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PREFACE

It was the original intent of this work to provide a
theoretical basis to study several problems associated with
electrocardiagrams. ‘Preliminary reading and discussions
sparked the interest in this area. It became clear that
non-stationary statistics were involved, leading to the
formulations given in the dissertation. As the theoretical
study progressed, the applicability of the work to the area
of electroencephalograms was also evident. In each step ,
with every hurdle encountered, the intricacies involved lent
a stronger and stronger intuitivé - notion that a fruitful
path was being followed. Hopefully now, the joining of
theory and application can be pursued with an approach
that will bear much fruit.

The completion of this dissertation would not have been
possible without the patience, understanding and endurance of
family and some good friends, To them is given a simple, sincere
thank you., Also, grateful thanks are given to Margaret, Sister
Clarissa, Bobbie, Karen, Regina, Diana, Rosemary, Karen, Ruth,

and Gary who all helped put it together.
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ABSTRACT

This dissertation deals with linear systems subjected
to stochastic disturbances. The class of stochastic processes
considered is the class of second order stochastic processes
characterized by having finite continuous covariance. The
properties of the covariance provide means to formulate
optimization problems without the difficulties present when
the covariance is not finite or continuous.

The first aspect studied was several classes of optimal
control problems., The effects of the stochastic processes were
approximated by the effects of its first two moments. This
procedure resulted in allowing optimal system controls to be
found whatever the first two moments of the stochastic input
were, or "worst case" optimal controls were found. Differential
game theory was used to solve the "worst case" problem.

Then, a model reference adaptive control system was
employed to permit simultaneous parameter identification and
control to be obtained in an on-line environment. The parameter
identification was accomplished using gradient or steepest
descent techniques. The control inputs were updated as the
parameters were changed yielding sub-optimal control of the
physical system. In addition, minimum error covariance
estimation of linear systems with second order stochastic

disturbances was developed.
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CHAPTER 1

INTRODUCTION

In this dissertation a class of optimal control and

identification problems is studied.

The approach developed

permits treatment of some physical situations not yet fully

explored and allows a different approach to physical situa-

tions previously dealt with,

The overall problem is to

optimally control a plant in the presence of noise distur-

bances and sumiltaneously identify parameters of the plant.

The general linear problem is pictured below.

\'A
D C(y,t)
J x(tOU
u PHYSICAL PLANT X |MEASUREMENT
= B(y,t) g%(t)'-'-‘A(Y,t)x(tHB(th)u(t)'*C(Y.t)V(t)13 H(y,t)

Figure 1.1 General linear problem

In this situation, the measurement ¥ corrupted by

noise W, of the state x is to be driven by the control u,

which is optimal in same manner, while in the presence of

additional noise v, at the input to the plant. Simul~-

taneously, the vectory , which is the collection of ald

elements of A, B, C, and H which are not known, is to be

determined in some way.



The optimal control solution ean be carried out
offline. Then the identification can be performed

online, while the actual plant is being controlled.

The problem of Figure 1.1 is linear, however both
the plant and measurement may actually be nonlinear.
In this work, only linear problems are dealt with leaving
nonlinear problems for future research. The identifica-
tion scheme employed is discussed in Chapter 6. The
stochastic optimal control problem is detailed in
Chapters 2 and 3. Throughout the dissertation only con-
tinuous~-time problems are studied, since stochastic dis-
crete-time problems submit to some approaches which just
do not carry over to continuous time. This point will be
clarified in Chapter 2. Also the measurement y, will be
assumed to be equal to the state x, within the dissertation.
This corresponds to wZo and H(Y,t)=I. Having completed the
solution of this problem, the exten~ion to the case of
noise corrupted measurement is possible. These modifica-

tions slightly change Figure 1.1 to the following.

A\
:‘C(y,t)
x(qo){l
u | PHYSICAL PLANT %=y
>+ B(y,t) | %(t)%(th)x(t)+B(Y,t)u(t)+C(th)V(t) >
t

Figure 1.2 General linear problem

without measurement



The state equation is

%}_{_(t)=A(y,t)X(t)+B (yrt)u(t)+Cly , t)v(t) ,tel to,td 1.1 .
t

where
X is an n vector
Afy:,t) is an nxn matrix
u is an r vector
B(y,t) is an nxr matrix
v is an s vector
C(y,t) is an nxs matrix
and

y is an m vector.

The state of the system is x and the measurement is
v=X. The optimal control is u and the additive stochastic
disturbance is v. The unknown gains, time constants, etc.
which are the elements of the matrices A, B and C form the

vector Y-

The overall problem of figure 1l-2 essentially is the
combination of two problems: stochastic optimal control
and identification. In this work, differential game theory
will be employed in the "optimal" part of the solution.
Generally speaking background material required for identi-
fication problems is presented in the texts by Sage and
Melsa (96) and Graupe (31), Discrete-time process identifi-

cation is given in the text by Mendel (76), Identification



is the subject of the survey articles by Astrqﬁ and

Eykhoff (7) © and Balakrishman (14) and the entire special
issue of the December, 1974 IEEE Transaction on Automatic
Control. Deterministic optimal control background is
presented in the texts by Athans and Falb (@), Hsu and
Meyer (38 ), and Leitmann (67). The variational techniques
employed in this work are found in Kirk (45), Sage (95) and
Citron (22). Some of the proofs depend on a matrix
formulation similar to that in Athans (10 ). Stochastic
optimal control for some types of stochastic processes is
given in Astrom (8 ), and Sage and Melsa (97). The sepa-
ration principle is found in Wonham (109). Various exten-
sions and alternatives to the separation principle exist

as in e.g. Athans (12 ). The original work on deterministic
differential game theory is in Isaacs (39 ). Other texts

are mapﬁexe (18 ) and Friedman (27). Articles by Ho (33),
Kuo (50) and (52 ), and Kuo and Burbank (65 ) present solu-
tions tc wide classes of two person, zero-sum differential
games. Pure stochastic differential games are discussed

in Behn and Ho (16) and by Willman in (108). Estimation
theory is needed for the study of stochastic optimal control,
and especially for the separation theorem, which sta@es that
the optimal feedback control solution is obtained only after

the best estimate of the state has been found.

;'ibxns on estimation theory are Bryson and Ho (20 ),



. and Sage and Melsa (97). The monograph by Lee (64) for-
mulates estimation type problems concisely. The detailed
class of problems will be developed in Chapters 2 and 3.
References dealing with these details will be given in

those chapters.

For problems of stochastic optimal control, the
approaches used to date require estimation of the state and
much a priori knowledge of the stochastic disturbances v
and w. The linear estimation problem was first presented
in Kalman (40). Many extensions have been made such as in
Mehra (74) where errors in initial values of the variance
are discussed. In Lee (64) the estimation problem is solved
using a Bayesian approach. In Kushner (62), Sage and Melsa
(97) and Meditch (73) linear and rionlinear estimation, 'and -~~~ ~ ~

stochastic control are discussed. Astrom (8 ) uses the

Ito formulation for the same type of problems.

The class of stochastic processes studied is the class
of second order processes. Davis (23) and Boonton (19)
deal with prediction and estimation for this class of inputs
in the classical manner. A deterministic disturbance in a
differential game is gitv’en by Krikelis and Rekasius (49).
Their problem is a conflict of interest game between a
deterministic optimal control and a deterministic distur=
bance. The differential game approach to be employed in

this research considers a stochastic disturbance. It is



assumed that the effects of the stochastic disturbance
are approximated by its first two moments. The conti-
nuous time vector case is studied. In Yoshikawa (110) a
scalar two stage discrete stochastic differential game
is solved in terms of the complete probability density
function. The problem here is based on the assumption
that the density function can be approximated by its
first two moments, but a wider class of problems is con-
sidered than in(110). Differential games with imperfect
information are covered by Leondes and Pearson (69 ),
Leondes and Stuart (68) and Kushner and Chamberlain (61 ).
In these references noise corrupted measurements or in-

complete state situations are considered.

The complete probability density function for a class
of nonlinear Bayesian estimation problems is approximated
for the discrete time case only by Alspach (2), and
Sorensen and Alspach (109. In another article (1) they
consider non Gaussian Bayesian estimation. Sain and
Liberty (98) computationally obtain a density function for

a quadratic performance index.

The class of differential games studied here is
characterized as games of imperfect information in that
parameter identification is required. It is assumed though

that the stochastic disturbance can be approximated by its



first .two moments which is not the most general case.
However the problem of simultaneous optimal controi and
identification included in this research is seen to be

an extension of known results even with this assumption.
The approach developed here is one in which the plant

is optimally controlled in the presence of any stochastic
process v, considering the effects of the disturbances as
follows. The first two moments of v are assumed to pro-
vide sufficient information to obtain physically workable
solutions to the overall problem. This assumption is
crucial to all that follows but it is noted that the
effects of any finite number of moments could be included
using the approach of this dissertation as a starting point.
The manner in which the first two moments propagate through
the plant or system then, is the means to describe how the
stochastic disturbance affects, in a degrading manner, the
optimal operation of the plant. These two moments are then
considered to be inputs to the same plant as the optimal
control u. There is apparent the conflict between the
effects of the optimal control u and the effects of the two
moments of the stochastic disturbance v. For each given
performance index, a quantitative measure of these effects

is obtained.

Using the conflict characterization, a differential

game is defined between "man" who chooses to optimally



control the plant versus "nature" who seeks to choose moments
of stochastic disturbances which degrade optimal performance .
The "man-nature" differential game approach to other kinds

of problems appears e.g. in Kuo (51) and ( 33).

The approach to be employed using differential game
theory with imperfect information in the sense that the
parametery' is unknown is mentioned by Ho in (34) as a pos-
sible area for future research. This approach is formulated
in this work for the first time as applied to the problems
of figure 1l.2., One contribution then is the differential
game approach formulation. Actually, the formulation is
equivalent to an absolute-worst-case controller design

problem as described in Ragade and Sarma (92).

The specific class of problems considered in the
research is for stochastic processes with finite variances
which are also continuous in the mean sguare sense with
respect to time. To the author's knowledge, this class of
stochastic processes with unknown y has not been fully dealt
with before in a control problem or in an identification
problem. This class of stochastic process is best
characterized by the term nonstationary since two independent
time variables are required to mathematically describe the
moments of the process. Nonstationary inputs are dealt with
in Boonton (19), but the resulting integral equations are

very difficult to deal with. Baggeroer (13) illustrates the



solution to similar integral equations as does Shinbrot
(104) . Davis (23) formulates a class of nonstationary

prediction problems.

As will be seen in detail in Chapters 2 and 3, the
specific problem characterization of this work is one in
which the stochastic disturbances are non-stationary with
correlation times of the same order of magnitude as the
system or plant. This situation appears in many biomedical
monitoring and control problems. In particular, as seen in
Kawabata (41), EEG waveforms exhibit these properties. It
is speculated that the theory developed will permit much
more thorough analysis and understanding of any EEG related
phenomena, such as time series analysis of the waveforms,
modeling of the system generating the waveform, and/or con-
trol of the system generating the waveform by drugs. For
example, the state of a person's consciousness, sleeping,

awake, alert, etc. is influenced by drugs.

The therapeutic use of drugs and the covert use of
drugs are both problems requiring deeper understanding.
The effect of these drugs on EEG waveforms, and the modeling
of the system creating these waveforms would possibly enhance
this understanding from a new viewpoint. Several of the

previous points are considered in Nunez (82).

Basically this work presents an approach to the solution
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of an optimal control problem in which stochastic distur-
bances are present. Techniques for on-line identification
are included. The approach is to consider an absolute-
worst-case situation as described mathematically with
differential game theory. The particular class of pro-

blems dealt with is for nonstationary, continuous-time
stochastic disturbances. These disturbances are typically
found in many biomedical areas, and especially in EEG related

phenomena.*

Chapter 2 provides material needed to formulate the
specific problem. This formulation is presented in Chapter 3.
Chapters 4 and 5 provide necessary and sufficient conditions
for the solution of the "optimal" part of the problem.
Chapter 6 provides the solution to the identification por-
tion of the problem. In Chapter 7, examples are worked out
to illustrate the theory. The results are summarized in
Chapter 8 and the extensions possible are presented in
Chapter 9. The derivations of the state equations is given
in Appendix A. Appendix B contains derivations of perform-
ance index and endpoint condition transformations. The
proofs of the necessary condition theorems are in Appendix C,
and the proofs of the sufficient condition theorems in

Appendix D.
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CHAPTER 2

STOCHASTIC PROCESSES

When a stochastic process is only a part of a larger
problem, some assumptions must be made about the stochastic
process and only then can the solution to the larger problem
begin. This chapter develops the main points required to
classify stochastic processes and in particular to delineate

the class of stochastic processes chosen for this study.

2.1 Discrete and Continuous Stochastic Processes

A stochastic process is, in words, a random phenomena
that changes with time, or some other parameter. The real,
scalar stochastic process v(.,.), a family or ensemble of
functions, depends on the outcome of an event ww'€Q, the
sample space and, a parameter t, usually assumed to be time
where te[...,~1,0,1,...} 2I for a discrete-time process, and
t (~x»,»)ZE for a continuous-time process.

For fixed t=tjeI(or E),v(t:,.) is a random variable.

For fixed w=WjGQ,v(.,wj) is a (deterministic) function

of time.

For fixed t=tj and w=wj,v(tj,wj) is a number.

For each fixed ts, the random variable v(tj,,) is
defined on a sample space , where there exists a Borel field B

of subsets of @, and a probability measure P on B. The
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probability space (Q2,B,P) 1is the basis for the measure-
theoretic (axiomatic) study of probability, as discussed in
Dubes (25). The sample space 2, can in general, be either
discrete, continuous, or mixed. That is, Q={3j;jeI} or
Q=E or some combination. Similarly, tjeE’ or tjel. The
stochastic process then may be a combination of discrete-
time or continuous time with discrete, continuous, or mixed
sample space. Considering only continuous sample spaces &,
a quantitative description of the stochastic process is
desired. Prabhu (90), states that a stochastic process
v(.,.) is statistically determined if the nth order joint
distribution function F(E1/Epreverpitystoreearty)=

P(v(ty,.)<E15v(ty, ) 28055V (Eni)LEy)

2.1.1

is known for all n and tl'tz""'tn where F satisfies the
symmetry and compatibility conditions. For the discrete-time
scalar stochastic process v(t,.),t€[0,1,...,k], k<o, there are
finitely many distribution functions, and a complete stati-
stical description of the process is possible with them.
On any open or closed subset of the real line, however, there
are infinitely many instants of time, hence infinitely many
joint distribution functions and in theory, the continuous-
time stochastic process can never be statistically determined.
This point is of major significance in estimation theory where

density functions have to be defined. It is possible in
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theory to completely determine all the distribution
functions of a discrete-time process and utilize them,
whereas continuous-time problems do not submit to this
method of study. For this reason, the present research
deals with continuous-time dynamic and stochastic processes,
since the discrete situation can be studied later. However,

the reverse is not tmue for many kinds of analysis.

The first order distribution function

F(gq:ty) = P(v(ty,928,)
LA o=c1 2.1.2-

over the ensemble v(ty,), for all tle[to,tf] exists as

does the second order joint distribution function.

