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ABSTRACT

In t h i s  d i s s e r t a t i o n ,  a s e c o n d -o rd e r  phase - loc ked  loop (PLL) in 

which th e  loop f i l t e r  c o n t a in s  complex z e ro s  i s  i n v e s t i g a t e d  in  both 

i t s  l i n e a r  and n o n l i n e a r  modes of  o p e r a t i o n ;  p r i o r  de s ig n s  used a 

f i l t e r  c o n t a in in g  a s im ple  ze ro  on th e  n e g a t i v e  r e a l  a x i s .  This  

" g e n e r a l i z e d "  s e c o n d - o r d e r  PLL had been h e r e t o f o r e  e s s e n t i a l l y  un

ex p lo re d .

The b a s i c  c h a r a c t e r i s t i c s  o f  th e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL 

o p e r a t i n g  in th e  l i n e a r  mode i n c lu d in g  th e  open and c l o s e d - l o o p  r e 

sponses  and the  co r re s p o n d in g  r o o t  loc us  were g en e ra ted  and compared 

a g a i n s t  those  o f  t h e  c o nven t iona l  s e c o n d - o r d e r  PLL. As in  t h e  con

v e n t io n a l  c a s e ,  th e  g e n e r a l i z e d  s e c o n d - o r d e r  PLL i s  found t o  be un

c o n d i t i o n a l l y  s t a b l e .  The c l o s e d - l o o p  r e sponse  o f  the  g e n e r a l i z e d  

s e c o n d -o rd e r  PLL i n d i c a t e s  a n o ise  bandwidth which i s  t h e o r e t i c a l l y  

i n f i n i t e ,  thus  making th e  p r e d e t e c t i o n  f i l t e r  c r i t i c a l  to  th e  p e r 

formance o f  t h i s  PLL. Such i s  not  t h e  c a s e  in  the  c o nven t iona l  PLL.

A method i s  p r e s e n te d  f o r  a c h i e v in g  an optimum des ign  f o r  th e  

g e n e r a l i z e d  s e c o n d -o rd e r  PLL f o r  a number o f  u se fu l  modula t ion  ty p e s  

i n c lu d in g  a s i n g le - c h a n n e l  FM speech s i g n a l ,  FDM-FM and FDM-PM. This 

optimum des ign  i s  in  te rms o f  t h r e s h o l d  per formance and t h e o r e t i c a l l y  

p r e d i c t s  t h a t  s u p e r i o r  performance  i s  p o s s i b l e  over  the  co n v e n t io n a l  

s e c o n d -o rd e r  PLL.

Using the  Continuous  System Modeling Program (CSMP), a n o n l i n e a r  

model o f  the  g e n e r a l i z e d  se c o n d -o rd e r  PLL was s im u la te d  f o r  t h e  t e s t -



tone  modula t ion  c a s e ,  both in  t h e  absence  o f  n o i s e  and w i th  the  s ig n a l  

c o r ru p te d  by bandpass  a d d i t i v e  Gaussian  n o i s e .  In a d d i t i o n ,  p r e l i m i 

nary  s im u l a t i o n  r e s u l t s  were o b t a in e d  f o r  the  c a s e  o f  a s i n g l e - c h a n n e l  

FM speech s i g n a l .  Using s i m u l a t i o n  t e c h n i q u e s ,  a measure o f  th e  mean- 

square  phase e r r o r  a t  t h r e s h o l d  f o r  th e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL 

was o b t a i n e d .  This  param ete r  i s  u s e fu l  in the  optimum d es ig n  p rocedure .

A d d i t i o n a l  i n s i g h t  i n t o  t h e  o p e r a t i o n  o f  t h e  g e n e r a l i z e d  second- 

o r d e r  PLL was o b ta in e d  th rough  i n v e s t i g a t i o n  o f  i t s  a c q u i s i t i o n  and 

t r a c k i n g  b e h a v i o r .  This  was accompl i shed  us ing  phase p lane  te c h n iq u e s  

t o  s tudy  th e  n o n l i n e a r  d i f f e r e n t i a l  e q u a t io n  which governs t h e  loop 

o p e r a t i o n .  The r e s u l t s  i n d i c a t e  t h a t  two d i s t i n c t  type s  o f  behav io r  

a r e  t h e o r e t i c a l l y  p o s s i b l e  depending  upon the  loop p a ra m e te r s .  In 

one case  t h e  b e h a v io r  i s  no t  u n l i k e  t h a t  o f  the  c o n v e n t io n a l  second- 

o rd e r  PLL. In th e  second c a s e ,  however,  a d d i t i o n a l  s i n g u l a r i t i e s  

a r e  in t ro d u c e d  i n t o  the  phase p la n e  and th e  b e h a v io r  i s  seen  to  

change markedly .
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CHAPTER I

INTRODUCTION AND REVIEW OF PHASE-LOCKED LOOP THEORY

1.1 I n t r o d u c t i o n .

The Phase-Locked Loop i s  now in  w idespread  u se .  I t s  s u p e r i o r  

per formance  i s  r e c o g n iz e d  in  many a p p l i c a t i o n s ,  encompassing th e  

f i e l d s  of  communica tions ,  c o n t r o l ,  i n s t r u m e n t a t i o n  and t e l e m e t r y .

For communications systems the  PLL i s  p a r t i c u l a r l y  u s e fu l  in  a 

low s i g n a l - t o - n o i s e  r a t i o  (SNR) env i ronment because o f  improved 

performance in  th e  t h r e s h o l d  r e g i o n .  The s e c o n d -o rd e r  PLL i s  

most commonly used in  p r a c t i c e  because  o f  i t s  s u p e r i o r  per formance  

o ver  the  f i r s t - o r d e r  PLL in  most a p p l i c a t i o n s  and because  o f  the 

complexity  and i n s t a b i l i t y  problems o f t e n  a s s o c i a t e d  w i th  t h i r d  

and h ighe r  o r d e r  lo o p s .  The s t a n d a r d  s e c o n d -o rd e r  PLL des ign  

u t i l i z e s  a f i l t e r  having a s imple z e ro  on th e  n e g a t iv e  r e a l  a x i s .

This  d i s s e r t a t i o n  i n v o l v e s  th e  i n v e s t i g a t i o n  and optimum d e s ig n  

o f  a s e c o n d -o rd e r  PLL in  which th e  loop f i l t e r  c o n t a in s  complex z e r o s .  

Th is  " g e n e r a l i z e d "  s e c o n d -o rd e r  PLL had been h e r e t o f o r e  e s s e n t i a l l y  

unexp lo red .  This  c h a p t e r  b r i e f l y  rev iews  th e  b a s i c  t h e o ry  o f  th e  

PLL and in t r o d u c e s  t h e  te rm ino logy  used as a p r e lu d e  to  t h e  

subsequen t  a n a l y s i s  o f  the  g e n e r a l i z e d  s e c o n d -o rd e r  PLL.



2

1.2 Review o f  Phase-Locked Loop Theory .

1 . 2 . 1  G e n e r a l . A b lock  diagram o f  the  b a s i c  PLL i s  g iven  in  

Fig .  1 -1 .  The e lements  com pr is ing  th e  PLL a r e  t h e  phase d e t e c t o r ,  

loop f i l t e r  and a m p l i f i e r ,  and th e  v o l t a g e  c o n t r o l l e d  o s c i l l a t o r  

(VCO). The PLL a c t s  in a manner t o  keep the  VCO o u t p u t  in 

synchronism w i th  t h e  loop i n p u t ,  i . e . ,  f o r  each c y c l e  o f  t h e  i n p u t  

s i g n a l ,  t h e r e  i s  a c o r re s p o n d in g  c y c l e  o f  the  VCO o u tp u t  s i g n a l .

This i s  accompli shed  as f o l l o w s :  t h e  phase d e t e c t o r  forms a

v o l t a g e  which i s  p r o p o r t i o n a l  to  t h e  phase d i f f e r e n c e  between the  

loop i n p u t  s i g n a l  and the  VCO o u tp u t  s i g n a l .  The phase d e t e c t o r  

o u t p u t ,  termed th e  phase e r r o r ,  i s  o f  such a magnitude  and p o l a r i t y ,  

t h a t  when i t  i s  a m p l i f i e d ,  f i l t e r e d  ( t o  remove n o i s e  and o t h e r  

ex t r a n e o u s  s i g n a l s ) ,  and a p p l i e d  t o  t h e  VCO, i t  c au s es  t h e  VCO f r e 

quency t o  be e x a c t l y  t h a t  o f  th e  loop  i n p u t  s i g n a l .  A change in i n p u t  

f requency  causes  r e a d j u s t m e n t  o f  the  phase e r r o r  t o  m a in t a i n  synch

ronism.  The in p u t  t o  t h e  PLL i s  g e n e r a l l y  a c a r r i e r  wave w i th  t h e  

i n t e l l i g e n c e  i n c o rp o r a t e d  i n t o  i t s  a n g l e ,  p lus  a d d i t i o n a l  n o i s e  com

po n en t s .  Depending upon t h e  a p p l i c a t i o n ,  th e  o u t p u t  from th e  PLL i s  

taken a t  one o f  th e  two p l a c e s .  I f  t h e  PLL o p e r a t e s  as an FM 

dem odu la to r ,  the  o u tp u t  s i g n a l  i s  t aken  from th e  VCO i n p u t .  On the  

o t h e r  hand,  i f  t h e  PLL o p e r a t e s  as a phase e x t r a c t o r ,  t h e  o u tp u t  

s ig n a l  i s  taken  from the  VCO o u t p u t .
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1 . 2 . 2  Formula t ion  o f  th e  D i f f e r e n t i a l  Equa t ion  o f  the  PLL. 

R e fe r r in g  back t o  the  b a s ic  PLL o f  Fig .  1 -1 ,  t h e  i n p u t  s i g n a l  in 

th e  absence  o f  n o i s e  may be e x p re s s ed  as

a ( t )  = A cos Wjt + <£j(t)J (1-1)

where A i s  t h e  peak s igna l  a m p l i t u d e ,  a>j i s  th e  c e n t e r  f requency  

o f  the i n p u t  s i g n a l  and </>.(t) i s  th e  i n p u t  s ig n a l  phase modu la t ion .

The VCO o u t p u t  s i g n a l  i s  assumed to  be o f  the  form

f ( t )  = -  (2/A) s i n  [ w . t  + <£r( t ) J  (1 -2)

where </>r ( t )  i s  th e  phase m odu la t ion  o f  the  VCO. Note t h a t  the 

VCO s i g n a l  i s  chosen to  be in  q u a d r a t u r e  w ith  t h e  i n p u t  s i g n a l .

The 2/A am p l i t u d e  i s  chosen f o r  conven ience  as  w i l l  become e v id e n t  

s h o r t l y .  F i n a l l y ,  the  s t a t i c  f r eq u en cy  e r r o r  between the  i n p u t  

s ig n a l  and t h e  VCO o u tp u t  s i g n a l  i s  assumed to  be z e r o ,  i n d i c a t i v e  

o f  the  PLL being  in  t h e  s ynch ron ized  o r  locked mode [ R e f .  1 ,  p.  7 8 ] .

Assuming a m u l t i p l i e r  type phase  d e t e c t o r  i s  u s e d ,  produces  a phase

d e t e c t o r  o u t p u t  g iven  by

(1-3)

b ( t )  = a ( t ) f ( t )  = - s i n  [ 2 u tt  + t f j ( t )  + </>r ( t ) ]  + s i n  [ ^ ( t ) -  0r(t)]
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Assuming t h a t  t h e  double  f requency  component i s  r e j e c t e d  by the  

loop y i e l d s  an o u t p u t  a t  t h e  loop f i l t e r  g iven  by

c ( t ) = K2 h2 ( t )  * s i n  <£e ( t )  (1 -4 )

where K2i s  th e  g a i n  o f  t h e  loop a m p l i f i e r ,  h2 ( t )  i s  t h e  impulse  

r e sponse  o f  the  loop  f i l t e r ,  * deno tes  c o n v o lu t io n  and 0e ( t )  i s  

th e  phase e r r o r  which i s  expressed  as

0 e ( t )  = 0 . , ( t )  -  0 r ( t )  (1 -5)

The v o l t a g e  c ( t )  i s  a p p l i e d  to  the  VCO which produces an FM s ig n a l

with  a f requency  d e v i a t i o n  which i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h i s  

v o l t a g e ,  y i e l d i n g  th e  c o n d i t i o n

K2K3h2 ( t )  * s i n  < 4 ( t )  (1 -6 )

where K3 i s  the  VCO s e n s i t i v i t y .  Eq. 1-6 may be r e e x p r e s s e d  in  terms 

o f  o p e r a t i o n a l  n o t a t i o n  p = d / d t  as  f o l l o w s

0e( t )  = J . ( t )  - KH2 (P)  s i n  0e ( t )  (1 -7 )

where

K = K2 K3 ( 1- 8 )
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Eq. 1-7 i s  a n o n l i n e a r  d i f f e r e n t i a l  which governs  t h e  o p e r a t i o n  

o f  t h e  PLL and f o r  which a gene ra l  a n a l y t i c  s o l u t i o n  i s  not  

a v a i l a b l e .  However, as  w i l l  be s u b se q u en t ly  shown, us ing  

"phase  p la n e"  t e c h n i q u e s ,  a number o f  im p o r tan t  p r o p e r t i e s  o f  th e  

system r e sponse  can be o b t a i n e d .

1 . 2 . 3  The L inea r  E q u i v a l e n t  Model. In a d d i t i o n  to  th e  non- 

l i n e a r i t y  a s s o c i a t e d  w i th  th e  p e r i o d i c i t y  o f  th e  phase d e t e c t o r  

c h a r a c t e r i s t i c ,  the  p a r t i c u l a r  PLL d i s c u s s e d  h e re  c o n t a i n s  a b a s i c  

n o n l i n e a r i t y  due to  t h e  c h o ice  o f  a phase d e t e c t o r  having a s i n u 

s o id a l  c h a r a c t e r i s t i c .  This  o b v io u s ly  p r e s e n t s  a l i m i t a t i o n  on t h e  

per formance  o f  th e  PLL and b r in g s  up the q u e s t i o n  as t o  why a more 

l i n e a r  type  o f  phase d e t e c t o r  i s  no t  used .  The answer l i e s  in  s e v e ra l  

f a c t o r s ,  most im por tan t  o f  which a r e  the  s i m p l i c i t y  o f  i t s  implementa

t i o n  and th e  l i n e a r  t r a n s l a t i o n a l  c h a r a c t e r i s t i c  in  f requency  ex

h i b i t e d  by th e  m u l t i p l i e r - t y p e  phase d e t e c t o r  t o  a d d i t i v e  i n p u t  n o i s e .  

More s o p h i s t i c a t e d  phase d e t e c t o r s  having more l i n e a r  c h a r a c t e r i s t i c s  

a r e  d i s c u s s e d  in  the  nex t  c h a p t e r .

Re tu rn ing  once more t o  t h e  s i n u s o i d a l - t y p e  phase d e t e c t o r ,  i t  

i s  no ted  t h a t  f o r  p rope r  o p e r a t i o n  o f  th e  PLL, th e  i n p u t  s ig n a l  

and n o i s e  components must  be such t h a t  t h e  phase e r r o r  be l e s s  than  

7r/ 2  . Beyond t h i s  v a l u e ,  th e  s lope  o f  t h e  phase d e t e c t o r

c h a r a c t e r i s t i c  changes s ig n  and a r e g e n e r a t i v e  mode o c c u r s .  F u r t h e r 

more,  t h e  dynamic phase e r r o r  must be small ( g e n e r a l l y  l e s s  than
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one r a d i a n )  so t h a t  t h e  p o r t i o n  o f  th e  c h a r a c t e r i s t i c s  o v e r  which 

o p e r a t i o n  t a k e s  p l a c e  i s  e s s e n t i a l l y  l i n e a r .  With t h e s e  r e s t r i c 

t i o n s ,  a l i n e a r  e q u i v a l e n t  model can be d e r iv e d  f o r  t h e  PLL. This  

model ,  shown in  F ig .  1-2 has obvious a n a l y t i c a l  s i g n i f i c a n c e .

1 . 2 . 4  E f f e c t s  Due t o  Inpu t  N o i s e . Under normal c i r c u m s t a n c e s ,  

t h e  PLL i s  s u b j e c t e d  to  a s ig n a l  w i th  a d d i t i v e  i n p u t  n o i s e .  In 

t h i s  s e c t i o n ,  th e  r e p r e s e n t a t i v e  c a s e  o f  s i g n a l  c o r r u p t i o n  by band- 

l i m i t e d  Gaussian  n o i s e  w i l l  be c o n s i d e r e d .  The in p u t  t o  t h e  PLL 

may be ex p re s sed  as

a ( t )  = A co s |u ) j t  + 0 j ( t ) ]  + N(t)  (1 -9 )

The VCO o u tp u t  s i g n a l  now c o n t a in s  a s ig n a l  component and a n o i s e  

component which a r e  d e s ig n a t e d  0 ^ * )  ancl r e s p e c t i v e l y ,

and t h e r e f o r e

f ( t )  = - ( 2/A) sin [u>;t+ </>r( t ) J  (1-10)

where

0 r( t )  = 0 rs( t )  + </>rn( t ) (1- 11)
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The phase d e t e c t o r  o u t p u t  may be ex p re s s e d  as

r ,  1 ( 1- 12 )b(t) = Sin |0es(t) - 0rn(t)j + n(t)

where

SinjW.jt 0 r (* )]

(1 -13)

and

Note t h a t  t h e  doub le  f requency  te rm i s  a g a in  assumed to  be r e j e c t e d  

by th e  loop and i s  om i t ted  from Eq. 1-12 .  The bandpass i n p u t  no ise  

may be e x p re s s ed  as  fo l lo w s

N ( t )  = x ( t )  cos W i t  -  y ( t )  s i n  W i t  (1-15)

s u b s t i t u t i n g  Eq. 1-15 i n t o  Eq. 1-13 y i e l d s

r 1 r l t 1"16)
n ( t )  = - (2 /A )  x ( t )  cosw . t  - y ( t )  s i n w . t j  s i r jw . t  + 0 r  ( t ) J



M u l t ip ly in g  th rough  and a g a in  e l i m i n a t i n g  th e  double  f r equency  

terms y i e l d s

(1-17)

n(t) = - [x(t)/A] Sin 0r(t) + [y(t)/A] Cos 0r(t)

n ( t )  i s  c a l l e d  th e  " e q u i v a l e n t  n o ise  in p u t "  and may be in c o rp o r a t e d  

i n t o  t h e  PLL model t o  f u l l y  accoun t  f o r  t h e  i n p u t  n o ise  [Ref .  1,  

pp.  82-83 and Ref.  3 ,  pp. 1737-1738] a s  shown in  F ig .  3 -1 .  Note
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t h a t  by app ly ing  th e  c r i t e r i a  d i s c u s s e d  in  Sec.  1 . 2 . 3  the  model o f  

F ig .  3-1 can be reduced to  th e  l i n e a r  c a s e .

The d e t e r m i n a t i o n  o f  t h e  power s p e c t r a l  d e n s i t y  (PSD) o f  n ( t )  

i s  in gene ra l  a complex problem, however, f o r  t h e  case  where N ( t )  

has a symmetrical  b andpass ,  PSD which i s  much w ide r  than t h e  band

w id th  o f  <j>r ( t ) ,  i t  has been shown [R ef .  1 ,  pp.  28-34] t h a t  n ( t )  

i s  e s s e n t i a l l y  the  lowpass e q u i v a l e n t  o f  N ( t )  w i th  th e  a p p r o p r i a t e  

s c a l i n g .  For example,  i f  the  i n p u t  n o ise  i s  w h i te  w ith  a PSD o f  

h e i g h t  r) , the  PSD o f  n ( t )  i s  w hi te  w i th  h e i g h t  277/A2 [Ref.  1.

1 . 2 . 5  Open and Closed-Loop T r a n s f e r  F u n c t i o n s . I t  i s  o f  

i n t e r e s t  t o  de te rm ine  t h e  open and c l o s e d - l o o p  t r a n s f e r  f u n c t i o n s  

f o r  th e  l i n e a r  model o f  th e  PLL s in c e  they  w i l l  be o f  use in  l a t e r  

a n a l y s i s .  The open- loop  t r a n s f e r  f u n c t i o n  f o r  t h e  PLL ( see  F ig .  1-2)  

i s  g iven  by

p.  84 ]  .

M l = G(s)  = K H2 ( s ) (1 -18)
0 i ( s s

Open
Loop

where

K = K, K (1-19)
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and s e rv es  as  th e  means by which PLL's a r e  normal ly  c l a s s i f i e d .

The "loop ty p e "  i s  t h e  number o f  po le s  iri ( s )  l o c a t e d  a t  t h e  

o r i g i n ,  w h i l e  t h e  "loop o rd e r "  i s  th e  t o t a l  number o f  po le s  in  

G (s) .  Thus,  a PLL c o n t a in in g  no loop f i l t e r  i s  o f  f i r s t  o r d e r .

On the  o t h e r  hand,  i f  H2( s )  i n t r o d u c e s  a p o le ,  then  t h e  loop be

comes s e c o n d - o r d e r .  The c l o s e d - l o o p  t r a n s f e r  f u n c t i o n  i s  g iven  by

0 r ( s ). 
0 i  (S)

H(s)  =

Closed
Loop

 S£iL_
1 + G(s)

KH? f s 
s + KH2 ( s )

( 1- 2 0 )

from which t h e  s t a b i l i t y  o f  t h e  PLL may be d e te rm in e d .  As d i s c u s s e d  

e a r l i e r ,  t h e  s e c o n d -o rd e r  PLL i s  most w ide ly  used in  p r a c t i c e .  Ih 

p a r t i c u l a r ,  t h e  s e c o n d - o r d e r ,  type  one ,  PLL i s  t h e  p r a c t i c a l  con

f i g u r a t i o n  a s s o c i a t e d  with  t h i s  c a s e .  S ince  th e  s e c o n d - o r d e r ,  

type  one,  PLL s h a l l  be r e f e r r e d  t o  f r e q u e n t l y  d u r in g  the  course  o f  

t h i s  d i s s e r t a t i o n ,  i t  i s  o f  i n t e r e s t  t o  de te rm ine  some o f  i t s  

im por tan t  c h a r a c t e r i s t i c s .  The loop  f i l t e r  f o r  t h e  s e c o n d - o r d e r ,  

type  one PLL i s  o f  the  form

H2 ( s )  = s / a  + 1 
s / b  + 1

( 1 -2 1 )
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S u b s t i t u t i n g  Eq. 1-21 i n t o  Eq. 1-20 y i e l d s  t h e  c l o s e d - l o o p  t r a n s f e r  

f u n c t i o n  f o r  t h e  s e c o n d - o r d e r ,  type  one PLL as

H(s)  =

s
a + 1

( 1- 2 2 )

Fig .  1-4 shows th e  r o o t  loc us  p l o t  of  H(s)  f o r  t h e  s e c o n d -o rd e r ,  

ty pe  one PLL. I t  i s  no ted t h a t  t h i s  PLL i s  u n c o n d i t i o n a l l y  s t a b l e .

F i n a l l y ,  i t  i s  o f  i n t e r e s t  to  d e te rm in e  t h e  e q u i v a l e n t  n o i s e  

bandwidth which i s  d e f i n e d  as

Bn =
1"
ju> d f

(1 -23)

For the  c a s e  a t  hand,  Hq i s  t h e  power r e s p o n s e  a t  f  = 0 which 

from Eq. 1-22 i s  u n i t y .  The d e f i n i t e  i n t e g r a l  in  Eq. 1-23 can be 

e v a l u a t e d  d i r e c t l y  from t a b u l a t e d  i n t e g r a l s  [Ref.  1,  p. 21 and p.  93] 

y i e l d i n g
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Kb ( 1 - 2 4 )

Bn =
K b

4a

1 . 2 . 6  Cycle S l i p p i n g . In most a p p l i c a t i o n s  o f  the  PLL, th e  

c r i t i c a l  pa ram ete r  i s  t h e  " r a t e  o f  c y c l e  s l i p p i n g s " .  This  r e f e r s  

t o  t h e  o cc a s io n a l  d e l e t i o n  ( o r  i n s e r t i o n )  o f  a c y c l e  in  t h e  VCO o u t 

put  s ig n a l  as  compared to  t h e  pure s i g n a l  a t  t h e  loop i n p u t .

There  a r e  two d i f f e r e n t  so u rce s  o f  c y c l e  s l i p p i n g s  in  a PLL 

[Ref.  5 ]  . The f i r s t  type  i s  r e f e r r e d  t o  as  ThI ( t h r e s h o l d  i m p u l s e s ) .  

These come about  when th e  r e s u l t a n t  p haso r  o f  c a r r i e r  and n o i s e  a t  

th e  loop in p u t  e n c i r c l e s  th e  o r i g i n .  Only a r e l a t i v e l y  smal l  p e r 

c e n t a g e  o f  the  ThI a r e  no rm al ly  t r a c k e d  by the  loop due t o  i t s  

com press ive  and f i l t e r i n g  a c t i o n s .  I f  a ThI i s  t r a c k e d ,  i t  r e s u l t s  

in  a s p ik e  in th e  o u t p u t  o f  the  PLL. The r a t e  o f  th e s e  ThI i s  seen  

t o  i n c r e a s e  w ith  i n c r e a s i n g  PLL bandwidth.

The second s o u rc e  o f  c y c l e  s l i p p i n g s ,  c a l l e d  LLI ( l o s s  o f  

lock  im p u l s e s ) ,  comes abou t  when th e  PLL e n c o u n t e r s  n o i s e  a n d / o r  

s i g n a l  t r a n s i e n t s  which i t  i s  no t  a b l e  t o  fo l l o w  due to  t h e  m u l t i 

va lued  c h a r a c t e r i s t i c  o f  th e  phase d e t e c t o r .  For th e  c a s e  o f  a 

phase d e t e c t o r  w i th  a s i n u s o i d a l  c h a r a c t e r i s t i c ,  i f  the  phase
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e r r o r  i s  fo r c e d  beyond W 2 ,  th e  PLL e n t e r s  a r e g e n e r a t i v e  mode 

because o f  t h e  change in t h e  s i g n  o f  the  s l o p e ,  u s u a l l y  r e s u l t i n g  

in  a s h i f t i n g  o f  the  s t a b l e  o p e r a t i n g  p o i n t  by 2 i r  o r  a m u l t i p l e  of  

2 i r  th e r e b y  c au s in g  LLI. The r a t e  o f  th e s e  LLI d e c r e a s e s  w ith  

i n c r e a s i n g  bandwidth .  The optimum des ign  o f  a PLL i s  ach ieved  by

m in im iz a t io n  o f  t h e  combined t o t a l  r a t e  o f  ThI and LLI. The

a b i l i t y  o f  a PLL t o  ach ieve  lower  t h r e s h o l d s  than  a c o nven t iona l  

FM dem odula to r  i s  based on th e  f a c t  t h a t  th e  combined r a t e  o f  ThI 

and LLI i n . a  PLL may be made l e s s  than  t h a t  o f  t h e  ThI a l o n e  in  a

c o n v en t io n a l  FM demodulator  [ R e f .  1,  p. 109] .

These c y c l e  s l i p p i n g s  a r e  t h e  cause  o f  t h r e s h o l d  in  FM demodu

l a t i o n  and th u s  l i m i t s  the  t r a d e o f f  c a p a b i l i t y  in  an FM system 

between r e q u i r e d  t r a n s m i t t e r  power and t r a n s m i s s i o n  bandwidth .

T h e i r  e f f e c t  i s  f e l t  p a r t i c u l a r l y  in  s a t e l l i t e  communica tions  systems.  

The c y c l e  s l i p p i n g s  a r e  f u r t h e r  known to  be th e  ma jor  cause  o f  e r r o r s  

in  d i g i t a l  FM t r a n s m i s s i o n s  [ R e f .  5 ]  . They a r e  a l s o  o f

c r i t i c a l  s i g n i f i c a n c e  in t r a c k i n g  and whenever a b s o l u t e  phase e s t i m a t i o n  

i s  r e q u i r e d .

In t h e  n e x t  c h a p t e r ,  d e v i c e s  which possess  a phase d e t e c t o r  

c h a r a c t e r i s t i c  having g r e a t e r  th a n  ± tt/ 2  monotonic r ange  a r e  d i s 

cussed  and i t  i s  shown how one such d e v ic e  l e ad s  t o  t h e  g e n e r a l i z e d  

s e c o n d - o r d e r  PLL c o n f i g u r a t i o n .
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CHAPTER II

THE EXTENDED-RANGE PHASE-LOCKED DEMODULATOR (ERPLD)
And The generalized second- order pll

2.1 I n t r o d u c t i o n

As d i s c u s s e d  in  t h e  p reced ing  c h a p t e r ,  t h e  co n v e n t io n a l  PLL 

i n c o r p o r a t e s  a phase d e t e c t o r  hav ing a s in u s o i d a l  c h a r a c t e r i s t i c ,  

and thus  has a monotonic range  o f  ± t r / 2 .  Whenever t h e  s ig n a l  

a n d / o r  n o i s e  cause  th e  phase e r r o r  to  exceed ± tt/ 2,  

t h e  PLL e n t e r s  a r e g e n e r a t i v e  mode due to  t h e  change in  s ign  

o f  the  s lo p e  o f  t h e  phase d e t e c t o r  c h a r a c t e r i s t i c .  When t h i s  

occurs  i t  i s  h i g h l y  p robab le  t h a t  l o s s  o f  lock  w i l l  o c c u r  and 

an LLI w i l l  be produced .  This  s u g g e s t s  th e  use o f  a phase 

d e t e c t o r  w ith  a monotonic range  g r e a t e r  than  ±  7r/2 t o  r educe  

t h e  r a t e  o f  LLI. Under such c o n d i t i o n s ,  i t  would be p o s s i b l e  

to  reduce  t h e  bandwidth o f  the  PLL th u s  reduc ing  th e  r a t e  of  

ThI .  The n e t  outcome o f  such a scheme would be a d e v i c e  

whose s p ike  r a t e  would be l e s s  th a n  t h a t  f o r  a c o n v e n t io n a l  

PLL under t h e  same in p u t  c o n d i t i o n s ,  thus  p e r m i t t i n g  lower 

t h r e s h o l d s .  I t  i s  t h i s  concep t  t h a t  p ro v id e s  the  b a s i s  f o r  

a l l  ERPLDs.

I t  i s  s u b s e q u e n t l y  shown t h a t  one such ERPLD c o n f i g u r a t i o n  

i . e .  the  ERPLD us in g  phase feedback  can be reduced to  a con

ve n t io n a l  PLL w i th  a more com pl ica ted  loop  f i l t e r .  Th i s  " e q u i -
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v a l e n t  f i l t e r  r e a l i z a t i o n "  i s  shown t o  le ad  d i r e c t l y  t o  th e  

" g e n e r a l i z e d  s e c o n d -o rd e r  PLL."

2.2  Implementa t ions  o f  t h e  ERPLD

2 . 2 . 1  G e n e ra l . The t h r e s h o l d  per formance o f  a PLL with  a 

phase d e t e c t o r  having a g r e a t e r  than  ± 7 r / 2  monotonic range  

has been ana lyzed  by F rank ie  [R e f .  1 ] .  In t h i s  a n a l y s i s ,  both 

a sawtoo th  and a t r u n c a t e d  s i n e  p h a s e - d e t e c t o r  c h a r a c t e r i s t i c  

were c o n s id e r e d  as shown in  F ig .  2 -1 .  Thresho ld  r e d u c t i o n s  o f  

4dB f o r  t h e  sawtooth  and 7dB f o r  t h e  t r u n c a t e d  s i n u s o i d  were 

p r e d i c t e d  in  comparison t o  t h e  conven t iona l  s e c o n d - o r d e r  PLL.

In l i g h t  o f  t h e s e  r e s u l t s ,  i t  i s  a p p a re n t  t h a t  b e s id e s  monotonic 

r a n g e ,  t h e  shape of  th e  p h a s e - d e t e c t o r  c h a r a c t e r i s t i c  i s  a l s o  

v e ry  im p o r ta n t  and l i n e a r i t y  o f  t h e  c h a r a c t e r i s t i c  i s  no t  n e c e s s a r i l y  

d e s i r a b l e .

The a c t u a l  r e a l i z a t i o n  o f  t h e  ex t e n d e d - ra n g e  ty p e  phase 

d e t e c t o r  has thus  f a r  been found t o  f a l l  i n t o  t h r e e  c a t e g o r i e s :  

waveshaping o f  the  c a r r i e r  s i g n a l ,  p o s t d e t e c t i o n  l i n e a r  s y n t h e s i s  

and p o s t d e t e c t i o n  n o n - l i n e a r  s y n t h e s i s  [Ref.  2 ,  p.  250 ] .  The 

f i r s t  method invo lves  choos ing  shapes  f o r  t h e  In p u t  and r e f e r e n c e  

c a r r i e r  s i g n a l s ,  which when passed  th rough a m u l t i p l i e r - t y p e  phase 

d e t e c t o r  p roduce ,  in t h e  low f requency  o u tp u t  component ,  the  

d e s i r e d  c h a r a c t e r i s t i c .  Because o f  the  problems in vo lved  in
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Fig. 2-1. Extended-range phase detector characteristics; 
(a) Sawtooth; (b) Truncated sinusoid.
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t r a n s m i t t e r  waveshaping ,  t h i s  method i s ,  in  g e n e r a l ,  no t  p r a c t i c a l .

I t  d o e s ,  however,  p ro v id e  t h e  b a s i s  f o r  more p r a c t i c a l  p rocedures  to  

be d i s c u s s e d  p r e s e n t l y .

2 . 2 . 2  ERPLD R e a l i z a t i o n  by P o s t d e t e c t i o n  L in e a r  S y n t h e s i s . 

R e f e r r i n g  to  the  c o n v e n t io n a l  PLL o f  Fig .  1 - 1 ,  i t  i s  no ted t h a t  

the  shaped in p u t  and r e f e r e n c e  s i g n a l s  in  t h e  absence  o f  n o i s e

and w i th o u t  modula t ion  may be r e p r e s e n t e d  by t h e i r  F o u r i e r  s e r i e s

expans ions  as fo l low s

00

a ( t )  = ^  amC O s( m u>. t )  (2 -1 )
m=l

and

00

b ^ s i n (  nco.t -  n 0e ) ( 2- 2 )
n=l

where 0e i s  th e  r e l a t i v e  phase s h i f t  between th e  in p u t  and r e f e r e n c e  

s i g n a l s .  For a m u l t i p l y i n g  type  o f  phase d e t e c t o r ,  t h e  lo w -f requency  

o u t p u t  components a r e

00

e = a ( t )  f ( t )  = ^  anbn s i r i ( n 0 e  ) ( 2 "3 )
n=l 2

The r e s u l t  i s  t h a t  t h e  phase d e t e c t o r  c h a r a c t e r i s t i c  (e  v s . 0 e ) i s  

dependen t  on th e  s u p e r p o s i t i o n  o f  th e  F o u r i e r  terms



23

a n bn sir>( n 0e ) .  Var ious  p h a s e - d e t e c t o r  r e s p o n s es  can be s y n th e s i z e d  

by p roper  c h o i c e  o f  th e  anbnc o e f f i c i e n t ,  which a r e  c o n t r o l l e d  

by the  shape o f  t h e  c a r r i e r  s i g n a l s  [Ref  2,  p.  253],

Eq. 2-3 can a l s o  be g e n e ra te d  w i th o u t  c a r r i e r  s i g n a l  waveshaping 

by p o s t d e t e c t i o n  s y n t h e s i s ,  an example o f  which i s  shown in  F i g . 2 - 2  

[Ref. 2 ,  p. 2 5 3 ] .  In t h i s  sys tem,  c a l l e d  t h e  " p h a s e - e r r o r  feedback  

method," a v o l t a g e  which i s  l i n e a r l y  p r o p o r t i o n a l  to  t h e  phase 

e r r o r  i s  fed  back th rough  a system o f  phase m odula to rs  and phase 

d e t e c t o r s  t o  produce  a s e r i e s  o f  o u t p u t s  w i th  v o l t a g e s  p r o p o r t i o n a l  

t o  s i n 0 e and i t s  ha rmonics .  These o u tp u t s  a r e  then  p r o p e r l y  

weighted and summed t o  form th e  r e q u i r e d  l i n e a r  f u n c t i o n  o f  0 e •

The system has t h e  p r a c t i c a l  l i m i t a t i o n  o f  r e q u i r i n g  a l a r g e  number 

o f  phase d e t e c t o r s  and phase m od u la to r s  which s t i l l  l i m i t  the  

system to  o n ly  a f i n i t e  summation o f  harmonic components.  The 

e f f e c t i v e n e s s  o f  t h i s  system i s  n o t  f u l l y  known because  t h e  f o r m i 

dab le  t a s k  o f  i t s  a n a l y s i s  in th e  p r e s en ce  o f  no ise  remains  y e t  

to  be accom pl i shed .

2 . 2 .3  ERPLD R e a l i z a t i o n  by P o s t d e t e c t i o n  N o n - l i n e a r  S y n t h e s i s .

The te ch n iq u e  o f  p o s t d e t e c t i o n  n o n - l i n e a r  s y n t h e s i s  i s  e x e m p l i f i e d  

by the  system shown in  F ig .  2-3 known as t h e  Tanlock PLL [Ref .  3 ]  . 

This  system produces  a phase com para to r  c h a r a c t e r i s t i c  g ive n  by
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q ( dL ) = ( 1 + K) sin<$e . 0 < K  <  l (2 -4 )
1 + K cos 0 e

This f u n c t i o n  i s  p l o t t e d  in  Fig.  2-4 f o r  a number o f  v a l u e s  o f  K.

This system i s  c a p a b le  o f  a monotonic range  approach ing  ±  *  

as  K approaches  u n i t y ,  b u t  w ith  i n c r e a s i n g  n o n - l i n e a r i t y .  C u r r e n t l y ,  

t h e r e  i s  some doub t  as  to  whether  t h e  Tanlock system under  modu la t ion  

c o n d i t i o n s  does a c t u a l l y  p rov ide  t h r e s h o l d  r e d u c t i o n  in  comparison 

to  t h e  co n v e n t io n a l  PLL [Ref. 3 and Ref.  4]  .

Of p a r t i c u l a r  i n t e r e s t  to  t h e  r e s e a r c h  under taken  in  t h i s  

d i s s e r t a t i o n  i s  t h e  ERPLD which u se s  phase feedback  [Ref.  5]  

which s h a l l  be d i s c u s s e d  in  d e t a i l  i n  t h e  n e x t  s e c t i o n .

2 . 2 . 4  The ERPLD Using Phase Feedback. The ERPLD which uses  

phase feedback  d e s c r i b e d  by Acampora and Newton [Ref.  5]  i s  shown 

in  Fig .  2 -5 .  This  d e v i c e  was implemented f o r  a s i n g l e - c h a n n e l  

FM r e c e i v e r  w i th  t h e  fo l l o w in g  p a r a m e te r s :

Base-band vo ice  c h a n n e l :  300-3300 Hz

C e n te r  f r eq u en cy :  11 .5  MHz

D e v ia t i o n :  + 10 KHz peak 

IF bandwidth:  35 KHz

Base-band bandwidth:  3 . 5  KHz
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The d es ig n  pa ra m e te r s  o f  the  d e v i c e  inc luded  a s t a n d a r d  second 

o r d e r ,  type  one loop f i l t e r  o f  th e  form

with  "a" and "b" chosen a t  2 .94x104 and 1 .8 8 x l0 3 r a d / s e c  r e s p e c t i v e l y .

o f  th e  p h a s e - d e t e c t o r  and phase -m o d u la to r  s e n s i t i v i t i e s  <5K3 was 

a d j u s t e d  t o  u n i t y .  The t h r e s h o l d  performance  of  t h e  d e v i c e  was 

de term ined  f o r  a lKHz t e s t - t o n e  in  th e  v o ic e  c h a n n e l .  The r e s u l t s  

i n d i c a t e d  a 3dB t h r e s h o l d  r e d u c t i o n  o ver  th e  c o n v en t io n a l  PLL 

[Ref. 5,  p.  591] .

I t  i s  o f  i n t e r e s t  to  de te rm ine  the  re sponse  c h a r a c t e r i s t i c  

f o r  th e  e x t e n d e d - r a n g e  phase d e t e c t o r  shown in F ig .  2 -6 .  From 

t h i s  f i g u r e ,  t h e  c h a r a c t e r i s t i c  e q u a t io n  o f  the  phase feedback  

phase d e t e c t o r  in  t h e  absence  o f  n o i s e  i s  g iven by

(2 -5 )

The combined main loop  ga in  was s e t  a t  4 .7 x 1 05s ec -1 , and th e  p roduc t

e = 6 s i n ( ip -  K e ) ( 2- 6 )

where

*  ■ -  0 r, ( t ) (2 -7 )
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Fig. 2-6. Block diagram of the extended-range phase detector.
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I t  I s  co n v e n ie n t  t o  no rm a l ize  Eq. 2-6 by l e t t i n g  e n = e/5  

r e s u l t i n g  in

e n = s i n (  ip -  o ten ) ( 2- 8 )

where

(2 -9 )

Fig .  2-7 shows a p l o t  o f  Eq. 2-8 f o r  a number o f  v a lu es  o f  a  

For a  = o,  the  phase d e t e c t o r  r e v e r t s  back t o  a pu re ly  s i n u s o i d a l  

c h a r a c t e r i s t i c  a s  e x p e c t e d .  As a  i s  i n c r e a s e d ,  the  e x t e n s i o n  

o f  th e  monotonic range  i s  r e a d i l y  a p p a r e n t .  I t  i s  s i g n i f i c a n t  

to  n o te  t h a t  maximum monotonic range  e x t e n s i o n  f o r  which th e  c h a r 

a c t e r i s t i c  i s  s i n g l e - v a l u e d  i s  ct = l . o  which r e s u l t s  in  a monotonic 

range  o f

The t r a n s i t i o n  o f  t h e  c h a r a c t e r i s t i c  from a s i n g l e - v a l u e d  t o  

a m u l t i - v a l u e d  f u n c t i o n  as a  exceeds  u n i t y  w i l l  t a k e  on added 

s i g n i f i c a n c e  when t h e  a c q u i s i t i o n  and t r a c k i n g  b ehav io r  o f  ERPLD 

w i th  phase feedback  and th e  g e n e r a l i z e d  s e c o n d - o r d e r  PLL a r e  

d i s c u s s e d  in  Chap te r  5. The improved performance  o f  t h i s  system 

has been ex p la in e d  by th e  i n c r e a s e d  monotonic r ange  o f  th e  phase

-  (7T/2 + 1) <  0  ^  (7T/2+ 1) ( 2- 10)
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d e t e c t o r  beyond + * 72 .  This  e x p l a n a t i o n  i s  c o r r e c t  f o r  t h e  c a s e  

o f  no n o i s e  o p e r a t i o n .  However, under o p e r a t i o n  w i th  n o ise  a 

more e x t e n s i v e  a n a l y s i s  i s  n e c e s s a r y .  An a n a l y s i s  by Klapper 

and Veiga [Ref.  6 ]  o f  th e  ERPLD w i th  phase feedback  which i n c l u d e s  

t h e  e f f e c t s  o f  n o i s e  has shown th e  d e v ic e  t o  indeed  be ca p a b le  

o f  a t h r e s h o l d  s i g n i f i c a n t l y  below t h a t  o f  t h e  c o nven t iona l  PLL.

In a d d i t i o n ,  the  a n a l y s i s  showed th e  per formance  o f  t h i s  ERPLD 

t o  be c r i t i c a l l y  dependen t  on t h e  p r e d e t e c t i o n  bandwidth Bp. 

S p e c i f i c a l l y ,  the  t h r e s h o l d  r e d u c t i o n  o f  t h e  Acampora and Newton 

ERPLD w i th  r e s p e c t  t o  th e  c o nven t iona l  PLL i s  p r e d i c t e d  on ly  f o r  

Bp/a <  2 .75  [Ref. 6 ] .  The rea son  f o r  t h i s  dependence on p r e d e t e c t i o n  

bandwidth w i l l  become a p p a r e n t  s h o r t l y .

