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ABSTRACT

The effects of optical path perturbations occurring 
during recording on the reconstructed image of a hologram 
are investigated. It is shown that such variations of 
optical path are equivalent to conditions of holographic 
interferometry which can be classified in three categories:
1) object motion alone, 2) film motion alone, and 3) simul
taneous film and object motion; all motions are defined 
with respect to the stationary reference source during the 
recording of the hologram.

The theory concerning the effects of object motion 
alone on the radiance distribution of a reconstructed holo
graphic image has already been developed by previous re
searchers and is reviewed. This theory is extended to cover 
the other two above mentioned categories. Quasi-monochromatic 
conditions are assumed throughout. Experimental verification 
of the theory is presented for the cases of step object 
motion, step film motion, simultaneous step film and object 
motion, simultaneous staircase film and object motion, and 
simultaneous step film - staircase object motion.

Holographic recording conditions under which a step 
change in refractive index occurs in a slab of the medium 
separating the mechanically stationary object and film 
during the hologram recording are analyzed. It is shown



that, within the assumptions of paraxial conditions and 
small optical path perturbations, these conditions are 
equivalent to the occurrence of a mechanical step film 
motion during the hologram recording.

Extension of this interpretation and of the resulting 
analysis technique to the study of the effects of turbulence 
in the optical path medium during recording on the recon
structed holographic image yields results in accordance 
with the predictions of conventional turbulence analysis 
techniques. Several promising applications of the new 
technique are indicated. These include simulation of 
turbulence under controlled conditions in the laboratory.
In addition, application of the theory to the measurement 
of atmospheric turbulence distributions from holographic 
data is broadly indicated and some advantages of this 
novel approach over the present state of the art are 
enumerated.
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PREFACE

During the past ten years, holography has been emerging 
as an important technical tool for a large variety of 
scientific, engineering and medical applications. In many 
instances, holographic techniques are by far the most prac
tical, sometimes the only practical means of obtaining 
useful data for design and analysis. The investigation 
presented in this thesis is mainly concerned with the 
detection and study of optical path disturbances occurring 
during holographic recording in the medium between object 
and holographic plate and whose nature is either determi
nistic or stochastic.

A resume of the historical development of holography 
and a description of some basic holographic techniques and 
properties are presented in chapter I. The presentation 
is intended to establish a coherent method of notation, and 
in so doing, presents certain holographic phenomena from a 
sometimes unusual point of view. Particular emphasis is 
placed on those specific concepts (such as the hologram's 
sensitivity to the degree of coherence) that are especially 
important and relevant to the investigation presented.

To this end a detailed analysis of the split beam 

holographic process employing partially coherent quasi- 
monochromatic radiation during the formation of the hologram

v



is offered. Concepts from the classical theory of coherence 
are applied to a description of the holographic process, and 
establish the groundwork for consideration of the effects of 
motions during recording on holography (chapter II).

The theory describing the effects of object motion 
during recording, on the reconstructed holographic image is 
reviewed in chapter III and expressed in generalized form. 
This theory is then extended to include motion of the holo
graphic film plate during recording. It is shown that this 
new extension of the theory can be used not only to study 
the effects of simultaneous film and object motion, but also 
to establish a novel method of holographic interferometry 
capable of simulating, detecting, and identifying complicated 
optical disturbances in the medium between the holographic 
plate and the object.

The specific analysis of the effects of random (turbu
lent) disturbances in the medium interposed between the 
object and recording planes during hologram formation is 
the subject of chapter IV. A novel approach to the computa
tion of the effects of random perturbations of optical path 
on the reconstructed image is developed. In particular, it 
is shown that predictions obtained by this new approach are 
in accordance with results obtained by other investigators 
using conventional turbulence analysis. Suggestions
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concerning the possibility offered by this method of achiev
ing simulation of turbulence effects under controlled 
laboratory conditions are indicated.

A detailed study of the effects of simultaneous film 
and object motion with respect to a stationary reference 
source during the hologram exposure is presented in chapter V. 
A general expression for the modified complex degree of 
coherence for this case is developed. The effects of such 
motion on the reconstructed image are analyzed and computa
tions are made for several special types of simultaneous laws 
of motions. On the basis of this discussion it is proved 
that this technique affords a practical, approximate means 
of computing the modified complex degree of coherence, and 
it is finally shown that it permits the analysis of compli
cated motion effects for certain classes of object-film 
motions by simpler, more practical means than heretofore 
available.

The theories concerning film motion and simultaneous 
film and object motion are extended to the three dimensional 
case in chapter VI. This is shown to be useful for the 
further interpretation of the observed fringe spacing in 
the reconstructed image.
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Original experimental verification of the theory is 
presented in chapter VII, where the theoretical predictions 
of the theory concerning object, film, and several cases of 
simultaneous object and film motion are verified to within 
experimental error.

Conclusions and recommendations for future work are 
presented in chapter VIII.
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CHAPTER I 

BASIC CONCEPTS OF HOLOGRAPHY

The past ten years has seen a large research and 
development effort concentrated on improving the techniques 
and devising new applications for holography. Indeed 
holography, in its more spectacular aspects, as a method 
of lensless three-dimensional photography, has become 
quite familiar and popular with the general public. Less 
generally known, outside a circle of specialists, are some 
holographic applications of a more specific technical value 
which make the process an immensely important tool for a 
large variety of scientific, engineering and medical 
applications.

This thesis is concerned with investigating one such 
application which falls within the realm of "holographic 
interferometry." Thanks to its ability to detect the 
distribution not only in intensity but in phase of wave
fronts, holography can be used as a particularly sensitive, 
powerful, and convenient tool for the "visualization" of 
"phase objects." To this end, a large effort has been 
directed towards applying holography to the study of small 
displacements, distortions and laws of motion (holographic 
interferometry). Our investigation will be further con
cerned with the application of holographic interferometry
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to the detection and study of optical path disturbances 
whose nature is either deterministic or stochastic.

In this chapter we shall present a fast resume of the 
historical development of holography and a description of 
some basic holographic techniques and properties. The 
presentation will emphasize specific aspects and concepts, 
such as, sensitivity to the degree of coherence, the 
characteristic function, etc. because of their importance 
and relevance to the development of this investigation as 
presented in later chapters.

It must be emphasized that this resume is not intended
to be complete, nor particularly rigorous in presentation.
It is intended to recall some fundamental properties of the
holographic process in a form suited to our purposes. It
will serve to introduce a coherent form of notation and
present certain phenomena from a sometimes unusual point
of view because of envisioned further developments. The
resume is not intended to substitute for a more complete
and general understanding of the holographic process which

2 3 4 5 6 7can be obtained from the abundant literature. ' ' ' ' ' 
Indeed we shall often offer no more than a hint and a refer
ence to well known facts and well developed theories, with
out reproducing their proofs or specifically indicating the 
limitations implied in their statements. If at this time, 
more detailed information is required, the reader is again
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referred to discussions such as those offered by
8 9Born and Wolf or De Veils and Reynolds et. al.

1.1 The History of Holography

Wavefront reconstruction (holography) is a two step,
10 11lensless imaging technique conceived by D. Gabor ' , in

1948 to deal with problems associated with electron lens 
distortion in electron microscopes. He proposed the re
cording of the pattern resulting from the interference 
between the Fresnel diffraction, by a suitable object, of 
the illuminating radiation, and a reference radiation. 
Naturally, for fhe interference to have sufficient visi
bility for recording, the two radiations should have a 
high degree of coherence. In the original proposed 
geometry, the reference radiation was provided by the un
diffracted portion of the illuminating radiation (refer 
to figure 1-1). This, of course, restricted the types of 
objects to those which allow a large portion of the inci
dent radiation to pass undiffracted, i.e., objects with a 
small subject area compared to the total area of illumina
tion. A photographic record was then formed of the result
ing interference pattern across the recording plane. This 
record was termed "hologram" and had little resemblance to 
a conventional photographic image of the subject.
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SOURCE INCIDENT 
ILLUMINATION

UNDIFFRACTED
RADIATION

OBJECT

DIFFRACTED
RADIATION

RECORDING
MEDIUM

HOLOGRAM FORMATION

SOURCE INCIDENT
ILLUMINATION

DOWNSTREAM
----------

RECONSTRUCTED
IMAGE

IMAGE RECONSTRUCTION

Figure 1-1
Geometry for the formation and reconstruction 
of a Gabor type hologram
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The hologram was then placed in a geometry, with re
spect to the reconstruction source, such that the illumi
nating wavefront, at the processed hologram plane, was 
identical (except for a possible amplitude difference) to 
the reference wavefront existing across the hologram plane 
during recording. The diffraction of the incident radiation 
by the hologram resulted in transmitted wavefronts appear
ing downstream (opposite the source side) of the hologram. 
These transmitted wavefronts contained a replica of the 
original object wavefront which existed in the hologram 
plane at the time of recording, a conjugate wavefront which 
is sometimes referred to as a "ghost image" and wavefronts 
related to the illuminating source.

Gabor's initial experimental work was limited by a 
lack of sufficiently intense and coherent sources of 
radiation. Furthermore, his original holograms, while 
confirming the validity of the holographic process, 
suffered from very poor image quality because both the 
desired and the ghost images were formed on the same 
optical axis, although these images were formed in differ
ent planes. Also, optical imperfections such as dust on 
the photographic plate (or glass bubbles) resulted in addi
tionally degraded image quality.
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Holography remained a laboratory curiosity for many 
years until E. Leith and J. Upatnieks, of the University 
of Michigan, using a laser as the source of coherent radia
tion, produced good quality holographic images. Their
technique involved introducing two variations in the holo-

12 13graphic process. ' The first improvement resulted from 
the use of a reference beam forming an angle with the re
cording plane (an off axis reference beam). This procedure 
is called split beam holography. The second improvement 
was obtained by the use of diffuse illumination of the 
obj ect.

The use of an off axis reference beam requires a 
greater degree of coherence between the object and illumi
nating beams to produce an interference pattern across the 
hologram plane. This technique was impractical before the 
laser, which is a source of highly coherent light, was 
available. The split beam holographic technique results, 
upon reconstruction, in a spatial (angular) separation of 
the two images (desired and conjugate image) so that either 
can be viewed without the annoying interference associated 
with having both images on the same axis.

Secondly, the use of diffuse illumination greatly re
duced the deleterious effects of local optical imperfec
tions in the recording system due to dust specs or glass 
bubbles. The use of diffuse illumination essentially
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spreads the object illumination across the whole recording 
plane making the local imperfections much less obtrusive 
when viewing the reconstructed image. Diffuse illumination 
and split beam techniques also obviate the necessity to 
print the hologram in order to obtain a positive image.

The impressive results obtained by these techniques 
spurred new interest in wavefront reconstruction as an 
imaging technique. Further research by many continued to 
improve image quality and produced vast numbers of proposed 
engineering applications for the process, many of which 
show great promise of coming to fruition.

1.2 A Description of the Holographic Process

A typical split beam hologram recording geometry is
depicted in figure 1-2 where S is a monochromatic source
of radiation, H is the hologram recording plane, 0 is a
suitable diffusely reflecting object, UQ represents the
rediffused object wave, U_ the reference wave and M is aK.
mirror used to direct the reference wave towards the holo
gram plane. In the discussion to follow, the reference 
beam will be assumed to be collimated (a plane wave) and 
perfectly monochromatic to simplify the computations.
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M

H

Figure 1-2
A typical hologram (split-beam) geometry 
with S the monochromatic source, 0 the 
object, M a mirror, Up the reference beam, 
U0 the object beam ana H the recording 
medium.
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Let x^ and y^ be the coordinates of a point in the 
recording plane, then, the distribution of the complex 
amplitude of the reference wavefront on the hologram plane 
can be represented by,

r (xh' yh} = R(xh' Yh} e j ^  (Xh' Yh) (1-1)

where R (xj1/ Y^) is the complex amplitude (amplitude and 
phase) of the analytic signal V(P, t). As usual in holo
graphy, use is made of the analytic signal and complex 
amplitude representation of an electromagnetic wave. The 
reader is reminded that V(P, t) is a scalar quantity repre
senting the appropriate electromagnetic field vector of 
the radiation. The analytic signal representation for an 
electromagnetic field vector essentially is a complex func
tion whose real and imaginary terms form a Hilbert trans- 

14 15 16form ' ' and whose real part describes the amplitude
and phase of the electromagnetic field disturbance at 
point P and time t. The use of the analytic signal repre
sentation is analogous to the use of an exponential to 
represent functions which vary as a cosine function.

The use of a scalar quantity to represent the electro
magnetic field is justified whenever we can imply certain
conditions, for instance that all radiation under considera-

1 7tion is polarized m  the same direction. In this case, 
knowledge of the magnitude and phase of the field as a
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function of position and time will completely describe the 
1 8field. If deemed necessary to consider polarization

effects, the formulation must then include the full vector
1 9nature of the field. This level of complexity will not 

be required for the investigation to be discussed here.

Considering equation 1-1, R (x '̂ Y^) is a real quantity
and <j>R (x̂ , y^) is a relative phase function which, for a
collimated reference beam, depends on the angle between the
reference beam and the recording plane. For a collimated
reference beam, normal to the recording plane, the phase
factor di_ (x, , y, ) would be a constant which could be YR h Jh

arbitrarily set to zero.

The complex amplitude distribution in the recording 
plane due to an object point m is,

V Xh' yh> = ° m (xh' yh> e  ̂ * ° <Xh' Yh' ^  (1'2)

where 0m (x̂ , y^) is a real quantity and Y^/ m) is
the relative phase of the radiation coming from point m on 
the object at the hologram plane point x^, y^.

The complex amplitude at a point x^, y^ in the record
ing plane due to the superposition of the radiation from 
the object point m and the reference beam is,

U(xh , yh) = 0m (xh, .yh) + R(xh , yh) (1-3)
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and the corresponding intensity is

0 (x, , y, ) + R(x, , y, ) I2 m h Jh v h 1

cf)R) + 0 R e ra

Then, considering x^ and y^ as running variables, equation 
1-4 describes the intensity distribution of the interfer
ence of the reference and object wavefronts in the record
ing plane for the case (here considered for convenience) 
where the "object" is a single point.

When a photographic plate is placed in the plane H and 
exposed to this intensity distribution, the exposure* can 
be expressed as

*the integral of the light intensity reaching the photo
graphic plate over the time during which the plate is 
exposed to the light is called the exposure.2°

f TE = J |0 + RI 2 dt_ ' m 1

(1-5)
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where Eq and ER represent the exposure due to the object 
and reference wavefronts respectively acting alone and an 
assumption of time invariance of the object and reference 
beam amplitudes during exposure has been made. In addi
tion, the frequency of both the object and reference wave
fronts has also been assumed to be time invariant over the 
period of exposure (assumed monochromatic radiation). 
Equation 1-5 can be written as,

where 6 = d> — 4> _ and G _ (T) = |G „(T) I2 is the square of Yo R mR ' mR ' ^
the absolute value of the modified complex degree of 
coherence that existed between the radiation from the ob
ject point m and the reference radiation at the time of 
exposure providing the quasi-monochromatic hypothesis is 
satisfied*. The processed film plate is termed a hologram, 

and is the final result of the formation stage of the holo
graphic process. It should be indicated that the hologram 
plate bears little resemblance to a photographic image of

*rnore will be presented concerning this area in chapter 2. 
For this example the quasi-monochromatic hypothesis is 
satisfied due to the monochromacity of the object and 
reference wavefronts. Further definition of this nomen
clature can be obtained in a paper by M. Lurie21 if 
required by the reader.

(1- 6 )
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the object. Rather, what one observes when looking at the 
processed plate with ordinary incoherent illumination is a 

pattern of light and dark fringes.

With proper processing of the photographic plate, the 
amplitude transmittance of the processed hologram can be 
made proportional to the exposure (y = -2)**. When this 
hologram is illuminated with a reconstruction beam of com
plex amplitude distribution at the hologram plate of

r(xh, Yh) = r (xh / Yh) e  ̂ ^r X̂h' Yĥ  (1-7)

the complex amplitude distribution IT downstream of the 
hologram is2<\

fi = K { r (Eq + Er) + r e j (4>r + 6) /EQERGmR (T)

+ r e 3 (<pr ~ 6) /E E G _ (T) } (1-8)o R mR

where K is a constant of proportionality due to the film 
processing.

**the transmittance is proportional to E (xj1/ where
Y is the slope of the H and D curve for the photographic
film22 and E(x^, y, ) is the exposure. For a more com
plete discussion of this subject see Appendix I, for the 
moment we will assume that the film processing is con
trolled to produce a gamma of minus two resulting in a 
transmittance function linear in exposure.
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Equations 1-5 and 1-6 imply that for time invariant

<j>0 (xh ' Yĥ  and ^R^h' Yĥ  the 3uantitY GmR(T) is equal to 
unity. Recalling that 6 = (j> - <|> , we have that equation
1-8 becomes, under these conditions,

= K { r (E + E ) + r e  ̂̂ r  + ^o ^R^ /e E„o R o R

+ r e  ̂ ^o + ^R^ /E E }. (1-9)o R

Further, if <f>r (xh/ yh) = ^R^h' Yĥ  ' that is' if the re“ 
construction and reference wavefronts at the hologram plate 
are identical except for a possible amplitude difference, 
the complex amplitude distribution downstream of the 
hologram is,

n = K { r(E + E„) e J ^RO -K

+. r/E~e T e ^o O R

+ r/E E e  ̂(2(|>R “ <f)o) > (1-10)o R

The first term of equation 1-10 consists of an undiffracted 
beam of light which represents the reconstruction source 
and can be considered a noise term. The last term is a 
diffracted beam of light giving rise to a "complementary" 
(because of the negative sign of <|> ) image of the object.
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The middle term is of particular interest to us because it 
is proportional to the wavefront originally generated by 
the object beam across the hologram plane during the record
ing of the hologram.

An observer viewing the hologram from a properly 
oriented point of view will perceive no difference between 
the reconstructed wave proceeding from this wavefront and 
which forms a virtual image of the object, and the original 
object wave. The two will appear identical. Therefore, 
the viewer, looking at the hologram, sees an image both in 
depth (i.e., he must refocus his eyes when changing radial 
distance from the hologram), and in perspective (i.e., he 
can change his point of view by moving angularly with 
respect to the hologram). Consequently, the reconstructed 
image appears optically indistinguishable from the original 
object.

If, during the recording of the hologram, <f> -  ̂ is
O  K

not constant as previously assumed, several conditions can 
exist which will be indicated and discussed in detail in a 
later chapter. First, suppose that <|> varies in time and 
<j) remains time invariant; this is a condition of partially 
coherent object light and completely coherent reference 
light (this situation is encountered and discussed in 
chapter 3 under the heading of "object motion"). Under
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quasi-monochromatic conditions, as we shall see, the recon
struction of the complex amplitude distribution downstream 
of the hologram becomes,

fi = K { r(E + En) e 3
O  K

+ r/E G _(T) e 3 ^oo R mR

+ r/EQ Er GmR(T) e j (2<I>R ” ^o5 (1-11)

which is identical to the complex amplitude distribution
for constant <|> - (f>D except that the amplitude of the image
terms are now proportional to /g _ (T). The intensity of antukt
image point m then is now proportional to G R (T).