F(E;, Epitq, tn) = P(v(ty,d<E;5v(Ey,9<E,)
17=27*~1 1 1 2

over the ensembles v(ty,.) and v(ty,.) for all

tysty€fty tg]. From these two functions much useful
information is available. Theorems involving only inhese

two functions and their properties appear in Bhat (17) and
Hoel (35). Of course, knowledge of these first two distri-
bution functions above does not imply the process v(.,.) is
completely statistically determined. It is noted in Dubes
(25) and Sage and Melsa 07 ) that in many physical situations
knowledge of the first two distribution functions is all that
is necessary for satisfactory performance or results.
Techniques are available as in Parzen (86) for implementing
knowledge of the first n,n<«, distribution functions as an

approximation to full knowledge for all n.
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2.2 Continuous Stochastic Processes

Next is an illustrative example from Astrom ( 8) which
will be used to classify various types of continuous-
stochastic processes. This example delineates those pro-
perties of continuous stochastic processes most useful in
the analysis of a larger problem. A set of "reasonable"
assumptions might be the following as a starting point.
The real scalar continuous~time stochastic process
v(t,.),te&o,tf]éT which is a continuous random variable
for each fixed teT should be

1) second order, i.e. have finite variance,

2) continuous in the mean square sense VteT,

3) a process such that v(t,.) is independent of

v(t,.)VteTeT,
and

4) zero mean.

It is shown in Astrom ( 8) that the mean-square value

OFf V(.,.), 04y (t, t)=E{x2(t) }=0 vteT.
2.2.1

If this process is the input (forcing function) of a
linear ordinary differential eguation, then the difference
between the solution with zero input and the solution with
this input is zero in the mean square. According to Astrom
(8 ), this is not a "sensible" stochastic state model.

Remarks in Papoulis (84) lead to the same conclusion.
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In order to describe a "sensible" state model, one orx
more of assumptions 1) through 4) must be relaxed. It is
well known that 4) can be relaxed with no loss of generality
in most circumstances. However there does remain the

accountability for non-zero means.

If assumption 1) is dropped and in addition stationarity
imposed, the process would be basically a white noise pro-

cess, l1.e., the variance is infinite.

Relaxing assumption 2) leads to the time derivative of
the stochastic process being undefined (in the mean-square
sense). If this process was the input to a linear O.D.E.,
then the derivatives in the equation would also be undefined.
The Ito calculus or the Stratonovich calculus allows
analytic treatment of this type of process. Basically, an
independent interval type process exists. For normal sta-
tionary transition probability, a Weiner process is formed
and it is well known that Weiner processes have no defined

time derivatives (in the mean-square sense).

Assumption 3) could be dropped and nonstationary
processes with mean square sense time derivatives and finite
continuous variances are obtained. Such processes are some-

times called second order processes.

2.3 Classification

It is desired to grossly classify continuocus-time

stochastic properties by which of assumptions 1) through 3)
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are relaxed. Whether assumption 4) holds or not will not

affect the generality of any class.

2.3.1 Class 1.

This is the class of processes with infinite variances.

If the process is also stationary it is a white noise process.

2.3.2 Class 2.

This is the class of independent increment processes.
The best known example is the Weéiner process for which the
transition probability is Gaussian and stationary. No member
of this class of processes is continuous (mean square) in

time, hence does not have a defined time derivative.

2.3.3 Class 3.

This is the class of second order processes. Such pro-
cesses are nonstationary with finite variances and continu-

ous (mean square) derivatives.

2.3.4 Class 4.

This is the class of stochastic processes with cor-
relation times very much less than the smallest time con-
stants of the system which they enter. Such a process
v(.,.) has a variance given by

Vo (E,T) = Q(t) S (t-T).
vv 2.3.4.1

This class of processes is discussed in Bryson and Ho ( 20)

and has been treated in stochastic control and estimation
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problems. However, at t=t, the variance is infinite. As
in (20), the Dirac delta function is the limit of a pulse
with amolitude 1/2 ¢ of duration. 2@ This pulse ca;l be thought of as
having large vérianée for‘awvery~shoftf£ime.~ If 2€ is much less

than . the smallest time constant of the system, the time
correlation of the process dies out in times of order of
magnitude relevant to the system. Essentially this implies
the nonstationarity property is not of significance and
only one time axis is required to describe the statistics
of the process. This may not be true in all physical
situations. Therefore, this work will deal with class 3
processes and it is noted that approximations other than
those with impulses of class 4 processes are included as

members of class 3 processes.

2.4 Conclusions

This chapter provides the reasoning used to select

the class of processes studied in the research. Continuous-
time processes are selected since discrete-time analyses do
not always allow the extension to the continuous-time case,
whereas the reverse is possible. Class 3) stochastic pro-
cesses are chosen for study since they have not been studied
to date in control or identification problems. In fact this
class of processes has only been the subject of a few papers
most of which formulate but do not solve problems. The other

three classes of processes have been studied extensively.
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CHAPTER 3

- PROBLEM FORMULATION

In this chapter the approach to the solution of the
stochastic optimal portion of the problem begins. The
identification portion of the problem starts in Chapter 6.
Throughout Chapters 3, 4, and 5 all elements of y are
assumed to be known. Therefore the motational dependence of
all variables on the vector ffof parameters to be identified,

will be eliminated until Chapter 6.

For any optimal problem, four data are needed as dis-
cussed in Lee and Markus (65). The dynamic system equations,
the performance index, endpoint conditions, and classes of
admissible ‘controls must be specified. In addition if the
dynamic system has stochastic inputs, some assumptions must
be made regarding the class of processes. Also a priori
assumptions on the initial values of the moments of the

stochastic processes are needed.

From these four data and the assumptions about the
stochastic processes, the stochastic optimal problem is
formulated. It is sought to derive necessary and sufficient
conditions for solutions to be optimal. Also if possible
the existence and uniqueness of solutions is to be established.

Further, in many problems closed loop (feedback) control laws
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are to be found. In this work, the existence of solutions is

assumed.

3.1 Stochastic Formulation

The four data for the classes of stochastic optimal con-
trol problems considered follow. This description covers a
wide range of physical situations. An actual physical process

is what is being described.

3.1.1 Dynamic System

The dynamic system considered is the linear time varying
system given by

dx (t,.)=A(t)x(t,.)+B(t)u(t)+C(t)v(t,.)
dt 3.1.1.1

for t€lty, tel 2Ty
where

X is an nxl state vector

A is an nxn matrix

u is an rxl optimal control vector

B is an nxr matrix

v is an sxl stochastic disturbance vector
and

C 1s an nxs matrix.

The stochastic process v is assumed to be a Class 3)
type process defined in Chapter 2, wusually called a second
ordexr process. No assumptions are made about its distribution

(or density). functions. It is assumed that for each fixed
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terl,v(t,.) is a continuous random variable, which implies

a continuous sample space.

3.1.2 Performance Index

The scalar quantitative measure of performance termed
the performance index is mathematically given by
tf
J=J (u) = K(x(tf,.),tf)+1{ £00 (x(t,.),u(t),v(t,.),t)dt
© 3.1.2.1,
for dynamic optimization problems. The functional J con-
tains two terms, a terminal cost term K, and an integral
cost term of the function fpp. Most performance indices
for stochastic optimal problems do not explicitly show
dependence on the stochastic input v. The effect of this
disturbance is assumed to be wholly contained in its effect
on the state x. It is seen from 3.1.1.1 that x is a
stochastic process as well as v. It is a priori assumed
that u is a deterministic function of time. From 3.1.2.1,
J is a random variable. As such, it is not a “sensible"
quantitative measure. In many stochastic problems, the random
variable J is made deterministic and is given by

Jn=0,(u) = E{J},
P D 3.1.2.2

where E{.} denotes expectation. Other means of making J a
deterministic measure exist in the literature. All of these
require expectation, but not in the same way as shown in

3.1.2.2. For example, the measure
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f3.l.2.3

is discussed in articles by Sain and/or Liberty (98), (99),
(100), and (101). Other related formulations are given in
Murphy (81), and Rekasius (93). In the articles by Pugachev
89 ), and Andreev ( 3), +4), (5), and (6 ), the problem of
synthesizing optimal systems for a wide variety of performance

criteria is investigated.

Typical deterministic measures are minimum energy, fuel,
and time. These are for deterministic problems equivalent
to v(t,.)=oVter,.

They are

te
%ég)=<x(tf),Q(tf)x(tf)>+[ {<x,Rx>+<u,Su>}ldt

to
'3.1.2.4,
(D=fF 15 o5 fus]
=/"{ Z s2lu.}l}dt

MFTTL j=1 0 '3.1.2.5

O
(w) = £
J\W =("dt=te-t
MT ¢ £ "o '3,1.2.6°

These three performance indices are most widely used. Even
if the noise v is present the same type of index is still
used, except that theEg {J} or a function of E{J} is required
for a "sensible" measure. A slight generalization for the
minimum energy criteria Jyp would explicitly include the
energy due to the stochastic disturbance v, given in a
general form by 3.1;2.1. The minimum energy, or quadratic,

form of 3.1.2.1 is
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J§ME(U)=E{J:S}=E{<X (tfr .) rQ(tf)X(tf: 5>

+?f{<x,Rlx>+<u,R3u>+<V,R4v>}dt}

fo 3.1.2.7
In this case, minimum energy control of state is desired in
the presence of minimum disturbance energy, where Jgyg (u)
is a more general stochastic minimum energy criteria. Such
criteria have indirectly been studied in maximum signal-to-
noise ratio problems for stationary Gaussian white noise
processes. A modern formulation of this problem is found in

Holtzman (37) and Athans and Schweppe (12).

3.1.3 Endpoint Conditions

Normally in deterministic optimal problems, only the
initial wvalue of the state x(to), the initial time t,, the
final state x(tf), and the finite final time tf are required
as known or as to be determined if not specified. These data

are present in the transversality conditions when variational

techniques are used.

When stochastic inputs are present, much more a priori
information is required such as the mean value and variance
of the initial state x(to), and the correlation between the
stochastic disturbance and the initial state. These data are
explicitly required. For many problems, the distribution
function (or density function) of the noise v and the state x

must also be specified.
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3.1.4 Classes of Admissible Controls

The last data needed to formulate a deterministic
optimal control problem is the set U, in which the
optimal control u belongs. Whether the set U is open
or closed puts bounds or no bounds on the values u can
have. Most minimum energy problems require U to be an
open set and minimum fuel or time problems require U to
be a closed set, i.e., u is bounded above and below.
The physical application determines which condition is

present in a specific example.

3.2 A Transformation

For stochastic optimal control problems, the four
data of section 3.1 acquire characteristics which add
to the degree of difficulty in completion of the solu-
tion as compared to deterministic optimal control problems.
Basically the only stochastic optimal problems solved to
date are linear ones for which the separation theorem
holds. This restriction requires that a Kalman estimate
be obtained in addition to the four data. In this work
an alternate approach is given. As a first step, a
transformation of the four data is made using mainly the
expectation operator. This transformation changes the
problem from stochastic to deterministic. The form of
the data after transformation suggests a differential

game approach as will be discussed in Section 3.3.
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3.2.1 Dynamic System

The stochastic dynamic system governed by the state
equation 3.1.1.1, is transformed directly by taking the
expectations of both sides resulting in

d_Hy (£)=A(t)u, (£)+B(t)u(t)+C(t)u (t)

dt
for all t€ry
3.2.1.1
where
E{x(t,.)}2uy (t)
3.2.1.2
and
E{v(t,.)}su,(t)
3.2.1.3

The mean uy, of the state x and the mean Hy of the
stochastic input v are deterministic functions of time.
The control u is assumed a priori to be a deterministic
function of time. The mean Uy s is the first moment of

the state x, and similarly for Uy« AS mentioned in
Chapter 1, the effects of the stochastic disturbance v
will be approximated by its first and second moments. The
first moment propagates through the system as in equation
3.2.1.1. The complete description of the propagation of
the second moment of v on the state x is given by the two

equations,



AV g (£ T)=A(TIVE (£, T)H+C(TIVZ (€, T)
9T

for (t,T)GPle 2T

1 3.2.1.4

and

2 Vi (£ TV =B (6) Vg (£, 1) 4C(E) Ve (£, )

for (t,T)ET

3.2.1.5

where

E{Lv(t,.)-E{v(t,.) NI (1, )-E{v(t,.) F1°}2Vyy (t,T)

for (t,T)ET,

3.2.1.6

E{0 v (t,.)-E{v(t,.) MIR(T, ) ~Elx(1,.) } 1*}av (¢, 1)

for (t,T)ET,

25

3.2.1.7

E{Ix(t, ) -Elx(t,.) }1[x(T,.)-Elx (1, ) B }av,_ (¢, )

for (t,T)ET,

3.2.1.8

3.2.1.9

The covariance of v,
Vvv(t,r) is an sxs matrix
and
Vyy (£ 1) =044 (£, T) Uy (£) U0 (1)
for (t,T)ET
where

E{v(t, -)V;;’(TI .) }EQVV(t,T)

for (t,T)ET

3.2.1.1)
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and 9., (t, 1) is the sxs matrix called the autocorrelation

of v.
The cross-covariance of v and x,
va(t,T) is an sxn matrix
and
Vg (£, 1) =0, (£, T)=u_ (£)uz(1)
for (t,T)ET
3.2.1.11
where
E{v (t,.)x"(1,.) }2o, (£,T)
for (t,T)ET
3.2.1.12

and QVX(t,T) is the sxn matrix called the cross correlation
of v and x.
And the covariance of x,

Vxx(t,r) is an nxn matrix

and
Viy (£, T)=0, (£, T) =1 (£) 1 (T)
for (t,T)€T
3.2.1.13
where
Elx(t,.)x" (T,.) Yoy (£,1)
for (t,T)Er
3.2.1.14

and ¢xx(t,r) is the nxn matrix called the autocorrelation

of x.
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The following moments also appear and are defined below.
The variance of v
Vvv(t,t) is an sxs matrix
and
Voy (ErE) =0 (£,t) —u (£) ug (£)
for téPl
where
nl Z‘ o
E{v(t,.)v  (t,.) }:@W (t,t)
for t€ry
and vi(t,t) is the sxs matrix called the mean square value
of v.
The cross variance of v and x
va(t,t) is an sxn matrix
and
J_‘
for térl
where
E{v(t,.)x”(t,.) 2o, (t,t)
for terl
and QVX(t,t) is the sxn matrix called the mean cross value
¢f v and x.
The variance of x
Vxx(t,t) is an nxn matrix
and
i

for téFl
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where
E{x(t,.)x° (£,.) 20y (£, t)
for t€F1
and

byx (t,t) is the nxn matrix called the mean square
value of x.

The detailed derivation of equations 3.2.1.1, 3.2.1.4,
and 3.2.1.5 is contained in Appendix A. The derivation uses
material from Papoulis (84), Lebedev (63), Pugachev (39),
and Sage and Melsa (97). These equations describe how the
first and second moments of a Class 3) stochastic process
propagate through a linear system. Similar equations could be

obtained for any other class of stochastic processes.

3.2.2 Performance Index

The transformation of performance indices was first per-
formed in estimation problems. Typically, minimum variance
criteria resulted for criteria quadratic in the state x. The
major portion of criteria after transformation used in the
literature depend on criteria which were originally quadratic.
For example, if x is a stochastic process, then from 3.1.2.4

E{Jyp }=E{<x(tg,.) ,Qx(tg,.)>

tf
+[7{<x,Rx>+<u,Su>}dt}
tO

te

=tr [Q8yy (t£,te)] +[ {tr [ROyy (t,t)] +<u,Ru>}dt
t
(@)
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£l QVyy (g tg) = Quy (£ u7(Eg) ]

t
+ j’f{tr [RV,, (t,t) - Rux(t)u;(t)] + <u,Ru>l}dt.

to

il

trl QVyy (te, te) 1 = <ty (te) ,Quy (tg)>
t

+ ff{tr[RVxx(t,t)] = <y (t) ,Ruy(t)> + <u,Ru>}dt.

t
e o , R 3.2.2.1

Similarly, it can be shown that
E{Tg} = trl0(te) Vg (te,te) ] = <y (te) ,Q(tg)ny (Eg)>
te
+ [T{er (R Ve, (£,t)] = <ug(t),Rpu, (£)> + <u,Rzu>
to
+ tr[RgVyy (£,t)] - <uy(t) ,Ryn, (t)>}dt
3.2.2.2
The other types of performance indices mentioned in the
references of Section 3.1.2 are one of the following:
E{J&},E{[JW—E{JIE}] 2y, e {01 2

or for Js'

a2}, E(13,-E{3  N?}, (E{g )12,
In some of those references, the equations are worked out, and
they contain the first and second moments of v and x as
variables, as do equations 3.2.2.1 and 3.2.2.2. Slight generali-
zations of these types of criteria are the ones chosen for this
research. The transformations of these particular indices is

contained in Appendix B. Four different criteria are used to
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derive necessary conditions in Chapter 4. The physical

significance of these four criteria is also detailed in

Appendix B.

