3-8)
where

[Se] = fs pf [ Ns ] dS (2.3-9)
is the solid-fluid coupling matrix. Eq. (2,3-8) is the matrix differential 
equation for the solid portion of the solid-fluid superelement.

The contribution due to the inertial load of the solid is determined 
by evaluating the momentum equation at the boundary. Recalling the matrix
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differential equation for the general fluid element
[Ge] 5 e3 + tpe ] + [He] [p 3 = #g [Nf]T f£ dS (2.1-9)rep.

The pressure gradient is expressed in terms of the fluid velocity at the 
wall using the momentum equation

(2.3-10)-  _ pan " Kf at

3P nan " Pf UN

Solid-fluid coupling is established by setting the velocity of the fluid 
at the wall in eq. (2.3-10) equal to the velocity of the wall itself, 
resulting in

(2.3-11)
Employing eq. (2.3-^) for the actual displacement, the pressure gradient 
becomes

i  - £ue} (2.3-12)
Substituting this into the matrix differential equation (eq. (2.1-9) rep.)
yields
c<y (5e) + & e: & e) + m g  cpe) = - ss c»ff  Pf t i s ]ds
or finally,

[Ge] {pe} + [Le] b e} + [Hj {pe} = - [Se] {ue} (2.3-1*0
Eq. (2.3-1*0 is the matrix equation for the fluid portion of the solid- 
fluid superelement. Equations (2.3-8) and (2.3-1*0 are rearranged into 
the form

M 0 e
e-1

u
+

C 0 e
1 JeL0

u • e

f I +
- Ese: M  10

Eq. (2.3-15) is the matrix differential equation for the solid-fluid

K 0 1 ue
0 H_ p

j:

(2.3-15)
R
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finite element. The "boundary conditions for eq. (2.3-15) a^e "the same 
as those indicated for the solid and fluid parts.

The applicability of this analysis is not necessarily limited to 
plane triangular elements. More complex structural elements, with their 
corresponding mass and stiffness matrices, can also "be used to model 
the solid structure in this solid-fluid interaction formulation.
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3 METHOD OF SOIUTION
3.1 Assembly and Reduction of System Matrices

The global matrices are obtained from the elemental matrices by 
establishing equilibrium throughout the system. The elemental matrices 
and arrays from equations (2.1-9), (2.2-4), and (2.3-15) are assembled

i
into global matrices and arrays of the form i

1 _ . » I R
_ • • 1 • /
M '0 u C 0 \ u K 0 I u

+ | + J zz ,
• • I j

0 G P 0 L 1 p 0 H 1 p\ \

X  [s]T {p}
pf \ +
- [s] {u}

(3.1-1)

For the totally solid or fluid finite elements, zero loads are assembled 
for the coupling terms. The global matrices and arrays are then reduced 
to condensed form for modal analysis. The specified displacements and 
inactive freedoms are removed, so that only active nodes are considered 
in the modal analysis.

The unrestrained global stiffness matrix is singular, so that some 
constraints must be applied to the system or else the system will show 
rigid body modes. These constraints are in the form of specified freedoms 
(displacements and pressures). The specified freedoms are entered into the 
global equation by inserting the freedom at the proper node, evaluating the 
force or effect caused by the known freedom, and transferring this effect 
to the right hand side of the equation. The rows and columns in the global 
matrices associated with the specified freedoms are then removed for modal 
analysis.

A further reduction of the system equations is performed for -nodes
which have inactive freedoms. Each node in the system is assumed to have
three degrees of freedom— u , u , and p . However, only solid-fluidx y
nodes have all three freedoms active. Fluid nodes have only pressure as
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the active freedom, and for solid nodes only the displacements are active. 
The inactive freedoms from the solid and fluid nodes are also removed for 
modal analysis. The final reduced form of the system matrix differential 
equation for the condensed array of nodal freedoms {x} is then

[ M ] {x} + [ C ] {x} + [ K ] {x} = {F} (3.1-2)
in which M [ C ], and C K [] are the real symmetric condensed mass,
damping, and stiffness matrices for the system, and {F} is the condensed 
load array. This latter array consists of the loads applied to the solid, 
the loads due to specified displacements and pressures, and the solid-fluid 
interaction loads.
3.2 Modal Superposition and Semi-Analytical Solution

The solution to eq. (3.1-2) is found by the modal superposition 
technique [20] . The eigenvalues and eigenvectors associated with the 
system are found and used to form the generalized mass and stiffness 
matrices. This uncouples the equations and allows an analytic solution 
in terms of the generalized coordinates. Transforming the dependent 
variable {x} to the generalized variable {q} by

t o  = O T  k }  (3.2-1)
where [<f>~] is the modal matrix, and substituting this relationship into 
equation (3.1-2) yields

+ M  t o  + C K ] M  t o  = t o  (3.2-2)
Premultiplying eq, (3.2-2) by the transpose of the modal matrix results in

m tc m ] m  m  + w-ft o : m  to + m t[ k : o t  to = m to t  (3.2-3)
For normalized eigenvectors, this equation becomes [25]

£q} + [2 ( w n] {<l} + C % 2] {q} = C0]T {F} (3.2-4)
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in which £ represents the modal damping ratio, and o»n is the natural 
frequency. All matrices are now diagonalized and the matrix equation is 
completely uncoupled and may he solved analytically. The initial displace­
ments and velocities needed to solve eq, (3.2-4) must also he transformed 
to generalized coordinates in order to he used in the solution. This 
transformation is accomplished in the following manner. The initial 
displacements are given hy

&co} = [0] Cl03 (3.2-5)
ip _

Premultiplying eq. (3.2-5) hy the matrix product 00] 0 M ] yields
[flTt M ] f>03 = [fflTC M ] M  £q03 (3.2-6)

For normalized eigenvectors, the matrix product C0]^t M ] 00] is equal 
to the identity matrix 0l] • Thus, the initial displacements in terms 
of generalized coordinates are

£i03 = [ « T[ M ] £x03 (3.2-7)
The same transforation is valid for the array of initial velocities as
well. Once the array of unknown generalized freedoms are found, eq. (3.2-1)
is used to transform them hack to the actual freedoms £x} . The elemental 
stresses and velocities may then he found using the nodal displacements 
and pressures in the manner described in Sections 2.1 and 2.2 . The accel­
erations are transformed in the same way so that they may he used to update 
the coupling loads.

If the rigid wall case is heing considered and the applied loads and 
specified freedoms are time independent, the solution is completely analytic 
and is independent of the time step. However, in the flexible wall case, 
the coupling loads are functions of the nodal pressures and accelerations. 
They must he recalculated after every integration time step and the updated
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values are used as the coupling loads in the next time step. Therefore, 
in any iteration, the load is constant and the solution is analytic within 
that time step alone.

The solution to eq. (3*2-4) is of three types: l) the underdamped
solution, in which the modal damping ratio, £ , is less than 1 ;
2) the critically damped solution, in which £ = 1 ; and 3) the 
overdamped solution, in which f > 1 . The underdamped solution at any 
row is given "by

and f is the corresponding element of the generalized force vector

and all other terms are defined as for the underdamped case. The over­
damped solution at any row is given hy

n
2

(3*2-8)
in which

A = q - f/a) 2 td ' n
1 r .H q + £ U) (q - f/o) 2)]o ’ n ^o ' n /-1

TD£] {f} . The critically damped solution at any row is given hy

q = A e
tn + C t e (3*2-9)

in which

q = D e + E e + f/ % 2 (3.2-10)
in which
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2 
D =

E =

= - U n( { + %/f 2 - 1 )

(r2 - rl
-1

(r2 - rl

J [(«„ - t/un ) r2 - q0] (3.2-U)

J [(«o ' f/"n > rl - lo3
3.3 NASTRAN Direct Integration Method

The WECAN program, which was used to verify the results from FLINTS 
is a large general purpose finite element program which solved eq. (3.1-2) 
using the NASTRAN integration method [l̂ -]. This integration scheme employs 
an elementary central difference formula for the acceleration and velocity 
terms and an implicit representation of the displacement term, as derived 
"by Chan, Cox, and Benfield in their extension of the Newmark g method 
[18]

/It"
[M] {:n + 2 - 2 xn + 1 a. n7 j.+  X  J + j f c -  [CD £x" + 2 - x"}

+ [K] {g xn + 2 + (1 - 2 8) xn + 1 + 3 xn} = {|3 {F}n + 2 + (3.3 l)

( 1 - 2  3) [F]n + 1 + p {F}n3
where n, n + 1, and n + 2 are the past, present, and future (updated) 
values of the variables and 3 is a parameter to be selected on the basis 
of numerical stability and accuracy. With g = ̂  , eq. (3.3-1) reduces to

At
r n + 2-i{x J =

(3.3-2)

At1
2 [ M ] - i [ K ]

{xn}

{x:n + 1-

which constitutes a set of linear algebraic equations and is solved by a 
variation of the Gaussian elimination method known as the wave front tech­
nique. The solution is therefore obtained directly without any further 
transformation as needed in the modal superposition solution.
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4 VERIFICATION OF RESULTS
4.1 Rigid Wall Case

The fluid finite element model, developed in this study, is verified 
for a two-dimensional channel, 24,5 feet long and 2 feet wide with rigid 
walls, shown in Fig. 4-1. Water initially at rest is accelerated suddenly 
hy applying a step pressure pQ at x = 0 while maintaining a zero pres­
sure at x = L. All geometric dimensions and flow variables used in this 
analysis are nondimensionalized so that the final solution is valid for 
similar problems. The numerical results are verified by comparison with 
the analytical solution presented in Appendix 2.

Three types of finite element grids were considered: (l) 48 triangular
element, uniform grid model (Fig. 4-2); (2) 48 triangular element, non- 
uniform grid model (Fig. 4-3); and (3) 108 quadrilateral element, uniform 
grid model (Fig. 4-4). These finite element models were analyzed using 
WECAN, a large general purpose program whose dynamic capability was extend­
ed by incorporating into it fluid and solid-fluid finite elements based on 
this study. The matrix differential equation for these totally fluid 
problems was solved using the NASTRAN integration method and the wave 
front technique as discussed in the previous section.

Three values of viscous damping are studied: (l) inviscid case,
k^ = 0 5 (2) slightly viscous case, = 64,0816 sec ^ ; (3) highly viscous 
case, k^ = 1046,666 sec  ̂.

Response time histories were obtained both numerically and analytically 
for all nine cases indicated above. Typical nodal pressure and elemental 
velocity for one position upstream and one position downstream were plotted
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and compared. In view of the element size difference among the various 
models, the upstream and downstream positions could not he selected to 
he the same as seen in Tahle 1 . For the sake of brevity, only six sets 
of the ahove time histories are shown here in Figs. 4-5 through 4-10.

The direct integration method employed hy WECAN for this portion of 
the study is an implicit numerical integration scheme and as such it ex­
hibits high degree of numerical stability. However, if the integration 
time step exceeds the upper hound required for convergence, the numerical 
solution will diverge from the true solution. The integration time step 
for the integration scheme is calculated based on the following consider­
ations.

In view of the symmetry of the flow with respect to the x-axis, pres­
sure at all nodes having the same abscissa are equal and transversal 
oscillations will not he excited. The minimum period for longitudinal 
oscillations is equal to the product of 2 tt times the ratio of the smal­
lest element length (0.5 ft) to the speed of sound (5000 ft/sec), i.e., 
0.000628 sec . Examination of the computer results showed that this period 
was indeed present in the nodal time histories on the element of the smal­
lest length. The integration time step was then set equal to one-fiftieth 
of this minimum period, i.e., 0.0000125 sec . This time increment led to 
a convergent solution for all cases studied. The convergence of the solu­
tion was established when doubling the time interval produced no change 
in the pressure and velocity time histories. A detailed examination of 
the response time histories reveals the following features.

The inviscid flow pressure and velocity time histories, typically



TABLE 1— UPSTREAM AND DOWNSTREAM
POSITIONS PLOTTED FOR RIGID WALL CASE

Fig. No. Upstream position Downstream position
_______  Node no. x/L Node no._____ x/L

4-2 9 0.235 25 0.806

4-3 1? 0.204 29 0.653
4-4 29 0.204 92 0.755

TABLE 2— PHYSICAL DATA FOR RIGID WALL CASE
Parameter Units
Density 9*35521 x 10 ^ lbf-sec^/in^

4 /Speed of sound 6.0 x 10 in/sec
Pressure at x = 0 0.1 psi
Channel length 294 in
Channel width 24 in
Viscous damping:

inviscid 0.0 sec 1
-1slightly viscous 64.0816 sec

highly viscous 1046.666 sec ^
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shown in Figs. 4-5 and 4-6, exhibit an oscillatory behavior about the 
analytical solution. The pressure and velocity responses for the upstream 
and downstream nodes oscillate about the analytically-calculated rectangular 
and staircase wave form, respectively. This oscillatory behavior was also 
observed by Conway and Jakubowski [’6], who investigated wave propagation 
in axially impacted bars of short length, experimentally and analytically. 
This problem and the fluid wave propagation problem being examined in this 
study are governed ideally by the classical one-dimensional wave equation 
whose solution is the step function presented in Appendix 2. The one­
dimensional wave equation allows only axial motion or pressure variation 
and therefore cannot be expected to be accurate for a finite system. Conway 
and Jakubowski used Love's theory to obtain a corrected one-dimensional
partial differential equation for the motion of the bar that would account 
for radial motion. Their results agreed closely with experimental results 
and with the finite element solution presented herein. This indicates 
that the finite element model for wave propagation yields results which 
correspond more closely with observed experimental behavior than with the 
classical solution. This is due to two factors. The first is the discret­
ization of the domain, which allows inter-element response to effect the 
solution. This type of response is not observed analytically. The second 
reason is that the wave equation in two-dimensions is being used to develop 
the finite element model of the fluid. This takes into account any varia­
tion of the pressure in the transversal direction, which is what Conway and 
Jakubowski attempted to accomplish with Love's theory.

The pressure and velocity time histories for slightly viscous flow, 
typically shown in Figs. 4-7 and 4-8, exhibit a pattern similar to the
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inviscid flow case and oscillate about the analytical solution. The 
pressure-time history fluctuations cease to approach closely to the 
time axis indicating that ultimately a steady state pressure distribution 
will be reached. Similarly, for the velocity time histories, the stair­
case wave form changes its shape, the distance between the steps becomes 
shorter and the slope of each step becomes increasingly negative, again 
indicating approach toward a fixed steady state value.

The pressure and velocity time histories for highly viscous flow, 
typically shown in Figs. 4-9 and 4-10, exhibit a highly damped behavior 
and closely follow the analytical solution. All pressure and velocity 
responses approach their final steady state values. The physical data 
for the rigid wall cases studied herein are presented in Table 2.
4.2 Flexible Wall Case

The solid-fluid finite element model developed in this study is ver­
ified for a two-dimensional channel, 29.4 inches^ long, 2 feet wide, and 
having flexible walls l/2 inch thick, shown in Fig. 4-11. Water initially 
at rest is accelerated suddenly by applying a step pressure pQ at the 
left end while maintaining a zero pressure at the right end. All variables 
and geometric dimensions have been nondimensionalized so that the final 
solution is valid for similar problems.

A 72 element grid model, shown in Fig. 4-12, is used in this analysis. 
Elements 6, 15, 24, 33» 42, 51» 60, and. 69 are modeled using solid-fluid 
quadrilateral finite elements. Elements located below and above these 
elements are modeled employing fluid and solid triangular finite elements 
respectively.

^The length of the channel in the flexible wall case was reduced from the 
length used in the rigid wall case in order to reduce computer time.
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Two independent computer programs, each having different organizations, 
algorithms, and methods of solution discussed earlier, are employed to 
analyze this problem. The first is FLINTS (Fluid Interacting with Solid), 
a special-purpose finite element program developed herein for solid-fluid 
interaction studies. The second is WECAN (Westinghouse Electric Computer 
Analysis), a large general-purpose finite element program to which a 
library of subroutines for solid-fluid interaction was added based on this 
study. FLINTS can perform dynamic analysis of solid, fluid, and solid- 
fluid continua using the modal superposition technique as the method of 
solution. WECAN is much more diversified in its scope. Its direct 
integration capability and wave front solution technique are used to solve 
the matrix differential equation. WECAN is used to confirm the solid- 
fluid results obtained from FLINTS. Fig. 4-13a shows the undamped solid 
vertical displacement and fluid pressure time histories from FLINTS and 
WECAN at an upstream location x = 6.9 inches. Fig. ^-13b shows the fluid 
velocity components at the same location. The fluid pressure and velocity 
curves are given at the centerline of the channel and at the wall— the two 
locations through the channel height which would show the least and most 
pronounced effects from solid-fluid interaction. The solid vertical dis­
placements did not vary appreciably through the thickness of the solid.
An examination of these and other typical results not shown indicates that 
the FLINTS response characteristics agree very well with those of WECAN.
This verification provides the confidence needed to initiate parametric 
studies. A detailed description of the system response behavior follows.

Specifically, time histories have been obtained using the 72 element
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model for undamped, lightly damped, and heavily damped cases. Results 
were also found using a finer 88 element mesh. These results were not 
appreciably different from the solution obtained using the coarser 72 
element mesh. This establishes the convergence of the grid size for the 
72 element model used throughout this study.

The solid vertical displacement, fluid pressure, and axial and 
transversal fluid velocity time histories at the centerline of the channel 
and at the wall are presented at an upstream location (x = 6.9 inches) and 
at a downstream location (x = 23.7 inches). These curves are representative 
of the response of the solid and the fluid at other locations along the 
channel. The nodes for which pressures and displacements are plotted and 
the elements for which velocities are presented are given in Table 3*
Figures 4- 14 through 4-19 are the response characteristics for the undamped

— 1 "1(a = 0. sec" ), lightly damped (a = 1046.666 sec ), and heavily damped
(a = 3062.467 sec"'1') cases respectively. Superimposed on these curves are
two rigid wall (no solid-fluid interaction) curves for comparison. The
first is a finite element solution with rigid walls, similar to the results
presented in the previous section, obtained using FLINTS. The second is
the analytic solution to the one-dimensional wave equation for the rigid
wall problem as given in Appendix 2.

The example which is being used to verify the finite element formula­
tion of solid-fluid interaction is similar to a water hammer problem.
The response curves are expected to exhibit some phenomena predicted by 
water hammer theory [22J. However, the present formulation analyzes the 
general problem of solid-fluid interaction which encompasses water hammer
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Location

Centerline
Wall

TABLE 3— UPSTREAM AND DOWNSTREAM 
POSITIONS PLOTTED FOE FLEXIBLE WALL CASE

Upstream position 
Node no. x (in)

13
16

6.9
6.9

Downstream position 
Node no.______x (in)

3?
40

23.7
23.7

TABLE k— PHYSICAL DATA FOR FLEXIBLE WALL CASE
Parameter
Density

Speed of sound 
Young's modulus 
Poisson's ratio 
Pressure at x = 0 
Channel length 
Channel width 
Damping coefficients: 

Undamped 
Lightly damped 
Heavily damped

Units
9.35521 x 10 ^ ibf-sec^/in^ for fluid
7.297 x 10"4 lhf-sec^/in^ for solid
, L\. .6.0 x 10 in/sec

630.0  x 10 psi

.3

.1 psi 
29.4 in 
24 in

0.0 sec-1

1046.666 sec 
3062.467 sec

-1
-1
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theory. As a result, the time histories show water hammer characteristics 
as well as substantial effects not predicted by water hammer theory.

According to water hammer theory, a pressure wave surging in a fluid 
in a rigid channel travels at the speed of sound in the fluid. The pres­
ence of flexible walls in the conduit reduces the speed at which the wave 
travels, thereby reducing the effective speed of sound in the fluid. This 
in turn increases the system period, which is the time required for the 
wave to traverse the length of the conduit and be reflected back. Conse­
quently, a phase shift is expected to occur in the response characteristics 
of the rigid and flexible wall time histories— the rigid wall case responding 
faster than the interactive case. The pressure time histories of Figures 
4-14 through 4-19 show this phase shift. This effect is less pronounced 
at the centerline (nodes 13 and 37) as compared to the wall (nodes 16 and 
40). The nodes at the wall are expected to be more sensitive to the subtler 
aspects of solid-fluid interaction than the nodes at the centerline as 
shown in Figures 4-14 through 4-19.

The analytic solution to the rigid wall case indicates that the 
magnitude of the pressure surge wave caused by the step pressure is equal 
to the magnitude of the step pressure pQ . The rigid wall response 
curves in Figures 4-14 through 4-19 exhibit the aforementioned oscillatory 
behavior about the analytic solution. In the elastic wall solution, it 
is expected that the deformation of the channel • walls as the pressure wave 
passes will increase the volume of the channel and therefore decrease the 
magnitude of the pressure wave. Figure 4-l4a, the undamped displacement 
and pressure response curves at the upstream location, is the best illustra­
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tion of this phenomenon. The remaining displacement and pressure time 
histories also confirm this. The reduction in the magnitude of the 
pressure as the wall moves upwards is clearly observed. The nodal pressures 
rise and oscillate about a continually decreasing magnitude as the wall 
moves upwards until a transversal water hammer, which will be discussed 
later, causes an additional surge. As before, these effects are more 
evident at the wall itself than at the centerline.