The computation of f°r conditions of object
motion is covered in detail in chapter three. Essentially,
the phase shift generated at the hologram plane, computed by 
determining the change in optical path between the object 
point m and the hologram, due to the point m experiencing a 
motion during the hologram exposure, will be a non-constant 
value dependent on the nature of the object's law of motion. 
Consequently, Gm R (T) is both a function of the object point
under consideration and of its law of motion.
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The second case of interest occurs when both d> andTo
<j>R are time varying during the hologram exposure. Such a 
situation is encountered for conditions involving film 
plate motion. Again, this subject will be further discussed 
and analyzed in detail in chapter three under film plate 
motion.
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CHAPTER II

AN ANALYSIS OF THE HOLOGRAPHIC PROCESS

A more detailed discussion of the split beam holo
graphic process employing partially coherent quasi- 
monochromatic radiation during the hologram formation
stage will be presented. We will summarize a large volume 

1 2  3of work ' ' and present an analysis applying concepts
from the classical theory of coherence to a description of

4the holographic process. These concepts are essential 
when considering the effects of motions, during recording, 
on the holographic process. This particular subject will 
be discussed with great detail in a later chapter.

Again, this resume is intended to present to the 
reader a background in the basic concepts of holography. 
The discussion will initially highlight some important 
results from the classical theory of coherence and then 
apply some of these results to a description of the holo
graphic process. If a rigorous presentation of the 
subject matter is of interest, the reader is referred to 
either Born and Wolf^ or De Velis and Reynolds^.
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2.1 Classical Theory of Coherence

Consider an optical disturbance at point P and time t 
to be represented by the analytic signal V(P, t). An 
important property of this radiation is its coherence which 
is computed as the correlation of the analytic signal at a 
particular space-time point in the radiation field with the 
radiation at a second space-time point in the field. The

7mutual coherence function is defined as

analytic signal representing the optical disturbance at 
point P^ and at time t, while V(P2, t + t ) is the analytic 
signal representing the optical disturbance at point P2 
and at a time r later than t, and the * denotes the complex 
conjugate function. In the commonly accepted nomenclature 
of stationary random processes, termed the cross
correlation function of V(P^, t) and V(P2, t).

r(Pr  P 2 , t) e r 12 ( t ) = < V (P1, t) V*(P2 , t + t ) >  (2-1)

where < V > = Lim and V(P_j,t) is the

The propagation of the mutual coherence function in 
vacuum can be shown to satisfy two coupled wave equations 
given by
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V22 r(P1' P2' T)
a2 r(Pr  P 2 , T)

(2-2)c7 zT7

where C is the speed of light and V, 2 is the LaplacianK
operator with respect to the coordinates of P.,.K

The coherence of radiation is generally classified as 
spatial and temporal coherence where temporal coherence 
refers to the autocorrelation of the radiation measured 
at one (and the same) space point and spatial coherence 
the cross-correlation of radiation at two points in the 
wave field measured at the same time. Specifically, the 
temporal coherence, T ^ ( t ) is,

of the function V(P^, t) with zero time shift, is the

sequence of equation 2-3, it can be shown that a wave 
containing only one frequency (a rigorously monochromatic 
wave) must be temporally coherent while a non-monochromatic

rn (x) = <V(Pr  t) V*(Pr  t + t )> (2-3)

and the spatial coherence r.j2 (o) is

r12 (o) = < V(P1 , t) V* (P2, t)> . (2-4)

9Observe that as is well known , r^(o), the autocorrelation

intensity of the radiation at point P^. As a direct con-
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wave cannot be completely coherent. This is a consequence
1 0of applying the Wxener-Khxnchxn theorem to equatxon 2-3.

In practice, convenience dictates the use of the
normalized mutual coherence function, termed the "complex

11degree of coherence", and defined as

Y1 2 (T ) = r -j 2 (x ) 1 1 r22(°) • (2-5)

1 2Application of the Schwartz Inequality leads to the con
clusion that |y ̂ 2 (T) I is a bounded function with bounds of

1 . . .  zero and unxty. The xmplxcatxons of the bounds are that

the condition Iy ^ ^ H  =  ̂ ^or a1  ̂ T indicates a completely
coherent field and complete incoherence implies

|y -]2 t̂) I = 0 f°r aH  T ^ 0. When I iies between
1 4these extremes, the radxatxon xs termed partxally coherent.

As an example, the laser is a source of highly coherent (but 
not completely coherent) light, the sun is a source of 
partially coherent light and a frosted incandescent light 
bulb, if viewed at short distance, is a source of low co
herence light where the coherence referred to in these 
examples is the temporal coherence of the radiation.

Although a physically realizable source cannot be
1 5monochromatic (completely temporally coherent) , many 

sources are available which can produce radiation of very
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narrow spectral width compared to the mean frequency of the
radiation, v i.e., Av<<v, Av being the frequency deviation
from the mean. Radiation of this type is defined as

1 6narrowband radiation. In addition, narrowband radiation 
is termed "quasi-monochromatic" when the path length 
difference between the source point S and observation 
points P̂  and P2 is such that

A£ = SP - SP2 << C/Av (2-6)

1 7where C is the speed of light. Equation 2-6 can also be 
expressed as

— >> Av = A(jj/2tt (2-7)T

which is also a useful relationship. In equation 2-7, 

t = ML/C* where A£ is the difference in path from the 
source to the two observation points; x is the time shift 
equivalent of the path difference and Aw = 2ttAv. Note that 
narrowband radiation which satisfies the quasi-monochromatic 
condition for one experiment may not satisfy the quasi- 
monochromatic conditions in a different set of circumstances,

*this is the case for two different space points but all 
that is necessary is to have two different space-time 
points, i.e., the condition could also be for measurements 
at the same point in the field taken at two different 
times.
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i.e., the restrictions imposed on t depend on the particular 
computation and it is not a basic property of the light.

When quasi-monochromatic conditions prevail, the
complex degree of coherence can be accurately approximated
, 18 by

Y12(t) ~  Y -j 2 e (2-8)

It is important to note that quasi-monochromatic radia-
1 9tion is temporally coherent radiation over the interval 

x since

I Y -j (t ) | Ziz | Yl t (o) e | = | y 11 (o) | (2-9)

and

|y 1^(o)| = r11(o)//r11 (o) r11(o)

= 1

2.2 A Description of the Holographic Process Employing 
Partially Coherent Quasi-Monochromatic Radiation

A discussion of the holographic process will be pre
sented essentially following a compilation from the work

i ga 20of Born and Wolf , De Velis and Reynolds , Lurie and
21 22 23Zambuto , and many others ' with changes in notation

for our specific purposes. This section is presented
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primarily to obtain a set of relationships suitable for the 
computation of the effect of partial coherence on holography, 
a concept already introduced in chapter I, which is basic 
to the holographic process and central to our study.

The quasi-monochromatic hypothesis previously discussed 
was introduced to allow the use of a single frequency mathe
matical representation for the radiation of interest. This 
hypothesis also allows the formulation of the description 
of wave propagation in terms of a single wave equation
resulting in the computation becoming a simple boundary 

24value problem. This method is of course preferred to the
more rigorous approach which requires the solution of two

25coupled wave equations. It must be indicated that the 
simplified method does not always adequately describe the 
process under consideration. Fortunately, for our study, 
the rigorous method of formulation will not be necessary.

In describing the holographic process, we must first 
be able to determine the distribution of radiation in a 
plane removed from the source plane which contains a known 
distribution of radiation. Then, consider ip (x) to repre
sent the radiation of interest in the x, y plane, and

the source radiation in the £, n plane. Let £ be a 
position vector in the ?, n plane (the source plane) and 
x a position vector in the x, y plane. Let G(£r x)



27

represent the appropriate Green's function which satisfies
the boundary conditions, in the source plane, of
G (£, x) = 0 for Z = o and dG/3n, the derivative of the
Green's function along the normal to the wavefront, exists.
Then, to obtain the desired distribution of radiation ip (x)
from the known distribution of radiation 1̂ ( 5 ) requires the

2 6evaluation of the following integral ,

Figure 2-1 indicates the geometry used to calculate 
the Green's function which satisfies the boundary condi
tions in the £, n plane. The Green's function in this 
case is given by

where r is the distance from the source (a point in the 
plane of known distribution) to a point in the plane on 
which we wish to know the new distribution of radiation, and
r is the mirror image of r, i.e., for r = f(x, y, z),

(2 - 1 0 )

jkr jkr eJ eJ
(2-11)

r f(x, y, -z) .
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(X,Y,-Z.,)

-Z

Figure 2-1
The geometry for the calculation 
of the Green's function.
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After some manipulation, equation 2-10 reduces to

= " 2J I e jkr{ '̂ x) d? (2-12)
1 5

where the usual geometric and small angle assumptions asso-
2 8ciated with the paraxial approximation have been invoked 

Equation 2-12 can now be applied to computing the distri
bution of radiation in a plane different from a source 
plane when given the source distribution.

Consider now a typical split beam hologram geometry 
represented in figure 2-2 where the conditions of the quasi- 
monochromatic hypothesis is satisfied. Let the reference 
radiation be defined by,

VR (t) = Ar ejwt (2-13)

and let

VU, Z, t) = A(f, Z) [a)t + 0(S' Z)] (2-14)

represent the radiation from a typical object point 
m = [£, n/ Z] with the condition that as £, n, Z vary, V 
represents the analytic signal for the different object 
points. Note that the reference radiation is considered 
to be coherent and a plane wave, and the object under con
sideration has a distribution in the £, n plane and in

depth.
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Figure 2-2
Typical hologram geometry for the 
formation stage of the holographic 
process.
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The analytic signal representing the radiation in the 
x, y plane at point P, which is removed from the £, n plane 
by a distance can be found using equation 2-12. The 
distribution is found to be,

where k = 2-n/X, X the average wavelength of the quasi- 
monochromatic radiation. The object wave (the second term 
of equation 2-15) is the diffracted object illumination at 
P = [x, y] in the x, y plane. The distance from the object 
point m to the recording point P is

The record of the intensity distribution in the inter
ference pattern formed by the coherent addition of these 
wavefronts (object and reference) across the recording 
medium is a hologram. This record will, after proper 
processing, have an amplitude transmittance proportional 
to the energy distribution across the recording plane.
More precisely, if xp is the amplitude transmittance of

Vp (x, Zr  t) ej(»t + kZ,)
K

 zr~zi  A ^r  z ) x£, Z 2-rrrU, x, Z)

ej [wt + 0(£, Z) + kr(£, x, Z)] d- dz (2-15)

r(£, x, Z) = /(? - x)2 + (n - y)2 + (Z - Z1)2.
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29the hologram at point P and K is a constant of propor
tionality related to the film response and the point 
intensity, then

/Xp = K J IVp (x, Z1, t ) I2 dt, 
0

(2-16)

The hologram transmittance at each point, P(x), becomes 
(under proper processing conditions)*

Xp = K|Ar |2T + KT /// jk A(5, Z) X
5, Z 2nr (£,, x, Z)

ej[krU, x, Z) + 0(5, Z) - kZ ̂ ] d~ dz

+ K / T T/// jk A (5 , Z)Ar
0 5, Z 2irr(5, x, Z)

X

ej [kr(5, x, Z)-kZ1 + 0(5, Z)]d~ dz

-///
5, Z

jk A (5, Z) AR
2iTr(5, x, Z)

X

ej [kZ1 - kr (5, x, Z) - 0(5, (2-17)

where the quantity A (5, Z) is the amplitude distribution of 
the object radiation in the object plane.

*for a more detailed description of this process see 
appendix I.
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Consider for the moment, the integrand of equation 

2-17. Let

Vm (t + t ) = V(£, t + t) = A(5, Z) ej [0 (5, Z) + w(t + x) ]

(2-18)

with

^ [r(C, x, Z) “ z-|3 = gr [r(?, x, Z) - Z^] - t (2-19)

and t is the time delay due to the difference in optical 
path between the reference source and point P, and the 
object point m and P. Combining equations 2-17 and 2-18 
gives

V U ,  t + t) = A U ,  Z) ej[9(£f Z) + 0)t + cot ]

= A(5, Z) e j{0(5, Z) + k[r(5, X ,  Z) - z.]}

(2- 20 )

and,

Xp = K|Ar |2T + KT Iff jk A(g, z) X
5, Z 2-irrU, x, Z) 

j[kr(5, x, Z) + 0(5, Z) - kZ.. ]1 d5 dZ



Defining the time average over a period T as

<*>T = ^ r / T • dt (2-22)
0

and accounting for the finite time average by introducing a
3 0"modified"complex degree of coherence , we have
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equation 2-21 becomes

Xp = K|Ar |2T + KT Iff jk A(g, Z)
£, Z 2frr (£, x, Z)

;j [kr (£, x, Z) + 0 U ,  Z) - kZ 1 ] d~ dz

+ KAdTK ~Iff jk
?, Z 2?rrU, x, Z)

GmR(x)A(e, Z)d5 dZ

///- KApT JJJ --------   G* (t)A(S, Z)d5 dZ (2-24)
£, Z 2nrU, x, Z)

Recalling that quasi-monochromatic radiation is assumed, we 
can state that

Gm R (T) = lGm R (o)l e
j [ut + 6 u, Z) ] (2-25)

where |Gm R (o)| is the magnitude of the modified complex 

degree of coherence between the radiation leaving the 
object point m and the reference radiation.

The hologram transmission, under conditions of quasi- 
monochromatic conditions becomes
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Xp = K|Ar |2T + KT fff 3k A (g, Z) x 
?, Z 2irr(?, x, Z)

2
ej [kr U, x, Z) +0(5, Z) - kZ 1 ]1 d5 dZ

+ KA T •K A (5, Z)d5 dZ
5, Z 27rr(5, x, Z)

5, Z 2irr(5, x, Z)
A (5, Z)d5 dZ.

(2-26)

Recognize the similarity between equation 2-26 and the 
equivalent statement in chapter I (equation 1-6) employing 
the characteristic function. Again, equation 2-24 assumes 
that r(5, x, Z) remains constant with respect to time, a 
point already introduced in chapter one and, a point which 
will be discussed at length in a later chapter when motion 
of the object during the hologram exposure is considered.

The image reconstruction process employs an illuminat
ing wavefront identical to the reference wavefront used 
during recording. This implies that the characteristics of 
the reconstructing source, with respect to the hologram, 
are related to the reference source employed for formation 
of the hologram. Image reconstruction is then accomplished 
by illuminating the hologram with the reconstructing beam 
and viewing the radiation diffracted by the hologram.
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Let (x, Zj, t) represent the analytic signal distri
bution of the reconstructed wavefront downstream of the 
hologram due to an illuminating wavefront A^ e ^ a)*' + 
then,

vl p (5, v  t) = Xp A. + kz1>

= Aj + kZ1> { K|Ar | 2T

+ KT /// jk A(5, Z) X
5, Z 2irr(5, x, Z)

J[kr(5, x, Z) + 0(5, Z) - kZ.jĴ z-

+ KA_T K /// jk |GmR(o)
5, Z 2itr (5, x, Z)

d5 dZ

Qj [ojt + 0(5, Z) ]A(?f z)d5 dz

- kar t /// ijk I G (o) J 1 mR X
5, Z 27rr(5, x, Z)

e"j [aJT + 0 (5' Z) ]A(5, Z)d5 dZ (2-27)
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Considering now just a single term from equation 2-27, in 
particular the third term, where we have

v! (x, Z , t) = A.A KT [If  ------ X
P 5, Z 2irr (5, x, Z)

jk A(5, Z) |GmR(o)

ej[ut + kZ1 + ut + 0(5, Z)]de dz> (2-28)

Recalling that

t = (k/w) [r ( 5, x, Z) - Z1 ]

yields for equation 2-28,

' - (([ \ Jk |Gm P (o) • A U r  Z)V. (x, Z , t) = A A KT J J J V -----^ ------------  X
1P 1 1 R 5, Z 2^r(5, x, Z)

ej [tot + kr (5, x, Z) + 6(5, Z) ] . d? dz

(2-29)

which represents a partial expression for the reconstructed 
image wavefront just behind and downstream of the hologram. 
The original object wavefront in the hologram plane (equa
tion 2-15) was
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jk A(£, Z) ej [tot + kr(5, x, Z) + 0(5, Z)]d- dz 
2nr(5, x, Z)

(2-30)

which, except for an amplitude difference due to the re
constructing wavefront amplitude and the hologram processing, 
differs from the reconstructed wavefront only by the multi
plier |Gm R (o)|. As a consequence of the recorded radiation 
being quasi-monochromatic, the quantity |Gm R (o)| is essen
tially a function of the object point m because the magni
tude of the coherence varies very little over distances, 
r (5, x, Z) from object to recording plane for each object 
point providing the distance variation is small compared 
to the coherence length of the radiation. Then equation
2-29 represents a wave, identical to the original object 
wave, except that the amplitude of the radiation from each

I
image point m is now proportional to the absolute value 
of the modified complex degree of coherence that existed 
between the radiation leaving the object point m and the 
reference beam during recording. In terms of the radiance 
of the reconstructed image, the above result can be stated 
concisely as,

R(m') = a RQ (m) I GmR (o) | 2 (2-31)

Vobj ■ P I
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which relates the radiance of the reconstructed image point
V

m to that of the object point m through the modified com

plex degree of coherence. The constant a is to account for 
the processing and dimensional quantities. Then, to an 
observer, a clear, undistorted image of the object is visible 
with the radiance of the image shaded by |GmR(o)|. This 
result, fundamental to the holographic process and its 
application to holographic interferometry, forms the founda
tion of the study to be presented.
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CHAPTER III

HOLOGRAPHY WITH EITHER FILM OR OBJECT MOTION

In the development of holography, small motions, which 
resulted in distorted reconstructed images, continually 
plagued holographers. Eventually, it was realized that 
the hologram's sensitivity to motion could be used to 
measure these small displacements and deformations with a 
high degree of precision. This realization prompted a 
great deal of research in the study of holographic inter- 
ferometry, particularly concerning the techniques of 
measurement. Subsequent developments indicated two useful
measurement procedures which are referred to as "time

1 2 average" holography and "double exposure" holography.
Essentially, in the time average holographic method the
object is in motion with respect to the recording plane
during the exposure of the hologram. Double exposure
holography, which can be shown to be a special case of

3time average holography , entails exposing the hologram 
at two different times during the object's motion. The 
duration of the individual hologram exposure is such that 
the object's displacement during each exposure is negligible, 
but, the amount of object motion between the individual 
hologram exposures may or may not be significant depending 
on the law of motion under consideration.

*Other clarifications of methods of holographic interfer- 
ometry (such as real time, stroboscopic etc.) can be 
shown to be special cases of the above).
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When viewing the reconstructed image resulting from the 
holographic interferometric study of an object in motion, 
one perceives alternate light and dark regions apparently 
superposed on the object image. These light and dark 
regions are referred to as fringes. When properly inter
preted, the fringe shape and spacing yields quantitative 
information concerning the object motion that took place 
during the hologram recording.

Our discussion will present a general expression,
iiinitially obtained by M. Zambuto and M. Lurie , which 

describes the effects of object motion during the record
ing of a hologram on the holographic process. This will 
be accomplished by computing a "modified complex degree 
of coherence", i.e., the characteristic function, for an 
object in motion with respect to a fixed film plate. This 
result will then be extended to include the effect of film 
motion with respect to a fixed object on holography. The 
latter computation, which is a new result, is of particular 
interest for the study of simultaneous film and object 
motion. Also, the discussion indicates a unique method 
of simulating complicated optical path disturbances on 
holography which is the subject of a later chapter.
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3•1 Holography with a Moving Object

The radiance of each point of a reconstructed holo
graphic image depends on the degree of coherence existing 
between the reference beam and the radiation diffused by 
the object during the formation of a h o l o g r a m . T h i s  
result, which is fundamental to the holographic process, 
was demonstrated in the previous chapter. We will now 
apply this concept to determining the effect, on the 
reconstructed holographic image, of having the object in 
motion during the recording of a hologram.