3.2.3 Endpoint Conditions

From the equations of the dynamic system and the per-
formance indices, it will be seen that a modification in the
form of the endpoint conditions is necessary. The fixed
endpoint case is used in Chapter 4 derivations of necessary
conditions, as well as fixed finite final time. Other kinds
of endpoint conditions, such as free final state and free

final time are left for future research.

3.2.4 Classes of Admissible Controls

In Section 3.3, the moments of v will be designated as
controls. Therefore, these moments must be members of a set
which is either open or closed. For Class 3) stochastic pro-
cesses there are no finite bounds on either the mean or the
covariance of v which exist due to the theory of stochastic

processes, so it is assumed that they belong to open sets.

3.3 Differential Game Approach

In this section the variables of equations 3.2.1.1,
3.2.1.4, and 3.2.1.5 are renamed for ease of notation and for
clarity in the formulation of the differential game. Then
the equations of the dynamic system, the performance index,

the endpoint conditions, and the classes of admissible controls
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are specified in full such that necessary and sufficient

conditions can be obtained.

3.3.1 Formulation

Equation 3.2.1.1 is changed to

g%l (t)=A(t)zy (t)+B(t)uy (£)+C(t)uy (t)

for all téFl.
3.3.1.1

where
ux(t)ézl(t) an nxl vector,
u(t)éul(t) an rxl vector,
and
uv(t)éuz(t) an sxl vector.
Equation 3.2.1.4 becomes
3 zﬁ(t,r)=A(T)zw%t,T)+C(T)u$(t,T)
37 2 2 3
for all (t,T)ET
3.3.1.2

where

’ Us
-+ e b’ 1]
va(t,r)_zz(t,r) an nxs matrix
and
Vo (ErT)2u3(t, 1) an sxs matrix.

Equation 3.2.1.5 becomes

%Ez3(t,r)=A(t)z3(t,T)+C(t)zz(t,T)
for all (t,T)€T
3.3.1.3

where

Vxx(t,T)§z3(t,T) an nxn matrix.



32

The state of the system becomes z,, zg, Zq with the "man"

chosen controls u; and the opposing "nature" controls u,,

rd

u3.

A general performance index of the form

n. tgte T 5
J=J(ul,u2,uéﬁ=£ { f2(zl,zé,z3,ul,u2,u5)dth
o O
}f
+ f.(z,,uq,u,)dt
b, b L2 3.3.1.4

will be employed. The "man" controls u; seek to minimize

J while the "nature" controls u,, us‘seek to maximize J.

The initial and final times are fixed. The initial

state is specified and given by
21 (to) = m10

23t ty) (t)

Y
Za(t ,1) = Wan(T).
3o 30 3.3.1.5
The terminal state is also specified and given as

2y (tg) = Ty

z;(t,tf) = n21(t)

Z3(tf"l') = Tl'3l(t). 3.3.1.6

Finally it is assumed that urEU1=Er,i.e.ul takes
values in r dimensional Euclidean space which is an open

set. Similarly u2€U2=Es and dgEU3=Ests.
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3.3.2 Differential Game Theory

At this point some remarks about deterministic differen-
tial games are necessary as background for the next section.
In the description of the four data for a one-sided optimal
control problem given in Section 3.1 and 3.2 the dynamic system
and performance index change considerably. The discussion of
endpoint conditions and classes of admissible controls remains

the same except more variables are present.

A two-person zero-sum differential game is a two-sided
optimal control problem. The two sides are exemplified as two
sets of controls u, and u,, which drive dynamic systems with
goals that are in conflict with each other. Mathematically, the
dynamic system is

dx (£)=A(t)x (£)+B(t)uy (£)+C(t)uy(t) , el o, t ]

dt

3.3.2.1
for a class of linear differential games. Equations 3.3.2.1 is
sometimes obtained by combining the equations for two systems,

one the "man" system given by

sty (£) =Ap, (£) % (£) +B (£)uy (£) L€l £, b ]

dt
3.3.2.2
and the other the "nature" system given by
dx_(t)=A_(t)x_ (t)+C,  (t)u, (t) ,t€lt ,tc 1.
acn n'on A 3.3.2.3

The performance index would include the effects of both con-
trols, and for system 3.3.2.1 would functionally be

te

(@] 3.3.2.4
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a minimum energy type criteria is
tr
JI\E =JD4E (U.l ,u2)=<x (tf) ,Rlx (tf) >+I {<X,R2x>+<ul ,R3ul>
t

o]

-<u,,R,u,>}dt
217472 3.3.2.5

The conflict is present since uj; seeks to minimize JT Mg
while u,; seeks to maximize Jyg ,i.e. it is sought to simul-
taneously establish
min max Jyg (uy,up)
#1601 12602 3.3.2.6
where Ul and U, are classes of admissible controls. The
solution is sought by u; in the knowledge that uj seeks to

maximize Jyqg and vice versa. Therefore the optimal point is

IME (x,u7%,u,) < IME (x*,uy*,u*) S IMme (x,u,y,u,*)
1 2 1 2 1772 3.3.2.7

which is the definition of a saddle point. From 3.3.2.7 it
is seen that u; seeks to minimize Jyg knowing u,* is maximizing

JME and vice versa.

These key points are needed to formulate the class of

differential game problems in the next section.

3.3.3 Statement of the Problem

It is desired to find the pair of controls (ul;uz,ué)
which establish- i a saddle point for the performance index

J of equation 3.3.1.4 in the sense that
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T
min max J(u,,us,us,t_,te)
ll 2’ 3’ I 4 f
ulEUl uzeU, °

P

occurs, while transferring the initial state zl(to),z;(t,to),
z3(to,r) to fixed terminal state zl(tf),zf(t,tf)z3(tf,1) in
fixed finite time tf—tO subject to the constraints given by
3.3.1.1, 3.3.1.2 and 3.3.1.3. Necessary conditions for four

different specific problems are given in Chapter 4.

3.4 Conclusions

A stochastic optimal control problem for dynamic systems
with Class 3) stochastic disturbances was given. The nature of
the problem was transformed to deterministic using mainly the
expectation operator. The effects of the stochastic disturbance
after this transformation are assumed to be contained in the
propagation of the first two moments through the dynamic system.
The degrading effect of these moments is in conflict with the
efforts to optimally control the dynamic system. This conflict
situation was formally cast into a differential game. The
various data needed to mathematically describe the differential

game were specified and finally the statement of the problem in

this context was given.
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CHAPTER 4 .

NECESSARY CONDITIONS

Four different classes of problems are considered in this
chapter. For the first three classes, the dynamic system remains
the same but the performance index changes. For the fourth class of
problems the dynamic system also changes. Then sets of necessary

conditions for each problem are given,

4,1 Problem Statements

The four data required to define each class of problems are

specified in this section.

4,1.1 Problem 1,

It is desired to find the pair of controls (u ;uz,u;) which
Y

establish a saddle point for the performance index

\‘rf

L
J ,u,u’) =~z
1 2 3

473 | . .
f {tr[Rlzs(t,T)za(t,'r)Rl] +
t

(o]

(o]

t

t
er[R u_(t,7)0" (t,7)K ]}dtdr + - jf<u (£),R u (t) >-<u_(t),R u (t)>}dt
Zz2 3 3 2 2 to 1 3 1 2 b 2

where Rlis assumed non-negative definite and symmetric and R2 ’ R.,' 4,1.1.1
and R“ are assumed to be positive definite and symmetric, in the
sense that

min max J(ul,uz,u;) 4,1,1.2

uel u,el,
l‘ 1 u:EU:’
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occurs, while transferring the specified initial state 4,1.1.3

z (&) =7
1

v

z (tl%') = (t)
2z

20

23(1'5 ’T) = nsu(r)
to the specified final state 4,1.1.4
z (%) =7
1 11
2’ (tytg) = 7 (b)
< 21
za(tg,'c) = wa‘('r)

in fixed finite time t¢ - t,, where the dynamic system is governed

by

dz (t) = A(E)z (£) + Blg)u (£) + C(t)u (t), Vter 4.1.1.5
dtl 1 ] Z 1

ez (t,T)

A('r)z;(t,'r) + C(T)u;(t,r), V(t,t)eT 4,1.1.6
T

8z (t,T)

A(t)z (t,1) + C(t)Z (t,1), Y(t,T)eT 4,1.1.7

and the admissible classes of controls are the open sets

uelU =E

i 3
u eU =ES

2 2
uy €U, = ES X ES 4.1.1.8

4.1.2 Problem 2.

Problem 2 involves the functional performance index

tete

J(u yu ,u?) = /] fo(zl(1:).81(rhz;(tot).zs(trr).iiu»l(t).ul (1) s (E),u (W, =

toto |
uj (t,1))dtdr 4.1.2,1
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instead of 4.l.l.l1, all other data remaining the same.

4,1.3 Problem 3.

Problem 3 involves the specific performance index

tt
J(ul,uz,u:) = {f{f{f-oo(z; (t);z;’(‘c),z;(t,r),za(t,T) o (t) o (T),uz(t) puz(T))

0o s s
+) ) £_(z%,z)u” } dtdr
. Ckelmel s gm
instead of 4.1l.1l.1, all other data remaining the same, 4,1,3.1

4,1.4 Problem 4

Consider a dynamic system described by

dz (t) = A(t)z (t) + B(t)u (t) + C(t)u (t) 4,1.4.1
a'EA '} 1 2

dz (t) =F(t)z (t) + z (E)A"(t) + u (£)C7(t) 4,1.4.2
I 2 2 3

dz (t) = A(t)z (£) + 2z (E)A°(t) + C(t)z (t) + 27(L)C7(t) 4,1.4.3
afs 3 3 2 Z

with the functional
t
J{u ,u ,u) = ff tr {é_l R (t)u (t)u “(t)
1 2 3 t‘o 2 1 1 1

+dy R (t)[u () +u (t)u'(t)]z}dt 4,1.4.4
7 ¢ 3 2 2

Given the state egquations 4.1.4.1 through 4.1.4.3 and the
performance index 4.1.4.4, find the optimal strategy

uiGUi, i=1,2,3 such that
J(u *,u ,u) £ Ju*u*u* S Ju,u*u* 4,1.4,5
1 2 3 1 2 3 1 2 3
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where

i
N

z (t;)

v

it
N

z (t.
z(o) 20

z 4,1.4.6
30

b4 3 (td)
are specified

and
d +d =1

d 20 4.1.4.7

4,2 Statement of Necessary Conditions

4,2,1 Theorem 4,1

In order that the pair of controls (u‘;u ,u: ) be extremal for

Rid
Problem 1 of Section 4.l1l.1, it is necessary that there exists non-
zero continuous functions Al(t),ter“, and Ait,r),)\s(t;r), (€,T)eT

which are solutions of

ax* (t) =
att

A (BAF (L), VEer, 4.2.1.1

¥ (t,1)
T2

- A7 (AL (e, 1) - Afle,TIC(D), Y, T) €T 4.2.1,2

A (e, 1)

- A~ (£)M% (£,7) - R[R 27 (,T), V(t,T)ET 4,2,1.3
oT
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thrgugh which the trajectories governed by

dz *(t) = A(t)z*(£) + B(E)u*(t) + C(t)u*(t), VEeT 4,2.1.4

a.E‘ 1 1 1 P 3

3z°* (t,1) = Alr)z"*(t,7) + C(Du*(t, ), V(t,1) € T 4.2.1.5
T2 2 3

oz *(t"t‘) = A(t)Z* (t,1) + C(t) z* (t,7), Y(t,t)erT ' 4,2,1.6

3ta 3 2

are transferred from

Z"(trto‘) =7 (t)

z3(q3.r) =T (1) 4.2.1.7
to

Z;(ff) =7

ZZ (Eotg) = 'n“ (t)

z kg, v) =m (1) 4.2,1.8

in fixed finite time tf - tor by the controls in the admissible

classes

u *eU = Ef
i 1

u *y =S
2 2

u- *¢U =5 y ES 4,2.1.9

3 3
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wiich must satisfy

-1 B
u *(t) ==K B7(t)A *(t), Ve 1‘1 4.2,1.10
1 3 i
u *(t) = R:IC'(t)}\l*(t), Vt e 1‘l 4.,2,1.11
2
-l -l
u;*(t,r) = C‘(wr)J\Z*(t.r)R2 (R ), Y (t,T)ET 4,2.,1.12

where ( )* denotes extranal.

Remark:

After substitution of equations 4.2.1.10, 4.2.1.11 and
4,2,1,12 into 4.2.1.4 and 4.2,1.5, there are 2n(l + s + n)
differential equations with n(l + s + n) initial conditions and
n(l 4+ s + n) final conditions, forming a two point boundary value
problem (TPBVP) with 2n(l + s + n) differential equations and
2n(l + s + n) endpoint conditions., 1In theory then, it is possible
“to solve for the extremal controls and trajectories from the set

of necessary conditions of Theorem 4.l.
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In order that the pair of controls (u,;u,,u;) be extremal for

Problem 2 of Section 4.1.2, it is necessary that there exists non-zero

continuous functions A‘(t), tel‘l, and Az(t,r),).a (t,7), (t,7)el which are

solutions of

t t
£ £

J {30 )+A”(E)A *(£)+d) *(t)}dt=0, [ {(3fo
% 9z (t) * at*

8\, * (t,T)_-A" (1) A * (£, T)-A* (£,T)C(1) - (3f0 )
T z

T 3z,
9A *(£,T)_=A” (1), *(t,T) = (3£0)
w0 3z, *

through which the trajectories governed by

gg_‘*(t)_A(t)Z,*(t)-!-B(t)ul*(t)-iC(t)uz*(t), tel'
T =

az;" (t,0)_AT) z;* (t,r)+C(r)u;* (t,7), (t,T)el

3T

dz * (t, 1) _Alt)z *(t,1)+C(t)z, *(t,1), (t,T)eT
ot

are transferred from
zl(t.o):'rr10
z; (E,t )=m, ()
z, (& ,T)=m, (1)
to
zx(tf)=w11
z,(t,tg)=m, (t)

z, (tf,'r)=rr“ (1)

£ 9z, (T)*

4,2,2,1

4,2,2,2

4,2,2.3

4,2,2.4
4.2.2.5

4,2,2,6

4.2.2.7

4,2,2.8
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in fixed finite time tf-t , by the controls in the admissible classes
o

u, *eU, ="
u, *eU,=ES
ul*eU,=ExE"

which must satisfy

d-

t
[Elago )+ BY (A *(t)}ar=0, [T{(3f0 ) Jat=0

to au, (t) * to aul(r) *

t t
JEL(350 )+ C7(B)A *(t) }dr=0, [E((3f0 )

t, ou, (1) * t, g, (1) *

(3fo )+ C7(T)AT*(t, T)=0
du,” *
3

where ( )* denotes extremal.