An a l t e r n a t e  way o f  v iewing the  ERPLD w i th  phase feedback  

i s  t h e  " e q u i v a l e n t  f i l t e r  approach"  [Ref .  2 ,  p.  260 ]  . This  

a n a l y s i s  begins  w i th  t h e  f o r m u l a t io n  o f  t h e  loop d i f f e r e n t i a l  

e q u a t io n  o f  Fig .  2-5  which r e s u l t s  in

0 e ( t )  * 0 j ( t )  ‘  K Kz 6 F (P  ) s i n 0 e (2 -11 )

where

0e( t )  = 0 i ( t )  -  ( 2 - 1 2 )

and



F( P)  = H ( p )  + K,3
2 M z

. p (2-13)

Eq. 2-11 i s  i d e n t i c a l  in  form t o  t h e  loop  d i f f e r e n t i a l  e q u a t io n  

o f  the  co n v en t io n a l  PLL, exce p t  f o r  t h e  d i f f e r e n c e  in  t h e  f i l t e r

The e q u i v a l e n t  f i l t e r  r e a l i z a t i o n  o f  t h e  ERPLD with  phase feedback  

i s  thus  seen t o  be a s e c o n d -o rd e r  PLL in  which th e  loop  f i l t e r  

F ( s )  c o n t a in s  a p a i r  o f  complex z e r o s .  Th is  i s  in c o n t r a s t  t o  t h e  

c o n v e n t io n a l  d e s ig n  o f  th e  PLL which u t i l i z e s  a f i l t e r  having  a 

s im ple  z e ro  on th e  n e g a t iv e  r e a l  a x i s .  Eq. 2-14 can be p u t  i n t o  

more co n v e n ie n t  form by f i r s t  n o t i n g  t h a t  the  main loop  g a in  in  

Fig 2 -5  can be e x p re s s e d  as

f u n c t i o n  F (p ) .  S u b s t i t u t i o n  o f  H ( s )  from Eq. 2-5 i n t o  Eq. 2-13 

y i e l d s

F(s) =
s + 1 (2 -14 )
b

K = K K 61 2 (2 -15)

S u b s t i t u t i o n  o f  Eq. 2-15  and th e  a u x i l i a r y  loop ga in  e x p r e s s i o n  

o f  Eq. 2-9 i n t o  Eq. 2-14 y i e l d s
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F(s) =
l( a  \  + s/ 1 + ot\ + 1 
\ Kb / \a K / ( 2- 16)

s  + 1
~b~

I t  i s  o f  i n t e r e s t  t o  i n v e s t i g a t e  some a d d i t i o n a l  p r o p e r t i e s  o f  

t h i s  " e q u i v a l e n t  f i l t e r "  ERPLD. F igs .  2 -8  and 2-9  show th e  c l o s e d -  

loop magnitude r e sponse  o f  the  e q u i v a l e n t  f i l t e r  ERPLD f o r  a  

o ver  a range  o f  0 .0  t o  10 .0  w i th  th e  rem ain ing  pa ram ete r s  t h o s e  

o f  Acampora and Newton [R e f .  5] . Note t h a t  f o r  a =  0 th e  system 

r e v e r t s  to  a c o n v e n t io n a l  s e c o n d - o r d e r ,  ty p e  one PLL. For a  >  0 

i t  i s  s i g n i f i c a n t  t o  n o te  t h a t  t h e  c l o s e d - l o o p  magnitude r e s p o n s e  

does n o t  f a l l  o f f  to  z e ro  as t h e  f requency  becomes unbounded as  

i s  t h e  ca s e  f o r  th e  c o n v e n t io n a l  PLL. This  t h e o r e t i c a l l y  im p l ie s  

an " i n f i n i t e "  n o i s e  bandwidth and in e s s e n c e  e x p l a i n s  th e  c r i t i c a l  

dependence o f  the  r e s p o n s e  on t h e  p r e d e t e c t i o n  bandwidth as  d i s c u s s e d  

e a r l i e r ,  s i n c e  the  p r e d e t e c t i o n  n o ise  bandwidth l i m i t s  the  pe rformance  

o f  t h e  d e v i c e .  On th e  o t h e r  hand,  i t  shows a r e d u c t i o n  in  t h e  

peak o f  the  re sponse  w i th  a .  Fig 2-10 shows th e  c l o s e d - l o o p  

phase r e s p o n s e  o f  th e  e q u i v a l e n t  f i l t e r  ERPLD f o r  a  over  a r ange  

o f  0 .0  t o  1 0 .0 .  For «  = 0 , t h e  system a g a in  r e v e r t s  t o  a c o n v e n t io n a l  

s e c o n d - o r d e r ,  type  one PLL w i th  t h e  phase a n g le  s t a r t i n g  a t  0°
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a t  DC and approach ing  -90° a s  t h e  f r equency  becomes unbounded.

For a > 0  th e  phase r e s p o n s e  changes markedly  w i th  t h e  phase a n g l e  

s t a r t i n g  a t  0° a t  DC bu t  th e n  peaking and a g a i n  approach ing  0° 

as th e  f requency  becomes unbounded.  F u r th e rm o re ,  as  a  i s  i n c r e a s e d ,  

t h e  phase s h i f t  peak d i m i n i s h e s .  Recall  t h a t  in  t h e  Acampora 

and Newton case  [Ref.  5] « =  1 .0 .  The computer  programs used

t o  g e n e r a t e  th e  magnitude  and phase r e s p o n s e  cu rves  o f  the  e q u i v a l e n t  

f i l t e r  ERPLD a r e  g ive n  in  Appendix A.

R eturn ing  to  t h e  e q u i v a l e n t  f i l t e r  f u n c t i o n  o f  Eq. 2 -16 ,  

i t  i s  noted t h a t  t h e  c o e f f i c i e n t s  o f  the  v a r i o u s  terms a r e  not  

independen t  but  r a t h e r  i n t e r d e p e n d e n t .  By making the  c o e f f i c i e n t s  

independen t  i t  becomes a f i l t e r  f o r  what  may be termed a " g e n e r a l i z e d  

s e c o n d - o r d e r  PLL."

2 .3  The G ene ra l ized  Second-Order  PLL.

As d i s c u s s e d  in  t h e  p reced ing  s e c t i o n ,  th e  e q u i v a l e n t  f i l t e r  

f u n c t i o n  o f  Eq. 2-16 l e a d s  d i r e c t l y  t o  th e  g e n e r a l i z e d  second-  

o r d e r  f i l t e r  f u n c t i o n  g iven  by

F (s )  = s 2 / / 3  + s / y  + 1
s / b  + 1

(2-17)
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where t h e  c o e f f i c i e n t s  a r e  now independen t  d e s ig n  pa ram e te r s .

Note t h a t  th e  r e s p o n s e  cu rves  o f  Figs 2-8  th rough  2-10 a r e  

a p p l i c a b l e  to  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL under  the  t r a n s 

fo rm at ion

(2 -1 8 )

This g e n e r a l i z e d  s e c o n d -o rd e r  PLL in  which th e  loop f i l t e r  c o n t a i n s  

a p a i r  o f  complex z e ro s  has been h e r e t o f o r e  u n ex p lo re d .  The i n v e s 

t i g a t i o n  and optimum des ign  o f  t h i s  d e v i c e  forms t h e  b a s i s  f o r  

t h i s  d i s s e r t a t i o n .

Fig 2-11 shows t h e  r o o t  locus  p l o t  f o r  th e  g e n e r a l i z e d  second-  

o r d e r ,  type  one PLL, u s in g  th e  e q u i v a l e n t  Acampora and Newton 

p a ram ete rs  [Ref.  5] based  on Eq. 2-18 and g iven  by

P = 8 .8 3 6  x 108 ( r a d / s e c ) 2

y  = 2.767 x 104 ( r a d / s e c )

b = 1 .88  x 103 ( r a d / s e c )

K = 4 . 7  x 105 ( s e c - 1 )
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The f i g u r e  i s  markedly  d i f f e r e n t  from t h a t  o f  the  c o n v en t io n a l  

s e c o n d - o r d e r ,  ty p e  one PLL shown in  F ig .  1 - 4 ,  bu t  r e t a i n s  t h e  

c h a r a c t e r i s t i c  o f  be ing  u n c o n d i t i o n a l l y  s t a b l e .  The computer  

program used t o  g e n e r a t e  t h i s  r o o t  lo c u s  i s  g iven  in  Appendix A.

Fig .  2-12 shows a comparison o f  t h e  a sym pto t ic  open loop 

am p l i tude  r e s p o n s e s  f o r  t h e  co n v e n t io n a l  and g e n e r a l i z e d  second-  

o r d e r ,  type  one PLL. Again no te  t h a t  t h e  am p l i tude  r e s p o n s e  in  

t h e  g e n e r a l i z e d  PLL c a s e  does n o t  d rop  o f f  t o  ze ro  w i th  i n c r e a s i n g  

f requency  as  i t  does  in  t h e  c o n v e n t io n a l  PLL c a s e .

As a f i n a l  i tem to  be d i s c u s s e d ,  p r i o r  t o  t h e  d e t a i l e d  a n a l y s i s  

and optimum d e s ig n  o f  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL g ive n  in  t h e  

subsequen t  c h a p t e r s ,  c o n s i d e r  a compar ison o f  th e  d es ig n  c r i t e r i o n  

f o r  t h e  e q u i v a l e n t  f i l t e r  ERPLD and t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL. 

The q u e s t i o n  a r i s e s  as  to  whether  o r  n o t  a l l  o f  the  p o s s i b l e  d e s ig n s  

o f  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL can be achieved  w i th  t h e  e q u i v a l e n t  

f i l t e r  ERPLD. F i r s t ,  n o te  t h a t  t h e r e  a r e  f o u r  des ign  pa ram e te rs  a  , K, 

a and b f o r  t h e  e q u i v a l e n t  f i l t e r  ERPLD and th e  loop f i l t e r  f u n c t i o n  

i s  g iven  by Eq. 2-16.  S i m i l a r l y ,  f o r  t h e  g e n e r a l i z e d  s e c o n d - o r d e r  PLL 

t h e r e  a r e  f o u r  d e s ig n  param ete rs  p , y  , b and K and i t s  loop  f i l t e r  

f u n c t i o n  i s  g ive n  by Eq. 2-17.  In t h e  g e n e r a l i z e d  s e c o n d - o r d e r  PLL 

K i s  o f  c o u r s e  t h e  loop  ga in  and t h e  remain ing  t h r e e  pa ram e te rs  

a r e  t h o s e  a s s o c i a t e d  w i th  th e  f i l t e r
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Fig. 2-12. Open-loop amplitude response (asymptotic), (a) Conventional 
second-order, type one PLL; (b) Generalized second-order, 
type one PLL (In conventional design 20 Log Kb = 20 Log Kb = 0).
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d e s ig n  which may be chosen in d e p e n d e n t ly .  In t h e  e q u i v a l e n t  f i l t e r  

ERPLD K i s  a g a in  th e  loop ga in  b u t  i t  a l s o  ap p e a r s  in  t h e  f i r s t  

two te rm s  o f  th e  numera to r  in  Eq. 2-16 .  The p a ram e te r  b can be 

v a r i e d  to  a d j u s t  t h e  c o e f f i c i e n t  in  th e  f i r s t  te rm o f  t h e  denominato r  

o f  Eq. 2-16 t o  a d e s i r e d  v a l u e .  In the  f i r s t  term o f  th e  numerator  

o f  Eq. 2-16 even with  K and b f i x e d  a  may be v a r i e d  t o  ach ieve  

t h e  d e s i r e d  co e f f i c i e n t  v a l u e .  This  l e a v e s  on ly  th e  second 

numera tor  term in Eq. 2-16 to  be i n v e s t i g a t e d .  Even though th e  

p a ram e te r  "a" in  t h i s  te rm can be v a r i e d  in d e p e n d e n t ly  a t  t h i s  

p o i n t ,  t h e  a d d i t i v e  a / K  f a c t o r  does not  p e rm i t  t h e  c o e f f i c i e n t  

in  t h e  second numera tor  te rm o f  Eq. 2-16 to  be in d e p e n d e n t ly  

a d j u s t e d .  S t r i c t l y  speak ing  t h e n ,  t h e  e q u i v a l e n t  f i l t e r  ERPLD 

can n o t  a c h i e v e  a l l  o f  t h e  p o s s i b l e  d es ig n s  o f  th e  g e n e r a l i z e d  

s e c o n d - o r d e r  PLL. From a p r a c t i c a l  p o in t  o f  v iew, however,  the  

p i c t u r e  changes .  C o n s id e r ,  f o r  example,  th e  Acampora and Newton 

d e s ig n  [R e f .  5 ]  . For t h o s e  p a r a m e te r s ,  i t  i s  found t h a t  

1 /a  = 3.401 x 10"5 and “ /K = 2.123 x 1 0 " 6 Thus in  a t y p i c a l  

d e s ig n  1 / a  i s  more than  an o r d e r  o f  magni tude  g r e a t e r  than  a /K  

and so t h e  second numera tor  term in  Eq. 2-16 can a l s o ,  f o r  a l l  

i n t e n t s  and p u rp o s e s ,  be v a r i e d  in d e p e n d e n t ly .
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CHAPTER I I I

OPTIMUM DESIGN OF THE GENERALIZED SECOND-ORDER PHASE-LOCKED LOOP

3.1 I n t r o d u c t i o n .

In Chapte r  2,  the  e q u i v a l e n t  f i l t e r  r e a l i z a t i o n  o f  th e  ERPLD 

was shown to  l e a d  to  the  g e n e r a l i z e d  s e c o n d -o rd e r  PLL in which 

the  loop f i l t e r  c o n ta in e d  complex z e r o s .  In t h i s  c h a p t e r  a method 

f o r  de te rm in ing  an optimum des ign  f o r  the  g e n e r a l i z e d  s e c o n d -o rd e r  

PLL f o r  a p r a c t i c a l  c l a s s  o f  i n p u t  s i g n a l s  i s  developed .

3 .2  D e te rm ina t ion  o f  Threshold  C a r r i e r - t o - N o i s e  Rat io  (CNR).

3 .2 .1  General D e s c r i p t i o n . The in p u t  modula t ion  to  a PLL 

te nds  to  c r e a t e  a p h a s e - e r r o r  component which in c r e a s e s  th e  t o t a l  

loop phase e r r o r  both on an i n s t a n t a n e o u s  and mean-square b a s i s .

For the  l i n e a r  model o f  the  PLL w i th  the  n o i s e  and s ig n a l  s t a t i s 

t i c a l l y  in d e p e n d e n t ,  t h e  m odu la t ion - induced  phase e r r o r  component

0es  may ke c o n s id e re d  as an in dependen t  a d d i t i v e  term which
~2

l i n e a r l y  i n c r e a s e s  t h e  t o t a l  mean-square phase e r r o r  0 e ( t ) .

For the  c l a s s  o f  Gaussian no ise  type  m odu la t ions  i n c lu d in g  s i n g l e 

channel  speech (FM), FDM-FM and FDM-PM, th e  m odu la t ion - induced  phase 

e r r o r  i s  G auss ian .  This i s  a l s o  e s s e n t i a l l y  t r u e  o f  the  a b o v e - t h r e s h o ld  

n o is e - in d u c e d  phase e r r o r .  The t o t a l  phase e r r o r  thus  has the  

same s t a t i s t i c s  w i th  and w i thou t  m o d u la t io n ,  with  the  modu la t ion
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o
b a s i c a l l y  r e p r e s e n t i n g  an in c r e a s e  in 0 e ( t ) .  The t h r e s h o l d  c r i t e r i o n  

f o r  a PLL o p e r a t i n g  in  t h e  p resence  o f  Gaussian  type  m odu la t ions  

can be i n d i c a t e d  as

(3 -1 )

w i th  0 e ( t )  s e t  equal  to  the  mean-square  phase e r r o r  a t  t h r e s h o l d  

[  Ref 1, p. 136 and Ref.  2]  . For m odu la t ions  o t h e r  than  G auss ian ,

Eq. 3-1 g e n e r a l l y  becomes l e s s  r e a l i s t i c  and each case  shou ld  be 

t r e a t e d  on an i n d i v id u a l  b a s i s .  For example ,  Klapper and F rank ie  

[R e f .  1, p. 136-137] have cons ide re d  th e  t h r e s h o l d  c r i t e r i o n  f o r  

th e  t e s t - t o n e  modula t ion  c a s e .

For the  case  where the  i n p u t  t o  t h e  PLL c o n t a in s  w h i t e  Gaussian  

bandpass n o i s e  N ( t )  o f  power s p e c t r a l  d e n s i t y  (PSD) V , t h e  e q u i 

v a l e n t  n o ise  g e n e r a t o r  as  d i s c u s s e d  in  Chap te r  1 i s  a l s o  G auss ian ,  

having th e  low-pass  e q u i v a l e n t  PSD o f  N ( t )  w i th  h e ig h t  2V /k2 •

Under th e s e  c o n d i t i o n s ,  t h e  n o is e - in d u c e d  phase e r r o r  component 

may be e xp re s sed  as
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^ ( t ) =  2

Bp/2

\ f  lH(J
(3-2)

)l df

where i t  i s  r e c a l l e d  t h a t  Bp i s  th e  p r e d e t e c t i o n  bandwidth and 

H(s) i s  th e  c l o s e d - l o o p  t r a n s f e r  f u n c t i o n  of  the  PLL. R e fe r r i n g  

to  Fig .  3-1

H(s)  = K F( s ) (3-3)
s + K F ( s )

where

K = K K<5 (3-4)1 2

and the  loop f i l t e r  f o r  the  g e n e r a l i z e d  s eco n d -o rd e r  PLL case  i s  

given by

F ( s )  = s& /p  + s / y  + 1 (3-5)
s / b  + 1
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The e x p r e s s i o n  f o r  t h e  s ig n a l - i n d u c e d  phase e r r o r  component 

$es  ( t )  1S dependent  upon th e  type  o f  modulat ion  employed and 

may be ex p re s sed  as

(3-6)

*b

/ % (f) df

where i s  th e  o ne - s ided  PSD o f  th e  inpu t  phase modula t ion  a c ro s s

the  baseband r a n g e .  The t o t a l  mean-square  phase e r r o r  can then  

be ex p re s s e d  as
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The t h r e s h o l d  CNR with  th e  n o i s e  measured in  t h e  IF bandwidth i s  

g iven  by

(CNR -j-p )qtjj = /  A / 2
B V ,P / TH

or

(3-3)

2 V 
A / TH

= 1
Bp ( CNRjp)rjijj

Def in ing  the  t o t a l  mean-square  e r r o r  a t  t h r e s h o l d  as

(3-9)

TH

and s u b s t i t u t i n g  Eqs. 3-8 and 3-9  i n t o  Eq. 3-7 y i e l d s
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( CNR )
IF TH (3-10)

Zi
Bp/2

H(jw)|2 df

B / y f) df

In th e  above e x p r e s s i o n ,  w i th  th e  p re v io u s  a ssumpt ions  t h a t  

have been made, the  on ly  param ete r  which has any u n c e r t a i n t y  a s s o 

c i a t e d  w i th  i t  i s  v  . P rev ious  exper im en ta l  and a n a l y t i c a l  ev idence  

w i th  co n v en t io n a l  PLLs has i n d i c a t e d  a range  o f  v a l u e s  o f  v  between 

0 .20  and 0 .25  as th e  r e g io n  where th e  cy c l e  s l i p p i n g  r a t e  i s  such 

t h a t  the  o u tp u t  s i g n a l - t o - n o i s e  r a t i o  i s  ldB below t h a t  p r e d i c t e d  

by th e  above t h r e s h o l d  f o r m u l a t i o n .  The v a lu e  o f  v  = 0.25 has 

been d e r iv e d  e x a c t l y  f o r  th e  f i r s t - o r d e r  PLL [Ref. 3] and i s  widely  

used in  l i t e r a t u r e  as t h e  t h r e s h o l d  c r i t e r i o n  f o r  the  s eco n d -o rd e r  

PLL [Ref.  1 ,  pp. 138-147,  Ref .  2 and Ref.  4.J In t h i s  c h a p t e r ,  f o r  

t h e  a n a l y s i s  which f o l l o w s ,  a v a lu e  o f  v  = 0 .25 i s  g e n e r a l l y  assumed 

f o r  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL. In t h e  s u bse quen t  c h a p t e r ,  

a method i s  p r e s e n te d  f o r  d e t e rm in in g  v  by computer  s im u la t i o n  

o f  t h e  n o n - l i n e a r  model o f  t h e  g e n e r a l i z e d  s e c o n d - o r d e r  PLLo
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This  p rocedure  i n d i c a t e s  t h a t  0 .25 i s  a r e a s o n a b l e  v a lu e  to  use 

f o r  v

3 . 2 . 2  Voice Modulat ion C ase . The f i r s t  case  to  be cons ide red  

i s  t h a t  o f  a s in g le - c h a n n e l  FM speech s i g n a l .  Before p rocee d ing ,  

i t  i s  n e c e s s a ry  to  s e t t l e  on a s u i t a b l e  v o i c e  channel  model.  P rev ious  

a n a l y s e s  [Ref. 1,  p. 339 and Ref.  2 ]  have i n d i c a t e d  success  in us ing  

a speech channel which i s  modeled as f o l l o w s :

(1) I t  i s  random w i th  Gaussian s t a t i s t i c s .

(2)  I t  has a PSD t h a t  i s  nonzero between the  f r e q u e n c i e s  fa 

and fb  o n ly ,  and w i th i n  t h i s  band,  the  PSD v a r i e s  i n v e r s e l y  w i th  

f ! .

This  model may be r e p r e s e n t e d  by

\ m! b -  (3 -11)

= 0 elsewhere

where i s  th e  o n e - s id e d  PSD o f  the  i n p u t  "phase"  modula t ion  and

77m i s  a modula t ion  c o n s t a n t .  I t  i s  c o n v e n ie n t  t o  r e e x p r e s s
2

in terms o f  the  mean-square  f requency  d e v i a t i o n  ( Au>rms ) o f  t h e  

s i g n a l .  R e c a l l i n g  t h a t  m u l t i p l i c a t i o n  by co2 changes the  s p e c t r a l  

d e n s i t y  o f  phase to  t h a t  o f  f requency  and f u r t h e r ,  n o t in g  t h a t



5^

subsequen t  i n t e g r a t i o n  over  th e  baseband g iv e s  the  t o t a l  power o r  

the  mean-square  v a l u e ,  l e a d s  to  the  e x p r e s s io n

(3-12)

fb

( A w rms) 2 = / " 2 \  d f

f a

This  r e s u l t s  in

(3-13)

r̂n = ( 2 f a fb (Au; rms) 2

V  fb

From Eq. 3 -10 ,  u s in g  the  s in g l e - c h a n n e l  FM model of  Eq. 3 -1 1 ,  y i e l d s
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(3-14)

(CNR )TP1/

Bp/2

Next,  i t  i s  d e s i r e d  to  e x p re s s  the  i n t e g r a l s  in Eq. 3-14 in 

terms o f  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL p a ra m e te r s .  From Eqs. 

3-3 and 3 -5 ,  the  c l o s e d - l o o p  t r a n s f e r  f u n c t i o n  may be exp res sed  

as

(3-15)

H(s) 7 £ s / y

(icT  + T ) f  J \ k" + " t )  +



T h e re fo re



2
Reexpress ing  |H ( jo > ) |  as a r a t i o  of  polynomials  in "a

|h ( j£U)|

o r (  l / / 3 2) 2 / f f j  + 1

o f (l/Kb + l//3̂  + co2 y l/K + l/yj " 2 ( l/Kb

In a s i m i l a r  manner

1 - H(s)

s2/Kb + s/K

57

y i e l d s

(3-18)

l//j)+ 1

(3-19)

s2 (l/Kb + l/jj) + b (l/K + 1/ y ) + 1
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T h e re fo re

(3-20)

(- w 2/K b |  + ^ uj/ k )

| l  -  OJ2(l/Kb + l / s )  J + j (l/K  + l/r )

E xpress ing  | 2 _ H ( j o j ) | 2as a rat1‘o of  po lynomia ls  in ^  y i e l d s

(3-21)

to |  l/K b J  + 6J2| l /K j 2

(l/K b  + l / g )  + + l/r )  -  2 (l/K b  + !//? )]+  l
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For conven ience ,  th e  fo l lo w in g  d e f i n i t i o n s  a r e  made in Eqs.  3-18 

and 3-21

(3-22)

1//32

1/72 - 2/0

(l/Kb -»• 1/0

(l/K +

(l/Kb )2

l/K2

At t h i s  p o in t  i t  i s  well  to  r e f l e c t  back to  th e  o r i g i n a l  ERPLD 

c o n f i g u r a t i o n  o f  Acampora and Newton [Ref. 5] d i s c u s s e d  in 

Chapter  2 and r e a l i z e  aga in  t h a t  th e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL 

reduces  to  t h e  ERPLD under  the  c o n d i t i o n s



6o

( 3 -23 )

The nex t  t a s k  i s  the  s o l u t i o n  o f  the  i n t e g r a l s  in th e  numera tor  

and denom ina tor  o f  Eq. 3 -14 .  From Eqs. 3-18 and 3 - 2 2 ,  the  numera tor  

of  Eq. 3-14 may be expressed  as

Bp/2 (3-24)

J  |H(jw)|2 df =
o

1TBp
,4 • Bo J2 +1 f  A cu + 

2n j  C Cc/4 +2Tr J  C Cc/4 + D CJ2 + 
0

dco



6 l

S i m i l a r l y  the  i n t e g r a l  in  th e  denominato r  o f  Eq. 3-14 may be 

e xpressed  as

(3-25)

f-b

f z j r  | i  " 2 df =

i l l  A' t J* + B'6J2  J — — . ------------------------  dOJ
2TT j  dJ C W 4 + D 6J2 + 1

wa

S o lu t i o n  of  the  i n t e g r a l s  in  Eqs. 3-24 and 3-25 can be o b t a i n e d ,  

o f  c o u r s e ,  by numerica l  i n t e g r a t i o n  t e c h n iq u e s  on th e  d i g i t a l  com puter ,  

and indeed t h i s  method w i l l  be used l a t e r  in  th e  c h a p t e r  a s  a check 

on the  a l t e r n a t e  means o f  s o l u t i o n .  I t  i s  d e s i r e d ,  however,  t h a t  

a c lo se d  form s o l u t i o n  o f  th e s e  i n t e g r a l s  be o b ta in e d  to  f a c i l i t a t e  

th e  optimum des ign  p rocedu re  f o r  th e  g e n e r a l i z e d  s e co n d -o rd e r  PLL.

As w i l l  be d e s c r ib e d  in d e t a i l  l a t e r  in  t h i s  c h a p t e r ,  t h e  o p t i m i z a t i o n  

a l g o r i t h m  r e q u i r e s  e v a l u a t i o n  of  Eq. 3-14 d u r in g  each i t e r a t i o n .

The a v a i l a b i l i t y  o f  a c lo se d - fo rm  o f  Eq. 3-14 e l i m i n a t e s  th e  n e c e s s i t y  

o f  per forming  a numerica l  i n t e g r a t i o n  e v a l u a t i o n  o f  Eq. 3-14 d u r in g  

each i t e r a t i o n  and th u s  g r e a t l y  reduces  t h e  CPU time needed t o  de te rm ine
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t h e  optimum d e s ig n .  Indeed,  as  w i l l  be d e t a i l e d  l a t e r  in t h i s  

c h a p t e r ,  t h e  use o f  the  c l o s e d - f o r m  s o l u t i o n  o v e r  numerical  

i n t e g r a t i o n  t e c h n iq u e s  in th e  o p t i m i z a t i o n  a l g o r i t h m  was shown to  

reduce th e  CPU time t y p i c a l l y  by a f a c t o r  o f  500 t o  1 o r  more.

In g e n e r a l ,  w i th o u t  having th e  c lo se d - fo rm  s o l u t i o n  a t  hand,  th e  

CPU time n e c e s s a r y  to  perform an o p t i m i z a t i o n  p ro ced u re  would be 

p r o h i b i t i v e .

I t  should  be noted t h a t  u n l i k e  d e f i n i t e  i n t e g r a l s  of  the  form

(3-26)

I

+

+ + a,■o
df

0

which a r e  encoun te red  o f t e n  in  c o n t r o l  th e o ry  a p p l i c a t i o n s  and in 

PLL th e o ry  f o r  de te rm in ing  e q u i v a l e n t  no ise  bandw id ths ,  and f o r
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which t a b u l a t e d  r e s u l t s  a r e  r e a d i l y  a v a i l a b l e  [Ref .  1,  p. 21 and

Ref .  6,  p.  135] , s o l u t i o n s  t o  i n t e g r a l s  o f  th e  form o f  Eqs. 3-24 

and 3-25 which have d e f i n i t e  l i m i t s  a r e  c o n s i d e r a b l y  more c o m p l ic a te d .  

The c lo se d - fo rm  s o l u t i o n s  o f  Eqs. 3-24 and 3-25 can f a l l  i n t o  a 

number o f  d i f f e r e n t  c a s e s  as  d i c t a t e d  by th e  r o o t s  o f  the  polynomial  

C co4 + Do>+ 1 which a p p ea r s  in  the  denom inato r  o f  each o f  the  

i n t e g r a l s .  Because th e  polynomial  c o n t a in s  only  even powers o f  CJ , 

i t  f o l l o w s  d i r e c t l y  t h a t

From Eq. 3-22 i t  i s  a p p a r e n t  t h a t  C i s  always p o s i t i v e  whereas D 

can be e i t h e r  p o s i t i v e  o r  n e g a t i v e .  C ons ider  f i r s t  the  s i t u a t i o n  

where the  r o o t s  of  Eq. 3-27 a r e  complex. This  l e a d s  to  the  f i r s t  

two c a s e s  to  be c o n s i d e r e d .  These a r e  d e f in e d  as fo l low s

(3-27)

c
1



6k

(3-28)

CASE I

CASE II

(3-29)
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D e ta i led  s o l u t i o n s  o f  Eqs. 3-24 and 3-25 in  c lo sed  form f o r  t h e s e  

two c a s e s  a r e  g iven  in  Appendix B w i th  th e  r e s u l t s  g iven  as fo l low s

(3-30)

V 2

df =

2'Tt'C
7TAB + P 1 - BG - A/c( 1 - DG ) M  - 'if Bp̂

+ Tf B-,J( G* - G )

and
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(3-31)

7m /  •J (
1

lJI
df = 2

L ( t )es'

U46Jb(A6Jrms) B' - A'G
GJ ( G - G* )

CGG*



67

where (Raj i n d i c a t e s  t h a t  t h e  r e a l  p a r t  o f  t h e  b r a c k e te d  term i s  

t o  be taken  and G and J  a r e  complex e x p r e s s io n s  g iven  by

where

(3-32)

G = J L  “ j | / _ L  - / J L \ 2
2C r  C \2C /

(3 -33)

J = M Z L

M = (1 /C)1/4 (3 -34)

and
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(3-35)

CASE I

2C-1 [+ I tta n

(3 -36)

2C-1ta n

2C

CASE II

3 Tf
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and G* i s  the  complex c o n j u g a te  o f  G. F ur the rm ore ,  th e  d e f i n i t i o n s  

o f  Eqs. 3-13 and 3-22 a r e  u s e d .  Note a l s o ,  t h a t  t h e  p r i n c i p a l  va lue  

is to  be used in the  a r c t a n g e n t  f u n c t i o n  and a l l  a n g le s  a r e  assumed 

to  be in  r a d i a n s .

Next,  c o n s i d e r  the  case  where the  r o o t s  o f  Eq. 3-27 a r e  r e a l .  

This  immedia te ly  leads  to  a t h i r d  case  de f in e d  as f o l l o w s

4c

and

D >

At t h i s  p o i n t  i t  might  be th o u g h t  t h a t  a n o th e r  case  t h a t  should 

be c o n s id e re d  i s



70

(3-38)

and

D
4c

> 1

D <  0

however from Eqs. 3-38 and 3-22 f o r  t h i s  ca s e  to  e x i s t

(3-39)

( l /K + l / y )  - 2  ( l / K b  + l / p j  

4 ( l /K b  + l / p f
>

But the  o t h e r  n ece ss a ry  c o n d i t i o n  f o r  t h i s  c a s e  t o  e x i s t ,  i s  t h a t  

D< 0  which r e q u i r e s  t h a t
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(3-40)

2 ( l/Kb + l / p  ) > ( l/K + 1/7 )

I t  i s  a p p a re n t  t h a t  the  c o n d i t i o n s  o f  Eqs.  3-39 and 3-40 canno t  

hold s im u l t a n e o u s l y  and so the  case  p o s t u l a t e d  by Eq. 3-38 does 

no t  e x i s t .

D e ta i l e d  s o l u t i o n s  o f  Eqs. 3-24 and 3-25 in  c lo sed  form f o r  

Case I I I  a r e  g iven  in Appendix B w i th  the  r e s u l t s  given as  fo l l o w s
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(3-41)

/ & p /2 .

c / f  =

A_
c

/ -  & /? / 
K z*  -  > ? /

7T&&
f t !

' a h  '  TT&P

+ A T T  B p

and
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(3-42)

________

£ /&  faC dt-nysY
^  V K * - / ? / )

1 /  t4?/? _
^ 2  \ ' '^2

7^7>? * CtSa-
~ft7~

—  (  >f/ '
/<SV?

- / OJg. _ 7^7/7 '_6JA y- * 6J& 
/?/

— 7^/7
* / /

7^/?  4 / a <7/7
- /

*  &  ( j L - j \  
C / ? * / ? *  V ^a- CusJ



where

(3-43)

The f i n a l  c a s e  to  be co n s id e re d  i s  t h a t  where t h e  r o o t s  o f  Eq. 

3-27 are  r e a l  and r e p e a t e d .  This occu rs  when the  f o l l o w i n g  c o n d i t i o n  

holds
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(3-44)
2

D_
4C

c a u s in g  the  r a d i c a l  in Eq. 3-27 to  become z e r o .  Obvious ly ,  u n l i k e  

the  p rev io u s  t h r e e  c a s e s ,  t h i s  c o n d i t i o n  i s  h ig h l y  r e s t r i c t i v e  and 

should  be co n s id e re d  a " s p e c i a l "  c a s e .  From Eqs. 3-22 and 3 -4 4 ,  

i t  fo l lo w s  t h a t  f o r  t h i s  case  to  hold

(3 -45)

( l/K + l / y  f  - 2( l/Kb + 1/0) 

4( l/Kb + l//3 )2
= 1

or

( l/K + l / r  )2 = k ( l/Kb + 1//3 )



From Eq. 3-45 i t  i s  seen  t h a t  f o r  t h e  case  under  c o n s i d e r a t i o n ,  

D >  0.  Summarizing, the  f o u r t h  and f i n a l  c a s e  to  be c o n s id e re d  

i s  given by

and
4c

= 1 CASE IV
0 -4 5 )

D >

D e ta i l e d  s o l u t i o n s  o f  Eqs. 3-24 and 3-25 in  c lo se d  form f o r  Case 

IV a r e  given in  Appendix B with  the  r e s u l t s  g iven as f o l lo w s
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(3-47)

/
B p /z .

47TC +/?0 z
f e "

A —\/? 0
IL & e \ +  B \

-  A 7TB/3
7 T * £ f+■/?*.

-  P y- £>

+  2  A TT&p

and
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(3-48)

,  / /  — /~ /ty  U>) J 2 c / - f —  CUg CU£> fjA 6 jt-h n s )2 »

<“ b> "tO a ,

/ T Cub _ CJa. \ /a n ~ /  cub —  / a n ~ ‘ CUa\

2R0SC OJb 2 ~t~ Bo C + * + * o * R0 \ Ro Ro J

t
_ B CJb — CjUou + -3 ( ■/'an *CU6 —  /a n  1 CO a. j
2 R 04C Cub *  + Ro2' CUa2 ~f~ Ro Ro \ Ro Ro J

+ * L I - jL  _ M ,  
R0+C \COa. CJb )

where



At t h i s  p o i n t ,  i t  i s  well  to  r e f l e c t  back to  th e  impetus f o r  

c o n s i d e r i n g  the  v a r io u s  c a s e s  t h a t  occur in t h e  c lo se d - fo rm  s o l u t i o n .

In th e  optimum des ign  p ro c e d u re ,  to  be d i s c u s s e d  in d e t a i l  s h o r t l y ,  

an a l g o r i t h m  i s  used t o  de te rm ine  a minimum f o r  (CNRIF)TH. This 

a l g o r i t h m  in v o lv es  a s e a rc h  te ch n iq u e  which e v a l u a t e s  (CNRIF)TH 

d u r in g  each i t e r a t i o n .  The s e a r c h  can and g e n e r a l l y  does pass 

th ro u g h  more than one case  b e fo re  the  minimum i s  found .  I f  the  v a r io u s  

c a s e s  a r e  no t  accounted  f o r  w i t h i n  the  computer program, the  s e a rc h  

a l g o r i t h m  w i l l  s top  p rem a tu re ly  i f  such a c a s e  i s  en coun te red .

In o r d e r  to  check th e  v a l i d i t y  o f  the  c lo s e d - fo rm  s o l u t i o n s  of  

(CNRIF)TH f o r  the  v a r io u s  c a s e s ,  a computer  program was w r i t t e n  to  

e v a l u a t e  the  i n t e g r a l s  in Eqs. 3-24  and 3-25 by numerical  i n t e g r a t i o n  

t e c h n i q u e s .  A check was performed on each o f  t h e  f o u r  c a se s  which 

showed the  two s o l u t i o n s  to  be in  agreement to  w i th in  an e r r o r  o f  

two p e r c e n t  o r  l e s s .  Even t h i s  small  e r r o r  i s  accounted  f o r  by the  

c o a r s e n e s s  o f  the  i n t e g r a t i o n  i n t e r v a l s  in  th e  numerical  method,  f i n e r  

i n t e r v a l s  b r in g in g  the  two r e s u l t s  in t o  even c l o s e r  agreement.  The 

computer  program used in t h i s  com para t ive  check and a d d i t i o n a l  d i s c u s s i o n  

on th e  r e s u l t s  a r e  found in  Appendix C.
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Having de te rm ined  th e  e x p re s s io n  f o r  (CNRIF)TH f o r  the  s i n g l e 

channel  FM speech  c a s e  f o r  even tua l  use in  t h e  optimum d es ig n  p ro ced u re ,  

a t t e n t i o n  i s  next  focused  on a n o th e r  ca s e  o f  g r e a t  i n t e r e s t .

3 . 2 . 3  FDM-FM Case . The next  case  to  be c o n s id e re d  i s  t h a t  o f  

FDM-FM. Again,  i t  i s  n e c e s s a ry  to  s e t t l e  on a s u i t a b l e  model .  

P rev ious  a n a l y s i s  [Ref. 1,  p. 141 and p.  341] has i n d i c a t e d  su cces s  

in us ing  an FDM-FM s ig n a l  which i s  modeled as f o l l o w s :

(1)  I t  i s  random w i th  Gaussian s t a t i s t i c s .

(2) The PSD o f  t h e  i n p u t  "phase" modu la t ion  i s  nonzero between 

the  baseband f r e q u e n c i e s  fa  and fb on ly  and i s  g iven by

(3-50)

%
'm

CO4 f a S

where a g a i n ,  the  o n e - s id e d  PSD i s  used and Vm i s  a modula t ion  c o n s t a n t .

The modula t ion  c o n s t a n t  may be r e l a t e d  to  th e  mean-square f requency  

d e v i a t i o n  us ing  Eq. 3 -1 2 ,  r e s u l t i n g  in

(3-51)

Vm = U  ^ r m s f

fb " f a
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From Eq. 3 -1 0 ,  u s ing  the  FDM-FM model of  Eq. 3 -31 ,  y i e l d s

(3-52)

(c n rt_)__ =IF TH

I
Bp/2

df

| l  -  H O w f
J  0)2 1

df

I t  should be noted  t h a t  f r e q u e n t l y  when d e a l in g  with  an FDM c a s e ,  

the  performance  i s  given in terms o f  n o i s e  power r a t i o  (NPR) which 

i s  de f in e d  as th e  power r a t i o  o f  s i g n a l - t o - n o i s e  t e s t e d  with  a n o i s e 

l i k e  s ig n a l  in  a narrow FDM c h a n n e l .  In t h e  method used h e r e ,  as  

w i l l  be d e s c r i b e d  in d e t a i l  s u b s e q u e n t l y ,  th e  d es ig n  i s  based on 

m in im iza t ion  o f  t h r e s h o l d  c a r r i e r - t o - n o i s e  r a t i o .  This p rocedure  

takes  i n t o  c o n s i d e r a t i o n  the  e f f e c t s  o f  the  e n t i r e  baseband as opposed 

to  t h a t  o f  a s i n g l e  FDM channe l .

Re turn ing  t o  Eq. 3 -52 ,  i t  i s  noted t h a t  the  i n t e g r a l  in  the  

numerator  has a l r e a d y  been e v a lu a te d  in c l o s e d  form f o r  a l l  f o u r  

ca se s  in th e  p re v io u s  s e c t i o n ,  the  d e t a i l s  o f  which have been 

p r e s en te d  in  Appendix B. The remain ing  t a s k  i s  the  e v a l u a t i o n  o f
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g
th e  i n t e g r a l  in th e  denominato r  o f  Eq. 3 -52 ,  i . e .  0 e s ( t )

(See a l soE q .  3 - 6 ) ,  in c lo se d  form f o r  each o f  th e  f o u r  c a s e s .

From Eqs.  3 - 6 ,  3 -21 ,  and 3 -5 0 ,  th e  s i g n a l - i n d u c e d  mean-square phase 

e r r o r  component may be ex p re s sed  as

(3-53)

t
(AkJrms) A'CJ4 + B *6JZ

df
C CO + D CO + 1

ima.
cub 7 A* co + B'

+ D cj + 1
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where th e  c o e f f i c i e n t s  o f  th e  in t e g ra n d  a r e  d e f in e d  by Eq. 3 -22 .

A d e t a i l e d  s o l u t i o n  o f  Eq. 3-53 in c lo s e d  form f o r  each o f  t h e  f o u r  

c a s e s  as de f in e d  in Eqs. 3 -2 8 ,  3 -29 ,  3-37 and 3 -4 6 ,  i s  g iven  in  

Appendix D. Summarizing,  th e  c lo sed - fo rm  s o l u t i o n  o f  (CNRIF)TH f o r  

FDM-FM Cases I and I I  may be expressed  by Eq. 3-52 with  th e  denom inato r  

term

(3-54)

m

( a  t J rms) 
^  m CJ

B' -  A'G in// -  J

J( G* -  G ) \oJb + J  6Ja -  J ,



and

Qk

(3-30)

Bp/2

df =

2TTC

TTAB
I&, 1 -  BG -  A/C ( 1 -  DG ) 

J ( G* -  G )

J  ~ rr Bp
J  + 1TB

where G and J  f o r  each o f  t h e s e  c a s e s  a r e  as d e f i n e d  in  Eqs. 3-32 

through 3 -36 .

Next ,  Case I I I  may be ex p re s s e d  by Eq. 3-52 with
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(3-55)

( d  OJt-tns e / ________
^  c C f t , z- f t f )

{/o ,' t f 'b J b  
* z

-  /a * f OJa.
f t*

S ' - A *  f t ,

* t
^ rfah * CUa. _ 7 ^ / ? ” ft,

and
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(3-41)

BP/ 2

/  Mty aj)/* d f  = 
o

- x f V t ,  x ,  I  # • _ \/? z  ^  jZTTC

A_
C

/ - £ > / ? ,
X 2

/ a h  '  7T& p\  V- / -  £ > /z

x ,  I  x t * - x f
/a h  ~ J  J T & P

X z

+ s4 7T B p
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where R1 and R2 a r e  d e f in e d  by Eq. 3 -43 .

F i n a l l y ,  Case IV may be exp res sed  by Eq. 3-52 with

(3-56)

ĵ e s f a )  —  C uhm s )  zm__
Cut -  0Ja  2 C

B  * OJq.

A /]
f t f t

/

* o
&/cl

and
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(3-47)

B p / s

f  / / 7 ^ J / V /  =  

^ ■>

7T&P \ (_ !_  -  ^  / Zj§Al
^  W 7 * A 2 / / g « l  / f e 2  )  V?o * o  \ * o

2
+ 3 \

A
c

/ 7T B p  — \ U -  ~ ^ u  7̂ a/7 *77~Bp\[— L  y- &
\7TZ bpz +/?e

+ 2  A 7TBp

where Ro is  d e f in e d  by Eq. 3 -49 .
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These r e s u l t s  w i l l  be used s u b s e q u e n t l y  in  th e  optimum des ign  

p rocedu re .  A t t e n t i o n  w i l l  next  be focused  on the  FDM-PM c a s e .

3 . 2 . 4  FDM-PM Case . The next  c a s e  to  be c o n s id e re d  i s  t h a t  o f  

FDM-PM. Prev ious  a n a l y s i s  [Ref. 1,  p.  141 and p.  341] has i n d i c a t e d  

s u cces s  in us ing  an FDM-PM s igna l  which i s  modeled as f o l l o w s :

(1)  I t  i s  random with  Gaussian s t a t i s t i c s .

(2)  The PSD o f  the  in p u t  "phase"  modu la t ion  i s  nonzero between 

the  baseband f r e q u e n c i e s  fa  and fb  on ly  and i s  g iven  by

(3-57)

W. = r) , f s f s t(Sji m a ®

where the  o n e - s id e d  PSD i s  used.

The modula t ion  c o n s t a n t  ^ m a y  be r e l a t e d  to  the  mean-square  

f requency  d e v i a t i o n  us ing  Eq. 3 -12 ,  r e s u l t i n g  in

(3-58)

*7m = 3 ( AOJrm s ) 2

(2TT)2(f3 _ f|)
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From Eq. 3 -1 0 ,  u s in g  the  FDM-PM model o f  Eq. 3-57 y i e l d s

(3-59)

( chV th "

“p/2 
/  |B(jO))l df

Again,  the  i n t e g r a l  in  the  numera to r  o f  Eq. 3-59 has a l r e a d y  been 

ev a lu a te d  in  c l o s e d  form f o r  each o f  th e  f o u r  c a s e s .  From Eqs.  3 -6 ,  

3-21 and 3 -5 7 ,  the  s ig n a l - i n d u c e d  mean-square phase e r r o r  component 

may be ex p re s sed  as
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(3-60)

e s '

3 (A6Jrms)
( 2 vr)2 ( f 3  .  f 3 ) J  c a j/ - r. ,

o f B'CJ2

D O f

" b

3 (A^rms)'
6 j3  _ c j3  b a /

U)a

A* a/ + B'OJ 2

B CJ2 +

—  df = 
1

  d OJ
1
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where the  c o e f f i c i e n t s  o f  the  i n t e g r a n d  a r e  d e f in e d  by Eq. 3 -22 .  