The transversal water hammer effect is entirely a result of solid- 
fluid interaction and is not predicted by conventional water hammer 
theory and constitutes a distinctive feature of this .study. As can be 
seen in the displacement and pressure time histories of Figs. 4-14 through 
4-19, the axial pressure wave causes the wall to move upwards. This in 
turn reduces the pressure at the wall. The pressure difference between the 
wall and the centerline causes fluid flow in the transversal direction 
toward the wall. This flow continues until a major restoring force is 
built up in the wall due to its deflection leading to a flow deceleration 
and a pressure buildup at the wall, which then reflects back through the 
height of the channel. When this surge reaches the centerline of the chan­
nel, the axial pressure wave is no longer present at that time to maintain 
the pressure rise. Then pressure then falls, only to rise again in response 
to the axial pressure wave in the next cycle. Figs. 4-l4a and 4-l4b are 
again the best illustrations of this transversal water hammer phenomenon.
The transversal velocity v at the wall, in element 24, clearly shows 
an upward flow until the approximate t = 1.75 V c » when it exhibits 
a large drop. At this time, the pressure at the wall, node 16, undergoes 
the aforementioned surge. At the centerline, the surge in the pressure



.«0 
co l- I (OZQ uiui*
z S j 3o g ^
5 5 < i©u g r  a. 
s S 2  s7^ Q  >> Q  3

NODE 16

1— I— I— I— I— I— I— I
.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

DIMENSIONLESS T IM E ,t/(L /c )

46

co
g u i
J K  «

| S a -

3 - I
NODE 13

i i— i— i— i— r
5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

DIMENSIONLESS TIME, t /(L /c )

co
COUJ l&l■Jo: _ 

m  oc
s 1

3
NODE 16

2

0
0 5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

FIG. 4 -l4 a

DIMENSIONLESS T IM E ,t / (L /c )
 SOLID—FLUID

CASE
RIGID WALL (ANALYTIC)

  RIGID WALL
(NUMERICAL)

UNDAMPED DISPLACEMENT AND PRESSURE 
TIME HISTORIES AT X*6.9 INCHES



47

4 -i

o  3

UJ o  

Ulw

2 >
w
zUJ
5

SOLID-FLUID
CASE
RIGID WALL (ANALYTIC)
RIGID WALL (NUMERICAL),

ELEMENT 19
I -

I I I
1.5 2.0 2.5 3.0

DIMENSIONLESS T IM E ,t/(L /c )

uj o
l-

1

ELEMENT 24

FIG. 4-l4b

T— r
5 1.0 1.5 2.0 25^

DIMENSIONLESS TIM E,t/(L /c)

UNDAMPED FLUID VELOCITY TIME HISTORIES 
AT X= 6 .9  INCHES

DI
M

EN
SI

ON
LE

SS
 

VE
LO

CI
TY

 
DI

M
EN

SI
O

NL
ES

S 
VE

LO
C

IT
Y

Vy
/(

P
o /
P
C) 

Vy
/

(p
0 /
PC
)



48

curve, node 13, Is delayed as expected to approximately t = 1.95 L/c •
This delay is due to the time required for the surge to reflect hack through 
the height of the channel. Once the peak of the pressure surge is attained, 
the pressure falls because the axial wave is not present to maintain it.
The pressure at the wall falls more gradually because the centerline 
pressure maintains it to a certain extent. Because of the time delay, 
the pressure at the centerline is slightly higher than the pressure at the 
wall, even though it is falling at a faster rate. This causes a re-estab- 
lishment of flow toward the wall, which accounts for the increase in v

«7

just after the first drop (2 L/c < t < 2.5 l/c). At t > 2.5 L/c, the axial 
wave has returned and the wall is moving downward with an accompanying 
increase in the pressure at the wall. This reverses the flow direction 
toward the centerline, where the pressure is lower. The negative value 
of v at this time confirms this. The transversal velocity at the center-

y
line, in element 19, also follows this pattern, but due to the relative 
insensitivity of the centerline to solid-fluid interaction, its behavior 
is not as marked. The downstream time histories for the undamped case,
Fig. 4-15, also exhibit the same type of response as the upstream time 
histories.

The effect of damping is shown in Figures 4-16 through 4-19. Figs.
4-16 and 4-17 are the time histories for the lightly damped case. In 
comparison with the undamped response, the pressure and displacement 
amplitudes in the damped case are lower and the curves are smoother as 
expected. The transversal water hammer surge is not as large, nor are 
the gradients as steep. The entire solution tends toward a steady-state 
value. The velocity curves in the lightly damped case follow the same
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pattern as in the undamped case, "but again the gradients are less steep.
Figs. 4-18 and 4-19 are the time histories for the heavily damped case.
In comparison with the undamped case, the pressure and displacement ampli­
tudes are much lower. The pressure surge is still evident, "but the heavy
damping quickly "brings the response to steady-state "by the end of the 
time history. The transversal velocities do not exhibit the high amplitudes 
observed in the undamped case, although the response caused by solid-fluid 
interaction is still apparent. The physical data for the flexible wall 
cases studied herein are presented in Table 4.

Initially, the time step used in the rigid wall case was tested for
the flexible wall problem and was found to produce non-converged results.
This is a direct result of the presence of the time-dependent coupling loads.

-6The time step was then divided by 10, producing a time step of 1.25 x 10 
seconds. The convergence of the solution was then tested by doubling this
time step and observing an insignificant change in the results.
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5 CONCLUSION AND RECOMMENDATIONS
A finite element model for solid-fluid interaction has been developed. 

This finite element model may be used to analyze two-dimensional solid- 
fluid interaction problems involving complex geometries and loadings. The 
model was tested for a flow configuration consisting of water, between two 
flat flexible parallel plates, subjected to a step pressure at one end. 
Verification of the model was achieved by comparison with an independent 
general-purpose structural computer program to which a library of subroutines 
for fluid and solid-fluid interaction was added. Parametric studies to 
observe the effect of damping were also performed. Results confirmed the 
predictions of water hammer theory and demonstrated a transversal water 
hammer phenomenon, which is not predicted by the conventional theory. The 
transversal water hammer has a substantial effect on the response of the 
system and cannot be ignored. This study confirms the applicability of 
this finite element model to generalized solid-fluid interaction problems.

The mathematical formulation of solid-fluid interaction presented 
herein can treat acousto-structural analysis and other solid-fluid inter­
action problems in which the boundary conditions on the fluid are or can be 
expressed in terms of specified nodal pressures. For hydro-thermal analyses, 
the boundary conditions are often specified in terms of fluid velocity 
components and temperature rather than pressure. The next step in this 
study of solid-fluid interaction would be to expand the number of dependent 
variables in the fluid and include the temperature and fluid velocity 
components among the dependent variables. The solid-fluid interaction 
package thereby developed would be capable of analyzing a broader range of 
solid-fluid interaction problems including thermal effects.



6 NOMENCLATURE

2Local area coordinates of triangle, in , defined by 
eq. (2.1-5)

2Area of finite element, in ; Constant in analytic 
solution given in Paxt 1, Section 3» whichever applies
Local y coordinates of triangle, in; defined by eq. (2.1-5); 
function used in analytic solution in Appendix 2, which­
ever applies
Constant in analytic solution given in Part 1, Section 3
Strain-displacement matrix, in ^
Speed of sound, in/sec ; Local x coordinates of 
triangle, in, defined by eq. (2.1-5)» whichever applies
Constant in analytic solution given in Part 1, Section 3
Damping matrix
Constant in analytic solution given in Part 1, Section 3 
Stress-strain matrix, psi
Young's modulus, psi; Constant in analytic solution 
given in Part 1, Section 3» whichever applies
Element of generalized force array
Function of Laplace variable used in analytic solution 
in Appendix 2
Condensed global load array; Boundary integral array, 
whichever applies

2Fluid inertia matrix, in-sec
Constant value of x or y used in computation of 
solid-fluid coupling matrix for vertical or horizontal 
wall, respectively, in
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1—1 w
I_1 Fluidity matrix, in

i
JL

Node number; (-l)2, whichever applies

i—i H 
i_i Identity matrix

3 Node number
k Damping parameter

'w
1

i_i Stiffness matrix
L Channel length, in

M Viscous damping matrix, in-sec
in Slope of solid-fluid boundary
Cm ] Mass matrix
n Term number in analytic solution in Appeni

i—
i S3 i_i Finite element shape function

P Pressure, psi

fa} Array of nodal pressures, psi

fa} Array of generalized freedoms

'l,r2 Roots of overdamped differential equation 
in Part 1, Section 3

fa} Array of applied nodal loads, lbf

fa'} Coupling force on solid, lbf
s Laplace transform variable
S Solid-fluid boundary, in

i—
i cn i_i 2 2Solid-fluid coupling matrix, lbf-sec /in

t Time, sec
u Displacement, in

fa} Array of nodal displacements, in
V Velocity, in/sec



Work, in-lb 
Axial coordinate
Abscissa of first node of solid-fluid boundary, in 
Abscissa of last node of solid-fluid boundary, in 
Condensed global freedom array 
Transversal coordinate
Ordinate of first node of solid-fluid boundary, in 
Ordinate of last node of solid-fluid boundary, in

Damping factor fo3j? damping matrix proportional to 
mass matrix, sec- ; Angle of solid-fluid boundary 
with x-axis; Polynomial coefficient, whichever applies
Phase angle in analytic solution in Appendix 2
Damping factor for damping matrix proportional to 
stiffness matrix, sec; Numerical integration parameter; 
Function used in analytic solution in Appendix 2, 
whichever applies
Shear strain, in/in
Displacement, in
Time step, sec
Strain, in/in
Strain array, in/in
Modal damping ratio
Eigenvalue
Poisson's ratio
Density, lbf-sec^/in^
Stress, psi
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T*y

L<P1
l. n  -J

Subscripts

x
N
o

P
s
T

x

y
Superscripts

n
T

• ••9
Operators

d

Shear stress, psi 

Modal matrix 
Eigenvalue matrix

Elemental
Fluid
Node number
Normal
Initial
Pressure
Solid
Tangential
x-direction
y-direction

Condensed global or boundary, whichever applies 

Iteration number 
Matrix transpose
First and second derivatives in time 

Virtual
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7 APPENDIX 1— EVALUATION OF ELEMENT MATRICES

The matrices defined in equations (2.1-8), (2.2-5)> and- (2.3-9) 
are evaluated for linear plane triangular finite elements in this section. 
Solid Finite Element

The mass, damping, and stiffness matrices for a two-dimensional 
solid finite element are defined as

The mass matrix [M ] = Jlf.CN p J dx dy6 A S  S S

The damping matrix^ I-C H = a ^e-^ +  ̂^e^ (2.2-5)
6 6 T rep.

The stiffness matrix (JK ] = JIT.Cb] & G  DbJ dx dy© A
The mass and damping matrices may he evaluated by directly substituting 
in the solid shape function (eqs. (2.2-2) and (2.2-3)) an -̂ integrating.
This yields the so-called consistent or distributed mass matrix [26J

1
2 0 1

4 0 1
4 0

0 1
2 0 1

4 0 1
4

1
4 0 1

2 0 1
4 0

0 1
if 0 1

2 0 1
4

A4 0 i
4 0 1

2 0

_0 1
4 0 1

4 0 1
2^

(Al-l)

Two types of mass matrices are actually possible. The first is the 
consistent mass matrix given above. It is termed consistent because it 
results directly from the finite element formulation. The second is the 
lumped mass matrix. In early attempts to approach structural dynamics 
problems, the mass of the element was arbitrarily lumped or concentrated 

at the nodes. This results in a mass matrix of the form

B le ]  = ^ C l 6 ]  ( A l - 2 )

in which ClgD is the 6 x 6  identity matrix. The distributed mass 
matrix is more appealing from the point of view that it is a direct

^The damping matrices used throughout this study are proportional to 
mass only, i.e., |3 = 0  .
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product of the mathematical formulation. However, in the course of this 
study, it has been observed that the off-diagonal terms in the consistent 
mass matrix produce sufficient numerical noise to obscure the actual 
results. For this reason, lumped matrices have been used throughout this 
study. Both types of matrices are available as options in FLINTS.

The stiffness matrix for the plane triangular linear finite element 
is evaluated by first considering the matrices which compose it []20].

The strain-displacement matrix |J3] is obtained from the strain- 
displacement relationships. These relationships in two dimensions are

The shape function for the solid is used to relate the element displacements 
to the nodal displacements (eq. (2.2-2)). This yields

3_
By 9x,

(Al-3)

[ € } =  o |  o g c v i  - d o  cue j (Al-4)
a_ a_ 
ay ax

Thus

(Al-5)
a_ a_ 
a y ax
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is the strain-displaceraent matrix for the two-dimensional solid. Using 
eq. (2.2-3)» ecL* (Al-5) may now be evaluated for the plane triangular 
linear finite element, resulting in

[B] = 2 A
0
C-,

lPi
0
c.

0
Or 0

Or

0
Or
V

(Al-6)
1 2 2 3 

Two possible states of stress exist in a two-dimensional body. The 
first is plane strain in which the strain in the z-direction, €x , is 
equal to zero. The second is plane stress, in which all loads lie in the 
plane of the body, causing the stress in the z-direction, cjz , to be zero. 
The problem under consideration is a plane stress problem. The stress- 
strain matrix is obtained for this case from the constituitive equations 
of the theory of elasticity. Under the condition of plane stress, these 
equations are [_20~]

E
x

1  -  V

E

0 (e + v € ) 2 x y/

w - ^ (£ + v € )
y i _ v2 y

E
^ y  - 2(1 + v) Yxy 

In matrix form, this may be written as

(A1-?)

{a} =

Thus,
'xy

E
1  -  V

1
V

V

1
0 0

0
1 - v 
2 J

€X
6y
Yvv

= [D] {€} (Al-8)

[D] = E
1 - /

1 V 0

V 1 0 (Al-9)
0 o V -



68

is the stress-strain matrix for a two-dimensional body in plane stress. 
This matrix along with the strain-displacement matrix given in eq. (Al-6), 
is used to evaluate the stiffness matrix in eq. (2.2-5). The integrand 
in independent of space so that the stiffness matrix may he written as

[K0] = [B]1 [D] [B] As
which is a 6 x 6 symmetric matrix as follows

(Al-10)

[K ] = u e-1
E

k A (1 - v ) s

in which 
kJ.X

1 + v

M -t 2 1 - V 2
11 " bl 2 C1

12 bl C1 = k21

k13 ~ W  +

kl4 = V bl c2 +

v
2 °1 2 
1 - v ,

kl5 “ bl b3 +

2
1 - v

kl6 = v bl c3 +

2 °1 

1 °3 = 

2 b3 cl

2
1 - v

t 2 ^ 1 - v , 2
22 " °1 2 bl

k23 = V b2 C1 +
1 - v

k24 “ C1 c2 +

2
1 - v

k25 = v b3 cl +

2
1 - V

k26 = C1 c3 +

2
1 - V

U1 2 

! b2 = 

U1 c3

i b3 =

kll k12 k13
Tr Tr22 23

kl4 kl5 
k24 k25

kl6
k26

k
33symmetric

k k
34 35 

k44 \ s

k
36

k46

k55 k56

—
k33

•u 2 , i - 
2 + 2

k66_ 
V 2 
°Z

k34 =
1 + v ,
2 2 32 k43

k31 k35 = * 2 l3 + 1
- v
2 c;2 c3 " k53

ii H k36 = v b2 o3 + 1 - V
2 b3 c2 = k63

k5l = 2 , 1 -  
C2 2 v -h 2 2 (Al

k6l % = V h3 c2 + 1 - V 
2 b2 c3 = k54

\ e  =
A 1 

c2 c3 +
- v , ,
2 2 3 k64

= k32 k55 = •h 2 4- 1 -3 2
v 2 
c3

k42 k56 =
1 + V ,
2 3 c;3 = k65

CM'•nII k66 = 2 j. 1 -c3 + 2
V n 2

3

k62
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Fluid Finite Element
The inertia, viscous damping, and fluidity matrices are defined as 
The inertia matrix

The viscous damping 
matrix

The fluidity matrix

[Le] = ^ A[Nf]T ~  [Nf] dx dy = a [Ge]
3[Nf] d[Nf]T d[Nf]

[He] = SSA

(2.1-8)
rep.

dx dy. .dx dx dy dy
The inertia and viscous damping matrices are evaluated as for the solid 
element by directly substituting the fluid shape function (eq. 2.1-4) and 
integrating. This yields a consistent inertia matrix

3 c

n  i. i’2 4 4
A A A4 2 4
A A A.L4 4 2J

(Al-12)

A lumped inertia matrix, which is used in this study, also exists for the
fluid. It is given by 

A„
3 c

(Al-13)

in which is the 3 ^ 3  identity matrix.

The fluidity matrix is also obtained by substituting in the fluid 
shape function. The derivatives of the shape function are for the plane 
triangular linear fluid element 

d[Nj
fdx

a[Nf] 1 
dy

“ 2 A _ ^ 1  b2 b3 ^
(Al-14)

[ci c2 c ]2 Af L~1 2 3
These expressions may be substituted into the stiffness matrix equation 
and integrated. The integrand is again independent of space, so that the 
integral becomes
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a[Nf]T a[Nf] a[Nf]T a[Nf]'
Sx 3x dy dy ( A i - 1 5 )

which results in

^  = ITT
■. 2 , 2
bl + C 1

bl b2 + C1 °2 
b^ + c1 c^

bl b2 + °1 °2 
% 2 . 2 
2 °2

b2 b3 + °2 °3

h^ b^ + ^
b2 -b3 + c2 03

, 2 . „ 2 
3 3

(Al-16)

Solid-Fluid Finite Element
The equivalent mass and stiffness matrices are obtained from the 

matrices already derived, so that they need not be discussed in detail. 
The solid-fluid coupling matrix is given by

[Sj = O  D O  Pf [ 11 ] dse- - s - r  -r- (2̂
in which S is the straight line defining the solid-fluid boundary, and
E N ] is the solid boundary shape function, given by

(2.3-5)
rep.

This may be substituted in, along with the shape function of the fluid,
[ N 1 = [- sin a cos a ] [N ]

S

to yield the coupling matrix for the solid-fluid superelement of Fig. 2-3* 
Evaluating the integral for the case of a horizontal boundary (y is a 
constant equal to h , and a = 0) results in the J x 6 matrix

0 S12 0 B y  0 s-

0 S22 0 BZk 0
0 s~„ 0 s„i, 0

T g  "1 -  ^L eJ - it- A„ A f s
32

sl6
s2 6 
s36 J

(Al-17)

in which
3. 0 .i»2j

2= (a,, a., + (a. c. + a . c. ) h + c^ c . h )(xf - x q )  +
1 3 3 1

(a. b. + a. b. + (b. c. + b. c.) h )(x„ - x ) /2 +
3 1

b. b. (x_rp - x 3
1 3 v f o

1 3

)/3
3 1

(Al-18)
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*bllwhere i refers to the i node of the fluid portion of the solid-fluid 
element and j refers to the node of the solid portion of the solid-
fluid element, and x q and x^ refer to the abscissa of the nodes defining 
the solid-fluid boundary. The coupling matrix may also be evaluated for 
a vertical wall and the generalized case of a sloped wall, yielding similar 
results. For the vertical wall (x is a constant equal to h , and 
a = t t / 2 )  the coupling matrix is

(Al-19)pf
S11 0 s13 0 S15 0

4 A _ A f s S21 0 s23 0 s25 0

S31 0 S 3 3 0 s35 0

in which

si,(2j - 1) = (ai aj + (ai bj + aj V  h + bi bj h )(yf " yo) +
3. »*) h )(yf2 - y J 1 1 0  (Al-20)(a. c. + a. c. + (b. c. + b. c.) h )(yf2 - yo2)/2 +

in which all terms are defined as before and yQ and y^ are the ordinates 
of the nodes defining the solid-fluid boundary. For the general case 
of a sloped wall, the relationship along the boundary

yf “ yo
xf xo

(x - x j  + yn = m (x - x J  + yo' v o o
is used. This results in the coupling matrix

(Al-21)

Cse] = ^ Af As

-s-jjsin a S22cos ot -s^sin a S23COS a -S151

-s21sin a s2ic°s a -s^sin a s^cos a ~SZ5'
-S31sin a S32COS a -S33sin a S33COS a —S35'

in which

i UL 1 ̂
i a s2C
i a s^£
(Al-ZZ)'

•COS

COS

COS
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s* fn • , \ = (a. a. - (a. c. + a. c.)(m x - y ) +x,(2j - 1) 1 j i J j x'v o o
2c. c . (m x - y ) )(x„ - x ) +' (a. b . + a . t). + x j o Jo' f o' 1 j j x

(a. c . + a . c. ) m - (b. c. + b. c.)(m x - y ) - /jn ooNi J J i i J J i o J o' (Al-23)
2 c. c . m (m x - y )  )(x„^ - x ^)/2 + (b. b . +x j o Jo' f o " x j

a = tan

(b. c . + b . c . ) m  + c. c.m )(x„^ - x ^)/3 x j J i x j f o
-i yf - yc

xf " xo
and all other quantities are defined as before.
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8 APPENDIX 2— ANALYTIC SOLUTION

The analytic solution to the one-dimensional wave equation, representing 
the rigid wall case, is presented in this section. This equation is given 

by

_ -L. + ^  (A2-1)a 2 2 a+2 2 3t )dx c at c
Applying a Laplace transformation to the above equation yields

,2 / \ s2 + sk.-,C ( \ S  f  S K „

d |(x’s )  2 -^ p(x,s) = 0 (A2-2)
dx c

Employing the boundary conditions p(0,x) = p /s and p(L,s) = 0 results in

p(x,s) _ -/ \ _ [sinh(s + sk )2 (L/c)Il - (x/L)]
PQ ~ KS) " --------;--- 2----- X — ----  (A2-3)s sinh(s + skf)2 (L/c)

Eq. (A2-3) has poles at
s = 0  , s = - b + i 3 n

where
i ? 9 ? ? p i  (A2_Zj')b = kf/2 , gn = | (** n tt c  /L -  kf^)2 , n = 1, 2, 3, ...