4.2,2,9

4.2.2'10

4.2,2.11

40202012



44
4,2.3 Theorem 4.3

In order that the pair of controls (u j;u ,u”) be extremal
1 P4 3
for Problem 3 of Section 4.2.3, it is necessary that in addition to

Theorem 4,2, the following conditions

3_3H =0 4,2.3.1
3T du;
Oa. (s aa [Jr[ =0 4.2,3,2
ou’ 0T ou;
3
Oa 10 932 aH [1}r0zo0 4,2.3.3
su? 3T~ Ju,
hold where

H -’-foo(z1 (t) 'z, (1) ,Z:(t,T) 'Z (t,1) ,ul (t) o (1) ,u‘(t) u (1))

s s
+) ) f]qn(z_"(t,-r),z (t,Hu;  (t,1)
k=1 m=1 “ y km

+<Al(t),A(t)z‘(t)+B(t)ul(t)+C(t)uz(t)>

+tr [[ A(T)z;(t.r)+C(t)u:(t.T)][ AZ(e,1)1]

+tr [ A(t)za(t,1)+c(t)zz(t,'r)][ A:(t,'r)]] 4,2.3.4
and where for G an nxm matrix

n m
1 0L 9., . 4.2.3.,5

i=1l §=1 ij

iy

0el

Remark:
The performance index for this class of problems is nonlinear

in Z z, z,u and u but lirear in u” . Therefore, the optimal
r' 3 I P 3



controls ul and uz are found as nonsingular controls but

u: is a singular control. The equations 4.2.3.1 and 4.2.3.2
allow the solution for u:* to be carried out. Equation 4.2,3.3
represents a strengthened necessary condition similar to the
Legendre Clebsch condition of nonsingular problems, For this
class of problems u,u and u: are not bounded, i.e. they

take values in open sets.

45
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4,2.4. Theorem 4.4
In order that ui* (t)EUi,tGI'l,i = 1,2,3 be the optimal strategies

for Problem 4 of Section 4.1.4, it is necessary that there exist a
nonzero vector function A,*(t) and nonzero matrix functions A,*(t) and
A, *(t) such that:

a) Ay*(t) A% (t),Aa* (L) ,2,*(t) ,2,* (t) ,2,*(t) are solutions of

dz,*(t) = (3H), = A(t)z,* () + Blt)u *(t) + Cltlu,*(t) 4.2.4.1
at N,

dz,*(t) = (3H), = F(t)z2*(t) + z,*(£)A7(t) + u,*(£)C”(t) 4.2.4.2
dt o,

dz *(t) = (3H), = A(t)z3*(t) + z,*(L)A"(t) + C(t)z, *(t)

at o,

+ z;*(t)c'(t) 4.2.4.3
d\,*(t) = - (BH) . = = A" (£)A,*(t) 4.2.4.4
at 7, '

Al *(t) = - (3H), = = [F7(t)A*(t) + A, *(t)A(L) + CT(E)A*(t)

dt 9z,

+ CT(t)Ag*(t)] 4.2.4.5
dr.*(t) = - (BH) = - [A"(E)A_*(t) + A, *(t)A(t)] 4.2.4.6
at 52, 3 ?

z,*(t;) = 219

z2*(ty,) = 220

z,*(t,) = 230 4.2.4.7
and

M*(te) =0

M*(kg) = 0

4.2.4.8

|
o

Ag*(ty) =
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b) The extremal strategy (u *(t),u,*(t) ,us*(t))satisfies the following

min-max principle

H(z,* (t) ,2,* (£) ,2,* (£) ;u,* (£) u, (£) ,u, (£) A, *(£) A, % (£) A _*(£)

S Hiz,*(t), 2,*(£), 2z,*(£),u,*(t) ,u,*(£) ,u,*(£) A *(t) A, % (t) A *(t))

: H(z *(t),z,*(t) ,za*(t) N (t) ,uz*(t) ,ua*(t) ,Al*(t) ,Az* (t) ,13*(t))
4.2.4.9

for all ui(t)EUi,i = 1,2,3,tel,

ard c))

H (z,*(t) ,z,*(£) ,2,* (£) ,u, * () yu,*(£) ,u * () ,A *(t),A *(t),A_*(t))

= constant 4.2.4.10

for all te€r,.
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4,3 Conclusions

Four theorems containing sets of necessary conditions for
Problems 1 thru 4 were stated. The equations for the propogation
of the first two monents through a linear time varing system are
derived in Appendix A. The relation of the performance indices
of the four problems to physical criteria is explored in Appendix
B, Also in Appendix B the physical implications of the endpoint
conditions are established, The proofs of Theorems 4.1, 4.2, 4.3

and 4.4 are given in Appendix C.
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CHAPTER 5

- SUFFICIENT CONDITIONS

Sufficient conditions are developed for Problem 1 using
the properties of convexity and concavity. The particular
performance index of equation 4.1.1.1 is shown to satisfy
these properties. A similar theorem is given for the
functional form of the performance index of Problem 2. No
theorem was developed for Problem 3 since this is a singular
problem and in general sufficient conditions are very diffi-
cult to develop for singular optimal problems. A set of
sufficient conditions for Problem 4 was derived using the
same techniques as in Problems 1 and 2 but is not included
in this chapter. The unigqueness of the optimal solution of

Problem 1 is established in Section 5.3.

5.1 Theorem 5.1

For Problem 1 of Section 4.1.1 it is sufficient that the
pair of external controls (uj;uj,u3) are optimal in the sense
of establishing a saddle point defined by

J(Zl,zz‘,Z3,ul*’u2’ul3,)\l*,>\2*,}\3*);
J(Zl*,ZZ‘*'z3*'u1*,uz*’ug*,)\l*fxz*'l3*);

J(zl,za,z3,ul,u2*,us*,kl*,lz*,l3*)
5.1.1
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for J where
J=J(21'25’Z3,ul,u2'u‘3,A1’A2’A3)=
t ¢

t o ;
_%ffff{tr[Rlz3(t,T)z§(t,T)Rf]+tr[R2u3(t,T)ug(t,T)Ri]
t

t

(o Rafe}

+erll A(T) 25 (£, T)+C (1) uj (£,7) =02 (£, )1 [ A (£,7)]]
9T

+tr{[A(t)z3(t,r)+c(t)zz(t,T)-%53(t,T)][A;(t,r)]]}dth
t

t
+%ff{<ul(t),R3ul(t)>—<u2(t),R4u2(t)>
t
o

+<Al(t),A(t)zl(t)+B(t)ul(t)+C(t)u2(t)—%Ezl(t)>}dt

5.1.2
or

J=J(zl,25,23,ul,uz,ug,kl,kz,x3)=

tete - te .
f f 92(2’2,23,U3’,)\2,>t3)dtd'f+f Ql(zl,ul,uz_v,_kl)dt
tOtO to

5.1.3
if the necessary conditions of Theorem 4.1 are satisfied.

Proof:

The proof follows immediately from Theorem 5.1.1 and

Theorem 5.1.2.

5.1.1 Theorem 5.1.1

For Problem 1 of Section 4.1.1 it is sufficient that the
pair of extremal controls (ul;uz,ug) are optimal in the sense

of establishing a saddle point, as in 5.1.1, for the functional
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form of the performénce index J in 5.1.3 if in addition to
the necessary conditions of Theorem 4.1 being satisfied,

Ql is convex WRT 0,y and concave WRT u,
5.1.1.1
and
Q, is concave WRT uj and Zy.
5.1.1.2

Proof:

The complete proof is contained in Appendix D.1l.

5.1.2 Theorem 5.1.2

It is both necessary and sufficient that the function
Ql is convex in ul and concave in us, and that the function
N N ~ .
92 is concave in Zq and uj if:
Ry is non-negative definite and symmetric

5.1.2.1

and
R2,R3,R4 are positive definite and symmetric
5.1.2.2
Proof:

The complete proof is also contained in Appendix D.l.

5.2 Theorem 5.2

For Problem 2 of Section 4.1.2 it is sufficient that
the pair of extremal controls (ul;uz,ug) are optimal in the
sense of establishing a saddle point defined by equation

5.1.1 for J where
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tete ‘

J={"/ fO(zl(t),zl(TLz;(t,T),z3(t,TLul(t),ul(TL

toto

U, (£) ,u, (T)u (£, T)dtdT
2 203 5.2.1

if in addition to the necessary conditions of Theorem
4.2 being satisfied

fo is convex in ul(t),ul(r),zl(t) and Zl(T) s 2.2

and
fo is concave in u2(t),u2(1),zl(t),zl(T),ug(t,T),
z>(t,t) and z,(t,T).
2 3 5.2.3

5.3 Uniqueness of Problem 1 Solution

The definiteness of the matrices R,, R3 and R, provide
the means to establish equation 5.1.1 as strict inequalities.
This means the extremal solution obtained from Theorem 4.1 is
the only solution which is optimal. If the solution obtained
from Theorem 4.1 is the only solution of the resulting TPBVP,
then it is by the strict inequalities the unique solution.

This point is clarified in Appendix D.1l.

Since global convexity and concavity is used, global
sufficient conditions result. Then if the TPBVP has only one
solution, Theorem 4.1 provides necessary and sufficient condi-
tions for unique global solutions for the specific performance

index of equation 5.1l.2.
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These remarks do not apply for the functional form of
the performance index given in equation 5.1.3, i.e., it is
not shown to be the unique solution although it is the global

optimal solution.

5.4 Conclusions

It is established that the necessary conditions of
Theorem 4.1 are also sufficient conditions for Problem 1 of
Section 4.1.1. This is accomplished by considering the pro-
perties of convexity and concavity in Theorem 5.1.1, and then
proving Theorem 5.1.2 which gives the regquirements on the
weighting matrices of the performance index such that the
convexity and concavity conditions are satisfied. In view of
the results of these two theorems, the optimal solutions are

the unique global optimal solutions if they exist.

In addition a sufficient condition theorem for Problem 2
is stated, also through the properties of convexity and

concavity.



CHAPTER 6 >4

IDENTIFICATION

The overall problem of simultaneous identification and control
is now presented. It is the object of some techniques to identify
while a process or plant is being controlled while other methods
are used to identify only. Simultaneous identification and control
require techniques suitable for "on=-line" implementation. Methods
for identification only are considered as "off~-line" methods. It
is the purpose of this chapter to study the "on-line" situation.
Further, the simultaneous control is to be optimal or sub-optimal
with respect to a given criteria. The control generated fram
Chapters 4 and 5 is to be implemented in such a way that if
identification is complete, i.e. all parameters are known exactly,
it would be the actual optimal control, If some parameters are not
known exactly, then the control is actually sub-optimal. As the
identification progresses in real time, the parameters are more
closely known and if the dependence of the control on the parameters
is updated, the sub-optimal control becomes closer to optimal. This
scheme is carried out using a model reference adaptive control method
as described in Section 6.3.

6.1 Background

The basic question of identifiability of parameters is discussed
by several authors inthe December, 1974 Special Issue of the I.E.E.E.
Transactions on Automatic Control. For the problems considered in
this work, it will be assumed that the systems are controllable,

observable, and in canonical form, .hence identifiable.
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Also, as previously mentioned, only parameter identification
will be covered, since model identification would preclude the use
of the simultaneous optimal control which is solved for offline.
Further, the parameters are assumed to be constants.

Many different identification methods are currently known.
ioosely:gpeaking, they can be classified in the following way.

First, frequency domain or spectrum analysis techniques are
used in time series analysis. Also, random input methods are used
which imply that all modes of the plant will be excited, heﬁce
identifiable, These first two methods are usually offline in that
identification only is sought,

Secondly, when on-line identification .and control is desired,
the state space, or time domain representation is most often used.
The two main classifications are model reference adaptive control
and nonlinear estimation. As discussed in Sage(96) and Graupe (31),
even if linear systems are to be identified, non-linear estimation
must be emploved. The reason for this is that the parameters to be
identified are collected in a vector and adjoined to the usual
state vector resulting in nonlinear state equations, since the
parameters of the actual state matrix multiply the actual state
variables. Depending on the a priori statistical information
about the original state, measurement and inputs, various estimation
schemes, such as Kalman filtering of a linearized representation of
the nonlinear system can be used to identify the parameters. Further,
the controlling input usually is not available as an optimal control,

but must be chosen to aid the identification as mentioned in (96).



6.2 Model Reference - Gradient Approach

For two main reasons, the model reference adaptive control
method was chosen to be able to simultaneously identify and
optimally (or suboptimally) control. First, it is seen fram
Section 6.1, that on~line controls available for optimization
are not included in most other identification methods. Second,
no methods are currently available when the stochastic disturbances
are Class 3), (i.e. second order) processes. For other kinds of
stochastic inputs, i.e. other than Class 3), model reference
adaptive control schemes have been studied, Many adaptive schemes
are not concerned with "optimal" control, but more with parameter
tracking or trajectory following.

In the model reference system used in this work several
issues arise which would significantly degrade performance in a
real - world application. The stability of the overall system of
plant, model, and adaptive loop with feedback control from the

model is questionable, Using Lyapunov stability theory Kuo(59)

- v derived conditions such that the overall system is stable, This

method to insure stability is applicable directly to the overall
system of Section 6.3, and that system can be shown to satisfy the
conditions given (59).

The stochastic input disturbance requires that an estimate,
hopefully optimal in some sense, of the state is available. In
the case where the complete state is available, it has been shown
by Kurtaran and Menachem (60) that the actual state is the best

estimate in the sense that it is the mininum error variance estimate.
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For the case where only a noisy measurement of the state is available,
a best estimateof the actual state is needed. This estimate has

been derived and is discussed in Section 6.4. For plants with some
parameters to be identified and only a noisy measurement of the

state available, questions about sensitivity arise which are not
covered here,

Finally, the parameter adjustment criteria was chosen as an
integral square error criteria, since stability was easily established.
The gradient or steepest descent algorithm as discussed in Kirk (45),
Wilde and Beightler (107), and Sage (96) was modified and used such
that a real time implementation could be readily obtained. It is seen
that in.a real world application this algorithm requires much less
digital hardware than say a Kalman estimator, since no calculus
is involved in the parameter adjustment, whereas in Kalman
estimation a matrix Ricatti differential equation must be solved by
the digital hardware.

6.3 Implementation

This section describes in detail how to implement the optimal
control and simultaneously identify parameters in a model reference
adaptive scheme, The controls used are those derived in Theorem 4.l
since closed loop strategies are readily obtainable and easily

implemented,
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6.3.1 Optimal Closed Loop Strategies

The necessary conditions of Section 4.2,1 imply the open loop
problem solution, i.e. the control laws for u * and u * depend on end
1 r'A

times and endpoint conditions only

ul* (t) = ul* (to'zl(to)' tes zx(tf) ), tEI‘l 6.3.1.1
and
uz* (t) = uz* (to,zl (to), tes 21(tf))' tEI‘1 6.3.1.2

In many situations it is more desired to form a closed loop control by
feedback of the state z (t), for all t€T . These control laws are
1 1

desired to be in the form

u‘* (t) = ul* (t, z * (), te'I‘1 6.3.1.3
and
uz*f (t) = uz* (t,zl* (t)), te‘rl. 6.3.1.4

EXERN

These would be nonlinear control laws. It is even more desired to
find linear time - varying feedback gains for ease of implementation
and stability purposes. These points are discussed in Athans and
Falb (9) for deterministic optimal control problems and in Lee (64)
and Wonham(109) for stociastic optimal control problems.

. For this class of problems, control laws given by

u* (t) =wW(t) z* (), t€r 6.3.1.5
and
u"-* (t) = W‘(t) z * (t),teI‘z 6.3.1.6

are to be found.