A d e t a i l e d  s o l u t i o n  o f  Eq. 3-60 in  c lo s e d  form f o r  each o f  th e  

f o u r  ca se s  i s  g iven  in  Appendix E. Summarizing,  the  c l o s e d - f o r m  

s o l u t i o n  o f  (CNRIF)TH f o r  FDM-PM Cases I and I I  may be e x p re s s e d  

by Eq. 3-59 with

(3-61)

b

H (jO ))|2 d f

3
- i $

1 -( D -  B ’C/A' ) G

J ( G* -  G )
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and

(3-30)

Bp/2

f  |h(J w)| df o
0

2")TC
n-ABp 1 -  BG -  A/C ( 1 -  DG ) 

J ( G* -  G )
J  -  IT]
J + 'IT  Br

where G and J  f o r  each o f  t h e s e  c a s e s  a r e  as d e f i n e d  in Eqs. 3-32 

th rough 3 -36 .
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Next,  Case I I I  may be expressed  by Eq. 3-59 with

(3-62)

a )  =  3  ( A C J b t r t s ) Z C O J b -  CJa.)
c u f - c u j  c

-  A /  -  f£> -  S ' C / A ' )  \ V a » f6Jb  -  ^ a j

+ J -  ( t> ~ B ' c / A ' )  /p/*2
f t , f t j f t  J  /

and
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(3-41)

I  / V f y c o ) / 2  J f  =
J o

2TTC X 2 2 - / ? , 2

A
C

ra n  J 7T 3 p A jsj '  7TBj>

y 7J~A B p •

where R] and R2 a r e  d e f i n e d  by Eq. 3 -43 .



96

F i n a l l y ,  Case IV may be expressed  by Eq. 3-59 w i th

(3 -63)

3 ( A Cut-ms)* 
& b 3  -  CU<£

A  ' f  ’CU6 -  CUcl)  
C

-  A 1
2 C 2

CJg. 
CO a?  +

{ — £> -  / a * ' '  CJb -
Ate Ato

<3h  CO a . \
/?* /

and
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A
c

/  77' B p

:
/f0

-  \  ■+ a /&*> 7T Bp\

/?o

+  2  A  TT B p  I

where Ro i s  d e f in e d  by Eq. 3 -49 .



98

3 . 2 .5  Tes t -T one  Case.  As i n d i c a t e d  p r e v i o u s l y ,  Eq. 3-1 holds 

f o r  Gaussian type  modula t ions  such as th o s e  covered  in th e  p receding  

s e c t i o n s .  For modu la t ions  o t h e r  than  Gaussian t h e  e x p r e s s io n  g e n e r a l l y  

becomes l e s s  r e a l i s t i c .  I t  i s  o f  i n t e r e s t ,  however,  to  i n v e s t i g a t e  how 

well  t h i s  t h r e s h o l d  c r i t e r i o n  ho lds  f o r  t h e  case  o f  t e s t - t o n e  m o d u la t io n ,  

s i n c e  the  r e s u l t s  can be compared a g a i n s t  the  exper im en ta l  f i n d i n g s  o f  

Acampora and Newton [Ref .  5] . P a n t e r  [Ref 7 ,  pp. 501-503] has a l s o  

found t h i s  c r i t e r i o n  usefu l  in  t h e  t e s t - t o n e  c a s e .  For the  case  a t  

hand,  the  i n p u t  s ig n a l  phase modu la t ion  may be ex p re s sed  as

(3-64)

t) = cos OJ t = 81 OJ. TT Cos
TT

OJ t TT

where
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A to  =  peak f requency  d e v i a t i o n  ( r a d / s e c )

GJ =  t e s t - t o n e  f requency  ( r a d / s e c )

/ 3  =  modu la t ion  index

The PSD of  the  i n p u t  phase modula t ion  i s  then given by

(3-65)

W = 6 ( f - fTT )

From Eq. 3 -6 ,  th e  e x p re s s io n  f o r  th e  s i g n a l - i n d u c e d  phase e r r o r  

component may be exp res sed  as

(3-66)

0

= J lL  6 ( f - fTT ) |l - H(jdO)| 2 df
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2
The e x p re s s io n  f o r  | l  -H( jaj>)| i s  given  by Eq. 3 -2 1 .  I t  i s  d e s i r a b l e ,

however, to  reduce t h i s  e x p r e s s i o n ,  which i s  g iven  in  terms o f  the  

g e n e r a l i z e d  s e c o n d -o rd e r  PLL p a ra m e te r s ,  t o  th e  o r i g i n a l  ERPLD 

pa ram e te rs  s in c e  t h a t  i s  th e  c o n f i g u r a t i o n  a c t u a l l y  under c o n s i d e r a t i o n  

h e r e .  This  may be accompli shed  simply by u s in g  Eq. 3-23 .  From 

Eqs.  3 -2 1 ,  3 -23 ,  and 3 -6 6 ,  us ing  the  s i f t i n g  p r o p e r t y  o f  th e  d e l t a  

f u n c t i o n ,  y i e l d s  the  e x p r e s s io n

(3 -67)

+

2 1

Again,  f o r  the  o r i g i n a l  ERPLD c o n f i g u r a t i o n
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Bp/2

/  |h(jw) | 2 df =

where

'rfBp

A Q J 4 +______B C0Z + 1
2T,y J C OJ4 + -DCU2 + 1

0

A = (—\ Kb

-  r ^ ) 2 -
2 d

kJ>

/ - V 9
c = / 1 + a  \ z 

\ Kb I

D = ( i  +. « . +  2 (
\ K a / \ Kb /

dco

The e x p r e s s io n  f o r  (CNRIF)TH i s  then  g iven  by

(3-24)

(3-68)
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( 3 -6 9 )

( CNEIF^TH =

Bp/2 

£  |H(jaj)|g Af

Bp  [ "  -

Eq. 3-69 was e v a l u a t e d  us ing  the  p a ram e te r s  o f  the  Acampora and 

Newton ERPLD [Ref.  5] . The computer  program used to  accompli sh  

t h i s ,  i s  given in Appendix F. Again,  i t  i s  im por tan t  to  r e a l i z e  

t h a t  th e  ERPLD was des igned  to  d e t e c t  v o ic e  modula t ion  b u t  was t e s t e d  

with  a 1kHz to n e .  The r e s u l t  o b ta in e d  from th e  computer program 

in  Appendix F was

(CNRIF)TH = 2.94 dB

The exper imenta l  r e s u l t s  o f  Acampora and Newton [Ref. 5 ]  i n d i c a t e  

t h a t  th r e s h o l d  o ccu rs  f o r  CNRIF between app rox im ate ly  2 .5  t o  3 dB 

us ing  the  same d e f i n i t i o n  o f  t h r e s h o l d  used th roughou t  t h i s  c h a p t e r ,

i . e . ,  the  p o i n t  where the  o u tp u t  s i g n a l - t o - n o i s e  r a t i o  i s  1 dB below 

t h a t  p r e d i c t e d  by th e  above t h r e s h o l d  f o r m u l a t i o n .  Summarizing,  

the  t h r e s h o l d  c r i t e r i o n  o f  Eq. 3-1 a p p l i e d  t o  the  case  o f  t e s t - t o n e  

modula t ion  y i e l d s  r e s u l t s  which a r e  in  c l o s e  agreement w i th  th o s e  

ob ta in e d  e x p e r i m e n t a l l y .
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3.3  Optimum Design P rocedure .

3 . 3 . 1  General  D e s c r i p t i o n . In the  p re c e d in g  s e c t i o n ,  c l o s e d -  

form s o l u t i o n s  f o r  (CNRIF)TH f o r  a number o f  p r a c t i c a l  basebands 

were developed  f o r  the g e n e r a l i z e d  se c o n d -o rd e r  PLL. In t h i s  s e c t i o n ,  

an o p t i m i z a t i o n  a l g o r i th m  i s  a p p l i e d  to  the  c l o s e d - fo rm  s o l u t i o n s  

to  a c h iev e  an optimum d e s i g n .  By optimum d e s ig n  i t  i s  meant one 

which a c h i e v e s  the  minimum t h r e s h o l d  c a r r i e r - t o - n o i s e  r a t i o .

The a l g o r i t h m  chosen f o r  t h i s  procedure  i s  known as P o w e l l ' s  

Method [Ref .  8 ]  . The c h i e f  advan tage  o f  t h i s  method i s  t h a t  i t  

does n o t  n e c e s s i t a t e  th e  c a l c u l a t i o n  o f  p a r t i a l  d e r i v a t i v e s .  The 

mathemat ica l  r i g o r  a s s o c i a t e d  with  t h i s  method i s  a v a i l a b l e  from a 

number o f  so u rces  [Ref. 9 ,  pp.  392-396 ,  Ref.  10 ,  pp.  60-71 and 

Ref. 11,  pp.  48-55] ; however,  the  b a s i s  f o r  t h e  method i s  e a s i l y  

unders tood  as fo l l o w s :  assuming t h a t  the  f u n c t i o n  has been minimized 

once in each o f  the  c o o r d i n a t e  d i r e c t i o n s  and then  in  t h e  a s s o c i a t e d  

p a t t e r n  d i r e c t i o n ,  as shown in F ig .  3 -2 ,  one o f  th e  c o o r d in a t e d  d i r e c t i o n s  

i s  d i s c a r d e d  in  f a v o r  of  t h e  p a t t e r n  d i r e c t i o n  f o r  i n c l u s i o n  in  the  

next  s e t  o f  m in im i z a t i o n s ,  s i n c e  t h i s  i s  l i k e l y  t o  be a b e t t e r  

d i r e c t i o n  than  th e  c o o r d i n a t e  d i r e c t i o n  which was d i s c a r d e d .

Following th e  next  cy c l e  o f  m i n im i z a t i o n s ,  a new p a t t e r n  d i r e c t i o n  

i s  g e n e r a t e d  which again  r e p l a c e s  one o f  th e  c o o r d i n a t e  d i r e c t i o n s .  

T h e o r e t i c a l l y ,  somewhat more i s  invo lved  to  make t h e  method e f f i c i e n t ;  

however, the  b a s i c  idea i s  as  p r e s e n te d  above .
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A computer  program was w r i t t e n  to  implement P o w e l l ' s  method 

w i th  th e  a id  o f  Dr. J .  Marowitz,  f o rm e r ly  o f  the  Department o f  E lec 

t r i c a l  E n g in ee r in g ,  Newark Col lege o f  E n g in ee r in g .  The b a s i c  program 

i s  g iven  in Appendix G, along with  t h e  subprograms used  f o r  each 

o f  the  cases  s t u d i e d .  In the  s e c t i o n s  which f o l l o w ,  a number of  

examples a r e  g iven  which i l l u s t r a t e  th e  use o f  the  optimum des ign  

p rocedure  along w i th  am p l i fy in g  rem arks .

3 . 3 . 2  Voice Modulat ion  Case. The f i r s t  d e s ig n  example con

s i d e r e d  i s  f o r  th e  v o ic e  modulat ion  case  us ing  the  g e n e r a l i z e d  

se c o n d -o rd e r  PLL. The v o ic e  channel p a ram e te r s  chosen f o r  t h i s  

example a r e  the  same as th o se  used in  th e  Acampora and Newton ERPLD 

[Ref. 5 ]  so t h a t  compar isons  can be made to  i t s  per fo rmance .  These 

pa ram ete r s  a r e  g iven  by

Baseband Voice Channel : 300-3300 Hz

Peak-to-RMS Ampli tude R a t io :  lOdB

RMS D e v ia t io n :  ± vTo kHz

IF Bandwidth: 35 kHz

Using th e  above o p t i m i z a t i o n  program; a long  w i th  th e  subprogram 

f o r  th e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL; v o ic e  modula t ion  c a s e  as 

g iven  in  Appendix G, the  fo l lo w in g  optimum d e s ig n  was found
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= 1 . 3 4 x l 0 9 ( r a d / s e c ) 2

y  = 3.49xlQ4 ( r a d / s e c )

b = 5.98x lQ3 ( r a d / s e c )

K = 1.62x10  ( s e c -1 )

y i e l d i n g

(CNRIF)TH = 0.378 dB

In o r d e r  to  de te rm ine  whether the above d e s ig n  does indeed y i e l d  

a t r u e  minimum f o r  (CNRIF)TH, each of  the  pa ra m e te r s  was v a r i e d  

about  i t s  optimum v a l u e  w hi le  hold ing  the  o t h e r  t h r e e  param ete r s  

a t  t h e i r  optimum v a l u e s .  The r e s u l t s ,  shown in  F ig s .  3-3 th rough  

3 - 6 ,  i n d i c a t e  t h a t  th e  v a l u e  o f  (CNRIF)TH above i s  indeed a t r u e  

minimum. I t  should be no ted t h a t  the  o p t i m i z a t i o n  program r e q u i r e s  

i n i t i a l  s t a r t i n g  p o i n t s  f o r  /3 , y  , b and K from which t h e  

se a r c h  p ro cee d s .  In t h i s  c a s e ,  the  o r i g i n a l  Acampora and Newton 

pa ram e te rs  [Ref.  5 ]  t r a n s l a t e d  i n t o  g e n e r a l i z e d  s e c o n d -o rd e r  PLL 

pa ram e te rs  through Eq. 3-23 were used as  a s t a r t i n g  p o i n t .  In 

g e n e r a l ,  however,  as  was s u b s e q u e n t ly  done in  t h i s  c a s e  as  a check ,  

s e v e ra l  d i f f e r e n t  s t a r t i n g  p o in t s  should be used s in c e  the  f u n c t i o n  

may have more than  one lo c a l  minimum whereas t h e  g loba l  minimum i s  

normal ly  d e s i r e d .  In a d d i t i o n ,  i t  was found t h a t  some s t a r t i n g  

p o i n t s  l e d  to  fo rb id d e n  r e g io n s  where one o r  more o f  the  pa ram ete rs  

became n e g a t i v e .
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R e f l e c t i n g  back to  Eq. 3 -10 ,  which formed th e  fo u n d a t i o n  f o r  

the  optimum des ign  p ro c e d u re ,  i t  i s  r e c a l l e d  t h a t  th e  on ly  param ete r  

which has any u n c e r t a i n t y  a s s o c i a t e d  w i th  i t  i s  v  , t h e  mean-square 

phase e r r o r  a t  t h r e s h o l d .  In o rd e r  t o  de te rm ine  how v a r i a t i o n  o f  

v a f f e c t s  th e  d e s i g n ,  a s e n s i t i v i t y  s tudy  was performed f o r  the  

p reced ing  case  in  which th e  o p t i m i z a t i o n  program was run  f o r  a range  o f  

v a lu e s  o f  v . The r e s u l t s  a r e  shown in  F ig s .  3-7 th rough  3-11 .

For the  range o f  v  normal ly  c i t e d  in  l i t e r a t u r e ,  i . e . ,  v between

0.20  and 0 .25 ,  i t  i s  found t h a t  a l th o u g h  (CNRIF)TH changes  c o n s i d 

e r a b l y  over  t h i s  r a n g e ,  the  des ign  pa ram ete rs  /3 , y  , b and K v a ry

v ery  l i t t l e .  These r e s u l t s ,  th e n ,  g iv e  added s t r e n g t h  to  the  des ign  

p ro ced u re .  N e v e r t h e l e s s ,  i t  i s  s t i l l  d e s i r a b l e  to  have a f i rm  f i x  

on v 0 In the  nex t  c h a p t e r  a method i s  p r e s e n te d  u s in g  computer  

s i m u l a t i o n  o f  th e  n o n - l i n e a r  model o f  th e  g e n e r a l i z e d  s e c o n d - o r d e r  

PLL which enab les  th e  d e t e r m in a t io n  o f  v  .

F i n a l l y ,  an o p t i m i z a t i o n  p rocedure  was performed on th e  o r i g i n a l  

Acampora and Newton c o n f i g u r a t i o n  by r ed u c in g  the  g e n e r a l i z e d  

s eco n d -o rd e r  PLL to  t h e  ERPLD through  Eq. 3 -23 .  The r e s u l t a n t  

optimum des ign  was

a  = 0 .72

a = 4 . 1 5 x l 0 4 ( r a d / s e c )

b = 5 .9 8 x l0 3 ( r a d / s e c )

K = 1 .6 2 x l0 5 ( s e c -1 )
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y i e l d i n g

(CNRIF)TH = 0.378 dB

Again,  u s ing  Eq. 3 -23 ,  i t  i s  seen t h a t  the  ERPLD and g e n e r a l i z e d

s e c o n d -o rd e r  PLL have the  e q u i v a l e n t  optimum d e s i g n .  This  bares

o u t  the  development in Chapte r  2 in which i t  was shown t h a t  f o r

p r a c t i c a l  c a s e s  the  ERPLD can g e n e r a l l y  a c h iev e  t h e  same des igns

as  the  g e n e r a l i z e d  s e c o n d -o rd e r  PLL. I t  i s  a l s o  s i g n i f i c a n t  to

note  t h a t  the  o r i g i n a l  Acampora and Newton d e s ig n  param eters

[Ref. 5] were very  c l o s e  to  optimum y i e l d i n g  by th e  c lo sed - fo rm  s o l u t i o n

o f  the  v o ic e  modula t ion  case

(CNRIF)TH = 0.573 dB

3 . 3 . 3  FDM-FM Case . The nex t  d e s ig n  example i s  f o r  the

FDM-FM c as e  u s in g  the  g e n e r a l i z e d  s e c o n d -o rd e r  PLL. The param ete rs

chosen f o r  t h i s  example a r e  g iven  by

M odula t ion:  600-channe l  FDM-FM (4kHz bandw id th /channe l )

Baseband: 60kHz to  2.54MHz

Peak t o  RMS Ampli tude R a t io :  lOdB

RMS D e v ia t io n :  7 .1  MHz

IF Bandwidth: 50MHz

Using th e  b a s i c  o p t i m i z a t i o n  program along with  t h e  subprogram 

f o r  th e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL; FDM-FM c a s e  as g iven  in 

Appendix G, th e  fo l lo w in g  optimum d es ig n  was found



118

P = 2 . 8 3 x l 0 15 ( r a d / s e c ) 2

V = 6 . 7 5 x l 0 7 ( r a d / s e c )

b = 6 . 3 8 x l 0 6 ( r a d / s e c )

K = 4 .75x10s ( s e c -1 )

y i e l d i n g

(CNRIF)TH = 0.976 dB

Again ,  in o r d e r  t o  de te rm ine  whether  the  above des ign  y i e l d s  a t r u e  

minimum f o r  (CNRIF)TH, each o f  th e  p a ram e te r s  was v a r i e d  ab o u t  i t s  

optimum v a l u e ,  w h i le  ho ld ing  the  o t h e r  t h r e e  param ete rs  a t  t h e i r  o p t i 

mum v a l u e s .  The r e s u l t s  shown in  F i g s .  3-12 through 3-15 i n d i c a t e  the  

v a l u e  o f  (CNRIF)TH above i s  indeed a minimum.

I t  i s  o f  i n t e r e s t  to  note  t h a t  i f  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  

PLL param ete rs  a r e  reduced to  th o s e  o f  th e  ERPLD th t o r u g h  Eq. 3 -2 3 ,  

th e  v a lu e  o f  a  i s  1.07 c o n s i s t a n t  w i th  Acampora and Newton's  

f i n d i n g s  [Ref. 5 ]  t h a t  a va lue  o f  a  o f  approx im ate ly  u n i t y  y i e l d s  

t h e  b e s t  d e s ig n .
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CHAPTER IV

COMPUTER SIMULATION OF THE GENERALIZED 
SECOND-ORDER PHASE-LOCKED LOOP

4.1  I n t r o d u c t i o n

In t h e  p re c e d in g  c h a p t e r ,  a method was p r e s e n te d  f o r  

a c h i e v in g  an optimum d e s ig n  f o r  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  

PLL f o r  s e v e r a l  u s e f u l  modula t ion  t y p e s .  I t  was i n d i c a t e d  

t h a t  t h e  on ly  p a ra m e te r  in  t h e  a n a l y s i s  w i th  u n c e r t a i n t y  

a s s o c i a t e d  w i th  i t  was v  t h e  mean-square  phase e r r o r  a t  

t h r e s h o l d .  In t h i s  c h a p t e r ,  us ing  t h e  Cont inuous System 

Modeling Program (CSMP), a n o n - l i n e a r  model o f  th e  g e n e r a l i z e d  

s e c o n d -o rd e r  PLL was s im u la te d  f o r  t h e  r e p r e s e n t a t i v e  c a s e s  

o f  t e s t - t o n e  m odu la t ion  and a s i n g l e - c h a n n e l  FM v o ic e  s i g n a l .

By comparing t h e  r e s u l t s  o b ta in e d  from th e  n o n - l i n e a r  model 

a g a i n s t  th o s e  p r e d i c t e d  from t h e  l i n e a r  f o r m u l a t i o n ,  a measure 

o f  t h e  mean-square  phase  e r r o r  a t  t h r e s h o l d  was o b t a i n e d .  The 

methods used in  t h i s  p rocedu re  a r e  shown t o  be d i r e c t l y  a p p l i c a b l  

t o  t h e  FDM-FM and FDM-PM c a s e s  as  w e l 1.

4 . 2  Bas ic  D i g i t a l  Computer Model in  t h e  Absence o f  N o i s e .

4 . 2 . 1  General  D e s c r i p t i o n  o f  t h e  CSMP. The CSMP a l lo w s  th e  

s o l u t i o n  o f  a wide v a r i e t y  o f  problems ex p re s s e d  in  e i t h e r  ana log  

b lock  diagram form o r  a system o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t io n s  

I t  p ro v id e s  34 f u n c t i o n a l  b l o c k s ,  i n c l u d i n g  th o s e  norm al ly  

a s s o c i a t e d  w i th  a n a lo g  computers  such a s  i n t e g r a t o r s  and r e l a y s
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plus a number o f sp ec ia l purpose functions such as l im ite rs  and 

time d e la y s . In ad d it io n , a number o f s ignal sources are  

a v a ila b le  such as pulse generators and n oise  (randan number) 

generators. These functional blocks may be combined with 

FORTRAN algebraic  statements allowing the s o lu t io n  o f  highly  

complex non-linear problems. Complete Information may be 

obtained from the assoc ia ted  IBM u ser 's  manuals [Ref. 1 , Ref. 2 

and Ref. 3] ; however, additional d escr ip t iv e  Information on 

pertinent aspects  o f  CSMP w il l  be interspersed within the tex t  

where 1t Is f e l t  necessary.

4 .2 .2  Second-Order Type One PLL. Before proceeding 

d ir e c t ly  to the generalized second-order PLL, the standard 

second-order type one PLL was simulated to  gain fa m il ia r i ty  with  

the CSMP package. Fig. 4-1 shows the model used to  simulate the  

second-order PLL 1n the absence o f  no ise . F ig . 4 -2  shows the 

program used in the s im ulation for  the case o f  a frequency 

step  input Au>; . The structural segmentation o f  CSMP c o n s is t s  

o f  three parts [Ref. 1 , pp. 17-19] . The INITIAL portion i s  

genera lly  used for  computation o f  i n i t i a l  co n d it io n s ,  expressing  

parameters in  terms o f  more b asic  parameters or simply to  in se r t  

con stan ts . The DYNAMIC portion i s  analogous to  block diagram 

or ordinary d i f f e r e n t ia l  equation representation  o f  the system 

dynamics and represents the heart o f  the CSMP package. This 

segment normally c o n s is t s  o f  a combination o f CSMP and FORTRAN
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TITLE SECOND ORDER TYPE ONE PLL STEP FREQUENCY RESPONSE 
INITIAL
CONSTANT A*2. 94E4, B®1 . 88E3 

APRIM-l.O/A 
APRIM-l.O/A 
BPRIM»1.0/B 

CONSTANT XK2»0.293,XK3=1.6E6 
CONSTANT DEL0MG*(6.28E2,6.28E3,6.28E4)
DYNAMIC

ERROR°XINPUT-RETSIG 
PHDEOT«SIN(ERROR)
XNEW1“LEDLAG(APRIM, BPRIM, PHDEOT) 
0UTPUT«XNEM1*XK2 
XNEW2=INTGRL(0.0,OUTPUT)
RETSIG»XNEW2*XK3
XNEW3“RAMP(0.0)
XINPUT»XNEW3*DELOMG 

TIMER DELTaO.OOOOOOl»FINTIM*0.001 
PRINT XINPUT,ERROR,PHDEOT,OUTPUT,RETSIG 
PRTPLOT XINPUT 
LABEL INPUT VS TIME 
PRTPLOT ERROR 
LABEL PHASE ERROR VS TIME 
PRLTPLOT PHDEOT
LABEL PHASE DETECTOR OUTPUT VS TIME 
PRLTPLOT OUTPUT
LABEL SECOND ORDER TYPE ONE PLL OUTPUT VS TIME
PRTPLOT RETSIG
LABEL RETURN SIGNAL VS TIME
METHOD RKS
END
STOP

Fig. U-2. CSMP program for second-order, type one PLL 
with a frequency step input.
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statements. F in a l ly ,  the TERMINAL portion , not used in the 

program o f  Fig. 4 -2 ,  allows computations which are desired  

a fter  the completion of each run, such as incorporation o f an 

optim ization algorithm to modify parameters for the next run.

The DYNAMIC segment in Fig. 4-2  fo llow s the model o f  Fig. 4-1 

with the fo llow ing  explanations being in order. The baseband 

f i l t e r  i s  simulated using the CSMP LEDLA6 function which i s  

defined as fo llow s

Y = LEDLAG (P, , P2 ,X) (4-1)

where Pl and P2 are the parameter arguments and X i s  the input 

expression. The LEDLAG function i s  used to so lve  the equation

•  •
P2 Y + Y = P, X + X (4-2)

with the equivalent Laplace Transform

Y(s) = Pi S + 1 X(s) (4-3)
P2 S + 1

I t  should be noted that CSMP functions such as LEDLAG are 

e s s e n t ia l ly  a convenience fa c to r  and in a c tu a l i ty ,  they are 

composed o f  more fundamental operations. Fig. 4-3 shows the 

actual implementation o f LEDLAG [Ref. 3 ,  p. 160] .
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Returning to  F1g. 4 -2 ,  I t  1s noted that the CSMP INTGRL 

function 1s used to represent the V60. The INTGRL function  

represents the fundamental operation o f  Integration  and Is  

defined as fo llow s

Y ■ INTGRL (IC, X) (4-4)

which 1s used to  so lve  the equation

'o
/x t + IC (4-5)

The Input 1n t h is  example Is a frequency step  or eq u iva len tly  

a ramp 1n phase. This Is Implemented using the CSHP RAMP 

function which 1s defined as

Y » RAMP (P) (4 -6)

and represents the function

Y * 0 t <  P

Y - t - P  t s P

(4-7)

Following the DYNAMIC segment In Fig. 4 -2 ,  Is  the TIMER statement. 

In I t s  s im plest  form the TIMER s p e c i f i e s  the In tegration  interval
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or s tep  s i z e  o f  the Independent var iab le  designated as DELT, and 

FINTIM the maximum sim ulation value for  the Independent var ia b le .  

The PRINT statement allows the desired sy&tem variab les  to  be 

printed. In addition* any system va r ia b le  may be p lotted  as a 

function o f  the Independent variab le  using the PRTPLOT statement. 

The METHOD statement allows for  the cho ice  o f  Integration  method. 

Several d i f fe r e n t  Integration  methods are a v a ila b le  with CSMP 

Including both f ix ed  and variab le  in teg ra tio n  s t e p - s lz e  routines  

[Ref. 1 , pp. 64*65] . The two var iab le  s t e p - s l z e  routines are  

f i f th -o r d e r  Milne pred lctor-corrector  and fourth-order Runge- 

Kutta. The f lx e d -s te p  ro u tin es ,  1n order o f  decreasing com plexity, 

are fourth-order Runge-Kutta, Simpson's, trap ezo id a l,  second-order  

Adams, and rectangular. In ad d ition , the option e x i s t s  for  

Implementing a user-supplied  in tegration  method. F in a lly ,  

returning to F1g. 4 -2 ,  I t  1s noted th at m ultip le  runs with  

d if fe r e n t  values o f  frequency step Input Au>j are achievable  

simply by separating each o f  the desired  values by a comma 

and enclosing than w ith in  parentheses In the defin ing  equation  

for  Au>j designated DELOMG.

The CSMP program o f  F1g. 4-2 was run with various Integration  

methods over a range o f  values o f  in tegra tion  interval to gain  

fa m il ia r i ty  with the CSMP. The r e s u lt s  obtained were In 

agreement with those th e o r e t ic a l ly  predicted fo r  the second- 

order, type one PLL [Ref. 4 ,  p. 84] . In p a r t icu la r ,  the steady-
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s ta te  tracking error followed the expression

<f>e = s in -1 (Au>j/K) (4-8)

where K i s  the to ta l  loop gain. In addition to the step  frequency 

input, a 1kHz te s t - to n e  input was a lso  run again to  develop 

f a c i l i t y  with the CSMP package. Again, the r e su lt s  were in 

agreement with th e ir  th eoretica l pred iction . Furthermore, 

the in tegration  method and in tegration  in ter v a l ,  over a range of 

approximately 10-6 to  10”7 seconds, were found not to  c r i t i c a l l y  

a f f e c t  the response. As w il l  be d e ta iled  la ter  in th is  chapter, 

the inc lu sion  o f  noise in the sim ulation makes the choice of  

in tegration  method and in tegration  interval c r i t i c a l ,  i f  one is  

to achieve q u a n tita t iv e ly  v ia b le  r e s u l t s .

4 .2 .3  Generalized Second-Order PLL. Next, consider the  

CSMP implementation o f  the generalized second-order PLL in the 

absence o f  n o ise .  F ir s t ,  from Chapter 2 , i t  i s  reca lled  that  

the equivalent f i l t e r  ERPLD in the absence of noise  i s  as shown 

in Fig. 4 -4 . A lso , reca ll  that the equivalent f i l t e r  r e a l iza t io n  

leads d ir e c t ly  to  the generalized second-order PLL f i l t e r  given  

by

F ( P )  = +  p / y  +  i
P/b + 1

( 4 - 9 )
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This f i l t e r  tran sfer  function may be rea lized  with CSMP as 

shown 1n F1g. 4-5  using conventional analog computer techniques  

[Ref. 5, pp. 80-86] . A ltern ate ly , the Implementation shown 

In F1g. 4-6 can be used to simulate th is  f i l t e r .

When attempts were made to run the model of F1g. 4-4  

with F(P) 1n e ith e r  the equivalent f i l t e r  or generalized  

f i l t e r  con figu rat ion , for the s inusoidal te s t - to n e  c a se ,  the  

r esu lt s  were erroneous. Even when the sinusoidal function  

was removed, reducing the model to  a l in ea r  c i r c u i t ,  the out

put waveform was observed to be non-s1nuso1da1 In contrad iction  

to  the basic p r in c ip le  o f  l in ear  theory. The cause o f  th is  

problem can b est  be explained as fo l lo w s .  Unlike a true  

analog computer In which the simulated parameters are contin 

uous, CSMP being a d ig i ta l  computer program must handle the  

parameters as d is c r e te  va r ia b les .  Therefore, 1n Fig. 4-4  

even though In the te s t - to n e  case </>-t Is th e o r e t ic a l ly  a 

sinusoidal waveform, 1n a c tu a l i ty ,  a d is c r e te  representation  

1s used with samples separated by the Integration In terva l.

Then, I f  for  example a lKHz te s t - to n e  Is used, Instead o f  

the spectrum co n s is t in g  o f  a only s in g le  l in e  a t  lKHz, i t  

c o n s is t s  o f  th is  l in e  plus additional spectral component pairs  

centered about m u ltip les  o f  the sampling frequency 1 / A t  and 

separated from th is  frequency by 1KHz. This 1s shown In Fig.

4 - 7 .
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A more d e t a i l e d  d i s c u s s i o n  o f  t h i s  a n a l y s i s  i s  g iven  in  Appendix H. 

Re tu rn ing  to  t h e  d i a g n o s i s ,  i t  i s  noted t h a t  in  each o f  t h e  f i l t e r  

r e p r e s e n t a t i o n s  o f  F ig .  4 -4  th rough  Fig .  4 - 6 ,  a d i f f e r e n t i a t o r  i s  

r e q u i r e d .  S ince  t h e  d i f f e r e n t i a t o r  emphasizes  h ig h e r  f r e q u e n c i e s ,  

t h e  a d d i t i o n a l  s p e c t r a l  components caused  by th e  d i s c r e t e  n a t u r e  

o f  t h e  s i m u l a t i o n  r e s u l t e d  in  th e  d i f f i c u l t i e s  d i s c u s s e d  e a r l i e r .

In o r d e r  to  remedy t h i s  problem, an i m p e r f e c t  d i f f e r e n t i a t o r  

was used in  p la c e  o f  t h e  t h e o r e t i c a l l y  p e r f e c t  d i f f e r e n t i a t o r  

a v a i l a b l e  w i th  CSMP. The im p e r f e c t  d i f f e r e n t i a t o r  was ach ieved  

by fo l l o w in g  th e  DERIV f u n c t i o n  by a CSMP REALPL f u n c t i o n  

[Ref.  1 ,  p. 10] which i s  d e f i n e d  as  f o l l o w s

where IC i s  t h e  i n i t i a l  c o n d i t i o n ,  P i s  t h e  p a ram ete r  argument 

and X i s  t h e  i n p u t  e x p r e s s i o n .  The REALPL f u n c t i o n  i s  used to  

s o lv e  t h e  eq u a t io n

Y = REALPL ( IC ,  P, X) (4-10)

e
X = P Y + Y (4-11)

w i th  t h e  e q u i v a l e n t  L ap lace  Transform

Y(s) = 1 X(s)
PS + 1

( 4 - 1 2 )
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Fig. 4 -8  shows the CSMP Implementation o f  the Imperfect 

d if fe r e n t ia to r  along with the Bode p lo t .  To achieve the desired  

r e s u l t s ,  the c u to f f  frequency fo r  the Imperfect d i f fe r e n t ia to r  

must be chosen high enough to  a c t  l ik e  a true d i f fe r e n t ia to r  for  

a l l  frequencies o f  In teres t  w ith in  the model, but low enough so 

that the undesired frequencies a ssoc ia ted  with the d i s c r e te  

nature o f the waveforms are n e g l ig ib le .  This fac tor  w i l l  be o f  

Increasing Importance when n o ise  Is added to the s im ulation la te r  

In th is  chapter.

After su b s t itu t in g  the Imperfect d i f fe r e n t ia to r  fo r  the  

Ideal d i f f e r e n t ia to r  In the loop f i l t e r s  shown In F1gs. 4 -4  

through 4 -6 ,  the CSMP programs fo r  the equivalent f i l t e r  BRPLD 

and the generalized  second-order PLL were again run, th is  time 

without the erroneous r e s u lt s  encountered in the or ig in a l  

programs. As a check on the v a l id i t y  o f  the new model, an 

an a lys is  was performed on the l in e a r  model o f  the genera lized  

second-order PLL again for  the t e s t - to n e  c a se ,  using Laplace 

transform techniques. This was compared against the r e s u l t s  

obtained In the CSMP sim ulation o f  the same lin ear  model. The 

comparison showed both r e su lt s  to  be p re c ise ly  the same. The 

CSMP programs fo r  the equivalent f i l t e r  ERPLD and the generalized  

second-order PLL along with the l in e a r  an d lysls  described above 

Is given in  Appendix I.



iM)

r 1

DERIV ( ) REALPL ( )

L_
IMPERFECT DIFFERENTIATOR 

(a)

•'dB

0
1 rad/sec to c

(b)

U (Log Scale)

Fig. U-8 . CSMP implementation of the imperfect differentiator, 
(a) Block diagram; (b) Bode plot.
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4 .2 .4  Acampora and Newton ERPLD. The f in a l  sim ulation  

which was performed before introducing noise in to  the models 

was the o r ig in a l  ERPLD configuration  o f  Acampora and Newton 

[Ref. 6 ] .  The model used in t h is  simulation i s  shown in 

Fig. 4-9 . When an attempt i s  made to  run the CSMP program obtained 

from th is  model, an immediate problem is  encountered. Unlike the 

equivalent f i l t e r  ERPLD and the generalized second-order PLL 

discussed e a r l i e r ,  the configuration  in Fig. 4-9 contains an 

algebraic  loop around the phase d e te c to r ,  phase modulator path.

An a lgebraic  loop is. one containing no memory fu n c t io n s .  In so 

far  as the CSMP package is  concerned, the memory functions are 

integrators and delay fu nctions . When such an a lgeb ra ic  loop i s  

encountered in the sim ulation , the program w ill  f a i l  to run and a 

diagn ostic  message w i l l  be provided.

In order to  reso lve  the d i f f i c u l t i e s  assoc ia ted  with the 

algebraic  loop , the CSMP IMPL function can be used. This function  

i s  defined as fo llow s [Ref. 1, p. 9 and 44]

Y = IMPL (IC, P, FUNCT) (4-13)

where IC i s  the f i r s t  estim ate o f  the output Y , P i s  the 

desired accuracy and FUNCT is  the output name o f the l a s t  statement 

in the a lgeb ra ic  loop, d e f in i t io n .  The IMPL or im p l ic i t  function  

d ir e c ts  the system to perform a su b iteration  w ith in  the im p lic it
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loop  a t  each i n s t a n t  o f  t i m e ,  u n t i l  t h e  a l g e b r a i c  r e l a t i o n s h i p  

i s  s a t i s f i e d .  Fig .  4 -10  shows th e  CSMP program f o r  th e  Acampora 

and Newton ERPLD t e s t - t o n e  c a s e  w i th  th e  IMPL f u n c t i o n  used to  

r e s o l v e  t h e  a l g e b r a i c  l o o p .  Note t h a t  t h e  o r i g i n a l  Acampora 

and Newton pa ram ete r s  were used in  th e  s i m u l a t i o n  [Ref. 6 j  .

The r e s u l t s ,  as  a n t i c i p a t e d ,  were t h e  same as th o s e  f o r  the  e q u i 

v a l e n t  f i l t e r  ERPLD and t h e  g e n e r a l i z e d  s e c o n d - o r d e r  PLL us ing  

th e  e q u i v a l e n t  loop p a ram e te r s  ( s ee  Appendix I ) .  The only d i f 

f i c u l t y  encoun te red  in  u s in g  th e  IMPL f u n c t i o n  was a two to  t h r e e  

f o l d  i n c r e a s e  in  CPU t im e .

4 .3  A d d i t i o n  o f  Noise t o  t h e  S i m u l a t i o n .

4 . 3 . 1  G e n e r a l . In t h e  p reced ing  s e c t i o n  th e  computer  

s i m u l a t i o n  o f  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL, t h e  e q u i v a l e n t  

f i l t e r  ERPLD, and th e  o r i g i n a l  Acampora and Newton ERPLD in  t h e  

absence  o f  n o i s e  was p r e s e n t e d .  I t  was found t h a t  c h o ice  o f  

i n t e g r a t i o n  method and i n t e g r a t i o n  i n t e r v a l  w i t h i n  wide l i m i t s  

d id  n o t  c r i t i c a l l y  e f f e c t  t h e  r e s u l t s .  In t h i s  s e c t i o n  th e  

a d d i t i o n  o f  n o i s e  to  t h e  s i m u l a t i o n  i s  c o n s id e r e d .  I t  w i l l  be 

shown t h a t  under  t h e s e  c o n d i t i o n s ,  t h e  c h o i c e  o f  i n t e g r a t i o n  

method and i n t e g r a t i o n  i n t e r v a l  i s  indeed c r i t i c a l .



TITLE ERPLD ORIGINAL DOUBLE LOOP CONFIGURATION

INITIAL
CONSTANT A = 2.94E4, B = 1.88E3

APRIM * l.O/A
BPRIM = l.O/B

DYNAMIC
XNEW1 = IMPL (O.O, 0 .0001, DUMVAR) 
ERROR = XINPUT -  RETSIG 
PHDEOT = SIN (ERROR)
XNEW2 = LEDLAG (APRIM, BPRIM, XNEW1) 
OUTPUT = XNEW2 * 2.94E-1 
XNEW3 = OUTPUT * 1.6E6
XNEW4 = INTGRL ( 0 .0 ,  XNEW3)
RETSIG = XNEW1 + XNEW4 
XNEW5 = SINE ( 0 .0 ,  6.283E3, 0 .0 )  
XINPUT = 10.0 * XNEW5 
DUMVAR = PHEDEOT 

TIMER DELT = l.OE-7, FINTIM = 5.0E-2 
PRTPLOT ERROR 
LABEL PHASE ERROR VS TIME 
PRTPLOT OUTPUT 
LABEL ERPLD OUTPUT VS TIME 
METHOD RECT 
END 
STOP

Fig. 4-10. CSMP program for the original Acampora and Newton 
ERPLD configuration; test-tone, no noise.



145

4 .3 .2  E ffec ts  o f  the PLL Model Due to N oise . In th is  s e c t io n ,  

as has been assumed in the previous chapters, the rep resen tative  

case o f  signal corruption by bandpass Gaussian noise w il l  be 

considered. The input to the PLL having passed through a pre

d etection  f i l t e r  may expressed as

a ( t )  3 A cos [w jt+  0 j ( t )J  + N(t) (4-14)

where the bandpass noise may be w ritten  as

N ( t )  = x ( t ) cosujjt -  y ( t )  s in  w .t  (4-15)

On the assumption that N(t) i s  Gaussian with zero mean, having 

a PSD W(f), with arithm etic  symmetry about Wj, then x ( t )  and 

y ( t )  are a lso  Gaussian with zero mean values. In ad d ition , x ( t )  

and y ( t )  are s t a t i s t i c a l l y  independent and have spectra which 

have the lowpass equivalent shape o f  W(f) with twice the ampli

tude. Recall from Chapter 1 that the e f f e c t  o f  th is  noise can 

be conveniently incorporated into the PLL simulation through 

the equivalent noise  input term n ( t )  expressed by

n (t )=  -[x(t)/A J s in  <f)T + [ y ( t ) / A ]  cos 0 r (4-16)

Fig. 4-11 shows the generalized second-order PLL with the equivalent  

noise  Input Incorporated in to  the model. In order to make use 

o f th is  model, n ( t )  as given by Eq.4-16 must be simulated.
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Prior to simulating th is  exact expression , i t  i s  o f in t e r e s t  to  

consider a frequently  used s im p li f ic a t io n .  I t  has been shown 

[Ref. 7, pp. 28-34] that for the case where N(t) has a symmetrical 

bandpass spectral density  which i s  much wider than the bandwidth 

of <f>T( t ) ,  then n ( t )  is  e s s e n t ia l ly  the lowpass analog o f  N(t) 

with appropriate sca l in g .  Thus, fo r  example, i f  the input noise  

is  assumed to be white with d en s ity  rj then  the PSD o f  n ( t )  i s  

a lso  white with value 2*j/ a2 as shown in Fig. 4 -12 . In the 

next sec t io n ,  the simulation of the approximate equivalent noise  

input w il l  be presented and i t  w il l  be shown how these r e s u l t s  can 

be d ir e c t ly  applied to the sim ulation o f  the exact expression in



PSD
(Watts/Hz)

2 rj/A2

0 V 2 f (Hz)

Fig. 4-12. Approximate equivalent noise input PSD.
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4 .3 .3  Simulation o f  the Approximate Equivalent Noise Input.

The fundamental app licab le  no ise  source a v a ila b le  on CSMP i s  the  

GAUSS function [Ref. 1, p. 13 and Ref. 3 ,  p. 154] which i s  defined  

as follow s

Y = GAUSS (N, P, , P2 ) (4-17)

where N i s  a seed fo r  the random number generator, which may be 

any odd in teg er ,  Pj 1s the required mean and P2 1s the required  

standard d ev ia tion . This function produces a normally d is tr ib u ted  

random number with a sp e c if ied  mean and standard d ev ia tio n .

Furthermore, d i f f e r e n t  random number sequences may be obtained  

using d if fe r e n t  seeds. I t  i s  s ig n i f i c a n t  to r e a l iz e  th at a 

major advantage o f  CSMP over conventional analog computers i s  

the r ep ea ta b il i ty  o f  the noise source. I f  a given s e t  o f  para

meters are s e t  in to  the GAUSS fu n ctio n , the assoc ia ted  program 

may be run repeatedly  with the Insurance that the same random 

number sequence w i l l  be generated each time. Thus, for  example, 

the response o f  a system with d if fe r e n t  s e t s  o f  design parameters 

could be tes ted  with the Identical s t r ip  o f  n o ise . MacLaren 

e t  a l .  [Ref. 8 ] have d e ta iled  the mechanisms by which random 

numbers are generated on the d ig i ta l  computer.
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When an attempt 1s made to use the GAUSS function to slmu-

la te  the equivalent noise  input, a problem Is Immediately en

countered; that 1s, what Is the PSD associated  with the use of  

the GAUSS function . The answer to th is  question Is not so simple, 

s ince  the spectral properties o f  th is  source are seen to  vary 

greatly  depending upon the in tegration  method and Integration  

Interval chosen. CSMP, as ind icated  prev iously , has a number 

of in tegra tion  techniques a v a ilab le  most o f  which are r e la t iv e ly  

complicated, having predictor and/or corrector expressions  

assoc ia ted  with them [Ref. 1, pp. 64-65] . Determination o f

the assoc ia ted  PSD for these methods 1s in general d i f f i c u l t  

and 1s an area which deserves future In v est ig a t io n . However, 

for the case o f  simple rectangular in teg ra t io n , the PSD has been 

shown to  be given by [Ref. 9 , pp. 26-14-15, Ref. 10, pp. 433-

436 and Ref. 11, pp. 145-146]

WQ ( f )  « 2 a 2 A t s in  x  f At
7Tf At

(4-18)

where aG i s  the standard d ev ia tion  s e t  Into the GAUSS function ,  

A t  Is the Integration in te r v a l ,  a mean o f zero Is assumed and 

the one-sided PSD 1s used. This expression 1s p lo tted  in Fig. 