The inverse transform of eq. (A2-3) is found by the application of the
residue theorem, yielding

00 ̂ ^= 1 _ S + V  [Sin(Pnt + an)] sin n , ( l - f )
0 n = 1 pn (A2_5)

where
a = tan ^(8 /b) n Vhn' '

The first term on the right hand side of eq. (A2-5) corresponds to the 
residue at s = 0 and represents the steady state solution, while the 
series term corresponds to residues at s = sn and represents the transient 
solution which is damped out as time progresses.
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Employing the pressure distribution from eq. (A2-5)» the velocity 
distribution can be found by direct integration of the momentum equation 
(eq. (2.1-11) )

00

- y%--~ = ~  ̂ 2 [e"bt[b Sin(p t + a ) -
PQ/PfC 2 1 b  n = 3. n 11 Pn n

Q-UJ.
Pn cos(3nt + an)] - e" [b sin an - 3n cos an]} * 
cos n rr (l - t  ) (A2-6)
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1 DESCRIPTION OF FLINTS PROGRAM

The program FLINTS (Fluid Interacting with Solid) consists 
of a main program and several subroutines which were written to solve 
the problem of interaction between a solid and a fluid in a two-dimensional 
medium. At the user's option, the program may also be used to analyze 
totally fluid and totally solid continua. Briefly, the program and its 
subroutines perform the following functions:

PROGRAM OR SUBROUTINE NAME
MAIN

CLEAR

GDATA

LOAD

FORME

STIFTl(N)

FUNCTIONS 
Controls the calling sequence of the 
other subroutines and the normal 
termination of the program.
Initializes all labelled common blocks 
to zero.
Reads and prints the input data and 
initializes time and iteration number. 
Reads in and assembles applied loads 
and specified freedoms and initializes 

the problem.
Forms global mass and stiffness matrices 
by calling STIFT1, STIFT2, and STTFT3 
subroutines and reduces them to condensed 
form for modal analysis.
Finds mass and stiffness matrices for 
solid element N. In stress pass, 
calculates stresses in the solid element.
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PROGRAM' OR SUBROUTINE NAME 

STIFT2(N)

STIFT3(N)

SF(I,J)

MODAL

REDUC1(A,B,N)

jacobi(n ,q ,jvec,m ,v )

FUNCTIONS

Finds the inertia and fluidity matrices 
for fluid element N. In stress pass 
calculates velocities in the fluid element. 
Finds the mass, inertia, stiffness, 
fluidity and coupling matrices for solid- 
fluid superelement N. In stress pass, 
calculates solid stresses and fluid velocities 
for solid-fluid element.
Function subroutine used to calculate 
solid-fluid coupling matrix.
Computes the eigenvalues and eigenvectors 
for the system and from them obtains the 
generalized mass and stiffness matrices. 
Transforms the load array, initial 
displacements, and initial velocities 
to generalized form. At this point, 
the entire problem is ready for solution. 
Reduces the matrix equation

[A]{ x }  = A[B]{ x }

to
[K]{z} = A{z} 

as described in Section 1.11 .
Finds the eigenvalues and eigenvectors.
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PROGRAM OR SUBROUTINE NAME FUNCTIONS
REBAKA Transforms the eigenvectors, which are

in terms of {z}, to the original 
coordinates {x} as described in Section 1.13 • 

DIS Finds analytic solution to uncoupled
matrix differential equation.

MODMAK Expands the freedom and acceleration
arrays to global form for use in 
calculating the updated coupling loads 
and for back-substitution in the stress 
pass. Also modifies nodal coordinate 
array for large displacements.

STRESS Controls the calling sequence of the
stiffness subroutines for the 
calculation of the elemental stresses 
and velocities

Although some logic is available in the program for time dependent 
applied loads and specified freedoms, this option is not fully developed 
in this version of FLINTS and use of it would require an excessive and 
inconvenient amount of input data. The prospective user is urged to 
explore this option for himself.

A more detailed description of each subroutine follows.
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1.1 MAIN Program

The MAIN program controls the calling sequence of other subroutines 
and the normal termination of the program. A flowchart of MAIN is given 
in Figs. F-la through F-ld . Fig. F-la is the flowchart convention.
As the program begins, the input data describing the geometry of the 
problem are read in. The formation of the mass and stiffness matrices 
and the calculation of the eigenvalues and eigenvectors are performed only 
once unless it is desired that these matrices be updated due to large 
solid displacements. The solution is then obtained in an iterative loop 
based on the elapsed time of the problem. If a solid-fluid interaction 
problem is being solved, or if the stresses are desired, additional sub­
routines for the manipulation of the output data are called. The program 
normally terminates when the elapsed problem time is equal to or greater 
than the final time.
1.2 CIEAR Subroutine

CLEAR is a subroutine which sets all variables in a labelled COMMON 
block equal to zero. Its calling sequence is 

CALL CLEAR (AMEMBR, LENGTH) 
in which AMEMBR is the name of the first variable in the COMMON block 
and LENGTH is the total number of variables occupying the COMMON block.
For example, if a COMMON block is of the form

c o m m o n/x t e s t/x ,y,a (i o )

the calling sequence for CLEAR would be 
CALL CIEAR(X,12)

A flowchart of CLEAR is in Fig, F-2.
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Fig. F-la Flowchart Convention

All flowcharts are to he read from left to right unless indicated 
otherwise. The following symbols are used throughout these Figures.

C_J>
O

M L

Terminal

Statement

Statement number or line connection 

Subroutine call

Decision statement

DO loop 

Input/Output
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1.3 GDATA Subroutine
GDATA reads in and prints out all the input data describing 

the finite element problem. The data which are read in are described 
in Section 2, Description of Input Data. GDATA also initializes 
the elapsed time and iteration number. Its calling sequence is

CALL GDATA

A flowchart of this subroutine is given in Fig. F-3. 
l.k- LOAD Subroutine

Aside from reading in and assembling the global applied load 
array and reading in the specified displacements and pressures, LOAD 
also functions as the system initialization routine. It determines 
the global system parameters, such as the size of the unrestrained 
global matrix, etc. Further, it sets up indicial arrays of row 
numbers indicating the location in the global matrix of specified 
freedoms, inactive freedoms, pressure freedoms, and active row 
numbers for modal analysis. The calling statement for LOAD is

CALL LOAD

Its flowchart is given in Fig. F-^a through F-4j.
1.5 FORMK Subroutine

Subroutine FORMK is entered generally in the first iteration. If 
a solid-fluid problem is being analyzed or if updating the matrices 
is required because of large solid displacements, FORMK is entered also 
in subsequent iterations. Its function is to find and assemble 
the mass and stiffness matrices and the interactive load array for 
the finite element model. FORMK calls the library of stiffness
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subroutines, STIFT1, STIFT2, and STIFT3 to accomplish this. FORMK 
then inserts the specified displacements into the system and condenses 
the matrices and arrays so that at the end of the subroutine, the system 
is ready for modal analysis. If FORMK is entered because the coupling 
loads are to be calculated, FORMK calls STIFT3 to obtain these loads 
and then assembles them into the updated coupling load array. The 
calling sequence for this subroutine is

CALL FORMK

Its flowchart is given in Fig. F-5a through F-5o ,

1.6 SITFTl(N) Subroutine
Subroutine STIFTl(N) is called in the displacement pass and

in the stress pass. In the displacement pass, STIFTl(N) is called by 
FORMK to calculate the mass and stiffness matrices for the solid 
plane linear triangular finite element N. In the stress pass,
STIFTl(N) is called by STRESS. The stress back substitution matrix 
is calculated and used in conjunction with the elemental nodal 
displacements to determine the elemental stresses. The calling 
statement for this subroutine is

CALL STIFTl(N)

in which the argument N is the solid element number. The flowchart 

for STIFTl(N) is given in Fig. p_6a through F-6h „
1.7 STIFT2(N) Subroutine

Subroutine STIFT2(N) is called in the displacement pass 
and in the stress pass. In the displacement pass, STIFT2(N) is 
called by FORMK to calculate the inertia and fluidity matrices 
for the fluid plane linear triangular finite element N. In the stress
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rOĈ \CM

H-1E-M
II

634

0

-P
g

•P3&
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pass, STIFT2(K) is called by STRESS. The elemental velocities are 
calculated from the elemental nodal pressures and the elemental 

velocities from the previous iteration by a temporal finite difference scheme. 
The calling statement for this subroutine is

CALL STIFT2(N)

in which the argument N is the fluid element number. The flowchart 
for STIFT2(N) is given in Fig. F-7a through F-7f .
1.8 STIFT3(N) Subroutine

Subroutine STIFT3(N) is called in the displacement pass and 

in the stress pass. In this displacement pass, STIFT3(N) is called 
by FORMK to calculate the equivalent mass and stiffness matrices 
for the superelement plane linear quadrilateral solid-fluid finite 
element N. In the stress pass, STIFT3(N) is called by STRESS. The 
stress back substitution matrix for the solid part of the solid-fluid 
element is calculated and is used in conjunction with the elemental 
nodal displacements to determine the elemental stresses. The 

elemental velocities for the fluid part of the solid-fluid element 
are calculated from the elemental nodal pressures and the elemental 
velocities from the previous iteration by a temporal finite difference scheme, 
STIFT3(N) is also entered from FORMK in every iteration after the first 
iteration to calculate the solid-fluid interaction loads. The calling 
statement for this subroutine is

CALL STIFT3(N)

in which the argument N is the solid-fluid superelement number. The 
flowchart for STIFT3(N) is given in Fig. F-8a through F-Q^ .



I®
0

M

oCNo «CN -rH

CM
'•R.

O r l f f l KO  Eh  jj- ^  H  WHft

•C * Eh COo ^ o  2F

S5oa»U~\rx c\i ll
° ̂  Pi t-3

’'Or-\CM

©

WQ)T*oG
§OCO

"r"1 §5pq +Is fc< O  i t- K  O  IIK «

B 6PS pq g M

M
rHfO
I

<H

£

o-p
u
cS

£

Eh

BCO
d)
n•p
gM
t5o
cho

oSOHfc,

£

h0•Hfa

ISSUE ENGR TITLE r

SHEET
DRAWN

NO. or SHEETS FER SET



ii A■7 16------

124

in|is
O

<M

M

r&
fJ0)■p

-P §
S ’SS 3rH 0 0 c0) oCi *H •H -Pe oM 0 0 CJ -P 0Q § so +>

525'o

H  H  H  N  N C\l
h  y  b  h  h  w

O O O O O OO O O O O O

1-3 H « H W P>
O O O O O OO O O O O O

n N H r \ N H
o  o  o  m  w  pp

■tJ
<H
«HO
m0•p
•H
13Oo0
1

•pCJo
•p

'inp<
*v

C'V 0« CH OO •rH-Po•—1 0M g«H oH o

(DO rHrH
^  - 
.SHCm -P

oCM

0fH fl O O tH «H •P +> O
U 80 2
fH O

0■A3B•p
tJ
3«H
<hO
nJ

3

£PmWEh
CO

0C*H•P3
M
S
o

U
XoI— I

Pm

&O-
Pm

HD•HPm

w £
a 6 
z ISSUE ENGR TITLE
Q  < SHEET
s s DRAWN
£  \h NO. OF SHEETS FER SET



11|6>

w|»
O

O
o

o
o

O  *-3
Q  t-3

O M

O
CM

CO
M

10
a

■8
rH

§
fl
o toX W •H
*

CO
m

&
u  in
8 -p10

w 5

CO - . 
CO - Pgj m

►j-.

CM

H

M

H
CO COco 25 o  

M  O'

$

o

*H H
z*

-p  . fl ci 
fl) »H

815
r H  <U

“ .g

. ' f l  fl <U 
o  -p
■a
g . H 
SP.3

'H 

<h CO
h h  *hO TJ

125

E-h
ft
<ufl

•H
•Pfl
O

M
s !

Cho

■8
3:
O

rH

0  
O -

1
(x<

t)0
*H
|X|

ISSUE ENGR TITLE

DRAWN
NO. OP SHEETS PER SET

3 A
a < Si *



16

m|co
O

O
o

o
o
3 o

CM

CO

CO
M

o
■'H'v

M
H

" Oo

o

o
« H

•p
A0E0

H0

go•rl
•P£
00

8
%
-p

wTl
fab-P (3 W 
•H *r] O 03

H o 
O .H«p 4J

•P  -Pa g0 0 e  w 
0
0 g .p

83G 
O

SP
•H P  
P  rH

IBp

<3C3
■rH
M

g

r < T \

u

§

to
w&1
E0
o

■ip
w

• H
'G

«H
O

*8pa

•p2O  rrf

•H nJ W 
P $  O 
* 0
" S ' S»3*G *r)i-l 0 rd
*—* § *eI
<H r l  rHM 0 <H

0

t-l w o  m  m  o

£9 u  pq o

o
o  i-a o H

8

o

o  o

(fl
(A0
*
CO

126

£
p

w >
•H
(x«

ISSUE ENGR TITLE

SHEETDRAWN
NO. OP SHEETS PER SET



11 A11■7 16

injoo
O

127

PI PI
« Q

+ +

69 ° pq o

©

*c0)S0
r H0

CO 0 0 
-P  «ri 
cd -P 

i—I «H  
3  O  O O 

r H  r H

S  £

w

•H
•P

s
&

<HCH•H

4?•HOo
rH

£
0+3
A3O
o

CO E-i .M M M

i H  CM

3  uM  H 
CO CO

H3>
3

•H

p< 0 jj
to to 0 0

•H +5 O
O  -P  

H  X

5 s
■2 5+5 0 Cfl
0 o q <h

H  PH >

“K

i

w

CM

O
H
CO

CJH
CO

CM

o

M
&
3Q•h
OO«h69m

to
m
&
toto
I+5to
<Ho
p!w

to0
•H+5•HO
rH0>
+»
30

•P

1

ISSUE CNGR

DRAWN

TITLE

SHEET

NO. OP SH E E TS  PER SET



±
128

to|co
O

o
o

o
o

8CO

cS
<D
SPW ft 
w  o  0) -p S W
fH id
a) w 
,  G -p O 

3  *H 
O -P  O-p a>P8

8
fe
&
0
G•H

■P3O
M
w
ft0
1  43 O » o
rHft
ft£N-
d,
bO•Hft

<* £
3 £ 
Z  *" ISSUE ENGR TITLE
a < SHEET
B *z oo DRAWN
£ iii NO. OF SHEETS FER SET



7 76
129

in|co
O

o
o

o
o

o

o

CM O

&

1

o

oOn O «">
CO rH 
CM

CO

M „ O

tf> fN
3 £  
Z ISSUE ENGR TITLE
O < SHEET
s s DRAWN
£ ixi NO. OF SHEETS FER SET



•I I©'

in|o
O

O
o

o
o

M

M

cn fe 1-1

o

H

M

130

•P
§
§
SHPtw

1a;eQ>rH0)

£
£

Otx<

%

rH
&oHttO

©
0 B
pfPh p T0 O 0B B B
11 11 11
M >~sB

<u&a)I—I0) w c
3 3A -p«H O <D
■a•H Oo

0
o
i-H

•k

•»M

<E>
3 A ISSUE ENGR

DRAWN

TITLE

SHEET

N O . OP SHEETS PER SET

Fig
. 

F-8
b 

Fl
ow
ch
ar
t 

of 
Su
br
ou
ti
ne
 
ST
IF
T3



±

131

in|»
O

O

o

o

o

o
CM C\i CM
b  h  y

0 0 0  a  o  a
1 1 1

CM CM CM 
H  «  CM CM CM•» m mti« 1̂
0 0 00 0 0

C°\ CM
T H  M
§ § 90 0 00 0 0

I I
H  W  *-3 CM CM CM

s e ® ^ HV0 0 00 0 0
1 1 0 0 0

I O O C J* * *
"t—I ■<—t T—i t tH T~-f
4  h  y  h  y

§  §  c§ §  §  @O O O O O O  O O O O O O
II II II II II II
r~\ CM T-l C"'i CM T-l
'eT'S"o  o

0)

£•p
3
o
100)

Id

5
tooo
I— I
8o

rH

2
P>H

CM

O

M

1t
&

2  tH
tHo
(d<u
3
PJ•H

VOoCM

M

O

10(0
&
w(0

£•p(0
H
£
w(0

m

to h.
3 £  
X ISSUE ENGR TITLE

O < SHEET“ *
Z  CD

DRAWN
£ ui HO. O f SHEETS PER SET



in|to

O

O
o

o
o

M

C5 tH O

1-H 1,
3

oOJ tl
o t-0Q *“D

0
*
.=*•

pq u

*“3•»

©

«HO

8
S 3
s
m •A w 

H  Q> 
•P C ri tH B tH 

•H 
r*i *P 

•P tQ 
•H
Ti -P•S gH tH

.5

o
9E<u

o

M

M
M

H

<uT!
O -P
to il
t  a
a) .h

S'Si—I o
® 3
o +> 
•H »H
f  fitH W 
tH «H 
O  rd

ISSUE ENGR TITLE

SHEETDRAWN
NO. Or SHEETS PER SET

Fig
. 

F-8
d 

Fl
ow
ch
ar
t 

of 
Su
br
ou
ti
ne
 
ST
IF
T3



16

in|»
O

O
o

o
o

o

COCQ CO o  
H

H

M

O

ao•H+>
43

8 §tH 0
-p wfi Pi 0 0 e p 0rH id 0 © +>
I -8

sp-B•H *Ha -d

Jhotw
-P

§
§rH0
3G o
^ H•rl Pn  h

po
•r)
- P

45
S01Pi
8

'S&

133

V O

cm

cn
o

M P5<

s

fr'l

■d•H
r HO0 O •H'd M 
P  -P

Po
•p
5
#i Q)«•H

•H 0h  e ©■H H  M  0 tH

>>
•PI

h ) i-d id

t ^
C3? +  +  

1 @ 8

•-3 ©  °hiwo

O  Hia h

o  o

pq u  pq a

0
$ a> •H1 
©

00
&
0

• s

po
rH
0O

00
000
£
CO
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1.9 SF Function Subroutine
Function SF(l,J) calculates the surface integral required 

to form the terms of the 3 x 6  solid-fluid coupling matrix. Because plane 
triangular elements compose the solid-fluid element, the integral, which was 
obtained analytically (Appendix l) and coded into this functional subroutine, is 
calculated over a straight line segment (XI,YI) to (XF,YF). I and J 
are indicial node numbers which refer to the node of the element being 
considered, i.e., first, second, or third. I refers to the fluid nodes 
of the solid-fluid superelement, and J refers to the solid nodes.
The flowchart for the function SF(I,J) is given in Fig. F-9a through F-9b ,
1.10 MODAL Subroutine

Subroutine MODAL is entered generally in the first iteration. If 
solid-fluid problem is being analyzed or if updating the matrices is 
specified because of large solid displacements, MODAL is entered also in 
subsequent iterations. MODAL prepares the matrix differential equation 
for analytic solution. Its function is to find the eigenvalues and 
eigenvectors of the reduced matrix differential equation, and to 
uncouple the equation by forming the generalized mass and stiffness 
matrices. In order to accomplish this, MODAL calls the subroutines 
REDUC1, which transforms the eigenvalue equation [A]{x} = A[B]{x} 
into the form [K]{z} = A{z}, JACOBI, which calculates the eigenvalues 
and eigenvectors of the transformed equation by the Jacobi method, 
and REBAKA, which transforms the eigenvectors from z back to x. The 
initial displacements and velocities which are needed to solve the 
uncoupled matrix differential equation, as well as the load arrays 
are converted to generalized form by this subroutine. If MODAL
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is entered "because the coupling loads only were calculated in FORM, MODAL 
only converts these loads to generalized form and adds them to the constant 
generalized load array. The calling sequence for this subroutine is

CALL MODAL
Its flowchart is given in Fig. F-lOa through F-lOg .
1.11 REDUC1 Subroutine

Subroutine REDUCl(A,B,N) transforms the general eigenvalue
1problem

[A]{x} = A[B]{x}

to

[K] {z } = H z }

in which
[K] = [L]_1[A][L]-T

(z> = [L]T {x }

[B] = [L][L]T

[L] is a lower triangular matrix. Symmetric matrices are assumed.
The transformed matrix [K] is formed in [A], whose original contents 
are destroyed. The off-diagonal elements of [L] are formed in [B], 
however, the diagonal of the [L] matrix is retained in the storage array {DL}. 
The calling sequence for this subroutine is

CALL REDUC1(A,B,N)

in which A and B are defined above, and N is the size of the matrices.
The flowchart for REDUC1 is given in Fig. F-lla through F-lld . The flow­
chart is not commented because details on this subroutine are already 
available £l5] .
■*1jG corresponds to [_ K Jr and |JB] corresponds to [] M ] .
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"CT
0̂ Q

' i-3
£i
6
£i»
X
£-p
II]w

ofcj

gs
Q)C
+>
§
JB

01 
•s3:Oi—I|X|
a)oi—iifa
bD•Hfa

"  It3 O
ISSUE ENGR

DRAWN

TITLE

SHEET

H O . O r  SH E E TS  PER SET



_n ^7 Te---—— L

in|co
O

O

155

O

O

MCOS5VO » CM -ft
<01o« o>

H CO K vo « CM -rH CO IIoQ M

o

X•H•Se
go•rlmn<D>coo

a
•pg•H

ft o
M  CO ft o •CO tH CO IIo

PI ft

CO

M OCO

-PGO
•P
•H X 

-PMco e
• GPd o O -H
• m

U
■r-t (UM  > GCh  oH  O

CMft*
ft

«b
w

a
CO ft O •CO-MCO IIoQ ft

0

§

ISSUE ENGR

DRAWN

TITLE

SHEET

NO. OF S H E E TS  PER SET



11
1 6 "

w|oo
O

O
o

IU

o
o

o

M CM«

H  CO S  O -IN- tH
"l.OPI M

CM«
H  O cd +5 •rl P ■P «rl
*d

JS■S■sN 99 •rl -P P 0) eQ) O0 cd bOH Pc Pc 0 cd •rl S tJ

+ B
•~nIT\ r-C Ph 

« *

M

MCO

M

M

VO

H  O cd *H •H•P 'Cl•rl $R N 
*H M

80 pO CH  0 0

r ~ \

r~\

u

oCO ■rvo
pi i

sMCOB

3:
§
0
€ 0 r—I ,0 O
£

p0•rl
1O0

156

o oCw -H
!»£ Td rH cd id 0 P P 0

H  vr» cd P3•rl•P o
1313•H *rl

A!O3N•HrH
80p0

•S
00•rl•P>rlbD O 
O 

P< rrl ' 0 >£

w  rs
3  6  
x w ISSUE ENG R TITLE
o  < SHEET
K  *
Z  00

DRAW N

?  til
HO. O r SHEETS PER SET



11
■ 7  161

m|eo
O

O
o

lAl

o
o

o
I
M
II
MM

OQ M

MH

HM

M

O

M

CO

M

157

V) £3 6
z ISSUE ENGR TITLE

o  < SHEETs a DRAWN
£ iii NO. o r  SHEETS PER SET

Fig
. 