From Theorem 4.2.1,
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u‘*(t) = —R:‘B’(t)kl*(t)'t€ I‘], 6c3ol.7

and

uz* (t) = R:lC’(t)l"*(t), t€ I‘1 6.3.1.8

so letting

A *(t) = K(t) 2 * (t), t€T 6.,3.1.9
i % i

where

K (t) is‘an n x n matrix

would result in

ul* (&) = -R;‘ B (t) K (t) zl* ), tEI“ 6.3.1.10
giving

W(t) = -R:‘B’(t)K(t), tET 6.3.1.11
, v

and

u *(t) = R:‘C’(t)K(t)zx*(t), LT 6.3.1,12
giving

W (k) = R:‘C'(t)K(t), LET 6.3.1.13
Z

Differentiating 6.3.1.9 gives

A\ * =dK () z *(t) + K(t) dz * (t), t€T 6.3.1.14
a‘E’x a'.E 4 aEx ]

Substituting from the necessary conditions of ‘Theorem 4.2.1 it can
be shown that K(t) must satisfy

dK (t) = =A“(t) K (t) - K (t) A (t) = K (t) D (t) K (t),t GI‘l

T ,
6.3.1.15



where

D (t) = =B(t)R"*B”“(t) + C(L)R™*C~(t),L€T 6.3.1.16

and further K(t) = K°(t) if D(t) is symmetric as is shown in
Kirk (45) and Ogata ( 83 ).

The initial conditions required for the solution of
equation 6.3.1.15 are obtained from equation 6.3.1.9 at t = t,.
This control law gives a closed loop feedback solution

which is solved offline and implemented on-line either by
storing the function K(t)V t¢ I“ or by on line simulation. This
is a very useful and practical means for generating an optimal
control, and even more useful when simultaneous on-line

identification is required.
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653.2 Model Reference Identification and Simultaneous Updated

Sub-Optimal Control

The overall method used is explained by considering Figure 6.3.2.1

\l’ I.C.
v Y

—_ PHYSICAL PLANT %
S| x=AxtBu OV
\Lx.c. gﬁ % 2l wr
ODEL ’ 2,
Uy 5 27AY) 2 #B(Y) upiC(Y)u,
. Y .
: NEW |Digital
R4-1C'(Y) hardware
used to
-R3-1B (y) generate
a new y
\LI.C.
after each
K .
S . Vg sampling
period
e
Afy) <1
ﬁ ‘
A% (y) /
Pty f—@

Figure 6.3.2.1 Model reference adaptive system
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As 1is seen, the only digital block is that one used to generate
a new set of values for the parameters being identified. The
closed loop feedback controls can be simulated using analog
equipment.

The steepest descent algorithm is carried out by the digital
block. The rate of convergence, region of convergence, sampling
rate, and weights are all very involved problems in themselves. For
a particular real-world application, these problems are generally
dealt with after several trial runs. No comprehensive theory
exists for predetermined solutions. After completion of this step
in some manner a workable, near-optimal system is obtained.

For a completely identified system, the closed loop controller u,
would be optimal for both the model and the plant with respect to
the criteria of Theorem 4.,1. If some parameters are not identified
exactly, then suboptimal control is applied while identification
is being carried out. By adjusting the parameters in the analog
simulation of the feedback gain K and model z, , the cbnt.rol u,
| is updated and as the parameters become closer and closer to their
true values, the suboptimal controls become closer and closer to

the optimal controls.
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The actual plant is governed by

g_x_(t,,;) = A(t)x (t,.) + B(t)u (t) + C(t)v(t,.), tET 6.3.2.1
t 4 'y

where some parameters of A, B, and C are unknown.

The model is

dz (t) = A(y,t)z (t) + B-(y,t)u (t) + C (y,t)u (t), t€T 6.3.2.2
a.'t'a. N ’ 1 4 1

where Y is a vec¢tor of the unknown parameters,
In equation 6.3.2,2, the controls u (t) and u (t) are simulated
FY r'a

in tenmns of the time-varying feedback gain matrix K(t) governed by

dK(t) = =A"(y,t)K(t) = K(t)A(y,t) - RK(t)D(y,t)K(t),t€rT 6.3.2.3
E-E 1

where

D(y,t) = -B(y,t)*;‘B’(Y,t) + C(Y,t)R:‘C (v,t). 6.3.2.4

Define the error between plant and model state as
and the weighted criteria used to generate updated values of the

parameters as
tivl
JI (YI i)%{ <G(Y’ t) IVJie (Ylt) >dt} 6'0 3.2.6
ty
where W; is a constant positive definite weighting matrix,
tj, ty +1€r,,i =1, ==, N where N is the number of sampling
intervals,

The method of steepest descent is used to numerically minimize
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Jp(y) with respect to y such that the system will be identified,

i.e. the model parameters are equal to the actual plant parameters

when Jp(y) becomes sufficiently small, in comparison to some preselected
numerical value. The function is minimized by evaluating the slope

or gradient at a given initial point, and then moving in the direction
of steepest slope to a new point. The process is carried out numerically
until J7(y) is less than some preselected value, or until no further
decrease in Jj(y) can be obtained, The slope is approximately

numerically as

ad = AJ 6.3.2.,7
Y Ay

for each iteration where

BT () =Tg by, i) = T_(v,4) 6.3.2.8

and

AY=YORIGT.AL-YHET CIANGE 643.2.9

and Y is the initial guess at the parameters used in solving

ORIGINAL
the "worst-case" optimal control problem offline,

At each iteration a new value of Y is obtained from

= ¢3.2.10
4= Vg ambY 6.3.2

and

Ay= 983J7 (v,i+1) 6.3.2.11

ay
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where 0 is a weighting factor chosen to aid convergence. As each
I';EW value of vy is obtained, the mcdel generating the state z1 and
feedback gain K are updated.

The overall system is suboptimally controlled until identification
is camplete, then optimally controlled fram that point on. This
overall system is an adaptive system using a reference model, or
a model-reference adaptive control system. A complete digital simulation

of the overall system was written and is discussed in Chapter 7,
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6.4 Optimal Estimation with Second Order Stochastic Disturbances.

In this section an estimate is obtained for the dase
where only a noisy measurement of the state, not the state itself,
is available., The results could he used in conjunction with the
identification procedure of the first portion of this chapter,
where the estimate }"E, replaces the state x in the model reference
system, If this was to be done, a sensitivity analysis would
be necessary before implementation. Assuming identification
was complete, i.e. all parameters were known, the estimate :: could
be used for many purposes, just as the estimate from a Kalman
filter is used.

Consider a plant with stochastic disturbance

dx(t,.) = A(t)x(t,.) + Bt)u(t) +C{E)v(L,.) 6.4.1
It

and with noisy measurement

z2(t,.) = H(E)x(t,.) +w(t,.). 6.4.2
It is desired to find an optimal filter such that % is the

best estimate, in the sense of minimum error covariance, where

thie filter is constrained by

%2(& = F(£)X(E) 4G(£)Z(t) +D(t)u(t) 6.4.3

wlt;ere F, G, and D are to be determined. The filter is also to be

unbiased. For this condition,

F(t) = A(t) - G(L)H(L) 6.4.4

and

i

D(t) B(t) 6.4.5
where the means | V(t) and uw(t) mast be-either zero or known a
pricri. If v(t) and w(t) have essentially the same a priori

data known that is discussed in Appendix B, then the optimal value

of G(t) can be found and the estimate X generated as given in:
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Theorem 6.1
For the conditions of 6.4.1 through 6.4.5 the optimal

estimate X is given by

F&(t) = A(LR(E) + GE) [2(B)-H(E)X(E)] + B(L)u(t) 6.4.6

ac

where G(t) is determined by and must satisfy

G(E)=V, v (E, T) [V‘&(t,T)H('rﬂwa(t,T)]—l +5(t) 6.4.7

and waere Vm’\{:(t,r) is found from

7(2;3/'_‘,,94(1:.1)=V‘,,;\c»(t.r) [A(7)-G(T)H(T)] ’JrVw‘,(t.T)C’('C)-Vw‘,,(t.r)G’éTz1 g
T - L]

Proof: The proof leading to equations 6.4.6 through 6.4.8 is
developed in Appendix F, The method is similar to the calculus
of variations derivation of the Kalman filter given in Sage (97 ).

Remark: The actual a prinri statistical data, the differential
cquations describing the evolution of the error covariance, and
the performance index used are all detailed in Appendix F,

In Appendis F it is shown that S(t) is a weighting matrix. The
error x(t) is defined as

R(t, ) = x(t,.) =x(t) 6.4.9

The results given above are just briefly quoted to show
e preliminary work done in extending the "worst case" control
theorems of Chapter 4 and 5, and the identification method of the

previous sections of Chapter 6.

6.5 Conclusions

In this chapter, the model reference adaptive control system
used to simultaneously identify parameters and suboptimally control
a physical plant is given, The real-time or on-line implementation
is possible and in fact provided the reasoning on which the choice

of :his method was made. The parameters are identified using



steepest descent or gradient methods suitable for on-line use.
The preliminary estimation results of the last section are
included to show the extension made to the case where only a

noisy measurement of the actual system state is available.

68
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CHAPTER 7

APPLICATIONS

Consider a physical plant, e.g. acdrdiac cell, which can
be mathematically descrived by linear ordinary differential equations
with time varying coefficients. Assuming the parameters, i.e. gains
and time constants of the equations are known then it is desired to
optimally control the plant with respect to some measure of
performance., If, in addition, the plant is subjected to stochastic
disturbances, the optimal control of the plant becomes much more
difficult. Assuming some of the plant parameters are not known
further caomplicates the implementation of some optimal scheme.

This chapter illustrates through example, a technique for the
simultaneous optimal control and parameter identification of a physical
plant in the presence of stochastic inputs.

The theory required for "worst case" optimal control in a
stochastic environment was presented in Chapters 4 and 5. All the
computations can be done off-line before the operation of the plant
begins. As the plant operation progresses the unknown parameters
are updated., These updated parameters are fed to the model in such
a way that the "optimal" controls are generated from these new values
of the parameters after each update. Until the identification is
camplete, though, actual optimal control is not possible, though
qualitatively "good" suboptimal control is actually obtained over the
time interval of interest as can be seen by comparing actual and

non~identified trajectories.
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7.1 An Illustrative Example

An illustrative example showing in detail the optimal computations
and then a simulation of simultaneous sub-optimal control and
identification is given, The simulation was campletely performed
on a digital computer using the Fortran language., Ideally, a hybrid
computer simulation would perhaps be more suitable as a means to
illustrate all the various aspects of the theory, but large enough
facilities were not available. The Fortran program listings are
contained in Appendix E. The particular example is specified and
set up in Section 7.l.1 . The offline optimal computations are
detailed in Section 7.1.2 . The results of the simulation of
implementing both the identification and control are given in Section

7.1.3.
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7.1.1 Setup

A particular example was simulated on the digital computer. The
actual, real-world physical plant is described in this section.

The general equation for the plant is

glé_(t,.)=A( wt)x(t, ) +B(Y,t)ult)+C(y,t)v(t,.) ,%zrl 7.1.1.1
Choosing n=r=s=l1 gives x,u, and v as scalars, hence
%ié(t,.)=a(Y)x(t,.) + b(Y) u (t) + cly)v(t,.) .teTy 7.1.1.2
Assuming c is known, a(¥) = a and b(Y) = b yields

Y= [;] 7.1.1.3

and omitting the dependence of a and b on Y,

dx(t,.) = ax(t,.)+ou(t)+cv(t,.) €l
& ' T 7.1.1.4

where a and b are to be identified. Equation 7.1.1.4

in analog computer form is

V- C

\ 4

u-=34 b /

a

)

Figure 7.1.1.1 Analog camputer diagram of example
which physically is a lag with time constant 1/ |al,
and with the sum of deterministic control u: with gain b and
stochastic disturbance v with gain ¢ as input.
It is desired to identify the parameters a and b while
simultaneously optimally or at least sub optimally controlling the
plant in the presence of the stochastic disturbance v, which

is assumed to be a Class 3), i.e. second order, stochastic process.



In order to solve the optimal control problem offline,
initial guesses at the values of the parameters are required.
In the particular example simulated these were
a=-=3.0
b= 2,0 7.1.1.5

Also, the other data required was selected as

c=1,0
t =0,0

(o]
t =1.0 7.101.6
£

More data is required for the optimal solution and is specified

in the next section.

7.1.2 Optimal Soluticn

For purposes of obtaining the optimal problem solution,
the physical plant is described by
ggs(t,.) = =-3,0x(t,.)+2.0u(t)+1.0v(t,.) ,t€[0.0,1.0] 7.1.2,1
a: specified in the previous section.
Using the theory of Appendix A, the first two moments
of the state x(t,.) become

C dzq(t). = =3.02 (£) + 2up (£)+un (£) ,£E[0.0,1.0]
i 1 1THTRE ’ 7.1.2.2

325 (t,T) = =3.0z3(t,T) + u3 (t,7), (t,1)€[0.0,1.01%[0.0,1.0)
’ﬁ)‘ 7.1.2.3

3z3(t,T) -3.023(t,r)+22(t,'r), (t,1)€[0.0,1.0]%[0,0,1,0] 7.1.2.4
ot

The variables zl, Zyy Z3s Uy U2 and u,; are all sca]a-?:s.

The weighting matrices were chosen as

Rl = 0.0
R, = /2
RE = 1.0
R, =1,0 Tele2.5

4
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giving
t t.t
£ 2 £ 2
I(uy 0,0, = 1/2] {u%—uz}dt-l/zj ]f{2u3}dtdt 7.1.2.6
t t t
(o} 00
The initial states used were

corresponding to mp = 5.0 where this is the measurable prior mean.
It was desired to drive the state (in terms of zj) to

7 (tg) = 21(1) = 0.1 7.1.2.8
The initial cross covariance chosen was

zy(k,ty) = 1.0e~t 7.1.2.9
and the initial covariance

23(tg,T) = 10.0e7T 7.1.2.10
which correspond to a cross variance

z,(tgetg) = 1.0
and a variance

z3(to,to) = 10,0
wnich are measurable as is the time constant T = 1,0
used in 7.1.2.9 and 7.1.2,10 for the exponential correlation
distribution discussed in Appendix B, The final time endpoints
are discussed later. For the above data, application of

equations 4.2,1.1 through 4.2.1,12 yield



. ' ) * * b *
dz* (t)=. 3:021 (t)+2.0ul (t)+u2 (t)

il

Lc.v

N
*
™
-
a2
|

28z.*(t,T) = -3.023*(t,T)+ZZ*(t,T)

3E°

%%.1* (£) = 3.0A7*(t)

%%2*(t,r) = 3.OA2*(t,T)-A3*(t,T)
%%3*(t,1) = 3.0x3*(t,r)

ul*(t) = —2.0kl*(t)

u,* (k) = ll*(t)

u3*(t,r) = 0.512*(t,r)

Putting 7.1.2.13 into 7.1,.2.11 yields the following
2n (l+s+n) = 6 differential equations with the four

endpoint conditions of 7.1.2.7 through 7.1,2.10,

dz:*(t) = =3,0z.%(t)=3.0)1* (L)
ot 1 1

%52*(t,r) = -3.022*(t,1)+0.512*(t,r)
T

9z.%(,T)
36

7.1.2.11

7.1.2.12

7.1.2.13
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dA *(E) = 3.0M,%(t)
aEi 1

A,* (k1)

* - , (4-
22 3.00,* (£, T)=A3* (£, )

3 (E,T)
ot

3.OA3*(t,T) ' 7.1.2.14

Tvwo more final time endpoint conditions are required.
These conditions can be established by assuming the following
form for the initial conditions of A; amd A3

Ay, t,) = Le7F

A3(to,r) = Ke"T 7.1.2.15
With this form the differential ecquations can be solved _1.n
terms of the constants L and K. These constants can be
determined algebraically by choosing z2(t,tg) and z3(tg,T ) as
functions of t and T respectively, realizing that z; and z3
will have solutions due to their respective transition
matrices and initial time endpoint conditions as well as those
of A, and A;. From a physical viewpoint, it would be desired
o drive Z, (tf,tf) and z3(tg,ty) to values much smaller than the
initial cross variance and variance. Specifying the final cross
variance and variance as
2y (g te) = 0,688

0.303 7.1.2.16

23(tg, L)

75
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requires
z,(t,tg) = 0,061e™t + 0,033
z3(tgt ) = 0.480eT + 0,170e~3T+ 0,58937 | 7.1.2.17

where the constants K and L are algebraically determined from

7.1.2.16 and 7.1.2.17 as

L = 0.00694

K= =0,333 7.1.2.18

]

The solutions for the differential equations may be obtained

by three methods. From Appendix A, the solutions are directly
found if the transition matrix is known. Assuming the form of
equation 7,1.2.15 the two-dimensional Laplace transform technique
in Kuo (54) can be applied. Digital computer simulation of the
2n(l+s+n) differential equations could also be used. Algebraic
solutions for the constants in 7.1.2.15 is used for the first

two methods above. Shooting techniques would allow these constants
to be evaluated on a digital computer.