4-13 ( a ) .
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3/At f1/ At 2/ At

1.0

f

<7 _ At

f

Note: one-sided 
PSD used.

( c )

Fig. 4-13. Stages in the synthesis of the approximate equivalent
noise input, (a) PSD of the GAUSS source using rectangular 
integration; (b) Butterworth filter characteristic; (c) 
Desired lowpass PSD.
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Obviously* the PSD generated by the GAUSS function using  

the rectangular Integration method 1s far from the desired  

lowpass shape Id ea lly  shown 1n Fig. 4*12. In order to  achieve  

the desired shape the output o f  the GAUSS function may be passed 

through a lowpass Butterworth f i l t e r .  A Butterworth configuration  

was used because o f  I ts  maximally f l a t  property and the fa c t  

that I t  Is r e la t iv e ly  straightforward to Implement using CSMP.

The use o f  the Butterworth function Is a v a ila b le  from a number 

of sources [Ref. 12, pp. 344-349 and Ref. 13, pp. 588-592] 

with the basic  function given by

Hr ( iw) 1 _________ (4-19)
1 + (< ^ )2n

where n i s  the Butterworth f i l t e r  order and o>c i s  the 3dB 

cu to f f  frequency o f the f i l t e r .  The PSD obtained by passing  

the GAUSS function through a Butterworth f i l t e r  1s then given  

by
(4-20)

_ -|2r -i
= 2 oH \ S i n  7 T f A t 1

G
7T f  A t

1 +  ( * ) " ]

In order to achieve the desired PSD, fc  i s  f i r s t  chosen 

equal to  Bp/2. Next, A t  must be small enough such th at the 

s ine  function in Eq. 4-20 i s  e s s e n t ia l ly  unity out to  the frequency 

Bp/2. Table 4-1 shows the v ar ia tion  o f  the square o f  the s ine



Table k-1. Sinc2( 7Tf At ) evaluated over a range of 
at f = 17*5 KHz.

At (Sec) S in e 2 ( 7Tf At )

10-5 0.903222

1 0 -6 0.998993

io"7 0.999989

-8
10 0-999999
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function for  a range o f values o f  A t a t  a frequency of 17.5  

kHZ. This point was chosen corresponding to a predetection band

width of 35KHZ which w i l l  be used in the single-channel FM voice  

case to be simulated subsequently. From th is  tab le  i t  can be 

seen that a value o f  A t  o f  approximately 10-6 or sm aller, meets 

the unity amplitude requirement previously d iscussed . Next 

the f i l t e r  order n must be chosen to g ive  the desired sharpness 

in the PSD c h a r a c ter is t ic  being simulated. A practical note 

Is In order here concerning th is  choice . Since in the actual 

c a se ,  the predetection f i l t e r  used with a PLL would ty p ic a l ly  

be a 5th order Butterworth, th is  would be a r e a l i s t i c  choice  

for  n. Fig. 4-13 shows the various stages  1n the synthesis  o f  

the approximate form o f  the equivalent noise  Input n ( t ) .  F in a l ly ,  

the amplitude o f the PSD must be chosen properly corresponding 

to  the desired c a r r ie r - to -n o is e  ra tio  to  be simulated. The ampli

tude o f the desired PSD (see  Fig. 4-12) may be expressed 1n terms 

o f  the predetection bandwidth and the ca rr ier-to -n o1se  r a t io  

measured in the predection bandwidth as fo llow s

Z V  a 1 (4-21)
“P ”  Bp CNR|p

The amplitude of the PSD in Fig. 4 -13(c )  i s  then equated to  

the above expression y ie ld in g
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2 (TG2 A t
Bp C N R , F1 (4 -2 2 )

or

a.G 2At B p CNR,p
1 (4-23)

Therefore, for  a given sim ulation with f ixed  values for  A t  and 

Bp , the c a r r ie r - to -n o is e  r a t io  being simulated 1s achieved by 

se t t in g  the value o f  the standard d ev ia tion  obtained 1n Eq. 4-23 

into the GAUSS function . Note that when dealing with Butterworth 

f i l t e r s ,  expressions are normally given In terms o f  3dB bandwidths 

whereas when d iscu ssin g  power spectra l d e n s it ie s  n o ise  bandwidths 

are used. For the values o f  Butterworth f i l t e r  order used in the 

subsequent s im u la t ion s , the d if fe re n c e  between th ese  two bandwidths 

1s genera lly  n e g l ig ib ly  small.

Having developed the basic  theory for  Implementing the 

approximate form o f  the equivalent no ise  Input, the next s tep  1s 

to w rite  the CSMP program for  the model and t e s t  i t .  A d eta iled  

an a lys is  o f  the Butterworth Implementation 1s given in Appendix J 

with the h ig h lig h ts  presented here. The transfer  function  for  a 

s ix th -ord er  Butterworth f i l t e r  with a 3dB c u to f f  frequency o f

17.5 kHz i s  given by
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Hb ( s ) = (4-24)

___________________________ 1.772X1Q30__________________________

( s 2 + 5.698x104s + 1 .21x l010 ) ( s z+ 1.555xlOss + 1.21xl6°)

_______________ l_____________

(s2 + 2.125x105s + 1.21xl6°)

Each sec tion  o f the Butterworth f i l t e r  may be implemented using  

the CSMP CMPXPL function which is  defined as fo llows

Y = CMPXPL (ICj, IC2 , P, , P2 , X) (4-25)

where ICX , and IC2 are i n t i t a l  co n d it io n s , Px and P2 are parameter 

arguments and X i s  the input expression. The CMPXPL function i s  

used to so lve  the equation

*Y* = 2Pj P2 Y + P2 Y = X (4-26)

with the equivalent Laplace Transform

Y(s) =  __________ 1 X(s) ( 4 - 2 7 )
S2 + 2 Pj P2 S + P\

The block diagram showing the complete CSMP implementation o f  the 

approximate equivalent noise input i s  shown in Fig. 4-14. The next
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step  i s  to t e s t  the approximate equivalent noise  input by comparing 

the simulation r e su lt s  g ga in st  those predicted by theory. The 

d e f in i t io n  o f  the mean-square value o f  a random noise  vo ltage  n ( t )  

i s  given by

h2 ( t )  =  Lim J  n ( t ) d t
(4 -2 8 )

n i t J d t
T— 00 “ ' *"-T

Since 1n the case under consideration , a d ig i t a l  computer i s  being 

used to  simulate the n o is e ,  only a f i n i t e  sample o f  the n o ise  i s  

a v a ila b le  and therefore  the mean-square value o f  the noise must be 

approximated by

-j—  j  n!( t ) d t  (4 ' 29)

The PSD represents average power per c y c le  o f  bandwidth (watts per 

hertz) and when Integrated over a l l  frequencies y ie ld s  the mean- 

square value (or average power) o f  the waveform therefore

00

f  w ( f ) d f =  n 2( t ) (4-30)
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A s e r ie s  o f  t e s t  runs were made for  the approximate equivalent  

noise  input in which the mean-square value o f  the source was 

determined. The CSMP program used to accomplish th is  i s  shown 

in Fig. 4-15 . In th is  an alysis  a s t r ip  o f  n o ise  o f  0 .05  seconds 

duration, corresponding to  about 875 independent samples from the 

Butterworth f i l t e r ,  was used. In add ition , a value o f  CNR,F 

equal to 3dB was chosen as a rep resen tative  value in t e s t in g  the 

approximate equiva lent noise input.

Eq. 4-30 represents the b asic  c r i t e r ia  used in the t e s t ,  I . e . ,  

the mean-square value o f  noise  was compared against the area under 

the PSD curve. This area, shown in Fig. 4 -1 3 (c ) ,  can be determined 

as fo llow s . Starting  with Eq. 4-20 and reca ll in g  that for  A t  

equal to  about 10~6 seconds or l e s s  the s in e  function i s  e s s e n t ia l ly  

u n ity ,  Wo(f) i s  then given by

( f ) = 2 aQ A t
1 + Hr-r (4-31)

Then

(4-32)j  WQ(f) df -j 2 <7*At . df_
pfi

The Integral on the r ig h t  s id e  o f  Eq. 4-32 can be evaluated from



TITLE APPROX. EQUIVALENT NOISE SOURCE TEST PROG.

DYNAMIC
XNEW1 = GAUSS (5 ,  O.O, 5 .35 )
XNEW2 = CMPXPL ( 0 .0 ,  0 . 0 ,  2 .590E -1 ,  1 .1E 5 , XNEW1) 
XNEW3 * XNEW2 * 1.21E10
XNEW4 = CMPXPL ( 0 .0 ,  0 . 0 ,  7 .0 6 8 E -1 ,  1.1E5,XNEW3) 
XNEM5 = XNEW4 * 1.21E10
XNEW6 3 CMPXPL ( 0 . 0 ,  0 . 0 ,  9 .6 5 9 E -1 ,  1 .1E 5 , XNEW5)
EQNOIN = XNEW6 * 1.21E10
XNEW7 -  EQN0IN**2
XNEW8 * INTGRL (0.0.XNEW7)
XNEW9 * RAMP ( 0 .0 )
XMSQ = XNEW8/XNEW9 

TIMER DELT -  2 .5 E -7 ,  OUTDEL = 1 .0 E -4 ,  FINTIM = 5.0E-2 
PRTPLOT XMSQ
LABEL MEAN-SQUARE VALUE OF NOISE SOURCE
METHOD RECT
END
STOP

Fig. U-15. CSMP program to determine mean-square value of 
approximate equivalent noise input.



standard tab les  o f  d e f in i t e  Integrals  [Ref. 14, p. 454] with the  

r e s u lt

f Wc ( f ) d f

00

7T
2 or At f 

G c 2n Sin -gj-7T (4-33)o

where 1t  1s r eca lled  th a t  fc  was chosen equal to Bp /2 .  The 

bracketed term 1n Eq. 4-33 actu a lly  represents the correction  

fac tor  between using the 3dB bandwidth and the noise bandwidth 1n 

the Butterworth f i l t e r  c h a r a c te r is t ic ,  as d iscussed e a r l i e r .  This 

fac tor  evaluated for  a range o f values o f  n i s  given 1n Table 4 -2 .  

From th is  tab le  I t  can be seen that there 1s a very small d if feren ce  

(about one percent) between the 3dB and noise  bandwidths fo r  a 

s ix th  order Butterworth lowpass f i l t e r  c h a r a c te r is t ic .

Returning to  the program of Fig. 4 -15 , 1t 1s noted that s in ce  

the noise source i s  s t a t i s t i c a l  1n nature, simply taking the mean- 

square value o f  a s t r ip  o f  noise 0 .05  seconds in duration from 

th is  source 1s l e s s  than d es irab le . Rather, i t  i s  more meaningful 

to make a number o f  runs, 0.05 seconds in duration, with d i f f e r e n t  

seeds in the GAUSS fu n ction , thereby obtaining a s e t  o f  values o f  

mean-square value o f  the no ise  source. By using th is  data for  

purposes o f  comparison with the th e o r e t ic a l ly  predicted va lue ,  

additional confidence In the r e su lt s  i s  obtained. This technique
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Table 4-2. Correction factor between 3 dB and noise bandwidths 
for lowpass Butterworth filter.

Butterworth Filter Order 
n l.o/sinc( n / 2 n  )

2 1.1107

4 1 .0 2 6 1

6 1.0115

8 1.0064

10 1.0041
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was used  to  o b ta in  th e  r e s u l t s  shown in  F ig .  4 -1 6 .  This  f i g u r e  

shows th e  r e s u l t s  o f  th e  m ean-square  v a lu e  o f  th e  n o is e  sou rce  

as  a f u n c t io n  o f  i n t e g r a t i o n  i n t e r v a l  A t .  For each  v a lu e  o f  A t ,  

t h e  s ta n d a rd  d e v i a t io n  in  th e  GAUSS f u n c t io n  was a d ju s t e d  to  c o rre sp o n d  

to  th e  same t e s t  p o in t  (CNRIF equal to  3dB) a c c o rd in g  t o  Eq. 4 -2 3 .

In a d d i t i o n ,  each o f  th e  p o in t s  was a r r iv e d  a t  by maing th r e e  s e p a r a t e  

ru n s  o f  0 .05  seconds d u r a t i o n  w i th  d i f f e r e n t  seed s  and a v e ra g in g  th e  

r e s u l t s .  For purposes  o f  com parison , th e  r e s u l t s  f o r  an approx im ate  

e q u i v a l e n t  n o is e  in p u t  u s in g  a t e n t h - o r d e r  B u t te rw o r th  f i l t e r  a r e  

shown.

The s i g n i f i c a n c e  o f  t h i s  s e t  o f  cu rves  i s  th e  d e v i a t io n  o f  th e  

c u rv es  from th e  t h e o r e t i c a l  v a lu e  as  l a r g e r  and l a r g e r  v a lu es  

o f  A t  a r e  u se d .  The g r e a t e r  d e v ia t io n  o f  th e  t e n t h - o r d e r  

B u tte rw o rth  from th e  t h e o r e t i c a l  v a lu e  than  th e  s i x t h - o r d e r  

r e s u l t s ,  p a r t i c u l a r l y  a t  th e  s m a l le r  v a lu es  o f  A t  may be due 

to  a cu m u la t iv e  e r r o r  caused  by th e  a d d i t io n a l  tandem f i l t e r  

s e c t i o n s  r e q u i r e d  in  th e  h ig h e r  o rd e r  f i l t e r .  F ig .  4-17 shows 

th e  economic a s p e c t  o f  th e  approx im ate  e q u i v a le n t  n o is e  in p u t 

s im u l a t i o n .  The cu rves  show th e  amount o f  CPU tim e re q u i re d  

f o r  th e  s im u la t io n  o f  0 .05  seconds o f  th e  n o is e  s o u rc e  as  a 

f u n c t io n  o f  th e  i n t e g r a t i o n  i n t e r v a l  used . A ga in , bo th  s ix th  

and t e n t h - o r d e r  B u tte rw o rth  f i l t e r  r e s u l t s  a r e  shown f o r  com parison .

I t  must be em phasized t h a t  th e  CPU tim e shown i s  f o r  th e  n o ise  

so u rc e  on ly  and does n o t  in c lu d e  t h a t  a s s o c i a t e d  w ith  fcbe
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rem a inder  o f  th e  PLL. From F ig s .  4-16 and 4 -1 7 ,  a t r a d e - o f f  

in  th e  PLL s im u la t io n  in  t h e  p re se n c e  o f  n o is e  becomes r e a d i ly  

a p p a r e n t .  The i n t e g r a t i o n  i n t e r v a l  must be chosen  small enough 

to  a c h ie v e  q u a n t i t a t i v e l y  v i a b l e  r e s u l t s ,  y e t  i f  A t  i s  too  

s m a l l ,  p r o h i b i t i v e l y  h igh  CPU tim es  r e s u l t .  For th e  c a s e  where 

th e  n o is e  so u rce  in c o rp o r a te s  a s i x t h - o r d e r  B u tte rw o rth  f i l t e r ,  

which s h a l l  be t r u e  in  th e  s u b se q u en t  s im u l a t i o n s ,  a A t  in  

th e  range  o f  a p p ro x im a te ly  1 .0  x 10"7 to  5 .0  x 10“7 seconds 

a p p ea rs  a p p r o p r i a t e .

4 . 3 .4  S im u la t io n  o f  th e  Exact E q u iv a le n t  Noise I n p u t .

As in d i c a te d  e a r l i e r ,  th e  r e s u l t s  o f  th e  p rece d in g  s e c t i o n  

can be d i r e c t l y  a p p l ie d  to  th e  s im u la t io n  o f  t h e  e x a c t  e q u iv a le n t  

n o is e  in p u t  as  e x p re s sed  by Eq. 4 -1 6 .  R e fe r r in g  back to  t h i s  

e q u a t io n ,  i t  i s  r e c a l l e d  t h a t  x ( t )  and y ( t )  a r e  bo th  G aussian 

w ith  z e ro  mean v a lu e s .  F u r th e rm o re ,  x ( t )  and y ( t )  a r e  s t a t i s 

t i c a l l y  in d e p en d en t and have PSD's which have th e  lowpass 

e q u i v a l e n t  shape o f  th e  in p u t  n o is e  PSD w ith  tw ic e  th e  am p li

tu d e .  The PSD o f  x ( t ) / A  and y ( t ) / A  a r e  then  th e  same as t h a t  

shown in  F ig .  4-12 f o r  th e  c a s e  o f  w h ite  in p u t  n o is e  w i th  p e r f e c t  

p r e d e t e c t i o n  f i l t e r i n g .

The f i r s t  s t e p  1n s im u la t in g  th e  e x a c t  e q u i v a l e n t  n o ise  

In p u t  i s  th e  g e n e ra t io n  o f  two s t a t i s t i c a l l y  in d e p en d en t lowpass 

s p e c t r a  o f  th e  ty p e  d is c u s s e d  in  th e  p re v io u s  s e c t i o n .  One



p o s s i b l e  approach 1s t o  s im ply  s e t  up two n o is e  so u rces  o f  th e  

ty p e  g iven  in  F ig .  4 -15  and use  d i f f e r e n t  seeds  in  th e  GAUSS 

f u n c t i o n s .  From th e  p o in t  o f  view o f  s t a t i s t i c a l  independence , 

a more d e s i r a b l e  approach  i s  one in  which a s i n g l e  GAUSS f u n c t io n  

i s  used and th e  n o is e  samples a r e  a l t e r n a t e l y  channe led  in t o  

two lowpass B u tte rw o rth  f i l t e r s .  A b lock  diagram  o f  th e  CSMP 

im plem en ta tion  o f  th e  e x a c t  e q u iv a le n t  n o is e  in p u t  u s ing  t h i s  

method i s  shown in  F ig .  4 -1 8 .  F ig .  4 -19  shows th e  segment 

o f  a CSMP program used to  s im u la te  t h i s  n o is e  so u rc e  f o r  th e  

i l l u s t r a t i v e  c a s e  o f  A t  equal to  2 .5  x 10"7 seconds .  The 

o p e r a t io n  o f  t h i s  n o is e  so u rce  can be e x p la in e d  w ith  th e  a id  

o f  F ig .  4-20 which shows th e  v a r io u s  s t e p s  in  th e  s y n th e s i s  

o f  th e  d e s i r e d  n o is e  waveform. The fundam ental s t r i p  o f  n o is e  

i s  g e n e ra te d  by th e  GAUSS as shown in  F ig .  4-20 ( a ) .  The o u tp u t  

o f  th e  GAUSS f u n c t io n  i s  th en  m u l t i p l i e d  by th e  CSMP IMPULS 

fu n c t io n  [ R e f .  1 ,  p . 10] which 1s d e f in e d  as fo l lo w s

Y = IMPULS (P, , P2 ) (4 -3 4 )

This f u n c t io n  g e n e r a te s  a t r a i n  o f  im pulses  o f  u n i ty  h e ig h t  

beg in n in g  a t  t im e P1 and s e p a ra te d  by P2 seco n d s .  The im pulse  

t r a i n  used i s  shown in  F ig .  4-2Q(b) w ith  th e  r e s u l t  o f  th e  

m u l t i p l i c a t i o n  shown in  ( c ) .  This  p ro c e d u re ,  th e n ,  s e l e c t s  

every  o th e r  sample from th e  GAUSS s o u rc e .  N ex t,  th e  CSMP ZHOLD 

fu n c t io n  1s used [R ef .  1 , p. 6 and R ef. 3 ,  p . 180 ] to  hold  

each o f  th e se  sam ples f o r  an a d d i t io n a l  i t e r a t i o n  as  shown
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XNEWA=GAUSS(5.0.0,3.779)
XNEWB=IMPULS(0.0,5.0E-7)
XNEWC=XNEWA*XNEWB 
XNEWD=XNEWC**2 
EQNOA=ZHOLD(XNEWD,XNEWC)
XNEWE=CMPXPL(0 . 0 , 0 . 0 , 2 . 590E-1,1 .1 E5, EQNOA) 
XNEWF=XNEWE*1. 21E10
XNEWG*CMPXPL(0 . 0 , 0 . 0 , 7 . 068E-1 ,1 .1 E5, XNEWF) 
XNEWH=XNEWG*1.21E10
XNEWI=CMPXPL(0.0,0.0,9.659E-1,1.1E5,XNEWH)
EQN01SXNEWI*1.21E10
XNEWJ=IMPULS(2 . 5E-7, 5 . OE-7)
XNEWK=XNEWA*XNEWJ
XNEWL=XNEWK**2
EQNOB»ZHOLD(XNEWL,XNEWK)
XNEWM*CMPLPL(0.0,0.0,2.590E-1,1.1E5,EQN0B)
XNEWN=XNEWM*1.21E10
XNEWO=CMPXPL( 0 . 0 , 0 . 0 , 7 . 068E-1,1 .1 E5, XNEWN) 
XNEWP°XNEW0*1. 21E10
XNEWQ=CMPXPL(0 . 0 , 0 . Q, 9 . 659E-1, 1 . 1E5, XNEWP)
EQN02=XNEWQ*1. 21E10
YNEWAaSIN(RETSIG)
YNEWBaCOS( RETSIG)
YNEWC=EQN01*YNEWA
YNEWD=EQN02*YNEWB
EQNOINaYNEWD-YNEWC

Fig. U-19. Segment of CSMP program used to simulate exact 
equivalent noise input.
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f t t
— A t —

'

(*) -2At

(d)

( e )

Fig. 4-20. Synthesis of statistically independent noise source
pair, (a) GAUSS output; (b) Impulse train used to sift 
GAUSS output; (c) Sifted output; (d) Sifted output 
after applying zero-order hold; (e) Second source.
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In F ig .  4 -2 0 (d ) .  The ZHOLD fu n c t io n  1s d e f in e d  as

Y = ZHOLD (X, , X2 ) (4 -3 5 )

where

Y -  LAST OUTPUT f o r  X, <  0

f o r X, > 0

(4 -3 6 )

By u s in g  a second IMPULS fu n c t io n  s h i f t e d  A t  seconds from th e  

f i r s t ,  th e  in -be tw een  sam ples from th e  GAUSS fu n c t io n  a r e  used 

to  c r e a t e  th e  second n o is e  so u rce  shown in  F1g. 4 - 2 0 ( e ) .

At t h i s  p o i n t ,  i t  I s  Im p o r tan t  t o  r e a l i z e  t h a t  th e  e x p re s s io n  

f o r  th e  PSD o f  th e  n o is e  so u rc e s  o b ta in e d  by th e  p rocedu re  j u s t  

d e s c r ib e d  1s no lo n g e r  g iv e n  by Eq. 4 -1 8 .  R a th e r ,  because  o f  

th e  e f f e c t s  o f  th e  z e r o - o r d e r  hold f u n c t i o n ,  1t  1s n e c e s sa ry  

to  s u b s t i t u t e  2 A t  f o r  A t  in  th e  e q u a t io n  t o  o b ta in  th e  c o r r e c t  

e x p r e s s io n ,  a g a in  assuming r e c t a n g u la r  I n t e g r a t i o n  1s u sed .  

R e tu rn in g  to  F1g. 4-18  i t  I s  noted t h a t  a f t e r  th e  s t a t i s t i c a l l y  

Independen t so u rc e s  a r e  s y n th e s iz e d ,  th e y  a r e  each passed  th ro u g h  

a s i x t h - o r d e r  lowpass B u tte rw o rth  f i l t e r .  S u b se q u e n tly ,  th e  

f i l t e r e d  n o is e  s o u rc e s  a r e  m u l t i p l i e d  by th e  s in e  and c o s in e  o f  

th e  PLL r e tu r n  s ig n a l  0 ( t )  , r e s p e c t i v e l y ,  and f i n a l l y  th e y  a r e
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s u b t r a c t e d  to  form th e  e x a c t  e q u i v a le n t  n o is e  in p u t  n ( t ) .  I t  i s  

s i g n i f i c a n t  t o  r e a l i z e  t h a t  u n l i k e  th e  approx im ate  e q u i v a l e n t  n o ise  

in p u t ,  th e  e x a c t  e x p re s s io n  i s  f a r  more complex; 0 r(t)  i s  in  p a r t  

d e r iv e d  from n ( t )  and in  p a r t  d e te rm in e s  n ( t ) .

4 . 3 .5  S im u la t io n  R e s u l t s  f o r  th e  T est-T one  Case w ith  N o ise . 

Severa l com puter ru n s  were made f o r  th e  g e n e r a l iz e d  se c o n d -o rd e r  PLL 

in  th e  p re se n c e  o f  n o ise  f o r  th e  t e s t - t o n e  c a s e .  In a d d i t i o n ,  runs 

were made f o r  th e  g e n e ra l iz e d  s e c o n d -o rd e r  PLL reduced  to  a  s ta n d a rd  

s e c o n d -o rd e r  PLL. The n ex t  s e v e r a l  f i g u r e s  show p o r t i o n s  o f  th e  simu

l a t i o n s  o f  p a r t i c u l a r  i n t e r e s t .  F ig .  4-21 shows th e  c h a r a c t e r i s t i c  

2 7r s h i f t i n g  o f  th e  phase e r r o r  re sp o n se  observed  in  th e  g e n e r a l iz e d  

s e c o n d -o rd e r  PLL. F ig .  4-22 shows the  o u tp u t  o f  th e  PLL d u r in g  

th e  same tim e p e r io d  when th e  2tr t r a n s i t i o n  o c c u r re d .  Although 

th e  o u tp u t  has n o t  been passed th rough  a p o s t - d e t e c t i o n  f i l t e r ,  

th e  c h a r a c t e r i s t i c  " c l i c k "  i s  a p p a re n t .  F ig .  4-23 shows a segment 

o f  a phase e r r o r  re sp o n se  in  which a p o s i t i v e  2ir t r a n s i t i o n  i s  

obse rved .  In a d d i t i o n  to  th e  p r e c e d in g ,  phase t r a n s i t i o n s  which 

were m u l t i p l e s  o f  2 7t were a l s o  e n c o u n te re d .

F ig . 4 -24  shows a p l o t  o f  th e  m ean-square  phase e r r o r  as 

a fu n c t io n  o f  n o i s e - t o - c a r r i e r  r a t i o  w i th  th e  n o is e  m easured 1n 

th e  IF bandwidth f o r  th e  g e n e r a l iz e d  se c o n d -o rd e r  PLL. Both th e  

r e s u l t s  f o r  th e  n o n - l i n e a r  model o f  F ig .  4-11 and th e  l i n e a r  model 

w ith  th e  s in u s o id a l  fu n c t io n  1n th e  phase d e t e c t o r  removed a r e  

shown f o r  com parison .  These r e s u l t s  a r e  c o n s id e re d  on ly  rough
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and p r e l im in a ry .  Due to  a lack  o f  a v a i l a b l e  computer t im e  each 

p o in t  in  th e s e  cu rv es  was l im i te d  to  a s i n g l e  run w ith  a FINTIM 

o f  only  0.01 seco n d s .  I t  i s  n e c e s s a ry  to  make s e v e ra l  ru n s  w ith  

d i f f e r e n t  seeds  in  th e  GAUSS f u n c t io n  w ith  a FINTIM o f  a t  l e a s t  

0 .05  seconds f o r  each p o in t  1n th e  cu rve  to  ach ie v e  th e  d e s i r e d  

c o n f id e n ce  in  t h e  r e s u l t s .  A m o n i to r in g  o f  th e  e q u iv a le n t  n o is e  

so u rce  d u r in g  th e  0 .01  second runs  used to  o b ta in  F ig .  4 -24  in d i c a t e s  

th e  r e s u l t s  a r e  p e s s i m i s t i c .  F1g. 4 -24  can be used to  i l l u s t r a t e  

a number o f  im p o r ta n t  c o n c e p ts .  One c r i t e r i o n  which has been 

used [Ref. 15 , p. 549] as  th e  th r e s h o ld  c o n d i t io n  1s th e  p o in t  

where the  a c tu a l  m ean-square  phase e r r o r  has in c re a s e d  IdB over 

t h a t  p r e d ic te d  by th e  l i n e a r  model. The m ean-square  phase e r r o r  

in  th e  l i n e a r  model t h a t  Is  i n d i c a t i v e  o f  th e  p o in t  w here th r e s h o ld  

o c c u r s ,  I t  i s  r e c a l l e d ,  was a p a ram e te r  r e q u i r e d  In th e  optimum 

d es ig n  p ro ced u re  o f  C hap te r  3. In F ig .  4 -2 4 ,  f o r  exam ple, t h i s  

pa ram eter  i s  a p p ro x im a te ly  0 .2 8 .  Note 1n F1g. 4-24 t h a t  th e  mean- 

sq u a re  phase e r r o r  c o r re sp o n d in g  to  th e  p o in t  where NCR|F i s  

equal to  ze ro  1s caused  t o t a l l y  by th e  s i g n a l .

4 .4  N o n -d e te rm ln is t i c  S ignal Sou rce  S im u la t io n .

4 .4 .1  G e n e ra l . In th e  p re v io u s  s e c t i o n s  o f  t h i s  c h a p t e r ,  

methods f o r  s im u la t in g  th e  g e n e r a l iz e d  s e c o n d -o rd e r  PLL, th e  o r i g i n a l  

Acampora and Newton ERPLD, and th e  s ta n d a rd  s e c o n d -o rd e r  PLL were 

d i s c u s s e d .  In a d d i t i o n ,  th e  p ro ced u re  f o r  a c c o u n tin g  f o r  n o is e  

in  th e  s im u la t io n  was p r e s e n te d .  T h is  a n a l y s i s ,  however, was



l im i t e d  to  d e t e r m i n i s t i c  s ig n a l  s o u r c e s ,  such as t e s t - t o n e s  and 

f req u en cy  s t e p s .  In t h i s  s e c t i o n  a p rocedu re  i s  p re s e n te d  which 

en ab le s  th e  s im u la t io n  o f  a u s e fu l  c l a s s  o f  n o n -d e te rm 1 n is t ic  

s ig n a l  s o u rc e s .  Included  in  t h i s  group a r e  v o ic e  m o d u la t io n ,  

FDM-FM and FDM-PM.

4 . 4 .2  Voice M odulation C ase . The f i r s t  c a se  to  be c o n s id e re d  

1s t h a t  o f  a s in g le -c h a n n e l  FM speech  s i g n a l .  The v o ic e  channel 

model t o  be used i s  th e  same as t h a t  employed in  C hap ter  3 ( s e e  

S e c t io n  3 . 2 .2 )  in  which G aussian  s t a t i s t i c s  were assumed and th e  

o n e - s id e d  PSD o f  th e  in p u t  "phase"  m odu la tion  was g iven  by

W n.m
o r

(4 -37 )

*  fb

The f r e q u e n c ie s  fa  and fb  w i l l  be taken  as  1kHz and 4kHz 

r e s p e c t i v e l y  based on su c c e ss  w ith  t h i s  model in  p re v io u s  a n a ly se s  

[ R e f .  4 ,  p . 339 and Ref. 1 5 ]  . As w ith  th e  e q u i v a l e n t  n o is e  

in p u t  s i m u l a t i o n ,  th e  fundam ental a p p l i c a b l e  CSMP f u n c t io n  t o  

be used in  th e  v o ic e  m odu la tion  c a s e  1s th e  GAUSS f u n c t i o n .  Recall 

from th e  p re v io u s  s e c t i o n  t h a t  th e  PSD a s s o c i a t e d  w ith  th e  GAUSS 

fu n c t io n  when r e c t a n g u la r  i n t e g r a t i o n  i s  used i s  g iven  by Eq. 4-18 

and shown in  F ig .  4 - 1 3 ( a ) .  B efo re  s y n th e s iz in g  th e  d e s i r e d  PSD 

a s s o c i a t e d  w ith  th e  v o ic e  s i g n a l ,  1 t  i s  ag a in  n e c e s s a ry  t o  in s u re  

t h a t  t h e  s in e  f u n c t io n  in  Eq. 4-18  i s  e s s e n t i a l l y  u n i t y  over th e
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f req u en cy  range  from 1kHz to  4kHz f o r  th e  v a lu e  o f  A t  used in  

th e  s im u la t io n .  This  in  e f f e c t  has a l r e a d y  been shown p re v io u s ly  

in  T ab le  4 -1 .  S ince  th e  d e s i r e d  upper c u t o f f  f req u en cy  o f  4kHz 

1s c o n s id e r a b ly  below th e  17 .5  kHz g iven  1n th e  t a b l e ,  i t  can 

be seen t h a t  th e  u n i t y  am p li tu d e  re q u ire m e n t  1s a g a in  met f o r  A t  

equal to  10“ 6 o r  s m a l l e r .

The n e x t  t a s k  i s  t o  a c h ie v e  th e  p ro p e r  pass  band 1n the  PSD. 

A gain , because  o f  th e  m axim ally  f l a t  p ro p e r ty  and th e  ease  o f  

Im plem en ta tion  on th e  CSMP, B u tte rw o rth  f i l t e r s  were used in  the  

a n a l y s i s  which f o l lo w s .  Two a l t e r n a t i v e s  im m edia te ly  a r e  a p p a re n t .  

A bandpass f i l t e r  cou ld  be used o r  h ig h -p a s s  and low -pass  f i l t e r  

p a i r  1n tandem. Because th e  bandpass B u t te rw o rth  r e a l i z a t i o n  

I s  based on th e  use  o f  a c e n t e r  f req u en cy  which I s  th e  g eo m e tr ic  

a v e ra g e  o f  th e  two c u t o f f  f r e q u e n c i e s ,  t h i s  method does no t  a f f o r d  

a s  much c o n t ro l  over th e  shape o f  the  t r a n s f e r  f u n c t io n  and was 

avo ided  in  fa v o r  o f  th e  second method.

The e x p re s s io n  f o r  th e  t o t a l  power re sp o n s e  o f  th e  tandem 

f i l t e r  p a i r  i s  g iven  by

(4-38)
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where ul i s  th e  3dB c u t o f f  f req u en cy  f o r  th e  h ig h -p a s s  f i l t e ra

o f  o rd e r  and <*>b is  th e  c u t o f f  f req u en cy  f o r  th e  low -pass  

f i l t e r  o f  o rd e r  n2 . The nex t problem i s  to  in t ro d u c e  th e  1/cu4 

w e igh ting  f a c t o r  i n t o  th e  bandpass PSD. T his  can be ach ieved  

by u s in g  a doub le  i n t e g r a t i o n  which has a t r a n s f e r  f u n c t io n  g iven  by

F i n a l l y ,  th e  m odu la tion  c o n s ta n t  r)m must be accoun ted  f o r .  As 

w i l l  be su b se q u e n t ly  shown, t h i s  f a c t o r  w i l l  be in t ro d u c e d  in  

th e  s im u la t io n  by p ro p e r  ch o ice  o f  th e  GAUSS PSD h e ig h t  2 c ^ A t  

shown in  F ig . 4-13 ( a ) .  Combining f a c t o r s  y i e l d s  th e  e x p re s s io n  

f o r  th e  PSD o f  th e  in p u t  "phase" m odu la tio n  to  be r e a l i z e d  w ith  

CSMP as

H ( s )  = 1 / s 2 (4 -3 9 )
I

and a power re sp o n se  ex p re s se d  by

H ( j w )  * 1/cu4 
I

(4 -4 0 )

m
(4 -4 1 )



180

Before p r e c e e d ln g ,  I t  1s d e s i r a b l e  to  ta k e  a c l o s e r  look a t  Eq. 4 -41 .  

The low -pass  te rm ,  o f  c o u r s e ,  was i n s e r t e d  to  f i x  th e  upper end 

o f  th e  passband a t  th e  d e s i r e d  c u t o f f  f requency  o f  4kHz. The 

1 /w 4 te rm ,  however, d im in ish e s  th e  PSD so r a p i d l y  t h a t  any e f f e c t s  

o f  th e  low -pass  f i l t e r  a r e  f a r  overshadowed. T his  can be seen 

from Eq. 4-37 by comparing th e  PSD am p litu d es  a t  th e  upper  and 

lower ends o f  th e  passband . At 4kHz th e  PSD c h a r a c t e r i s t i c  has 

dropped to  l e s s  th an  one p e r c e n t  o f  i t s  maximum a t  1kHz. The 

low -pass  f i l t e r  can then  be e l im in a te d  le a v in g  th e  PSD to  be 

s im u la te d  as

B efore t e s t i n g  th e  model u s in g  CSMP, i t  i s  n e c e s s a ry  to  choose 

a s u i t a b l e  s e t  o f  pa ram ete rs  to  i n s e r t  in  Eq. 4 -4 2 .  The upper 

and low er c u t o f f  f r e q u e n c ie s  have a l r e a d y  been f ix e d  a t  4kHz and 

1kHz r e s p e c t i v e l y .  As was shown in  S ec .  3 . 2 . 2 ,  th e  m odu la tion  

c o n s ta n t  may be e x p re s sed  f o r  th e  v o ic e  m odu la tion  c a se  as  fo l lo w s

r)m = ( 2 t t ) 2 f a  fb  (Acorms) 2
(4-43)

-  f
a
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o
The v a lu e  chosen f o r  th e  m ean-square  f re q u e n c y  d e v i a t i o n  ( A to rms ) 

was 4 tt2 x l ( f 7 ( r a d / s e c ) 2 . This i s  based on a v o ic e  s ig n a l  w ith  

a dzlOkHz peak d e v i a t i o n  w ith  th e  p eak - to - rm s  r a t i o  f o r  v o ic e  assumed 

to  be lOdB. This i s  th e  same v a lu e  used in  th e  o r i g i n a l  Acampora 

and Newton v o ic e  channel [R ef.  6] . The v a lu e  o f  ?7mfrom Eq. 4-43 

i s  th en  2 .078x l013 . The f i n a l  pa ram ete r  to  be chosen i s  th e

h ig h -p a s s  B u tte rw o rth  f i l t e r  o f  o rd e r  nj . F ig .  4-25 shows a com parison 

between th e  v o ic e  model o f  Eq. 4-37 and th e  app rox im ations  to  th e  

model a c h ie v a b le  w i th  CSMP u s in g  6 th  and 10th  o rd e r  f i l t e r s .

Of co u rse  as  n, 1s in c re a s e d  th e  ap p ro x im a tio n s  becomes c l o s e r  

to  th e  t h e o r e t i c a l  m odel. There 1s a t r a d e o f f ,  however, s in c e  

an in c r e a s e  in  ^  r a p id l y  in c re a s e s  th e  CPU tim e  re q u ire m e n ts  f o r  

th e  s im u la t i o n .  In d eed ,  t h e r e  i s  l i t t l e  p o in t  in  u s ing  v e ry  l a r g e  

v a lu es  o f  ^  to  b e t t e r  approx im ate  a model which i t s e l f  i s  o n ly  

app ro ach es  th e  t r u e  PSD o f  v o ic e .

As d is c u s s e d  e a r l i e r ,  th e  m odu la tion  c o n s t a n t ^  can be accoun ted  

f o r  w i th in  th e  CSMP model by p ro p er  c h o ic e  o f  th e  GAUSS PSD h e i g h t .

The b a s ic  c o n d i t io n  which must be met th e n  1s g iven  by

(4 -4 4 )
2 <j 2 g At = Vm

The s ta n d a rd  d e v i a t i o n  t h a t  must be s e t  i n t o  th e  GAUSS fu n c t io n  

i s  t h e r e f o r e
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'm

2At

(4 -4 5 )

There 1s an additional fa c to r  that must be taken into  consideration  

in the CSMP model. Referring back to Fig. 4 -25 , i t  1s noted that  

the area under the PSD curve i s  the mean-square value of Input 

phase modulation. This area for the or ig in a l model and the two 

approximations is  given as fo llows

0 , ( t )  = 4.375 (o r ig in a l model)

0?(t)  = 4.578 (nt =10 approximation) (4-46)

0.2( t )  = 4.900 (nj =6 approximation)

I t  is  therefore necessary to  apply a correction  factor  to adjust  

the mean-square value o f  the approximation to  that o f  the or ig ina l  

model. This may be accomplished by simply making a proportional 

adjustment In the modulation constant. For example, using the 

nj equal to  6 approximation, the corrected modulation constant
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i s  given by

^mc -  2.078x1c13 . 4.375 « 1 .855xl013 (4-47)
4.900

This corrected modulation constant may be used in Eq. 4-45 to 

determine the standard deviation required for the s im ulation.

Having developed the basic theory for  implementing the voice  

modulation c a se ,  the next step i s  to  w rite the CSMP program for  

the model and t e s t  i t .  A d e ta iled  a n a lys is  of the implementation 

using the Butterworth high-pass f i l t e r  is  given in Appendix J with 

the h igh ligh ts  presented here for  the example of nl equal to 6.

The transfer  function for a s ix th -ord er  high-pass Butterworth f i l t e r  

with a c u to f f  frequency a t  1kHz i s  given by

Hb ( s ) = (4-48)

 ____________________________________________
( s2 + 3 .255xl03s + 3.948x107 )( s2 + 8.884xl03s + 3.948x107)

 1____________________
( s2 + 1.2l4xl04s + 3 •948*107)



The double integration  required to obtain the 1 /c o 4 variation  in the 

PSD simply reduces the numerator in Eq. 4-48 to s4 . Fig. 4-26 

shows the CSMP implementation o f the voice  PSD simulator and 

Fig. 4-27 shows the CSMP program used to determine the mean-square 

value of the simulator output. Table 4-3 shows the r e su lt s  of t e s t s  

performed on the voice  PSD simulator. As with the t e s t s  on the 

equivalent noise input, for  each value o f  A t  three separate runs 

were made with d if fe r e n t  seeds. The third column in Table 4-3 shows 

the average value of $[i)  for  the three runs and the la s t  column 

shows the associated  standard deviation for  the three runs. The 

tab le  shows an increasing accuracy compared to the th eoretica l value  

as A t  Is decreased u n ti l  an integration  interval on the order o f

1 .5 x l0 -7 seconds i s  reached. For th is  and smaller values o f  At 

the sim ulations produced erroneous r e s u lt s .  The probable cause 

o f  th is  d i f f i c u l t y  is  computer round-off [Ref. 16, p .7] . The 

d if fe r e n t ia to r  i s  p a r ticu la r ly  su scep tib le  to  th is  problem as can 

be seen by the following explanation. Recall that the d er iva tive  

i s  defined as follows

dx = Lim x ( t )  -  x ( t -  At) (4-49)
dt At-0 A t

I f  At i s  chosen so small th at the d if feren ce  between x ( t )  and 

x ( t -  At) occurs In the 11th s ig n i f ic a n t  d i g i t ,  fo r  example, the  

computer wi l l  evaluate the d er iv a t iv e  as zero , when 1n a c tu a l i ty  

i t  i s  not. The fa c t  that the voice  PSD sim ulator, for  the example
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TITLE VOICE PSD SIMULATOR TEST PROGRAM 
DYNAMIC

XNEW11°GAUSS(5,0.0,6.091E9)
XNEW12=CMPXPL(0.0,0.0,2.590E-1t 6.283E3,XNEWll)
XNEW13=DERIV(0.0,XNEW12)
XNEW14e DERIV(0.0,XNEW13)
XNEW15=CMPXPL(0.0,0.0,7.Q70E-1,6.283E3,XNEW14)
XNEW16=DERIV(0.0,XNEW15)
XNEWl7a DERIV(0.0»XNEW16)
XNEW18a CMPXPL(0.0,0.0,9.661E-l,6.283E3,XNEW17)
V0IPSDa XNEW18
XNEW19a VOIPSD**2
XNEW20*INTGRL( 0 . 0 , XNEW19)
XNEW21a RAMP(0.0)
XMSQVL=XNEW20/XNEW21 

TIMER DELT=2. 5E-7 , PRDEL=2. OE-5, 0UTDEL»2. OE-5 , FINTIM=2. 5E-2 
PRTPLOT XMSQVL
LABEL MEAN SQUARE VALUE OF VOICE SIGNAL
PRTPLOT VOIPSD
LABEL VOICE SIGNAL VS TIME
METHOD RECT
END
STOP

Fig. L-2 7 . CSMP program used to test the voice PSD simulator.
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Table U-3« Test results for voice PSD simulator.

At 6i(t) 6i(t) Standard Deviation
Sec. Theoretical Avg. Using 3 Seeds Based on 3 Runs

l.OxlO"6 ^•375 U.506 6 .799x10-1

5.OxlO"7 ^•375 k .O O k x l o '1

2.5x10-7 ^•375 h .389 2 .655xlO_1

1.5xlO‘T ^•375 *

l.OxlCf7 ^•375 *

* see text
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under  c o n s i d e r a t i o n  has f o u r  d i f f e r e n t i a t o r s ,  compounds the  problem.

The u s e f u l  range  o f  A t  f o r  t h e  v o i c e  PSD s i m u l a t o r  d o e s ,  however,  

f a l l  w i t h i n  t h a t  f o r  t h e  e q u i v a l e n t  n o i s e  s o u r c e  and so  a v a lu e  o f  

A t  between a p p ro x im a te ly  2 .5 x l0 ~ 7 and 5 . 0 x l 0 -7 i s  a p p r o p r i a t e  f o r  

t h e  PLL s i m u l a t i o n  in  t h e  p r e s e n c e  o f  n o i s e  f o r  t h e  v o ic e  modula t ion  

c a s e .