F-l
la 

Fl
ow
ch
ar
t 

of 
Su
br
ou
ti
ne
 
RE
DU
C1



o
o

o
o

M
a

m

vo 11on  h

©
M I 
M°  ..II

>n M

O
0

0)
SPwtncd£
UoB<u
a>•p•HfH

©

-POc
co a>•rl *Ppq "d
ft ft •rl Cl) t)•Pn a) o >•H■p -pfl ft COoft
>1

H

M MH

M

M

Ot3
0)cft

-P
g£
eg
ft01 
■s
o

rH&
&rH
rHI
•H&H

3 6
z ISSUE ENGR TITLE
a <a i
Z a> DRAWN
i ui NO. OF SHEETS PER SET



■ /  1 0 "

in|a>

O

co u

X  x

VO

M

O
tH

O H

«  ’-3

M

I— I X  M

co o

M

X «

CO

M

159

i—too

a)c
¥>
§
M
<53
«H0
1JCovtoi—<fo
0 Hi—I1
W)
•H

« h»3 6 
X  ~ ISSUE ENGR TITLE
o  < SHEET
s s DRAWN
£ lit NO. OF SHEETS FER SET



11
■ 7  1 6 *

lfl|(0
O

o
o

o
o

COHCO
tH

CO C J  M •

CO

2

CO o

c~\ r-i

•hH

M

160

iHOCO

0)
•H
O
*
a
tH0
1 x: o is orH&H
pHI(x<
W)

•H

" 5a o ISSUE ENGR

DRAWN

TITLE

N O . OF S H E E T S  PER SET

SHEET



r

161

1.12 JACOBI Subroutine
Subroutine JACOBI computes the eigenvalues and eignevectors 

by the Jacobi method for the matrix equation

D O  {z} = x {z}

in which [k ] is real and symmetric. It is called by MODAL in the 
first iteration and in subsequent iterations if the mass and . 
stiffness matrices are updated because of large solid displacements.
The calling sequence for this subroutine is 

CALL JACOBI(N,Q,JVEC,M,V) 
in which N is the order of the matrix to be diagonalized, >2; Q is 
the matrix to be diagonalized, into whose diagonal the eigenvalues are 
placed; JVEC is the eigenvector flag described later; M is the number of 
rotations performed to achieve diagonalization; V is the temporary stor­
age array for the eigenvectors. If JVEC = 0, only eigenvalues are to be 
found; if JVEC = 1, both eigenvalues and eigenvectors are to be found.
The flowchart for JACOBI if given in Fig. F-12a through F-12j . It is 
also not commented because details on this subroutine are already available 

[12].
1.13 REBAKA Subroutine

Once the eigenvectors are found, subroutine REBAKA performs 
the operation

M  = K T t M

to transform them back to the original coordinates {x} . This is 
accomplished using the off-diagonal elements of [L], located in the 
original mass matrix, and the diagonal elements of [L], stored in 
DL . The calling sequence for this subroutine is
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CALL REBAKA(BfN)
in which B is the mass matrix which now contains the off-diagonal 
elements of [JL]] and N is the order of the system. A flowchart for 
this subroutine is given in Fig. F-13. It is not commented because 
details on this subroutine are already available Cl5D»
1.14 DIS Subroutine

DIS solves the uncoupled matrix differential equation which 
results from forming the generalized mass and stiffness matrices.
Nodal displacements! velocities! and accelerations are determined 
analytically in time. The solution can be obtained for under­
damped, lightly damped, and heavily damped cases. The solution and 
its derivatives are found in terms of the generalized coordinates and are 
multiplied by the modal matrix to transform them to actual coordinates.
If the program is solving a coupled solid-fluid problem, the coupling 
loads are removed from the load array so that the former may be 
updated in the next iteration. The old coupling loads are destroyed 
as they are no longer needed. If stresses and velocities are desired, 
provision for entering the STRESS subroutine is made at the end of the 
subroutine. The calling statement for DIS is

GALL DIS

Its flowchart is given in Fig. F-Lfa through F-l4h .
1.15 MODMAK Subroutine

Subroutine MODMAK performs two functions. For solid-fluid 
coupling problems, it expands the solution and acceleration arrays to 
global form and inserts the specified freedoms into the
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proper locations in the solution array. Those expanded global arrays 
are then used in STIFT3 and STRESS to find the local arrays needed to 
calculate the solid-fluid interactive loads and the element stresses and 
velocities respectively. The second function is to add the 
nodal displacements to the coordinates of the solit nodes. This 
ultimately causes a modification in the solid mass and stiffness matrices 
and is used when the solid displacements are large. The calling sequence 
for this subroutine is

CALL MODMAK

The flowchart for MODMAK is given in Fig. F-15a through F-15c.
1.16 STRESS Subroutine

Subroutine STRESS controls the calling sequence of STIFT1,
STIFT2, and STTFT3 to find the elemental stresses and velocities from 
the nodal displacements and pressures. At the end of STRESS, provision 
is made to enter the next iteration to calculate the nodal freedoms.
The calling statement for this subroutine is

CALL STRESS

The flowchart for STRESS is given in Fig. F-l6a through F-l6b .
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2 DESCRIPTION OF INPUT DATA

In this section, the input data for FLINTS is described 
in detail, followed by the printout of a sample data deck. The format 

for each card description is as follows:
Card number. Title of Card 

Purpose of Card 
Format

Columns Variable Comments

FLINTS Input Data

1. Title Card
This card contains a l*8-character descriptive title 

which is printed as a heading for the output data.

Format (12AU)
Columns Variable Comments
1-U8 TITLE If no title is desired,

insert a blank card.

2. System parameters card
The data describing the system parameters such as 

the number of nodes, etc., are actually on two cards,

2a and 2b.
Format (1018) for both 2a and 2b.
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Card 2a:

Columns
1-8
9-16

17-24

25-32
33-40

41-48

49-56

57-64

Variable
NP
NE
KB

MAT

II

NPRINT
ND

Comments 
Number of nodes; < 63 

Number of elements; < 88 
Number of nodes with 
applied loads;
1 < NB < 20 
Unused; leave blank.
Number of different 
materials; < 2 
Debug option
0 < n  < 3

= 0 yields solution only 
= 3 yields maximum debug 

printout. ̂
Frequency of printout; > 1 
Number of nodes with 
specified displacements or 
pressures; 1 < ND < 20

It is suggested, in view of the voluminous amount of data resulting 
when II = 31 that the user limit the duration of his runs when using 
a high debug option (il > 2).
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Columns Variable Comments
65-72 NDF Number of nodal degrees of

freedom of the system 
= 1 for fluid system 
= 2 for solid system

2= 3 for solid-fluid system 
73-80 KKK Stress pass control option

= 0 for pressures and 
displacements only 

= 1 for pressures,
displacements, velocities, 
and stresses.

Card 2b:
1-8 —  Unused— leave blank.
9-18 —  Unused— leave blank.

19-24- MFREQ Frequency at which mass
and stiffness matrices 
are updated for large 
solid displacements.

2Care must be taken that the product NP x NDF, which represents the total 
global number of degrees of freedom, does not exceed I89. The total 
number of active dynamic freedoms cannot exceed 90.
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Columns Variable Comments
25-32 NONLIN Solid-fluid indicator

= 0 for fluid or solid problem 
= 1 for solid-fluid problem

3. Time Card
This card reads in the parameters associated with the time history 
history duration, as well as other system parameters.

Format (110, 2F10.5. HO, 3F10.-5, HO)

Columns
1-10
11-20
21-30
31-4-0
4-1-50

51-60

61-70

Variable
NIT
TBEG
TEND

U0

VO

ALPHA

Comments 
Number of iterations.
Initial time of time history. 
Final time of time history. 
Unused— leave blank.
Initial fluid velocity in 
axial (x) direction.
Initial fluid velocity in 
transversal (y) direction. 
Angle solid-fluid boundary 
makes with x-axis, measured 
counter-clockwise, in radians.
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Columns Variable Comments
71-80 KMASS Mass option

= 0 for lumped mass analysis 
= 1 for distributed mass 

representation.

it. Material Properties Card
This card reads in the material properties for the number of 

materials specified in NMAT. One card is needed for each material. 

Format (I10.3E12.5)

Columns
1-10
11-22

23-3U

35-U6

Variable
N

o r t(n ,1)

0RT(N,2)

0RT(N,3)

Comments 
Material type number; <_ 2 
= E Young's modules for solid 
= c Speed of sound for fluid 
= v Poisson's ratio for solid 

Blank for fluid 
= p Density for solid and 

fluid

5. Damping Parameter Card
This card reads in the value of proportional damping based on 

mass which is to be used in the problem.

Format (6E12-5)
Columns Variable Comments
1-12 DAMP Enter 0 if system is 

undamped
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6. Nodal point data card
This card reads in the x and y coordinates of each nodal point. 

There must be 1 card for every node.
Format (110, 2F10.3)

Columns Variable Comments
1-10 N Node number
21-30 C0RD(N,l) x-coordinate of node
31-1+0 C0RD(N,2) y-coordinate of node

7. Nodal point freedom card
This card has the number of degrees of freedom which exist 

at each node. There must be 1 card for every node.
Format (215)

Columns Variable Comments
1-5 N Node number.
6-10 NTYPE(N) Number of degrees of

freedom at node N.

8. Element connections card
This card contains the node number associated with each 

element and the element type number (see Card 1+) referring to the 
material properties. Element connections should be numbered in a 
consistent counter-clockwise fashion. Solid-fluid elements are 
numbered listing the solid nodes first, and then the fluid nodes. 
Format (815)



19^
Columns Variable Comments

1-5 N Element number.
6-10 N0P(N,1) Nodes of fluid
11-15 N0P(N,2) or solid finite
16-20 N0P(N,3) element or solid nodes

of solid-fluid finite element.
element.

21-25 N0P(N,^) Fluid nodes of
26-30 N0P(N,5) solid-fluid finite
31-35 N0P(N,6) element; blank for fluid

and solid elements.
36-^0 IMAT(n ) Material type number for

finite element N. For totally 
fluid or solid problem, IMAT(n) = 1 . 
For interactive problem,
= 1 for solid element 
= 2 for fluid element 
= 3 for solid-fluid element

9. Applied Load Type Card
This card contains the nodes at which applied loads act and the type 

of load which acts there. Even if no applied loads exist, the logic of 
the program requires that a dummy load of zero be applied at some 
arbitrary node. One card is needed for each applied load.
Format (215)
Columns

1-5
6-10

Variable
NBC
NFIX

Comments
Node at which specified load acts. 
Code indication of direction of load 
= 01 load is in y-direction
= 10 load is in x-direction
= 11 load is in x and y directions
- 0 dummy load
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10. Specified Displacement Type Card
This card is quite similar to Card 9 • It contains the 

nodes at which specified displacement or pressures act and the type 
of specified displacement which exists there. At least one specified 
displacement must he given in order to restrain the system and remove 
rigid body modes. If a specified displacement and a specified pressure 
exist at a node, that node must be indicated twice, once for the 
specified displacements and once for the pressures.
Format (215)

Columns Variable Comments

1-5 NSD Node at which specified displace­
ment or pressure acts

6-10 NDFIX Code indication of direction of
specified displacement.
= 0 pressure is specified
= 01 displacement in y-direction
is given

= 10 displacement in x-direction
is given

= 11 displacement in x and y
directions is given.
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11. Load Card
This card reads in the load information for the current time step. 

Format (2F10.4,I10)

Columns Variable Comments
1-10 FMAX Magnitude of load.
11-20   Unused— leave blank
21-30 NLD Load type code

= 3 for constant loads 
Other values of NLD should 
be used in a future extension 
of the program to treat time- 
varying loads.

12. Specified Displacement Card
This card contains the specified displacements. One card is needed for 

each set of specified displacements and pressures.
Format (2F10.^)
Columns

1-10
Variable
d i s p(n ,l)

11-20 DISP(N,2)

Comments 
Specified pressure or 
specified displacement in 
x-direction.
Specified displacement in 
y-direction.
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3 DESCRIPTION OF OUTPUT DATA

The output data are classified as follows:
3.1 Output data not under debug option control

The output data which are not under the control of 
the debug option II (i.e. , for II = 0) are as follows: 

II =0. The following is printed out when II > 0 :

Subroutine
GDATA
LOAD

FORMIC

STIFT1
STIFT2
STIFT3
MODAL

Output
Geometric input data.

Global parameters such as size 
of global matrices, etc.;
Load input data;
Local load array;
Global load array;
Specified displacements and pressures; 
Indicial arrays, sorted global load arrays. 
Size of condensed matrices; Reduced 
mass and stiffness matrices and load arrays. 
Elemental stresses.
Elemental fluid velocities.
Elemental stresses and fluid velocities. 
Eigenvectors^ eigenvalues; eigenvectors 
transformed back to global coordinates.
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Subroutine Output
DIS Time parameters such as elapsed time,

iteration number, etc.; stress pass 
control; solution in terms of global 
coordinates.

STRESS Stress pass control.
All the above data are printed out with suitable headings.

3.2 Output data under the control of the debug option
This includes the aforementioned data and the following:

II >_ 1. The following is printed out when II > 1:

Subroutine
FORMK

STIFT1

STIFT3

MODMAK

Output
Global matrices and load array as adjusted 
for specified displacements.
Elemental strain-displacement matrix; 
elemental stress-strain matrix.
Elemental strain-displacement matrix; 
elemental stress-strain matrix.
Adjusted nodal coordinates

II > 2, The following is printed out when II > 2:

Subroutine
FORMK

Output
Unrestrained global mass and stiffness 
matrices and coupling load array; 
coupling array adjusted for specified 
displacements and inactive freedoms; 
Matrices used in EQUIVALENCE statement.
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II >_ 2 (continued)

Subroutine
STIFT1
STIFT2

STIFT3

MODAL

DIS

MODMAK

II >_ 3. The following

Subroutine
FORMK
STIFT1

STIFT2

Output 
Local coordinates.
Local coordinates; fluid accelerations, 
proportional damping factor.
Local coordinates of fluid triangle;
fluid accelerations, proportional damping factor;
local coordinates of solid triangle.
Generalized interactive and applied forces. 
Updated initial displacement, velocity, 
and acceleration arrays.
Global displacement and acceleration 
arrays.

is printed out when II > 3s 

Output
Fixed nodal coordinate array.
Element connections; elemental mass and 
stiffness matrices; area of finite element* etc.

Element connections; elemental inertia 
and fluidity matrices; area of finite 
element t etc.
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II > 3 (continued)

Subroutine Output
STIFT3 Fluid element connections; area of fluid

portion; elemental inertia and fluidity 
matrices; solid element connections; 
elemental mass and stiffness matrices; 
area of solid portion; coupling matrix; 
elemental coupling force on solid; elemental 
coupling force on fluid, etc.

MODAL Modified matrices after calling REDUC1;
TL matrix; mass matrix formed by [l[] ; 

matrix to convert initial displacements 
and velocities to generalized form; 
generalized initial displacements; 
generalized initial velocities.

DIS Intermediate parameters such as natural
frequency, damped frequency, etc.; 
solution in generalized coordinates.

All of the above data are printed out with suitable headings.
A working knowledge of the program is necessary to perform effective 
debugging runs.
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3.3 Error Printouts
The output data which compose the error printout are as 

follows:

Subroutine Output
STIFT1 Number of element with bad

connections —  run is terminated.
STIFT2 Number of element with bad

connections - run is terminated.
STIFT3 Number of element with bad connections -

run is terminated.
REDUC1 Error message if mass matrix is not

positive definite.

The error messages for the bad connections indicate in which element 
the error lies. The error message for the matrix error is simply 
a warning and does not terminate the run.

3.̂1- Output Data Defining Problem Solution
a) Displacement Pass

All unrestrained nodal freedoms are printed as the problem 
solution. The program first prints out the heading "Finite Element 
Modal Superposition Solution." The elapsed time, time increment, 
iteration number, printout iteration number, frequency of printout, 
time at first iteration, and debug option are then printed. If the 
program is about to enter the stress pass, the stress pass control is 
then printed. The heading "Modal Solution For Unrestrained Nodes"
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is then printed, followed by the unrestrained displacements (ux »̂ u_^), 
and the unrestrained pressures p^ sequentially in column form.

b) Stress Pass
The elemental stresses and fluid velocities are printed after 

the solution. The heading for the velocities is "Elemental Velocities 
at Iteration No." followed by the iteration number. The heading for 
the stresses is "Elemental Stresses at Iteration No." followed by the 
iteration number. The elemental stresses and velocities are then 
printed out for every element in the model.
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4 OPERATING PROCEDURE

It is recommended that the user become familiar with the 
mathematical formulation of the finite element model and its numerical 
solution, presented in Part 1, as well as the organization of the program 
described in Part 2, before attempting to solve a solid-fluid interaction 
problem using FLINTS.

In developing the finite element mesh , the user should number 
the nodes in an orderly fashion and take care to number the element 
connections in a consistently counterclockwise manner. Failure to do 
so would result in a bad connection error message printout and abnormal 
termination of the run. Solid-fluid elements are numbered starting 
with the solid nodes first and then the fluid nodes. Six nodes are 
therefore used to define the solid-fluid quadrilateral element. The 
input data may then be punched on cards according to the format 
presented in Part 2, Section 2, Description of Input Data.
The data cards are then used in conjunction with the FLINTS source 
deck and necessary job cards in the following manner

//jobname JOB ( ho8177,l650),’name’
//*MAIN F = R, T = 10, L = 50, G = E
// EXEC FGRPCLG, PARM.FORT = BCD,

RGNG = UWK
//FORT.SYSIN DD *

FLINTS source deck

/*
//GO.SYSIN DD *

FLINTS data deck
/*
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The above job cards are applicable to an IBM 370/360 system. Wo matter 

which computer is being used, the user should bear in mind that the runs 
made for the completion of this study required 1+U8K bytes of storage and 
approximately 10 minutes to execute on the IBM 370/360. A maximum of 

50,000 lines was found to be more than adequate.
The following procedure is recommended for effective use of 

the FLINTS program

1) Input data check run
The user should make a run with the beginning time and 

final time of the run set equal to zero. The debug option 
should also be set equal to zero. The program will then print 
out all of the input data and all other problem data, such as 
eigenvectors and eigenvalues, up to the problem solution. This 

enables the user to check the input data and the intermediate 
results for correctness. If the input data is incorrect, this 
run should be repeated until all user errors have been rectified. 
If the intermediate results appear incorrect, the debug option 

may be increased and this run repeated to provide more debug 
printout to help the user determine the nature of the difficulty.

2) Test run
The user may, after the data has been debugged, perform a 

dynamic run using a time step on the basis of Section k in Part 1.