We shall assume that both the illuminating and refer
ence sources are completely coherent. Additionally, we 
assume that the object motion is such that the reference 
and "object" waves satisfy the quasi-monochromatic condi
tions, then, the radiance of the reconstructed image point
. 7,8is,

R(m') = R(m)|GmR(o) | 2 (3-1)

where R(m) is a quantity which is proportional to the 
radiance of the object m during recording, varies from 
object point to object point, and depends on the condi
tions existing during the formation of the hologram and

9the film processing. The quantity G (o) is the complexIUK
degree of spatial coherence existing between the reference
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beam and the radiation diffused by m during the recording 
of the hologram. Immediately obvious is that reduced co
herence during the formation stage of a hologram will 
result in a darker reconstructed image of the object point 
m. As a consequence of the object experiencing motion 
during the recording of a hologram, such a reduction of 
coherence can result because the object radiation is 
shifted in frequency by virtue of the Doppler effect.

Consider a plane wave monochromatic reference beam 
represented in the recording plane by,

The object, which is presumed to be in motion during the 
recording of the hologram, rediffuses light from a mono
chromatic illuminating source of constant amplitude com
pletely coherent with the reference source. The re
diffused radiation will be shifted in frequency with 
respect to the illuminating source due to the Doppler 
effect. This radiation can be represented in the film 
plane as,

where “m ("r) is the instantaneous frequency of the light 
reaching the hologram plate from the point m.

(3-2)

(3-3)
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We shall further assume that during the recording of
the hologram, A and A , the amplitudes of the reference andk m
object radiation, remain constant with respect to time. Then, 
during the hologram exposure,

I_ = A 2 and I = A 2.R R m m

It now follows that the modified complex degree of coherence 
is,

where the pointed brackets indicate the time average pre
viously defined by equation 2-2 2 ; and, it is understood 
that the time average extends only over the exposure time T 
of the hologram. Equation 3-4 can now be written as,

To determine the instantaneous frequency, “m (t) of 
light rediffused from the moving object at the hologram 
plane, consider figure 3-1. For an infinitesimal displace
ment, dx^, of the object point m, there is a corresponding 
change in phase generated at the hologram plate due to the 
change in optical path created by the object motion. This 
change in phase is,

(3-4)

(t ) - oj] dx }dt (3-5)

which is a basic expression for our discussion.
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dx

Figure 3-1
Geometry for the calculation of 
the Doppler Shift associated with 
an object displacement
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d<f> = (7 -̂) dS = (7 -̂) dx (cos a + cos 3) Ym X m X m (3-6)

where we assume that the object motion magnitude is so 
small that the ray paths remain parallel before and after 
the motion.

The corresponding instantaneous frequency associated 

with this change in phase is

The modified complex degree of coherence for this instan
taneous frequency is,

where xm (t) is the x component of the law of motion for 
the point m on the object. For our purposes, a and 6 will 
be assumed to equal zero (these angles are often controlled 
experimental quantities) with no loss in generality. This 
assumption results in a simplified expression for equation 
3-8 which is

a) (t) = w + d<j> /dt m ' ' Yirr

= a) + (y ~) (5 ^ )  (cos a + cos 3). (3-7)

exp{j(7 ^jx (t) [cos a + cos 3 ] }dt (3-8) 
a in

(3-9)



50

Equation 3-9 then is an expression which relates the 

law of motion of any point of the object during the record
ing of a hologram with the pertinent modified complex degree 
of coherence. Then, the effects on the reconstructed image 
of a hologram with a known object law of motion can be 
computed using equations 3-1 and 3-9.

3.2 An Example of Step Object Motion

Consider the situation of step object motion during 
the exposure of a hologram. Let the law of motion be that 
depicted in figure 3-2 which indicates no object motion 
for the first half of the hologram exposure and an object 
displacement of an amount D for the second half of the 
exposure.

x (t)

D

T/2 T

Figure 3-2 
A step law of motion
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The associated modified complex degree of coherence is

The characteristic function, introduced in Chapter I,
is the quantity which directly affects the image brightness 
and,

A sketch of equation 3-11 can be found in figure 3-4a. 
Essentially, the sketch indicates that whenever the object 
motion magnitude is such as to cause GmR(T) to be zero, a 
dark fringe will occur in the reconstructed holographic

Accompanying the graph in figure 3-4a is a photograph 
of the reconstructed virtual image of a hologram taken of 
an object whose step motion was introduced as an object 
rotation through a small angle 0 about the point F causing 
all points on the object to have the same law of motion 
(see figure 3-3). The magnitude of each object point dis
placement now increases with increasing distance from the 
axis of rotation (fulcrum). This technique of introducing

2 (3-10)

GmR<TI = lGm R <°>l2 = I  n  + cos (ilD)]. (3-11)

image.
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START
END PUSH

F

Figure 3-3
Technique for the generation of 
the motion
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mR

1/4 3/4 D/A

Figure 3-4a
The modified complex degree of coherence 
for step object motion



Figure 3-4b
Photograph of the reconstructed image with 
step object motion



Figure 3-4c
Photograph of the reconstructed image of 
the object used for experimentation
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1 0the object motion, originally suggested by Lurie , results 
in the recording of a whole range of displacements simul
taneously with a single hologram exposure rather than just 
a single measurement. The predictable fringes, correspond
ing to the zeros of equation 3-11, are readily observable 
in the photograph of the reconstructed image of the object 
presented in figure 3-4b. As a reference, a photograph of 
the reconstructed virtual image of the object with no motion 
is also presented in figure 3-4c.

The sketch of iG^fo) |2 implies that the fringes occur 
at multiples of D/A = 0.25. From the recording geometry, 
the displacement of the object during the recording of the 
hologram is easily calculated using the measured fringe 
spacing from the hologram. A sample calculation of this 
type is presented in chapter VII.

3.3 Holography with a Moving Film Plate

The previous analysis concerning object motion during 
the exposure of a hologram will now be extended to consider 
a new topic, that of film motion with respect to a stable 
object during the recording process. The approach to the 
analysis of this situation will parallel the analysis of 
object motion. The apparent doppler shifted frequency of 
the radiation diffused by an object point will be computed 
for one point in the film plane and one point on the object.
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This will be accomplished by determining the phase variation 
at a point on the recording medium for an infinitesimal 
change in film position. Then, the modified complex degree 
of coherence will be computed using the relationships between 
phase variation and instantaneous frequency.

The geometry presented in figure 3-5 is typical for a 
split beam hologram configuration. For an infinitesimal
displacement, dx, of the recording plane along the CC axis, 
the change in optical path difference between the point in
the recording plane on the CC axis and points PD (a pointK
source reference beam in the plane of the object) and P

For a and 3 small, i.e., a and 3 less than five degrees 
(implying the distance from the center axis to the points 
PR and P^ are small compared to the object-recording plane 
distance), the path length change becomes,

m
(a point on the object) is

= dx (cos 3 - cos a ). (3-12)

dSmR ^  dx (a' 2 - 3 ' 2 )/ 2  1 (3-13)
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dx

Figure 3-5
Geometry used to calculate the 
Doppler Shift due to a film 
displacement
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The corresponding phase variation is

d(j> dS _vmR A mR

Y 2 Y 22” dx R - m ....
A 2 f ( T T i F  (3 14)

where X is the object-film distance at the beginning of the 
motion and X + x is the object-film distance at time t.

I
Letting x = x/X results in the complex degree of coherence 
becoming,

GmR(o) = T \  e mR dt

= 1 / T {e: / * '  <y„2 - y_2) dxQ 2 !>X R m (1 + x ' ) 2,dt'

(3-15)

Consider for the present just the integral in the
Iexponent of equation 3-15; letting u = 1 + x yields,

/ I f  r I I
x dx _ / 1 + x d u  x ,0 - 1  ̂  \

------ i-- - J rrz -  r • (3-16)
0 (1 + x ) 2 1 1 + x
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For most experimental conditions, x £ 0.01 implying that

The modified complex degree of coherence then becomes,

where x(t) is the x component of the law of motion of the
film and K = YD 2 - Y 2/2X2, a constant dependent on the k m
recording geometry.

Observe that for film motion, more than just the 
manner of the displacement is required for the computation 
of the modified complex degree of coherence. Cognizance 
of the object-film, reference source-object point distances 
and the film point under consideration are also necessary. 
As an example, consider that the object and reference 
distances are equal for a given point on the film, i.e.,
Yr = Y . Then, the constant K would be identically equal 
to zero no matter what the film displacement was during 
the hologram recording for this particular film point. 
Consequently, the effect of the film motion on the

(3-17)
0 (1 + x ) 2

expjC-^ Kx (t) [1 - 3 }dt (3-18)
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reconstructed hologram image would be as if no motion had 

occurred during the hologram exposure*. Notice that this 
is an image reconstructed from just that one point on the 
hologram. Knowledge of the recording geometry then plays 
an important role in the interpretation of film motion 
effects on the reconstructed image of a hologram.

3.4 An Example of Step Film Motion

The step motion of figure 3-2 with the displacement
D along the CC axis defined in figure 3-5 is applied to 
the film during the recording of a hologram. The modified 
complex degree of coherence is computed as,

(3-19)

The characteristic function is

j { 1 + cos[-p- Kd'] }

*here we have assumed that the film displacement was such 
that the recorded radiation remained quasi-monochromatic 
and the small angle assumptions remained valid.
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with

d ' = D(1 - D/X)

and
K = (Y 2 - Y 2 )/2X2 (3-20)

JX Iu

Figure 3-6 is a photograph of the reconstructed image of an 
object taken from the center of the hologram with step film 
motion applied during recording of the hologram. The method 
of application of the displacement was also a rotation of 
the film through a small angle which was previously explained 
for object motion. This technique results in the recording 
of a complete range of displacements for the film motion 
with all film points having the same law of motion but 
different magnitudes. The details of the computation re
lating fringe spacing to the film displacement are dis
cussed in chapter VII. The characteristic fringes indi
cating the zeros of equation 3-19 are clearly visible 
giving qualitative proof to the discussion.

At this point, it is instructive to indicate more on 
the dependence of the hologram geometry for interpretation 
of the fringe spacing and shape. We have already indicated 
the dependence on the reference and object point distance 
from the central axis, but we must now consider the point 
on the film that we are using to reconstruct the holo
graphic image. For an arbitrary point on the film, not on 
the central axis, Yp , the constant K becomes



Figure 3-6
Photograph of the reconstructed image 
of an object taken with step film 
motion



64

K = (YR + Yf)2 - <Ym - Yf )2/2X2

[(Yr2 . ^ 2 ,  + 2 Y p ( Y R  + Y m ) j / 2 X 2 (3-21)

Observe now that even if Y_ = Y , for Y„ non zero thereR m F
will be evidence of a fringe pattern for film motion. 
Actually, with a displacement in Yp to the point,

we will again observe the condition of no fringe pattern 
for a film motion.

To continue, if instead of a rotation of the film to 
introduce the step film motion, a single linear displace
ment was used for the whole film plate, then we should 
expect to see a series of dark curved or straight line 
fringes in the reconstructed holographic image (see 
chapter 6 ). The apparent shape of the fringe will depend 
on the reconstruction process, and, most likely for small ob
jects will appear as straight lines. The fringe spacing will 
be in accordance with equations 3-21 and 3-20. Observe again 
that these fringes will vary for different points of the

or

Y YRY. m (3-22)F 2
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film plate used to reconstruct the image. To observe the 
variation one will have to use different small sections of 
the hologram plate for the image reconstruction process.

Lastly, in this discussion, we have assumed that the
dimensions Y , Y , Y are all such that during the record- K m r
ing of the hologram, the radiation recorded was indeed 
quasi-monochromatic. Additionally, it must be remembered 
that the size of the film and of the object are limited, 
for we are considering only those ray paths that form 
small angles with respect to the point on the film under 
consideration. This requires that the film and object 
size be limited according to the following conditions,

<YR + Yp ) «  X; (YR - Ym) << X

and

<zm - V  «  X.

Several direct consequences of the film motion concept 
are of particular interest. The study of simultaneous film 
and object motion, i.e., the case in which both film and 
object are in motion with respect to the reference source 
during the hologram exposure can be investigated. An 
analysis of this situation has direct application to the 
fringe interpretation problem encountered in holographic 
interferometric non-destructive testing.
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Applications to the study of optical path changes due 
to small variations in the medium separating the object and 
recording planes is a natural extension of the computation. 
Both of these concepts (simultaneous motion and optical 
path perturbation) will be the subjects of further con
sideration in the following chapters.
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CHAPTER IV

THE INTERPRETATION OF TURBULENCE 
EFFECTS ON HOLOGRAPHY AS A 

RANDOM FILM MOTION

The study of wave propagation through non-homogeneous
media has in the past been of special interest to astronomers
who wish to know how much the earth's atmosphere disturbs
the light from distant sources before reaching the collect-

1 2  3m g  optics of a telescope. ' ' Today there is increased 
interest in optical communication and remote sensing of 
pollution through the atmosphere. The significance of work 
investigating the effects of turbulence both on the resolu
tion and range of optical systems and on the techniques for 
improving optical system resolution has become greatly 
enhanced.

In search of determining the effects of atmospheric
turbulence on light propagation, researchers at Stanford
University reported the results of an interesting experi-

4ment. Goodman et. al. were investigating the effect of 
inserting a random phase perturbing object in the optical 
path of an imaging system. Specifically, they were con
sidering both a holographic type imaging system as well as 
a conventional photographic system. Their work showed that 
when the random medium is a thin, stationary, phase-perturbing
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plate (e.g., a piece of shower or ground glass) located near 
the hologram recording plane for the entire exposure time, 
the method of wavefront reconstruction resulted in much 
better image resolution than has been obtained, under 
identical circumstances, with conventional imaging systems.

This experimental result prompted Gaskill to further
consider the holographic process when the recording and
object planes of a holographic experiment are separated by
an extended random medium during recording. Gaskill applied
conventional methods of turbulence analysis, reported by
many researchers working on the problems associated with

6 7conventional imaging through turbulent media. ' He con
cluded that when the exposure time of the hologram record
ing was long compared to the characteristic fluctuations of 
the medium separating the object and film, the randomness 
of the wavefronts tends to reduce the radiance of the re-

g
constructed image. Additionally, for image points with 
sufficient radiance to be observed, no effect on the reso
lution of the image can be discerned.

In this chapter the analysis of the effects on the 
holographic process of a random medium interposed between 
the object and recording planes during recording will be 
discussed using a novel approach. The computation of the 
effects of randomness of the medium will be related to the 
effects on a reconstructed image ensuing from the variation



70

of the complex degree of coherence for a hologram with film 
motion during recording. It will be shown that this tech
nique results in identical conclusions to those arrived at 
by Gaskill using conventional turbulence analysis. Addi
tionally, this approach suggests some interesting prospects 
concerning the simulation of turbulence effects in the 
controlled environment of a laboratory, as well as a means 
of measuring atmospheric turbulence parameters.

4.1 Representation of the Change of Refractive Index in 
the Medium Separating Object and Film in Terms of 
Film Motion

The effects of film motion during recording on the 
holographic process have already been discussed in chapter 
III. The complex degree of coherence for film motion during 
the recording of a hologram for conditions of quasi-

I I
monochromatic light and a , 3 small was determined to be

K = (Y 2 - Y 2 )/2X2 R m

x(t) = x(t)[1 - x(t)/X]. (4-1)
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The geometry of the holographic process relating to equation
4-1 is depicted in figure 4-1 with X the distance from the
film to the object prior to the film motion and x(t) the
law of motion of the film supposed along the x axis. The
quantity Y_. is the distance from the CC' axis to the point
source reference beam P_, and Y is the distance from theR m
centerline to the object point P . Additionally, the dis
cussion concerning the effect of partial coherence on holo-

I
graphy indicated that the radiance of an image point m in 
the reconstructed holographic image is

R(m' ) = RQ (m) |GmR(o) | 2 (4-2)

where Rq (m) is dependent on the characteristics of the re
constructing process, the film processing and the radiance
of the object point m. G ^(o) is the modified complexmK
degree of coherence which existed between the radiation 
reaching the film plate from the object and from the refer
ence source during the formation of the hologram and the 
point on the film chosen for the reconstruction of the 
hologram is on the CC' axis. Then, the computation of the 
effect of film motion on a reconstructed holographic image 
was effected by combining equations 4-1 and 4-2.

Implied in equation 4-1 but not explicitly stated is an 
assumption of constant refractive index (value unity) of the 
medium separating the object and recording planes during the



Figure 4-1
Geometry for the computation of 
the effect of film motion on 
holography
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hologram recording. This restriction will now be recon
sidered in order that the effects on holography of a re
fractive index perturbation (e.g., atmospheric turbulence 
or the interposing, during exposure, of a piece of optical 
glass) of part or all of the medium separating the film and 
object-reference source planes during recording can be 
determined.

In general, when considering the effects of wave pro
pagation through regions of turbulence, the specific re
fractive index variations contained in the turbulent volume 
are of irregular shape and extent. This complex situation 
is very difficult to analyze. As a first step in the study 
of turbulence effects on holography in order to gain in
sight into the problems encountered, the situation depicted 
in figure 4-2 will be considered. Here both the object and 
film remain stationary with respect to the reference source 
during the hologram exposure. Interposed between the film 
and both the object and the reference source at a time 
subsequent to the start of the hologram exposure and prior 
to the end of the exposure is a region (enclosed by the 
dotted line) of refractive index ^  different from of 
the rest of the medium. As a matter of convenience for 
this analysis will be assumed as unity, so that ^  will 
indicate the ratio .
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Figure 4-2
Geometric configuration for consideration 
of refractive index changes of the medium 
separating the object and film
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The phase variations across the film plate due to this 
interposing of a change in refractive index during the holo
gram exposure will be calculated under the assumptions that,

a) the refractive index slab is a regular rectangle 
in shape with its opposing surfaces parallel to
each other at all times

b) the slab has a constant refractive index and is 
homogeneous and isotropic in its optical properties

c) the slab remains parallel to the film plane at all 
times

d) the reference source is a point source in the plane 
of the object and this plane (object-reference) is 
parallel to the film plane

e) the magnitudes of the distances from the system 
centerline to the reference and object points are 
small compared to the object-film distance so that 
only paraxial ray paths are considered and the slab
thickness must be thin with respect to the object-
film distance

The importance of these assumptions becomes apparent by con
sidering figure 4-3 where a typical slab of refractive index 
N2 different from the surrounding medium of refractive index
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Figure 4-3
Comparison of the difference in refracted 
and unrefracted geometric path for an 
optical system which includes a slab of 
thickness W.
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is illustrated. When a ray travels from one medium to 
another it undergoes refraction which results in a change 
in ray direction. The magnitude of the change in ray 
direction is a function of the two refractive indices, the 
angle of incidence of the ray (angle 0 ), and shape of the 
slab. The assumptions as stated are intended to preclude 
conditions which require consideration of a dynamically 
moving film point in the film plane due to varying angles 
of refraction during recording. The dynamics referred to 
can result from ^  changing during the exposure, the angle 
of incidence at the refractive index slab varying due to a 
slab tilt with respect to the film or the opposing sides of 
the slab becoming non-parallel causing varying slab 
boundaries. The conditions will be shown to be negligible 
under the stated assumptions as the discussion develops.