A f i n a l  c o n s i d e r a t i o n  i s  in  o r d e r  f o r  t h e  com ple te  s i m u l a t i o n  

o f  t h e  v o ic e  modula t ion  c a s e .  S ince  th e  v o i c e  PSD s i m u l a t o r  r e q u i r e s  

a GAUSS s o u rce  which i s  s t a t i s t i c a l l y  independen t  o f  those  used 

f o r  t h e  e q u i v a l e n t  n o i s e  s o u r c e ,  a p rocedure  s i m i l a r  t o  t h a t  i l l u s t r a t e d  

in  F ig .  4-20 can be used .  Every t h i r d  sample can be used f o r  t h e  

v o ic e  PSD s i m u l a t o r  w h i l e  t h e  f i r s t  two samples a r e  used  f o r  t h e  

e x a c t  e q u i v a l e n t  n o i s e  s o u rc e  r e p r e s e n t a t i o n .

4 . 4 . 3  FDM-FM Case . The n e x t  case  which s h a l l  be commented 

on i s  t h a t  o f  FDM-FM. The model t o  be used in  t h i s  d i s c u s s i o n  i s  

th e  same as  t h a t  employed in  Chap te r  3 ( s e e  S e c t i o n  3 . 2 . 3 )  in  which 

Gaussian  s t a t i s t i c s  were assumed and th e  o n e - s id e d  PSD o f  the  i n p u t  

" p h a s e 1* modu la t ion  was g iven  by

%  = ,  f a  -  f  -  fb  (4-50)
w 2-
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As with  t h e  v o i c e  m o d u la t i o n ,  th e  b a s i c  bandpass shape can be achieved  

w i th  a B u t t e rw o r th  low-pass  and h ig h -p a s s  f i l t e r  p a i r  1n tandem.

The 1 /w 2 w e ig h t in g  f a c t o r  can be ach ieved  us ing  a s i n g l e  I n t e g r a t o r .  

Again ,  the  m odu la t ion  c o n s t a n t  ^m can be accounted f o r  by p ro p e r  

cho ice  o f  th e  GAUSS PSD h e ig h t  2 <xG2 A t  shown 1n F ig .  4 - 1 3 ( a ) .

F i n a l l y ,  i t  i s  n e c e s s a r y  t o  i n s u r e  t h a t  th e  s i n e  f u n c t i o n  1n Eq. 4-18 

i s  e s s e n t i a l l y  u n i t y  over  the  f r equency  range  from fa  t o  fb  f o r  the  

va lue  o f  A t  used in  th e  s i m u l a t i o n .  This  i s  much more o f  a problem 

than  in th e  v o i c e  modula t ion  c a s e ,  s i n c e  t h e  upper baseband f requency  

f o r  FDM-FM i s  t y p i c a l l y  on th e  o r d e r  o f  105 to  105 Hz, and the  A t  

r e q u i r e d  i s  p r o p o r t i o n a l l y  s m a l l e r .  The e x p re s s io n  f o r  th e  PSD o f  

th e  Inpu t  "phase"  modula t ion  r e a l i z a b l e  w i th  CSMP i s  then  g iven  by

(4 -51)

1 JJstl.
i  ♦ ( $ ) » * ■

Whether or  n o t  t h e  e x p r e s s io n  in Eq. 4-51 can be s i m p l i f i e d  by removal 

o f  th e  low-pass  f i l t e r ,  as  was done in  th e  p rev ious  s e c t i o n ,  depends 

o f  c o u r s e  on t h e  v a lu e s  o f  f a  and f b ,  and each case  shou ld  be c o n s id e re d  

on an I n d iv id u a l  b a s i s .  Because t h e  PSD d im in is h es  on ly  as 1 /w 2 , however,  

the  use o f  t h i s  s i m p l I f i c a t i o n  l  s c o n s i d e r a b l y  more r e s t r i c t i v e  than  

in t h e  v o ic e  m odu la t ion  c a s e .

w0 i 8  = f t ) 2"'
1 + ftp
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4 . 4 . 4  FDM-PM Case . The f i n a l  ca s e  which s h a l l  be commented on 

1s t h a t  o f  FDM-PM. The model t o  be used 1n t h i s  d i s c u s s i o n  1s t h e  

same as t h a t  employed 1n C hap te r  3 (S e c t i o n  3 . 2 . 4 )  1n which Gaussian  

s t a t i s t i c s  were assumed and th e  o n e - s id e d  PSD o f  the  in p u t  "phase"  

m odu la t ion  was g iven  by

The d e s i r e d  bandpass shape  can aga in  be ach iev ed  w i th  a B u t t e rw o r th  

low -pass  and h ig h -p a s s  f i l t e r  p a i r  in  tandem. The modula t ion  c o n s t a n t ^  

m can once more be accoun ted  f o r  by p rope r  c h o i c e  o f  the  GAUSS PSD 

h e i g h t .  The comments in  t h e  p rev ious  s e c t i o n  on t h e  u n i t y  am p l i t u d e  

r e q u i r e m e n t  o f  the  s i n e  f u n c t i o n  in  Eq. 4 -18  a l s o  h o l d s f o r  the  FDM-PM 

c a s e .  The e x p r e s s io n  f o r  t h e  PSD o f  the  i n p u t  "phase"  m odu la t ion  r e a l i z a b l e  

w i th  CSMP i s  then  g iven  by

(4 -52 )

(4 -53 )

w ,0 i s 1
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CHAPTER V

ACQUISITION AND TRACKING BEHAVIOR OF THE GENERALIZED 
SECOND-ORDER PHASE-LOCKED LOOP

5.1 I n t r o d u c t i o n

In t h i s  c h a p t e r  a d d i t i o n a l  i n s i g h t  i n t o  the  o p e r a t i o n  o f  the  

g e n e r a l i z e d  s e c o n d -o rd e r  PLL i s  ga ined  through i n v e s t i g a t i o n  of  

i t s  a c q u i s i t i o n  and t r a c k i n g  b e h a v i o r .  This  i s  accompli shed  us ing 

phase p la n e  t e c h n iq u e s  to  s tu d y  th e  n o n - l i n e a r  d i f f e r e n t i a l  eq u a t io n  

which governs t h e  loop o p e r a t i o n .  These r e s u l t s  a r e  compared 

a g a i n s t  th o s e  o f  the  s t a n d a r d  s e c o n d -o rd e r  PLL.

5.2 The Bas ic  D i f f e r e n t i a l  Equat ion

The fundamental  d i f f e r e n t i a l  e q u a t io n  t h a t  s p e c i f i e s  t h e  

b ehav io r  o f  a PLL in the  absence  o f  n o i s e  i s  g iven  by [R e f .  1,  

p.  96 and Ref.  2 ,  p.  585-586 ]

(5 -1)
0e(t) = 0±(t) - K F(p) Sin 0e(t)

where 0e i s  th e  loop  phase e r r o r ,  jjLis the  i n p u t  s i g n a l  phase 

p r o c e s s ,  K i s  t h e  t o t a l  loop ga in  and F(p) i s  t h e  loop  f i l t e r  

f u n c t i o n .  Reca ll  t h a t  th e  e x p r e s s i o n  f o r  the  g e n e r a l i z e d  second-  

o r d e r  PLL loop  f i l t e r  i s  g iven  by



195

(5-2)

F(p) = V2 /  P v / y + 1

p/b + 1

S u b s t i t u t i n g  Eq. 5-2 i n t o  Eq. 5-1 y i e l d s

0e(t) « i ±( t )  -  K P2//3 + p /y  + 1

p/b + 1

(5 -3 )

Sin t  (t)

Although Eq. 5-3 i s  th e  d i f f e r e n t i a l  e q u a t io n  govern ing  the  o p e r a t i o n  

o f  the  g e n e r a l i z e d  s e c o n d - o r d e r  PLL, i t  i s  no t  in s t a n d a rd  form.

By c a r r y i n g  o u t  t h e  i n d i c a t e d  o p e r a t i o n s  o f  th e  d i f f e r e n t i a l  o p e r a t o r  

" p " ,  Eq. 5-3 becomes

0 = (5 -4 )

+ b0i -Kb Sin0e -lb + y  Cos0
Kb \ . Kb .

/  0e + P  0
Kb

1 + p Cos0
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The d e t a i l s  o f  th e  d e r i v a t i o n  o f  Eq. 5-4 a r e  g iven in Appendix L. 

The d i f f e r e n t i a l  e q u a t io n  govern ing  the  re sponse  o f  th e  Acampora 

and Newton ERPLD [ R e f .  3]  and th e  e q u i v a l e n t  f i l t e r  ERPLD can be 

de termined  by making the  s u b s t i t u t i o n s

(5-5)

i n t o  Eq. 5-4 y i e l d i n g

9.  - (5 -6)

+ s i n ^ e  " I*1 + + - ^ - j c o s  0 e j 0 e + a ^ e  S i n

1  + a  Cos 0e
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I t  should  be r e c a l l e d  t h a t ,  as  was shown in Chapter  2 , f o r  

p r a c t i c a l  c a s e s ,  d e s ig n s  a c h i e v a b l e  w i th  the  g e n e r a l i z e d  second-  

o r d e r  PLL can a l s o  be ach ieved  with  t h e  ERPLD o r  e q u i v a l e n t  f i l t e r  

ERPLD. In the  a n a l y s i s  which fo l low s  Eq. 5-6 w i l l  be u s e d .  The 

purpose f o r  us ing  t h i s  eq u a t io n  i s  tw o - f o l d .  F i r s t l y ,  the  Acampora 

and Newton d es ig n  [Ref.  3] w i l l  be t h e  b a s i c  s e t  of  p a ram e te r s  

around which th e  a n a l y s i s  i s  to  be per formed .  Secondly ,  i t  i s  

o f  g r e a t  i n t e r e s t  t o  c o n s id e r  i n t e r m e d i a t e  cases  between th e  s t an d a rd  

s e c o n d -o rd e r  PLL and th e  Acampora and Newton ERPLD. This can e a s i l y  

be accomplished by v a ry ing  a between zero  and u n i t y  in  Eq. 5 -6 .

I t  i s  o f  g r e a t  im por tance ,  however,  t o  r e a l i z e  t h a t  th e  r e s u l t s  

a c h i e v e d ,  f o r  a l l  i n t e n t s  and purposes  app ly  d i r e c t l y  to  t h e  

g e n e r a l i z e d  s e c o n d -o rd e r  PLL through th e  change in v a r i a b l e s  of  

Eq. 5 -5 .  The case  o f  p r im ary  i n t e r e s t  i s  t h a t  o f  an i n p u t  s ig n a l  

which has a f r eq u en cy  o f f s e t  Aw. from th e  VCO frequency  a t  t ime 

t  = o.  For t h i s  c a s e ,  Eq. 5-6 reduces  to

H = (5 -7)e

b A t t^  -  N Sin -  |m  Cos 0 e + b j  0 e + a  ^  Sin

1 + a Cos 6e

where
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(5-8)

M = ab + Kb 
a

and

N = Kb

Eq. 5-7 i s  a n o n l i n e a r  d i f f e r e n t i a l  e q u a t io n  to  which a gene ra l  

a n a l y t i c  s o l u t i o n  i s  n o t  a v a i l a b l e .  However, u s ing  phase p lane  

a n a l y s i s ,  a number o f  im p o r t a n t  p r o p e r t i e s  o f  t h e  r e s p o n s e  can 

be o b t a in e d .  Before c o n t i n u i n g ,  i t  i s  d e s i r a b l e  t o  p u t  Eq. 5-7 

in  a more c o n v en ien t  form f o r  phase p la n e  a n a l y s i s .  Let

x (5 -9 )
e

and

(5-10)

Then

(5-11)

dt d0e dt dx

S u b s t i t u t i n g  Eq. 5-9 th rough  Eq. 5-11 i n t o  Eq. 5-7 y i e l d s
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o (5-12)
dy = bAto.^ - N Sin x - (b + M Cos x) y + a y  Sin x 
dx y ( 1 +a Cos x )

The p l o t  o f  "y" as  a f u n c t i o n  o f  "x" ( i . e .  v e r s u s  0 e ) i s  termed

the  phase p lane  p o r t r a i t  f o r  th e  d i f f e r e n t i a l  e q u a t io n  under  con

s i d e r a t i o n .

5.3 Phase P lane  A na lys is

5 .3 .1  General D e s c r i p t i o n . Cons ider  th e  s e c o n d - o r d e r  system 

d e s c r ib e d  by th e  n o n l i n e a r  d i f f e r e n t i a l  e q u a t io n  g iven  in Eq. 5-7 .

The t ime s o l u t i o n  o f  t h i s  system can be i l l u s t r a t e d  u s in g  a p l o t  

o f  v e r s u s  " t . " A l t e r n a t e l y ,  the  s o l u t i o n  can be i l l u s t r a t e d

by p l o t t i n g  0 e v e r s u s  0e w i th  t ime as a p a r a m e te r .  I f  0 e and 0e 

a r e  t aken  as th e  c o o r d i n a t e s  o f  a p l a n e ,  then f o r  each s t a t e  o f  

th e  system t h e r e  c o r re sponds  a p o i n t  in  t h i s  p la n e .  As " t "  v a r i e s  

t h i s  p o i n t  d e s c r i b e s  a curve  in  t h e  p lane  c a l l e d  a t r a j e c t o r y .

A f a m i ly  o f  t h e s e  t r a j e c t o r i e s  i s  termed a phase p la n e  p o r t r a i t .

The i n i t i a l  c o n d i t i o n s  de te rm ine  t h e  s t a r t i n g  p o in t  

on a t r a j e c t o r y  and as t ime i n c r e a s e s  t h e  p o i n t  moves a long  the  

t r a j e c t o r y .  The phase p la n e  r e s p o n s e  d e p i c t s  a l l  p o s s i b l e  s t a t e s  

o f  t h e  system and thus  shows t h e  n a t u r e  o f  t h e  r e s p o n s e  o f  t h e  

system.  One and on ly  one t r a j e c t o r y  can pass th ro u g h  a g iven
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p o i n t  in  t h e  phase  p lane  u n l e s s  i t  happens to  be a s i n g u l a r  p o i n t .

The behav io r  o f  t h e  phase p lane  in t h e  r e g io n  about  a s i n g u l a r  

p o i n t  i s  ex t rem ely  im p o r ta n t  and w a r r a n t s  s p e c i a l  a t t e n t i o n  to  

be g iven  s u b s e q u e n t ly .

F i n a l l y ,  i t  shou ld  be no ted t h a t  phase p la n e  a n a l y s i s  i s  

norm al ly  l i m i t e d  to  se c o n d -o rd e r  sys tem s .  For t h i r d  o r d e r  sy s tem s ,  

i t  i s  u s u a l l y  d i f f i c u l t  t o  c o n s t r u c t  o r  v i s u a l i z e  t r a j e c t o r i e s .

For h ig h e r  o r d e r  s y s tem s ,  i t  i s  v i r t u a l l y  im p o ss ib le  t o  v i s u a l i z e  

t r a j e c t o r i e s .  Of c o u r s e ,  a phase space  o f  "n" dimensions  can be 

conce ived  f o r  an n th  o r d e r  system,  bu t  t h e  method l o s e s  t h e  s i m p l i c i t y  

and convenience  a s s o c i a t e d  w i th  i t s  use w i th  a s e c o n d -o rd e r  sys tem.

5 . 3 . 2  P r e l i m i n a r y  I n v e s t i g a t i o n  o f  the  D i f f e r e n t i a l  E q u a t io n . 

Before p roceed ing  w i th  the  t e c h n iq u e s  f o r  g e n e r a t i n g  phase p lane 

p o r t r a i t s  f o r  Eq. 5-12 i t  i s  u se fu l  to  perform a p r e l i m i n a r y  i n v e s t i 

g a t io n  o f  th e  d i f f e r e n t i a l  e q u a t io n .

F i r s t ,  i t  i s  no ted  t h a t  Eq. 5-12 i s  p e r i o d i c  in  x w i th  

a p e r io d  o f  2 ic . Thus,  th e  s lope  o f  th e  t r a j e c t o r i e s  a t  ( xq,  yo ) 

t s  th e  same as i t  i s  a t  (^+2nar , yQ ) where n i s  a p o s i t i v e  o r  

n e g a t i v e  i n t e g e r .  I t  i s  t h e r e f o r e  n e c e s s a ry  on ly  to  p l o t  t h e  

t r a j e c t o r i e s  f o r  - j e <  x <  n  in  o r d e r  to  d e s c r i b e  th e  complete  

b e h a v io r  o f  the  sys tem.
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Next ,  c o n s id e r  Eq. 5-12 f o r  l a r g e  y ,  which co r re sp o n d s  to  

l a r g e  f requency  e r r o r .  Under t h i s  c o n d i t i o n  th e  d i f f e r e n t i a l  

e q u a t io n  reduces  to

dy ^  a y  Sin x (5-13)
dx 1 + a  Cos x

R earrang ing  terms to  put  Eq. 5-13 in c o n v e n ie n t  form f o r  s o l u t i o n  

y i e l d s

dy = (X Sin x dx (5-14)
y 1 + a Cos x

F o r t u n a t e l y ,  t h i s  d i f f e r e n t i a l  e q u a t io n  can be e v a l u a t e d  in c l o s e d  

form u s in g  s t a n d a rd  t e c h n i q u e s .  I n t e g r a t i n g  both  s i d e s  of  Eq. 5-14 

[ R e f .  4 ,  p. 90] y i e l d s  t h e  r e s u l t

Jin y = - Hn (1 + a Cos x) + C
(5-15)



2 0 2

Reexpress ing  t h e  i n t e g r a t i o n  c o n s t a n t  as

(5-16)
C = i n  K

r e s u l t s  in  t h e  s o l u t i o n  to  Eq. 5-14 g iven  as f o l l o w s

y  = K__________ (5-17)

1 + a Cos x

F ig s .  5-1 th rough  5-6 show a p l o t  o f  Eq. 5-17 over  a range  o f  a  

between 0.1 and 10 .0 .  For a  equal  t o  0 . 1 ,  th e  t r a j e c t o r i e s  look 

e s s e n t i a l l y  s i n u s o i d a l .  As a  i n c r e a s e s  towards u n i t y  t h e  t r a j e c t o r i e s  

deve lop  an i n c r e a s e d  peakedness a t  ± t  . At a  equal  t o  u n i t y  the  

t r a j e c t o r i e s  change r a t h e r  d r a m a t i c a l l y ,  and deve lop  a d i s c o n t i n u i t y  

a t  a phase e r r o r  o f  ± tt . As a  i s  i n c r e a s e d  even f u r t h e r ,  the  d i s 

c o n t i n u i t i e s  more inward from ± t  towards  ± 7 r / 2 i n  t h e  l i m i t  as  a  

approaches  i n f i n i t y .  I t  i s  im p o r ta n t  t o  r e a l i z e  t h a t  a l th o u g h  

Eq. 5-17 was d e r i v e d  f o r  th e  Acampora and Newton ERPLD o r  th e  

e q u i v a l e n t  f i l t e r  ERPLD i t  i s  a l s o  seen  t o  hold f o r  t h e  g e n e r a l i z e d  

s e c o n d -o rd e r  PLL by simply  r e p l a c i n g  a  w ith  K b /p .

I t  i s  o f  i n t e r e s t  to  compare t h e  r e s u l t s  o b t a in e d  in  Eq. 5-17 

w i th  t h a t  o f  t h e  s t a n d a r d  s e c o n d -o rd e r  PLL. This may be accomplished 

by f i r s t  s e t t i n g  a. equal t o  z e ro  in  Eq. 5-12 y i e l d i n g
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Fig. 5-1. Phase plane trajectories for large frequency error; a= 0.1.
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Fig. 5-2. Phase plane trajectories for large frequency error;a = 0 .5 .
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Fig. 5-3. Phase plane trajectories for large frequency error;a a 0 .9 .
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Fig* Phase plane trajectories for large frequency errorj a= 1.0.
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Fig.5-5- Phase plane trajectories for large frequency error; a = 2.0.



208

— 0.5K

-95-7

-0.5K

Fig. 5-6. Phase plane trajectories for large frequency error; o:= 10.0.
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dy = bAu^ - Kb Sin x - ^b +-^— Cos x j  y 
dx y

For l a r g e  y ,  Eq. 5-18 reduce s  to

(5 -19)

b + Kb Cos x
a

S o lu t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t io n  in Eq. 5-19  r e a d i l y  y i e l d s

(5 -20)

y = -  bx - Kb Sin x + C
a

For t y p i c a l  d e s ig n  pa ram e te r s  t h e s e  t r a j e c t o r i e s  a r e  seen  to  be 

n e a r l y  s in u s o i d a l  w ith  a s l i g h t  amount o f  skew, such as th o s e  shown 

in F ig .  5 -7 .  A comparison o f  t h e  r e s u l t s  in  Eqs. 5-17 and 5 -20 ,  

t h e n ,  show s i g n i f i c a n t  d i f f e r e n c e s  which s h a l l  be i n v e s t i g a t e d  

in g r e a t e r  d e t a i l  s u b s e q u e n t ly .

This  s e c t i o n  has s e rv ed  to  g iv e  some i n i t i a l  i n s i g h t  i n t o  

t h e  phase p lane  p o r t r a i t s  f o r  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL

and th e  ERPLD, p r i o r  t o  u s in g  computer t e c h n iq u e s  f o r  g e n e r a t i n g

dy  = -  

dx
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C + 2.0x10

slope

2.0x10'

C + 2.0x10

2.0x10

Fig. 5-7• Typical phase plane trajectories for large frequency error 
for a standard second-order, type one PLL.
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such p o r t r a i t s .  In a d d i t i o n ,  t h e s e  r e s u l t s  w i l l  s e r v e  as an 

a d d i t i o n a l  check  on th e  computer  a n a l y s i s .

5 .3 .3  D e te rm in a t io n  o f  S i n g u l a r  P o i n t s . The s i n g u l a r  p o in t s  

o f  a d i f f e r e n t i a l  eq u a t io n  a re  c r i t i c a l  in  de te rm in in g  th e  p r o p e r t i e s  

o f  i t s  s o l u t i o n .  Through the s tu d y  o f  th e  s i n g u l a r i t i e s ,  c o n s i d e r a b l e  

i n s i g h t  i n t o  t h e  q u a l i t a t i v e  a s p e c t s  o f  th e  s o l u t i o n  as wel l  as  

some q u a n t i t a t i v e  p r o p e r t i e s  can be o b t a i n e d .  I n s o f a r  as  th e  phase 

p lane  p o r t r a i t  i s  conce rned ,  th e  d e t e r m i n a t i o n  and c l a s s i f i c a t i o n  

o f  the  s i n g u l a r i t i e s  i s  an ex t rem ely  im p o r ta n t  p rocedure  t o  be 

performed p r i o r  t o  de te rm in ing  t h e  a c t u a l  t r a j e c t o r i e s .

Cons ider  t h e  d i f f e r e n t i a l  e q u a t io n  under  i n v e s t i g a t i o n  g iven  

by Eq. 5-12.  This  eq u a t io n  may be ex p re s s e d  in the  form

(5-21)
ay = Q (* ,y )
dx P(x,y)

where Q(x,y)  and P ( x ,y )  a r e  n o n l i n e a r  f u n c t i o n s  o f  x and y .  The 

s i n g u l a r i t i e s  o f  Eq. 5-21 a r e  d e f in e d  as th o s e  v a lu e s  o f  x and 

y  f o r  which P and Q a r e  s i m u l t a n e o u s l y  equal to  ze ro  [R e f .  5 ,  p .  86 

and Ref. 6,  p .  7 6 ] .  In g e n e r a l ,  t h e  s i n g u l a r  p o in t s  may found 

by p l o t t i n g  Q(x ,y )=0 and P(x ,y )=0  and l o c a t i n g  the  p o i n t s  a t  which 

th e  two cu rves  i n t e r s e c t .  For t h e  ca s e  a t  hand,  however,  t h e  forms
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o f  Q and P a r e  such t h a t  t h e  s i n g u l a r i t i e s  can be found more d i r e c t l y .  

As w i l l  be shown s u b s e q u e n t l y ,  i t  i s  s t i l l  d e s i r a b l e  to  p l o t  Q (x ,y )  = 0 

and P ( x ,y )  = 0 s i n c e  t h i s  in fo rm a t io n  w i l l  g iv e  added i n s i g h t  i n t o  

the  phase p lane  c o n s t r u c t i o n .  Return ing  t o  Eq. 5-12 i t  i s  f i r s t  

noted  t h a t  t h e  s i n g u l a r i t y  s ea rch  may be d iv i d e d  i n t o  two d i s t i n c t  

c a t e g o r i e s .  F i r s t l y ,  f o r  a  < i the  s i n g u l a r  p o in t s  a r e  seen t o  

occu r  a t

Next,  f o r  , s i n g u l a r  p o i n t s  a l s o  occur  as g iven by Eq. 5 -22;

however,  a d d i t i o n a l  s i n g u l a r i t i e s  a r e  seen to  e x i s t  a t

and

y = 0

. - lx = s i n A  co;k LUj

K (5-22)

x Cos -1
(5-23)

w i th  y g iven  by the  s o l u t i o n  to  th e  q u a d r a t i c  eq u a t io n

y(b + M Cos x) + (bAcoi - N Sin x) = 0
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a f t e r  s u b s t i t u t i o n  o f  the  v a lu e  o f  x g iven by Eq. 5 -23 .  I t  should 

be noted t h a t  Eq. 5-22 and Eq. 5-23 a r e  i n d i c a t i v e  o f  an i n f i n i t e  

number o f  s i n g u l a r i t i e s  because  o f  the  m u l t i - v a l u e d  n a t u r e  o f  the  

a rc  f u n c t i o n s ;  however, as  i n d i c a t e d  e a r l i e r ,  the  p r i n c i p a l  va lues  

a r e  the  on ly  ones o f  conce rn .  F i n a l l y ,  in  Eq. 5 -22 ,  note  t h a t  

the  s i n g u l a r i t i e s  e x i s t  only  f o r  Aux ^  k .

In th e  a n a l y s i s  which f o l l o w s ,  the b a s ic  Acampora and Newton 

va lues  w i l l  aga in  be used [R e f .  3 ]  . Values o f  Aw, /Kof 0 . 4 ,

0 . 6 ,  0 . 9 ,  and 1.1 w i l l  be i n v e s t i g a t e d  f o r  a range  o f  a  from

0.1 to  1 0 .0 .  Consider  f i r s t  F ig s .  5-8 th rough 5-13 which show 

the  d e t e r m i n a t i o n  o f  s i n g u l a r  p o i n t s  f o r  AWjS 0.4- o v e r  a range  o f a  

from 0.1 to  1 0 .0 .  R e fe r r in g  to  Eq 5-21 i t  i s  noted t h a t  th e s e  

f i g u r e s  r e p r e s e n t  p l o t s  of  Q (x ,y )  = 0 and P (x ,y )  = 0.  S t a r t i n g  

with  F ig .  5 -8 ,  Q (x ,y )  = 0 i s  the  m u l t i - v a l u e d  f u n c t i o n  given  by 

Eq. 5-24.  P ( x ,y )  = 0 f o r  t h i s  case  only  when y = 0 which i s  of  

course  r e p r e s e n t e d  by th e  x - a x i s .  Thus the  i n t e r s e c t i o n s  o f  th e  

Q(x,y)  = 0 c u rv es  and the  x - a x i s  y i e l d  th e  s i n g u l a r  p o in t s  a t  

( 0 . 4 1 2 , 0 . 0 )  and ( 2 . 7 3 0 , 0 . 0 ) .  F ig .  5-9 and Fig .  5-10 (no te  s c a l e  

change) show a change in the  Q (x ,y )  = 0 c u rv e ,  bu t  t h e  i d e n t i c a l  

s i n g u l a r i t i e s  as  expec ted .  F ig .  5-11 aga in  shows th e  two p rev ious  

s i n g u l a r i t i e s ,  bu t  in a d d i t i o n  P ( x ,y )  = 0 i s  a l s o  s a t i s f i e d  by 

x ~ ± t  and so new s i n g u l a r i t i e s  appea r  as shown. In a d d i t i o n
4

t o  th e  new s i n g u l a r i t i e s  a t  ( ± ir , - 1 .176x10)  t h e o r e t i c a l l y  two 

o t h e r  s i n g u l a r i t i e s  e x i s t  a t  t h e  i n t e r s e c t i o n  o f  Q (x ,y )  = 0 and
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x =±7r a t  i n f i n i t y .  F ig .  5-12 and 5-13 again  show th e  two o r i g i n a l  

s i n g u l a r i t i e s  a t  ( 0 . 4 1 2 , 0 . 0 )  and (2 .7 3 0 ,  0 .0 )  a long  with  t h e  two 

new s e t s  o f  s i n g u l a r i t i e s  which move c l o s e r  to  th e  x = ±7r l i m i t

as a  i n c r e a s e s .  Bes ides  g r a p h i c a l l y  i l l u s t r a t i n g  th e  d e t e r 

m ina t ion  o f  th e  s i n g u l a r i t y  p o i n t s ,  t h e s e  f i g u r e s  s e r v e  a n o t h e r  

very im p o r ta n t  f u n c t i o n  in t h e  d e t e r m in a t io n  o f  t h e  phase p lane  

p o r t r a i t s  as  I n d i c a t e d  in the  f o l l o w i n g  d i s c u s s i o n .

One p o p u la r  method f o r  th e  c o n s t r u c t i o n  o f  phase p lane  p o r t r a i t s  

i s  the  "method of  i s o c l i n e s "  [Ref .  6 ,  pp.  68-70 ,  Ref.  7 ,  pp. 238- 

241 and Ref.  8 ,  pp.  570-574] .  From Eq. 5-21 i t  i s  noted t h a t  

dy/dx = m i s  th e  s lo p e  of  th e  t r a j e c t o r y  on th e  phase p l a n e .

I f  a s p e c i f i c  numerical  v a lu e  o f  m = nij i s  c hosen ,  then

(5-25)
Q(x,y) = m,
P(x,y)

d e f i n e s  a cu rve  on the  x-y  p la n e  which has the  p r o p e r t y  o f  being 

th e  locus  o f  a l l  p o in t s  f o r  which th e  s lo p e  o f  t r a j e c t o r i e s  i s  

m, . Th is  curve  i s  termed an " i s o c l i n e . "  I f  a number o f  v a lues  

o f  m a r e  chosen and the  a s s o c i a t e d  i s o c l i n e s  p l o t t e d ,  then  the  

t r a j e c t o r y  from a g iven  i n i t i a l  c o n d i t i o n  may be c o n s t r u c t e d  by 

us ing  s t r a i g h t - l i n e  segments d i r e c t e d  acco rd ing  t o  t h e  s lo p e s  a s s o 

c i a t e d  w i th  t h e  i s o c l i n e s .  By u s in g  a s u f f i c i e n t  number o f  i s o c l i n e s
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ex t re m e ly  a c c u r a t e  t r a j e c t o r i e s  can be a c h i e v e d .  Re turn ing  to  

F ig s .  5-8 th rough 5-13 i t  i s  noted t h a t  t h e  Q(x ,y )  = 0 cu rves  

g iven  by Eq. 5-24 a r e  in a c t u a l i t y ,  i s o c l i n e s  f o r  m = 0. F u r th e rm o re ,  

the  P ( x ,y )  = 0 l i n e s  g iven  by Eq. 5-23 and y  = 0 a r e  th e  i s o c l i n e s  

f o r  m = oo . Thus a l th o u g h  th e  i s o c l i n e  method was not  s p e c i f i c a l l y  

used to  g e n e ra te  th e  phase p lane  p o r t r a i t s  g iven  l a t e r  in t h i s  

c h a p t e r ,  f i g u r e s  such as F ig .  5-8 s e rv e  as an e x c e l l e n t  check on 

th e  computer  g e n e ra te d  t r a j e c t o r i e s .  F u r the rm ore ,  the m = 0 and 

m = <» i s o c l i n e s  even by them se lves  y i e l d e d  a g r e a t  amount o f  i n fo rm a t io n  

on t h e  phase p lane  b e h a v i o r .  F i n a l l y ,  no te  t h a t  th e s e  i s o c l i n e s  

check the  r e s u l t s  shown in  F ig s .  5-1 th rough  5 -6 .

F ig s .  5-14 th rough  5-16 show the  s i n g u l a r  p o i n t  d e t e r m i n a t i o n

f o r  4 w / K = 0 . 6 a g a i n  o v e r  a range  o f  a  from 0.1 t o  10 .0 .  F i g .  5-16

shows an i n t e r e s t i n g  phenomenon, in t h a t  a p o r t i o n  of  the m = 0

i s o c l i n e  has broken away and formed a c lo s e d  c o n t o u r .  F ig s .  5-17

th rough  5-19 show th e  s i n g u l a r  p o i n t  d e t e r m i n a t i o n  forAWjnO^ over
~K~

a range  o f  a  from 0.1 to  10 .0 .  These f i g u r e s  in  a d d i t i o n ,  

show th e  b reak ing  o f f  o f  the  c lo sed  c o n to u r  which occurs  when v a lu e s  

o f  x a r e  encoun te red  such t h a t  the  q u a d r a t i c  eq u a t io n  in  y g iven  

by Eq. 5-24 y i e l d s  complex r o o t s .

Cons ider  n e x t ,  t h e  o cc u r r e n c e  o f  s i n g u l a r i t i e s  f o r  4 u ) j / K > i  

F ig .  5-20 shows an example f o r  ce < l , The Q (x ,y )  = 0 curve  neve r  

c r o s s e s  t h e  x - a x i s  and so no s i n g u l a r i t i e s  o c c u r .  F ig .  5-21 shows
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an example f o r  a  > 1 . Again no s i n g u l a r i t i e s  occur  a long  the  

x - a x i s ;  however,  from th e  c o n d i t i o n  o f  Eq. 5-23 i t  i s  no ted  t h a t  

a p a i r  o f  s i n g u l a r i t i e s  occur  a long  the  x = -2 .094  l i n e .  In t h i s  

case  no s i n g u l a r  p o i n t s  occur  a long  th e  x = 2.094 l i n e  s i n c e  no 

i n t e r s e c t i o n s  w i th  the  Q(x,y)  = 0 curve  e x i s t .

F i n a l l y ,  i t  i s  aga in  o f  i n t e r e s t  t o  compare th e  p reced ing  

r e s u l t s  w i th  t h a t  f o r  the  s t a n d a r d  s e c o n d -o rd e r  PLL. From Eq. 5-18 

th e  s i n g u l a r i t i e s  can occur  o n ly  a t

In t h i s  c a s e ,  i t  i s  n e c e s s a ry  t h a t  Aux <  k f o r  any s i n g u l a r i t i e s  

to  o c c u r .  Fig 5-22 shows th e  s i n g u l a r  p o i n t  d e t e r m i n a t i o n  f o r  

a t y p i c a l  s e c o n d -o rd e r  PLL d e s ig n  (v o ic e  m odu la t ion )  w i th  AWj/k  = O.i*.

5 . 3 . 4  C l a s s i f i c a t i o n  o f  S i n g u l a r  P o i n t s .  Having de te rm ined  

the  p o s i t i o n  o f  th e  s i n g u l a r i t i e s  on t h e  phase p l a n e ,  t h e  nex t  

t a s k  i s  to  d e t e rm in e  t h e i r  c l a s s i f i c a t i o n .  The a n a l y s i s  o f
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s i n g u l a r  p o i n t s  f o r  a n o n l i n e a r  system i s  accompli shed  by a p ro cess  

o f  l i n e a r i z a t i o n  as w i l l  be s u b s e q u e n t ly  shown. Reca ll  t h a t  t h e  

gene ra l  form o f  t h e  phase  p lane  e q u a t io n  i s  g iven  by Eq. 5 -2 1 ,  

where Q(x,y)  and P ( x ,y )  may be l i n e a r  o r  n o n l i n e a r .  The f i r s t  

s t e p  in  d e t e rm in in g  th e  c l a s s i f i c a t i o n  o f  t h e  s i n g u l a r i t y  i s  to  

t r a n s l a t e  th e  o r i g i n  t o  a s e l e c t e d  s i n g u l a r  p o i n t .  This  may be 

accomplished by making the  s u b s t i t u t i o n

where (xs , ys ) i s  t h e  s i n g u l a r  p o i n t  under  c o n s i d e r a t i o n .  A f t e r  

t r a n s l a t i o n ,  Eq. 5-21 may be expanded i n t o  t h e  form

and

y = Y + ys

x = X + x S
(5-27)

(5-28)

ay = cX + dY + Q'(X,Y) 
ax aX + t>Y + P'(X,Y)
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where Q’ ( x , y )  and P’ ( x ,y )  c o n t a in  n e i t h e r  c o n s t a n t  terms nor  l i n e a r  

terms in x and y [R e f .  5,  p.  86 ,  Ref .  6 ,  pp.  81-82 and Ref.  9 ,  

p .  1 1 4 ] .  The system may be l i n e a r i z e d  a t  t h e  s i n g u l a r  p o i n t  by

d i s c a r d i n g  Q’ ( x ,y )  and P’ ( x ,y )  s i n c e  n ea r  the  s i n g u l a r i t y  th e  l i n e a r

terms domina te .  The l i n e a r i z e d  e q u a t io n  then  becomes

AY = cX + AY (5-29)

dX aX + bY

The c h a r a c t e r i s t i c  e q u a t io n  a s s o c i a t e d  w i th  Eq. 5-29 i s  g iven  

by [R ef .  5,  p.  91 and Ref.  9,  p .  115]

X2 -  ( a  + a )a + (ad  -  b e )  = 0 (5 -30)

The l o c a t i o n  o f  th e  r o o t s  Aj and X2 o f  th e  c h a r a c t e r i s t i c  e q u a t io n  

in the  complex p lane  then  d e te rm in e  th e  c l a s s i f i c a t i o n  o f  th e  

s i n g u l a r  p o i n t .  I t  can be seen t h a t  s i x  p o s s i b l e  c a s e s  e x i s t :

1.  Xj and X2 a r e  complex c o n j u g a t e s  in  t h e  l e f t - h a l f  p l a n e .

2. x. and X2 a r e  complex c o n j u g a t e s  in  th e  r i g h t - h a l f  p la n e .

3.  X

4.  X

5. X

6.  X

and x2a r e  p u re ly  im ag ina ry .

and x2a r e  r e a l  and n e g a t i v e .

and x2a r e  r e a l  and p o s i t i v e .

and x2 a r e  r e a l  and o p p o s i t e  in  s i g n .
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Each o f  t h e s e  ca se s  along w i th  the  c o r re s p o n d in g  s i n g u l a r i t y  c l a s s i 

f i c a t i o n ,  a r e  shown in F ig .  5 -23 .  The s ke tche s  o f  the  s i n g u l a r  

p o in t s  in  t h i s  f i g u r e  a r e  on ly  meant t o  exempli fy  ty p ica l s i n g u l a r 

i t i e s .  The a c t u a l  t r a j e c t o r i e s  abou t  a given s i n g u l a r  p o i n t  can 

d i f f e r  s i g n i f i c a n t l y  from th o s e  shown.

The nex t  t a s k  i s  to  app ly  th e  p reced ing  th e o ry  t o  t h e  r e s u l t s  

of  th e  p r e v io u s  s e c t i o n .  Cons ider  t h e  two s i n g u l a r  p o i n t s  shown 

in F ig .  5 -8 .  Taking f i r s t  t h e  p o i n t  ( 0 . 4 1 2 , 0 . 0 ) ,  i t  i s  noted t h a t  

in Eq 5-27 on ly  t h e  t r a n s l a t i o n  in th e  x - d i r e c t i o n  i s  r e q u i r e d .  

Making th e  r e q u i r e d  s u b s t i t u t i o n  i n t o  Eq. 5-12 y i e l d s

dY =
ax

(5-31)

b - N Sin |x + 0 .4-12J -(b + M Cos[x+O.4l2 Iy + Ci Y Sin

I
: [x+0.4l2j

Y~|~l + Oi Cos j^X+0.412 
In o r d e r  t o  put  Eq. 5-31 i n t o  t h e  p rope r  form, i t  i s  f i r s t  nece ssa ry  

to  e x p r e s s  t h e  s i n e  and c o s i n e  terms as fo l lows

s i n | x + 0 . 4 1 2 j  = s i n  x cos 0 .412  + cos x s i n  0 .412  

co s |x + 0 .4 1 2 j=  cos x cos 0 .412  -  s i n  x s i n  0.412

(5-32)
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F ig . 5-23* C la ss if ica tio n  o f singular p o in ts .



Next,  the  s e r i e s  r e p r e s e n t a t i o n  o f  s i n x  and cosx must be s u b s t i t u t e d  

i n t o  Eq. 5-32.  A f t e r  c a r r y i n g  th rough  th e  i n d i c a t e d  m u l t i p l i c a t i o n s  

and s u b s t i t u t i n g  t h e  param ete r  v a l u e s ,  Eq. 5-31 may be ex p re s s e d  as

O j,

_dY = -8.09*1x10 X - 2.958x10 Y + Q ’(X,Y)
ax 1.092 Y + P'(X,Y)

where again Q’ ( x ,y )  and P’ ( x ,y )  c o n t a in  n e i t h e r  c o n s t a n t s  nor 

l i n e a r  terms in x and y .  The c h a r a c t e r i s t i c  eq u a t io n  i s  th e n  

g iven  by

A2 + 2 . 9 5 8 x l0 4 A + 8.839x10®= 0

with  th e  c o r re s p o n d in g  r o o t s

A , A = - 1 .4 7 9 x l0 4 ± j  2 . 579xl04 1’ 2 1

This co r responds  to  th e  c a s e  shown in F ig .  5 - 2 3 ( a ) and so t h e  

s i n g u l a r i t y  i s  a " s t a b l e  f o c u s . "

(5-33)

(5-34)

(5-35)
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Next ,  c o n s i d e r  the  second s i n g u l a r i t y  l o c a t e d  a t  ( 2 . 7 3 0 , 0 . 0 ) .  

Following th e  same procedure  used in th e  p rev ious  example y i e l d s

(5-36)

<3X 0.908 Y + P ’(X,Y)
dY = 8.09toQ6 X + 2.582x10** Y + Q'(X,Y)

The co r r e s p o n d in g  c h a r a c t e r i s t i c  eq u a t io n  i s  g iven  by

A2 -  2.582x10* A -7 .353x10s = 0 (5*37)

which has t h e  r o o t s

Aj,A2= 4.294x 10* , -  1.712x10* (5-38)

This c o r re s p o n d s  to  the  case  shown in  F ig .  5 - 2 3 ( f )  and so the  

s i n g u l a r i t y  i s  a " sa d d le  p o i n t . "  Although,  the  p r e v io u s  examples 

were based on th e  pa ram ete rs  o f  F ig .  5 -8 ,  i t  can r e a d i l y  be shown 

t h a t  the  s i n g u l a r i t y  p a i r s  on t h e  x - a x i s  in F ig .  5-9  th rough  

Fig .  5-19 f a l l  i n t o  the  same c l a s s i f i c a t i o n s  i . e  a s t a b l e  focus 

and a s a d d le  p o i n t .  In a d d i t i o n ,  th e  s i n g u l a r i t y  p a i r  a s s o c i a t e d  

with the  s t a n d a r d  s e c o n d -o rd e r  PLL in  F ig .  5-22 a r e  fo^nd t o  be 

a s t a b l e  focus  a t  ( 0 . 4 1 2 , 0 . 0 )  and a s a d d le  p o i n t  a t  ( 2 .7 3 0 ,  0 . 0 ) .
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F i n a l l y ,  c o n s i d e r  t h e  a d d i t i o n a l  s i n g u l a r i t i e s  which occu r  

a long  th e  l i n e s  d e f i n e d  by Eq. 5-23 when a  s i .  The i l l u s t r a t i v e  

example chosen i s  t h e  s i n g u l a r  p o in t  ( 2 .0 9 4 ,  1.169  x 104 ) in 

F ig .  5 -12 .  In t h i s  c a s e  both a t r a n s l a t i o n  in  th e  x and y  d i r e c t i o n  

a r e  r e q u i r e d .  Making th e  r e q u i r e d  s u b s t i t u t i o n s  i n t o  Eq. 5-12 

y i e l d s

dY = To Aa>i 
dX

- N Sin X+2.09^] -(b + M Cos X+g.O^lKy + 1.169x1(^5-3Ql
|Y + I.l69xl04j|l + a  Cos Jx+2.09^J j

QJ\Y + 1.169x10^) Sin X+2 .O9J
|Y + I.l69xl0l|̂ l + a Cos X+2.09^]J

which may be ex p re s sed  as

dY = 9 «208xl08 x + 5»553x10^ Y + Q'(X,Y)
dX - 2.025x10 X + P'(X,Y)

(5-40)

The co r re s p o n d in g  c h a r a c t e r i s t i c  e q u a t io n  i s  g iven  by

A2 - 3.528xl04 A -1.124xl09 = 0 (5-41)

which has t h e  r o o t s

A1,Az= 5.552X104 , - 2.024xl04 ( 5-42)
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Again ,  t h i s  c o r r e s p o n d s  to  t h e  c a s e  shown in  Fig .  5 - 2 3 ( f ) and so 

th e  s i n g u l a r i t y  i s  a " sa d d le  p o i n t . "  I t  can r e a d i l y  be shown t h a t  

th e  o t h e r  s i n g u l a r  p o i n t s  l o c a t e d  on t h e  l i n e s  x = ± 2.094  in  

Fig .  5-12 a r e  a l s o  s a d d le  p o i n t s .  Indeed ,  in  each o f  t h e  F i g s .  5-11 

th rough 5 -19 ,  f o r  which a  s  l , t h e  s i n g u l a r i t i e s  on t h e

l i n e s  g iven  by Eq. 5-23 a r e  seen  t o  be s a d d l e  p o i n t s .