3) Finite element mesh convergence run
The convergence of the finite element mesh is determined 

by making a run having a finer grid (more elements) than the 

desired grid. Convergence is achieved when there is no appreciable
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difference "between the runs. 
k) Time step convergence run

The convergence of the time step is determined by making 
a run having a time step that is twice the desired time step. 
Convergence is achieved when there is no appreciable difference 
between the runs. If there is a discrepancy, the time step 
should be halved and this prodecure repeated until convergence is 
established.
5) Solution run

Once convergence of the finite element mesh and time 
step are assured, all the runs necessary to obtain the desired 
solution may be made.
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5 FLINTS NOMENCLATURE

The variables used in FLINTS are listed, defined, and cross- 
referenced with the analysis notation, to aid the user in understanding 
the program.
5.1 Subscripted Variables

Program
Notation
A(3,6) 

AK(9,9)

Analysis
Notation

B

D ’K e ’He

AN(3),AM(3) a

BACK(3,6) 

BN(3),BM(3) b

CN(3),CM(3) c

COOR(63,2)

C0RD(63,2)

D(90) oo2n

DISP(20,3)

Subroutine
STIFT1,STIFT3

STIFT1,STIFT2, 
STIFT3

STIFT2,STIFT3

STIFT1,STIFT3

STIFT1,STIFT2, 
STIFT3

STIFT1,STIFT2, 
STIFT3

FORMK,MODMAK

GDATA

MODAL

LOAD

Description
Strain-displacement 
matrix, in--*-.
In STIFT1 and STIFT3, 
the elasticity matrix, 
psi and later the stiffness 
matrix.
In STIFT2, the fluidity 
matrix, in.
Local area coordinates of 
fluid and solid triangles, 
respectively, in^.
Stress back substitution 
matrix, psi/in.
Local y-coordinates of fluid 
and solid triangles, 
respectively, in
Local x-coordinates of fluid 
and solid triangles, 
respectively, in.
Fixed array of nodal 
coordinates, in.
Array of nodal coordinates, 
in.
Array of eigenvalues, 
(radians/ sec)^.
Matrix of specified displace­
ments (u and u ), in, andypressures (p), psi.
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Program Analysis
Notation Notation Subroutine
DL(90) - REDUC1,REBAKA

F(l89) - MODMAK,STIFT1,
STIFT2,STIFT3

FF(90) x DIS,STIFT1,
STIFT2,STIFT3

IMAT(88) - GDATA,FORMfC

INACT(85) - load

INDEX(85) - LOAD

LINDX(85) - LOAD

nact(85) - load

NBC(20) - GDATA,LOAD

NDFIX(20) - GDATA,LOAD

NFIX(20) - GDATA,LOAD

NOP(88,6) - GDATA,STIFT1,
STIFT2,STIFT3

NSD(20) - GDATA,LOAD

NTYPE(63) - GDATA,FORMK

ORT(2,3) - GDATA,STIFT1,
STIFT2,STIFT3

Description
Array of diagonal elements 
of L matrix.
Array of expanded global 
freedoms.
Array of active freedoms.

Array of element material 
type numbers.
Indicial array of rows which 
contain inactive freedoms.
Indicial array of rows at 
which specified displacements 
act.
Indicial array of row numbers 
at which pressure freedoms act.
Indicial array of active row 
numbers in sequence.
Array of nodes at which 
specified loads act.
Array of code indicators of 
direction of specified 
displacements.
Array of code indicators of 
direction of applied loads.
Matrix of element connections, 
see Section 2.
Array of nodes at which 
specified displacements act.
Array of nodal degrees of 
freedom, see Section 2.
Matrix of material properties, 
see Section 2.
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Program
Notation

Analysis
Notation Subroutine Description

R(9)
tRe L0AD,STIFT3 Local load array; elemental 

coupling load array.

RO(l89) qo-F/k DIS Static displacement array.

Rl(l39) F FORMK,MODAL, 
DIS

Generalized force array.

R2(l89) * 0 MODAL,DIS Array of initial displacements.

RU(l89) R LOAD,FORMK Array of applied loads.

R5(189)
•
^0 MODAL,DIS Array of initial velocities.

R6(l89)
/

R ,x FORMK,MODAL, 
DIS,MODMAK

Array of global coupling loads; 
later, array of accelerations.

R6f (i89) - M0DMAK,STIFT3 Expanded global acceleration 
array.

S(3,6) Se STIFT3 Elemental solid^fluid coupling 
matrix, lbf-sec /in

SIGMA(3) a STIFT1,STIFT2,
STIFT3

Elemental stress or velocity 
array.

SK(l89,189) SH(3.89,189)
K FORMK,MODAL, 

DIS
Global stiffness matrix. SK 
is equivalenced with SH.

SM(i89,l89) SG(189,189)
M FORMK,MODAL, 

DIS
Global mass matrix. SM is 
equivalenced with SG.

Ul(88) VX STIFT2,STIFT3 Array of past fluid velocities 
in x-direction

VI(88) Vy STIFT2,STIFT3 Array of past fluid velocities 
in y-direction.

XM(9,9) Me STIFT1,STIFT2, 
STIFT3

In STIFT1 and STIFT3, 
elemental mass matrix, 
lbf-sec^/in; in STIFT2, 
elemental inertia matrix, 
in-sec^.

Z(90,90) MODAL,DIS Modal matrix

ZET(l89) DIS Array of modal damping 
ratios.
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5.2 Nonsubscripted Variables

Program
Notation
ALPHA

Analysis
Notation Subroutine

STIFT3

AREAN,AREAM Af’As STIFT1,STIFT2,
STIFT3

BB

CC

DAMP

DELT
ITIME
II
KKK
KMASS
MFREQ

NB

ND

NDF
NE

NIT
NLD

9x

3y

At

STIFT2,STIFT3

STIFT2,STIFT3

STIFT2,STIFT3,
DIS
FORMK
GDATA
GDATA
GDATA
GDATA
MAIN,MODMAK

GDATA,LOAD 

GDATA,LOAD

GDATA,LOAD
GDATA,FORMK, 
STRESS
GDATA
GDATA,LOAD

Description
Angle of solid-fluid boundary 
with longitudinal 
x axis, radians.

Area of fluid and solid 
triangles, in^
Velocity differential in 
x-direction, psi/in.
Velocity differential in 
y-direction, psi/in.
Damping facjtor based on 
mass, sec- .
Time step, sec.
Iteration number.
Debug option.
Stress pass control.
Mass option.
Frequency of matrix 
updates for large solid 
displacements.
Number of nodes with applied 
loads.
Number of nodes with specified 
displacements.
Maximum number of nodal degrees 
of freedom.
Number of elements.

Number of iterations. 
Load type.
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Program Analysis
Notation Notation Subroutine
NMAT - GDATA
NONLIN - GDATA,FORMK,MODAL,

DIS,MODMAK
NP - GDATA,LOAD
NPRINT - GDATA
NSIZE - FORMK,MODAL,

DIS,MODMAK
NSZF - LOAD,FORMK

NTIME - FORMK
T t FORMK
TBEG - GDATA

TEND - GDATA
T1 - FORMK
UO - LOAD

VO - LOAD

Description 
Number of material t y p e s .  

Solid-fluid indicator.

Number of nodes.
Frequency of printout.
Size of reduced matrices

Size of unconstrained global 
matrices.
Printout control parameter.
Elapsed problem time, sec.
Time at beginning of time 
history.
Time at end of time history.
Time at first iteration.
Initial fluid velocity in 
x-direction.
Initial fluid velocity in 
y-direction.
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6 PROGRAM LISTING AMD SAMPLE RUN

To aid the user in understanding the "behavior of the program FLINTS, 
a listing of FLINTS together with the output of a small four-iteration 
run are presented in this section. The printout of the large global 
and condensed matrices has been partially removed to make examination 
of the sample run less tedious. For purposes of illustration, the debug 
option was turned off (il = 0) and the stress pass control was turned 
on (KKK = l). The model being used to illustrate the behavior of the 
program is a 72 element solid-fluid model, similar to Fig. 12, with one 
inch walls. The system is undamped.
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o<M c io c > 
o  c

2<oUJ I
X  £  O H * *

rsj tI J M 
JJo *4
X  o < <

0* C 
CM « '
o  c 
o  c

-* 4J— »a oJ

-c-



261

<M
O

8

UJ
to
<

<
tO UJ u
tc o 19

a* at at
* a < 4

• •4 4
N a. a
INI M X X
< UJ u
CO a • #
*4 at UJ

T X
44 4

• h» «
• AUJ

•0 - 44 ♦
a t - 4
<  ► A 4
*4 t a t 4

A a . a ♦ c
r» x  « a
o & UJ «■ 44 a •

p
UJ
k X  * »  a

*4 H 5
to c. — </ C

u M  ft X UJ
UJ I/I u X

UJ X 44 * \  2 c
J - ►4
< *4 X  - »4 *• ♦
o to  q

f - N  o »4 H
X «— • Qt 4
UI 44 2 ♦  a
2 - *  2

44 (t Ui
2 qt u cP 2 X
4* T  2 a t >■ c/I

< >
UJ 44 « — u a  a
to a . u 4H 44 P-
9 U. 4- x  : « p - >-

IU 4< UJ 4 <  <
at • *  ►* UJ •  a X at x
a  e *  u <o — c O  1 1 ♦
u . r 2  ^ < U i u J - a

(O c X  ♦ o •J> ◦  p- 44 4a
*4 ► ► 19 - X  > P» «4 *4 «4
o c UJ 4- Q UJ <  1- a  a P  1—

•x  u X  -J UI X 1 o  u Ui UJ
o  - 3  cf X 44 *  1. UJ 4J Pj CU UJ
o  c •  “* r »- 44 C o  ♦ • CO •4 ■■ X  X
3 < *  2 *  2 < #  •
UJ c 44 4 3 z  a 7  2 9  3 o z  z pp r“
>  u <t 44 - *  > xJ J <  < & 1

J - H >■ J  4- 44 •  u l •a O  3 *4 \
UJ 2 tu  : ■Jj u 4* i Z  X 4- Ui JJ i l 9  *0
r -  * 44 J c -1 u X  z 3  - u . x X  X X  z
<  » 1 J < 3 3 3 X  < -J II • x  : ?  7 <  4
-J  2 A « o j 2 T a II _ Z  il < z i T il il
9  C 4  2 |4  J 4H « -4  " 3  — P- _ 3  - u it ■4 N
O  3 44 £ 3  4 p- 4« OJ . P4 C Z  H 3  < at 4- p* rs Ui XJ

o j  «• w  •/ I -  p o  z •4 _ «4 Wi ^  — Xi 2 9  P O  Z l
• <  u A  « a  u at a Tt *4 U. 4 u. m 3  xJ >  Z Z  at Z  X

N U  " at : o  •* U  I. <  u U. U 44 a 3  <N O  , <  < <  <

UJ
to c o
< tf •c
UJ

UJ
at

#4
10
>
*4

2
<
at r* «j <0 JU ca a 9 OJ <T t  A
*» ** A A A A A f» st 4 4* 4 ♦  >1
at c o O L a O o  o O c o  o O  <J

e
c o O c o O o  a o c o  o o  a

«2

C
«2

~  Ca -

N  I5: 5 s
-* - ■ - CO
o c u) UJ 

C X  
a  r *

19
a t<

•
rvi
O
a t

•* « w *
2
2

2C LU L CO 1 3
2 2 < *O  C
•J4 ar >
o  cN > a  • *  * DUj O 

Z  «l J  
j  p  UJ^ *4 >
r -  y

c > a r • x
CS uj r 1 *
Cl ^
c I <P
-  . a t 
c i <  

• •  C r ** 
t p»
i  coj - 2 

• -i 3  :.iu
i < :  H

-  > x
u, UJ
o 2
"  2 

c  i »•«
*  .UI UI C t cO t

o c

4  at c ui a <

p- 41 <->
o  «■»a  ;

i i  z  - '  - J  •■
i 3 3 v a i .

. >• <
• X
k
: -o

1 3
O  c 

' -i. 
►

I X  *
xi .
2  •.

9

S

- I  x
z  ;

i o * r ’Q-
I 2 . 4 4  t  1 44 *o :i u, a  : i *4
I *• i at i ' at

4*  i
at  :
•• 2

c
a

2

C ' — p  i

_ z -» z  -
p H U . H I .
v I 4 U pU .>

«• 2
A C  i at i 0 Qt U *

a h- C 
2 '■XJ4 x Z•xi p3:

2 O  "  1

’ A <4 k A U k O  C 
I O C «)

U-
--
--
--
--
--
--
-
lF
(N
aN
HN

.t.
Q.H

fco
(I 

I-
Kl
ll 
k-*
K6 
(I 
)-
i»
*Z
ST
11 
k>0

ME
GAM

»R5
 U 

k̂O
ME
GA
fX
OH
E

lb
AN
*F
FI
 I
I

 
C 

gm
-S

UL
ur

i^
N-

lU
m-

lh
im

AL
 

OI
^R
LA
Lf
cH
tM
I-
Ai
Ut
AY
-F
Cm
 

NU
T 

TlH
b 

ST
EP
--

-
OO
oO
 

IM
NU
NL
lN
.E
0.
1l
R2
II
)=
FF
m



• 262

01
<&

i Z
■i
n

uo
ui x
*&»- u.
acUi «J
SIS
S E 3<Da z *•***-

3> q a.
< 3 3  i/JUJO 
</> UI UJ z
lie
*S
& u)
Z  !■*
*/) ♦-

U»
s
U

M3as
ui
o3
Ui
£<
a<
to

o
O  ■

3 !
o  |3 1 GO -*

O  U I O3 z <nM  O ^  ̂3"3•" Ui «uz,n 
*»•••.• Ui I- - --
O t
U J M  I i ^ » r  Z  Z♦ h U f
t - 2 H Z i - 2 r p  
—  —  -  a -* o  z z
1 U . i l  j a i U S O

*
z
<
3UJ5 =
O  r- O UJ I'uarg

> 3  I Z 4N!

a

3  *a. u
*- O  4)
3  —J Oa a  n□
U i p *  H
0  3  Oi a. oat-ift- 
Z  3 < m  u j  U I Q n X H  O  ** O

<
u

: eC<<3 < uj ; >« u  to:
i 2  a.3 uj •

UJ *1  —• 03 U

3 * x  Q  *-4• O -x<•» uj «■» in*-i z m a
: —  a } u> u i z -*

X
T  a :  U - t

<UJ fiC I
a s :
yO II i
z — ;

H N C  d 4 A 
O  O  “o  o

M •  O  O M H M  J
* x

CO
o  o» o <A
cm o n CM

(M CM

» « z h z z :• il O  j! 0 3 :

•  «N •  xX •  ZC* uj uj jj h  • u  ac
O  X  . J  3  0 3 0  uju iz-2 2
♦ r * H N j j « " H _  . _

<  I A  «0 d o u o u

U3 f
d d o  o  a  o

i 3  SC i 
. 3  <  ;

>•< Muj of uj
< u> u </> il ui > z —  z —  z <Z •** * *+ m 2  xx •  *u  •«-«  c£ u
a  ii «-* ii »« ii < 3
u .  X *  ~  '  xX J) -
y )  O  > -  O  > -  d
z  n  «  «n <  o « h  <.auifvjjc..u— z a C 3 o C 3 a L O O O  
* - > 0 < 0 < 3 X O

u j  u> ^  f *  r »^ o o o  a o o 
o  «  o  o  a o  o

if» d f- to »■ oP- *» f* f- JO
0  3  0  0  0  3o  a  o  a  o  a

a
o

m -
CM O  II * o 

I z  t: z o. —  o

*
*

o
*
to

4

UI

c 
eS O
- 4  CO

CM Z  I *O •-* *+

•■•XX UJ Z  •  P“

UI
Z  «
u l  
X

p -
z

UJ 3

•u * i- *
Z  — 
3  X  
- 3

XX x* ̂
H  O ►* XX
S r u S S u.LL
Z V —  * »
M  XX UI Uj UJJ  > a OUJ • ♦ < 3 3•SI UJ —» VI z ZM  J H Z -

O uj • —* • m oX Z  —  UJ * n
JO * H  U  Z J) COXX -• < • •
-0 o II H  Z UJ o O  <0—  IIH  J - Q - <M —'
4J JJ W H  II U  4 i 41
e X < - X * - 3 « — xx*-x*« / ) Q 1 3 i ^ O C  X Z O i ^ Z ^ Z O Z

x  fg (f> -t 'A d ̂o d s o s i a  o  oooo^oo
O  O  O  o  C l  <3 O

o

oo9>a*4'xnt ttfwr»ao>o«*0fi9)jtl>̂ 9,̂ 0i0>>9,00J O Q O u O U O O O O O H No o Q o o o o o a c o o o o

o



FO
RT

RA
N 

IV 
G1

 
RE

LE
AS

E 
2.

0 
DI

S 
OA

TE
 

• 
77

09
9 

16
/2

A
/5

7 
PA

GE
 

00
04

263

Ti
«  U\«\
K 8 
O

1 2 .2 1  
M U. **

1 J\ O < 
1 N  »M I
I 33 03 <

A  X • f*“
k  x:_ M — M\ O h  •-t •

• •4
«J Hi V  UI •0t >  * 

IU0JZ  >  j 3
O i)

3 0  J  N
O K
} <Ofi t

«*•

55
H 9 S

«VMUIar *O M

ms ui
u> a  
o
a . k
at ZUi Ui
5  £  1
u> oc .u  e 
J Z <  < m  
OO Ut
X X

-- o
a. uj

5 ° 5O  X >4
«M Z_ * * o

V  * 3  
A N  J  m m  O

Ui ul
ZV) J  *u <

X »/>
«  zo  x a r»
x  r  a  a
• s

N A ■* • Ui M » *4
■ UJ
UJ « O m 
x m< «/»
* 8
X*\ r• aeg x

1/ )
•ii3  — O >z <ac a jc u <

53

U i CM 
-J X ui m

at < <<  *  Z  >  u j <• H»
• * - m  ac
3  3

lO h t L  »*•«/»Z  oc t/>4* «■* sc
Qt U. UJ

m  m  m  uj cm

r jj 
■t x

j o c o -o o -o _ — ►-
>QuJri»,4»“ r^r*F*rj C 0

O m  Z • 
Q  at 3 d Z X U *
¥\
CM

> X u. 
A O : J- z

o
N

X  «  X*4 <
CM u* 2t N £ <U\ 4* tL.
m  m  3•  ru r  *n 
r“ *>
•<9 <M —v  r-
X  SI <oii<£
a  X  x X  *- 3 
3 1 - 1 .  
CM fO

aa
a

t  oc —;<0 < «n:
x  •
XI X CM £• X) I
( M X  UJ Im  ui o»xi * —  u ; » N A U .(  
M m  •  IX • 
aii MZi 
k  ro ;O II uj * ,
u < *  X <c x u -n •3 x « •4C N- XI I'jaiN

<  z
X  UJ J- X  x> aj 
UJ O

•  X  O X  i\| J IS U
h  i a  ruJ M • X
•  -# i>| —
Il iU«l*a + m <m II • X 
— X M < < UJ X 3 
St 3 <- IX m *M -n

3 I*4 <
O O
2 5
O Or  r  a  xv*> .T>

>  Qt Qt
t *4 «
i o  

o  z
> - j a
• UJ 9-9
) — < 
J X  -i X  
I  <— <  Uj• K *4 —J> 44 ̂  UJ
• A - 4 U  
! A Z U• • m  <  
CM1 -* Q 3  

J UJ UJ UJ

II 'U\ U> M\ 
»t • • •
X  cm <M CMt 4  U  H
•  UJ UJ UJ A *  *  9

irt X J< X 
< CM CM CM

X X Xrf> 43 <t>X
fm 4- * »
A  A A AM  |H *4 
t9 •» » «Z  »  -  •

>  3  a
Q t t t IUJ <M CM CMQ  <  <-• a 3 —  r- - - - •  g t X t n z x x x  3 3 • UJ 49 m  m  

X  O  3  4 
- 4  X  X  44
•4 4« r -  u-0 4) CM in

«< 4 < < < <x x x x £ x
x  Qt oc a: Jt ac3  0  0  3  3  0

i N K I t A O ^ A Q ' O M M A ^ A1 0 0 0 0 0 0 ( j O<Mm*««p4p4^m m m m r n t r n t m m m ^ m m m m
O O O O O O O O O O O & j O O

A 3  A'O A  O  A  C> m  m  CM eg tfi .tj
co o  Ai co co a  ^

o4U49o

<  <  <  <£ X X X
x  ut Jt fit 3a 3 3 o z 11111
O A O  a
^<r a agO 10 CD CD

Q*«<N(f|-*irt4KaO ff*p4«4M'MNNi>ifMNN<M m m m m r n m m m m m m r n
o o o o o o o o o o o o

I I



264

•4
O
O
O

UJ

s
a

? u>
X . u»
M X
«M X
V X X
COmm a X

a mm I
«n a

A m CO - j
C >0 s X
a X u «

UJ 3 a
a . Z u >

o ► *■4 — X
►- «J IT O

m *1 z •  2 3
f» t *
o mm ®> >■ 2 O

o co c UJ
K a cm •4  4 I* tu

C —  z u
■ L X f  * C •

' 44 oc - 2
UJ a * 0 mm
*- 0 3 <-> a 2 Z
< a Z m  «* c
o • 2 a

QC tf 3
► O ac a! £ Z
U rvj 2
* U a

a 0* u i *■ z  0
V) —► c •  a

ft z ac ^ H- U
' * *» - * Z  2

0 -* « . a •4 «
o &> x oc a

h CM A  2 H a  kj
a H  mm a Z  UJ

* z X mm - •  z
X ' *4 mm — H  «
* aC u u -4 U mm
a f> z »  a —  X f -
o <7. mm rm C •  X
x X  *■ « 0> X mm mm ro H < Z UJ x