The computation of the complex degree of coherence for 
a single change in refractive index during the hologram 
exposure (the equivalent of a step film motion) requires 
finding the variation ASmR generated in the optical path 
by the refractive index perturbation. With reference to 
figure 4-2, the difference between the optical paths from 
P (the point source reference beam position) to a film 
point, and from (an object point) to the same point on 
the film plane (here considered to be on the CC 1 axis)
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with the refractive index perturbation (the dashed region 
of figure 4-2) is, to a first approximation

SmR = N1Rd1 + N2Rd2 + N 1Rd3

- N.jmd.j - N2md2 - l̂ rnd.̂  (4-3)

The refractive index of the slab, N 2 , can be decomposed 
in terms of the free space index, = 1.0 and a small 
variational component An,

N 2 = N 1 + An

= 1.0 + An (4-4)

where An is the normalized difference between the refractive
9indices of the interposed slab and that of free space.

The optical path difference becomes, when equation 4-4 is 
substituted into equation 4-3,

SmR = N1 { Rd1 + Rd3 ' md1 ' md3 >

+ (N1 + An) { Rd2 - md2 } (4-5)

= { (Rd^ + Rd2 + Rd^) - (md^ + md2 + md^) )

+ An { Rd2 - md2 } (4-6)
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The first bracket of equation 4-6 encloses terms which 
represent the optical path difference for a uniform refrac
tive index of of the entire medium separating the object
and film plane. The change in optical path difference due 
to the interposing of the refractive index perturbation is 
then

dS = An { Rd - md0 } mR 2 2

= An Ad (4-7)

where Ad is the geometric path difference inside the per
turbing region.

In order to reach a simple approximate expression for 
Ad consider figure 4-3. The indicated slab has a refractive 
index of N2 while the surrounding medium has an index of
N.j . Two ray paths from the reference source to the film
point are indicated. One path, represented by + G^,
is the unrefracted geometric path from P., to P_ and theK r
refracted geometric path from P^ to P^ with an interposed 
slab is given by 0̂  + 02 + 0^. Indicated in figure 4-3 but 
not expanded in detail are the ray paths for the refracted
and unrefracted paths from an object point P^ to the same
film point Pp . For the moment we will consider in detail
only the paths from Pn to P„.

K  r
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The width of the slab indicated in figure 4-3 is W.
The angle of incidence for the geometric ray path is 6 .
The angle of incidence for the refracted ray path is <j>

Ri
and <J> is the angle of refraction for the refracted ray 

R

path in the interposed slab.

The angle of incidence and the angle of refraction are
1 0related by Snell's law as,

I
N.| sin <j> = N 2 sin <j> . (4-8)

We have assumed that the rays are paraxial, i.e., they will 
form angles of less than six degrees with respect to the
CC' axis, hence, we can replace the sin by its angle in
radians, resulting in,

N 1 <j> «  N2 <f>' . (4-9)

Consider now the difference AL between the unrefracted 
and the refracted geometric paths from the reference point 
PR to the film point PR . Note as this is a difference 
between two geometric paths, it is not the quantity Ad, 
which we require in 4-7, but, it will give insight into 
the phenomenon and eventually permit us to adopt a con
venient simplifying assumption in computing Ad. The 
difference in the geometric paths is,
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AL = (01 + 0 2 + 0 3 ) - (G1 + G 2 + G 3 )

(01 - G.j ) + (02 - G2) + (03 - G3) (4-10)

From figure 4-3 we have the following relationships,

0 1 = X 1 /cos <j) tz X 1 (1 + 2/ 2  !)

1 i 9
02 = W/cos <j> St W(1 + <f> / 2 ! )

03 = X3/cos if) St X3 (1 + 4>2/2 i )

G 1 = X 1 /cos 0 X 1 (1 + 0 2/ 2 !)

G2 = W/cos 0 »  W(1 + 0 2/ 2 !)

G3 = X3/cos 0 ̂  X3 (1 + 0z/2!) (4-11)

where the approximate form assumes that the angles are less 
than or equal to 0 . 1 radians (the paraxial approximation). 
Now, the difference in paths becomes

Again, making use of the small angle approximation to re
place the tan by its angle in radians, we have from figure 
4-3 that

X
2

0 (W + X1 + X3 ) = <f> (X1 + X3 ) + <j> w (4-13)
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<f> = (N_i / N 2 ) <t> <j> (1 - A n / N 1 ) (4-14)

Now, equation 4-13 becomes

(W + X 1 + X3) = <f) (W + X 1 + X3 - WAn/N.j). (4-15)

Using equation 4-15, we can compute the quantity <p2 - 02 as

,2 _ n 2 = [ 2W An W 2 An2
W + X 1 + X3 N 1 (W + X 1 + X3)z N7]

sa <f>2  2W_____ An
W + X 1 + X3 N 1 (4-16)

Then, the expression for AL is found by substituting equa
tions 4-16 and 4-14 into equation 4-12, resulting in,

AL = j (<j>2 - 02) (X1 + X 2) + |  [V(1 - Is ) 2 - 02

2 (gn)(2w) [ ( ^ ) 2- 2 |D] (4-17)

and finally

AL »  \  Wcf.2 (|^) 2 (4-18)
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which represents an expression for the geometrical path 
difference between the unrefracted and refracted ray paths 
for an interposed slab.

An expression identical in form to equation 4-18 will 
give the geometrical path difference from the object point 

to the same film point giving, as the total difference 
between the unrefracted and refracted geometric paths 
lengths

ALt = |  ( f V  <*R 2 - +m 2) (4-19)

where <)>_ is the angle formed between the refracted ray path 
from the reference point and the CC1 axis and <j> is the 
angle formed between the refracted ray path from the object 
point and the CC 1 axis.

For typical experimental conditions, (|>R and <j>m are 
both less than 0.1 radians. As an example, consider 
cf>R ~  1.5 degrees and <f>m ~  1-0 degrees, then equation 4-19 
becomes

2
ALt = W(|2-) (1.9 x 10-lf) (4-20)

For the conditions of atmospheric turbulence, the typical 
values of An/N^ are on the order of 10-1+. This gives a 
path difference of
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AL = W(1 .9 x 10“12) (4-21)

which implies that approximating the geometric path length 
of the refracted ray by that of the unrefracted ray is a 
reasonable approximation for narrow slabs.

As a second example, to indicate the limitations of 
the approximation, consider the slab to be a piece of 
optical glass. Here An/N^ ~ 0.5. Notice that under these 
conditions the approximation of equation 4-14 becomes 
invalid, but, to the first order of magnitude we can assume 
that

For a typical piece of optical plate, the width is approxi
mately one centimeter giving

which is on the order of a wavelength of light. This makes 
the approximation a rather poor choice for computation. 
Under experimental conditions, the geometrical path length 
of the refracted ray will have to be computed. The optical 
path length must then be computed from this if the analysis 
of the perturbation introduced is to be valid.

AL = W(0.475 x 10~k). (4-22)

AL = 0.475 x 10- 6 m

0.475 ym (4-23)
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Essentially then, for small angles of incidence, small 
slab thickness and no tilt of the slab with respect to the 
film plane, the unrefracted geometric path can be con
sidered a good approximation to the actual geometric ray 
path in the slab with the error in approximation given by 
equation 4-19.

For an infinitesimal region of refractive index N2 of 
thickness dW, Ad becomes

where a and 8 are angles defined in figure 4-2. For 
paraxial rays (implying an object-reference separation 
small compared to the object-film separation) find that

Employing the procedures and approximations discussed in 
chapter III to compute the effects of film motion, results 
in the following expression for the change in optical path 
due to the interposing of a refractive index perturbation,

Ad ~  dW(1/cos a - 1/cos 8 ) (4-24)

a '2 - fi' 2 Ad = dW (- 2 "]—  >• (4-25)

AndW (4-26)

I
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and

AnWr y 2 - y 2 y 2 - y 1 r\ +/ W R in AndW R m / X du
Jn 2X2 ... , AnW 2 2X ^° ( 1 + — ) 1

Y 2 - Y 2 R m Anw
2X2 Anw

X

KAnW(1 - AnW/X) (4-27)

for

The modified complex degree of coherence is equal to

f T . 2ir a 
Gm R (o)~  T Q e ‘ dt

x (t) = KAnW(1 - AnW/X)

K = (Y 2 - Y 2 )/2X2 (4-28)K  III

where AnW is the equivalent in magnitude of a step dis
placement of the film plane.

The expression for the modified complex degree of 
coherence is identical in form to that obtained for film 
motion in chapter III. This implies that the appearance of 
a reconstructed holographic image of an object taken with
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a step refractive index change interposed between the film 
and the object-reference source during the hologram exposure 
will be identical to that of the reconstructed image of the 
object taken with a step mechanical film displacement of 
magnitude AnW.

4.2 The Complex Degree of Coherence for a Slab of
Randomly Varying Refractive Index

The computation of the complex degree of coherence
when the magnitude of the refractive index of the slab
(see figure 4-2) is random during the hologram exposure
will now be considered. The model and results of section
4.1 will be used in this discussion but the slab generating
the refractive index perturbation is now supposed to be a
random phase screen. It should be recognized that this is

1 2not a limitation for this discussion as it has been shown 
that a large or extended turbulent region can be decomposed 
into small thin homogeneous and isotropic regions as is 
proposed here with no loss of generality. When, in fact, 
the situation is an extended region of turbulence, it must 
be remembered that each of the individual phase screens 
must remain parallel to the film plane so that a paraxial 
ray will remain paraxial after passing through the many 
regions.
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Continuing, the phase screen will be considered to 
represent a region of laminar turbulence which is statis

tically homogeneous and isotropic with respect to direc
tions parallel to the film plane. The temporal variations 
of the turbulence will be assumed to be a stationary 
stochastic process with characteristic fluctuation times 
which vary much more slowly than the incident light field 
and very much faster than the exposure time of the hologram. 
Additionally, the geometry of the hologram recording, the 
width of the slab and the magnitude of the refractive 
index perturbation shall be such that paraxial conditions 
prevail and paraxial rays remain essentially paraxial when 
passing through the perturbed refractive index region. 
Lastly, all of the assumptions concerning the slab itself 
and the slab's relationship to the film plane made in 
section 4.1 will be supposed to hold for this discussion.

Consider figure 4-2 where N 2 is again assumed in two 
parts, a random time variable of mean zero and a constant 
of value unity, i.e.,

N2 = 1 + <5n

and

6n = 0 . (4-29)
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During the exposure of the hologram, the slab will remain 
geometrically fixed in position relative to the reference 
source with the magnitude of the refractive index changing 
between different successive time intervals. The slab 
itself will be assumed very thin so that the second order 
term in x(t), K(AnW)2/X is small compared to unity and can 
be neglected.

The corresponding complex degree of coherence becomes,

where W is the thickness of the slab (phase screen), K
and Y are the distances from the optical axis to the m
reference source and the object point respectively, and X 
the distance from the object to the film.

To evaluate the integral for G _(o), basic assumptions
ITlK

concerning the nature of the refractive index variation must 
be introduced. The assumptions invoked herein are those 
generally employed by researchers studying the effects of

1 3turbulent refractive indices on the propagation of light.

K = KW = (Yr 2 - Ym 2)w/2X (4-30)
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The random function 6n will be assumed to have sta
tionary first increments.* The characteristic fluctuations 
of the variation of refractive index about its mean value 
are short compared to the hologram exposure implying that 
during a hologram exposure, a great many different changes 
occur in the optical path length. This makes it reasonable 
now to consider the ensemble average of ^m R (o) to perform 
our computation. Then equation 4-30 becomes,

where K is assumed to have a fixed value for the ensemble 
of fluctuations. Invoking the principle of ergodicity 
results in,

If the distribution of the random variable 6n is
assumed gaussian, locally homogeneous and locally isotropic
in directions parallel to the film plane, the average in
equation 4-26 is well known to researchers working on
descriptions of turbulence effects on light propagation.

1 4Equation 4-32 becomes
*refer to appendix II for a discussion of the meaning of 
these terms

0
(4-31)

(4-32)
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= A  (f1)2 K'2 <«n2>

= A  (r->Z D(0; r) (I,-33>

where D(0; r) is the wave structure function for the random 
process <5n with r representing the separation of the points 
PR and in the object plane. Recalling equation 4-2, the

Iradiance of the reconstructed image point m under conditions 
of randomly varying index of refraction during recording is,

I / 2 7T v 2
R(m ) = R (m) e-<-> D(0! r)-

Equation 4-34 indicates that the radiance of the re
constructed image point will be shaded by the quantity

2 TT 2- (— ) D(0; r) but no loss of image resolution will occur.
This conclusion was reached by Gaskill analytically (using 
a totally different technique) and Goodman et. al. experi
mentally. It is of importance because here the concept 
of a random film motion was used to obtain results equiva
lent to those concerning turbulence effects using conven
tional analysis. This technique opens a new avenue of 
interpretation and experimental evaluation of turbulence 
effects. Now, a flexible and relatively inexpensive simu
lation technique is available for studying and classifying 
different types of turbulence in the laboratory under 
controlled conditions.
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4.3 Measurement of the Wave Structure Function by Means
of a Hologram

In the previous section, the distribution of the
radiance of the reconstructed image of a hologram taken
with a random refractive index variation of the medium
separating the object-reference plane and the film plane
was shown to be dependent on the wave structure function,
D(0; r), of the medium. This suggests a rather interesting

1 5technique for the determination of the constants which 
are normally associated with the structure function for 
atmospheric turbulence using holography.

Figure 4-4 indicates an experimental setup which is 
proposed for this measurement. The object of this hologram 
will be a painted piece of diffusing (ground) glass and 
the reference beam will be formed as a point source in the 
plane of the object. The object itself will be such that 
a means of easily identifying point separation on the ob
ject with respect to the reference beam can be made 
accurately. This will require a grid type object with 
equidistant lines of known separation and position from 
the reference source.

Removed from the object-reference beam plane will be 
the film used to record the hologram. The distance between 
the film and object planes will depend on the type of
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atmospheric turbulence which is to be measured (long or 
short path) but, to be consistent with other reported 
measurements, the separation should be at least one 
kilometer.

The bases employed to support the film and the object- 
ref erence source must be made very stable. Any motion in 
these support structures will tend to reduce the radiance 
of the reconstructed holographic images. For best results, 
the two supports should be as stable with respect to each 
other as if they were part of the same rigid optical bench. 
This will require a feedback control system which links the 
two structures and can sense a relative position error be
tween them. One possible means of achieving the sensor 
sensitivity would be to use a laser beam of light with an 
angle sensitive receiver. The receiver, which would be 
designed similarly to a radar monopulse type antenna, would 
then give an error indication when the angle between the 
laser beam and the receiver was different from zero.

The hologram which results from an exposure just de
scribed will then have a radiance distribution according to 
equation 4-34. Upon reconstruction, the image brightness 
would fall as distances from the reference beam increase.
The reduction in image brightness will be in accordance 
with the magnitude of the structure function for the object- 
ref erence beam separation.
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Measurements of the image radiance versus object point- 
reference beam position as measured from the reconstructed 
holographic image can then be used to determine the shape 
and turbulence constants associated with the structure func
tion for atmospheric turbulence. The technique for the 
measurement of the effects of atmospheric turbulence will 
give a multitude of data with which to determine the form 
and shape of the structure function. In addition, the data 
is recorded on a single exposure which reduces the chance of 
experimental error. This is in contrast to the usual tech
niques of interferometric measurements which are generally 
used to gather the data.

It must be indicated that although the experiment de
scribed is basically straightforward, there are many diffi
culties which must be overcome before useful data can be 
obtained, the most critical difficulty, of course, being 
the relative stabilization of the two platforms, which is 
followed by the less critical problems of obtaining suffi
cient laser power and film sensitivity to ensure proper 
exposure of the recording medium. When these problems can 
be overcome, useful data can then be obtained in a relatively 
short period of time with a high degree of accuracy.

The apparently very large distance between object and 
film plane can of course be achieved by folding the optical 
path by means of a mirror system (parallel mirrors in the 
turbulent medium or analogous optical system).
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CHAPTER V

5.1 Simultaneous Film and Object Motion

Figure 5-1 indicates a situation where both the object 
and film have experienced a displacement relative to the 
reference source. The film moves a distance xp from point

I IP to P along the system centerline CC . Simultaneously
I

the object moves a distance x from P to P , with the J o m m
direction of the object motion remaining parallel to the

Isystem centerline CC at all times. The monochromatic 
point source reference is located a distance X from the

I
film and a distance Y_ from the system centerline CC .
The object point under consideration, P , is located a 
distance from the system centerline. The illumination 
of the object is accomplished by directing the reference 
source radiation using two fixed mirrors M^ and where 
mirror M 2 is located a distance D from the object measured

I
parallel to CC ; and a distance YQ from the object point 
Pm measured in a plane parallel to the film plane. Lastly, 
the object is located a distance X from the film plane as

I
measured along the system centerline CC .

To determine the effect of the simultaneous motion of 
the film and object on the reconstructed holographic image, 
the change in optical paths due to the simultaneous displace
ment of both the object and film will be computed. Consider 
that during a hologram exposure, a point on the film plate,
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Figure 5-1
Geometric configuration for the computation 
of the change in optical path due to a 
simultaneous change in both film and 
object position.
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I
P, is displaced to position P and a point on the object,

1
Pm , is displaced to P . Prior to this displacement, the
difference between the optical path from the reference
source, PR, to a point on the film P; and the optical path
from the reference source to the object point P and thenm
to the same point P on the film is,

A = PrP - (PPm + pm „ 2 + + M iPr) . (5-1)

When both the film and the object have experienced a
f f

displacement to positions P and P , where we assume that 
the direction of the displacements are parallel to the 
system centerline, the new difference in optical path 
becomes,

a' = prp' - ( p Y  + P;m2 + + Mipr). (5-2)

For the sake of clarity in figure 5-1, the displacement 
of the film was drawn in a manner as to cause an increase 
in optical path. The displacement of the object is drawn 
in a manner as to cause a reduction in optical path. Later
in this development, a sign convention for object and film
motion will be chosen using these facts.

Determining the effects of this dual motion on the 
reconstructed image of a hologram requires computing the 
change in the relative phase between reference and object
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wave at the film plate due to the simultaneous motion of 
the film and object. This change in phase, due directly 
to the change in the optical path difference of formulas 
5-1 and 5-2, will then be used to compute the modified 
complex degree of coherence which, as already shown in 
chapter three, is used to compute these effects on the 
reconstructed holographic image.