The complete analytic solution is
zl*(t) = 5,0e~t =0,015sinh3t

1.0e~te™3%40. 003473 3740, 000578 3"

Il

zz*(t,r)

3t 3t

+0.00173e>Ee3"~0, 00520e3t™"

- - -3t 37T
10.0e™3te™T ~0,500e3%"37-0,000578¢ ~ e

2% (t,7)

+0.499e~te=37 +0.000578e>te™3T +0.000289ete3T

+0.000239e3te37 —0.000868e3te™"
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Ap*(E) = 0.0150e3t

0.00694e™te3" +0.0208e3%37 -0,0208e3t="

Ay* (£,7)

0.0833e3te™T

AJ*(t,T)

u *(e) -0.0300e>*

0.0150e3¢

I

u,* (t)

- T -
u* (k1) = 00034753 £0.0104e°%637 —0,0104e° e T 7.1.2.19

The value of the performance index J is
* K = -
J(ul*,u2 U3 )= =0.452

From Section 6.3.1, the analytic solution for the time varying

gain is

X(t) = 0.09/ (29.955¢ °t4+0.045) 7.1.2.20
where for this problem

dX(t) = 6K(t)+3K2 (k) 7.1.2.21
de

and

K(t) = 0.003 7.1.2.22



All these solutions were obtained and plotted using various
digital techniques and are presented graphically in the

following figures.
z, (t)

1h

0 S >t
0 ) 1
Figure 7.1.2.1 Plot of zj
Xl(t)
A

0.3

0 - ~—»=t

0 3 1l
Figure 7.1.2.2 Plot of Al
u, (t)
1 .5 1

A 4
o

Figure 7.1.2.3 Plot of uy
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0.3

0 = >t

0 .5 1

Figure 7.1.2.4 Plot of u,

K(t)

3.0

0 — t
0 .5 i

Figure 7.1.2.5 Plot of K

zz(t,r)

Figure 7.1.2.6 Plot of z,
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z3(t,1)

1
4

Figure 7.1.2,7 Plot of z

3

Az(t,r)

8.0,

4,0

<

Figure 7.1.2.8 Plot of Az
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Figure 7.1.2.9 Plot of A4

u)-;(t,r)

N

4,0

2.0

Figure 7.1.2.10 Plot of u3
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7.1.3 Simultaneous Identification Solution

The camplete model reference system of Figure 6.3.2.1 was
simulated and run on a digital computer. The results of the
previous section were implemented as shovn in Figure 6,3.2.1 with
allowance to change the parameters a and b, A continuous
system was approximated by dividing the interval [0.0,1.0] into
400 sub-intervals for integration purposes. Every ten
sub-intervals, the error was numerically sampled, and a resulting
change in parameters a and b calculated., This corresponds
to there being 40 sampling intervals in one second, therefore
convergence must be fast enough to come to completion before
40 changes occur. Similarly, overshoot of the minimization of
the functional must be prohibited, These resulted in selection of
a heuristic scaling of the factor 8 such that smaller percentage
changes occured as the percent change in the error function
decreased. The stopping criteria was selected as 0.05% of the
value of the error during the first sampling period. This
corresponds roughly to a gradient of less than 0.083, that is
the magnitude of the gradient of the function at this stopping
point is very small., The problem was run assuming initial guesses of

a= 3.0

b= 2,0 7.1.3.1
with actual parameters of

appp = ~4.0

bprr = 3.0 7.1.3.2
For the above particular set of actual plant parameters, the
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identification procedure resulted in

a = =3,89707

b= 3,11534 7.1.3.3
after 0.6 seconds corresponding to 24 identification sub-intervals
having elapsed. For vurposes of convergence, the weight W of the
integral square error measure was assigned as

W = 500 7.1.3.4
after several trial runs established the range of W such tnat
overshoot did not occur, yvet convergence did progress rapidly
enough such that the stopping criteria was met in less that 40
sampling intervals. The results of the overall simulation are
presented graphically in the following fiqures obtained with
digital plotting routines.

First the converyence of the parameters to the true values

is'pictured.

Or

.6 1

T true value

Figure 7.1.3.1 Identification of a



84

3 e ’ true value

Figqure 7.1.3.2 Identification of b

Using the actual time varying values of a and b in Figure 7.1.3.1 ,

the state of the model is

zl(t)

Figure 7.1.3.3.

Trajectory of z; from model reference simulation
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whereas the state of the model from the optimal solution
run with the same values as the true parameters and with

the same initial conditions as would be used offline is

z_(t)
AL

1

0 \l >t

Figure 7.1.3.4 Trajectory of z, from optimal solution

1
Similarly the adaptive scheme provides a suboptimal control ul as
(t)
K1
0 | 1 >t
-1 |
-2 |

Figure 7.1.3.5 Trajectory of uy from model reference

simalation
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whereas the optimal control u, from the same run as Figure 7.1.3.4 is

ul (t)

-2 |

Figure 7.1.3.6 Trajectory of u, from optimal solution

1
Comparing the last four figures it is seen that "qualitatively good"
suboptimal control is obtained in temms of the closeness of trajectories
of the state 2, and control uy fram the model reference scheme and the
optimal run with true values substituted. Therefore in this sense the
model reference scheme is close to optimal or suboptimal with regard

to the criteria of Chapters 4 and 5.

An example of the stochastic process v is shown below

v (t)
0.2 1

_0.2

Figure 7.1.3.7 Plot of noise v used in model reference simulation
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The typical effects of the noise v on a steepest descent

path are illustrated next. j-3

&9

Figure 7.1.3.8

4

a=-4

N

Regions of parameter space

Region 1 shows the area close to the minimum where the
parameters are close. In this region the noise effects are
most pronounced, Region 2 is where the noise effects are
observed but not quantitatively significant with respect to the
gradient search. In this region the parameters are far enough
unequal such that the gradient procedure continues with no
randomess. In Region 3, the parameters are so far apart that
the error due to this is very much greater than the error due
to the noise. The outer bound of Region 3 is the limit of the
region of convergence, These regions were not numerically
established but could have been by just executing many runs with
various data. Generally speaking, the circle for Regions 1 and 2
could be determined in terms of the norm of the variance of the
noise v as is mentioned in Bryson and Ho (20).

In the actual results obtained, different noise sequences
were gencrated for runs with the same unknown parameters. The

average value of parameters as identified from the runs was
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bryg= 3.112383

In the next two figures are samples of the identification of

a and b for several different noise sequences

4
0.2 0.4 0.6 0.8 1.0
-3.4 ; : >t
-3¢6
-3.8
—3.86
-3.89
-4.0 . » true value
0.5 0.6
0.675

Figure 7.1.3.9 Identification of a for other noise inputs



3.1t

3.0

2.8

2,6

2.4;

2.2

2.0

89

OY

0.5 0.

0.675

0.2 0.4 0.6 0.8 1.

Figure 7.1.3.10 Identification of b for other noise inputs

- ‘3,08

L,///// . . : . 5. true value
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The results of runs with different actual parameter

values are given in Figures 7.1.3.11 and 7.1.3.12 ,

a
1

=2.0 0.475

-2.3 ] »_true value Ex. 3
"2.35 °

0.2 0.4 0.6 0.8 1.0

"'3.0 L t t ’t

-4,0
-4,76

-5,0 . . » true value Ex. 2

0.775

Figure 7.1.3.11 Identification of a for other values

0.775
| 5. true value Ex, 2

4,27

0.6 0.8 1.0

1,22

> true value Ex, 3

0.475

Figure 7.1.3.12 Identification of b for other values
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As mentioned in Chapter 6, the difficult problems of
predetermining optimal. sampling rates, rates of convergence,
regions of convergence and weights have not been solved explicitly,
but rather through establishing workable values by several trial runs.
The flowcharts and program listings of the adaptive

simulation are given in Appendix E.

7.2 Conclusions

The illustrative example pfesented in this chapter was
completly solved with respect to all aspects required for
simultaneous on-line identification and control. The
same techniques could be applied in principle to any problem
such that Theorems 4.1, 4.2, 5.1, and 5.2 are applicable,
That is, the case for vector state, control, and stochastic

disturbance can be solved,
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CHAPTER 8

CONCLUSIONS

The study of second order stochastic processes
as input disturbances to linear time-varying systems
was dealt with in a number of ways. This class of
stochastic processes had been virtually unstudied
previously. .The main advantages of assuming these
disturbances are physically present, are that the
processes are continuous in the mean-square sense and
the first two moments are continuous and finite. As
such, these moments and the actual processes are time
integrable without any of the difficulties and limi-
tations encountered in white noise or colored noise
stochastic processes whose covariances can only be
written with Dirac delta functions. Further, the con-
tinuous time case can be treated independently of the
discrete time case in many areas where this is not true

for white noise or colored noise processes.
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The first method of study was to approach a
stochastic optimal control problem in a way such
that optimal control was possible regardless of
disturbance, by approximately the effects of the
disturbance by the first two moments and casting
the resulting moment equations into the form of a
differential game. This approach was taken as a
means to finding the "worst-case" optimal controls
in the sense that optimal control was found for any
set of first two moments of the stochastic disturbance.
The initial studies of this approach led to both
singular and non-singular performance indices. Also,
the determination of optimal performance weighting
constants was performed, corresponding to a greater
degree of freedom in optimal system synthesis than is

normally allowed.

The next area studied was to establish a method

suitable for implementation in real-time for an actual
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physical plant, that simultaneously identified system
parameters and optimally or at least sub-optimally
controlled the system. The particular technique used

was a model reference adaptive system. The main

advantage of this system is that it could be established
in a recursive manner with an algorithm that is rela-
tively easy to implement in terms of hardware and soft-
ware. A complete illustrative example was given as
simulated on a digital computer. Both identification
using steepest descent and "worst case" suboptimal control
were obtained. The overall model reference system can be
shown to satisfy Lyapunov stability criteria, and the
simulation verified that this stability did exist. The
particular problems associated with gradient minimization,
such as rate of convergence and region of convergence,
were solved by several trial runs of the simulation rather

than by explicit analytical techniques.

Finally, a best in the sense of minimum error variance,

linear estimate was obtained for linear time-~varying systems
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with a stochastic input which was a second order process,
as well as a measurement including another second order
stochastic process possibly correlated with the input
process. This estimate is actually an unbiased minimum
variance estimate and was derived using variational
techniques similar to those used in deriving the "worst

case" optimal controls.

The three aspects of control, identification, and
estimation were studied for linear stochastic systems.
The stochastic processes utilized and studied throughout
were second order processes, characterized mainly by
having finite continuous covariances which was a very

useful analytic property.
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- CHAPTER 9

AREAS FOR FUTURE RESEARCH

The classes of "worst case" optimal control problems,
i.e., the differential games could be extended to cover a
slightly wider class in several ways. The addition of a
terminal cost term to the performance index and the inclu-
sion of a measurement of the state are examples of the

possible extensions.

The study of nonlinear systems or linearized nonlinear
systems is a major area for further investigation. 1In
several ways, the differential game-moment treatment is more
amenable to linearized nonlinear systems than present methods

due to the presence already of both means and covariances.

The model reference adaptive control system has inherent
in it several interesting side issues. Sensitivity, stability
and overall adaptive optimality are possible points to con-
sider further. The special problem of a true optimal control
having a component for control only and a component for
identification only may possibly be looked at in a setting

very similar to the "worst case" situation already studied.

Similarly, the use of the "worst case" covariances and
cross—-covariances could be compared to lack of a priori

statistical knowledge in the minimum error variance estimation

problem.
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Finally, a good solid area seemingly ripe to explore'
using the techniques for optimal control, identification and
estimation for second order processes is in the study of
various EEG phenomena. It is the fervent desire of this author
to try out the different theories on several facets of these

particular practical problems.
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AFPENDIX A.

DERIVATION C¥ SYSTEM EQUATIONS

The equations governing the propagation of the first two moments
of the Class 3) stochastic process v through the dynamic system

d_x(t,") =A(t) x (t,°) + B(t)ult) + Ct)v(t,), tElt,tl AT, Al
dt

are derived. Here
x is
A is
B is
u is

C is

L g EF B R

v is
As is well known, the solution of A-l is
t

x(t,s) = ¢(t,to) x (to,°) +/ &(t,1) [B(T)u(r) + C(r)v(r,*)]dr,tE€T,.
‘o A~-2
where
?(t,tpy) is the transition matrix found from
g?cb (t,tg) = A(L)®(t,tg) ,tE€T, A-3

with initial condition
Taking the expectation of A-1 with

E{x(t,*)} & u (t) andE{v(t,*)} & 1 (t), E{d x(t,*)}=d Elx(t,*)} =
P W dt dt

geu"(t) = E{a(t)x(t,) + B(t)u(t) + Cthu ()} =
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A(t) E{x(t,*)} + B(t)u(t) + C(t) E{v(t,*)}
or finally

d_u_(t) = A(t)u_(t) + B(t)u(t) + C(t)u (t),t€T, A-5
at X X v

The solution of equation A-5 is given by taking the expectation

of A-2 and is
E{x(t,)} = u (v) =
X t
E{<I>(t,t°) x (to,*) + J @(t,7) [B(T)u(t) + c(t)v(t,)ldr} =
to o

t
o (t,t0)E {x(tg,*)} + J @(t,D) [B(Y)u(T) + C(1) E{v(r,*)dr,t€T,,

t

o]

or finally with E{x(tg)} 2 W, (ko) , the priar mean, u (£) =

t
®(t,t,) ux(to) + [ ek, 1) [B(Du(T) + C(T)U (T)]dT,tET,. A-6

to
In applications either A-6 or A-5 would be used to determine

ux(t) +t€T, depending on the specific case as mentioned in Sage and
Melsa (97).

The cross-covariance va (t,t), an nxs matrix, is found by differentiating
the expectation

3 E{lv(t,) - u, ()] [x(t,*) ~w (1)1°} =3 _V_ (t,7)
-aTl_- uV X 'a—,r" vX

and using A-1 and A-5 evaluated at t = T for all t€T,, which after
transposing become

d_x"(t,*) = x"(r,*)A"(1) +u™(1)B"(1) + v (r,*)C"(1),T€T, -7

t
and
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%{;‘u’:(T) = u};('r)A‘('r) + u’(t)B (1) + u“r('r)c‘('t) ,TET, A-8
Then

g:_t_E {tvit,*) - uv(t)] (x(t,*) - ux(‘r)l'} = 81_ va(t,'r)

E {[v(t,*) - uv(t)] [d_x"(t,?) -d_uw'(0)]} =

dr T X

E {[v(t,*) - uv(t)] [x”(t,*)A" (1) + u”(T)B (1) + v (T,*)C”(T)
- u;('t)A’ (t) = u’(T)B (1) ~ u;(t)C’('r)]} =

E {[v(t,*) - uv(t)] [x“(t,*) - u;(r)]A‘(r)
+ [vi(t,?) - u;(T)JC’(T) } =

Vi (B DAT(T) +V__(£,7) C7(1), (e,7) € Tyl AT

or finally

_g? Vix(tr) = va(t,'r)A‘(t) + Vw(t,'t)C'('l') (L, T)ET. A-9

The solution of A-9 can be determined by using A-2 and A-6
and forming
E {[vit,*) =, ()] [x(r,*) - w (DI} =V, (t,7) =

t
E{[V(tr') - uv(t)] IX’(tor')q"(Trto) + i [V'(S,')C'(S)

° ¢

+”(s)B”(s)] x ¢7(1,8)ds ~ (L ) (T,t) - S [ (s)C”(s)
X to v

+u’(s)B"(s)] x ¢ (t,s)ds} =

E{lviti)- u ()] [x"(tg:) - Us(to)197(T,t0) +
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t
S vi(s,) - u",(S)lC'(SW’(T.S)ds}} =
%o

t e
Vo (Erto) @7 (T,t0) + S V., (£:8)C7 (8) 07 (T,8)ds, (t,T)ET
or finally

t

Vi (EeT) =V (£,55)07(T,t5) + i Vv (Er8)C7(8)@7 (1,8)ds(t,T) € T'. A-10

(o]
Taking the transpose of A-9 and A-10 gives

%_v"rx(t,r) = A(T)V‘;x(t,'r) + C(r)v;v(t,r),(t,r)e r A-11
and
t
Vg (E,T) = d)(r,to)va(t,to) "':i (1,8)C(s)V,,, (t,8)ds(t,T)ET A-12
O

The other possible cross—covariance is

Vo (T,8) & E{v(T,) = u, (0] [x(t,7) = u ()17}

and from the definitions
Vg (T/t) = Vi (£,T)
hence can be determined by interchanging t and T upon solution of

either A-9 or A-10.