<  u 9 9  t O' a * -  M £ *•4 <
X  - N •x  3 n  o « Z  U. 44 2
a  h •  Z a  *1 N *Si m
o  - J 3  - mm J. \  N 3 y Z  Z
X  f a aC x  a •9 X 3  x •  *4

Z  - N  — 0  N z  * t- -J
UJ 1 •  *\ 4  <1 x  x 3  ac •  a -J  2
z I  *  « * 3  < JO a uj g
H  <2 CO ^ 3  a — 3 X. C* Z  S. 3 z
*■  i ®  J X  cs 9- ^ \  V •  z
s  i z  -* 2) 2 Z  Z  AJ « uj U
a  c *— a 3  a *4 ~ 3  3 Z  «il X  u
ac 2 <  a X  UI •  2 E 5 •  <J «

o z  c x  - C  X X  x x  co 4 - X
• 3  C mm (. 3  a X  -3 □ a z  z Z  X

04 «0 i. •  « o  < 0 j
4* i> <v 44 f\ fO 4

UJ
(/)
<
UJ
.J
UJ
ac

m4
O
>
M

z
•J r\ *n •« «> u
o  c o c 0  a

ac o  c o a 0  a
£ o  c o a 0  a

3
o
z

UJ
z

u a 
" 2

J) i
z  a 
^  jc 3 a 
3-I LU  Uiz a. ~ o

ac a  <
<  oc - Z  J

: 3 <I -4 £
‘  * -  - J  -C
» z a> x y»
• *t U J1 3
> o  c r-

n > -  • yi .j 
: -  z  ;
> 3 3 ;

£ <
3 a: 
3 o' uj <t 
u
JL £ a 3 33 Jj
< UJ—  ac 3 UJ

a  ci ac a:

a  i 
oc c

c i ►
C I -f t >

> -  O  ■I 4 II «► - z r

a u <
o
f

I)
• 4  mm

i i l c ; h

2 X ci a 
z

i. £ l UJ < 
J , •/> V
. Z i

' z  --* I
. 1 3 !  
d Si 2. - z c

I U II i

»- it 
• f 3

£
Z

Z x ” x « jl O * ) X ■
: z  2 • -  *4 Z  -  r-

a  U  <L 2  j£
O - J x

n» x < o o a «
o  a  o  ; 
o  a  o  <

Ol'O.'Qi O C  O C i Q i

I P* 0 I 0> O
I H  r I mm ? I> O O 3 I I O C I O  Cl

m I Al l*i ^  II
o i <M r i ru

o  r* CO 3 3  imp 1*1•> AJ <• < <* tfO C o c O I1C 3 C O  c 3 c OC 0 3 0

' )



265

O

§
UJ

c  u

i s
03 m• i. t
< 4  

JJUI- h »- *■ X ̂  
■-* -  Z
OC a  O

^  a  ff*<*> i* m 4o c o ' o c a
C ■ * *  ( \  *>

JU (. 
3z H•H a 1“ »•z c
3  C 
J  I

t * f 4o  c 
u  c

4- 
o  
> -  
o  
o  
—  ( /  *4 a 

•  C  
3  C  
OJ Z

z

z
d  oc 
♦  3  

X  l i .  □a g jZ  X u
•  *  « *  -T-4 -• x  ai -ii r-« « • 3  3Z  I Z  2<C

4  i l  «  Z  Z  -a z 3  c a a
a  z

r »  a
4  I

O  G  
O  C

O  O
o  o

<A <tn tf© c 
o  c

—• >
>  r  i

S
oC - X oi  ̂ *a z  u
o

—  C OC . 
J X  o  UJ 3

4 ^ c

u  cm :  <  -

H ]  £— *■ « 5'i flr CM >
Z  .

- -1 -  -* I  *  X
X  J —  L I

_  x  3  a  3  3  C X  5 
a i ^ c c u  a a  x  a  cm j

4 * i - 4  #■' ©  a

•A «4 i >A 4 ‘O  C O  C
O  «. > O  C

m4 *  | 
4) 4o <: o < »

n



266

*4
o
8
Ui
o<
*

? UI
N UI */>
N UJ <
(M X\ »- <0 X .eo •
p* a S3 <

o 90 z-I a.UJ a. it -j
> 5  4 c <

z  « ua » u a o
z «-»a u >
< <M > s

• h olift U) fO 2 o 3r* UI <0 • c »
o UJ pp m 2 o
p of 2 S ► s

I/I O  - att LI > c-J • * 2 ►-
Ui < -»u I PH
1- 1- O' c 2 z
< z <8 2 L p
a h* i 2 u.£ aUJ I- c C z

.J UJ ft 2 *
UJ M  - u o• C *• z  cUJ A  u » a
z m  z i 1- u
1- • < n z  zfti - k PH 1
U) —  c Of uUJ H- ft »■ a. *sOf - U Z  uUI < C  > •* 2V) 3 • p pH

UJ -J —  u u PH U
of < IM 2 X » >*•>- > N  < ►“ c p a
UI UI Ui «p P h< <  2 UJ X mJ

U) UJ c X  •| pH < c\ 3
UJ UJ -j r k z  a pH 2 u p
Qc z »• «• e • *s U) « «p m
H PH PH •_ N Z  2 u: O  2U) ►- 1- Jt 9 3  2 r- *• r —

3 N  2 *■» < Z F— - Z p —
UJ a 2) < <N 2 » ui J  2 u. u * 3  H
z ef i - • H co N UJ c X Z z  a H) tl
PH co J> x a a Z  j \ 3  2
H 3 S  « <0 > P z - «H U  r*
3 U> z  - —  z u UJ <J u II <  u N  /
o a  r Z  c Z  u. X  O Z X  -
of U) z  * 3  x pH « Z C PH Z 3  -

a X  2 °  x a. x U <1 II -• 5 z o  - u  ; Z  2 Z  x L .u a O  <
OJ UI *- L> • »L » i p 1 u 2 _j p 3  J

p 04 pH fN HI 4
UJUI C
< o
Hi L O  L U  C. LiUJOf

pH
o
>M
2
of M 04 it * 4\ 4 r» a
*- o o C a o  c Ci G
of o o C q O  c Ci L.
2 o o C c O  c o  c

>: a: a:

ci ► •C I

p I u  
•» 3• z

• * ' * 
* *

a: a :: u> : >=* a: f  > * «:3  j :' f- -: o) ii (I z  ► a: t . uj

^4 f i HI «. 1 J\ m i N * I H * I H  p I
O C l l J U O O
O d O d O s l

f* 0 I 0* < I pH 
H  > I t' I IM O d O t l O  O C I O U O

< ■ Ci o  o n



72 
EL

EM
EN

T 
FL

UI
D 

SO
LI

D 
M

O
DE

L

267

*
* I/)

t*

z
&~i d < <c

o
X

Sc

m U O

Co c z c dJ c

IdUJa <

m <j
H ? ?  
*  UJ u  V O fs 2 f- <f 
U O  *f
c ss• Io c

oo c

lOC
1 O C 1II^CO

CO n  N  P i  O

a  
1 e
UJ u o  cQ Co c o c m <• 1o c

o e < o C 1 < a

j
•j

«1 4) j 1 r» r ► r»
Q i Q c r j r i o j c

O  C 1 O c >

O C I o c • o
O  Cl O  L i  uf- r • o* c ■ 9*

C i O C i t A C l O C i O C  i A C  O  C O  C < A C

Cl O C (lUC
C I ©  C C l  o  c

C I O  C O  Cl  o  c
o  c  ©  >. 1 o  :
•>
4  <0 *4 d  *4 d m4

o  c
A rit oj <4 O 4 j0 o4 04 0) O -4

I •*» t» I V I •
1 u  o m j

c  o
c o  . o  d
a o oj c 0 4

o  c o  u ■a tr

o
o  c

o c o cA X

o  d 
c  d  <r. c

0 0 0J O  J
s u o o

© d o u o oc o j  j  o  jtfv A P** **• ̂  t*• • • « • •
9 31 •‘"I ?*> *1
H  4  r  j  N  N  IM

M ) 9 > a

• 1



268

O O 
O  ( im o o  • b •
N . O O

^ o» o ;
«\ rft
CM < I CM

. i /n j1 m  j m )o>c <«■< n 
#  ♦  -j ■ ♦  ^ < # ■ « * *  ‘

o c o cG> C
o  c
O  i.
m  c

oo u
o  c

<;■

U I Oa>
Ui h
o  •-az

u j  c  o  - 
a  
z

U I  3o

u j  I*  
a  o z
UJ <N
a.

az
UJ f*5:

c o 
a  Z

jj <\
o
s

S'

fO tf r» 
CM t* 't

CM 4
CM (*

•MC*
CM t*

? s

lf\f> J1-m m

a * r  . o  *  i m  r  i m

cm r  N r  r g r  cm

O C  O ^ O C i O C O C i O C O C O C  O  C O  c  0 - 4  o c  oc

O O O C  O C O O O C i O O O O - O C  OC O C O  c OCIOC oc

O C O ^ i O d O C ' O C l O C ^ C  OC O  C O  C O U O C  oc

m  u  i o  f  r»• a  i O* C O  
• P I CM

r g n n ^ - i u i i n r ^ o c o c o c i H f i t n n  *  < m  c -o  f  c ^ o  o *  c  o  •  *m  o

(M  r* r »  -4 0 0 4  o f *  
<V «M «4  CM * 4  :> CM "  I

t n o  m  4  a  o> c  «h  c*

h p  n r  tin r

*H « ■ pH * I

ao c
;M

o  C o C  «H c

• - «M (M (M (M

O U O O O O

'
CM (M <M N

CM 4 m !** 
»n <M «n *m

mCM A a m o o(M AJ CW <M



269

O IC

ca o rg r m

O  C ) o  C O  c

o r - o c o d o c  o

0* O a
04 #i i <n

lAV'Or f*> f i 01 o

oo >
04  C l 04 «

01 04 0(» ' (O

tM 44* c* •n o•41 »

o  o o  c o o <

<m a 
4  4

OC oc 
4*

rtl 0 taA < iA <

3 0- -* c\ m 4 r» * •4* 4

4* 4m o 0* c m 4 o -
4 4

rt 4 0  4
■O 4 04  g 4  4

cc

c c

C I 
C I

4Ja.>

ui
a
o

£>
H - C

UJ
oo2 4t"1
UJa.>
*• d

o

o

a z c

aaz  ̂ ■ 
£

UJo o z  u

a
oz  (4

a
o

a 
a  z 4  *>

4 .

U  0 *

40 4/ «a a

<)



72
 

EL
EM

EN
T 

FL
UI

D 
SO

LI
D 

M
O

DE
L

270

o  c
•  4o  c

O c• 4u  c

o  c
•  4o  c

o  c
•  Io  c

o  c• Io  c

o
o

Ol c r _
o  d

K
<  dX 1a  c

o  c • <o  c

c
c

2 0 c
2'

00 00 0 0 0
• •• ti •• •00 O O 0 0 0

0 0 Q O 0 0 0
• 4* •! « • «
oa O  O 0 0 0

0 0 O  0 0 0  0• 4 • « • • •0 0 O  O 0 0 0

0 0 O  0 0 0 0• 4 • 4 • • 40 0 O  0 0 O  G

0 c O  0 0 O  O• 4 • $ 4 • 40 0 O  0 0 O  G

0 c O  O 0 0 a• 4 • t • • <
O  O O  O 0 0 0

O  O O  O 0 0 0
• 4 • 1 « • 4
O  O O  0 0 0 0

0 c O  O 0 O  G• 1 • « 4 • •
0  0 O  O 0 O  G

0  c O  O c O  C• 1 • 4 4 • 40 0 0 O 0 O  G

0 c O  C j O  C• < • « 4 • 4
0  c 0 a uO G

o  o  .  « •
0 0 0

o  o • •o o

o o • •
o  o

o o • •o o

o o• 4o c

o o • «
o  o

o  o• I
o  o

o  o  • •
o  o

o  o
•  4

o  c

o  c • <o  c

o  c • «o  c

o  c 
•  .o  c

o c 
o c

O  c• Io  c

o  c• 1 ' o  c

o  c• '' o  c

o  c 
o  c >

o c  o c• ' • -Io c  oc

o c o c• > t Ioc oc

O  C 9  C• I •o c  o c

9  t  O  C ' 9• I • I •o c o  <0

o  C O  • I •O d O

c © * I o

0 I o  C I O  C O

r o c io c  o

O C I O C  o

*• O  O  O  C O

c r» c o c o

h r m c i o c o

oc 
9u (_> < a
tA H
*  LU I » i « > C i O C i O

4/1 C > O  C l o  c > o

a ■ 
o

O  C I *  I

r1 t c -;

«0 O . C
00 c

<r a c
•r q

<0 4 N r  (0 3 c<* 1 4’ <4 f- 0

o a <0 c c<r r< ^

00 «j t c 
m  u , r »  a

CM c<m <1

4 a) o 
rt mi  a

4  co cs <0 C •4 I* O' 5

CM M (Mo* o -r

H  (C0* N f
9
•3r



iH
fc

Sfe 
O

K
P

LA
G

EH
EH

T
S 

AR
E-

---
---

---
---

D
1S

PI
 

It
 

1»
“ 

lO
.O

L
O

271

0 0
0

0

O O

O
O
O O O 00

0

O O O 0 0 0 O O O O O O O 0

S *

O O O
0 • • • • • • • • • • • • • • • • • • • • • •
0 0 O O O O O 0 O O O 0 0 0 O O O O O O O 0 O O O

H II H a II I I H i II N II 11 u u It II n N M H It u II H II

<n *4 N In • 4 rg <n •4 rg <n *4 eg fO •g eg m •g M m * 4 o | tn * 4 rg m

• m m m » * • O m
M ry rg M «n <n m i * ! m A g> <0 4 ■o r » !«■ f * go 9 CD 4 * O ' O'

_j w

d
A

d
A 3*

d 0.
A

a .
A

d
t/>

d
y)

d
A

d
A

d
A 35 3 )

a .
A

d
✓) Ss

d
y»

d
A S i

d
A

d
y ) S i S i

d
S i

*4 p* P4 P4 M P4 ■4 P4 * 4 m M P4

O 3 2 2 2 2 O 2 2 2 a 2 a 2 2 O 0 2 2 2 a 2 2 2 2 ui
sp
i 

10
, 

ii*
 

o.
c



DI
&P

I 
12
> 

31
* 

O.
C

272

o  <v OJ H

rvj 4 cJ: r

-j «r «-1 *4 ?C •< ■

Si
O

Si*4a

C O  C O  C OI • • I •
C ' O C  O  Cl o

c o c o c oI • • I •C O C  O  c ' o

C I O  C O C i O
» • I • I •

C O  C O  < I o

c> o  < 0  o  oI • I • ► •C O  C O  C I o

C O  c o c • o» • I • I •C I O  C O c > o

c I o C O C 1 oI * I • » •
C O  c o  o  o

c o  c o  C OI • . • > •
C O  C o  Cl o

<. O  C O  C l oI • I • I •
C O  C O  o  o

C ©  C O  C  O  » • > • > •
C O  C O  Cl o

o  c o  • > •O C O

o  c o  c oc • ' • < • '
O  C O  C  O  c

o c o c o c

o  c ©  c o  c

o  c o c  o  c
•  I • ' •

o  c o  c o  c >

O  C ©  C O  Cl• I • I • I
O  C O  C O  C I

o  c o c  o c• I • I • I
O  C o  C  O  c I

O  ©  O  C  o c

O C i Q C  O C• I • I • I
o  c o  C  o c

o  C I o  c  o  c• I • 1 •
o  C O  C  o  C I

o  c o  c• I •o i o c  oc

o c • <o c

O C O• I •O C O

O C O
O C O

c o c o
. • .. • c o c o

O C O
• I •o c o

c o c o11 • I •c o c o

o
o

O  I ' •O c

o c ' •
O  i

o c 
• 'o c

cJ
u
2

2c

o cI • Io c -

< - n n

O c• Io c
o c• Io c

o o • •o o

/\ C 
fM <*

om  <
o d

<0 r
Oi u  
N  *>
o i
•o  ,1N  9J
0 c1

o o • •O o

0 c1 I
o  ^ 

C j z

o c o o• I • •o c o ©

u  3} 
p- d

2
u o  d

o c 
• <© c

o o <
• (IO o <

i •
t m !\J r*4 ;



273

i

o o c  o c

..i.utOiAOU - * *A <A C 4

OOQ O C j  » • • •

* ■ <p < • 0* U *• 4  «> Ift 4

< » O C O  cI I I *O O O O <-

nan<oi« 4 ia ia g

(i e  y t *  t> 
* 4  / nA  4

CIO Cl o cI • I •< I O C O  c

f  » 4  #1 4  -  6*. ‘ 4  tfi »A -4 <0

& a o  c♦ 4UI u,O'
p- po c

®  4 O  C ♦ 4 UJ U 
4  ̂*4 a)P» 4 o a
• 'o c

<p r?sUJ u»A Pr- o

I
i«* J

o c • <O c

o c • <o c

o  c • 'o  c

o c • *o c

lAC AC m  4

O C• 4o  c

o c• Io c

o• T . o c o

w* J
OJ o

O C 
O C

o c• IO q

o  c• Io c

o«O (

c m o•« *4 fs

o c o
• 4 •o c o

9> 4
4 (A

CO tr 
4- IT

o c• Io c

P* a 4  Ui

O C
o

o c• 4o c

o o
• 4o c

o o • •o c

me meN'* -1

4  0AJ P

o  c c o c o

o c o c• 1 1 • Io c © c

*s,

o c o c• I •J c o c

la m a| C : W « I

o c 
o c

K O U i O m Os «a u i -o o r*

C © <I •c o

c oI •C O  c

C I o ?

KiO I

'A 4O  <±'4

c i o d o o ot • > • I •C ' O C O Cl o

i r* f i p» f i r»

(lOdOClO I • t • I •d O d O O O

o
O  <$>

CO r ) 33 lA «. I 4

OJ(*

o  c o  c o c o• » • '1 • I •o  c o  c o c o

©  c o c o c o
•  • •  I •  I •O  C O c o c o

(V) 4 I <A 8 1 (A <11 (A H  r N  C m

o d o c  o c o  c 
OCIOC oc oc

PI f+ eg P m  r • eg rh  * im f m

O C i Q C  O C O  • • • > • » •O C I O C O C O C

*4 , I «4 4 4 ' 'H p 1 <g f I in .d

o c 
o c

4
rg

Oa

O C I 
O c I

• CP J ( 4  g i CP<0

c o c o c
I • " •c o c o c

CO 5  < 4  tf

o c o c• I' •c o c o *

t, r* i r* p f*

C O  <I •C O  <

o
♦UJO'•44r*4I •?