The change in optical path difference, 6 is

6 = A - A (5-3)

6 = pRP - PRP (PPm + P M ,  + M 0M. + M.Pd) m m 2 2 1 1 R

+ (P P + P M_ + + M-P-,) .m m 2  2 1 1 R (5-4)

Combining and rearranging terms yields

6 = (PRP - PP ) - (PRP - P P ) + (PM, - PM,). (5-5)R m R m m 2  m 2

Consideration of figure 5-1 indicates the following rela
tionships can be written for the optical paths (here we 
are assuming a uniform index of refraction)



101

P„P = [X2 + Y_2] 1/ 2 = X [1 + Y 2/X2] 1/ 2
K  K  K

PP = [X2 + Y 2 ] 1/ 2 = X[1 + Y 2/X2 ] 1/ 2 m m m

PRP* = [(X + xF ) 2 + Yr 2 ] ! / 2 = (X + xp ) [1 + Yr2/ (X + xF)2 ] V 2

P ’pm = [(x + XF - xo)Z + V 1 1 / 2

= (X + XF - xo)[1 + Ym2/(X + xF - Xo ) 2 ] ! / 2

PmM 2 = [D2 + YD 2 ] 1 / 2  = D [ 1 + YD2/D211//2

P^M2 = [(D - XQ ) 2 + Yp2 ] 1/ 2 = (D - xq)[1 + Yd2/(D - XQ)2]1/2.

(5-6)

For this presentation, the distances of either the object
(Y ) or the reference source (Y_) from the centerline of 

in  Kf
the holographic system (CC ) are assumed very much smaller 
than the distance from the object-reference plane to the 
film plane (X). These distances are experimentally con
trolled quantities indicating that here we will be con
sidering those rays which form small angles with respect

Ito the CC direction. Consequently, the statements that
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Yr/X << 1

Ym/X << 1 (5-7)

and

yd/d << 1

imply that

Yr2/X2 << 1

Ym 2/X2 << 1 (5-8)

and

yd 2/d2 << 1

resulting in equations 5-6 becoming

P_P X[1 + Y 2/2X2] K K

PP 5» X[1 + Y 2/2X2] m m

PpP a (X + x j  [1 + Y 2/2 (X + x„) 2]

p V  «  (X + xF - xQ)[1 + Ym 2/2(X + xp - xQ)2]

PmM 2 M  D[1 + Yd 2/2D2]

P^M2 «  (D - X Q ) [1 + Yd2/2(D - x q ) 2 ] (5-9)
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In the interest of clarity the individual optical path 
differences indicated in equation 5-5 will be considered 
initially, then the complete path difference computed. The 
quantity PRP - PPm / in light of equations 5-9 becomes,

P_P - PP = X [1 + Y 2/2X2] - X [1 + Y 2/2X2] R m R m

= (Yr 2 - Ym 2 )/2X . (5-10)

The quantity PRP - P Pffl is,

PRp' - p V  = (X + xp) [1 + Yr2/2 (X + xF)2]

- (X + x_ - x )[1 + Y 2/2(X + x_ - x )2] F o m F o

Yr2/2(X + xF ) + xo

- Ym 2/2(X + xp)[1 - xQ/(X + xp)]. (5-11)

Now, realizing that x q/(X + xp ) is very small compared to
unity, we have that

PRP ' " P 'Pm = V /2(X + XF} + Xo

- [Ym 2/2(X + xF)](1 + xQ/(X + xp) ]

Y 2 - Y 2 f Y 2
R m + x Jl - m2 (X + x-.) o 1 2 (X + x_)z f (5-12)



Continuing, the quantity P M, - P M, ism 2 m 2

PmM2 - PmM2 = (D “ Xo ) [ 1 + YD2/2(D " xo)2]

- D [1 + Yd 2/2D2]

= -  xo + YD2/ 2(D -  Xo> - V /2D

= - XQ [1 - Yd 2/2D2J (5-13)

Returning to figure 5-1, observe that the quantity
IY / (X + xF) is equal to the tan 3 . Considering the pre

vious assumption that Y / (X + xp) is very small implies 
that,

(X ! % )  = tan

I
where 3 is the angle in radians (less than six degrees to
be a good approximation). Here, the usual small angle
approximation of replacing the tan function by its angle

I
in radians has been used, and for 3 small the approxima
tion is valid for this situation. Incorporation of equa
tion 5-14 into equation 5-12 yields,
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Following the same reasoning and realizing that Y^/D is very 
small, gives that

Y
—  = tan a m a (5-16)

then equation 5-13 can be written as

PmM 2 - PmM 2 = - xo t1 - “2/2!I- <5-17'

The series expansion for the cosine function is,

y2 3,*+ 5,6
cos x = 1 - fr + fr - fr + --- (5-18)

which when coupled with the small angle approximation (i.e., 
the angle less than or equal to six degrees) implies that

x <_ 0. 1047 radians (5-19)

implying that the cosine function can be approximated by

cos x K 1 - x 2/2! (5-20)

with a peak error of x4/4! = 5 x 10-6. Now, incorporation
of equation 5-20 into equation 5-15 and 5-17 yields,

, Y 2 - Y 2
PRP - P 'Pm = 2 ?X + x!) + xo cos 6' <5-21>



and

P M_ - P M_ = m 2 m 2 - x cos a, o

Now, the computation of the complete change in 
path is, recalling equation 5-5,

I I I
6 = (P P - PP ) - (P P - p p ) + (P M, - P M_) K m R m m 2 m 2

which is,

A 'V'J
Y 2 - Y 2 R m

2X
V Y m 2 , 
2 (X + x!!) - Xo cos e x cos a o

Y 2 - Y 2m 1 +X X + " x°
[cos a + cos g ]

Y  2 _ Y  2 R m xT
Lx (x + xF )J - x q [cos a + cos 6 ]

Letting x h xF/X equation 5-23 becomes

6 =
Y 2 - Y 2 R_____m_

2X h ,
x

(1 + x )
- x [cos a + cos 3 ] o

Recalling that the quantity x is small,

x = xp/X << 1
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(5-22)

optical

(5-23)

(5-24)

(5-25)
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gives for the change in optical path

R m 1 ' 16   [x (1 - x ) ] - x (cos a + cos £ ) .
Y 2 - Y 2 R m (5-26)o

The change in phase in the hologram plane due to the 
simultaneous motion of the film and the object which results 
in the change of optical path 6 is

which gives a complex degree of coherence equal to (see 
chapter III)

Comparing equation 5-28 with equation 3-18 of chapter 
three for the complex degree of coherence for just film 
motion and with equation 3-8 of chapter three for the com
plex degree of coherence for object motion, the similarities 
can be immediately distinguished. The first bracketed term 
in the exponential of equation 5-28 is identical to that 
for film motion. Recall also that in both cases the change

Y 2 _ Y 2
[x (1 - x )]

0

- x (cos a + cos £ ) K, o dt (5-28)
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in film position with respect to the reference source was 
such as to cause an increase in optical path of the holo
graphic system. Thus, we shall define the following:

Y 2 - Y 2 , ,
F(t) e R 2X m [x' (1 - x')] (5-29)

We shall call F(t) the modified film motion function.

Continuing, the second term in the exponent of equa
tion 5-28 is essentially identical to that for film motion

V
except for the change in sign and the angle 6 . In the 
original derivation of the film motion effect in chapter 
three, an assumption was made that during the exposure of 
the hologram the angles a and 3 do not change significantly. 
For this derivation concerning simultaneous motion, this is

I
equivalent to the statement that cos 3 ~  cos 3. For the 
system discussed here, this approximation is valid when 
xF/X is very small. We have already assumed that xp/X << 1, 
consequently we can assume that cos 3 ' ft cos 3 .

Lastly, as was mentioned earlier, for the sake of 
figure clarity, the object was displaced in a manner as to 
cause a decrease in optical path with respect to the refer
ence source. Thus, adopting a sign convention that motions

I
along CC causing increases in optical path with respect to 
the reference source are positive and motions causing de
creases in optical path are negative, we can define, for 
the object motion,
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0 (t) = xq (cos a + cos g). (5-30)

where xq is measured along the CC axis.

For the situation of simultaneous object and film 
motion, we now have

which represents the complex degree of coherence for the 
situation of simultaneous film and object motion. As has 
been shown in previous chapters, this is used to compute 
the effects of the simultaneous motions on the reconstructed 
holographic image.

Several interesting examples of simultaneous motion 
will now be discussed which indicate the application of 
expression 5-31.

5.2 Simultaneous Object and Film Step Motion

(5-31)

0 (t) :F(t)

D

T/2 T
Figure 5-2

Law of motion for the computation of 
simultaneous film and object motion
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Assume as a law of motion for 0(t) and F(t) the step 
function depicted in figure 5-2. The law indicates no motion 
existing for the first half of the exposure, and both the 
film and the object perturbed to cause a step displacement 
of Dq and DF respectively* for the seocnd half of the 
exposure.

The modified complex degree of coherence can now be 
computed as

The determination of the effect on the reconstructed 
image of the hologram requires computing the absolute value 
square of GmR(o), then,

*It should be pointed out that D0 and DF are the magnitudes 
of 0(t) and F(t). To determine the actual film or object 
displacement, equation 5-30 and 5-29 must be used. Notice 
that both XF and Xq will still be steps, but of different 
amplitude. Also, because of the Yp2 - Ym 2 dependence of 
Dp, for a step motion of the film, the amplitude will change 
along the Y axis of the film.

1_
2

. 2n_ 
{ 1 + eDX [Dq + Dp] } (5-32)
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G m R ( ° ) | 2 = I { 1 + ejA [D0 + °F] }{ 1 + e [D0 + °F] }

\ { 1 + cos (Dq + Df) } (5-33)

The reconstructed image then will have a regular pattern of 
dark bands (fringes) located at the zeros of equation 5-33, 
i.e., the fringe location will be in accordance with

D + D„ = ^  for n odd. 0 F 2 (5-34)

5.3 Simultaneous Staircase Film and Object Motion

2D

D

0(t) :F(t)

--->-
T/3 2T/3

Figure 5-3

T t

The law of motion for the computation of 
simultaneous film and object staircase motion
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Consider now a law of motion for 0(t) and F(t) to be 
the staircase function of figure 5-3. Here, no motion 
exists for the initial one third of the exposure; a step of 
Dq and Dp occur for the second third of the exposure; and 
the final third of the exposure is a step of 2DQ and 2Dp .

The modified complex degree of coherence is computed
as,

T/3

2T/3

. 2tt
GmR(°) = f 1 + e^x

(5-35)

The corresponding absolute value square of the modi
fied complex degree of coherence is
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|GinR(o) |2 = 1 ( 1 + e^ir <D0 + °F> + 2 <C0 + °F> } X

( 1 + e ~ t  D̂0 + °F* + e ' t  2<D0 + DF ) }

= 1  f 3 + » cos f! (dq + Df )

+ 2 cos y ~ 2 (Dq + Dp) } (5-36)

Employing the double angle trigonometric identity,

cos y ~ 2(D0  + Dp) = 2 cos2 (Dq + Dp)] -1 (5-37)

results in equation 5-3 6 becoming

+ 4 cos2 y ~ (Dq + DF) }

Gm R (o)I2 = \ { 1 + 2 cos J 1 (Dq + Dp) } 2 (5-38)

The reconstructed holographic image will then have fringes 
located at the zeros of equation 5-38, i.e., the fringe 
location will be in accordance with



( ° 0 + V A (-j  + n)
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n an integer

<Do + V A (y + n) (5-39)

5.4 Simultaneous Staircase Object and Step Film Motion

3D0

2DO

DO

0 (t)

---

F(t)

F

T/2 tTT/4 2T/4 3T/4 T t
Figure 5-4

The laws of motion for simultaneous staircase 
object and step film motion

Consider the laws of motion depicted in figure 5-4 
where during the hologram exposure, the object experiences 
a staircase motion (no motion for the initial quarter of 
the exposure, a single step of DQ for the second quarter, 
2DQ for the third quarter and 3DQ for the fourth quarter) 
and the film simultaneously experiences no motion during
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the first half of the exposure and a step of Dp for the 
second half of the exposure.

The modified complex degree of coherence for this 
situation is,

< W ° >  - * ^  (° + 0>«

J 2 T/4 ^ 2 ,  (Dq + Q)at
T/4

 ̂ f 3T/4 /2D + D )+ ̂  J e3X [ 0 F dt
2T/4

+ l / T (3D0 + V d t
3T/4

1 ■ 2 7T ^  . 2tt _ . 2tt __
{ 1 + e3X 0 }{ 1 + e3X DF e3X 0 }

(5-40)

The absolute value square of the modified complex 
degree of coherence is

1 • 2tt ■ 2tt . 2tt 0
GmR (°) | 2 = yg- { 1 + e3X 0 } { 1 + e3 A UF e3 A 0 } X

• 2 tt ^  .2 it r. . 2 TT
{ 1 + e~ 3 X 0 }{ 1 + e_3X F e“3X 2D0 }

= 1 { 1 + cos Y- D0  }{ 1 + cos Y~ (Df + 2D0) }.

(5-41)
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Observe from equations 5-41 that the effect on the re
constructed holographic image is as if two step motions had 
been applied to the system. The image will then have a 
regular fringe pattern with the fringes located at the 
zeros of equation 5-41, i.e., the fringe locations will be 
in accordance with

5.5 Simultaneous, Non-Synchronous, Step Film and Object

n an odd integer

(5-42)

Motion

0 (t) F(t)

D0 DF

T/2 T t T/2 T t

Figure 5-5
Laws of motion for simultaneous, non- 
synchronous film and object motion
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As the last example, consider the laws of motion de
picted in figure 5-5 where for the first half of the expo
sure the object experiences a step displacement of DQ and 
the film has no displacement. For the second half of the 
exposure, the object experiences no displacement, but the 
film experiences a step of D̂ ,. The situation is that both 
the film and the object laws of motion are step functions, 
but the functions occur asynchronously during the exposure 
time.

The modified complex degree of coherence is

T/2

(5-43)

The corresponding absolute value square is

-  ‘̂ 2- n -2v_ n{ e 0 + e“3A F }

1  ( 1 + cos fi (D0  - Dp) ) (5-44)
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Then, the effect on the holographic reconstructed image is 
a regular fringe pattern, the fringes located at the zeros 
of equation 5-44, i.e., the fringe locations are in accord
ance with

Observe that for this situation, the effect on the 
image is the same as if the two motions were synchronous, 
but of opposite sign.

5.6 Simultaneous Film and Object Motion - An Approximate 
For Complex Motions

The two motions defined previously, 0(t) and F (t), are 
assumed to occur simultaneously during the exposure of a 
hologram; 0 (t) representing the modified law of motion of 
the object and F(t) the modified law of motion for the film. 
The modified complex degree of coherence,

for all but the most elementary classes of motion is ex
ceedingly difficult to evaluate. Expansion of the integrand 
in series form yields for equation 5-46,

(Dq - Dp) = 7̂ - n an odd integer (5-45)

(5-46)



GmR(o) = ^ { 1 + [0(t) + F(t)]

1 ~ 2 
+ TT j (a } [0(t) + F(V12

1 o r 3+ jr j 3 (f1) [o(t) + F(t) ] 3 

+ . . . } dt

Gm R (o) = ?  ̂ 1 + 3 ( f IL) [0 (t) + F(t)]

+ jj j2 (f1)2 [0(t)2 + F (t) 2 ]

+ ^ 7  j 2 (f1 ) 2 [2 0(t) F (t) ]

+ JT j 3 (f1) 3 [0(t)3]

+  I  i 3  (— ) 3 P ^ > 3  ri , o 0 ( t )  , 0 ( t ) 2 n
+  3 !  ] (A ) F ( t )  [1 +  3 F T t T  +  3 F T t p -1

+ TT jtt (r L)*t + F (t)k]

+ TT j4 [6 0{t)2
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(5-47)
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+ h  j5 (r L) 5 [0(t) 5]

+ J  -j 5 (— ) 5 F(t) 5 ri + 5 + 10 y5 !  J \ x  ) a  I t : ;  u  +  s  p ( t )  +  i u  p  ( t )  z

0(t) 3 , 0(t) V
F(tfT F (t) 4 '

+ ___ } dt (5-48)

If the film motion is very much larger than the object 
motion, i.e.,

0(t)/F(t) << 1 (5-49)

and additionally the ratio of object to film motion magni
tude is such that

0(t)/F(t) << 1/n (5-50)

where n is the largest term of the series expansion that is 
necessary to accurately describe the exponential functions, 
equation 5-48 can then be approximated by

GmE(0) 1 1 + i'ir’ 0(t) +ir J2 <r->2 °<t)2 + •••

+ j (|̂ ) F(t) + jy j2 (f1 ) 2 F(t) 2 +

+ JT J2 (y-)2 [2 0(t) F (t) ]
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+ -Jt j2 (f1 ) 4 [6 0(t) 2 F (t) 2 ]

} dt

1 C T .2tt .2tr
GmR( 0 ) = f '  < e ~  + ^

+ £ j2p (r-n-) 2 0 (t) ]P [|ip(t)]p
p= 0  p! A A

- 2 } dt (5-51)

The modified complex degrees of coherence for 0(t) and 
F(t) acting alone are

= l / T e J r L F ( t >lGFmR(o) T q e A dt

GOmR(o) = ? ej'" ° ‘t)at <5-52>

The series expansion in equation 5-51 can be repre
sented in closed form by

Z j2p (1/p! ) 2 [|1 0(t)]P [f^F(t)]P

= Jq { 2 (|̂ ) /0(t) F (t) }. (5-53)
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In equations 5-52, GFmR(o) represents the degree of coherence 

for a moving film plate and GomR^°^ rePresents the degree of 
coherence for a moving object, and in equation 5-53, JQ (x) 
is a zero order Bessel function. Then, equation 5-51 can be 
rewritten as,

Equation 5-54 represents a simplified method for computa
tion of more complex simultaneous motion effects for the 
condition of modified object motion smaller than the modi-

a
fied film motion. This approximation can be useful to 
indicate the general trend of effects of the simultaneous 
motion that one might expect.

In addition to the ratio of object to film motion 
magnitude small, a further assumption concerning the motion 
magnitudes can be made, i.e., if

F(t) } dt. (5-54)

[0(t) F (t) ] V 2 << 1 (5-55)

then

Jq { y- [0 (t) F(t) ] 1/ 2 } ^  1 - 1 (£l) 2 0 (t) F (t) . (5-56)
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Equation 5-54 becomes, under these conditions

1 f T + ^  J { 1
0

( | ^ ) 2 0 (t) F(t) } dt

(5-57)

where R^pCo) is the correlation of the modified object and 
modified film laws of motion, i.e.

Then for these conditions, the modified complex degree of 
coherence is equal to the modified complex degrees of 
coherence of the object and film motion acting independ
ently reduced by the correlation of the two motions minus 
unity.