For the solution of A-9 or A-10, the function of t at the boundary
va(t,to) mast be known. This function represents the a priori knowl-
edge of the randamess of the state at initial time correlated with
the stochastic imput.
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The equations of the auto~-covariance or covariance of x are

found by differentiating the expectation

L J - [ - A -
BtE {[x(t,) ux(t)] [x(t,*) - u x('l')]} = %Evm(tﬂ) A-13
using A-1 and A-6 gives

3 E {Ix(t,*) - w (&) [x(t,*) - w ()17} =3 V_(t,1) =
-a—E X X B‘T:' XX

E{d [x(t,*) = w ()] [x(t,*) - n ()17} =
at
E {[A(t)x(t,*) + B(t) ult) + C(t)v(t,*) - Alt)u (t) - B(t) ult)

-C(t)l-lv(t)] Bx(t,°) - u (017} =

E{A®E) x(£,) - W (0] +COME) = w @] KT, -0}

(t,T)ET
or finally
g_EVxx(t,'r) = A(t)Vxx(t,'r) + C(t)va(t,'r), (t,T)€ET. A-14

The solution of A-14 can be found by using A-2 in

E {[x(t,*) - ()] [x(T,) - ux(’f)]} =
t

E {[®(t,to)x(ty,*) + [ 2(t,s)[B(s)u (s) + C(s)v(s,*)]lds
to

t
- ‘I’(t,to)ux(to) -/ &(t,s)[B(s)u(s) + c(s)uv(s)]ds X
to

[x(t,7) - w (M} =

t
E{ &(t,to) [x(to,*) ~ wu(ty)] + tJ:' o(t,8)C(s) [v(s,*) - 1n,(s)lds X
(o]
[x(t,*) - ux(T)]} =
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t
@ (t,t) Vyg (tg,t) + / &(t,s)C(s)V_ (s,T)ds, (§,T)€ET
tO X
or finally
t
Vm(t,‘l') = ®(t,to) Vyy (to,T) + io ¢ (t,s)C(8)Vyy (s,T)dT, (t,T)ET . A-15

Here the prior correlation of x at t, with itself for all T must be
known to camplete the solution, i.e. Vxx(to,'r) is known.

Equations A-5, A-9, and A-14 are the differential equation-
representation of how the maments of v propagate through a system
given by A~l. Equations A-6, A-10, and A-15 are the solutions of
A-5, A-9, and A-14 with the specified initial conditions. For either
representation these equations are for v a Class 3 stochastic pro-
cess. 'They are the state-space form of the nth order differential
equations in Papoulis (84) or the operator equations of Lebedev (63).
In Sage and Melsa (97), Bryson and Ho (20), and Astram (8 ), the

same type of derivation is given for other classes of stochastic

processes.

It is shown by various theorems in Bhat (17), Hoel (35), and
Prabhu (90) that the interchange of operators required for the
derivations in this appendix is valid for Class 3 stochatic processes.
Further all the specified derivatives and integrals are shown to

exist in these same three references.

It also can be shown that differentiating A-6, A-10, and A-15

gives A-5, A-9, and A-14 respectively; since in the derivations the
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solution set was not obtained by directly integrating the differ-
ential equations. More will be said about the initial conditions
in Appendix B.

The camplete set in differential form is collected below.

The mean of x is

g? w (k) = A(t)ux(t) + B(t)u(t) + C(edy (t), ter, A-16
where
L is nxl
A is nxn
is nxr
u is mxi
C 1is nxs
¥, is sxl.

The cross variance of x and v is

g_T_ V;x(t,r) = A(r)v(,x(t,r) + C(T)V“N(t,'r), (t,T)ET A-17

where

v x 1S s
v X is nxs
v is sxs
W
P d .
Vw is sxs.
The auto-covariance of x is

g_t_Vxx(t,T) = A(t)Vy, (t,T) + C(t)va(t,'l'), (t,T)ET A-18

where Ve is nmxn.



It is now desired to derive the equivalent equations for Class 4)
stochastic inputs, which are characterized by having covariance.
Vi EeT) = ¥(E) 8(t=-T) A-19

where 6(t-1) is the scalar symmetric Dirac delta function

defined by
0 to>“r>’::.f
e
] f(s)é(s-1)ds =< £(1) t <1<t
£ o f
o
f(to)/2 =t,
£ (tf)/2 1.'=tf A=20

For the system of A-l with v(t,.) having covariance given
above, the mean of v propagates the same as for Class 3)
processes and is given by equations A=-5 and A-6,

The cross covariance is
Vo (ErT) = E{[x(,0) = u ()] [v(T,s) = u (017}
and can be evaluated by post multiplying equation A=-6 minus
A~2 by [v(t,.) = u,(1)]” and taking the expectation,

t
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R(Ey - (8) = 008yt ) [ (E - (5) 14 0(E,8)C(S) [v(s, )= (o)1ds

0 A-21
giving
va(t,T)=<I>(t,to)E{ [x (to,.)-ux(to)] [v(t,)=n, ()17}

t _
+[ @(t,8)C(s)E{ [vis,o)=u_(8)11v(T,e)=n,(1)] “}ds A~-22
t

o
Normally it is assumed that x(to,.) is uncorrelated with

v('r,.),ré'rl, then



t 106
v, (Ee D)= J @(t,s)C(s)Vvv(s,T)ds » (E,T)ET | A=23

t
[

and knowing the form of V (s,t) from A-19 gives
\'A'4

t
vV (t,T)= ] &(t,s)C(s)S(s-T)ds A=24
xv t

o}
From A-~20, this becomes

0 t <t<t
[o}
va(t,'r)= c{n¥(t)/2 to<t='t
d(t,T)C(T)¥(T) t°<r<t A=25

and it is clear that a discontinuity occurs at t = T,
Post multiplying A-21 by [x(t ,.)-ux(r)] - and
taking the expectation gives

Vi (£ D =EL [ (£ )=ty (£) ] [%(T, ) =1 (1) 17} =0(t, £ )V, (£ ,£ )07 (T,t)

T
+¢(t,to)E{[x(to,.)-ux(to)][Ié(T,S)C(S)[v(s,.)-uv(s)]ds]’}
t

o]
t
+E{[] @(t,8)C(s) [v(s,.)=u (s) 1] [0 (T,t,) [x(t,,.)=u (£)]] ds}
tO
t T

+E{[] ¢(t,s)C(s) [v(s,.)-n_(s)]ds] (] ¢(t,0)C(0) [v(g,.)-,,(0)]do] "}
t, v t
A~-26

Again it is assumed that x(t,,.) and v(1,.) are uncorrelated
resulting in the second and third terms going to zero.
Rearranging,
Vg (tyT) = ¢(t'to)\’m(tocto)¢'“vto)

trTt

+[ [ @(t,8)C(s)E{[v(s,.)=u, (s) 1 [v(0, ) =1, (0) ] 7}C7(0) 7 (t,0) duds

&t
o A=27
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Vxx(t,'r)=<l> (t,to)Vxx(to,to) o (T,to)

tr
+[ | #(t,s)C(s)¥(s)(s-0)C”(0) &7 (T,0)dads A-28
t t

0O 0O, : -

iIn this last expression the order in which the double
integration is carried out must be selected carefully. If
t>1, then first integrate with respect to s in order to obtain
a2 range where the delta function exists. If t>t, then first
integrate with respect to o for the same reason.

Rewriting A-28 with this reasoning gives

V. (8T =0 (£ )V, (£00E0) 07 (1) Ey)

min{t,t]
+ J »(t,n)C(N) ¥ (NC”(n)d*(t,n)dn
t

o]
A=-29

Restricting attention to only the case where t =1 gives

t
+ Jo(E,n)C(n)¥(n) C*(n)e”(t,n)dn
t

o A=-30

Now, A=30 is the solution of an ordinary differential
equation which can be obtained by differentiating and using

Leibnitz's rule for differentiation under an ihtegral which is

B(t) B(t)
3_J f(t,0)dr=[ 3f(t,t)dr+E(t,B)dB(t)~E(t,0)da(t)
ot a(t) a(t)3t ac de
A-31

Using A=-31, A-30 becomes
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av._ (t,t)=dé(t,t (tQ,to)qy(t,t°)+<1>(t,to)vm(to,to)g%(t,to)

v
T I o Viex

t t
+[ d2(t,n)CMY¥(MIC” (n)e” (t,n)dan+[ @(t,n)CM)¥(N)C*(n)de”(t,n)dn
t dt t dt

[} o]

+6 (£, £)C (L) ¥(£)C” () & (£, ) dt-0 A=32
atc
But o(t,£)=I and d0(t,T)=A(t)0(t,T), €T,
dc

which gives

av_ (t,t)=A(t) [@ (t,to)Vxx(to,to) ) (t,to) 1+(@ (t,to)V}Q{ (torts) 7 (t, £ AT (L)

t t
+A(L) [ | o(t,mCmYm)C”(m) e’ (t,m)dnl+[ | ¢(t,n)CM)¥(N)C"(n) o~ (t,n)dn]A” (L)
t t
+C (L) ¥ (£)C7 (t) A~-33
and from A-30

(t,t)=A(t)Vm(t,t)+Vxx(t,t)A’(t)+C(t) Y(t)C”(t) ,t(:'rl A-34

=
Equation A-34 is used throughout much of the literature

dealing with estimation theory. The major difference between
this equation and equations A-17 and A-18 which hold for

Class 3) stochastic processes is seen in that equation A-34
holds only in the plane with t=t1, but equations A-17 and

A-18 hold throughout the square (t,'T)G[to,tf]X[td,\tf] . Furthey,
as remarked on page 106 , va(t,r) |t =t is a point of
discontinuity in the square, and equation A=-34 includes the
effects of Vy,(t,t) hence includes the effects of this
discontinuity, in fact A-34 only is true along a line where

Vyiy(t,T ) is everywhere discontinuous.



109
Therefore, it is seen that much more information is
implied by equations A-17 and A-18 for Class 3) processes
than by equation A-34 for Class 4) processes.
An alternate derivation of equation A=-34 can be performed

by differentiating the definition of the covariance of x, as

d E{[X(tp 0)’Ux(t)] [X(t' o)"ux(t)] }=dv (t't)=

IT s (i

E{( g_xE(t;.)-g%((t)][x(t'.)- x(t)r}+E{IX(t")-ux(t)][%(t'f)-ux(t)] }=

ELIA(E) [x(ty o) =n, (£) ]HC(E) [V (£, ) =1, (£) 1] D2y ) =p, (£)] 7D
+E{[x () o) =, (£) T [IV(E, o) =1, (£) ] C7 () +[x(t, ) =p (B A7 (E) ] )=

A(E)Vy (t,E)+C (£) Vi (E)E) +va (t,t)C7(t) +Vxx (t,£)A” (t) A3

This equation shows the explicit dependence of Vi (t,t) on
Ve (£0E)
From A-25,
Vo (B, E)=C(L) ¥ (L) /2
and
va(t,t)= V;W(t,t)= Yo (E)Ch(t) /2
therefore, substituting in A=35 gives
AV (L, £)=A(R)V. (,£) 4V, (£, £) A7 (£)+C(R) ¥ (£)C7 (£) /24C (£) ¥ (E)C7 (L) /2

T ) x= ) e . e /2

e T et e
A-36

and since Y(t) is symmetric, A-36 is the same as A-34,
Evaluating A-30 at t=t1 and premultiplying by ®¢(t,T) gives

Voo T D=0 (6, D@ (Tt )V, (to,E5) 07 (Tyt )+

T
Je(t,T)e(T,m)CN)¥(N)C* (M) ¢~ (T,n)dn A-37
t

[o) >



but since @(t,1)%(t,8)=0(t,B) for t>T if it is restricted to t>T,
A-37 is equal to equation A=-29, Hence for t>T,
Vm(t,r)=d>(t,'r)vm('r,t) A~38
and similarly for t>t,

Vm(t,'r)=Vxx(t,t)<I>'(T,t) A-39
These last two equations enable more information to be obtained
since they permit the covariance of x to be found over the whole
square,

However, there is no convenient differential equation form
for A-38 and A-39, and the transition matrix is required. The
major differences then in the equations for Class 3) and Class 4)
stochastic processes are:

1) All the first two moments of state and input are
continuous everywhere in the square for Class 3) processes
but not for Class 4),

2) The evaluation of all the first two moments of state and
input for Class 3) processes does not require knowledge of the
transition matrix whereas this knowledge is regquired for Class
4) processes,

3) For Class 4) processes, two separate evaluations are
required for the cases t>1 and 1>t, after obtaining all data at
t=1, but this separation of the square is not at all needed for
Class 3) processes,
and

4) The equations developed for Class 4) processes only hold

for "white" or "not time correlated" inputs whereas the equations

110
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for the Class 3) processes allow any type of correlation, including
memory. "Non-white" or "time correlated" models can be obtained
for Class 4) inputs with "white" noise driving a prefilter
becaming the input to the plant.

The "colored noise" representation is

dx(t,.)=A(t)x(t,.)+B(t)ult)+C(t)v(t,.) A-40
dt

where
V(t'0)=A(t)Y(t'o)+6(t'o) A"4l
and

gl(t'c)=5 (t)Y(tpo)+T(t)(1(t, .) A-42
t

with

VCtB (t,T)=0 (t,T)€T
VBa(t'T)=0 (t,T)ET
Vg (£, 1) =‘1’B (t) 8 (t=-1)

Vaa(t' T)=‘Pa (t) 8 (t=-1)
Since a(t,.) is "white noise", the covariance of y is found

using A=-29, as
VYY(t'T)=¢Y(t'tQ)VYY(tO't°)¢ (T,to)

Tin[tﬂ]
4
£ ¢, (&,m T () ¥, (N Tn) el (t,ndn A-43

where

g%Y (Lot )=E(t) <1>Y (t,to)
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and

<I>Y (to, to) =1

From A-43, the explicit dependence of VYY on t and T is
exhibited by the 1 argument in the transition matrix (DY'
Then the state covariance Vxx will depend on T thraugh
this means. The complete solution is obtained from the

augmented model

x(t,.) A(t) C(BIA(E) | | x(t,.) B(t) O
a = + u(t)
de | vy(t,.) 0 E(t) v(t,.) 0 0
Cc(t) 0 B(t,.)
+ A-44
0 T(t) alt,.)

rewritten with obvious definitions as

gx_* (t, . )=A* (t)x* (t,,)+B* (t)u(t)+C* (t)v* (t,.) A-45
t

with v* a "white noise" process, The covariance of x* is

found using A-29 as

VX*X* (t' T)=CI)* (t,to)VX*x* (to'to) (b*' (T'to)

min[t,t ]
+] % (£,n)C* () ¥ % (N)C** (n) &%~ (T,n)dn A-46
t

(o)

where

g._g* (t,t,)=A* (L) o* (¢, to)
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and

* =
B* (t_,t )=T

and
‘PB (t) 0
V. (t,T)= §(t=T)=¥ , (t)§(t=1)
V*v* [ ] 0 \ya (t) V*

The solution of A-46 enables the retrieval of the covariance
of the original state x driven by "colored noise" v to be obtained.