5 . 3 .5  Computer Genera t ion  o f  Phase P lane  P o r t r a i t s . In the  

p rev ious  s e c t i o n s ,  a number o f  key p r o p e r t i e s  o f  t h e  phase p lane  

were ana lyzed  i n c lu d in g  l o c a t i o n  and c l a s s i f i c a t i o n  o f  s i n g u l a r  

p o i n t s ,  phase p lane  behav io r  f o r  l a r g e  f requency  e r r o r  and th e  

i s o c l i n e  method.  I t  remains to  g e n e r a t e  a s e r i e s  o f  t r a j e c t o r i e s  

over  the  ran g e  o f  param ete rs  o f  i n t e r e s t  and i n t e r p r e t  t h e  r e s u l t s  

in o rd e r  to  complete th e  phase p la n e  a n a l y s i s .  Again,  th e  r e s u l t s  

a r e  p re s e n te d  in  terms o f  the  b a s i c  Acampora and Newton ERPLD o r  

e q u i v a l e n t  f i l t e r  ERPLD param ete r s  [Ref.  3] in o r d e r  t h a t  th e  

t r a n s i t i o n  from th e  s t a n d a rd  s e c o n d - o r d e r  PLL to  t h e s e  more complex 

d ev ices  be shown more c l e a r l y .  For a l l  i n t e n t s  and p u r p o s e s ,  however, 

t h e s e  r e s u l t s  app ly  d i r e c t l y  to  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL 

through th e  change  o f  v a r i a b l e s  g iven  in  Eq. 5-5 .  Values o f  Aw. /K  

o f  0 . 4 ,  0 .6  and 0 . 9  were i n v e s t i g a t e d  f o r  a range  o f  a  from 

0.1 t o r 0 . 9  w i th  a g a in  the  pr im ary th o u g h t  in  mind be ing  to  de te rm ine  

how th e  phase p lane  p o r t r a i t  changes in  t h e  t r a n s i t i o n  from t h e  

s t a n d a rd  t o  t h e  g e n e r a l i z e d  s e c o n d - o r d e r  PLL over  a range  o f  f requency  

o f f s e t s  Aw-,. In a d d i t i o n ,  a phase  p lane  p o r t r a i t  f o r  a  = 1 was
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g e n e ra te d  f o r  comparison pu rp o ses .

The phase p lane t r a j e c t o r i e s  were de te rm ined  by th e  s o l u t i o n  

o f  Eq. 5-7 on th e  d i g i t a l  computer  us ing  th e  Continuous  System 

Modeling Program (CSMP). D e t a i l s  on the  use o f  CSMP were p r e s e n te d  

in t h e  p re v io u s  c h a p t e r .  F ig .  5-24 shows an example o f  a CSMP 

program used to  g e n e r a t e  a t y p i c a l  phase p lane  t r a j e c t o r y .

F ig s .  5-25 through 5-23 show p e r t i n e n t  phase p lane  t r a j e c t o r i e s  

f o r  Au)j /k=  0 .4  and a  = 0 . 1 .  Note t h a t  t h e  t r a j e c t o r y  motion 

as  a f u n c t i o n  o f  t ime i s  always from l e f t  to  r i g h t  in  the  upper 

h a l f  p lane  and r i g h t  t o  l e f t  in  th e  lower h a l f  p l a n e .  F ig .  5-25 

i n d i c a t e s  t h a t  f o r  a small  n e g a t i v e  f requency  e r r o r ,  t h e  t r a j e c t o r y  

moves to  th e  reg ion  o f  t h e  s t a b l e  focus  and a c h i e v e s  l o c k - i n  w i th o u t  

s k ip p in g  c y c l e s .  I t  shou ld  be noted t h a t  t h e o r e t i c a l l y  i t  r e q u i r e s  

an i n f i n i t e  amount of  t im e  to  a c t u a l l y  reach  th e  l o c k - i n  p o i n t  

a t  ( 0 . 4 1 2 , 0 . 0 ) ;  however, i t  i s  normal ly  assumed t h a t  l o c k - i n  has 

o c cu r red  a t  t im e  t Q such t h a t  | 0 e ( t )  -  0 e ( 00 ) | < <5 where

6 i s  some small a l lowed  e r r o r  [Ref  1,  p .  99 ]  . As the  i n i t i a l  

f r eq u en cy  e r r o r  i s  i n c r e a s e d  f u r t h e r  and f u r t h e r  in  t h e  n e g a t iv e  

d i r e c t i o n ,  th e  system b eg in s  to  sk ip  c y c l e s  b e f o r e  l o c k - i n  o c c u r s .

For example,  in  F ig .  5 -2 7 ,  t h r e e  c y c l e s  a r e  sk ipped  p r i o r  to  l o c k -  

in .  For p o s i t i v e  i n i t i a l  f r equency  e r r o r ,  l o c k - i n  occu rs  f o r  some 

i n i t i a l  c o n d i t i o n s  but  n o t  f o r  o t h e r s .  In p a r t i c u l a r ,  t h e r e  i s  

a l i m i t  c y c l e  a t  1 .6 6 x l0 5 below which th e  t r a j e c t o r i e s  tend  t o
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TITLE PHASE PLANE TRAJECTORY GENERATION 

INITIAL
CONSTANT DEL0MG=4.23E5 
CONSTANT ALPHA=0.5 
CONSTANT A=2.94E4 
CONSTANT B=1.88E3 
CONSTANT XK=4.7E5

XM=ALPHA*B+XK*B/A
XN=XK*B

DYNAMIC
PHI1=INTGRL(-1.0E4,PHI2) 

PHI=INTGRL(3.1415927,PHI1) 
XNEW2=SIN(PHI)
XNEW3=C0S(PHI)
XNEW4=B*DEL0MG 
XNEW5=(-XN)*XNEW2 
XNEW6=(XM*XNEW3+B)*(-PHI1)
XNEW7=(PHI1**2)*ALPHA*XNEW2 
XNEW8=1. 0+ALPHA*XNEW3 

PHI2=(XNEW4+XNEW5+XNEW6+XNEW7)/XNEW8 
TIMER DELT=1. OE-7,PRDEL=1. 0E-6,FINTIM=2.5E-3 
PRINT PHI,PHI1 
METHOD RECT 
END 
STOP

Fig* 5-2U. CSMP program used to generate a typical phase plane 
trajectory.
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move upwards toward t h i s  o s c i l l a t i o n  r e g io n  and above which t h e  

t r a j e c t o r i e s  move downwards towards the  o s c i l l a t i o n  r e g io n .

F ig .  5-28 shows an i n i t i a l  c o n d i t i o n  which r e s u l t s  in c y c l e  s l i p p i n g  

t r a j e c t o r i e s  moving downwards towards t h e  l i m i t  c y c l e .  I t  i s  

s i g n i f i c a n t  t o  no te  t h a t  th e  t r a j e c t o r i e s  shown in F ig .  5-28 a r e  

f o r  r e l a t i v e l y  l a r g e  v a l u e s  o f  f requency  e r r o r .  As such ,  th e y  

should  app ro x im a te ly  be g iven by Eq. 5 -17 .  Fig 5-1 shows t h i s  

t o  indeed  be the  c a s e .  Some a d d i t i o n a l  comments a r e  in  o r d e r  con

c e r n i n g  th e  sadd le  p o i n t  a t  ( 2 . 7 3 0 , 0 . 0 ) .  There i s  a p a i r  o f  cu rves  

p a s s in g  th rough  a s a d d le  p o i n t  c a l l e d  s e p a r a t r i c e s .  These c u rv es  

s e p a r a t e  th e  phase p la n e  i n t o  r eg ions  in  which th e  phase t r a j e c t o r i e s  

have d i f f e r e n t  t o p o l o g i c a l  c h a r a c t e r i s t i c s .  For t h e  case  a t  hand, 

th e  s e p a r a t r i c e s  d i v i d e  th e  phase p lane  i n t o  r e g io n s  where t r a j e c t o r i e s  

t e n d in g  towards l o c k - i n  occur  and th ose  t e n d in g  towards the  o s c i l l a t o r y  

l i m i t  c y c l e  a r e  found .  This p ro p e r ty  w i l l  become more e v i d e n t  

in  subsequen t  phase p la n e  p o r t r a i t s .

A comparison o f  t h e  p reced ing  r e s u l t s  w i th  t h a t  found f o r  

th e  s t a n d a r d  s e c o n d - o r d e r ,  ty p e  one PLL [R e f .  1,  p.  103, Ref.  2 ,  

pp.  600-602 and Ref.  10,  pp.  2 0 -21 ]  show them to  be q u i t e  s i m i l a r  

in many r e s p e c t s  as  expec ted  f o r  <*= 0 . 1 .  In th e  r eg io n  o f  

r e l a t i v e l y  small f r e q u e n c y  e r r o r ,  the  c h a r a c t e r i s t i c s  o f  th e  t r a 

j e c t o r i e s  a r e  found t o  be v i r t u a l l y  t h e  same. For r e l a t i v e l y  

l a r g e  v a l u e s  o f  f r e q u e n c y  e r r o r ,  a 90° phase d i f f e r e n c e  in  t h e  

t r a j e c t o r i e s  f o r  th e  a  = 0 .1  case  and th e  s t a n d a r d  s e c o n d -o rd e r  

PLL i s  found (see  a l s o  F ig s .  5-1 and 5 - 7 ) .
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Consider  n ex t  how th e  phase  p lane  p o r t r a i t s  change as a  

i s  i n c r e a s e d  towards u n i t y .  F ig s .  5-29 th rough  5-31 show a group 

o f  t r a j e c t o r i e s  a g a in  f o r  A u>. /k=  0 .4  bu t  w i th  «  = 0 .5 .

S i m i l a r l y ,  F ig s .  5-32 th rough  5-35 show t r a j e c t o r i e s  f o r  A w. /K  =

0 .4  w i th  «  = 0 . 9 .  A compar ison o f  F ig s .  5 -25 ,  5 -29 ,  and 5-32 ,  

a l l  o f  which have th e  same i n i t i a l  c o n d i t i o n s ,  show l i t t l e  change 

in t h e  t r a j e c t o r y  u n t i l  a  -  0 .9  i s  reached .  At t h i s  p o i n t ,  t h e  

t r a j e c t o r y  changes r a t h e r  d r a m a t i c a l l y  showing a more pronounced 

e f f e c t  due to  t h e  s a d d le  p o i n t .  Next ,  c o n s i d e r  F ig s .  5 -26 ,  5-30 

and 5 -33 ,  which a g a in  have t h e  same i n i t i a l  c o n d i t i o n s .  In t h i s  

sequence ,  i t  i s  no ted t h a t  an i n c r e a s e  in  a  c au s e s  th e  t r a j e c t o r y  

to  become i n c r e a s i n g l y  peaked.  Cons ide r  nex t  F ig s .  5 -27 ,  5-31 and 5-34.

In t h i s  sequence  i t  i s  noted t h a t  w i th  t h e  same s e t  o f  i n i t i a l  c o n d i t i o n s ,  

as  a  i s  i n c r e a s e d  the  sys tem s k ip s  fewer and fewer  c y c l e s  b e fo re  

l o c k - i n .  In F ig .  5 -34 ,  f o r  a  = 0 . 9 ,  no c y c l e s  a r e  sk ipped  and in  

f a c t  t h e  i n i t i a l  f requency  e r r o r  must be made s u b s t a n t i a l l y  more 

n e g a t iv e  b e f o r e  c y c l e s  a r e  s k ip p e d ,  as  shown in  F ig .  5-35 .  I t  i s  a l s o  

noted ( i n  d a t a  no t  shown h e re )  t h a t  as  a  i s  i n c r e a s e d ,  the  l i m i t  c y c l e  

in  th e  upper  h a l f  p lane  moves t o  a g r e a t e r  f r eq u en cy  e r r o r .



2k9

k  -

cu “

l/N

H _

CM _

II

<U-©l

<D
•'St.

tr\
o
II
a

•
o
it

w

<d
fn
e

&o■pt)0)■oaJP
■P
<D

Pi
<Dra
APh

8Itr\

tao•H



250

ir\ir\

CM -

II

0)

ITS

9X0  
•

H1

a)

us
«

o
it
Q

•
O
II

3^
«d
u

fro+>o<u
•n>

fi+5
vu

If*
<uto
£P*

aCOIUN

to
•H5*<



251

b - ^

<m H

ir\

CVJ -+

b  J

Fi
g.
 
5-
31
. 

Ph
as
e 

pl
an
e 

tr
aj
ec
to
ry
 

for
 

A
u

±/
k
 = 

OA
, 

a=
 
0.
5,
 
0e

(O)
 
= 

-2
.0
x1

0 ̂
and
 
0e

(°
)



01X0*1

252



253

ir\ IT\

Fi
g.
 
5-
33
* 

Ph
as
e 

pl
an
e 

tr
aj
ec
to
ry
 

for
 
Aô
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At t h i s  p o i n t  i t  i s  o f  i n t e r e s t  to  r e f l e c t  back to  t h e  d i s 

c u s s io n  on i s o c l i n e s  in  Sec.  5 . 3 . 3 .  The purpose o f  t h i s  i s  tw ofo ld .  

F i r s t ,  the  i s o c l i n e s  s e rv e  as an added check on th e  computer  gene ra ted  

t r a j e c t o r i e s .  In a d d i t i o n ,  th e  i s o c l i n e s  g ive  supp lem en ta ry  d e t a i l  

on the  b ehav io r  o f  th e  t r a j e c t o r i e s .  F ig s .  5-8 th rough  5-10 show 

th e  m = o i s o c l i n e s ,  i . e . ,  t h e  loc us  o f  p o in t s  f o r  which th e  t r a j e c 

t o r i e s  in th e  phase  p lane  have z e ro  s l o p e ,  f o r  th e  p rece d ing  c a s e s .  

From Eq. 5-12 i t  i s  noted t h a t  f o r  a  < 1 th e  m = °° i s o c l i n e s  can 

on ly  occur  a t  y  = o ,  i . e . ,  a long  th e  x - a x i s .  A check on th e  computer  

gene ra ted  t r a j e c t o r i e s  show them t o  indeed  ag ree  w i th  t h e  i s o c l i n e  

p r e d i c t i o n s .

Cons ider  nex t  t h e  e f f e c t  o f  i n c r e a s i n g  the  f r e q u e n c y  o f f s e t  

A U ; .  F ig s .  5-36 th rough 5-39 show p e r t i n e n t  t r a j e c t o r i e s  f o r  

Aw. / k = 0 .6  and a  = 0 . 1 .  As A w . i s  i n c r e a s e d ,  t h e  s t a b l e  focus
■ i

and and s a d d le  p o i n t  more c l o s e r  t o  each o t h e r  as  d i c t a t e d  by Eq .5 -22 .  

This i s  shown in F ig .  5-36 a long  w i th  th e  t r a j e c t o r y  f o r  a small 

i n i t i a l  n e g a t i v e  f r equency  e r r o r .  In t h i s  case  t h e  t r a j e c t o r y  

does not  lock  in  bu t  r a t h e r  e n t e r s  t h e  upper  h a l f  p la n e  and s k ip s  

c y c l e s  as i t  p r o g r e s s e s  towards th e  l i m i t  cyc le  a t  2 .6  x 105 .

Although t h i s  b eh av io r  i s  q u i t e  d i f f e r e n t  from t h a t  observed  in 

F ig .  5-25 f o r  th e  same i n i t i a l  c o n d i t i o n s ,  t h i s  same type  o f  t r a 

j e c t o r y ,  occu rs  in t h e  AWj/K = 0 . 4  ca s e  f o r  very  small  n e g a t i v e
I Q

i n i t i a l  f r eq u en cy  e r r o r s  e . g . , 0 e (o)  = - 1 . 0  x 10 and 0 e (o)  = n .
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F ig s .  5-37 and 5-38 show the  same g e n e ra l  behav io r  as t h e  Aojj/K 

= 0 .4  cases  with  t h e  same i n i t i a l  c o n d i t i o n s  shown in  F i g s .  5-26 

and 5-27 ,  e x ce p t  t h a t  fewer  c y c l e s  a r e  s k ip p e d .  F i n a l l y ,  F ig .  5-39 

shows a downwards c y c l e  s l i p p i n g  towards  t h e  l i m i t  c y c l e  f o r  a 

l a r g e  p o s i t i v e  i n i t i a l  f requency  e r r o r .

F ig s .  5-40 th rough  5-42 show p e r t i n e n t  t r a j e c t o r i e s  f o r  t h e  

AcOj /K = 0 .6  c a s e  w ith  “  = 0 .5  and 0 . 9 .  Again th e s e  r e s u l t s  

compared t o  t h e i r  c o u n t e r p a r t s  in t h e  Aca/K = 0 .4  case  show s i m i l a r  

types  o f  t r a j e c t o r i e s  but  w ith  fewer  c y c l e s  s l i p p e d .  I n c r e a s i n g  

Au)j * then appea rs  to  have the  e f f e c t  o f  s t r e t c h i n g  th e  phase 

p lane  p o r t r a i t  in t h e  v e r t i c a l  d i r e c t i o n  w i th  the  l i m i t  c y c l e  o c c u r r in g  

a t  a h ig h e r  f r equency  e r r o r .  This e f f e c t  i s  a l s o  noted in  the  

s t a n d a rd  s e c o n d -o rd e r  PLL [R e f .  2 ,  pp.  600-602 ] .

The f i n a l  c a s e  t o  be co n s id e re d  f o r  v a lu e s  o f  a  l e s s  than  

u n i t y  i s  AWj/K = 0 . 9 .  Recall  t h a t  t h i s  v a l u e  i s  app roach ing  th e  

l i m i t i n g  v a lu e  o f  AtUj/K = 1 .0  beyond which th e  s i n g u l a r i t i e s  on 

t h e  x - a x i s  v a n i s h .  F ig s .  5-43 th rough 5-46 show p e r t i n e n t  t r a 

j e c t o r i e s  f o r  a. = 0 . 1 .  Fig 5-43,  which shows the  new p o s i t i o n  

o f  the  s i n g u l a r i t i e s ,  i n d i c a t e s  t h a t  f o r  a small n e g a t i v e  f requency  

e r r o r  th e  t r a j e c t o r y  ag a in  e n t e r s  t h e  upper h a l f  p lane  and moves 

upwards towards t h e  l i m i t  cyc le  a t  4 .13  x 105. This i s  t h e  same 

type  o f  b ehav io r  e x h i b i t e d  f o r  t h e  Ao>j/K = 0 .6  case  and as  a n t i c i p a t e d  

t h e  p o s i t i o n  o f  th e  l i m i t  cy c l e  a g a in  moves upward.  As t h e  i n i t i a l
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frequency  e r r o r  i s  made i n c r e a s i n g l y  n e g a t i v e ,  th e  t r a j e c t o r i e s  

l o c k - i n  w i th o u t  sk ip p in g  c y c l e s  as shown f o r  example in  Fig 5-44.

At t h i s  p o i n t ,  an i n t e r e s t i n g  phenomenon o c c u r s .  A s l o t  i s  en

coun te red  f o r  which the  t r a j e c t o r i e s  no lo nge r  l o c k - i n  bu t  r a t h e r  

move in t o  t h e  upper  h a l f  p lane towards  t h e  l i m i t  c y c l e .  An example 

o f  a t r a j e c t o r y  in t h i s  r eg ion  i s  shown in  F ig .  5 -45 .  A f t e r  the  

no l o c k - i n  s l o t ,  a f u r t h e r  n e g a t i v e  d e c r e a s e  in th e  f r e q u e n c y  e r r o r  

aga in  r e s u l t s  in t r a j e c t o r i e s  which l o c k - i n ,  however, th e y  do so 

a f t e r  s k ip p in g  c y c l e s .  An example o f  such a t r a j e c t o r y  i s  shown 

in Fig .  5 -46 .  The e f f e c t  o f  l i m i t i n g  t h e  phase p lane  p o r t r a i t  to  

— 7r < tt , t h e n ,  causes  a l t e r n a t i n g  bands o f  l o c k - i n  and no lo c k -

in t r a j e c t o r i e s .  This  same e f f e c t  a l s o  occurs  f o r  s m a l l e r  v a lu e s  

o f  Au>./K, however,  th e  band o f  no l o c k - i n  appears  to  widen sub

s t a n t i a l l y  f o r  v a lu e s  of  Aa>/K app roac h ing  u n i t y .  This  i s  in  keepingI

with  the  o b s e r v a t i o n  d i s c u s s e d  e a r l i e r  t h a t  i n c r e a s i n g  i w / K
I

towards u n i t y  t e nds  to  s t r e t c h  th e  phase p lane  p o r t r a i t  in t h e  

v e r t i c a l  d i r e c t i o n .  For va lues  o f  a  g r e a t e r  than 0.1 and l e s s  than  

u n i t y  on ly  p a r t i a l  d a t a  was o b t a in e d  which i n d i c a t e  s i m i l a r  changes 

occur as was observed  in the  Aw./K = 0 .4  and 0 .6  c a s e s .  F ig .  5-47 

shows an example f o r  “  = 0.5 in  which the  in c re a s e d  peakedness  o f  

the  t r a j e c t o r y  i s  aga in  a p p a r e n t .

As d i s c u s s e d  p r e v io u s l y  f o r  a  ^ 1 a d d i t i o n a l  s i n g u l a r i t i e s  a r e  

in t roduced  i n t o  th e  phase p lane  a long  th e  l i n e s  g iven  by Eq. 5-23.
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The o c c u r r e n c e  o f  th e s e  new s i n g u l a r i t i e s  s i g n a l s  a d r a m a t ic  change 

in t h e  phase p lane  p o r t r a i t  as  h in t e d  by F ig s .  5-4  th rough  5-6 .

From Eq. 5-12 i t  i s  noted t h a t  the  l i n e s  along which th e  new s in g u 

l a r i t i e s  occur  a r e  a l s o  i s o c l i n e s  f o r  m = »  i . e . ,  t h e  s lo p e  o f  th e  

t r a j e c t o r i e s  dy /dx  along the  l i n e s

i s  i n f i n i t e  exce p t  a t  the  s i n g u l a r i t i e s  where i t  becomes i n d e t e r m i n a t e .  

F ig .  5-48 shows th e  phase p la n e  p o r t r a i t  f o r  Au>/K = 0 . 4 ,  with

a  = 1 . 0  and th e  remaining p a ram e te r s  being th o s e  o f  Acampora 

and Newton [ R e f .  3 ]  . There a r e  two s i n g u l a r i t i e s  a long  the  x-  

a x i s ;  a s t a b l e  focus  a t  ( 0 .4 1 2 ,  0 .0 )  and a s a d d le  p o i n t  a t  ( 2 .7 3 0 ,  0 . 0 ) .  

In a d d i t i o n ,  t h e r e  a r e  s a d d le  p o i n t s  a t  [ ± n  , -1 .176  x 104 ) .

From th e  f i g u r e  i t  i s  noted  t h a t  depending upon th e  i n i t i a l  c o n d i t i o n s ,  

some t r a j e c t o r i e s  l o c k - i n  w h i l e  o t h e r s  proceed towards  an i n f i n i t e  

f requency  e r r o r  in  e i t h e r  t h e  p o s i t i v e  or  n e g a t i v e  d i r e c t i o n .  This  

b r ings  o u t  an obvious d i s p a r i t y  w ith  th e  p hys ica l  system which has 

l i m i t s  on t h e  a c t u a l  f r equency  e r r o r  i t  can e x h i b i t  and i s  an a r e a  

which d e s e r v e s  f u t u r e  i n v e s t i g a t i o n .  For v a lu e s  o f  a  g r e a t e r  than  

u n i t y  t h e  p o s i t i o n s  o f  the  added s i n g u l a r i t i e s  change p o s i t i o n  

acc o rd in g  to  Eq. 5 -23 ,  however t h e  same b a s i c  ty p e s  o f  t r a j e c t o r i e s  

j u s t  d e s c r i b e d  o c c u r .

(5-23)



P ig . 5-1+8. Phase p lane p o r t r a i t  f o r  Acoj/ k = O.h and a =1 .0 .
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In t h i s  c h a p t e r  th e  b a s i c  a c q u i s i t i o n  and t r a c k i n g  behav io r  

o f  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL has been dev e lo p ed .  There a r e  

o f  cou rse  o t h e r  f a c e t s  o f  the  n o n - l i n e a r  b eh a v io r  o f  th e  g e n e r a l i z e d  

s e c o n d - o r d e r  PLL which d e s e r v e  i n v e s t i g a t i o n ,  e . g . ,  t h e  loop with  

l i n e a r l y  v a ry ing  f r equency  i n p u t .  This  and o t h e r  f u t u r e  i n v e s t i g a t i v e  

p o s s i b i l i t i e s  w i l l  be d i s c u s s e d  in  the  nex t  c h a p t e r .
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CHAPTER VI 

CONCLUSIONS

6.1 Conclusions

In t h i s  d i s s e r t a t i o n ,  a s e c o n d -o rd e r  PLL in  which th e  loop 

f i l t e r  c o n t a in s  complex ze ro s  has been i n v e s t i g a t e d .  P r i o r  d e s ig n s  

used a f i l t e r  c o n t a i n i n g  a s imple  z e ro  on th e  n e g a t iv e  r e a l  a x i s .  

This  " g e n e r a l i z e d "  s e c o n d - o r d e r  PLL had been h e r e t o f o r e  u n e x p lo re d ,  

a l th o u g h  t h e re  was exper im en ta l  ev idence  on a r e l a t e d  loop (ERPLD) 

which sugges ted  t h a t  c o n s i d e r a b l e  per form ance  improvement was 

p o s s i b l e  with t h i s  g e n e r a l i t y ,  in terms o f  t h r e s h o l d  pe rformance  

[Ref .  1,  pp.  260-261 and Ref. 2 ] .  The b a s i c  c h a r a c t e r i s t i c s  o f  

t h e  g e n e r a l i z e d  s e c o n d - o r d e r  PLL in c l u d i n g  th e  open and c l o s e d -  

loop responses  and th e  co r re s p o n d in g  r o o t  locus  were g e n e r a t e d  

and compared a g a i n s t  t h o s e  o f  the  c o n v e n t io n a l  s e c o n d -o rd e r  PLL.

As in  t h e  co n v e n t io n a l  s e c o n d -o rd e r  PLL c a s e ,  th e  g e n e r a l i z e d  

s e c o n d -o rd e r  PLL was found to  be u n c o n d i t i o n a l l y  s t a b l e .  The 

c l o s e d - l o o p  r e s p o n s e  o f  the  g e n e r a l i z e d  s e c o n d -o rd e r  PLL i n d i c a t e s  

t h a t  th e  no ise  bandwidth  o f  the  d e v i c e  i s  t h e o r e t i c a l l y  i n f i n i t e  

thus  making the  p r e d e t e c t i o n  f i l t e r  c r i t i c a l  to  the  per formance 

o f  t h i s  PLL. Such i s  no t  t h e  case  in  t h e  c o n v en t io n a l  PLL.
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A method was p r e s e n t e d  f o r  a ch iev in g  an optimum des ign  f o r  

th e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL f o r  a number o f  u s e fu l  modula t ion  

types  i n c l u d i n g  a s i n g l e - c h a n n e l  FM speech s i g n a l ,  FDM-FM and FDM-PM. 

This optimum des ign  was in  terms o f  t h r e s h o l d  performance and 

r e q u i r e s  a knowledge o f  " v  " th e  mean-square phase  e r r o r  a t  t h r e s h o l d  

f o r  t h e  d e v i c e .  P rev ious  exper im en ta l  and a n a l y t i c a l  ev idence  

with  co n v e n t io n a l  PLLs [Ref.  1,  pp.  138-147,  Ref.  3 and Ref.  4] 

has i n d i c a t e d  a range  o f  v a l u e s  o f  v  between 0 .20  and 0 .2 5 .  The 

optimum d e s ig n  was found t o  be r e l a t i v e l y  i n s e n s i t i v e  to  a v a r i a t i o n  

of  v  o v e r  t h i s  range .

Using th e  Continuous  System Modeling Program (CSMP), a non

l i n e a r  model o f  the  g e n e r a l i z e d  s e c o n d -o rd e r  PLL was s im u la te d  

f o r  t h e  t e s t - t o n e  m odu la t ion  ca s e  both in t h e  absence  o f  n o i se  

and w i th  t h e  s ig n a l  c o r r u p t e d  by bandpass Gauss ian  n o i s e .  In 

a d d i t i o n ,  p r e l i m i n a r y  r e s u l t s  f o r  t h e  case  o f  a s i n g l e - c h a n n e l  

FM v o ic e  s i g n a l  were o b ta in e d  and th e  methods f o r  s im u l a t i n g  t h e  

FDM-FM and FDM-PM c ases  were g iv e n .  I t  was shown t h a t  by comparing 

the  r e s u l t s  o b ta in e d  f o r  th e  n o n - l i n e a r  model a g a i n s t  th o s e  p r e d i c t e d  

from t h e  l i n e a r  f o r m u l a t i o n ,  a measure o f  t h e  mean-square phase 

e r r o r  a t  t h r e s h o l d  f o r  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL i s  o b t a i n a b l e ,  

and ranges  between 0.25 and 0 .30 .
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A d d i t i o n a l  i n s i g h t  i n t o  t h e  o p e r a t i o n  o f  t h e  g e n e r a l i z e d  

s e c o n d -o rd e r  PLL was o b t a in e d  th rough  i n v e s t i g a t i o n  o f  i t s  a c q u i s i t i o n  

and t r a c k i n g  b e h a v i o r .  This  was accompli shed  u s in g  phase plane 

t e c h n iq u e s  t o  s tu d y  the  n o n - l i n e a r  d i f f e r e n t i a l  e q u a t io n  which 

governs t h e  loop o p e r a t i o n .  The r e s u l t s  i n d i c a t e d  t h a t  f o r  Kb//3'<1.0 

( s ee  Sec.  5 .2 )  t h e  phase p la n e  behav io r  of  the  g e n e r a l i z e d  second- 

o rd e r  PLL i s  s i m i l a r  to  t h a t  o f  the  c o nven t iona l  s e c o n d - o r d e r  PLL 

with  d i f f e r e n c e s  in the  t r a j e c t o r y  shape and c y c l e  s l i p p i n g  r a t e s  

being n o t i c e d .  However, f o r  K b / 0  > 1 . 0  the  phase p lane  p o r t r a i t  

i s  seen t o  change markedly w i th  th e  i n t r o d u c t i o n  o f  a d d i t i o n a l  s i n g u 

l a r i t i e s  i n t o  th e  phase p la n e .

6 .2  S u g g e s t io n s  f o r  F u tu re  Work

The optimum d e s ig n  t e c h n i q u e  p r e s e n t e d  in  C hap te r  3 may have 

a p p l i c a t i o n s  not  on ly  to  t h e  c o n v e n t io n a l  and g e n e r a l i z e d  second- 

o rd e r  PLL bu t  t o  h ighe r  o r d e r  PLLs as w e l l .  Design and performance  

o f  PLLs o f  o r d e r  g r e a t e r  than  two a r e  as y e t  l a r g e l y  unexplored  

[Ref. 1 ,  p.  152] and the optimum d e s ig n  p rocedu re  p r e s e n t e d  in t h i s  

d i s s e r t a t i o n  ho lds  the  p o s s i b i l i t y  o f  remedying t h i s  s i t u a t i o n .

I t  1s a l s o  d e s i r a b l e  to  i n v e s t i g a t e  an a l t e r n a t e  o p t i m i z a t i o n  

a l g o r i t h m  w i th  t h e  goal o f  d e c r e a s i n g  the  CPU time r e q u i r e d  to 

o b t a in  the  optimum loop p a ra m e te r s .
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The computer  s im u l a t i o n  t e c h n iq u e s  and r e s u l t s  of  Chapter  4 

should  be an a id  f o r  more advanced work.  I t  i s  d e s i r a b l e ,  f o r  example,  

to  perform the  s im u l a t i o n s  f o r  th e  FDM-FM and FDM-PM cases  and o b ta in  

the  c o r re s p o n d in g  d a t a  f o r  t h e  meansquare phase e r r o r  a t  t h r e s h o l d .

In a d d i t i o n ,  the  p o s s i b i l i t y  o f  r e f i n i n g  the  PSD models f o r  the  

v a r io u s  m odu la t ion  c a s e s  could be i n v e s t i g a t e d  in  an e f f o r t  to  more 

c l o s e l y  s im u l a t e  the  a c t u a l  p h y s ic a l  s i t u a t i o n  t h e re b y  a c h i e v in g  

more p r e c i s e  r e s u l t s .  As d i s c u s s e d  e a r l i e r ,  i t  i s  d e s i r a b l e  to  

i n v e s t i g a t e  PLLs o f  o r d e r  g r e a t e r  than  two.  The computer  s im u l a t i o n  

o f  such d e v i c e s  i s  an obvious and s i g n i f i c a n t  p a r t  o f  t h i s  i n v e s t i 

g a t io n  and should  be e x p lo re d .

I t  i s  a l s o  o f  i n t e r e s t  to  compare t h e  a c q u i s i t i o n  t im es  ( see  

Sec.  5 . 3 . 5 )  o f  th e  c o n v en t io n a l  and g e n e r a l i z e d  s e c o n d - o r d e r  PLL.

This can be accompli shed  by aga in  u s in g  the  CSMP t o  o b t a i n  th e  

co r re s p o n d in g  t ime s o l u t i o n s  o f  th e  d i f f e r e n t i a l  e q u a t io n s  governing 

th e  two PLLs.

The phase p la n e  a n a l y s i s  o f  Chap te r  5 y i e l d e d  a d d i t i o n a l  

i n s i g h t  i n t o  t h e  behav io r  o f  th e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL; 

however, i t  b rought  to  l i g h t  a n o t h e r  q u e s t i o n .  For Kb//32= 1 .0  the 

phase p lane p o r t r a i t  shows an absence  o f  cyc le  s l i p p i n g  and 

t r a j e c t o r i e s  which t h e o r e t i c a l l y  move towards i n f i n i t e  f r equency  

e r r o r  ( s ee  Sec .  5 . 3 . 5 ) .  E xac t ly  what  s i g n i f i c a n c e  t h e s e  f i n d i n g s  

have in  l i g h t  o f  the  performance  and component l i m i t a t i o n s  o f  the 

ac tu a l  p h y s ica l  d ev ice  remains y e t  t o  be answered.
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APPENDIX A

COMPUTER PROGRAMS USED TO EVALUATE MAGNITUDE 
AND PHASE RESPONSE OF THE ERPLD AND ROOT 
LOCUS OF THE GENERALIZED SECOND-ORDER PLL

C CLOSED LOOP MAGNITUDE RESPONSE OF ERPLD WITH VARYING ALPHA 
10 READ(5,20) ALPHA 
20 FORMAT (8F10.0)

A=2.94E4
B=1.83E3
XK=4.7E5
RFRQ=0.0
XNEWA=ALPHA/(XK*B)

30 XNEWB=1. 0 - ( RFRQ**2)*XNEWA 
XNEW1=XNEWB**2 
XNEWC=1.O/A+ALPHA/XK 
XNEWD=RFRQ*XNEWC 
XNEW2=XNEWD**2 
XNEWE=(1.0+ALPHA)/(XK*3)
XNEWF=1.0-(RFRQ**2)*XNEWE
XNEW3=XNEWF**2
XNEWG=1.0/A+(l.0+ALPHA)/XK
XNEWH=RFRQ*XNEWG
XNEW4=XNEWH**2
TRSQ=(XNEW1+XNEW2) / ( XNEW3+XNEW4)
TRANS=SQRT(TRSQ)
TRANDB=10 . 0*AL0G10 (TRANS)
FREQ=RFRQ/(2.0*3.1415927)
WRITE( 6 ,4 0 )  TRANS , RFRQ , FREQ , ALPHA , TRANDB 

40 F0RMAT(1P5E16.6)
RFRQ-RFRQ+1000.0
IF(RFRQ.GT.3.0E5) GO TO 10
GO TO 30
STOP
END



1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36

A2

C CLOSED LOOP PHASE RESPONSE OF ERPLD WITH VARYING ALPHA

10 READ(5,20) ALPHA 
20 F0RMAT(8F10.0)

A=2.94E4
B-1.88E3
XK=4.7E5
RFRQ=0.0
XNEWA=ALPHA/(XK*B)

30 XNEW1=1. 0 - (RFRQ**2)*XNEWA
IF(ABS(XNEW1) . LT.1 . OE—30) GO TO 99 
XNEWB=1. O/A+ALPHA/XK 
XNEW2=RFRQ*XNEWB 
XNEWR=XNEW2/XNEW1 
IF(XNEWl.LT.O.O) GO TO 40 
THETA1=ATAN( XNEWB)
GO TO 50 

40 THETAl=ATAN(XNEWR)+3.1415927 
50 XNEWC=(1.0+ALPHA)/(XK*B) 

XNEW3=1.0-(RFRQ**2)*XNEWC 
IF(ABS( XNEW3) . LT.1 . 0E-30) GO TO 99 
XNEWD=1. 0/A+(1 . 0+ALPHA)/XK 
XNEW4=RFRQ*XNEWD 
XNEWS=XNEW4/XNEW3 
IF(XNEW3.LT.0.0) GO TO 60 
THETA2=ATAN( XNEWS)
GO TO 70 

60 THETA2=ATAN(XNEWS)+3.1415927 
70 THETA=THETA1-THETA2

THETAD=( 1 8 0 .0 /3 .1 4 1 5 9 2 7 )*THETA 
FREQ=RFRQ/(2.0*3 .1415927)
WRITE( 6 .8 0 )  THETAD , RFRQ , FREQ , ALPHA , THETA 

80 F0RMAT(1P5E16.6)
99 RFRQ=RFRQ+1000.0

IF(RFRQ.GT.3.0E5) GO TO 10
GO TO 30
STOP
END



1
2
3
4
5
6
7
3
9

10
11
12
13
14
15
16
17
13
19
20
21
22
23
24
25
26
27
23
29
30
31
32
33

A3

C GENERALIZED SECOND-ORDER PLL-ROOT LOCUS

B=1.88E3 
BETA=8.836E8 
GAMMA=2.767E4 
XK»1.0E5 

10 XNEW1=1.Q/XK+1.O/GAMMA 
XNEW2=1.0/(XK*B)+1.O/BETA 
RE1=(XNEW1/XMEW2) * ( - 0 . 5 )  
XNEW3=XNEW1**2 
XNEW4=4. 0 * ( XNEW2**2) 
XNEW5=XNEW3/XNEW4 
XNEW6=XNEW5-1.0/XNEW2 
IF(XNEW6.LT.0.0) GO TO 40 
RE2=SQRT(XNEW6)
S1=RE1+RE2
S2=RE1-RE2
WRITE(6,20)

20 FORMAT(1H , 16HREAL ROOT REGION) 
WRITE(6,30) S1,S2,XK 

30 F0RMAT(1P3E16.6)
GO TO 70 

40 XNEW7=ABS(XNEW6)
XNEW8=SQRT(XNEW7)
XIM1=XNEW8
XIM2=XNEW8*(-1.0)
WRITE(6,50)

50 F0RMAT(1H , 19HC0MPLEX ROOT REGION) 
WRITE(6 ,6 0 )  RE1,XIM1,XIM2,XK 

60 F0RMAT(1P4E16.6)
70 XK=XK+1.0E5

I F ( XK.6E.1 .0E8) GO TO 80 
GO TO 10 

80 STOP 
END



APPENDIX B

DETAILED MATHEMATICS FOR CLOSED-FORM SOLUTION OF 
(CNRIF)TH FOR THE VOICE MODULATION CASE

In t h i s  Appendix,  a d e t a i l e d  d e r i v a t i o n  o f  (CNRIF)TH in  c lo sed  

form f o r  a s i n g l e - c h a n n e l  FM speech  s ig n a l  i s  p r e s e n t e d .  Each 

o f  th e  fo u r  c a s e s  as g iven  by Eqs. 3 -2 8 ,  3 -2 9 ,  3-37 and 3-46 i s  

d i s c u s s e d .  Beginning with  Cases I and I I ,  which may be combined 

f o r  much of  the  d e r i v a t i o n  which f o l l o w s ,  and r e a l i z i n g  t h a t  th e  

i n t e g ra n d  in Eq. 3-24 i s  an improper polynomial  f u n c t i o n ,  a d i v i s i o n  

i s  performed y i e l d i n g

(B - l )

0

B (J 2 + 1

Cons ider  f i r s t  t h e  t h i r d  term in t h e  i n t e g r a n d  o f  Eq. B-l  and 

d e f i n i n g  X= oj f o r  conven ience  y i e l d s
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BX
CJP“

+ 1
r w + 1

= 1 
r w +

BX + 1
D Xz + I 

C

( B-2)

The denominato r  o f  Eq. B-2 y i e l d s  the  r o o t s

X = -  D
2C

( B—3)

For Cases I and I I ,  t h e  r o o t s  o f  Eq. B-3 a r e  seen  t o  be complex 

and th e  fo l low ing  d e f i n i t i o n  i s  made

X4 + 2  X2 + I  5 (X2 + 6) (X2 + G* ) ( B—4)
C C

where

G = D -J 1 /  1 - / d Y  (B-5)
2C \  C \  2C /

and G *  i s  the  complex c o n j u g a te  o f  G. Using th e  method o f  p a r t i a l

f r a c t i o n  expansion

BX2+1 = MX+N + PX+Q
(X*+G) (X2+G*j X2 +G Xz +G*

(B-6)
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By u s in g  t h e  c o n v e n t io n a l  t e c h n i q u e  in  Eq. B-6 o f  c r o s s - m u l t i p l y i n g  

and s e t t i n g  t h e  c o e f f i c i e n t s  o f  l i k e  powers o f  X equal  t o  each o t h e r ,  

t h e  fo l l o w i n g  s e t  o f  c o n d i t i o n s  a r i s e s

M+P = 0 ) (B-7)

N+Q = B

MG*+ PG = 0

NG*+ QG = 1

The s p e c i a l  c a s e  o f  M = -P f  0 im p l ie s  t h a t  G must  be pu re ly  r e a l

which reduce s  t o  Case IV, t o  be d i s c u s s e d  s u b s e q u e n t l y .  Excluding

t h i s  c a s e ,  i t  f o l l o w s  d i r e c t l y  from t h e  c o n d i t i o n s  o f  Eq. B-7 t h a t

M = P = 0 \  (B-8)

0 = 1 -  BG *
G -  G *

= 1 -  BG 
G*- G

Next,  c o n s i d e r  t h e  r o o t s  o f  X2 + G

X2 = -G = -D +3 1/ 1 -  I d  V ^  x* (B-9)
2C

where
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R = (1/C)
1/2

( B—10)

h tan- l - \
D/2C

f o r  CASE I

h

I I -  Le'2C \2C
tan

D/2C
1+ yr  , f o r  CASE II

The e x p r e s s io n s  f o r  ji f o r  Cases I and I I  a r e  a r r i v e d  a t  u s ing  th e  

fo l lo w in g  r e a s o n i n g .  For Case I ,  D i s  n e g a t iv e  and th e  r e a l  p a r t  

o f  the  complex e x p r e s s io n  in Eq. B-9 i s  p o s i t i v e .  The ang le  ^ 

i s  then in  t h e  f i r s t  quad ran t  and th e  e x p re s s io n  f o r  ji f o r  Case I 

in  Eq. B-10 h o ld s .  I f ,  on the  o t h e r  hand, D i s  p o s i t i v e ,  $  f a l l s  

in  the  second q u a d r a n t .  But ,  s i n c e  th e  a r c t a n g e n t  f u n c t i o n  o f  a 

n e g a t iv e  number g iv e s  the  p r i n c i p l e  v a l u e ,  i . e . ,  a v a l u e  in the  

f o u r t h  q u a d r a n t ,  a f a c t o r  of  t t  must be added to  a c h i e v e  the  

c o r r e c t  a n g l e .