* 4 - I 0 - 0

o  c• 4
o  o

o  c• I
O  C

m o (A o(M (A *A t

o q o o

m - nj eg <A .A

O c • •
o  c

o c • <o  c
O O O O  • • • •o a o o

o c• I< 3C
j d o j o o• 4 • « • •0 3 0 0 0 ©

• • •*>4 r- n f* g  rg n  m

a*»■ 4

• * • •O  Q  O  O

• 4 • •~ a ~< £>j ej «t> .g>

Xc o

o



2 74

<i O  C O  c
I • I ft <C I O  C I o  c

a O d O « >4* IA U -0 4

oo<iod
» •  i •  j  ( I O C O C

C I O C 1 o ct • I • 'ci o  c o c

M  X> ft I 9  A

ct O  C O  cI ft I ftCl O  C O  c

>IO*iO p« ' * U I A

© o c o cft ft > ft I© o c o c

M A» r I A" A P*

o c o  c o o o e

* *  cm a  <n

o c o c• <1 ft Io c o c

u\ c<M A

o cft Io c

m «■ .M a A

U\ Cm >i

o cft Io c

mcQtnci
AJ A i A

o c o cft I ft •o c o c

•4 Xf>4 P>i t<> A

o cft •o q

o *OX if

o cft Io c

(J* 4 tf

o cft 4o c
o cft fto c

9 A in <

iAC AC

> c o c o c

4C
aj c i f i

o C O  cft I ft -o c o c

c u e  
: o c

O C I• ft IO  C I

C ©  C O  C I oI ft I ft I ftC I o c o c> o

C O OI ftc > o

n o  (*)a r i oo « i o  p i cc*• • ““ -4 U > UX -49 U)

C O C O C I oI ft I ft I ftC I O < ' Q < I O

C I O C O Cl oI ft I ft I ftC • O C O  C I o

4 <J| A O

c I o  < i O C I oI ft I ft I fte i o c i o < i o

* I O * • O * 1 ■O4 ’ 4 u i A  4 i <0

o c o c  oc ocft I ft < ft ftoc oc oc oc

AC A C AC UV C ft I *4 A ■ <\| <11 AX 4

oc oc oc oc
OC OC OC OC'

4 C1 4 9 40 40 ft* *■ I AJ P | A> A I

n, 0 ‘ o

o c o c  o c o cft I ft ' I ft I ft 'OC'OC oc oc

if) cf A  2 rna rn o 
** w  ' AJ P I A) .■»

oc oc oc ocft I ft ' ft > ftoc oc oc oc

O O O C O O O Cft I ft I ft I ftO C ' O C O C O C

m  ft i eg c i «n

a

c o' ' ftc o

LOU4 ■ <n u

c o c o cft ft 'C O c o c

o u
•O X

c o c o c oI ft ,. ft Ic o c o c

A ' 30 A<4 4v

a i r* v r» a r-

c o c a c o

<4 * U tf> X 4)

o cft IO G

o cft Io c

o cft Io c

O cft 4o c

o cft Io c

o cft Io c

o  cft I
o  c

o a • <
o  c

o  cft 4
o  c

o cft I
o  c

O  cft I
o  c

Ofto

oft
o

o  cft I
o  c

O  C ft I
o  c

o  «ifto c

ofto

ii
o  cft <
o  c

o  cft I
o  c

o  a
J  c.

o  cft <
o  c

o c o cft « ■o  c c
oft
o

o



RE
DU

CE
D 

LO
AD

 
A

R
R

A
Y

275

i s 5d o c

o  c o o• 4 • •
O  G o o

O  C o o• • • A|
o  c o o o

UJo
AJnj AJ *4 «4
CO 9 o G o
4 T T 1 1• ul UJ UJ UJo « H P- •a
I •P fx 4

O  c o o A JJ Al r*
• • • A •0 X o
o  c o o a x4 ,x

AJ • i •
? c

I
o a

*
01

UJ 1
«nm
o m •A c O
O' C 9 c ofx I T 4 4• u UJ U UJ

o  c o o o Ol <o A 04
• ' 4 • 0 oo a o
o  c o o 0 A» a oIf CO A AJAJ X*

w AJ • •

? C ? i o
u UJa r*
A cA o* 0 c 04
u r- c o c 9

O  9 o o p* I 1 4 T• ' • • • 4 4J U UJ I
o  c o a o A * ■0 fx 1

I 4 AJ A 4if 4> A (A X
A 0 x4 ■4 m P
c A) 4 II
4 AJ • •
U o c o $ ◦ c
a I I 1 1 t
4 UJ
C fx
0 *n

o  J o o AJ 04 C O *4
• 1 • 0 o c O c o o
o  e o o 4 I 1 4 ♦ 1• u UJ u UJ UJI

o 4 4 If CO ■o
A O A O' A1
c A f* 4 4 co
4< * A <n CO
UJ A AJ - j m
2 n • • 4
4C ? C o c 0- O
0 ■j j

O  ** o o JO
• 1 • • -0
o  c o o m <» A m O 0*

AJ e O c o o
o I 1 1 ♦ 1

m • i UJ u UJ M
C o if n p« o 4
4 9 t 4 xA
u 4 p« ( o* na C X4 C r f
■1 A x l £ —i
A 0* • • a
f o C G C o O

o  a* o o i 1 1
• • • u
©  c o o *

O'O 1 X* c j>
4 c i o o GN 1 1 4 4 1• u u« a UJ UJ
9 A Px A o ■fl
T 0 f* A cn O4 a 2> f-A AJ A AJ P*

A AJ 4 A* O'
o  c o o 0* • • a
• 4 • • 9 C O < O G
o  c o o T 1 1 1UJm

V UJ3 O' O C J Ac px c o z G G
0 AJ I ♦ 4 ♦ 14. • u UJ U UJ Uu O u ■r ,T px o
3 I f <s 0 O' I f2 c fx A c

o  . o o a Q A IV• ' • • u ,x 4 if .n A
o  c o o • 4 I

a c O C o G

0 < '
1

O  C ' 
O  C I

9» U i 
l A  C • 
P-  C »

#■4 < '0 < I1

?
o «+

• oJ I • 
r  i O

O C ' O C  • I •o c o c

x4 *f ( ! O C ' 0 (  
I • I •

! l O  ( i Q C

4  C  O  4  0 I fx 4 >O  >1 x4 . '•o < >

) 0 ( 0 (
» •  I 4  IC i O C i O C

O C I o c • 1*1o  c> o  c

o c o c  • 1*1OC'OC

O C I O C
• I • I

O C ' O c i

C I O C I o  c
► • I • t< > O C I o C I

•)

o  «o c ♦ I>11 u 
r n  rr m  0*<4 A 
4  a

? T

O * I O  c

lA 4 < m p i O  sfA si '

o  c O c ' ♦ 4UJ u 
o  p 
»  4

* 1  O' a ■ 0 1o  4'
04 11

o  c

O »I © <
UJ UI Af 4 o «. I
4  r •

J

o  - o  c 
♦ t
I u

in » 4  3O  A> J
o  c

UJ U Ijo a 
4  3 
.■«> 3

o  - >
? v

4* 4 •na pi

o  c 
o  c
♦  4 UJ U• Nj 0m  r 00 p 4 '

o  c o  c4

0  c1

o c o c♦ 4

v  i a  ui 4 : r- -1 • rn * o

o
4

♦
UjajU*4
mp.•o

o

C#
?2
<*
2b
t:
+1
2



. 276



0.
1

87
0

3E
+

10

277

1 
1. 

0
.i

l0
6

7
6

*0
iB

AL
h 

2“ 
-0

.9
77

27
E

+
00

 
3.

 
0.

36
S

5S
E

-0
1 

b,
 

0.
18

29
8E

+0
0 

5.
 

-0
.3

0
8

S
b

E
*0

0
 

b.
 

0.
3

U
8b

E
*0

0 
7.

 
-0

.1
90

83
E

+
00

 
8.

 
-0

.1
18

95
E

*0
1 

9.
 

0.
13

25
1E

+0
1 

10
. 

0
.8

1
1

0
9

E
*0

0



• 278

M  * • « *  C I O  •  O O O C i O C  • 4 4 4 4j uj Uj uj >j
■ *f» m <* -m «

r | H » > A 4o • • m  Hj <nj c
- 4  .  J tO  P f  .#  :

UJ 1 11 04 <r 9

0 (> O <
1

) A O A <  
•-« f  I  (VI f

< * I I
!M (

1 O  - f  • 
J ? rg <

• o  c 
I  I

to c m  -

J <4 c>o c• ♦ 4
J 4J tl ) 01 P 
1 O  4

0 o o  <
1

* <' 4- < 
• CM '

t  0
i <n 4

o r • o «f r- r
4  < '  • *  r

o o o < 
I

IO c 
I  I

O  <> CM «O O O (♦ • 
i i  t i l  *,
* 4  « t  H  O  D  ‘

' O . ' O iP“ -> *4 .
(t> 4<n

> o  H» -4  c
I O O O C  

♦  4I Oi 
c i l  O ' d  UJ tfi<n A o ;  • r > « o0i gi >T O' n 4  4  to - 

i  •  ,
> O  <}> <j» c

I •  .
J i 4

4  «

•■4 p4 -o c O C<4 4 ♦ 4UJ U UJ uto 4 r* ga «■ 4 IO' w r- xCM C to oo c O CM 4̂ P-• • • • <o c o TT 0 c1
' • • • • <O 4 o IO C IO c<0 < r» m  r

04 (\H  ̂o c o c♦ 4 ♦ 4UJ u ui u«o < o 0lO If04 rCO c o x4 < ** ro c o <M *• 4* -1 • • • « <o c o o C 1 o c f
' • « •O' 4 O' t o 4 0to 4 ■0

04 f> co c o c♦ 4 ♦ 4Ui u UJ uO' cs * gO u QK U
4 tf O If04 4 lO' tO C o <M - r* o

• • •  *o c o O c 0 c1 1
• • • • 1
CO If o ft) « (O Xto 4 4 H  p

OJ C P« Co c o c♦ 4 4 4UJ u UJ U4- g (tl *■o a CM «4 ti <41 ftO rt r» uo  c O »- r o g• 1 • • i • <a c o o ̂ i o c 1
• i • • i •  1f  •> f cm r CM P*lO 4 <0 04 m

rg - «g *•o c o c♦ 4 4 1UJ U ui aO a 04 4
CM I t CM ~s 4 4 JH 4 O Xo : o *4 «■ a• • •  ■ •  io c o 0 c1 0  <-1 1

• • « . • 1
«  - 0 04 I 04 4<0 4 0 M 0

<M

11aQC

o  a  i
? S '

n
CD Ct 
w* C 
4  r n

O  9  
CO -  
co 4 (M r*

\ o c T

i  * o  c  
i  m  « t

o  a  *4 •o a o c♦ 4j 4 ̂
•o « o c 
cm a j  o  c  nfyj n  
r j  * 4  4
• 4 •o q o dfl I
• « «

4  3) 4  3 
rg <sJ m  i*

• "  a  (M «■
O  Q  O  C 
♦

a i  a  
O' x 
* i  i<
4) c o
• 4  

•  II o c 
I

O  C
°  S !♦ 41 ♦ 4

u j  u i  u i  a
- 4  ^  *0  4m m 4  r-
S 3 5 a
04 4 }  r 4  #■• • • I0 q o c1 I I

UJ u  
rg o 
4  u  0 <

Ti

o  a• 1
o  c

o •
O i

4 H>4

c4 *4 i

K i O J i  
4  t f>

C ©  < i 
4 4- <UiUll! 
G O ( l  
r  i r g  f  * 
4  ' f f c (  • 
U > K ) (■ m  c
c o c o  

I

4 ‘ f  I 
( l O < l U  i 4 - 
U I UJ I J 
r  a f O  
i1 as r i to c > <o r - <o ̂ao c ► to

“1O 6 0

o  a  o  c

o
t o  <

4 ' r. o n

* 4 
O  C
♦  4UJ Utn g 
M  4 CD C O m

© 4 
<0 4

V CD < I CO J I ® 
• <* I I lO 4' <4

O O C Q

uj 11 uj u i uj
^  » p4 r i rg
f  < » <M C i -9

. 1 CO 0 > toril *+ n cmi • i 4
3 ( I O C O

^ ♦ -l -4  o  4  o♦ 4 ♦
U i  u i  u  i Ui
. ’ I O C i I O

I iSi lS: I m  j > <Nl 
* CM *

o p <

o  c • 'o e
o  c  • <
o  c

o c o c  • •
o c o c

o  c• I
o  c

to c to c 
rg ct co 4

o c o c o c o c• I • I • ' 4
o  c o  c o  c o c

Ifl 1 O' (It

O  C o  c o  c • • • ■o c  o c  o c  o c

NP N P  Nr *4 0 CM »M <t> Ct '

o c o c o c o c
o c o c o c o c

o  c • <
o  c

o

* 4
UJ u0* fT *-» <
<m  a9* p. 4

o  if 
IO  i f

4  4
? s

<» o  ap O ttr o c  c cm r(t i <41 0

* -9 4 c o  c4J OJ UJ • 4 A n ri d 3
P < p t fT CM Xi • i6 o  c I

* 4 
?
4* 4CG 4

(I-OP <t> 4
c o  c I

(O 4o c ♦
4  f« o c♦ 4ii a 
f |  4 
CD 0o r cm c

C I f -  ‘

4  4O  C ♦ 4
UJ u  O X 
CD 0 <0 * m <(O ft

C  4 <0 <

•r 4 o  c♦ 4Ui U
to <
0* X 
4  C

0  c1
O'
t o  4.

4  uo  c♦ 4Ui a O ">o c04 rrgr* tv

m  4 o c♦ 4UJ u 
9  a

HU
UA
L 

SU
Pt
MU
XU
Tl
Li
N 

il
il
-U
ll
OH
 

SO
LU

TI
O

N 
PO

R 
Tl

hb
 

1« 
0

.0
 

TI
H

t 
IN

C
K

tN
eN

T 
O

tL
T*

 
0

.2
5

0
C

tt
-C

5



279

O
O
o
•A
N

£5
■ ■ hr* 

» - Z  «w OC 
Ui  9* UI

0
01

Z
3

I

at - J
o ia <
z *■» * •3 at ► u>
Z  *  cL ac J>  Ui *4 JJ
z  >  u . >
O  ^  UJ UJ
* • 3  J

«  £  3  3

o o o o o o o o o o o o o o o o i o o o o o o o o o o o o
( ! » • • • • • • • • • • • • * • • * * * * • * ! * * * • * *O O O O  O O  O O O O O O O O C jiO O O  o o u l o  o o  o o o
§ i l l

0 a o1 I I
UJ UI UJ

N  l A  iA  >A (A©  o  o  o o I I I I I 
Ui aj 'iJ JJ U4 9 Jk »-• A -O

o  o o  o  CJ o
»AP,*r*'5‘^K>N<nO O O O a O O O O H H M M i A i A A i O

I -  H* Il M H II « H U M H N H U Ii U H U ^ U M II

Md.0l«0 0 3 > 3 > 3 > 3 > 3 > 3 > 3 > 3 > 3 > 3 > 3

i d j *

O O O O O C j O O O O O O

U M  M  Jh H II M  u 
r- aj O'

iO ^ H P « < 4 M f 4 i i 4 p 4 H ' ,< * |4 ^ N A I N < M N I M N N N | N I A K ) < n in ( n | ( ,) n . n ' r  9 4* 9 9 9 9 9 T  9 9

> 3 > 3 > a > 3 > 3 > 3 » > 3 > 3 > 3 > 3 > a . u . a

o u o o  o

II II II u u 

o m - r m o

J)D«Dl»400 0 9 3 0 0 01 I I I I I Iuj u  ji jj ji ii u
n  r- g& J\ r  9 9ktt> £ *. o r* o rjm iDifi ,n h  a  ̂  O £ »*. iU <"• f»■r n » oj » o js • • • • • • •©  o o  o o o o • | I ill
II 1 t I N I 1
O* O  • "  M  IA  C f*
< 4  AJ N  N  N  O I

a. a. a. a. a. a. ( k x m i v a

- n -
i



280

I I • I I I I I I
U J 4 J U J U J < iju J 4 J U J .L J

H O ^ N A Q M d h
q*(Mr4Xva#'aMA
•  • • • • « * • •o  o q o o o

0 a1 i
M  JJ
44 ^
J3 (■*■
o  *a 
r~ a

0 o <1 I

4*

- ?

a a l I
i i  U ia xiin f

«n 9  
.*i n  4- o• • *4? ? ? ooc|

M U  I II UrU ^  Il II i K

^ A ( A K i n 4 A K ) ^  I  I I  f

iftaaaat&&&a.x<vOi

.?
uj
«i>
*

(4  «4

• <n • • *4 •44□ *4Z *H S o 2 2 2 o 2
+44

• 1 • • • 4z o 2 O 2 9 2 O Z o

S I 9 »
o T44 it oM ii*- > 1- > 1- > 1- > t- >

4 < 4 4 <
aC aC X q£ XUJ o ui O UJ Q q o u o
*- O H O r- O i- a ai-u ♦ M ♦ 44 4- 44 ♦ ♦

ui ’ Ui UJ i UJ UJo 1- * r»'t J- ■* -r
4 O 4 C 4 O 4 3 4 o

r* r- P» r-* r*
XI CM xi ru X) M

^33
XI CM

UJ -4 jj -* UJ q »4
• <H • 44 • q % 44 •— 3 H* O r- a u* Ci 1-o44 44O  it -J U q a q u o II

O 9q 3 3 O 9 q a 9 q oq 9

ui UJ UJ UJ q> *  * > sn > * > A
-J -1 q J q
4 4 4 4 4
r- H ►- f- 1- W 1- ►■» r-i"z z Z Z z z Z Z Z ZUJ UJ UJ ii uj q JJ UJ q q
X X X X ^ X X XUJ UJ 2 uj UJ UJ u q q q
J  J q j q q q q q qUJ ui UJ iJ uj q j^q q q

®
0
1u;

m
M40
XI

•
9

(I

Z  0

S .
r -  >  
4
o tUi 0
= ?UJ 
h -  ©  
4  * •  

4*
XI  XV Ui XV
*M •
f  o
M  |  
U  U 
O  9  
9  
u i  
>  ®  

*

55
q  q

O

0

1s$
o

o  • •
o

\l
• x

$
I O

o

o
H 
>• •i <544• X) 

O  
Z

z
o
H
H
4
ac
Ui
I -  o
44 •

o
l»
4  H 

X  
x i  <u x
X ) ®  
x i  —i 
Ui X I

4/1 >
q

z zUi UJ 
£  *  
uj a j  
q  -«
UJ UJ

0

O

N 
>  

* u  4

I*1 *4* XI
3
X

^  3
M  •

J"
<  u

X  
/>  4  
UJ X
/ »  o
X I •-« 
U i  X I
oa

o
0

H
>•
X

1
ID

i / I C i  X I ^  
i l *  ^

Z  Z
J J  M55

•  X) 
Oz
z
o

t -  o

o
K
4  »l 

X  
X I 4  
Ui X  
X) o

UJ X> 
OC

X I <

Z  Z
i i  M  
X  X

U i x>
at-

X* CM

z z
U i UJ 
X  X

• ,  XI 

2

4 *  •  II

X >  4  
UJ X  
X »  3

m

xi 44 txi «*u a.

a44
I-
9  -Ia
XI

§
PSjo44 11 | CM
XI Ui UJ »o o  © o
X  9  O
OC O i  ©  x iUi IA «l\ 1*4 «U 44
•x  ou ru  x i
3  •  •  uj Zxi q o  x a
q n< a m <i j- j-
4  l -  r -  Z  43 J *■* at9  Ui ii UJ U  «X t Q U  >-•4 Ui (B 44 *i- i— 4- a < 
z  .■ z  X  -4

X I q  aC q  9  a t >- XI
•q X o X z < « x q
JC q  a .  jj > q  44 q

J  i i  z >  U. >
X I q  z  u  o  ^ q  q

a  z  -u  9 f -  q
q O J H H i - a h  4
O ^  < > ■ 9  9

44 3  X I z a* q  9
9 z  q  x  aj m i-» X  x
Z «  □  4* r  jC 9  44 q
U

r * r ! o o n )



■ 281

<
U

>_»o -o< O -« O Z ♦ O ♦< UJ + UJO ii <o oC ru O  rg a o o © 11. 4 o o CD a Av» • •X o • o
01 Q ** H U UJ Z • 35< a <O *4 
X i P i i  
4 X 4 Za. o atf o

zo
3_Ja

9s 0® a .<» ^ *4
’ m ** ♦ lI ♦  ♦  O  uj u
UJ UJ lit ♦  Hl o o u i u o r  

| <M *» A  <0 t  O

ui «n r~ -u 
1 O to *• • #a • • *n o u j• 0 0 0  *1 i • a i i o ii ii u
n  a ii imU H  rg 4 (J t- h II

U O J  U  £  t *  I / )  wrt <3 3 . 9 £ O Z 2 » -  Qd ac a: <  a: 3  q
^  < o  <  o

J  4)< o z ■*•
x  rg o a UL 41

1 5< O X uJ< £

43 -4 O
o  ♦♦ Ui 
U *
O  04 U O 
o  43 u  ®«4 •• o o o  •M O
S 9 „
M  J  UJ
r  i i  J  
«  x  oc X o <

®  O  51 m N »I ♦ 4- CUJ UJ <U ♦ JO 43 a UJ
*1 t  .** O  JIIJIAo m m
• • • 04o o a • T i o ft ii a•-* ■'J <t M 
ii UJ l! H  
O J  X J  
X X «  ad < < a  <

-urn< o z ♦< UJ •#x mO ma. oj

u\r-* Oo  ♦♦ UJ UJ * U lA C «A
~SJ

U) I H  •X O • O  O

a o t toiI ♦ ♦UJ Ui 'UJ CD 0 004 m  A
m «t «rCO t A cj tn -4

«n
?

UJ oH- H uUJ z H Or < a <<0*<uC UJ#— UJt 5 < X. a ct a

i iH U H  04 <Ui ii X J O £ 
X X  <
< < o

-4 ♦ IO UJ Ui I f  -4
'iiO >o t a  ® oi H  ,n r» -uH  • •IOO O O  • I I *O h  h o  

* • >uu f- ^  if t-4» 4><
J Z ^ < -
x o a o j< U  JIN

zo

.J «t < 0  ~Z ♦: O 
<  u i  ♦9> UJX JN o a r- o u. cn o O oW) •

: 5 o  
iS P[ C <. a x

i

Qv O'
®  o  .n ^4 ̂4!*• ,n n  <4 ♦ |
I ♦ ♦ O  UJ UiIIJ iJ ill I r* Hu> o o  uj o  o*
rj >0 A  O  4  9(*I 4 4 Ji ■g f*® t  -A ^  P» iMo rfl *4 lA • •o  o • • * *40 0 0

• 0 0 0  * 1  I •u o  T  i o  it it o
O  m u m  ^4 rg< u *-4o j< h *̂-̂ -h(JuJUJilX(“ 4)41<i S j j i J z Z f -
X X X a C X c C O Q U J3 4 4 < J < < J J N

° l
ui

c iC
DAL

 
SO
lU
ll
uN
 

FUH
 

UN
Rt
ST
KA
lN
bl
i 

NU
Lb

S 
UI

 
10 

1= 
0.

13
07

3f
c-

09
VI

 
10 

1 = 
0.