The application of equation 5-57 occurs when very 
precise measurements of small object motions or distortions 
(e.g. 0.05A) are required in the presence of film plate 
drift due to air motion or thermal distortion of the film 
or film holder. Now, the individual motions satisfy the 
conditions of 5-55 and 5-50 making equation 5-57 useful for 
the extraction of the object motion from the measurement of

0(t) F (t) dt. (5-58)
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the simultaneous motions of film and object that was 
recorded. This technique for the separation of motion 
effects will then allow the accurate computation of the 
film motions as if acting alone, even though the measure
ments available are corrupted by film motion during the 
recording of the hologram.
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CHAPTER VI

THE EFFECT OF FILM MOTION DURING RECORDING ON THE 
RECONSTRUCTED IMAGE OF A HOLOGRAM FOR THE CASE

OF THE OBJECT AND FILM POINTS OFF THE HORIZONTAL 
PLANE CONTAINING THE REFERENCE SOURCE

The discussions presented concerning the effects of 
film motion on holography have considered the special case 
in which the film point, object point and reference source 
are all in the same horizontal plane. In this chapter, we 
will consider the situation of having both the film and 
object points located off the horizontal plane which con
tains the reference source. This analysis will be useful 
for the interpretation of the observed fringe spacing in 
the reconstructed image of a hologram taken with film 
motion during the exposure. Lastly, the discussion of 
simultaneous film and object motion will also be extended 
to consider film and object points located in horizontal 
planes that are different from each other and from the 
horizontal plane containing the reference source. This 
result will also serve to aid in interpreting observed 
fringe patterns in reconstructed holographic images taken 
with simultaneous film and object motion.
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6 .1 The Effect of Film Motion During Recording when the
Object and Film Points are not in the Same Horizontal 
Plane Containing the Reference Source

Figure 6-1 depicts the case in which the film experi
ences a displacement relative to the reference source during 
the recording of a hologram. A cartesian coordinate system 
is indicated in which the x axis forms the system central 
axis, and the y, z axes define a vertical plane perpendicular 
to the x axis containing both the monochromatic point refer
ence source and the object point. This plane will be termed 
the object plane. The x, y axes form the horizontal plane 
which also contains the reference source located a distance 
Yr from the x axis. The film plane is parallel to the 
object plane, located a distance X from the object plane, 
and is perpendicular to the x axis. The film point Pp is 
located in the film plane, a distance Z_ above the x axis.r
The object point, P , is located in the object plane a
distance Y from the x axis and Z„ above the horizontal m m
plane.

During the recording of the hologram, the film point 
Pp under consideration is displaced from position

I
Pp (X, o, Zp) to position Pp (X + xp , o, Zp) in a direc
tion parallel to the x axis.
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(0, Y.

Figure 6-1
Geometry for film motion with 
both the object and film points 
removed from the X,Y plane con
taining the reference source
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To determine the effect of this film motion on the 
reconstructed holographic image, the change in optical 
path due to the film motion will be computed to determine 
the variation in phase at the film point. As was done 
previously, this change in phase will then be used to com
pute the modified complex degree of coherence. As has 
already been indicated in Chapter III, the modified com
plex degree of coherence can then be used to compute the 
motion effects on the reconstructed holographic image.

Consider now that during a hologram exposure, the
point P on the film is displaced to position P (a dis
placement of xF in the direction of the x axis). Prior to 
this displacement, the difference between the optical path 
from the reference source P to the film point P; and theI\
optical path from the object point P^ to the film point

When the film point experienced a displacement to 
position P, where we assume that the direction of the dis
placement is parallel to the x axis, the new difference in 
optical path becomes

P is

A (6- 1 )

A (6- 2)
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The change in optical path difference, 6 , is
I

6 = A - A

= (PR PF - Pm PF> - (PR PF - Pm PF>• (6-3)

Considering figure 6-1, the following relationships can 
be written (here we are assuming a uniform index of 
refraction),

PR Pp = [X2 + Yr 2 + Zp2 ]1/2 = X < 1 + (Yr 2 + Zp 2 )/X2 [ ! / 2i
P P_ = [X2 + Y 2 + (Z - Z^ ) 2 ] 1/ 2 m F m ' m f

= X < 1 + [ Y 2 + ( Z  - Z_) 2] /X2 > V 2' m m F '

PR Pp = [(X + xp ) 2 + Yr 2 + ZF 2 ] ! / 2

= (X + xp) <{ 1 + (Yr 2 + Zp2)/(X + Xp) 2

P P_ = [ (X + x_)2 + Y 2 + (Z - Z_ ) 2 ] 1/ 2 m F ' F m v m F 7

1 1 / 2

= (X + Xp)  ̂1 + [Ym 2 + (Zm - Zf)2J/(X + Xp) 2 V1/ 2 (6-4)

For this discussion, we shall assume that the paraxial 
approximation is valid, i.e., we shall be considering only

I
those rays which form small angles with respect to the CC 
axis. Consequently, we have that,
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Y /X << 1 Z / X  << 1k xn

Ym/X << 1 ZF/X << 1

and

(Zm - Zp)/X << 1. (6-5)

We can then imply from equations 6-5 that

Y 2/X2 << 1K

Y 2/X2 << 1 m '

Z 2/X2 << 1 m '

Z_2/X2 << 1 F

and

which results in equations 6-4 becoming, 

PR PF «  X |l + (YR 2 + Zf2 )/2X2|

Pm PF 1 + 1Ym 2 + (Zm ' zf)2 1/ 2 x 2



PR Pp «  (X + x F ) <{ 1 + (Yr 2 + Zp2 )/2(X + X p ) 2
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Pm PF «  (X + xF)1 1 + [Ym 2 + (Zm - Zf)2J/2(X + Xp)2), . (6-7)

Equation 6-1 now becomes,

A = X { 1 + (Yr 2 + Zp2 )/2X2j
- X < 1 + [Y 2 + (Z - Z„) 2y2X 2 m m F

Y 2 _ y 2 + Z 2 - (Z - Z_ ) 2 R m F m F
2X (6-8)

and equation 6 - 2 is

A = (X + Xp) 1 1 + (Yr 2 + Zp2)/2 (X + Xp) 2

- (X + x „ )  < 1 + [Y 2 + (Z - Zw) 2y 2 (X + x „ ) 2 F | m m F F

Y 2 - Y 2 + Z 2 - (Z - Z_ ) 2 R m F v m F
2(X + Xp) (6-9)

6 =

The variation in optical path difference, 6 , becomes,
Yn 2 - Ym 2 + Z^ 2 - (Ẑ 2 - Zp) 2 p 1 1

Lx " X + XpJ
'R m m

Y 2 _ y 2 + Z 2 - (Z - Z„ ) 2 r R m F ' m F'
2 X 2 [_1

x T

+ V x-Zx]
(6- 1 0 )
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which, for x^/X << 1 becomesr

V " Ym 2 + ZF 2 “ (Zm 2 " ZF2) I XF
<5 «  < — -------------------------------- ---------- -----

Then, the modified complex degree of coherence can now be 
written as

GmR*°' T f Q e j X~ K xp(fc) t1 xf ̂ ^ dt

Y 2 _ Y 2 + Z (2Z - Z )T, R m m F m ,r
k = ---------- 23T2------------ • (6"12)

Notice that for the motion considered, i.e., a dis
placement occurring in the x direction, K is a constant for 
a particular film and object point. Then, for YR and Zp 
fixed, the value of K will vary on the Y , Z^ plane as

-Y 2 - Z 2 + 2ZtpZ + Y 2m m F m  R , r .i \K = ---------- 2x2------------• (6-13)

Observe that K is a constant over contours for which

Y 2 + Z 2 - 2ZriZ = constant. (6-14)m m F m

Equation 6-13 represents a family of concentric circles, 
Further, for the case of K e 0, we have that

Y 2 + Z 2 - 2Z„Z = Y 2 (6-15)m m F m R
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which represents a circle that is centered at (0, ZR) and 
passes through the point YR in the y , zm plane. The contour 
for which K = 0 represents a curve of constant brightness 
which is insensitive to the magnitude of the film motion.
The family of bright circles is defined by

and these curves will be circles centered at (Z , 0) down-r
stream of the point (in actuality a "very small" regionr
of the film around P„) with a radius equal to /Z 2 + Y 2.F ^ F R
When viewing the reconstructed holographic image, one would 
see a family of concentric circles of constant brightness 
across the image of the object when the magnitude of the 
film motion was a step.

6 .2 The Effects on a Reconstructed Holographic Image of 
Simultaneous Film and Object Motion During Recording 
when the Film and Object Points are Located off of 
the Horizontal Plane Containing the Reference Source

Figure 6-2 indicates an experimental condition in 
which both the object and film simultaneously experience 
a displacement relative to the reference source. Again 
the cartesian coordinate system is shown with the x axis 
forming the system central axis. The y, z axes define a 
vertical plane perpendicular to the x axis which contains

(6-16)
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M

Figure 6-2

Geometry for simultaneous film and 
object motion for film and object points 
not in the plane of the reference source
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the monochromatic point reference source and initially the 
object point under consideration. This plane will be termed 
the object plane. The reference, P , is located on the 
y axis at a distance Y from the x axis. The film planeI\
is located at distance X from the object plane and is 
parallel to it. The film point Pp is located in the film 
plane a distance Zp above the x axis. The object point Pm 
is in the object plane located a distance Z^ above the 
horizontal plane and a distance y^ from the x axis.

The illumination of the object is accomplished by 
directing the reference source radiation using two fixed 
mirrors and M2. Mirror M 2 is located a distance D from 
the object measured parallel to the x axis, and a distance 
Yd from the object point Pm measured parallel to the y axis.

During the recording of the hologram, the film moves
I

a distance xp from Pp (X, o, Zp) to Pp (X + xp , o, Zp) 
parallel to the x axis. Simultaneously, the object moves

I
a distance x from Pm (o, Y . Z) to Pm (x , Y , Z ) also o m m m m o  m m
in a direction parallel to the x axis.

To determine the effect of the simultaneous motion of 
the film and object on the reconstructed holographic image, 
the change in optical path due to the simultaneous dis
placement of both the object and film will be computed.
Prior to this displacement, the difference between the
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optical path from the reference source, P^, to a point on 
the film Pp , and the optical path from the reference source 
to the object point Pm and then to the same film point 

PF i s ,

4 = PR PF - (PF pn - Pm M2 + M2 M 1 + M 1 PR>■ (6-17>

When both the film and the object have experienced a dis-
I I

placement to positions P and P , where we assume that the 
direction of the displacements are parallel to the system 
centerline, the new difference in optical path becomes

a ' = P_ p ' - (P' p ' + p ’ M_ + M_ M, + M, P„). (6-18)K r m m  Z Z \ I K

The change in optical path difference, 6 , which will 
ultimately be used to compute the change in relative phase 
between the reference and object wave at the film plate is, 

■
6 = A - A

p p _ p  p - ( p  P + p M + M M + M P )  R F R F F m m 2 2 1 1 R;

+ <PF Pm + Pm M2 + M2 M 1 + M 1 PR)

(P„ P .  -  P „  P ) -  (P_ p ' -  p ' P ) +  (P M ,  -  P M_)R F  F m  R F  F m  m 2  m 2

(6-19)
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From figure 6-1, the following relationships can be 
written for the optical path (assuming a uniform index of 
refraction)

PR Pp = [X2 + Yr2 + Z ^ ] 1/2 = X [1 + (Yr2 + Z ^ / X 2]1/2

P P = [X2 + Y 2 + (Z - Z )2]!/2 F m m m F

= X 1 1 + [Ym2 + (Zm - Zp,)2̂ X2 t 1 / 2

pR PF = t(X + XpJ + Yr2 + Zp,2] V 2

= (X + Xp.) 1 1 + [Yr2 + Zp,2] / (X + Xp.) 2 }1/2

p ' p ' = [ (X + x„ - x )2 + Y 2 + (Z - Z„)2] !/2 F m F o m ' m f

= (X + x„ - x ) < 1  + [ Y 2 + (Z - Z^)2]/ v F o ) m m f '

(X + x_, - x ) 2 y 1 / 2  F o '

P M_ = [D2 + Y 2 + Z 2]!/2 = D [1 + (Y 2 + Z 2)/D2]1/2 m 2  D m D m '

p ' M„ = [(D - x )2 + Y 2 + Z 2]l/2 m 2  o D m

= (D - x ) [1 + (Y 2 + Z 2)/(D - x )2]1/2 (6-20)o D m o
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For this presentation, we will assume that paraxial condi
tions exist, i.e.,

Yr/X << 1

Y /X << 1 m
yd/x << 1

Z /X << 1 m
Zp/X << 1

(zm - V X << 1

Z /D << 1 (6-21)m

This implies that

Y 2/X2 << 1 K
Y 2/X2 << 1 m
yd 2/x2 << 1

Z 2/X2 << 1 m
Z 2/X2 << 1 F
(Z - Z„)2/X2 << 1' m F

Zm V D2 << 1 (6-22)
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resulting in equations 6 - 2 0  becoming

PR Pp «  X [1 + (Yr 2 + Zf 2 )/2X2]

P_ P ~  X 1 + [ Y 2 + (Z - Z„)z]/2X2' F m I m m F '

PR Pp «  (X + xF) I 1 + [Yr 2 + Zp 2 ]/2(X + xF ) 2

PF Pm ~  (X + XF ~ X~} 1 + [Y 2 + (Z - Z„)2]/ m m F

2(X + X F - X Q ) 2

Pm M 2 #  D [1 + (Yd 2 + Zm 2 )/2D2]

P M_ «  (D - x ) [1 + (Y 2 + Z 2) /2 (D - x )2] m 2  o' 1 ' D  m ' o

Consider now the quantity PFPF “ pFpm '

aPn PD - P„ p = X R F F m 1 + (Yr 2 + Zp 2 )/2X2

- X i11 + [Y 2 + (Z - Z_) 2y 2X2> m m F f

Y 2 - y 2 + Z 2 - (Z - Z_) 2 R_____m_____F____  m F
2X

(6-23)

(6-24)
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i i i
and the quantity PD P_ - P_ P becomesK r r m

P P R F = (X + x j  { 1 + [Yr 2 + Zt?2]/2(X + x^ ) 2I
(X + xp - x„) 1 + [Y 2 + (Z - Z„)2]/ m m F

2 «  +  X F  -  X o ) 2

Y 2 + Z 2 R F
Xo 2 (X + x j

Y 2 + (Z - Z_J 2 m m F
2 (X + Xp) [1 - xQ/(X + Xp) ] (6-25)

Realizing that x / (X + xp) is very small compared to unity 
gives

V  + Zp2
PR PF PF Pm 2 (X + x_) + xo

Y 2 + (Z - Z_ ) 2 m  m F
2 (X + Xp)

x
1 + (X + Xp).1

Y 2 - Y 2 + Z 2 - (Z - Z_ ) 2 R m F v m F
2 (X + Xp)

,, Ym 2 + ( Z m " ZF )2
Xo  ̂ 2 (X + x_)z (6-26)
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Continuing, the quantity P^ M 2 - Pm M 2 is

Y 2 + 2 2
p' M 0 - P M = (D - x ) 1 1 +  - 5 Wm 2 m 2  o ]  2 (D — x ) 1

Y 2 + z 2 D m
2D2

Y 2 + Z 2 Y^ 2 + Z 2, D m D m
Xo 2 (D - x ) 2D

Xo < 1 -
Y 2 + Z 2' D m

2 D 2
(6-27)

Referring to figure 6-2, observe that Y / (X + xp) is equal
I

to tan 3 which for 3 small (implying Y / (X + x^) is small) 
gives

Y /(X + x_,) = tan m/ F
I f

(6-28)

where 3 (see fig. 6-2 ) is the angle in radians (less than 
six degrees to be a good approximation). Incorporation of 
equation 6-28 into 6-26 yields

P P R F P~ PF m
Y 2 - Y 2 + Z 2 - (Z R m F m V 2

2 (X + xp)

+  X Ql - 3,2/2l]

(Z - Z„)2 m F
Xo 2 (X + xF)z (6-29)
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Following the same line of reasoning we have that Yp/D is 
small giving

Yp/D = tan a »  a (6-3 0)

(see fig. 6-2 ) and,

P M_ - P M = - x m 2 m 2 o
Z 2 mY ^“1

— 2D2_J _ • (6 — 31)o 2DZ

But the cosine function can be approximated by

cos x ft 1 - x 2/2! (6-32)

with a peak error of 5 x 10- 6 assuming small angles (see 
also Chapter V, equations 5-17 through 5-20). Then incor
poration of equation 6-28 into equation 6-31 and 6-29 
gives

p p' - p' p' - v  - v  + ZF 2 - <«„- V 2 R F F m 2 (X + x_)

n ' ^Z m  tr i n+ xo cos 3 - xo 2(x + 2 (6-33)

and

, x Z 2
P M„ - P M„ = - x cos a - °r.2in • (6-34)m 2 m 2 o 2D^



Now, the complete change in optical path is,

6 = (P0P - PP ) - (Pdp' - p'p') + (p'm„ - P M0) R m R F F m m 2  m 2

Y 2 - Y 2 + Z 2 - (Z - Z_) 2 R m F m F
2X

y 2 _ Y 2 + Z 2 - (Z - Z„ ) 2 R m F m F
2 (X + xp ) + x cos o

x (Z - Z_ o m F
2 (X + xF)

.1

Y 2 - Y 2 + Z 2 - (Z R m F m V 2 x.
2X X + xT

- x (cos g + cos a) o

- x
° I z 2 (Z - z „  m m F

2D7  (X + x„)

Then, the complex degree of coherence for the case 
simultaneous motion with object and film points not 
the plane containing the reference source is



where

xo (t) = - XQ (t)(cos 3 + cos a)

- xo (t)[Zm 2/2D2 + (Zm - Zf)2/(X + X p ) 2 ]

X p ( t )  =

Y 2 - Y 2 + Z 2 - (Z - Z_ ) 2 R m F m F
2X2 VXp(t) 1 -

xF (t)n 
x

Observe that for the motion considered, the quantity

Y 2-Y 2 + Z„ 2 - (Z - Z„) 2 R m F m F
2 X 2

is a constant for a particular film and object point. Then
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is identical to the constant K found in the previous section 
(equation 6-13). This implies that for a constant film 
displacement, the reconstructed holographic image will 
contain contours of constant brightness centered in front 
of the film point Pp used to reconstruct the hologram 
image. This then indicates a result equivalent to the 
case of film motion alone.
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CHAPTER VII 

EXPERIMENTAL RESULTS

7.1 A Description of the Equipment Utilized for the
Experimentation

An experimental verification of the theory presented 
in chapters III and IV will now be presented. The geometry 
employed for the experimentation is shown in figure 7-1.
The object for the holograms was constructed of a 4.72 inch 
square piece of cardboard. The cardboard was marked in a 
manner to indicate reference points useful for the measure
ment of distance on the object when viewing the reconstructed 
holographic image (see chapter III, figure 3-4c).

The film was mounted in a standard photographic glass 
plate holder which was secured to a section of I beam to 
increase the positional stability of the film on the holo
graphic table.

The location of the film was 39.25 inches from the 
object. The film and the object were positioned parallel 
to each other to an accuracy of about 0.125 inches. The 
horizontal centerline of the film was placed at the same 
height above the holographic table as the horizontal 
centerline of the object.
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Figure 7-1

The experiment geometry for the 
holograms discussed in Chapter VII
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The reference beam was obtained from the light output 
at the "back" end of the laser. A lens was used to focus 
the light to a point in the object plane, thus forming the 
point source reference required. The direction of the 
reference beam was adjusted with particular care by the 
first surface mirror so that a uniform distribution of 
illumination was obtained over the entire film. The posi
tion of the point source in the object plane was 4.55 
inches from the edge of the object.

Figure 7-1 also indicates the usual other basic 
equipment needed to take good quality holograms. At each 
end of the laser is the usual lens-pinhole combination 
which forms a spatial filter. The mirrors indicated are 
first surface mirrors and are used to direct the beams of 
light for the reference source and to illuminate the 
obj ect.

For this experimentation, it was required that both 
the object and film be displaced during the exposure of 
the hologram. The push referred to in figure 7-1 was 
accomplished by using a micrometer fastened to a second 
I beam. The I beam and consequently the micrometer were 
positioned behind either the film holder or the object 
to produce the displacement. The point of contact between 
the micrometer and either the object or film was located
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along the vertical axis of the object or film. To main
tain a positive contact between the micrometer and the 
displaced surface, elastic bands were used. The elastic 
bands were installed so as to encircle the micrometer head 
and the displaced surface, but not be visible in the 
reconstructed image of the hologram. The action of the 
elastic bands was to reduce backlash and ensure repeata
bility in the displacement values from experiment to 
experiment.