The two r o o t s  o f  X2+G a r e  then

X = r^ / 0 / 2  s  - j I  (B-l 1)

X = ri/2/0/2 + 'rr =  j



where th e  r e l a t i o n s h i p  between 0 and 0 used in  C hap te r  3 

g iven  by th e  more co n v e n ie n t  d e f i n i t i o n  f o r  J

J  = M / 9

In a s i m i l a r  manner

These two r o o t s  a r e  then

X = R1/ 2/  0 /2  b  - K 

X = R1//2 /-  0 /2  + YT s

From Eqs. B - l l  and B-13,  i t  i s  no ted t h a t  

K = J  *

A gain ,  us ing  th e  method o f  p a r t i a l  f r a c t i o n  expansion



Eq. B-6 may then be ex p re s s e d  as

BX2+1 = N /  1 -  1 ) + J 1  /  1 -  1
(X2+G)(X2+G*) 2J \  X-J X+J ) 2K \  X-K X+K

D ef in ing  t h e  complex v a r i a b l e  Z as

Z = X + J

dZ = dX

and

A9

N = N = N/2J -  N/2J \  ( B—15)
F + G  (X+J)(X-J)  X-J X+J

0 = 0  = Q/2K -  Q/2K
X2 +G *  (X+K)(X-K) X-K X+K

(B-16)

th e n  (B-17)

f  dX = f  dZ
J  X + J  J  Z

= in  Z = i n  ( X + J  )
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I n t e g r a t i n g  both  s id e s  o f  Eq. B-16 y i e l d s

/ BX2 + 1 ax _ (B-18)

(X + G)(X + G*)

_ J _ [ in ( X  -  J) -  i n ( X  + J )j  +_Q_ [ i n ( X  -  K) -  i n ( X  + K)] = 
2J  2K

N i n  /  X -  J  \  + _Q_ i n  /  X - K  \
2J  \  X + J  /  2K \ X + K /

U t i l i z i n g  Eqs. B-8 and B-14 in  Eq. B-18, above ,  y i e l d s

( B - l 9 )

f  BX + 1 ax =
J  (X2 + G)(X2 + G*)

1 - BG i n i  X - j \ + 1 - BG* i n  / X - J*
2J( G* - G ) \ X + J / 2J*( G - G* ) \ X + J*

R e c a l l i n g  t h a t  G and J a r e  complex c o n s t a n t s ,  B i s  a r e a l  c o n s t a n t  

and X i s  a r e a l  v a r i a b l e ,  i t  i s  noted t h a t  t h e  f i r s t  term in 

Eq. B-19 i s  the  complex c o n j u g a t e  o f  the  second te rm ,  t h e r e f o r e



A ll

/ BX + 1
X 4 + DX2 + 1

ax

2 tR e , 1 - BG in / X - J
_2J ( G* - G ) X + J

This r e s u l t  may be used to  e v a l u a t e  the  e n t i r e  i n t e g r a l  in E 

y i e l d i n g

Bp/2

f  |h(3W)| df

0

1 AX
c c 22 ^

+ 1  (&■ 
C

1 - DG in /X - J
J( G* - G ) \X + J

YTB̂

1 - BG in / X - 
j( G* - G ) \ X +

Following th ro u g h  t h e  e v a l u a t i o n

(B-20)

. B - l ,

(B-21)
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(B-22)

B p/2 .
f  /Hfyco)/* d f  =

2TT
TTABp -  A  (fa /  — D G- /  77~ B p — J

J  ( & * - & )  Y f y

+  / (fa / - 3 & (  TTB p — J  j y- A  (fa / - B G -  M f ~ 0
c J (G * -  &) \7T& p + \7 J C2 O'{& *-£■)

—  JL.±
c

/ — &  G  ( )
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Combining te rms in  Eq. B-22 s i m p l i f i e s  t h e  e x p re s s io n  t o  t h e  form

(3-30)

Bp/2
/ | H ( ^ ) | 2 d f  =

0

2)TC
ITABp +!fcj (1  - BG) -  A/C( 1 - DG ) / J  -  'TTB 

--------------------------------------------I n '  Pj (  G* -  G ) J +iTB

where th e  p a ram e te r s  a r e  d e f in e d  by Eqs. 3 -2 2 ,  3-32 and 3-33.

2
Next,  t h e  e v a l u a t i o n  o f  0 ( t )  in  c lo sed  form i s  co n s id e re d .©s _______

o
From Eqs. 3 - 6 ,  3 -1 1 ,  3-13 and 3 -2 5 ,  0 e s ( t )  may be exp res sed  as



Aik

( B - 2 3 )

es

fb
( i 4 ) J !  r  1 A'6J< + B'CJ*

J  , " "

fb “ fa f LJ4 C tJ4 + DCJ2 + 1
a

k>b

w 2 f  1 A’^  + B’^  dCj
6J4 C CJ* + DCJ2 + 1

(J . dJv (z\UrmJ  r  1 A » 0 4 + B ’CJ2

where the  c o e f f i c i e n t s  o f  the  i n t e g ra n d  a r e  d e f in e d  in  Eq. 3 -2 2 .  

Again ,  l e t t i n g  X=&J, t h e  i n t e g r a n d  in Eq. B-23 may be e x p re s s ed  as

1 A' X4 + B' X2 = (B-24)
X< * CX< + DX2 + 1

A' + B'
CX« + DX2 + 1 X*(CX4 + DX* + 1)
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By making use o f  Eq. B-20 w i th  B=0, the  i n t e g r a l  o f  the  f i r s t  te rm 

on th e  r i g h t  s i d e  of  Eq. B-24 can be immedia te ly  e v a l u a t e d  as

(B-25)

A ’ r  1

C J  ( J  + D ( J  + 1
—  T

d CJ =

. iRe,
J  ( G* -  G )

-  J  CJ + J

[CJb + J CJL -  J
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Next,  c o n s i d e r  th e  second te rm on th e  r i g h t  s i d e  o f  Eq. B-24 which 

us ing B-4,  can be expressed  as

B'
-

1 = B' 1
C

x!
7X« +D X2 + 1 \
( T  IT)

C X2 (Xz+G)(X2+G* )

Using the  method o f  p a r t i a l  f r a c t i o n  expansion

( B-27)

________ 1   = MX+N + PX+Q + R + S
X2 (X2+G)(X2 +G* ) X2 +G X2 +G* X2 X

By aga in  u s in g  t h e  conven t iona l  t e c h n iq u e  in  Eq. B-27 o f  c r o s s -  

m u l t i p l y i n g  and s e t t i n g  the  c o e f f i c i e n t s  o f  l i k e  powers o f  X equal 

to  each o t h e r ,  t h e  fo l lo w in g  s e t  o f  c o n d i t i o n s  a r i s e s

M+P+S = 0 

N+Q+R = 0

MG*+ PG + SG + SG*= 0

NG* + QG + RG + RG* = 0

SGG* = 0 

RGG* = 1

( B—28)



From Eq. B-28,  e x c e p t  f o r  the  t r i v i a l  case  o f  6=0,  S must  equal 

z e r o .  In a d d i t i o n ,  once more,  the  s p e c i a l  case  of  M=-P ^  0 

im p l ie s  t h a t  G must  be p u re ly  r e a l  which reduces  to  Case IV t o  

be d i s c u s s e d  s u b s e q u e n t l y .  Excluding th e s e  s p e c i a l  c a s e s ,  i t  

fo l lo w s  d i r e c t l y  from th e  c o n d i t i o n s  o f  Eq. B-28 t h a t

M = P = S = 0 (B-

N = 1
6(G-G*)

Q = 1
G*(G*- G)

R = 1 
GG*

Combining th e  f i r s t  two terms o f  Eq. B-27 y i e l d s
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( B—30)

G ( G -  G* ) G* ( G* -  G )

X + G X + G*

\G G*y ( X2 + G + G* )

( X2 + G ) ( X2 + G* )

G + G* 

G G* , G + G*

+ D X + 1  

c  C

Note t h a t  t h i s  r e s u l t  i s  c o n s i s t e n t  w i th  p a r t i a l  f r a c t i o n  t h e o ry  

in t h a t  G+G*and G G * a re  r e a l  numbers. The r e s u l t  o f  Eq. B-30 

f i t s  th e  form a l r e a d y  e v a l u a t e d  in  Eq. B-20.  Performing t h e  d e s i r e d  

i n t e g r a t i o n  y i e l d s



A19

(B-31)

( G + G *\ r 
\ GG* U

X
G + G*

+ 1
ax  =

X +  JD_X + JL_ 

c C

IRoj
GJ ( G -  G* ) \ X + J  /

Next ,  c o n s i d e r i n g  the  t h i r d  and f i n a l  term in  Eq. B-27, y i e l d s

(B-32)

GG* f -T  ’ &  -f)

The e n t i r e  e x p re s s io n  in  Eq. B-26 can now be i n t e g r a t e d  between 

th e  d e s i r e d  l i m i t s  o f ^  t o  ^  us ing  the  r e s u l t s  o f  Eqs. B-31 and 

B-32.  This  proceeds  as f o l l o w s
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(B-33)

—  /  C J CJ (  CO - g - J + 1
“5“

d  CJ

U
b

B '
&

GJ ( G -  G* )
i n

C J  +  J

Ua

B ’
iRj.

GJ ( G -  G* )
i n

M r  *
, H + J

J
CJa -  J
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F i n a l l y ,  t h e  r e s u l t s  o f  Eqs.  B-25 and B-33 may be combined a long  w i th  

Eq. B-23 ,  y i e l d i n g  t h e  d e s i r e d  e x p re s s io n

(3-31)

• £ ( t )  =

, , ( )  ( A t o  ) rms
ca

. dfe, B ’ - A»G

GJ ( G -  G* )
! » ( :

4 ,

-  J

CJ + J
+ B'

CGG* ( A
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Next,  c o n s id e r  Case I I I  d e f in e d  by Eq. 3 -3 7 .  S t a r t i n g  w i th  

Eq. B-2,  i t  i s  seen t h a t  th e  r o o t s  o f  th e  denom ina tor  may be 

ex p re s sed  as fo l low s

X4 + D X2 + 1 = (X2+ R? ) (X2+ R ) (B-34)

where Rj and R2 a r e  both  p o s i t v e  r e a l  c o n s t a n t s  d e f in e d  by Eq. 3 -43 .  

Eq. B-2 may then be ex p re s sed  as

(B-35)

B X  + 1

C X4 + D X S + 1

_1_

C

B X + 1

(X2 + R2) ( X2 + R2)

Using t h e  method o f  p a r t i a l  f r a c t i o n  expansion

(B-36)

B X2

(X2 + R2 )(X + R2)

MX + N
2 2 

X + R,

P X + Q 

X2 + R2



A23

Again,  us ing  th e  conven t iona l  t e c h n iq u e  o f  c r o s s - m u l t i p l y i n g  

and s e t t i n g  l i k e  powers of  X equal  t o  each o t h e r ,  t h e  fo l lo w in g  

s e t  o f  c o n d i t i o n s  a r i s e s .

M+P = 0 ) (B-37)

N+Q = B

MR̂  +PR] = 0

NR* +QR* = 1

/  2 2

The s p e c i a l  case  o f  M= -P ^  0 im p l ie s  t h a t  Rj = R2 which again

reduces  to  Case IV, to  be d i s c u s s e d  s u b s e q u e n t l y .  Excluding t h i s

c a s e ,  i t  f o l l o w s  d i r e c t l y  from th e  c o n d i t i o n s  o f  Eq. B-37 t h a t

Car rying th rough  the  d e s i r e d  i n t e g r a t i o n  o f  Eq. B-35 y i e l d s
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(B-39)

- /
BX

( X2 + R?)( X2 + R~)
dX =

l - b r :

y-R2 - R'
X + R, y R

1 - BR:
1 R dX
X + R„

1

C
i - b r:

3r:
U 1
i k

tan ^ X 
R,

i - br:
R, \ R,

- 1tan X
R,

This r e s u l t  may be used to  e v a l u a t e  th e  e n t i r e  i n t e g r a l  in  Eq. B-l 

as fo l lo w s
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(B-40)

&p/2.

f  /»$»>/■
O

J f  =

/ / 4 X  . _  >4 / - D X , Z
- ? / r C X /

/ - [ 1
\ / ^ 2  /

/ -

^ a - Z?/'2 u
- /

X , 2  - X ?
I  /
U *  £ 7

TTBp

and
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(3-41)

B p/2
f  / / J f y i u ) / 2- c j f  

o

£7TC
_r- 

X * *
/ -  B /? z /a sT '7 T & /*

■ A_ 
c

/ -  £ > * ,*
/ ? r

/a #  '  7 f £ p )
X ,  /

y.

y -  A  TTBp •



2
Next,  t h e  e v a l u a t i o n  o f  0 e s ( t )  in  c lo s e d  form f o r  Case I I I  i s  

c o n s id e r e d .  S t a r t i n g  with  Eq. B-24,  i t  i s  r e c o g n iz e d  t h a t  th e  f i r s t  

term on th e  r i g h t  s i d e  o f  t h i s  eq u a t io n  can be e v a l u a t e d  immedia te ly  

us ing the  r e s u l t s  o f  Eq. B-39 w i th  B=0. Following t h i s  p rocedure  

y i e l d s
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Next,  c o n s i d e r  the  second term on the  r i g h t  s i d e  o f  Eq. B-24, 

which may be expressed  as

(B-42)

B ' 1 B ’ 1

C X'/X4 +  D X 2 +  l j

\ c c[

C X2 ( X 2 +  Rj2 ) ( x 2 +  R 2)

Using th e  method of  p a r t i a l  f r a c t i o n  expansion

(B-43)

1  MX +  N P X + Q  R S

X2( X 2+  R2 ) ( X 2 +  R2 ) "  X2+  R2 +  X2+  R2 X2 X1 Z 1 2

C r o s s - m u l t i p ly in g  and s e t t i n g  c o e f f i c i e n t s  o f  l i k e  powers o f  X equal 

to  each o t h e r  y i e l d s

M+P+S = 0 (B-44)

N+Q+R = 0

MR2 +PR[ +SR2 +SR2 = 0 

NR2 +QRJ +RRJ +RR2 = 0 

S R] R2 = 0 

R r [  R22 = 1
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Once more,  th e  s p e c i a l  case  o f  S=0 and M= -P ^  0 reduce s  to  

Case IV to  be d i s c u s s e d  s u b s e q u e n t ly .  Excluding t h i s  c a s e ,  i t  

fo l low s  d i r e c t l y  from Eq. B-44 t h a t

M = P = S = 0 (B-45)

N = 1_________
Rjf (RJ -R22 )

Q = _____ ! _ _ _
R22 (Rf -R[ )

R = l
Rf r22

Then



(B-46)



Combining the  r e s u l t s  o f  Eq. B-41 and B-46 along w i th  Eq. B-23,  

y i e l d s  th e  e x p re s s io n

(3-42)

c/) f a  2-ro 5 ----------------------------------- --
^  -  (Ja.
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F i n a l l y ,  c o n s i d e r  Case IV, d e f in e d  by Eq. 3 -4 6 .  S t a r t i n g  with  

Eq. B-2,  i t  i s  seen t h a t  th e  r o o t s  o f  th e  denominato r  may be exp res sed  

as fo l low s

X4 + D X2 + 1 = (X2 + Rza ) (B-47)
C C

where R0 i s  a p o s i t i v e  r e a l  c o n s t a n t  d e f in e d  by Eq. 3 -49 .

Eq. B-2 may then  be expressed  as

(B-48)

B X2 1 _________ '

( X2 +  )2+ ( X 2 +  R* ) 2_

B X 2 +  1  _  1

C X 4 +  D X2 +  1  C

Eq. B-48 can be i n t e g r a t e d  d i r e c t l y  us ing  s t a n d a r d  i n t e g r a l  t a b l e s  

y i e l d i n g  th e  r e s u l t
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(B-49)

I

T T B p

< S C o z  7*- /

A _D 
C

Go A _ /
C

o/cu  =

2C
jB O J

Cu2
7*00/7 •. Co_____________

+/?o2)

+ 7*0/} ~/ CU
A  <? J

IT Be

7T3P \ I * -  B ) W— *T&/\[J- + s\
2C | \ tt2& /+  #oZ>
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This r e s u l t  may be used to  e v a l u a t e  th e  e n t i r e  i n t e g r a l  in  Eq. B-l 

y i e l d i n g

(3-47)

B P / 2
J  / / /  t y c o ) /  z  c / f  —

/ )
c

(  7 T B p  \ j  /  -  b \ + ( j _ ' '  7T & /> \ 1 /  /■ & \
fa2jŷ z I / v f c *

/ 2  7TA Bp\
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2
Next,  th e  e v a l u a t i o n  o f  ^ e s ^ )  in  c l ° sed form f o r  Case IV i s  

c o n s i d e r e d .  S t a r t i n g  w i th  Eq. B-24, the  f i r s t  term on th e  r i g h t  

s id e  can be ev a lu a te d  im m edia te ly ,  us ing  Eq. B-49 w i th  B=0 and a 

change in  l i m i t s  on th e  i n t e g r a l .  This  y i e l d s

(B-50)

A ' f  1  d W  =

C J  ( c j  + R2 )2 
°

CJi
2R^C

 _b
+ Z6

CJa

h T W

1

X
t a n  1 c j b

-1
t a n

X

The second term on the  r i g h t  s i d e  o f  Eq. B-24 may be expressed  as
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(B-51)

____________ BJ_____________

X2 (CX4 +  DX2 +  1  )
2 . 2 

X ( x
2 . 2  

+ Ro )

This term may be i n t e g r a t e d  d i r e c t l y  us ing  s t a n d a rd  i n t e g r a t i o n  

t a b l e s  y i e l d i n g  th e  fo l lo w in g
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(B-52)

f   L___________  c/cu —
c  J  Coz (  CO* -h /fo 2) 2-

_ B *  
/?o*C

/
Co

CO

CO,'a

Cob CO a.
2 ( 0 0 1 ,*  /  * o V  2 (C O a  *  +  X o 2)

+ 3
2 /? a

/a *  ' O bL - 7 ^a/? ~y COa ■+ __ /
COb Co,a.
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Combining Eqs. B-51 and B-52 along  with  Eq. B-23,  y i e l d s  the  

d e s i r e d  e x p re s s io n

(3-48)

—  £Oa. &J6  { A  Cd 2

£06 -  6o>a.

A '  
2 tfo z C £u£,2 + /?o 2

_ &dCL____
coa 2  y- /?0 2'

A ?#  /
/?o z)

_ /S 
2 /? c4C

tu b  
tuA*  /  / r * 2

_ Cda. + %
C d a .* * # * 2-

— / ^ z 
/? o  )
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APPENDIX C

COMPUTATION OF (CNRIF)TH FOR VOICE MODULATION CASE USING NUMERICAL
INTEGRATION TECHNIQUES

In t h i s  Appendix ,  a computer program i s  p re s e n te d  which was 

used to  e v a l u a t e  (CNRIF)TH us ing  th e  t r a p e z o i d a l  method f o r  numerical 

i n t e g r a t i o n .  This was done f o r  a s e t  o f  param ete rs  f o r  each o f  the  

ca se s  de f in e d  by Eqs. 3 -28 ,  3 -29 ,  3 -3 7 ,  and 3-46 .  The purpose o f  

t h i s  p rocedure  was to  check the  c lo s e d - fo rm  s o l u t i o n s  p r e v i o u s l y  

d e r i v e d .  The s e t s  o f  param ete rs  used a r e  g iven  as fo l lo w s

CASE I: P = 3.336x10

y  = 2 .767x l04

b = 1.38X103

K = 4 . 7 x l 0 5

CASE I I : P = 8 .836xlQ a

y  = 1 . 5 x l 0 4

b = 1 .8 8 x l0 3

K = 4 . 7 x l 0 5

CASE I I I : P = 3.836x10s

y  = l .O x lO 4

b = 1 .88x l03

K = 4 . 7 x l 0 5

CASE IV: P = 6.776x10s

y  = l .OxlO4

b = 1.88X103

K = 4 . 7 x l0 5

( r a d / s e c )

r a d / s e c

r a d / s e c
(C-l)

(C-2)

(C-3)

(C-M
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The computer  program used in t h i s  a n a l y s i s  i s  g iven by

1 C COMPUTATION OF (CNRIF)TH FOR VOICE MODULATION CASE
2 C
3 C FIRST CALCULATE AREA UNDER CURVE OF CLOSED-LOOP TRANSFER
4 C FUNCTION SQUARED VS FREQUENCY
5 C
6 C INSERT LOOP PARAMETERS
7 BETA=8.836E8
8 GAMMA=1.5E4
9 B=1.88E3

10 XK=4.7E5
11 C COMBINE LOOP PARAMETERS INTO NEW CONSTANTS
12 XNEWA=1. 0 / (BETA**2)
13 XNEWB=1.0/(GAMMA**2)-2.O/BETA
14 XNEWC=(1.0/XK*B)+1.0/BETA)**2
15 XNEWD=1.0/XK+1.O/GAMMA)* * 2 - 2 . 0*(1.0/(XK*B)*1.O/BETA)
16 C EMPLOY TRAPEZOIDAL RULE FOR NUMERICAL INTEGRATION
17 SUM1=0.0
18 DO 200 1=1, 17501
19 J= I -1
20 FREQ1=J
21 RFRQ1=(2.0*3 .1415927)*FREQ1
22 C EVALUATE FACTORS IN NUMERATOR AND DENOMINATOR OF MAGNITUDE
23 C OF CLOSED-LOOP TRANSFER FUNCTION SQUARED
24 XNEW1=XNEWA*RFRQ1**4+XNEWB*RFRQ1**2+1.0
25 XNEW2=XNEWC*RFRQ1**4+XNEWD*RFRQl**2+1.0
26 TRSQ1=XNEW1/XNEW2
27 I F ( I . E Q . l )  GO TO 100
28 I F ( I . E Q . 17501) GO TO 100
29 GO TO 150
30 TRSQl=TRSQl/2.0
31 150 CONTINUE
32 200 SUM1=SUM1+TRSQ1
33 AREA1=SUM1
34 WRITE(6,300) AREA1
35 300 F0RMAT(1P1E16.6)
36 C NEXT EVALUATE MEAN-SQUARE PHASE ERROR SIGNAL COMPONENT
37 C
38 C EVALUATE VOICE PSD MODULATION CONSTANT
39 FA=300.0
40 FB=3300.0
41 DELSQ=(2.0*3 .1415927)**2*1.0E7
42 ETA=( (2 .0 * 3 . 1 4 5 9 2 7 )**2*FA*FB*DELSQ) / ( FB-FA)
43 C COMBINE ADDITIONAL LOOP PARAMETERS INTO NEW CONSTANTS
44 XNEWE=1.0/(XK*B)**2
45 XNEWF=1.0/XK**2



46 C EMPLOY TRAPEZOIDAL RULE FOR NUMERICAL INTEGRATION
47 SUM2=0.0
43 DO 700 1=300,3300
49 FREQ2=I
50 RFRQ2=(2 .0*3 .1415927)*FREQ2
51 C EVALUATE FACTORS WITHIN INTEGRAND
52 XNEW3=XNEWE*RFRQ2**4+XNEWF*RFRQ2**2
53 XNEW4=XNEWC*RFRQ2**4+XNEWD*RFRQ2**2+1.0
54 TRSQ2=(1.0/RFRQ2**4)*(XNEW3/XNEW4)*ETA
55 I F ( I .E 0 .3 0 0 )  GO TO 500
56 IF( I .EQ.3300)  GO TO 500
57 GO TO 600
58 500 TRSQ2=TRSQ2/2.0
59 600 CONTINUE
60 700 SUM2=SUM2+TRSQ2
61 AREA2=SUM2
62 WRITE(6,800)AREA2
63 800 F0RMAT(1P1E16.6)
64 C INSERT REMAINING PARAMETERS TO DETERMINE CNR
65 XNU=0.25
66 BP=3.5E4
67 C DETERMINE CNR
68 CNRTH=AREA1/(BP*XNU-AREA2))
69 C CONVERT TO DB
70 CNRTH=10.0*AL0G10(CNRTH)
71 WRITE(6,900) CNRTH.CMRTHD
72 900 F0RMAT(1P2E16.6)
73 STOP
74 END

The r e s u l t s  o f  the  computer runs  as shown in Table C- l  show the  

v a l i d i t y  o f  th e  c lo sed - fo rm  s o l u t i o n s .  The smal l  d i f f e r e n c e s  

between the  numerical  i n t e g r a t i o n  r e s u l t s  and t h a t  o f  th e  c l o s e d -  

form s o l u t i o n s  a r e  ex p la in e d  by th e  s i z e  o f  t h e  i n t e g r a t i o n  i n t e r v a l s  

used in the  fo rmer  t e c h n i q u e .  F in e r  i n t e g r a t i o n  i n t e r v a l s  w i l l  

b r ing  th e  two r e s u l t s  i n t o  even c l o s e r  agreement.



Table C-l. Comparison of (CNRjp)^ obtained by numerical integration 
methods and the closed-form solution.

Case
(CNRIF)TH in dB (CNRIF)TH in dB
Numerical Integration 

Method Closed-form Solution

I 5.6l4xlO-1 5.730x10"1

II 8.612x10”1 8.730X10"1

III 1.314 1.324

IV 1 .2 9 2 1 .3 0 2
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APPENDIX D

DETAILED MATHEMATICS FOR CLOSED FORM SOLUTION OF
(CNRIF)TH FOR FDM-FM CASE

In t h i s  Appendix,  a d e t a i l e d  d e r i v a t i o n  o f  (CNRIF)TH in

c lo s e d  form f o r  th e  FDM-FM c as e  i s  p r e s e n t e d .  Beginning w i th

Eq . .  3 -5 2 ,  i t  i s  no ted t h a t  th e  i n t e g r a l  in the  numera to r  has

a l r e a d y  been e v a l u a t e d  in c lo s e d  form in Appendix B f o r  a l l
~2

f o u r  c a s e s .  Next ,  c o n s id e r  t h e  d e t e r m i n a t i o n  o f  0 ( t )  in
€ S

c lo se d  form. Cases I and I I ,  d e f in e d  by Eqs. 3-28 and 3 -29 ,  

ca n ,  a g a i n ,  be combined f o r  t h e  b a s i c  d e r i v a t i o n .  P u t t i n g  

Eq. 3-53 i n t o  more c o n v en ien t  form y i e l d s

(D- l )

02 ( t )es

1

1

ua C C

But,  the  i n t e g r a l  in Eq. D-l i s  o f  th e  same form as  t h a t  in 

Eq. B-20, p e r m i t t i n g  th e  fo l l o w in g  s o l u t i o n



(D-2)

(zU j r m s ) ____
W, " L J  D a

B '  -  - J )
j(G* - G) + J /



Eq. D-2 s i m p l i f i e s  d i r e c t l y  to

(3-54)

L ( t )  =es

~ Ut) a
B' - A'G 

j(G* -G)

LJ - JD_____
(J  + J  

D

LJ + J a____
w  -  j ,

where G and J f o r  Cases I and II  a r e  g iven  by Eq. 3-32 th rough 

Eq. 3 -36 .

Next,  c o n s id e r  Case I I I ,  de f in e d  by Eq. 3 -3 7 .  For t h i s  c a s e ,  

Eq. D-l r educes  to



Using the  r e s u l t s  o f  Eq. B-39, t h i s  i n t e g r a l  can be d i r e c t l y  

e v a lu a te d  y i e l d i n g  the  r e s u l t

(D-

«S ( t )  =es _(£W
u . s f  a  -

2 ZR - R.2 1

LA.' 
l  -Vb* r ‘
2R -1 R.

>R.

uj_

S u b s t i t u t i o n  o f  th e  l i m i t s  in  Eq. D-4 y i e l d s  th e  d e s i r e d  r e s u l t



AV7

(3-55)

0 (t) = ( A u rm* ) 1es---------- f™5------------   r- •
(*J C( R 2 - R 2 ) o a  ] 2

B' A ’R, f . -1tan ( j . . -1tan c j

R, R.

B' - A'R,
R, (tan 1 U B tan U

where Rf and R2 a r e  d e f in e d  by Eq. 3 -4 3 .



case

F i n a l l y ,  c o n s id e r  Case IV, d e f in e d  by Eq. 3 -46 .  For t h i s  

, Eq. D-l reduces  to

( A U r m t ) ( B» \  r  \ B + 1

( ^ 2 +  O '
d £ J

CJa

(D—5)

Using th e  r e s u l t s  o f  Eqs. B-48 and B-49,  t h i s  i n t e g r a l  may be



S u b s t i t u t i o n  o f  t h e  l i m i t s  in Eq. D-6 y i e l d s

Ak9

( D - 7 )

i  ( t )  =es {A OJrms )
Cd (Ja

( - i
\  2C

-  A 'U ,

%

A'CJ.a_
CJ2+ Ro2a

- 1+ A' tan (j
Ro

-  _AJ

R„
. -1tan cj

R„

B ' U , B ’U .

r W + Rq )ov a o ‘

B*
r I

-1
t a n

r T

B ’
r!

tan ^ <jJ  a
x



A50

S i m p l i f i c a t i o n  o f  Eq. D-7 g ives

(3-56)

/ s ( t )  = M H m .  ) 2 ( _ L ) .
U  -  CJ \  2C 'Td a

- A CJ!

R:

c j

C J 2
a R.
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APPENDIX E

DETAILED MATHEMATICS FOR CLOSED FORM SOLUTION 
OF (CNRIF)TH FOR FDM-PM CASE

In t h i s  Appendix ,  a d e t a i l e d  d e r i v a t i o n  o f  (CNRIF)TH in  c lo se d  

form f o r  t h e  FDM-PM c a s e  i s  p r e s e n t e d .  Beginning w i th  Eq. 3 -59 ,  

i t  i s  noted t h a t  t h e  i n t e g r a l  in  th e  numera to r  has a l r e a d y  been 

ev a lu a te d  in c lo s e d  form in  Appendix B f o r  a l l  f o u r  c a s e s .  Next,
p

c o n s id e r  th e  d e t e r m i n a t i o n  o f  0es  ( t )  in  c lo s e d  form. Cases I and 

I I ,  d e f in e d  by Eqs.  3-28 and 3 -2 9 ,  can a g a i n  be combined f o r  t h e  

b a s i c  d e r i v a t i o n .  S t a r t i n g  w i th  th e  i n t e g r a n d  in  Eq. 3-60

( E - l )

A'co4 + B'CJ2 
C w 4 + D C J 2 +  1

A'
C

A T ( D - B'C/A» ) ( J i + 1
CJ _D_C/ + 

C
_1_
c
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The s i g n a l - i n d u c e d  mean-square  phase e r r o r  may then  be expressed  

as

(E-2)

£ ( * >

3( ̂  6Jrms) f A* - A ’ (D - B'C/A')< J + 1
w3b j 2

c c + T)CJ2 + 1
 ̂ C C J

The f i r s t  term w i th i n  the  i n t e g r a n d  o f  Eq. E-2 can be i n t e g r a t e d  

d i r e c t l y  and th e  second term f i t s  th e  form o f  Eq. B-20.  Carry ing  

through th e  i n t e g r a t i o n  then r e s u l t s  in
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(E-3)

2  { £ )  _  3  ( A C J j - m s )  
e s

6 4 , 3 ~
j d !

A ‘ (fa . /  -  f f i - B ' C / A ' )  &  c u -
C 2  \Cu +CT

CJb\

UJq.

3  (ACUt~ms) ' / -  f / > - 3 ' c / A ' )  &  

J ~ C G * -  &)

A n l Cl/4, — ^ y- A  '  f a .
C 2-

/ - { D -  & ' c / A ' J  ^ A x !  6 J a ~  d

\cocl ■+ cr)
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Eq. E-3 s i m p l i f i e s  d i r e c t l y  to

< C ( t )

(3 -61)

3 GlOrrns)
u '

( H -  CJ 
a ) -

1 - (D - B'C/AOG
j(g*- g )

M H  ~ J
^  + j

u_a_
ua.

+ J 
- J,
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where G and J  f o r  Cases I and II  a r e  g iven  by Eqs. 3-32 th rough  

3-36 .

Next,  c o n s i d e r  Case I I I ,  d e f in e d  by Eq. 3 -37 .  For t h i s  c a s e ,  

Eq. E-21 reduces  to

(E-4)

4 (t) 3 ( ^ r m s )
CJ, 3 " CJ 3 d a

/
u ,

A* - A' (D - B'C/A')CJ2 + 1

c c2 . + R )( CJ +] R2 )
d  co

The f i r s t  term may be i n t e g r a t e d  d i r e c t l y .  The second term may 

be i n t e g r a t e d  us ing  th e  r e s u l t s  o f  Eq. B-39.  This  p rocedure  y i e l d s



A'
~~2

1 - (D -B'C/A') R2
R,

t a n '1

R,

UJ,

1 - (D - B'C/A') R2 /l tan
R R, Ll)

S u b s t i t u t i o n  o f  the l i m i t s  i n t o  Eq. E-5 y i e l d s  t h e  d e s i r e d  r e s u l t
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( 3 - 6 2 )

£ ( t )es
1 -ui

A ’
C

(UJ, (J  ) a '

1 - (D - B ’C/A') R 2

(R,

tan-1

R.

1 - (D - B ’C/A’) R[ / tan-1

R.

tan- 1

R.

where R and R a r e  d e f in e d  by Eq. 3 -43 .1 2  J
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F i n a l l y ,  c o n s i d e r  Case IV d e f in e d  by Eq. 3 -46 .  For t h i s  c a s e ,  

Eq. E-2 reduces  to

r  ( t )
es

3 (/40->rms )

• 4 ‘ 4

(E-6)

I
UL

A' (D - B'C/A’)tJ2 + 1
( W2 + )2 .

d CJ

Again ,  th e  f i r s t  term w i th i n  th e  i n t e g r a n d  can be i n t e g r a t e d  

d i r e c t l y  and the  second term may be i n t e g r a t e d  us ing  th e  r e s u l t s  

o f  Eqs. B-48 and B-49,  y i e l d i n g

es ■ LJ -

4 > -  (J

(E-7)

2C‘
(D -  B ’C / a Q u  

+ R02

- 1(D - B'C/A') tan _cj + CJ 1 tan D
Ro

R„ R2(cA  Ro) rJ ^oJ
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S u b s t i t u t i o n  o f  th e  l i m i t s  in  Eq. E-7 r e s u l t s  in

(E-8)

3  (A C U z-m s)^  ( tu t ,  -  CUa)  -  A  J 
Cu6 3  -  ) C Z C ;

+ f  b -  jB ' c/ a / cUo. y  f / > - B 'C / A * )  { / a / ) * '  _  /a a ~ 'tU a .
CUa z  + X o ' /to /to

<■ td t , _________________  _  CO_a ._____________________

^ (U > t, z +*o2)  / o Z( ^ a z / ^ o z)

■/a/i * to  a.
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S i m p l i f i c a t i o n  o f  Eq. E-8 y i e l d s  th e  d e s i r e d  r e s u l t

(3-63)

4e s M)  =  3  ( A CUf-ms) z  ) A* (  tu& -  CdA)
tob  3  -  CoQ3 )  C

_  A  '
2 C

1 _  £> - t s ' c tu t, t<Ja-

2  + ^ o Z

_ / tU g. ]
/?*

^  / ) -  b 'c / a

/Zq

where Rq i s  d e f in e d  by Eq. 3-49.
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APPENDIX F

COMPUTER PROGRAM FOR EVALUATION OF (CNRIF)TH FOR 
THE TEST-TONE CASE

1 COMPLEX G,J,CPXL1,CPLX2,CPLX3,CPLX4,CPLX5,CPLX6
2 REAL K,MAGNT,INTVL,NU
3 ALPHA=1.0
4 K=4.7E5
5 A=2.94E4
6 B=1.88E3
7 BPPRM=2.2E5
8 BP=3.5E4
9 NU=0.25

10 DEL0MG=2.0*3 .1415927*1 .0E4
11 0MGTT=2.0*3 .1415927*1 .0E3
12 50 XNEWA=(ALPHA/( K*B))**2
13 XNEWB=( 1 . O/A+ALPHA/K)**2-2 . 0 * (ALPHA/(K*B))
14 XNEWC=( ( 1 . O+ALPHA /(K*B))**2
15 XNEWD=( ( 1 . O+ALPHA) / K+l. 0 /A ) * * 2 - 2 . 0 * ( ( 1 . O+ALPHA)/K*B))
16 XNEW1=XNEWD/(2.0*XNEWC)
17 XNEW2=( - 1 . 0 )*SQRT(1 . 0 / XNEWC-(XNEWD/( 2 . 0*XNEWC))**2)
18 G=CMPXL( XNEW1, XNEW2)
19 IF(XNEWD.GE.O.O,GO TO 75
20 XNEW3=ATAN(XNEW2/XNEW1)
21 GO TO 80
22 XNEW3=ATAN(XNEW2/XNEWl)+3.1415927
23 30 XNEW4=XNEW3/2.0
24 THETA=XNEW4+3.1415927
25 MAGNT=SQRT(SQRT( 1 . O/XNEWC))
26 XNEW5=MAGNT*C0S(THETA)
27 XNEW6=MAGNT*SIN(THETA)
28 J=CMPXL(XNEW5,XNEW6)
29 CPLX1=1. 0-XNEWB*G-( 1 . 0-XNEWD*G) * ( XNEWA/XNEWC)
30 CPLX2=J*(C0NJG(G)-G)
31 CPLX3=CPLX1/CPLX2
32 CPLX4=(J-BPPRM/2» 0 ) / ( J+BPPRM/2.0)
33 CPLX5=CL0G(CPLX4)
34 CPLX6=CPLX3*CPLX5
35 XNEW7=REAL(CPLX6)
36 XNEW8=XNEWA*(BPPRM/2. 0 )+XNEW7
37 XNEW9=1. 0 / ( 2 . 0 * 3 . 1 4 1 5927*XNEWC)
38 INTVL=XNEW8*XNEW9
39 C EVALUATE MEAN SQUARE SIGNAL PHASE ERROR
40 XNEW10=(0MGTT**4)/((K*B)**2)
41 XNEW11=(0MGTT**2)/(K**2)
42 XNEW12=XNEW10+XNEW11
43 XNEW13=( 1 . 0 - (0MGTT**2) * ( ( ! . O+ALPHA)/(K*B)) )**2
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XNEW14=(OMGTT*( ( 1 . 0/A) + ( 1 . O+ALPHA) / K))**2
XNEW15=XNEW13+XNEW14
XNEW16=XNEW12/XNEW15
XNEW17=(DEL0MG/0MGTT)**2
XNEW18=XNEW17/2.0
PHISQ=XNEW18*XNEW16
CNRTH1=INTVL/(BP*(NU-PHISQ))
CNRTH2=10.0*AL0G10(CNRTH1)
WRITE(6,300)CNRTH1,CNRTH2
F0RMAT(1P2E16.6)
STOP
END
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APPENDIX G

COMPUTER PROGRAM USED TO IMPLEMENT POWELL'S
Method and related subprograms

Basic  O p t im iza t ion  Program

1 PROGRAM POWELL
2 C THIS ALGORITHM USES THE POWELL SEARCH TECHNIQUE IN CONJUGATE DIRECTIONS.
3 DIMENSION X (5 0 ,4 ) ,E S V (4 ,4 ) ,Y (5 0 ) ,B (5 ) ,X O (4 ) ,X 1 ( 4 ) ,X C(4) ,DL(4) ,0 (4 )
4 DIMENSION X3(4)
5 READ 5,N,KMAX,C,STEP,TCLX,FLN
6 5 FORMAT ( 2 I 3 ,2 F 5 , 1 , 2 F 7 , 4 )
7 READ 10,  ( X ( 1 , J ) , J  = 1 ,N)
8 10 FORMAT ( F I 0 . 1 )
9 DO 11 IK=1,N
10 DO 11 JK=1,N
11 11 ESV(JK,IK)=0.0
12 DO 15 IK=1,N
13 15 ESV(IK,IK)=1.0
14 1=1
15 20 DELTM=0.0
16 MTEST=0
17 J=1
18 DO 22 IK=1,N
19 22 X3( IK)=X(1 ,IK)
20 Y(I)=FIT(X3)
21 B (J )=Y (I )
22 BJT=B(J)
23 25 DO 30 JK=1,N
24 30 XO(JK)-X(I,JK)
25 C THE UNRESTRICTED SEARCH BEGINS.
26 C IN THE RARE CASE WHERE TWO SUCCESSIVE FUNCT ARE EXACTLY EQUAL
27 C SEARCH IS STOPPED AND THE PROGRAM TERMINATED.
28 KR=1
29 35 DO 100 K=1,KMAX
30 40 S=2.0**(K-1 )*STEP
31 DO 50 IK=1,N
32 50 XO(IK)=XO(IK)+S*ESV(IK,J)
33 YT=FIT(XO)
34 IF(C*YT-C*BJT) 60 ,350 ,100
35 60 IF (K - l )  7 0 ,9 0 ,7 0
36 70 IF(KR=1) 7 3 ,7 3 ,1 1 0
37 73 DO 80 IK=1,N
38 XI(IK)=XO(IK)
39 80X0(IK)=X0(IK)-(S+((2.0**(K-2))*STEP))*ESV(IK,J)
40 GO TO 110
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41 90 DO 95 IK=1,N
42 95 X1(IK)=X0(IK)
43 STEP=-STEP
44 KR=KR+1
45 100 BJT=YT
46 GO TO 340
47 110 R=3. 0 * ( ( 2 . 0 * * ( K-2) )*ABS(STEP))
48 NM=1.0-4.75*AL0G10(FLN/R)
49 DO 120 IK=1,N
50 DL(IK)=0.618*(X1(IK)-X0(IK))
51 X0(IK)=X1(IK)-DL(IK)
52 120 X1(IK)=X1(IK-0.618*DL(IK)
53 W=FIT(X0)
54 V=FIT(X1)
55 DO 180 KNM=1,NM
56 DO 130 IK=1,N
57 130 DL(IK)=0.618*DL(IK)
58 IF(ABS(W-V)-0.01*T0LX) 185,135,135
59 135 IF(C*W-C*V) 160,350,140
60 140 DO 150 IK=1,N
61 XC( IK)=X1(IK)
62 X1(IK)=X0(IK)
63 150 X0(IK)=XC(IK)-DL(IK)
64 V=H
65 W=FIT(XO)
66 GO TO 180
67 160 DO 170 IK=1, N
68 XC( IK)=XO (IK)
69 XO(IK)=XL(IK)
70 170 XI( IK) =XC( IK)+DL( IK)
71 w=v
72 V=FIT(XI)
73 180 CONTINUE
74 185 J=J+1
75 DO 190 IK=1,N
76 190 X0(IK)=0.5*(X0(IK)+X1 (IK))
77 C THE FOLLOWING STATEMENTS TO 280 DETERM THE NEW SEARCH DIRECT
78 B(J)=FIT(XO)
79 BJT=B(J)
80 DELT=ABS(B(J)-B(J-1))
81 IF(DELTM-DELT) 200 ,210 ,210
82 200 DELTM=DELT
83 MAX=J-1
84 210 KR=1
85 IF(J-N)  35 ,35 ,220
86 220 AMPU=0.000001
87 DO 230 IK=1,N
88 U(IK)=XO(IK)-X(I,IK)
89 AT4PU=AMPU+U (IK) **2
90 230 XI(IK)=2.0*X0(IK)-X(I, IK )
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DO 232 IK=1,N 
232 U(IK)=U(IK)/SQRT(AMPU)

YT=FIT ( X1)
IF(C*YT-C*B(1))  290 ,290,240 

240 A=(B(1)-2.0*B(N+l)+YT)*(B(l)-B(N+l)-DELTM)**2
BT=0.5*DELTM*(B(1)-YT)**2 
IF(C*A-C*BT) 290 ,290,250 

250 IF(MTEST-l) 260 ,20 ,20  
260 N1=N-1

I F (MAX-N1) 265 ,265 ,275 
265 DO 270 JK=MAX,N1 

DO 270 IK=1,N 
270 ESV(IK,JK)=ESV(IK,JK+1)
275 DO 280 IK=1,N 
230 ESV(IK,N)=U(IK)

DELTM=0.0 
J=N
MTEST=1 
GO TO 35 

290 DO 300 IK=1,N
I F (ABS( XO(IK)-X(I , IK)) -TOLX) 300 ,310 ,310 

300 CONTINUE 
GO TO 330 

310 1=1+1
DO 320 IK=1,N 

320 X ( I , IK) =X0( IK)
I F ( I -40 )  20 ,20 ,500

330 YOPT=FIT(XO)
PRINT 331

331 FORMAT ('OTHIS IS THE VALUE OF YOPT')
PRINT 3 3 2 , YOPT

332 FORMAT (F22.6)
PRINT 333

333 FORMAT ('OTHESE ARE THE VALUES OF X ( 1 ) , X ( 2 ) ' )
PRINT 3 3 4 , ( X0(IK),IK=1,N)

334 FORMAT (2F22.6)
500 PRINT 335
335 FORMAT ('OTHESE ARE THE BASE POINTS')

PRINT 3 3 6 , ( ( X ( I J , I K ) , I K = 1 ,N ) , IK=1,1)
336 FORMAT (2F22.6)

PRINT 337
337 FORMAT ('OTHESE ARE THE FUNCTION VALUES AT THE BASE POINTS') 

PRINT 3 38 , (Y (IK ) , IK =1 ,1)
338 FORMAT (F22.6 )

I F ( I -40)  400,400,390  
390 PRINT 395
395 FORMAT ( ' OTHE SOLUTION DID NOT CONVERGE')

GO TO 400 
340 PRINT 345
345 FORMAT ('OTHERE IS NO MAX,MIN')
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141 GO TO 400
142 350 PRINT 360
143 360 FORMAT ( ' OTWO FUNCTION VALUES ARE EQUAL')
144 400 CONTINUE
145 STOP
146 END



Subprogram f o r  G enera l ized  Second-Order  PLL-Voice Modulat ion Case

1 FUNCTION FIT(X3)
2 DIMENSION X3(4)
3 REAL K,MAGNT,INTVL,NU
4 COMPLEX G,J,CPLX1,CPLX2,CPLX3,CPLX4,CPLX5,CPLX6,CPLX7,CPLX8
5 COMPLEX CPLX9,CPLX10,CPLX11,CPLX12
6 SBETA=X3(1)
7 SGAMMA=X3(2)
8 SB=X3(3)
9 SK=X3(4)