1A
O

53
E

-0
7



282

i i

i I

! I

O »*« »“* H  O  H  H  HI I I I I I I
UJ UJ UJ a j  U i UJ M
o  >n d  a  rv &  #Sm m h » 'A oN C O O l M ^ H  
■€ <M >  N  «* - A  P-

o o ql
■ » U ft U

• •

I  -g  o  o j  n  *o

I I. I I Il aj ai jj i< jjlN9*Nd9 i r» n  n o 4
i 7  a  ̂  n  ^
i «■* .-g *«• r»  to1 n  .̂1 >g i h> • « • • •  
t o  q  o  o  o

y H y h « i

NtniN^N^ ^ h H h h hI I I I I Ijj aJ uj jj uJ Ui
4  r»  -n  O <m

in  4  eg ®  r' *  O'
B O fl Ci J*
4> n  4 )  *>J -0  o j
•O «-« eg •■* eg *•«• • • • • • •
o  o  q  o  o  o  o  <

<g 4* f
H  (I I

U i UJ i
r -  >  i
o  m  c 
rg  •'g • 
p * a *  i (M to r

4* N fO (p ^ •I I I
I i i  U j U j » 
O & C. i«4 ON< 

> x> 4  4
i ^  k-g < INM^I i • • •I O O Q i

i fl fl(MI I I
i u j  u j  a t  1 A f* J* 
l eg P» l f \  ' M O  • 4 *1 
I *g  f J

<gtf\cg<n<*l4;<o4fO 
I II I

UJ U i
■t a *  rg oj *H .o 
OJ 4

I I IUi UJ UJ
r» .o -g *oj <o J' .UHiAt

U i JJ U i UJ J- O O J'
r\ a r» »

> <4 *Hi a j* 
i  <0 <rt

1 1 1 ( 1
u j  a t  u j  u j  u j  
4  O  J *  * •  P -  
- J  eg p -  o  rgl Ji 4 I 
* P«» f »  14 Of

4
a  a  I ii
tO 4* 
4* H  rg o to 0

I I U U U H U U M U U U U U  

1 <4 t> <l| O 9 O

Q Q O O Q O O Q

1 '  ' JH Hi U U U U II HI

0 O (1

; :  J.....J..... J................... I _ ____;_jj......
— W f " T *   _ _   _   ̂  ̂  _ _   _ .     — >  ̂M « A M A A A A A A A A.A.«t_A Alft.A.A.lLilal(La.ft.lla.<l3 > 3 > 3 J 3 > 3 > 3 > 3 » 3 > 3 > f 3 > 3 > 3 > 3 > 3 > 3 J!5 > 3 > 3 S , 3 > 3 > 4 a *lalafcfl

a u

* op t_ . >- -4 4

o o o a c u q u a

■O Oin oojiiOioooiox «n j> o o • o 3 o o o o o « j o o o o c j o 3 o «  I I I I I I I I I I I I I I I I
U J U i U J U i - U J U J U i U J U J U J U J U J U i U J i l i U i .
X I 4  *n  PJ fU  4  4  O ^ f l O O O O X i  4  
t g  4  O a i O O , r t O < f l ( D X P » < P , , <  4  
SO S O  4 ' 4 » 0 > 4 > O O P » ' > J J O - O . O P -
4- j r i  o  .o  >  o o s t m j i A N  o  »o .n  4
M r j ^ ^ 9 > g g N ( o  4  - i  eg »-• «-* r -  r»- • • • • • • • • • « • • • •

o o o q o o o a o a i - i o o o  I I I I

sz > *
I • » t

ti
* o  (

a u, 

• in o
U II U U II II

a. a. a  a. & a

u u u u u y| II H i u u I
I ^ O * M N ( 0 4  M I O O O  4 ojcg.Ororor,'rt'Y'-*' •■ *■ *

xa.CL&UiOiCka.a.fii®®



283

! I

0

1 
5
2
o

a
1 
M 
>  
X

2
VO

<0
0
1

UJ
cft
»ft
O'CM

a
9*
O '

0
1 
N 
>■ 
X

2 
o

*o
CM IUJ
a

2 3•
Z  ©  
O  I  
*«• II

5 »
Ctat o 
♦» o

m0 o1 I0J UJ
J S
* *  O '

kft -►» O• • M
O  O  U  (1 

o  ©

»- <n < ft .ft
©  4ft UJ .M

ft -O < <
9  *  * - * •  K » -  

Z  Z --------JJ UJ
—  s s

f *o
CM IUJ
s• ft O ft 

Z  *
o

I Z O

’ z o 
2« a
XUJ ©

• X -tft 
| 4/) (ft

* CM
X
h  r 
Z  Z  UJ UJ 
X  £

z o
I O

r >  I*t >
ac
UJ o  
( -  o

J -  N  
<  •*ft

4ft
J <M 
•  •  
* O

o  u 
<9 3

£ t  U UJ 
©  ©

♦oCM I
UJ
m  
O' • <0 

9  O  
Z  f»  •z o
S  At- >

I £
( i* o  
| j -  o

J CM4 •• o

> * 
©
I?-. z zi u ©

X  X

; 2 <

: <  *4  »,

!«♦ *■* ♦ • ** ■
r» cm i < *

•fti ©  «ft
x *

-ft
4/1 (ft UJ CM

©  U 
O  9

Z  Z  
©  ■© T £

0
1
M
►

• ©
Oz
z 33 +

, ac
UJ o  I >- o

UJl» *
1X. t- ►-z z

4 - O
<  o
ac >
©  <A 
I— CMM  •

or- I

© © © -H 
©  I/)
X

z z 
©  ©  
X  X

©  

' o

• V) 
2

©  z o a i
M  ©
h * a  
x  o
oc o> OJ o
H  CM M  •

o

4  N
X  1 XI c
o

©o r»oTUJ T©
CM ©
CM CD0* O'*4 Cft
Cft cft• •a O
1■ >1V V

CM < CM X
X X© 9M• © • ©o az z

Z 3 o z ©3 1, a  i» © *+ at»- r»
< (ft <  CM
ac © aC cft© cft © *4»■» r» tm *4
*4  • ►4 •o o
1“< U < u

X X© X ©  <
©  X ©  X©  © © 9© «”• © • *© © © ©ac Of
* -©  o ©f» f© • ©
<  !

» -Z z z z
©  UJ

s s
© ©  
C  X
©  ©

©  © © ©m  m © ©

©

T
©(ft
©
CM
CM
Cft

z u 
3  I

, *“4 ©
; » -  ©  < r“! X X
I ©  -o 
| I -  o*
i  * *  •I ca

©  X
©  (3
©  N  
©  ©  
u

© cm
<
» -  » •  
Z  Z

©
©

►-
©

a .□
3

5

2C

3 i f t  i f t  
◦  O

M  I  |
©  ©  ©  a © o3100d o o© O ft CM C 04 ft CM

si
i

_ z3 0 0  x a
M N U H J— H* Z <

jr c“ *o <i z  r  h
I  aC UJ 3: o x z I u. © X  X  X  ©> © UJ > U. >

X 3 *1 © 
X Q M 3

X
*  t
* - * f w o * r - 0 ‘ s o o  © c Q O O U O O  © I! I I I I I IoC©uj©©uj©© 
Z f t O - S f t f t C M e *  
3 a f t - t » « p - ( f t  ft «4 |C| > .N S 3
ac cft ©  J* # f t . f t f »  
O n f t f t H ' c i f t ’O

J J O O G On i T isTK  II1 I U H M II H -3-* —
2

> 3 > 3 > 3

— C — o



2 8 k

cn m

x» o*

O O O O O O O O O W O O O O O C i O O O i
i ' I ' ' 1

<r lAiniAiAlntnAiA 4 4) AiiA<A <0 O -O lA »A O O O O O U O O Q O  3 U O  O o O O O  O I I I I I I I I I I I I I I I I I I IOi Ui 04 Ui Ui UK Hi Ui lii Ui i i X U J U i U i U J U i U i l U  »  41 ,fr»

\ tn io ) o o I I
•t -0_ . .. _ _ «n a**n o -• oif J’ *

Ol̂ f̂ 9<SNNnn><t ♦ ®«» J'OO-f't'AlAOOOO-iHNN -O O ffl
 1 j   j J _ „ _
> 3 > S > D > 3 > 3 > 3 > 3 > 3 > ^ > 3 > ^ > 3 * > 3 > :̂ > 3 '> 3 > 3 > a ^0»Aa,<^ ata

.*■ ,fr» *-*4,a3.frJ'«»«U%'O.Air\tf‘-OZ}*>
O *n o -♦ ©if*/** r<i •#,() O  im O  £  x\ Tl ^

• • • • • • • « • • • * • • * •Q O O O t i O C i O O O O Q O O O O Oi TT iii
H Hill N tt H II U a II II U M U  M  II N M1!! u II U H U II II U
DH3)0>Oin«rUV<l9O^N^4N8*4NI*V'tl,ki8^Om<{lA4)I <N| <■

&&ft.a&CL&da.aa.ix^a.&a&& tL
tH
EN
lA
L 

VE
LO
Cl
ll
fc
i 

A1 
lT
tK
Al
lO
N 

NO.
 

3 
fcL

kHf
cNl

 
1 

U= 
0.

a7
‘»G

‘.E
*00

 
V=

-O
.1

57
79

t-
03



285

a

m ?
LU 
O 
•O 

•  A

oil
Oi

<n i

3 3 p* 3 3  O' 3 mm
z  o Z N Z O Z 4* Z O • u>• • • • • 3
z  o *  9 z  o z  o z  o Zo o  T o a  i o O
44 U 44 U -• U 44 U 44 II Z (J
V > V  > v  > V  > H  > 3  ♦
« < X X X -• OJ
X X X X X 4 - .M
uj a UJ O AJ O UJ O OJ o X OV  o V  o *- o r- O i -  a X  o
44 + 44 4 44 + 44 J>t •“« ♦ JJ (T)

UJ ui UI UJ ■JJ v
^  •# ^  4 V  -tf r— r» 44 •
< r* *  f X P» X X <A oCO X 3> a 4- I
t/% f» m  r> UI 0- W» f - u> f- X  II
Ui A uj in  u i •■n 'AJ «A dJ A X
44 • m  1 44 • 44 • Ui XV  o »- c V  o 1— O V O AJ X
44 . 44 44 44 y> O
<J H a  it J  u -> ui U II A -4
a  3 O 3 O 3 3  3 3  3 JJ u>
mi «J 3  * mi X
UI UJ Ui Ui 1 UJ V
>  04 >  i» >  X >  A >  a A  <*

-J « i mi -I | 3 3
« X X X  1 X X
V * v 1— V V  t- * -  IX V  H-
Z  Z 2  *1 z  z z  S z  z z  z
Ui UJ UJ u] JJ 'U JJ UJ UJ UJ U AJ
X  X <  * ; X X X X. X X X c
Ui UJ uj a uj uj jj aj Ji j j a  oi
mi mi •J « «! ^ J  J I 3  3 3  3
UJ Ui Ui u UJ Ui Ui UI UJ UJ uj J4

r-

9
0
1
ii

?
UJ
a
A
O
f-
(M

I
II >

dt <

• A
a
Z

OJz o
O  I44 3  
^  » < oX  44 ui A 
— O'*•4 •

or- | 
X  M

XA < 
ai X 
A  ̂A  44
3  A
X
i“
A r*

z  zuj oj
*  *.3  Aj
mi 3aj ai

AJ s 
A LA  4 
M  * 
X 
I—
A a

X
>- i-
Z  Z  
j j  x  
t  X  
aj ai
mt mi

a

J5•?
■>
X2
O
M
V)

u
Vi

?!

o?
UJ
<o
p4
4K•
0
1
M

52
O

M
a
<a

o

U
>

o  
z  o  
O I

X f
a  m

< ■
x

«a o  
r-

- i<
*- ^
z  z
uj ai
X X

• J)'
a
z

o 
z  u  O I
*4 Oi 
r- J* 
4  TOf I- Ui f"“r- 4*

x  nxu> x 
U i X  
A  o
a  •

Ui Oi55

4
0
1

UJ
4)
O
<0
r-
N

o

H
V
X2

A
0
1Oi
A

0
1 
u
V

mt
o
•4• a

a
z

a 
z  o  
Q I*H OiV <7 
4 O
x  m
UJ oV ojM  •

A xoi X
A  OI/) 44OJ io
X
V
(/) cu

X
v  v  
z  z  
j j  >u 
X  XJJ oi 
3  mi 
Oi Oi

3

II
X
X
X

I/I
UJ
X

z  o•O lO
I 44 A  A  OIf* O « A
! - < l l  104
A Jj JJ I •

,3  0  0  Oa.oo |
x  o  o  i / i
' i i in m i i i f )  ! *m
x  r- oi Aj3 • • aiiz
y io o  X* o

H.z-'Z
44 ;(X

UJ «-#UJ  
CL rni »- uj x ; —* Cj
jq < iX  -4 It-3 CL v J)
Z X  OCX 3  

>  UJ m  U i 
Z »  'U. »
o  v  uj uj 
n 3  r— 3
*" 3 C  < « 4 - 3  O 
X  Z  <V U 3  
OJ - *  P -i X  UI V  x  3  44 Ui w l O i - Q

f )

r- >- >-
z  zJi X ai X 3 X 
UJ ib  UJ 3  X
“ S z

44 3  u j  Z 3 X m Q hx a  r-

o

U l - 3 } M M lkCDO,J}(>S(?, A d >
x  a o o o o c j o o o o o o o

X  UJ I  I  I  I  I  I 5 I  I  I  I  I  I
X  xujujuujajajujajajujajuj—  r»r*»r-A44(\im— o ot 

O l A N m O f f i H S O C O  
r » a > f « o - 4 , j t : . o o < r o a ) A  
>*U <t A  OJ J *  <M. O' A  .<• A  <•» A  
m  a  7-  t 4 * ( n * 4 » 4 i f l 4 i i i  
« • • » « » * • • • • •  

O O O O O O O O O O O O
I T  i

p  I I  l l  II  U II H II H U ^  H u

A -*l44 '
Q i O O H H N N O O O O f f l ©^)!HHf44Hpi»4H4H4H
sl
3  3  >  3  >  3  > X 3 > 3 > 3 >



286

i i

I l

I i

0 *“• Cj
1 I I

O i OJ 4  O O > XV O  32 
- M O O  
0 * 0  rg O* -4 • • •
0 0 0
1

O O O i f ^ H  
m * 4  ^ 4  m
I  I  I  I  I
It Ui U4 UJ .m  x r- ai XX  4\| O  «4 XVo  *  >o eg r» 

f N
l<> OJ * 4  <-• pm • • • • •
<j> o  o  o  o

Po***o,^*4w«^»#*»*»«4*-»#o«o«*«**4*4—*«4*-i*4«a*o-4*4*>4*-**4**4^40©OOG 
| | | | | | | | | | | | l l l l l l l l | l l l l l f l l l +  +  + +  l

^ a  ̂  .m  s ii ̂ ra-12 0x2 r N o xtMb^tnsff ox\r*-oor“—•00/gr0f“*v
*»  t* x  e - tf>

rg-OOX rmO-XOa^XVtnSf^OiA^O NA4««M^'tOO^N9**N04]iVtO  M I * « 4 i r i J }  X L> 03 X  3  O  .M X  J* X

• ■ • • • • • « « » • • • • • • • •O O O O Q O O O O O O O O O O O O O iI T i l l  I

o
f \ l  4V
.4V <M

JO AJ XV 
O'  O  X  
4 '  <M AI

O  G
o  o•* *f04 Jit
/ w  X> 
• y  r*> o  o 
r *  :■• rg N  

«  «  
o  o

o *«
<g mO  04 tn *

i

irvtnng'xvxvxvxvrvxvxv'Oxixvxvx}
O O J O O O O O O O O O O G O Oi i i i i i i i i i i i i i • •
i n  a ix x> x x *x *n <Mx^oooin*-o<>49QX(0<0(D^A2) x r\4 *■* *v f*v <\i X
o o  4) '4).gN<A02 t X 40 O G 44 X r*»

X  o  * n  N  *  
•  • • • • • • • • • • • « • • *

O O O U O O O O O O O O U O O O
I I  I  I  I  I  I  l i

o  tn0  o1 I04 (U O *4
eg «m  
O'  r »O  XV m -4

xd xv ©  o 
I  I

U i  LU
- 4  r
f\l ««
r -  r -  
x> o* 
•-I rg

XV XV XV
0 0 01 I I
uj oi ai21 D O
■o a  *> cn •-« .o x X xv

«  D M  ■ «  IC H  H U ■• M U M  U It « « w l 4 l « «  M J W^ l i t a t M H ^ l l  U 1 Jl_ ^  J  _« _« _« J» j j j  JI

? -Ti-T * * -r t r, «,H-HHni,MMnitvM«ninnn.<inni' ■» -r T ■«•M N f l )  
?V C 4 < *

Cl ̂  X  o o  (
•VNN fW (V (

3 > 9 > 3 X 3 > 3 > 3 > d > ^ > 3 ^ 3 > 3 > a > 5 > : ^  a i a . ^  &  a .

t
i

iL
iM

E
K

lA
L

. 
V

iU
lH

ll
fc

S
 

AT
 

1T
E

ft
AT

lO
N 

KQ
. 

it 
- 

6CE
ME

NT
 

I 
U*

 
0.

S
03

19
E

*i
)G

 
V

--
C

.3
3

6
2

8
E

-0
3



287

m01

01 a >

■3

Z O
2, I- > 
<
XUi o «- o

> *

z zOi u
5 £
J  J
uj ui

z zAi JJ
X X

m

o o , ♦
IO. <n
01

z o 
2 uh- > <QCUi o I- o

•ii Ui 41. Ui Ui Ui

oo♦
K

i10

•o

o z o o ♦** Ai
< «<) 
X  Vi Ji U

h- I
<

Ai Xt/> O1/1 "U
Ji «/>

>
* 5
• i) O 
Z M
Z o O Ii-h ji
r  JO X *M 
X  o  uj «n

h IX tt X i/> <
Ui Xi/> O (✓> H jj </)
X

o01 ♦

o01 ♦

I?
1 s. 

' II «-•• v/)a2

r* n < 0Q£ u\ ui 40

- i< u' X 
i» X 
ui XSt J /> *«
Ui 4/)Q&
J<

z z■Al air c
z z z z

O9>

• i/>*3Z 04z o3 I
X »*"Q£ 04 Ui O H» <*>
04 •o ♦- I
X II 

X 
«n X 
Ui X wl O
/ )  04
JJ 4/1 «

z zAi-Ji
X X

zUi
X

«
2  o 
aM  II H <1t
0
1* m
s
o

=j **d ~ 
—

s

UJ#o • <n o t z n •z o
2 4h- > <
aiuj r-
E ?UI»- o x n»«ntn f* uj T04 •I- oM
3  H a 9

oo

01 N>H

!*
?

m?Ui•a*«n
m?

M  m  m  o
M , M M

<M• ✓> 3 
Z

Zo O I 
*-« Uir- u <  ̂afl -j
5  0

■ xA < 
UJ X 
SI •» 
SI 04

a *

i s

01 II > 
X

01
<*o<nm

•4
• AO

Zz3O I 04 Ji r- 4 X -0 
9£ O jj r» »- «■ 04 •oM
X H

Xi/l < 
Ui X
*A OUI «t 
■Ai in

i?*! >
(4' H; si

I" H  HH-z z z zUJ uj <«] Ai
5 5  5 5
J  J J J
Ji Ui UJ uj

' i I

z z
Ui u j
X X
•U «Ai J 4 
Ji Ui

II>•X
2■3

in01Uir-4oMOJ

II > 4 X
• A3
Z Oz o3 I
X oj jji- nM •oM < M 

i X

iirui vsl/> 04 Jj /)

4>
* 2
•  A3Z <n z o 3 I •U Ai I- 0 < 4 0£ n 

uj n

<
uj X  «/l o

5 5

*s

X XAJ JJ J 4 UJ UJ

0



VITA 

The author was born on 	 in 	 . She 

began attending Newark College of Engineering in 1968, obtaining the 

BSME degree from that college in 1972. She continued at NCE for the 

master's degree in mechanical engineering, which was completed in 1974. 

She remained a full-time student studying for the doctorate until June 

1976, when she accepted employment at Bell Telephone Laboratories in 

Holmdel, New Jersey. The development of this dissertation took place 

between September 1974 and June 1976 at New Jersey Institute of Technology, 

and it was completed at Bell Laboratories between June 1976 and April 

1977. 

288 


	Copyright Warning & Restrictions
	Personal Information Statement
	Title Page
	Abstract (1 of 2)
	Abstract (2 of 2)

	Approval Page
	Acknowledgements
	Table of Contents (1 of 3)
	Table of Contents (2 of 3)
	Table of Contents (3 of 3)
	Part 1: Development of Finite Element Model
	Chapter 1: Introduction
	Chapter 2: Mathematical Formulation
	Chapter 3: Method of Solution
	Chapter 4: Verification of Results
	Chapter 5; Conclusion and Recommendations
	Chapter 6: Nomenclature
	Chapter 7: Appendix 1 -- Evaluation of Element Matrices
	Chapter 8: Appendix 2 -- Analytic Solution
	References

	Part 2: User's Manual
	Chapter 1: Description of Flints Program
	Chapter 2: Description of Input Data
	Chapter 3: Description of Output Data
	Chapter 4: Operating Procedure
	Chapter 5: Flints Nomenclature
	Chapter 6: Program Listing and Sample Run

	Vita

	List of Figures (1 of 3)
	List of Figures (2 of 3)
	List of Figures (3 of 3)

	List of Tables