Lastly, the maximum angles formed by the object and 
reference beams were checked to ensure that the small 
angle assumption associated with the paraxial condition 
was met. Referring to figure 7-1, the angle, at the film, 
between the reference beam and light coming from one edge 
of the object (point C) is 6.61 degrees; for the outer 
edge of the object (point D) the angle is 13.26 degrees. 
Although 13 degrees is somewhat larger than strictly 
required by the small angle approximation, the error intro
duced is only 1 . 8 percent in the approximations involving 
the small angle assumptions.

7.2 The Computation of Fringe Spacing for Object Motion

Figure 7-2 indicates the technique of displacement 
used for the experimentation. The object rotates through 
an angle 0 due to the displacement from the micrometer.
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PUSH

Figure 7-2
Manner of motion for the experimentation
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For a typical point of the object a height h above the
fulcrum, the linear displacement of the point, 8, is to
a first approximation, for 0 small,

6 = h 6 , (7-1)

for 0 in radians. Equation 7-1 indicates that a displace
ment of magnitude D at point P of figure 7-2 results in a 
wide range of displacements across the object with magni
tudes varying from zero to D. The magnitude of the object 
displacement for a given point then depends on the distance 
from the fulcrum to the point under consideration.

For a step law of motion of the object during the
exposure of the hologram, the modified complex degree of 
coherence was found to be (see chapter III),

IGmR (o)I2 = I <1 + cos Y 1 5) (7-2)

where, for each object point, 8 is the magnitude of the 
step displacement given by 7-1. The radiance of each point 
of the reconstructed image will be shaded by |GmR(o)|2.
When the displacement is applied in the manner just de
scribed, the reconstructed holographic image for the step 
law of motion will exhibit a fringe pattern across the 
object. The location of the fringes will correspond to 
the zeros of equation 7-2. Hence, the fringes will occur 
when
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4tt—  5 =  n ^

S = nA/4 (7-3)

for n an odd integer.

The difference in distance between two points on two 
different extinction fringes, AS, is

AS = S - S, a b

= (na - nb)A/4 (7-4)

where the n's are odd integers. For adjacent fringes,
n - n, = 2 and a b

AS = A/2. (7-5)

From figure 7-2 and equation 7-1 we determine then,

AS = Ah9 (7-6)

where Ah is the linear distance between fringes as meas
ured on the object. Consequently, we can determine the 
angle of rotation by

6 = AS/Ah

= A/2Ah (7-7)
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which relates the angular rotation of the object to the 
distance between any two adjacent fringes as measured on 
the reconstructed holographic image of the object.

7.3 Object Motion

The effect of object motion on holography was dis
cussed in chapter III and again in the previous section.
A conventional photograph of the reconstructed virtual 
image of a hologram taken with step object motion is 
presented in figure 7-3.

For the experiment conducted, a step displacement of 
2 x 1 0 — 14 inches was applied to the object at a height of 
4.55 inches from the objects axis of rotation. This dis
placement, which corresponds to an object angle of rota
tion equal to 4.4 x 10" 5 radians, was applied at the 
beginning of the second half of the hologram exposure time. 
During the first half, no displacement was applied to the 
object.

For an angle of rotation equal to 44 microradians, 
the computed fringe spacing is 0.283 inches using equation 
7-5 and a light wavelength of 24.91 x 10- 6 inches. 
Measurement of the fringe spacing from the reconstructed 
holographic image indicates an average value of 0.276 
inches. The measurements from the hologram were taken on 
the vertical centerline of the hologram where the
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Figure 7-3

Photograph of the reconstructed holographic 
image of an object with step motion



TABLE 7-1

Fringe Position 
(predicted)

0 (reference) 
0. 283
0. 566 
0.844
1 .132 
1.415 
1 . 698 
1 . 981
2. 274
2. 554
2. 840
3. 123 
3.406 
3. 689

Fringe Position 
(measured)

0 (reference) 
0 . 286
0. 565 
0.876
1 . 145 
1.410 
1 . 675 
1 . 961 
2. 247
2. 533
2. 809
3. 073
3. 327
3. 608

Average Measured Spacing 0.276
Standard Deviation 0.015

Predicted Fringe Spacing 0.283
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micrometer displacement occurred. The intersection of the 
first fringe and the bottom of the hologram was taken as 
the measurement reference.

Mention has already been made of the hologram's sensi
tivity to small distortions and displacements. This fact 
is evident in the experimental result presented. Notice 
that not every point at a given height of the object experi
enced the same magnitude of displacement during the hologram 
exposure. All points did follow the same law of motion.
The deviation of the shape of the fringes from the expected 
straight parallel lines is due to the distortion of the 
object during the motion.

This distortion is most probably due to the elastic 
bands exerting the restraining force necessary to eliminate 
backlash between the film holder and the micrometer head.
To reduce experimental error, care was taken to use data 
from the center section of the object where the actual 
displacement force was applied. Also, the data was re
stricted as indicated in figure 7-3 to only part of the 
vertical centerline. The last point of measurement is 
indicated. The motion above this indicated point also 
exhibits a good deal of object distortion along this verti
cal line in the vicinity of the actual mechanical push of
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the object. This push occurred below the region con
strained by the elastic bands causing a barrel type of 
distortion in the object motion.

7.4 The Computation of Fringe Spacing for Film Motion

Figure 7-2 again indicates the technique employed to 
displace the film for this experiment. The film is caused 
to rotate through an angle 0 due to the displacement of 
the micrometer. For a given height h above the axis of 
rotation, the linear displacement of the film point, 6 , 
is, to a first approximation, for 0 small,

6 = h 0 . (7-8)

Equation 7-8 again indicates that a displacement of magni
tude D at point P of figure 7-2 results in a wide range of 
displacement across the object with the magnitudes varying 
from zero to D. The magnitude of the film displacement 
for a given point on the film then depends on the distance 
from the axis of rotation to the point under consideration.

For a step law of motion of the film during the expo
sure of the hologram, the absolute value square of the 
modified complex degree of coherence is found to be (see 
chapters III equation 3-18 and VI equation 6-12 in which 

Yf = 0)
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lGm R (o)I" = 1 { 1 + cos kD'}

d' = 6(1 - 6/X)

k = [ (Y_ - Y_.) 2 - (Y - Y_ ) 2 + Z (2Z_ - Z )]/2X2R F m F m F m '

(7-9)

where for each film point, 6 is the magnitude of the step
displacement given by equation 7-1, Yp is the y position of
that film point and Z i s  the z position of the film point
in the film plane. Y_ and Y are the distances from theR m
reference source and the object point to the system axis, 
and X is the distance from the film to the object.

The reconstructed holographic image will exhibit a 
fringe pattern across the object with the location of the 
fringes in accordance with the zeros of equation 7-9. Hence, 
the fringes will occur when

Y~ kD' = mr (7-10)

for n an odd integer. This implies that the fringe location 
is found from,

Z 2 - 2Z Z-, + (Y_ - Y„) 2 - (Y - Y_ ) 2 - nAX/D = 0 m m F R F m F



Then for a given point on the film (defining Y„, Z_, D )J c  r

the fringe location on the object can be determined as a
function of and Y .R m

7 . 5 Film Motion

A conventional photograph of the reconstructed virtual 
image of a hologram taken with step object motion is pre
sented in figure 7-4.

For the experiment conducted, the displacement of the 
film holder was 1 . 0 x 1 0 - 2 inches applied during the second 
half of the hologram exposure. The point of application of 
the displacement was the top of the film holder located 
9.625 inches from the point of film rotation. The point 
on the film under consideration has Z„ = -2 . 0 inches and 
YF = 2.0 inches. This point is actually the center of a 
circular region of the hologram that was used to recon
struct the object image. The circular region was that 
corresponding to the size of the input lens aperture of 
the camera (about 1 / 2 inch in diameter) used to photograph 
the reconstructed image. This corresponds to a displacement
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of the film equal to 7 x 10“ 3 inches. With YD = -4.55
inches, the location of the fringes is computed for
3 values of Y = , m

a) = o (right edge of the object)

Zm = -2 { 1 ± /1.63 + 1.37n } (7-12)

b) Ym = 4.72 (left side of the object)

Zm = -2 { 1 ± /0.78 + 1.37n } (7-13)

and

c) Y =2.0 (near center of the object)m J

Z = -2 { 1 ± /2.63 + 1.37n } . (7-14)m

Table 7-II contains the predicted and the measured 
fringe positions referenced to the bottom edge of the 
object.

7 .6 Simultaneous Film and Object Step Motion

A modification of the procedure described for film 
and object motion alone was employed for the experimenta
tion with simultaneous film and object motion. Now, a 
piece of optical glass was interposed in the path between 
the object and the film, in very close proximity to the



Figure 7-4
Photograph of the reconstructed image 
of a hologram with step film motion
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Fringe Position 
(predicted)

.15
1. 46
2. 51
3. 39 
4.16

Y =4.72 m
-.38
1 .726
2 . 826
3. 746
4. 546

Y =2.0 m
. 694 

1 .886

2. 854
3. 684
4. 434

TABLE 7-II

Fringe Position 
(measured)

.15 
1.37
2.32 jleak = 7.7! Error
3.13
3.86

0 (off the object) 
1.71
2.99 Jleak = 5.8! Error
3. 95
4. 78

. 694 
1 .794
2. 764 !!eak = 1.1%Error
3. 584
4. 274
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film. The glass was introduced to simulate a film step 
motion. This technique was employed in lieu of using a 
micrometer to displace the film. The glass introduces a 
large equivalent film motion* without the associated 
mechanical problems of bending and twisting of the film 
holder.

More importantly, the use of optical glass to produce 
the film motion enabled the simultaneous recording of two 
holograms at the same time. Since the physical size of 
the glass and the glass holder chosen for the experimenta
tion was such as to cover only the lower half of the film, 
two separate holograms could be recorded simultaneously.
For the section of the film not covered by the glass, the 
recorded hologram would not experience film motion. The 
section of the film that is covered by the glass will 
essentially experience a film motion due to the inter
posing of a change in refractive index during the exposure 
time.

Achieving the desired laws of motion for the experi
ments concerning simultaneous motion required the placement 
and removal of the glass during the hologram exposure.
This will, of course, have the risk of introducing

*a discussion of the relationship between a change in re
fractive index (the interposing of the optical glass) and 
film motion can be found in chapter IV.
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extraneous table motions into the experiment if great care 
is not exercised. To reduce the possibility of table 
distortions and vibrations occurring during the exposure 
time, the interval between the action, i.e., the placement 
or removal of glass, and the exposure was sufficiently long 
to ensure that no deleterious effects would occur. Typi
cally, for the holograms concerning simultaneous motion, 
this time span was three-quarters of an hour.

The calculation of the modified complex degree of 
coherence for simultaneous object and film step motion 
was considered in chapter V. The absolute value square 
of the modified complex degree of coherence was found 
to be

lGmR(°> I2 = 1 11 + cos V  <Do + V 1 (7-15)

where Dq is the magnitude of the object step displacement 
and DF is the equivalent film motion step displacement. 
Then, for a film displacement of 6 , the equivalent film 
motion Dp is given by

Dp = k 6(1 - 6/X) 

k - [<Yr - Yf)2 - <Ym - Yp>* + Zm (2ZF - ZJJ/2X2
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For the conditions of motion considered (both object and 
film motion in the direction of the x axis) this quantity 
is a constant. If the film step motion is very much 
larger than the object step motion, equation 7-15 becomes

lGm R (o)I2 = 1  [1 + C O S  Dp (1 + D0/Dp )]

1 [1 + cos Dp] (7-16)

for Do/Dp << 1 .

The implication of equation 7-16 is that the hologram 
with the larger film motion will show no sign of the smaller 
object motion.

Experimentally, the optical glass introduces a very 
large film motion. The piece of glass used was 0.254 
inches thick. This corresponds to an optical path of 5400 
wavelengths. The fringe pattern that results from a motion 
this large is spaced so closely as to not be discernible. 
Then, the resulting holographic image will tend to appear 
darker overall, but have no apparent fringe pattern.

Figure 7-5 is a photograph of the reconstructed image 
of such a hologram. The recording procedure was to expose 
the film with no motion introduced for one half of the 
normal exposure. For the second half of the exposure, the
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object was displaced by using the micrometer and the glass 
was placed in front of the lower half of the film. This 
results in the two simultaneous recordings previously dis
cussed. One hologram, the upper section of the film, will 
be a record of step object motion. The other hologram, the 
lower section of the film, will be a record of the simul
taneous object and film motion.

In figure 7-5, the results are quite evident. The 
upper hologram, which is of the object motion, shows the 
characteristic regular fringe pattern. The lower hologram, 
which is of the simultaneous motion, has no discernible 
fringe pattern. Notice, however, that the "crosshair" 
markings are still quite clearly visible indicating that 
the hologram has not been obliterated.

As a check on the use of the zero order approxima
tion employed, a second hologram was taken. Here, two 
simultaneous object motions (no film motion) were re
corded to show the effect of having a large and small 
motion simultaneously occurring. The smaller motion was 
introduced with a micrometer and the larger motion was 
introduced using the optical glass. The recording proce
dure was to expose the film for half the exposure time 
and then introduce the two motions for the second half of 
the exposure interval.



Figure 7-5
Photograph of the reconstructed image 
of simultaneous holograms for object 
and object plus film step motion



168

Figure 7-6 contains a photograph of the reconstructed 
holographic image of an object taken with simultaneous 
large and small step object motion. Figure 7-6A contains 
a sketch indicating the regions of interest. There are 
three regions that clearly show the effects of the differ
ent motions. Notice that the outline of the glass holder 
is very clear. The region above the glass (the glass 
holder shadow indicates the boundary) has the characteris
tic fringe pattern associated with the step motion applied 
to the object. Notice also that a small region in the 
lower left of the object, just below the glass, is also 
visible with the fringe pattern. This is a region of open 
space between the glass and the glass holder giving a 
view of the object with just one object motion alone 
during the hologram recording. The region of the object 
covered by the glass has no discernible fringe pattern 
because the fringe spacing is so close together as to be 
unresolvable by the observer. Notice here that the "cross
hairs" of the object are clearly visible. The third region 
is essentially that part of the object which is in the 
shadow of the glass holder. This region of the object, as 
far as the hologram is concerned, was exposed to the film 
for only half the exposure time and hence shows no motion 
effects. Notice, however, that the crosshairs are visible, 
just very much darker than in the rest of the hologram.
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OBJECT
MOTION
FRINGEGLASS __ 

HOLDER 
DARKENED' 
SECTION

OBJECT MOTION 
FRINGE

Figure 7-6A - Sketch indicating regions of interest 
of the photograph in figure 7-6

Figure 7-6
Photograph of the reconstructed image 
of a hologram with simultaneous large 
and small object motion
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7.7 Simultaneous Film and Object Staircase Motion

The technique for recording this hologram was identi
cal to that for the simultaneous step motion hologram. 
Here, there was no object motion for the first one third 
of the exposure time, followed by a displacement of 
0.25 X 10~ 3 inches for the second third, and an additional 
0.25 x 10“ 3 inch displacement for the last third of the 
exposure. The film motion was again simulated using 
optical glass. For the first third of the exposure no 
glass was placed in front of the film, followed by a 
single piece of glass for the second third and two pieces 
of glass for the final third of the exposure.

The absolute value square of the modified complex 
degree of coherence for this simultaneous staircase motion 
is found to be (see chapter V equation 5-38)

I GmR (o) I 2 = I [1 + 2 cos |2L (Dq + Dp) ] (7-17)

where Dp is the equivalent perturbation of the film (see 
definition of Dp in section 7.6) due to the interposing 
of the optical glass and Dq is the magnitude of the dis
placement applied to the object. For Dp >> Dq we have 
that
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lGm R (0) l2 = 5 [1 + 2 cos f! DF (1 + d0/df )]2

J [1 + 2 cos p  Df ] 2 (7-18)

which implies that the effect of the small object motion 
will again not be observable in the reconstructed holo
graphic image.

Figure 7-7 is a photograph of the reconstructed holo
graphic image of two simultaneous holograms. The upper 
reconstruction is of the object motion alone. The lower 
image is of the simultaneous object and film motion. Notice 
that for the simultaneous motion there is no observable 
fringe pattern and the crosshairs are clearly visible.

7 .8 Simultaneous Step Film and Staircase Object Motion

The recording of this hologram was similar to the 
others described concerning simultaneous object and film 
motion effects. The film law of motion was a step func
tion with no glass interposed between the film and object 
during the first half of the exposure, and a single piece 
of glass interposed during the second half of the expo
sure. The object law of motion was a staircase function 
which consisted of no motion for the first quarter of the 
exposure, followed by three equal increases of 0.17 x 10“ 3 

inches in each of the following three quarters of the 
exposure time.



Figure 7-7

Photograph of the reconstructed image 
of holograms of staircase object and 
simultaneous staircase object and film 
motion
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For this simultaneous motion, the absolute value 
square of the modified complex degree of coherence was 
found to be (see chapter V equation 5-41)

lGmR <°> I2 = I <1 + cos -ir Do> { 1 + cos r- (df + 2Do> 1 •

(7-19)

where Dq is the object motion magnitude and Dp is the 
equivalent film motion magnitude.

For the case of object motion much smaller than the
film motion, we have that

IGmR (o) I 2 = I d + cos Y 1 D0) d + cos Dp). (7-20)

When DF is very large, the effect on the reconstructed 
image for the simultaneous motions is to observe a fringe 
distribution due to the object motion only. Fringes 
attributable to the film motion would again be unobservable 
due to the large equivalent motion introduced by the 
optical glass. Then for the simultaneous motion, the 
fringe pattern should appear as that for step motion with 
the fringe spacing satisfying

D = nA/2 for n odd. (7-21)
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For just object motion alone, the absolute value square of 
the modified complex degree of coherence is

lGmR(o) I2 = ¥ (1 + COS T~ D-]) d + cos T~ 2IV  (7-22)

indicating that the fringe pattern will satisfy the two 
relationships, i.e.,

D.j = nA/2 and = nA/4 for n odd. (7-23)

This implies that the fringe distribution will be at 
D 1 = A/4, 2A/4, 3A/4, 5A/4, 6A/4, 7A/4, 9A/4, 10A/4,
11 A/4 etc. which is to say that the fringes will occur 
in groupings of three.

Figure 7-8 contains the conventional photograph of 
the reconstructed holographic image of the simultaneous 
type holograms that have been presented. The upper sec
tion of the object indicates the object motion alone 
while the lower section is of the simultaneous film and 
object motions. Notice that the object motion alone image 
appears as a very complex fringe pattern due to the dis
tortions introduced by the elastic bands. The lower sec
tion represents the simultaneous film and object motion. 
Notice that the basic fringe shape is that of step motion. 
Again, the shape of the fringes indicates the distortion 
of the object during the recording of the hologram.
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Figure 7-8
Conventional photograph of the reconstructed 
image of a hologram taken with simultaneous 
staircase object and step film motion
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This experiment was repeated with a different object 
in an attempt to obtain better data. The results of the 
second experiment are shown in figure 7-9a and 7-9b. The 
object motion alone (figure 7-9b) is now clearly visible 
as groupings of three fringes as predicted. The simul
taneous film and object motion (figure 7-9a) appears as 
if only step motion were presented, again as predicted.
It is instructive to indicate that even with this improved 
object, a small distortion is evident in the object motion 
indicated by the lack of parallelism of the fringes across 
the object.