10 BETA=SBETA*1.0E8
11 GAMMA=SGAMMA*1.0
12 B=SB*1.0E3
13 K=SK*1.0E5
14 BPPRM=2.2E5
15 BP=3.5E4
16 NU=0.25
17 0MEGA=1.88E3
18 0MEGB=2.07E4
19 DELSQ=4.0*(3 .1415927**2)*1 . 0E7
20 APRIM=1.0/(K*B)**2
21 BPRIM=1.0/K**2
22 XNEWA=1.0/(BETA**2)
23 XNEWB=1.0/(GAMMA**2)-2.O/BETA
24 XNEWC=( 1 . 0 / ( K*B)*1. 0/BETA)**2
25 XNEWD=( 1 . 0 / K+l. 0/GAMMA)**2-2.0*(1 . 0 / ( K*B)+l. 0/BETA)
26 XNEW1=XNEWD/(2.0*XNEWC)
27 XNEWM=XNEW1**2
28 XNEWN=1.0/XNEWC
29 I F ( XNEWM.GT. XNEWN. AND.XNEWD.GT.0 . 0 )  GO TO 150
31 XNEW2=( - 1 . 0 )*SQRT(1 . O/XNEWC-( XNEWD/( 2 . 0*XNEWC) )**2)
32 G=CMPLX(XNEW1,XNEW2)
33 IF ( XNEWD.GE.0,0)G0 TO 75
34 XNEW3=ATAN(XNEW2/XMEW1)
35 WRITE(6,50)
36 50 FORMAT (1H , 13HCASE 1 REGION)
37 GO TO 80
38 75 XNEW3=ATAN( XNEW2/XNEW21 )+3.14145927
39 WRITE(6,60)
40 60 F0RMAT(1H , 13HCASE 2 REGION) 

XNEW4=XNEW3/2.041 80
42 THETA=XNEW4+3.1415927
43 MAGNT=SQRT(SQRT(1 . O/XNEWC))
44 XNEW5=MAGNT*C0S(THETA)
45 XNEW6=MAGNT*SIN(THETA)
46 J=CMPLX(XNEW5, XNEW6)
47 CPLX1= 1 .0-XNEWB*G-( 1 . 0-XNEWD*G)*( XNEWA/XNEWC)
48 CPLX2=J*(C0NJG(G)-G)
49 CPLX3=CPLX1/CPLX2
50 CPLX4=(J-BPPRM/2.0 ) / ( J*BPPRM/2.0 )
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CPLX5=CL0G(CPLX4)
CPLX6=CPLX3*CPLX5
XNEW7=REAL(CPLX6)
XNEW8=XNEWA*(BPPRM/2,0  J+XNEW7 
XNEW9=1. 0 / ( 2 . 0 * 3 . 1 4 1 5927*XNEWC)
INTVL=XNEW8*XNEW9
CPLX7=(( 0MEG8-J) / (OMEGB+U) ) * ( ( OMEGA+J) / ( OMEGA-J))  
CPLX8=CL0G(CPLX7)
CPLX9=(BPRIM-APRIM*G)/(G*J*(G-C0NJG(G)))
CPLX10=CPLX8*CPLX9 
XNEW10=REAL(CPLX10)
CPLX11=BPRIM/(XNEWC*G*CONJG(C))
XNEW11=1.0/OMEGA-1.0/OMEGB 
CPLX12=XNEW11*CPLX11 
XNEW12=REAL(CPLX12) 
XNEW13=(1,0/XNEWC)*XNEW10+XNEW12 
XNEW14=(OMEGA*OMEGB*DELSQ) / (OMEGB-OMEGA) 
PHISQ=XNEW13*XNEW14 
GO TO 90 

150 CONTINUE 
WRITE(6,160)

160 FORMAT( 1 H , 13HCASE 3 REGION)
YNEW1=SQRT( XNEWM-XNEWN)
RS1=XNEW1+YNEW1 
RS2=XNEW1-YNEW1 
R1=SQRT(RS1)
R2=SQRT(RS2)
YNEW2=( 1 .O/Rl)*ATAN(3.1415927*BP/R1)
YNEW3= 1 . 0 / R2)*ATAN(3 .1 4 1 5927*BP/R2)
YNEW4=(1.0-XNEWB*RSl)/(RS2-RSl)
YNEW5=( 1 . 0-XNEWB*RS2) / ( RSI-RS2)
SUBT1=YMEW4*YNEW2+YNEW5*YNEW3 
YNEW6=(1.0-XNEWD*RSl)/(RS2-RSl)
YNEW7=( 1 . 0-XNEWD*RS2) / (RSI-RS2) 
SUBT2=YNEW6*YNEW2+YNEW7*YNEW3 
SUBT3=XMEWA*3.1415927*BP 
SUBT4=SUBT1- ( XNEWA/XNEWC)*SUBT2+SUBT3 
INTVL=SUBT4/(2 .0 * 3 .1 4 1 5927*XNEWC)
YNEW8=ATAN(OMEGA/R1)
YNEW9=ATAN(0MEGA/R2)
YNEW10=ATAN( 0MEGB/R1)
YNEW11=ATAN( OMEGB/R2)
YNEW12=YNEW11 - YNEW9
YN EW13=YN EW8-YN EW10
SUBT5=(1.0/R2)*YNEW12+(l.O/Rl)*YNEW13
YNEW14=-YNEW13
YNEW15=-YNEW12
SUBT6=( 1 . O/Rl**3)*YNEW14+(1 .0/R2**3)*YNEW15
SUBT7=1.0/OMEGA-1. 0 / OMEGB
YNEW16=APRIM/( ( XNEWC)*(RS1 -RS2))
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YNEW17=BPRIM/( ( XNEWC) * ( RSI-RS2))
YNEW18=BPRIM/(XNEWC*RS1*RS2) 
SUBT8=YNEW16*SUBT5+YNEW17*SUBT6+YNEW18*SUBT7 
YNEW19=(OMEGA*OMEGB*DELSQ)/(OMEGB-OMEGA) 
PHISQ=YNEW19*SUBT8 

90 CNRTH—INTVL/(BP*(NU—PHISQ))
WRITE( 6 , 1 0 0 )CNRTH,BETA,GAMMA,B,K 

100 F0RMAT(1P5E16.6)
FIT=CNRTH
RETURN
END
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Subprogram f o r  G e n e ra l i z e d  Second-Order PLL -  FDM-FM Case

1 FUNCTION FIT(X3)
2 DIMENSION X3(4)
3 REAL K,MAGNT,IIMTVL,NU
4 COMPLEX G,J,CPLX1,CPLX2,CPLX3,CPLX4,CPLX5,CPLX6,CPLX7,CPLX8
5 COMPLEX CPLX9,CPLX10,CPLX11,CPLX12
6 SBETA=X3(1)
7 SGAMMA=X3(2)
8 SB=X3(3)
9 S K= X 3 (4)

10 BETA=SBETA*1.0E15
11 GAMMA=SGAMMA*1.0E7
12 B=SB*1.0E5
13 K=SK*1.0E9
14 BPPRM=3.142E8
15 BP=5.0E7
16 NU=0.25
17 0MEGA=3.770E5
18 0MEGB=1.596E7
19 DELSQ=1.990E15
20 APRIM=1.0/(K*8)**2
21 BPRIM=1.0/K**2
22 XNEWA=1.0/(BETA**2)
23 XNEWB=1. 0 / (GAMMA**2)-2.O/BETA
24 XNEWC=( 1 . 0 / ( K*B) = 1 . 0 / BETA)**2
25 XNEWD=(1.0/K+1.0/GAMMA)**2-2.0*(1.0/(K*B)+l.O/BETA)
26 XNEW1=XNEWD/(2.0*XNEWC)
27 XNEWM=XNEW1**2
28 XNEWN=1.O/XNEWC
29 IF(XNEWM.GT.XNEWN.AND.XNEWD.GT.0 . 0 )  GO TO 150
30 XNEW2=( - 1 . 0)*SQRT(1 . O/XNEWC-(XNEWD/(2 . 0*XNEWC) )* * 2 )
31 G=CMPLX(XNEW1,XNEW2)
32 IF(XNEWD.GE.O.O)GO TO 75
33 XNEW3=ATAN(XNEW2/XNEW1)
34 WRITE(6,50)
35 50 F0RMAT(1H , 13HCASE 1 REGION)
36 GO TO 80
37 75 XNEW3=ATAN(XNEW2/XNEW1 )+3.1415927
38 WRITE( 6 ,6 0 )
39 60 FORMAT( 1 H , 13HCASE 2 REGION)
40 80 XNEW4=XNEW3/2.0
41 THETA=XNEW4+3.1415927
42 MAGNT=SQRT(SQRT(1.O/XNEWC))
43 XNEW5=MAGNT*C0S(THETA)
44 XNEW6=MAGNT*SIN(THETA)
45 J=CMPLX( XNEW5, XNEW6)
46 CPLX1=1.0-XNEWB*G-(1.0-XNEWD*G)*(XNEWA/XNEWC)
47 CPLX2=J*(C0NJG(G)-G)
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CPLX3=CPLX1/CPLX2
CPLX4=(J-BPPRM/2. 0 ) / ( J+BPPRM/2.0)
CPLX5-CL0G(CPLX4)
CPLX6=CPLX3*CPLX5
XNEW7=REAL(CPLX6)
XNEW8=XNEWA*( BPPRM/2 . 0 )+XNEW7 
XNEW9=1. 0 / ( 2 . 0 * 3 . 1 4 1 5927*XNEWC)
INTVL=XNEW8*XNEW9
CPLX7=((OMEGB-J) / (OMEGB+J) ) * ( ( OMEGA+J) / ( OMEGA-J))  
CPLX8=CL0G(CPLX7)
CPLX9=(BPRIM-APRIM*G)/(J*(CONJG(G)-G))
CPLX10=CPLX8*CPLX9 
XNEW10=REAL(CPLX10)
XNEW11=DELSQ/(OMEGB-OMEGA)
XNEW12=XNEW11/XNEWC 
PHISQ=XNEW10*XNEW12 
GO TO 90 
CONTINUE 
WRITE(6,160)
F0RMAT(1H , 13HCASE 3 REGION)
YNEW1=SQRT( XNEWM-XNEWN)
RSI=XNEW1+YNEW1 
RS2=XNEW1-YNEW1 
R1=SQRT(RS1)
R2=SQRT(RS2)
YNEW2=(1.O/Rl)*ATAN(3.1415927*BP/R1)
YNEW3=(1 . 0/R2)*ATAN(3 .1 4 1 5927*BP/R2)
YNEW4=(1.0-XNEWB*RSl) / (RS2-RS1)
YNEW5=( 1 . 0-XNEWB*RS2) / (RSI-RS2)
SUBT1=YNEW4*YNEW2+YNEW5*YNEW3 
YNEW6=(1.0-XMEWD*RS1) / (RS2-RS1)
YNEW7=(1 . 0-XNEWD*RS2) / ( RSI-RS2) 
SUBT2=YNEW6*YNEW2+YNEW7*YNEW3 
SUBT3=XNEWA*3.1415927*BP 
SUBT4=SUBT1 - (XNEWA/XNEWC)*SUBT2+SUBT3 
INTVL=SUBT4/(2.0*3.1415927*XNEWC)
YNEW8=ATAN(OMEGA/R1)
YNEW9=ATAN(OMEGA/R2)
YNEW10=ATAN(0MEGB/R1)
YNEW11=ATAN(OMEGB/R2)
YNEW12=YNEW11-YNEW9 
YNEW13=YNEW8-YNEW10 
YNEW14=(BPRIM-APRIM*RS2)/R2 
YNEW15=(BPRIM-APRIM*RS1)/Rl 
SUBT5=YNEW14*YNEW12+YNEW15*YNEW13 
YNEW16=1.0/(XNEWC*(RSl-RS2))
YNEW17=DELSQ/(OMEGB-OMEGA)
YNEW18=YNEW16*YNEW17 
PHISQ=YNEW18*SUBT5 
CNRTH=INTVL/(BP*(NU-PHISQ))
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98 WRITE(6,100)CNRTH,BETA,GAMMA,B,K
99 100 F0RMAT(1P5E16.6)
100 FIT=CNRTH
101 RETURN
102 END
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APPENDIX H

SPECTRAL ANALYSIS OF A SAMPLED SINUSOIDAL WAVEFORM

In S e c t io n  4 . 2 . 3  o f  Chapter  4 ,  i t  was i n d i c a t e d  t h a t  i n i t i a l  

a t t e m p t s  to  s im u l a t e  the  e q u i v a l e n t  f i l t e r  ERPLD o r  t h e  g e n e r a l i z e d  

se c o n d -o rd e r  PLL f o r  t h e  s i n u s o i d a l  t e s t - t o n e  c a s e  y i e l d e d  

e r ro n eo u s  r e s u l t s .  For example,  F ig .  H-l shows a segment o f  the  

phase e r r o r  as  a f u n c t i o n  o f  t ime f o r  t h e  e q u i v a l e n t  f i l t e r  ERPLD 

f o r  a 1kHz t e s t - t o n e  in  t h e  absence  o f  n o i s e  us ing  th e  l i n e a r  model .  

This  model i s  th e  same as  t h a t  shown in  F ig .  4-4  w i th  t h e  s i n u s o i d a l  

f u n c t i o n  removed from th e  phase d e t e c t o r .  Unlike th e  r e s u l t s  

p r e d i c t e d  by l i n e a r  c i r c u i t  th e o ry  which would i n d i c a t e  t h a t  the  

phase e r r o r  shou ld  be s in u s o i d a l  a f t e r  t h e  t r a n s i e n t  p o r t i o n  o f  the  

r e s p o n s e ,  th e  r e s u l t s  o f  Fig .  H-l a r e  h ig h l y  n o n s in u s o id a l  and show 

th e  i n f l u e n c e  o f  h ig h e r  f r e q u e n c i e s .  As i n d i c a t e d  in  S e c t i o n  4 . 2 . 3 ,  

t h e  b a s i c  problem was p in p o in te d  t o  t h e  d i f f e r e n t i a t o r  w i t h i n  th e  

e q u i v a l e n t  f i l t e r  and th e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL f i l t e r .  The 

d i f f e r e n t i a t o r  by n a t u r e  emphasizes h ig h e r  f r e q u e n c i e s .  Unlike  a 

t r u e  analog  computer in  which th e  s im u la te d  param ete rs  a r e  c o n t in u o u s ,  

CSMP being  a d i g i t a l  computer program must  hand le  the  pa ram e te r s  as  

d i s c r e t e  v a r i a b l e s .  I t  i s  o f  i n t e r e s t  t h e r e f o r e ,  to  d e t e rm in e  the  

spec trum o f  t h e s e  p a r a m e te r s .  In p a r t i c u l a r ,  t h e  spec t rum o f  a 

s i n u s o i d  as hand led by CSMP s h a l l  be i n v e s t i g a t e d  in  o r d e r  t o  ga in  

a d d i t i o n a l  i n s i g h t  i n t o  th e  problems en coun te red  in  t h e  t e s t - t o n e  

c a s e .  Cons ide r  t h e  spect rum Fs ( jw)  o f  a sampled waveform f s ( t )
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such as th at encountered using CSMP. f s ( t )  may be expressed by

00

f s ( t )  = f ( t )  ^  6 ( t  -  n A t  )

•  n=<B (H-l
= y f( n A t  ) 6 (  t  -  n A t  )

n=,

where f ( t )  i s  the continuous function being approximated by the 

d ig i ta l  computer and A t  i s  the in tegration  in te r v a l .  I t  can be 

read ily  shown [Ref. 1, p. 515J that Fs (j6J) i s  given by

V' l 1 (H~2)
Fs ( jo ; )  = 2  - ± -  F najs >1

Atn= od

where

UJB = 2 Yr (H-3)
A t

Consider the case

f ( t )  = A cos co t  (H-4)
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Then

F ( jo j )  = A r r s ( c j  - cj^ )  + A'tts( c j + u ^ )  (H-5)

(H-6)
and ®

ps ( j& j )  = 2 ,
n= od

Fs(jw)  t h e r e f o r e  c o n s i s t s  of  a s p e c t r a l  l i n e  a t  the  t e s t - t o n e  

f requency  f  p lu s  a d d i t i o n a l  s p e c t r a l  component p a i r s  c e n t e r e d  

about  m u l t i p l e s  o f  t h e  sampling f r equency  1/  A t  and s e p a r a t e d  

from t h i s  f r eq u en cy  by f  Hz.

Next,  c o n s i d e r  t h e  case  where th e  s in u s o i d a l  waveform i s  

r e p r e s e n t e d  by a s am ple-and-ho ld  approx im at ion  i n d i c a t i v e  o f  

s im ple  r e c t a n g u l a r  i n t e g r a t i o n .  I t  can r e a d i l y  be shown f o r  t h i s  

c a s e  t h a t

^tL
Att|£( CaJ  -n c j  -CJ ) + S(CJ - n c j  - Cj )
A t  TT s TT

S in  (coAt / 2  ) ^  r ! (H-7)
FS(JW) - CJAt / s  1  F | j ( ^ - n w s ) j

For t h e  s i n u s o i d a l  t e s t - t o n e  ca s e  o f  Eq. H-4,  Fs ( jw) may be 

exp res sed  as f o l l o w s

A'rrSin ( coAt / 2  )  (H-8)
F (SCO)

s CJAt/2

00
. V  I 6 ( OJ -n  CJ -  t o  )  +  £ (  CJ - n  CJ - 6 j  ) |/  I S  rp ji S  rprp J
n  ss co



In t h i s  c a s e ,  the  same s p e c t r a l  l i n e s  o c c u r  a s  in  t h e  impulse 

sampl ing c a s e ;  however,  a S ine  w e ig h t in g  f a c t o r  i s  i n t r o d u c e d .  

The p rece d in g  a n a l y s i s  has shown t h a t  a s i n u s o i d  s im u la te d  by a 

d i s c r e t e  approx im at ion  c o n t a i n s  a d d i t i o n a l  s p e c t r a l  components 

due t o  t h e  sampl ing .  When a d i f f e r e n t i a t o r  i s  r e q u i r e d  in  a 

d i g i t a l  s i m u l a t i o n ,  e r ro n eo u s  r e s u l t s  can sometimes occur  

because  o f  i t s  p r o p e r t y  o f  emphasiz ing h i g h e r  f r e q u e n c i e s .  As 

i n d i c a t e d  in  Chapter  4 ,  by u s in g  an im p e r f e c t  d i f f e r e n t i a t o r ,  

t h i s  problem can be e l i m i n a t e d .

Reference

P. F. P a n t e r ,  M odula t ion ,  Noise ,  and S p e c t r a l  A n a l y s i s ,  McGraw- 
H i l l ,  New York,  1965.
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APPENDIX I

ANALYTICAL CHECK ON THE BASIC GENERALIZED SECOND-ORDER PLL MODEL

In S e c t io n  4 . 2 . 3 ,  i t  was i n d i c a t e d  t h a t  t h e  s u b s t i t u t i o n  o f  an 

im p e r f e c t  d i f f e r e n t i a t o r  f o r  t h e  id e a l  dev ice  c o r r e c t e d  t h e  e r roneous  

r e s u l t s  o r i g i n a l l y  observed  in  t h e  e q u i v a l e n t  f i l t e r  ERPLD and th e  

g e n e r a l i z e d  s e c o n d -o rd e r  PLL. In t h i s  Appendix,  as  a check on th e  

v a l i d i t y  o f  th e  new model w i th  t h e  im p e r f e c t  d i f f e r e n t i a t o r ,  an 

a n a l y s i s  was performed on th e  l i n e a r  model o f  t h e  g e n e r a l i z e d  

se c o n d -o rd e r  PLL f o r  th e  t e s t - t o n e  c a s e  in  t h e  absence  o f  n o i s e  

us ing  Lap lace Transform t e c h n i q u e s .

The l i n e a r  model o f  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL used in  

t h e  a n a l y s i s  which fo l low s  i s  shown in  F ig .  1-1.  Although ,  o f  c o u r s e ,  

any pa ram e te r  w i th i n  th e  model can be d e t e rm in e d ,  th e  phase  e r r o r  i s  

o f  prime i n t e r e s t  and s h a l l  be de te rm ined .  As shown in  Chapter  1,  

t h e  phase e r r o r  may be ex p re s s e d  in  terms o f  t h e  c l o s e d - l o o p  t r a n s f e r  

f u n c t i o n  as f o l l o w s

< M S> = 0 i ( s )  I 1 '  H ( s ) l ( M )

where

H(s)  = K F (s )
s + K F ( s )

( 1 - 2 )
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F (s )  = s2/  /3 + s / y  + 1 (1 -3 )
s / b  + 1

and

K = Kj K26 (1 -4 )

c o n t in u in g  th e  development

l - H ( s )  = s 2 / K b  + s /K  (1 -5 )
s 2 f 1 + 1 1+ s f l  + 1 1 + 1

I Kb fl J IT  y  I

I f  t h e  i n p u t  i s  a s i n u s o i d a l  t e s t - t o n e  e x p re s s e d  by

0 i ( t )  = Asin£J0 t  (1 -6 )

then

0  ( s )  = A ^ 0
1 s* + cji

(1-7)
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The p a ram e te r s  t o  be used a r e  th o s e  o f  Acampora and Newton [Ref. l ]  

conver ted  t o  g e n e r a l i z e d  s e c o n d - o r d e r  PLL form which a r e  g iven  by

/3 = 8 .836 x 108
2

( r a d / s e c )

y  = 2.767 x 104 r a d / s e c

b = 1 .88  x 103 r a d / s e c

K = 4 .7  x 105 sec -1

A = 10 rad

U) = 0 6.283 x 103 r a d / s e c

The e x p r e s s i o n  f o r  t h e  phase e r r o r  in  th e  Lap lace Transform domain 

i s  then  g iven  by

0 ( s )  = 6.283X104 . s 2 + 1 .8 8 0 x l0 3 s (1-9)
e s z + (6.283x10*)* 2s2 + 3 .3 8 1 x l0 4 s + 8.836x108

us ing  t h e  method o f  p a r t i a l  f r a c t i o n  exp an s io n ,  Eq. 1-9 may be

e xp res sed  as f o l l o w s

(3 .1 4 2 x l0 4 ) ( s 2 + l . P 8 0 x l 0 3 s ) _____________________ =
( s 2 + 3 . 9 4 8 x l 0 7 ) ( s z + 1.691x104s + 4 . 4 1 3 x l 0 8 )

( 1- 10 )

Ci s + C2 + C3 s + C4
( s 2 + 3 . 9 4 8 x l 0 7) s 2+ 1 . 6 9 1 x l0 4s + 4 . 4 1 8 x l0 8

The f i r s t  te rm on t h e  r i g h t  s i d e  o f  Eq. I -10 r e p r e s e n t s  t h e  s t e a d y -

s t a t e  component ,  w h i l e  th e  second term y i e l d s  the  t r a n s i e n t  r e s p o n s e .



By c r o s s - m u l t i p l y i n g  in  Eq. 1 -10 ,  and s e t t i n g  l i k e  powers o f  "s" 

equal  to  each  o t h e r ,  the  c o n s t a n t s  o f  the  p a r t i a l  f r a c t i o n  expans ion 

can be e v a l u a t e d  y i e l d i n g

Cj = 2.584X10"1 

C2 = - 2 . 6 5 5 x l 0 3 

C3 = - 2 . 5 8 4 x l 0 -1 

C4 = 2 .970x l04

The Laplace  Transform e x p r e s s io n  o f  Eq. 1-10 can th e n  be i n v e r t e d  

y i e l d i n g  th e  t ime domain e x p r e s s io n

Fig .  1-2 shows a p l o t  o f  Eq. 1-12 f o r  t h e  f i r s t  m i l l i s e c o n d .

F ig .  1-3 shows th e  CSMP s o l u t i o n  f o r  th e  g e n e r a l i z e d  s eco n d -o rd e r  

PLL f o r  t h e  same loop  p a ra m e te r s .  The r e s u l t s  a r e  v i r t u a l l y  

i d e n t i c a l ,  adding  a d d i t i o n a l  c o n f id e n c e  to  th e  model .  The 

e q u i v a l e n t  f i l t e r  ERPLD and t h e  o r i g i n a l  Acampora and Newton 

ERPLD were a l s o  s im u la te d  us ing  t h e  same b as ic  s e t  o f  pa ram e te rs  

f o r  the  l i n e a r  c a s e .  As a n t i c i p a t e d ,  t h e  r e s u l t s  were aga in  

i d e n t i c a l  t o  a high d eg ree  o f  a c c u r a c y .  Fig .  1-4 shows th e  CSMP 

program used f o r  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL, l i n e a r  model ,

0e ( t )  = 0.495 cos (6 .283x l03 1 + 58.6° )

- 8 . 4 5 5 x l 0 3 t

( 1- 12)

+ 1.677 s i n  (1 .924x l04 1 -  8 . 8 6 °  )
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TITLE GENERALIZED SECOND-ORDER PLL, TEST-TONE CASE, LINEAR MODEL 
INITIAL
CONSTANT XK°4.7E5
CONSTANT BETA*8.836E8,GAMMA=2.767E4,B=1.88E3 
CONSTANT C1=3.1415E5 

C=1.0/C1
DYNAMIC

ERROR«XINPUT-RETS IG 
EI=ERROR*XK 

XNEWA=(1.0/BETA)*EI 
XNEWB=INTGRL(0.0,EI)
XNEWC=(1.0/GAMMA)*XNEWB
XNEWD=INTGRL(0.0,XNEWB)
XNEWE=XNEWA+XNEWC+XNEWD
XNEWF=XNEWE-XNEWH
XNEWG»B*XNEWF
XNEWH=INTGRL(0.0,XNEWG)

E0=DERIV(0.0,XNEWG)
E0P=REALPL(0.0,C,E0)

RETSIG*INTGRL(0.0,E0P)
XNEW1*SINE(0.0,6.283E3,0.0)

XINPUT=XNEW1*10.0 
XNEW2=ERROR**2 
XNEW3=INTGRL(O.O,XNEW2)
XNEW4=RAMP( 0 . 0 )

XMSQER=XNEW3/XNEW4 
TIMER DELT=1. 0E-6,0UTDEL=5.OE-5, FINTIM=1. OE-2 
PRTPLOT ERROR 
LABEL PHASE ERROR VS TIME 
PRTPLOT XMSQER
LABEL MEAN-SQUARE PHASE ERROR
METHOD RECT
END
STOP

Fig. I-L. CSMP program for the generalized second-order PLL; 
test-tone, linear model.
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t e s t - t o n e  c a s e .  F ig .  1-5 shows th e  CSMP program used f o r  t h e  

e q u i v a l e n t  f i l t e r  ERPLD, l i n e a r  model ,  t e s t - t o n e  c a s e .  By r e 

i n s e r t i n g  th e  s i n u s o i d a l  f u n c t i o n  i n t o  t h e  phase d e t e c t o r  e x p re s s io n  

in  F igs .  1-4 and 1-5 ,  the  n o n - l i n e a r  CSMP programs used in Chapter  4 

a r e  o b t a i n e d .  F ig .  1-6 shows th e  r e s u l t s  ob ta ined  f o r  t h e  non

l i n e a r  model o f  t h e  g e n e r a l i z e d  s e c o n d -o rd e r  PLL t e s t - t o n e  case  in 

t h e  absence o f  n o i s e .  Note t h a t  t h e r e  a r e  some d i f f e r e n c e s  between 

t h i s  f i g u r e  and t h a t  o f  Fig .  1-3 caused by the  s i n u s o i d a l  non- 

l i n e a r i t y .

Reference

A. Acampora and A. Newton, "Use o f  Phase S u b t r a c t i o n  to  Extend th e  
Range o f  a Phase-Locked Demodula tor ,"  RCA Review, Vol 27,  No. 3,  
pp.  577-599,  December 1966.
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TITLE ERPLD EQUIVALENT FILTER, LINEAR MODEL, NO NOISE 
INITIAL
CONSTANT A=2.94E4,B=1.88E3 
CONSTANT C=3.1415E5 

APRIM=1.O/A 
BPRIM*!,0/B 
CPRIM=1.O/C

CONSTANT DELKla 2.93E-l,XK2»1.6E6,XKDa2 .13E-6 
DYNAMIC

ERRORa XINPUTa RETSIG 
XNEW1=ERR0R*DELK1 
XNEW2=LEDLAG(APRIM,BPRIM,XNEW1) 
XNEW3a XNEWl*XKD 
XNEW4=DERIV( 0 . 0 , XNEW3) 

XNEW4Aa REALPL(0.0,CPRIM,XNEW4) 
0UTPUT-XNEW2+XNEW4A 

XNEW5=OUTPUT*XK2 
RETSIG=INTGRL(0.0,XNEW5) 

XNEW6a S IN E (0 .0 ,6 .2 8 3 E 3 ,0 .0 )
XINPUT=XNEW6*10 .0  

XNEW7=ERR0R**2 
XNEW83 INTGRL(O.O,XNEW7)
XNEW9-RAMP(0.0)

XMSQER=XNEW8/XNEW9 
TIMER DELT=1. OE-6,0UTDELa 5 . OE-5, FINTIM=1. OE-2 
PRTPLOT ERROR 
LABEL PHASE ERROR VS TIME 
PRTPLOT OUTPUT 
LABEL OUTPUT VS TIME 
PRTPLOT XNEW2 
LABEL XNEW2 
PRTPLOT XNEW4 
LABEL XNEW4 
PRTPLOT XMSQER
LABEL MEAN SQUARE PHASE ERROR
METHOD RECT
END
STOP

Fig- 1-5- CSMP program for the equivalent filter ERPLD; test- 
tone, linear model.
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APPENDIX J

BUTTERWORTH FILTER IMPLEMENTATION USING THE CSMP

In t h i s  Appendix,  a d e t a i l e d  d i s c u s s i o n  of  B u t te rw or th  f i l t e r  

im p lem en ta t ion  us ing  th e  CSMP w i l l  be g iv e n .  Inc luded  w i l l  be 

th e  low-pass  im plem enta t ion  used in th e  e q u i v a l e n t  n o ise  s ou rce  

and t h e  h ig h -p a s s  im plem en ta t ion  used in t h e  v o i c e  modu lat ion  

PSD s i m u l a t i o n .  The e x p r e s s io n  f o r  th e  s i x t h - o r d e r  normal ized  

B u t t e rw o r th  low-pass  f i l t e r  t r a n s f e r  f u n c t i o n  i s  g iven by 

[ R e f .  1 ,  p.  347j

H ( s )  can be r e e x p r e s s e d  in te rm s  o f  a g e n e r a l i z e d  c u t o f f  f r e -B
quency cj by making th e  s u b s t i t u t i o n

1 ( j - n

(s2 +0 .513s+l ) ( s 2 + 1 . 4 1 4 s + l ) ( s 2 +1.932S+1)

(J -2 )

in  Eq. J - l  y i e l d i n g

( J - 3 )

[ ( j #  )2+ 0 . 5 1 8 j m i ] [ ( j ^  >2+ 1 . 4 1 4 j « + l ] [ ( j ^  ) * + 1 . 9 3 2 ^ + 1 ]
1
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The low-pass  B u t t e rw or th  t r a n s f e r  f u n c t i o n  f o r  a c u t o f f  f requency  

of  cjc i s  then  given by

( J - 4 )
6

H ( s )  = ____________________________________________________________________
B ( s 2+0.518 cj s + o ; c2 ) ( s 2 +1.414 cjcs+ CJc2 ) ( s 2+1.932 c j s + w 2 )

s u b s t i t u t i n g  t h e  d e s i r e d  c u t o f f  f requency  o f  17.5kHz i n t o  Eq. J - 4  

y i e l d s

HB ( s ) =  (4-24)

1.772x103°
(s2 +5.698x 104 s+1.21x 1010 ) ( s 2 +1.555x 1O5s+1.21x 1O10)(s2 +2.125xlQ5s+1.21x1010 )

The CSMP CMPXPL f u n c t i o n  ( s e e  Eq. 4-27)  can be used d i r e c t l y  to  

r e a l i z e  each o f  the  q u a d r a t i c  te rms in th e  denom ina to r  o f  HB( s ) .  

The t e n t h - o r d e r  B u t t e rw or th  low-pass  f i l t e r  t r a n s f e r  f u n c t i o n  i s  

de te rm ined  in  a s i m i l a r  manner.  S t a r t i n g  w i th  t h e  normal ized  

e x p r e s s io n  g ive n  by

( J - 5 )

H„(s)  -

( s2+ 0 .3 1 3 s+ l) (s2+ 0 .9 0 8 s+ l)(s ! +1.414s+1)(s2 +1.782s+1)(s2 +1.9755+1)



A91

Trans fo rm a t ion  o f  Eq. J -5  to  a c u t o f f  f requency  o f  17.5 kHz y i e l d s

( s 2 +3 . 441x104 s+1.21x1010 ) ( s 2 +9 . 988x104s+1.21x1010 )(s2+1.556x105s+1.21x1010 )

( s 2+ l .9 6 0 x l 0 S s+ 1 .2 1 x l0 10 ) ( s2 +2.173x105 s+1 .21xlOI0 )

Again ,  the  CSMP CMPXPL f u n c t i o n  can be used to  r e a l i z e  each  o f  th e  

q u a d r a t i c  t e rm s .  F ig .  J - l  shows th e  CSMP program f o r  the  approx im ate  

e q u i v a l e n t  n o i s e  sou rce  us ing  a t e n t h - o r d e r  B u t t e rw or th  low-pass  

f i l t e r .

Next,  c o n s i d e r  the  h ig h -p a s s  Bu t t e rw or th  f i l t e r  r e q u i r e d  f o r  

th e  vo ice  m odu la t ion  c a s e .  By s u b s t i t u t i n g  1 / s  f o r  s in Eq. J - l ,  

a low-pass  to  h ig h -p a s s  t r a n s f o r m a t i o n  i s  ach ieved  y i e l d i n g

H ( s )  = 
b '  '

( J - 6 )

2.594 x 10,50

1

s (J-7)

(s2 + 0 . 5 1 8 s + l ) ( s 2 + 1 . 4 1 4 s + l ) ( s2 + 1 .932s+ l)
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TITLE APPROX. EQUIVALENT NOISE SOURCE TEST PROG. 

DYNAMIC
XNEW1=GAUSS ( 5 , 0 . 0 , 5 . 3 5 )  
XNEW2=CMPXPL(0.0,0.0,1.564E-1,1.1E5,XNEW1) 
XNFi»n=XNFW?*i Pi Fi n
XNEW4=CMPXPL(0.0,0.0,4.540E-1,1.1E5,XNEW3) 
XNEW5=XNEW4*1.21E10
XNEW6=CMPXPL(0.0,0.0,7.071E-1,1.1E5,XNEW5)
XNEW7=XNEW6*1.21E10
XNEW8=CMPXPL(0.0,0.0,8.910E-1,1.1E5,XNEW7) 
XNEW9=XNEW8*1.21E10
XNEW10=CMPXPL(0.0,0.0,9.877E-1,1.1E5,XNEW9) 
EQN0IN=XNEW10*1.2 1 E10 
XNEW11=EQN0IN**2 
XNEW12=INTGRL(0.0,XNEW11)
XNEW13=RAMP(0.0)
XMSQ=XNEW12/XNEW13 

TIMER DELT=2.5E-7,0UTDEL=1.0E-4,FINTIM=5.0E-2 
PRTPLOT XMSQ
LABEL MEAN-SQUARE VALUE OF NOISE SOURCE 
PRTPLOT EQNOIN
LABEL APPROXIMATE EQUIVALENT NOISE SOURCE
METHOD RECT
END
STOP

Fig. J-l. CSMP program for approximate noise source using 
tenth-order Butterworth filter.
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S u b s t i t u t i n g  Eq. J - 2  i n t o  Eq. J -7  y i e l d s  t h e  B u t t e rw o r th  h ig h -p a s s  

f i l t e r  t r a n s f e r  f u n c t i o n  w i th  a c u t o f f  f r e q u e n c y  <-̂>c g iven by

Hb ( s ) = ( J - 8 )

(s2+0.518ojcs+ cjc2 ) ( s 2 + 1 . 4 1 4 u c s+ cj2 ) ( s 2 + 1 .9 3 2 w s +  cj2 )

S u b s t i t u t i n g  the  d e s i r e d  c u t o f f  f requency  o f  1kHz i n t o  Eq. J -8  

y i e l d s

Hb( s ) = (4 -48 )

(s2 +3 .255xl03 s + 3 . 948x10? ) ( s  +8 .884xl03 s + 3 .9 4 8 x l0 ? ) ( s 2 +1 .214xl04 s+3 .948x l0? )

Once more th e  CSMP CMPXPL f u n c t i o n  can be used to  r e a l i z e  th e  quad

r a t i c  f u n c t i o n s  in  t h e  denominato r  o f  HB( s ) .  The numera tor  can be 

r e a l i z e d  u s in g  CSMP DERIV f u n c t i o n s .  The t e n t h - o r d e r  B u t t e rw or th  

h ig h -p a s s  f i l t e r  t r a n s f e r  f u n c t i o n  i s  de te rm in e d  in  a s i m i l a r  

manner.  S t a r t i n g  w i th  t h e  normal ized  e x p r e s s i o n  g iven  by
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( 0 - 9 )

_________________________________ 3___________________________________________
( s2+ 0 . 3 1 3 s + l ) ( s 2+ 0 .9 0 8 s + 1 ) ( s + 1 .4 1 4 s + 1 ) ( s2+ 1 .7 8 2 s + 1 ) ( s 2+ 1 .9 7 5 s +1)

T rans fo rm a t ion  o f  Eq. J - 9  to  a c u t o f f  f requency  o f  1kHz y i e l d s

(s  +1 .965 x103 s + 3 .9 4 8 x 1 0 7 ) ( s2 +5.705xlQ3 s + 3 .9 4 8 x l0 7 ) ( s2 +8.885xlQ3 s + 3 . 9 4 8 x l 0 7)

( s2 + 1 . 120xl04s+3 .948x107 ) ( s2 +1 .241xl04 s+ 3 .9 4 8 x l0 ? )

F ig .  J -2  shows t h e  complete vo ice  PSD s im u l a t o r  u s in g  a t e n t h - o r d e r

h ig h -p as s  B u t t e rw o r th  f i l t e r .

R efe rence

S. K a m i .  Network Theory : A n a ly s i s  and S y n t h e s i s , Allyn  and Bacon
I n c . ,  Bos ton ,  M a s s a c h u s e t t s ,  1966.

(0- 10)

10s

1



TITLE VOICE PSD SIMULATOR TEST PROGRAM 
DYNAMIC

XNEW1=GAUSS(1,0.0,6.447E9)
XNEW2=CMPXPL(0.0,0.0,1.564E-1,6.283E3,XNEW1)
XNEW3=DERIV(0.0,XNEW2)
XNEW4=DERIV(O.O,XNEW3)
XNEW5=CMPXPL(0 . 0 , 0 . 0 , 4 . 540E-1, 6 . 283E3,XNEW4) 
XNEW6=DERIV(Q.0,XNEW5)
XNEW7=DERIV(0.0,XNEW6)
XNEW8=CMPXPL(0 . 0 , 0 . 0 , 7 . 0 7 1 E - l ,6 .2 8 3  E3, XNEW7) 
XNEW9=DERIV( 0 . 0 , XNEW8)

XNEW10=DERIV(0.Q,XNEW9) 
XNEW11=CMPXPL(0.0,0.0,8.913E-1,6.28E3,XNEW10) 
XNEW12=DERIV(0.0,XNEW11)
XNEW13=DERIV( 0 . 0 ,XNEW12)
XNEW14=CMPXPL(0.0,0.0,9.876E-1,6.283E3,XNEW13)
V0IPSD=XNEW14
XNEW15=VOIPSD**2
XNEW16=INTGRL(0.0,XNEW15)
XNEW17=RAMP(0.0)
XMSQVL=XNEW16/XNEW17 

TIMER DELT=2. 5E-7 , PRDEL=1. OE-4,0UTDEL=1. 0E-4,FINTIM=2. 5E-2 
PRTPLOT XMSQVL
LABEL MEAN SQUARE VALUE OF VOICE SIGNAL
PRTPLOT VOIPSD
LABEL VOICE SIGNAL VS TIME
METHOD RECT
END
STOP

Fig. J-2. CSMP program for voice PSD simulator using tenth- 
order Butterworth filter.



APPENDIX K

CSMP PROGRAM FOR THE GENERALIZED SECOND-ORDER PLL IN THE 
PRESENCE OF NOISE. TEST-TONE CASE

TITLE GENERALIZED SECOND-ORDER PLL. TEST-TONE CASE 
INITIAL
CONSTANT XK=4.7E5 
CONSTANT CPRIM=6.283E5 

C=1.0/CPRIM 
CONSTANT BETA»8.836E8.GAMMA-2. 767E4, B=38E3 
DYNAMIC

ERROR=XINPUT-RETSIG
PHDEOT=SIN(ERROR)

XNEWA=GAUSS(5,0.0,2.390) 
XNEWB=IMPULS(0.0,5.0E-7)
XNEWC=XNEWA*XNEWB 
XNEMD=XNEWC**2 
EQNOA=ZHOLD(XNEWD, XNEWC)
XNEWE=CMPXPL(O.Of 0 . 0 , 2 . 590E -1 ,1 . 1 E5.EQNOA) 
XNEWF=XNEWE*1.21E10
XNEWG=CMPXPL(0.0,0.0,7.068E-1,1.1E5,XNEWF)
XNEWH=XNEWG*1.21E10
XNEWI=CMPXPL(0.0,0.0,9.659E-1,1.1E5,XNEWH) 
EQN01=XNEWI*1.21E10 
XNEWJ=IMPULS(2.5E-7, 5 .OE-7)
XNEWK=XNEWA*XNEWJ
XNEWL=XNEWK**2
EQNOB=ZHOLD(XNEWL,XNEWK)
XNEWM=CMPXPL(0.0,0.0,2.590E-1,1.1E5,EQNOB) 
XNEWNa XNEWM*l.21E10
XNEWO=CMPXPL( 0 . 0 , 0 . 0 , 7 . 068E-1 , 1 . 1 E5, XNEWN) 
XNEWP=XNEW0*1.21E10
XNEWQ=CMPXPL(0.0,0.0,9.659E-1,1.1E5,XNEWP)
EQN02°XNEWQ*1.21E10
YNEWA=SIN(RETSIG)
YNEWB=COS(RETSIG)
YNEWC=EQN01*YNEWA 
YNEWD=EQN02*YNEWB 

EQNOIN=YNEWD-YNEWC 
E1=PHDE0T+EQN0IN 
EI-XK*E1 

XNEW1=DERIV(0.0,EI)
XNEW2=REALPL(0 . 0 ,C,XNEW1)
XNEW3=( 1 . 0/BETA)*XNEW2 
XNEW4=( 1 . 0 / GAMMA)*EI 
XNEW5=INTGRL(0.0,EI)
XNEM6=XNEW3+XNEW4+XNEW5
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XNEW7=INTGRL(0.0,E0)
XNEW8=( - 1 . 0 ) *XNEW7 
XNEW9=XNEW8+XNEW6 

E0=B*XNEW9 
RETSIG=INTGRL( 0 . 0 , E0) 
XNEW10=SINE(0.0,6.283E3,0.0) 
XINPUT=XNEW10*10.0 

ZNEW1=ERR0R**2 
ZNEW2=INTGRL(0.0,ZNEW1) 
ZNEW3=RAMP(0.0) 

XMSQER=ZNEW2/ZNEW3 
ZNEW4=EQN01**2 
ZNEW5=INTGRL( 0 . 0 , ZNEW4) 
XMSQ1=ZNEW5/ZNEW3 
ZNEW6=EQN02**2 
ZNEW7=INTGRL(0.0,ZNEW6) 
XMSQ2=ZNEW7/ZNEW3 

TIMER DELT=2.5E-7,FINTIM=1.0E-2 
PRTPLOT ERROR 
LABEL PHASE ERROR VS TIME 
PRTPLOT XMSQER
LABEL MEAN-SQUARE PHASE ERROR 
PRTPLOT XMSQ1
LABEL MEAN-SQUARE OF NOISE COMPONENT 1 
PRTPLOT XMSQ2
LABEL MEAN-SQUARE OF NOISE COMPONENT 2
METHOD RECT
END
STOP
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APPENDIX L

DETAILED DERIVATION OF THE DIFFERENTIAL EQUATION FOR THE 
GENERALIZED SECOND-ORDER PHASE-LOCKED LOOP

In t h i s  Appendix,  th e  d e t a i l e d  mathematics  f o r  d e r i v i n g  th e  

d i f f e r e n t i a l  e q u a t io n  f o r  the  g e n e r a l i z e d  s e c o n d -o rd e r  PLL in 

s t a n d a rd  form i s  g iv e n .  S t a r t i n g  w i th  Eq. 5-3

E l im in a t in g  P/b + 1 from the  denom ina to r  o f  the  f i l t e r  f u n c t i o n  

and m u l t i p l y i n g  th rough  by "b" r e s u l t s  in

Carry ing  th rough  the  d i f f e r e n t i a l  o p e r a t o r  e v a l u a t i o n s  y i e l d s

(5-3)

0e(t) = ^(t)
p/b + 1

( L - l )

[p + t»] 0e(t) = [p + b] 0±(t) - Kb [ p 2//3 + pf y  + l] Sin 0e(t)

p ( Sin 0e ) = 0e Cos 0e
(L-2)

and

(L-3)

•  2 •  •

p2 ( Sin 0e ) = - 0e Sin 0g + 0e Cos 0e
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S u b s t i t u t i o n  of  Eqs. L-2 and L-3 i n t o  Eq. L-l and c a r r y i n g  th rough  

th e  remain ing  d i f f e r e n t i a l  o p e r a t o r  e v a l u a t i o n s  y i e l d s  th e  r e s u l t

0e + = (L-4)

0 + b 0 ± - (Kb/
'A- 0 Sin 0 + 0 Cos 0,

- Kb/y 0- Cos 0 - Kb Sin 0

S im p l i fy in g  and c o l l e c t i n g  te rms y i e l d s  t h e  d e s i r e d  r e s u l t

( 5-4)

0^ + b0± -  Kb Sin 0e - [b  + (k b /y )cos 0e ] 0e + (Kb/^) Sin 0e

1 + (Kb//3)cos 0e
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