Table 7-III contains the measured and predicted values 
of fringe spacing for both the object motion alone and 
simultaneous object and film motion. It is readily seen 
that the agreement between measured and predicted fringe 
positions is quite good.



(a)
FILM AND OBJECT MOTION

(b)
OBJECT MOTION ALONE

Figure 7-9
Conventional photographs of the reconstructed 
image of a hologram taken with simultaneous 
staircase object and step film motion
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TABLE 7-III

Simultaneous Film £ Object Motion

Fringe Position Fringe Position
(predicted) (measured)

(cm)  (cm)
0 (bottom of object)

3.5 3.5
7.0 7.0
10.5 10.5

Object Staircase Motion

0 (bottom of object) 0

1 . 0 1 . 0

2.0 2.2
3.0 3.2
5.0 5.2
6.0 6.0
7.0 7.0
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CHAPTER VIII 

CONCLUSIONS AND RECOMMENDATIONS

The effects of optical path perturbations during re
cording on the reconstructed image of a hologram has been 
discussed in this thesis. The situations considered were 
object motion alone, film motion alone, and simultaneous 
object and film motion occurring during the hologram 
recording.

Specifically, previously developed theory regarding 
the effects of object motion during the recording of a holo
gram with quasi-monochromatic illumination, on the character
istics (radiance distribution) of the holographic recon
structed image, was summarized (chapter III, section 3.1), 
and new experimental verification was presented (chapter VII, 
section 7.3).

The theory concerning object motion effects was ex
tended to include the effects of film motion (chapter III, 
section 3.3 and chapter VI, section 6.1) and of simultaneus 
film and object motion during recording (chapter V and 
chapter VI, section 6.2). Experimental results (chapter VII) 
confirm the theory within experimental error for the cases 
of step film motion (section 7.5), simultaneous step film 
and object motion (section 7.6), simultaneous staircase
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film and object motion (section 7.7) and simultaneous step 
film - staircase object motion (section 7.8).

The effects on a reconstructed holographic image of a 
change in refractive index of the medium separating the 
object and film during recording was discussed (chapter IV, 
section 4.1). Results show that the effects on the recon
structed image are identical in form to those computed for 
a mechanical film displacement occurring during the hologram 
recording.

These results, relating the effects of a change in 
refractive index of the medium to a film motion during 
hologram recording, indicate a promising and practical means 
of analysis of random variations of refractive index in an 
optical propagation medium by proper interpretation of the 
radiance distribution in the reconstructed image of an 
appropriately recorded hologram. In chapter IV, section 4.2 
it is proved that the effects on the reconstructed image of 
a randomly varying refractive index in the medium between 
the object and film can be simulated by a random film plate 
motion during the hologram recording. The analysis leading 
to this conclusion requires that the random variations of 
the refractive index slab satisfy the usual assumptions 
invoked by researchers in the field of turbulence theory 
(gaussian statistics and local stationarity with respect to 
time and lateral position).
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This new concept hints at a new means for the study of 
turbulence effects. It is shown correctly to predict some 
known conclusion reached by other researchers employing con
ventional methods of turbulence analysis. The analysis as 
presented confirms the trend of recent research in the field 
pointing out the importance of considering structure function 
techniques in describing the effects of atmospheric turbu
lence on the propagation of light.

The theory developed in this thesis concerning the 
effects of simultaneous film and object motion on the 
reconstructed holographic image implies improved possi
bilities of interpretation of fringe patterns in holo
graphic interferometry for non-destructive testing. As 
indicated (chapter V), by taking a series of holograms 
this theory can yield information about complex object 
motions more easily and thoroughly than otherwise possible 
at the present state of the art. As an example, this new 
scheme for object motion identification should greatly 
simplify the process of determining the cause and origin 
of stresses and deformations in products undergoing non
destructive testing procedures.

Additionally, the techniques of simultaneous object 
and film motion have application to the possible reduction 
of the effects of small table motions or object motions 
during the recording of the hologram. It appears feasible 
that the use of a large (compared to the expected object
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motion) step motion of the film during recording may reduce 
the effects of table instabilities and of object motions 
that are step like in nature during the hologram recording. 
This will of course occur at the expense of image radiance 
of the reconstructed image.

The experimentation presented concerning simultaneous 
film and object motion indicates that the possible reduc
tion of small motion effects is a function of the correla
tion between the film and the object motion. This conclu
sion is supported by the analysis concerning an approximate 
solution for complex film and object motion (chapter V, 
section 5.6) effects and is an area which warrants further 
study in the future.

The calculations concerning random refractive index 
changes during the recording of a hologram indicates a 
means of simulating turbulence effects in the laboratory 
by carefully controlling film motion during the hologram 
recording. Precise simulation of turbulence effects through 
introduction of known distributions of film motion can now 
be achieved. This capability indicates that the absolute 
need of present day research for an atmospheric laboratory 
to investigate a great many research problems concerning the 
nature of atmospheric turbulence can be overcome. This 
appears to open research possibilities in this field to
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many investigators by decreasing laboratory and equipment 
costs and by making computer controlled experimental condi
tions possible.

The use of a simulation test bed as indicated has other 
important applications. The capability to recreate the 
results of experimental work already reported on atmospheric 
turbulence effects can now be accomplished under controlled 
laboratory conditions. This has obvious advantage for the 
purpose of determining the distribution of the turbulence 
and precisely what values the structure function constants 
associated with that turbulence distribution take. This 
information is of utmost importance to the optical systems 
engineer who must design systems to account for and minimize 
the effects of turbulence.

Section 4.3 of chapter IV also indicates an alternative 
experimental approach to the problem of determining the 
constants associated with the structure function of atmo
spheric turbulence which is recommended for future work.
The concepts underlying an experimental approach to utilize 
a hologram for the recording of data are discussed, as well 
as the expected difficulties of completing the experiment. 
Although the experiment does have certain practical diffi
culties, they do not appear to be insurmountable. The 
technique proposed does have advantages over the inter- 
ferometric methods that have been employed in the past.
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The holographic method can record the multitude of data 
required on a single exposure thus reducing the chance of 
experimental error in data recording while saving consider
able time and effort. Data acquisition by interferometric 
techniques generally requires several hours of work to 
obtain a single set of measurements.

Several other avenues for further work presently 
appear to be promising. As regards the concept of fringe 
pattern identification for holographic non-destructive 
testing, a catalog of fringe positions for basic forms of 
simultaneous and non-simultaneous motions is needed. This 
catalog of responses to motions will greatly aid the engi
neer who is trying to modify his designs based on the data 
taken with this technique.

The study of refractive index changes of the medium 
separating the object and film planes during the hologram 
recording should be extended. The initial extension should 
be a relaxation of the restriction concerning the geometric 
regularity of the turbulent slab. This, in effect, would 
make the analysis more complex causing the consideration of 
a film motion which contains two basic components. One 
component would be the random displacement of the film 
parallel to the x axis, and the second component, due 
primarily to the relaxation of the geometric constraint,
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would be a random translation of the film on a plane per
pendicular to the x axis. If the complexities of the 
analysis can be overcome, a tool for analyzing the total 
effect of turbulence on holography will be forthcoming.

With the tools developed in chapter V, a theoretical 
study consisting of a single turbulent slab of finite thick
ness and its effect on the reconstructed holographic image 
with varying distance from the recording plane would be 
useful. Results here would yield quantitative information 
concerning reconstructed image radiance versus turbulence 
location and strength. A unified theory accounting for 
the already documented experimental results of Goodman 
et. al. concerning some experimental conditions (stationary 
turbulence limited to regions close to the film or close 
to the object) might then become available. This would 
lead to a better understanding of the observed phenomena 
and eventually may lead to a good means of encoding secret 
information.

Lastly, an optimum means of controlling film displace
ment to obtain film motions of specific parameters is needed. 
The experimentation concerning the simulation of turbulence 
distributions, fringe interpretations and the reduction of 
stray motion effects all require an efficient means of 
achieving rigorously controlled film motion.
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APPENDIX I

THE PHOTOGRAPHIC PROCESS

A complete description of the holographic process must 
take into account the characteristics of the medium used to 
record the hologram. In most cases, this recording medium 
is a high resolution photographic film where the result of 
having light incident on the film is to modify the trans
parency of the processed film. The relationship between 
the transparency of the developed film and the light 
initially incident on the film is required in a description 
of the holographic process and forms the subject for this 
discussion.

The transparency, T, also called the transmittance, of
the developed photographic plate after an exposure has
taken place is defined as the ratio of the light intensity
emerging from the film, Ie, to the light intensity incident

1on the film, 1 ,̂

T = I /I.. (1-1)e' i

Basically, the transparency of the developed film depends 
on many factors, some of the most important being the type 
of film emulsion, the amount of exposure given the film, 
the film temperature at the time of exposure and the
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prevailing ambient temperature and developing chemical 
conditions during the development of the film.

Of particular interest in holography is the amplitude
transmittance of the developed film plate, x< defined as
the ratio of the complex amplitude of the wave emerging from
the film aQ , to the complex amplitude of the wave incident

2on the film, , then,

X = ae/ ai (1-2)

Notice that the amplitude transmittance is a complex func
tion of the new coordinate. The relationship between the 
transparency of the film as defined by equation 1 - 1 and 
the amplitude transmittance of the film as defined by 
equation 1 - 2  is given by,

T = xx* d-3)

where x* denotes the complex conjugate function of x*

The exposure, E, is defined as the time integral, ex
tended to the exposure interval, of the illumination, I,
for light of normal incidence on the photographic film.
If during the cause of the exposure, the light intensity 
remains constant, the exposure simplifies to the product 
of the incident light intensity and the time the photo
graphic plate is exposed to this intensity.



188

The density of the processed film plate can be related
to the transparency of the film plate. This relationship

, 3is given by

D = log1 0 T. (1-4)

In addition, an approximate relationship between the expo
sure and the density of the processed film is expressable 

4as,

D - Dq + T log1Q (E/Eq) (1-5)

where D is the density, E is the exposure, Dq and Eq are
constants of the film and r is the slope of the linear 
section of the curve represented by equation 1-5.

The curve that results from the plot of D versus
log-jgE is today referred to as the Hurter and Driffield 
curve (H 6 D curve) after the two men who first proposed 
the relationship. For most films, the H and D curve 
comprises a "TOE" or region of increasing slope with in
creasing exposure, followed by a section of nearly constant 
slope with increasing exposure, and then a "SHOULDER" region 
which is a section of decreasing slope with increasing 
exposure indicating that the density of the processed film 
is asymptomatically approaching a saturation value.
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Now, by substituting equation 1-4 into equation 1-5 
we find that the relationship between the transparency of 
the developed film plate and the exposure is,

Equation 1-9 is an expression which relates the exposure 
of the film to the magnitude of the amplitude transmittance 
that results after proper processing of the exposed film 
plate. Then, in general, equation 1-9 can be represented 
as

T = T (E/E )_r o v ' o' (1-6)

Continuing, using equation 1-3 and substituting into 
equation 1 - 6 results in,

(1-7)

Consequently, equation 1-6 becomes,

I X 12 = IxD 12 (E/Eo)-r, (1-8)

and equation 1-7 becomes,

Ixl = IXD [ (E/Eo )-r/2. d-9)

Ixl = K E -r/2 (1-10)

where K is a constant of proportionality.
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Equation 1-10 indicates that with proper exposure and 
processing of the film, the amplitude transmittance of the 
processed film and the exposure can be made to be linearly 
related. This is the desired condition for the holographic 
process. To achieve this, the gamma (r) of the processed 
film must be controlled to a value of minus two. This can 
be usually accomplished by careful development and exposure 
of the photographic plate.
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APPENDIX II

THE STRUCTURE FUNCTION

We shall denote a random process by X(t) where X(t) 
represents an ensemble of time functions, and, for a 
specific ts, X(tg) is a random variable.

Associated with the random process X(t)is a distri
bution function, F(x;t ) for the random variable X(t ).s s
This distribution function is defined as

F(x;t ) = P{X(t ) £ x} (II-1)b b

where the statement of equation II-1 is that for a given x
and t , the function F(x;t ) represents the probability of s s
the event X(tg) _< x occurring. The distribution defined 
in equation II-1 is a first order distribution for X(t).

Associated with the distribution function is a density 
function denoted as f(x;t ). The density function can be 
obtained from the distribution function by differentiation 
with respect to x. This will result in the following

f(x;t ) = 3F(x;t )/9x. (II-2)s s

To have a complete description of the random process 
X(t) generally requires that one must go beyond a first 
order distribution function for the process. Knowledge
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of the complete multi-dimensional nth order probability 
distribution is required. This distribution function is 
defined as,

Associated with the nth order distribution function is the 
nth order density function given by,

is termed a statistic of the random process, is very diffi
cult, if not entirely impossible to determine. Consequently, 
some simpler function of the process is considered which is 
practical to compute and represents some meaningful 
characteristic of the random process. Two such functions 
are the mean and the covariance of the process.

F(x1? x2 V  * 1 ' fc2 • • • r tn) = PlXCt^ £ x 1 ;

X(t2) 1 x2;

(H-3)

f(x1f x2 • • • 9 • • • t

3F(x1, x 2 • • • / • • • t

8x 1x 2

Generally, the nth order distribution function, which
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The mean value of the process X(t) is defined as the 
expected value of the random variable X(tg), i.e.,

In general, the mean value, n(t ), will be a function ofs
the time t chosen for evaluation, s

The covariance of the process X(t) is essentially the 
covariance of the random variables X(t^) and X(t2) defined

CX (t1' t2) = E{[X(t.,) - n(t1 )][X(t2) - n(t2)]}. (II-6 )

Again, in general, the covariance function, C (t., t_), willX I 2,

depend on the times t̂  and t2 chosen for evaluation.

Generally, for the computation of the mean and the co- 
variance from a set of data points obtained from an experi
ment, one must still make some simplifying assumptions 
concerning the random process under investigation. One 
very important assumption often used is the principle of 
stationarity. Essentially, a random process is considered 
stationary in the wide sense (weakly stationary) if its 
expected value (mean value) is a constant and its covariance 
depends on time difference rather than specific times. Then 
for a wide sense stationary random process we have that,

by
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n(tg) = constant

CX (t1' t2) = CX (t1 " t2) = CX (t)- (II-7)

Unfortunately, for a great many physical problems even 
the use of these simpler functions is limited because the 
assumptions which make the calculations valid are not al
ways representative of the process at hand. Still, there 
is another function, other than the mean and the covariance, 
which can be used to overcome these problems. This function, 
called the structure function, was initially introduced by 
Komogorov to handle the problems associated with non- 
stationary random processes.

Assume now that X(t) represents a non-stationary random 
process. Consider the difference function Y(t) defined as

Y (t) = X(t + t ) - X(t) (II-8 )

where for small values of x, slow changes in the function 
X (t) do not appreciably affect the difference function Y(t). 
Essentially, Y(t) can be considered, under these conditions, 
an approximately stationary function. When in fact Y(t) 
is a stationary function, X(t) is termed a random process 
with stationary first increments.
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An interesting function is the correlation function of 
Y(t), denoted as CY (t̂ , t2) and defined as

Cy (tr  t2) = E{Y(t1 )Y(t2) }

= E{[X(t1 + x) - X(t1 )][X(t2 + x) - X(t2)]}.

(II-9)

By making use of the algebraic identity

(a-b) (c-d) = (a-d) 2 + (b-c) 2 - (a-c) 2 - (b-d)2}

(II-1 0 )

equation II-9 can be rewritten as

Cy (t1# t2) = \ E{[X(t1 + x) - X(t2)]2}

+ 1 E{ [X(t1) - X(t2 + t)]2}

- 1 E{ [X(t1 + t ) - X(t2 + t ) ] 2}

- E{ [X (t 1 ) - X(t2)]2} (11-11)

Equation 11-11 indicates that CY (t̂ , t2) can be represented 
as a linear combination of the functions E{[X(t^) - X(tj)]2}. 
We shall now define the structure function for the random 
process X(t) as,
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(1 1-1 2)

Then, the correlation function for the difference function 
Y(t) of the random process X(t) is expressible as a linear 
combination of structure functions.

If Y(t) is a stationary function, i.e., the random 
process X(t) has stationary first increments, we can then 
write that

Attention has been focused on the time dependence of 
the random process, and, we will now consider the space 
dependence of the process. For situations which require 
consideration of random fields, the counterpart of the 
concept of stationarity is the concept of homogeneity. A 
random field is considered homogeneous if its expected 
value is a constant with respect to space and the covariance 
function for the random field does not change for transla
tions of the pair of points r^, and r2 by equal amounts in 
the same direction. More specifically, the conditions for 
a homogeneous field are,

n (r) = E{X(r)} = constant

CX (r1' r2> = CX (r1 + r0' r2 + r0> (11-14)
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From equations 11-14, we can imply that for a homogeneous 
field the covariance function will only depend on the 
distance between the points r̂  and r 2, i.e.,

Continuing, a homogeneous field is called isotropic if 
the covariance function depends on just the magnitude of 
the distance vector r and is independent of direction, i.e.,

where r = |r j represents the magnitude of the distance 
between observation points.

Experience indicates that homogeneous and isotropic 
fields are very rough approximations to most physical 
processes (e.g. the refractive index perturbations of a 
turbulent atmosphere), hence, we are again led to consider 
a difference function of the random process.

Forming the difference function Y(r) at two points 
r.j , and r2,

CX^r1' r2̂  CX^r1 r2) CX*r '̂ (11-15)

Cx (r) = Cx (| r | ) = Cx (r) (11-16)

Y (r) = X(rq) - X(r2) (11-17)
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we have that Y(r) is chiefly affected by the inhomogeneities 
of the field within the distance |r̂  - |. When this
distance is not too large, the largest inhomogeneities will 
have little effect on the function Y(r). Consequently, we 
can define a field as locally homogeneous in a region G if 
the distribution function of the random variable Y(r) is 
invariant with respect to shifts of the pair of points r̂  
and r2 providing these shifts and the points of considera
tion are located within the region G.

The correlation function associated with the difference 
function which is now defined as

Y (r) = X(r1 + rQ) - X (r 1) (11-18)

can be expressed as

Cx (r1 - ?2) = E{ [X (r1 + rQ) - X (r^) ] [X (r2 + rQ) - X (r2) ] }.

(11-19)

Also, as was shown for the time varying situation, this cor
relation function can be expressed as a linear combination 
of functions termed space structure functions defined as,

D„ (r . , r .) = E{(X(r. ) - X (r . ) ] 2 }. (11-20)A 1 3 i 1
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If the random function Y(r) is locally homogeneous we 
can write that,

V V  v  = - Fj> - VV- (II-21>
When, in addition to being locally homogeneous, the random 
function is locally isotropic, it follows that

V Fi - V  = DX (l? i - ? jl> - DX (iF 4l>' <II- 22»

To summarize, if the random function X is non-stationary 
(non-homogeneous) the covariance function may be very diffi
cult to compute. For these cases, a new function, termed 
the structure function, is more easily calculated and has 
the aforementioned properties. Then, the structure function, 
under the restrictive conditions mentioned, can be useful 
in describing the fluctuations of the random function.
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