The "colored noise" v with covariance depending on t and t is
obtained through the artificial use of the prefilter of equation
A~42, It is obvious then that A(t),S(t) and T(t) must be linear
time varying or linear constant matrices, Nonlinear memory type
elements could not be present. Therefore, only processes with
Markov properties can be treated, This restriction is not present
in the development of the second moment equations for Class 3)

processes.
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APPENDIX B

TRANSFORMATIONS GF PERFORMANCE INDEX AND EMDPOINT CONDITIONS

B.l Generalized Performance Index

The typical "minimm energy" performance index including all
energies present in a physical plant was obtained in Section 3.1.2
as the expectation of
JS = <x(tfr')rQ(tf) X (tfr')>

t
+ IE {<x(t,*) Ryx(t,)> + <u(t) Ru(t)> + <v(t,) ,R,v(t,*)>}at B.1-1

t
o]

Redefine B.l-1 as

JS = K(tf,x(tf)) + st + Jus + va B.1-2

where the various terms are obviously defined. For x a stochastic
process, the criteria most often used in the literature is

te
T x A E{J .} =E{S <x(t,-),Rlx(t,-)>dt B.1-3

m,
tO

which is a measure of the mean value of state energy. However,
otherneanstonakestadete.nninisticnm\berappear. Sain and
Liberty (98) use' the minimum-variance value of state energy

Tor e & Elllgg = {3, 1) B.1-4

Pugachev (91) and:Andreev (5) use. the other measures

Ag 2 -
Ts,x = & 19} B.1-5
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a minimm mean square value of state energy and

2
J__A[E N B.1-6
S,x = XS
a minimm mean-squared value of state energy. Murphy @B1)

introduces arbitrary weighting of these measures. Rekasius (93)

and Sherman(103) define further possible modifications. The

original work of Kalman and Bucy (40) in estimation theory, and

its extensions such as in Mehra (74), Sage and Melsa (97), Bryson

and Ho (20), Astrom (8 ) and Kushner (6l1), all use the mean value

of cost.

A nore general performance index would be the weighed sum of
these four, defined as

IPx a Jmﬂx + aZme,x + a3thns,x * s ,x B.1-7
where C i=1,+,4 are constants.
Similarly, define
A -

IPv = alem,v + a2vav,v + a3va.'s,v + a4vJs,v B.1-8
and
P 8 a0t Buwv,u T 33udns,u * 24us,u B.1-9
and finally the overall measure

A -
IP=IPx-i-]:1='v+]:Pu B.1-10

Several interesting sidelights arise when all of the terms are
ocollected as in B.1-10. Consideration of this measure may result
in solutions to the propositions of Guillemin (29) about finding

Nature's error criteria.
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The optimal selection of the Qjyr A4y and aj,9¢ i=1,°4
49 discussed with respect to optimal system synthesis by Andreyev: ( 6)
and others. A particular version of this type of problem is in-
cluded as Problem 4).

The separation of state, control and disturbance energies pre-
cludes the occurence of cross-terms between these variables.
There would be many cross terms present if the four measures of
Jg in B.1-1 were taken and summed. These cross terms are not con-
sidered here as is done in most of the literature.

B.2 Performance Indices of Problems 1 and 2

The choice of
1l
Ax = - >
_ 1
v = 7 3
1
8u = * 3

and the rest of the a's zero in B.1-10 yields a performance index
related to the Problem 1 performance index, though not exactly
equal. The relation is established through the inequality

tet ) tt.
=/7J% tr Rou, (£, Tug(t,TIR2AtA 2 ~ /5T tr Ryu, (£,£)tr Ryu, (1,7)dtdr
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which can be shown to hold using some basic properties of covari-
ances as in Papoulis (84), some theorems on positive definite
matrices as in Hohn (36) and Graybill (32), and some inequalities
as in Mitrinovic (77), (78), Beckenbach and Bellman (15) and Marcus
and Minc (72).

In addition to the terms of the problem 1 performance index,
a term linear in tr Ryu;(t,t) will arise. Using the theory in
Kleindorfer and Kleindorfer (46) and Athans (11), the cost of this
term can be shown to be included in the RHS of B.2-2.

Alternately, the performance index of problem 1 can be treated
as a function of other indices as in Petrov (87) and Andreyev ( 6)
yielding a similar relation.

A detailed analysis of B.1-10 would show that all terms would
be functions of the first and second moments of state and disturb-
ance. Including all of these maments under a double integral yields
the functional performance index of Problem 2.

B.3 Transformation of Problem 3 Performance Index

The performance index of Problem 3, equation 4.1.3.1 is

I(uy u,,u]) = ffff LE (2, (6),2 (0),2](E,0),2 (60 ,u (0 (1), (60 (1)
toto

k—l m=1
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where B,3-1 represents a functional linear in u:; and nonlinear
in zq, zé, z3, uy and u,, The problem then becames singular with
respect to u3', but remains nonsingular with respect to u; and e
Since the state equations are also linear in u:,", the Hamiltonian, H
is linear in uj and the necessary condition of equation 4.2.2.12
does not enable uz*to be found, Therefore the higher order

necessary conditions of Theorem 4.3 had to be developed.

A typical performance index in the form of equation 4.1.3.1

arises with the choice of

a4x='%.
a4u=+%_
a3v=-'%-

in the generalized measure of equation B.,1-10, With the aid of
inecquality - B.2-2, a specific measure singular, hence

linear, in u:; and non-singular in u is

and U,y but nonlinear in Z4

1
- tftf ’ »
J(ul,uz,u3) = {:1]; {-1/2tr[Ry23(t, )23 (t, T)R]] + 1/2<uy (t),Rpyy (£)>

-1/2tr[Ryuj(t, 1) 1=1/2<u, (£) ,Ryu, (1) >}datdr B.3-2

o .
ther terms in the form of flk(22'23)u3lk

by considering the cross terms which were neglected in

would arise naturally

developing equation B.1-10 ,
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Since B.3-1 is linear in us, Problem 3 is a singular control problem
and much more difficult to solve than problems with quadratic criteria.
This fact led to the formulation of Problem 2) and Problem 1).

B.4 Endpoint Conditions

The choice of performance indices for problems 1), 2) and 3)
constrains the problems to be fixed endpoint problems. If a terminal
cost term were present, free endpoint conditions would arise, but this
case is not covered in this research.

Therefore it becames necessary to specify the state z,, zz‘, z, at
t, and at fixed finite final time tf as

z,(tg) = E {x(tg,2)} = p (&) B.4-1
z (tg) = E {X(tg, )} = 1y (te) B.4-2
27 (t,tg) = E{lvit,s) = n ()] [xltg,e) = u ()17} B.4-3
z, (t,tg) =B {[v(t,*) - u,(0)] [x(te,) - u (tg)]”} B.4-4
24 (£, T) =E {[x(to,) = W (E)] [x(T,*) = w (1)17} B.4-5
z, (bg,T) =E {[x(te, ) - w (te)] [x(T,°) = n ()17} B.4-6

Graphically B.4-1 through B. 4-6 are given in the following
figures. In these figures the functions plotted are scalars, but a
similar figure would apply for each element of the vector-matrix state.
Assume

- Je-x|

z,(t,7) = ¢(t)e P B.4-7

O(t) = z,(t,t) - B.4-8



z, (t)
F S

>t

te

z, (to) )

t

z,(t,7)

A

z.: (t, to)

(

Y

te

PP
zz(t,tf)
t=
ZJKJ(t'T)
23 (tg,T)
t
to £ .t
25(te,T)
te
. \
t=t1

Figure B.4.l Endpoint conditions
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then
z,3(to,T) = 2(tple T

and for tho

Z3(t,T) = O(tde —f

T
= ¢(t°)e, e T
- T
=Ke B.4-9

and this is the form assumed in example 1 forT = 1. Similar remarks
hold for z{(t,to). Then since z;(to,to) and zS(to'to) can be measured
as is described in Kalman (40), and T also can be measured for a
physical process, with the form in B.4-9, the initial point conditions
are known.

The conditions at tg result fram the initial condition response
and response due to the transition matrices of A(t) and - A“(t). It
would be desired to drive z,(tg,tg) and z, (te,te) to a smaller value
than at t,, and this can be accomplished through the above analysis
and selection of initial conditions on A, and A, which satisfy the
TPBVP. The mean value z, (t,) can be measured hence is assumed given.



122
- APPENDIX C

NECESSARY CONDITIONS

It was proposed that the geometric approach of Kuo in (50) and
(52), and lLeitmann(67) be employed in deriving necessary conditions.
The choice of Class 3) stochastic disturbances, and the resulting
form of equations for the dynamnic system and performance index after
transformation precluded the use of the geometric approach. It was
chosen to employ variational techniques instead for all four classes
of problems., Standard forms of variational approaches are found in
Kirk(45), Citron (22), Bryson and Ho (20) and Athans and Falb (9).
Since some of the state and control variables are matrices rather
than vectors, the results of standard forms of variational approaches
could not be directly applied., Instead, matrix variations had to
be defined and the entire proof had to be carried out., A formal
extension of Pontriagin's minimum principle, found in Pontriagin
et al (88) , to the matrix variable case was given by Athans in
(10), but since the form of the equations included dependence on
two independent variables, t and 1, the result of that derivation
could not be directly applied either., The dynamic optimisation of
criteria and constraints with more than one independent variable
is briefly described for the vector case in Gottfried and Weisman
(3Q),. Introductory distributed parameter optimal control theory
is covered in Sage(95), but this the results of this theory cannot

be directly applied either.
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C.1l Proof of Theorem 4.1:

For Problem 1 of Section 4.1l.1 defined by equations 4.1.1.2
through 4.1.1.8 with the performance index of 4.l1l.l.1, define
A‘ (t) an nxXl vector
Al(t,r) an nxs matrix
)‘, (t,T) an nxn matrix
and form the augmented performance index

Ja=J (z ,2%,z ,u ,u ,u’,)A ,A ,A) =
I3 3 3 1 <z 3 I 2 3

. Eetf
-7 J IR za(t,T)z'(t,T)R’] + tr[Rzu (t,Du’ (¢, T)R7]
toto 1 3 3 3 <
+tr [[ AlD)z] (t,7) + C(Dul (L) - %g; (£, 1)1 IA](g,1) 1]
T
+tr (LAmZ(e,1) + ez’ (t,1) - dzy (&,1)] IAI(E,T) 1) }dtdr
3 < at
 Ef
+7 [{cu (©),Ru (£) >=<u (t),Ru (t)>
to 1 3 ¢ Z 4 2

+ <)\1 (t) ,A(t)zl (t) + B(t)u1 (t) + C(t)uz (t) - dz, (£)>} at

noting that Ja = J of 4.1.1.1. .

Define O as the scalar function
2

Q (z°,z , 922 , 9235, u',A ,A) =-2+tr Rz z°R”
¢ 2 3 5?' 5?' 3 3 3 Z 1 3 3 1

1
~-=trRuu’R + tr [[ Az +Cu” =232, ] [° 1]
2 AR

4 3 3 2 < 3
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+ tr([ Az +Cz =-293zj ] [A"]] C.1-2
3 2 E‘ 3

and define @ as the scalar function
1

1 1
9} (zl, g%‘ ,ul,uz,;\‘) = - <u1,R’ul> = <u,,Ru>

~

1 3

1 1 1 2 a".E
Then
tete » .
Ja=J= [[ Q (2,2, 32, , 32,.,u”,A ,A ) dtdr
totg 4 2 ° t A
te
+ 1'[_0 Ql(zl,g_tz:—_,, u‘,uz,kl) dt C.1-4

Defirne the variations

§z (t) =2 () - 2 *(t)
I} 1 1

8z, (t,1) =2z (t,7) = z;*(t,1)
GZ.’ (t’T) - 23 (t'T) - za*(tp'l')
Su-(t) = u, (t) = u *(t)

i A s
Su (t) = u (t) - ux(t)

V'3 V3 2

Su; (,7) = u, (£,T) = u*(t,1)

GA‘(t) = }\1 (t) = A *(t)

SA (t,T) = X (t,T) =~ A *(t,7)
2 2 2

6>\d(t,’c) = )‘,'(t'ﬂ“)‘ *(t,T) C.1-5
3

and

GJ = J - J* C.l""6

where ( )* denotes ( ) evaluated at extremal conditions.
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Then -

t -
§3 = jf}:f 5 dedv + j 62 _dt C.1-7

toto
The variation of a scalar function g (A) of an nxm matrix A is
sg(a) = tr [6A (3g(A))”] C.1-8

A *
where
9A
is an nxm gradient matrix and
6A = A - A¥ C.1-10
Using C.1-8,
80 = tr [8z" (32.) 7] + tr [6z (3Q,) ]
2 2 32( * 3 ‘5‘2"3 *
2

+ tr [§3z7( a0 )l+ tr [ 6 92y ( 09, )~

3T T(ozg)x e 5(§g§;* ]

9T 3t
+ tr [6uT(3Q2) "1 + tr [8A (3R )] + tr [8A (302 )~ ] C.l-11
¥ Jus * ) PR 33N, %
8 = <6z ! (0:) >+ < &8dzy , (301 ) >
! 9z1 * dt 2z, )*
dt
+<6u , () >+< du 0 (302:1) > + <8 ,(BQ;) > C.l=12
' Bm, * £ Ju, * o, *

It is seen from C.1-2 and C.1-3 that

.=—Af

s
r(g%nl *

C.1-13



a‘QZ P = -At
3(02,)

5T I
9 » = A%
51323)

Tk

These last three equations are substituted in C.1-11l and C.1-=12 and

then those two equations put in C.1-7 gives

57 = fefE ¢ erl6z; (200 7] + er [62:028) 7
z- 92
tbtb 2 3

+ tr [6923 ( -A") ] + tr [6d23 (=A") ]
T 2 % 2t 3 %

+ tr [du” (3Q2) 7] + tr [6A (3Q:) “ ]
T , *

r4
* 2

+ tr [6A (32z) ~1 } atdr
3 §T3 *

t
+ {f {<6z ,(3Q,) >-<8dz ,A’f >+< Su , (0§1)
t SEa * EEJ ! u; *

o

+ <éu , (29 )
2z 1

Sut *
2 1

>+ <8A, (3@ ) > } at
I} ‘SXI*

Using integration by parts it can be shown that
tf tf

- f <5dz.'kt> dt = I <6Z‘, §£I>dt - <8z (tf)lkf(tf)
to dt to dt !
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C . 1—14

C . 1_15

C. 1-16
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+ %6z (E5), A *(t)> C.1-17
tet t.t :
(E[f erlsdgy (-aw1] aedr = [TfF triszr aaz* atdr
tt 3T ‘ tt ‘9T
o0 O 0
te te '
= [ erlsz (e, e Ak, E) lat + [” trisz](t,5) A7*(E,tg) lat C.1-18
ty t, _ .
and
tete tete
] tr [83z; [-A“*1]dtdt = [ [ tr [6z 3A3% dtdr
toto & totg BT
te tf ’
-{ tr [dza(tf,'r) A;*(tf,'r)]d'r + {O tr[dzs(to,'r))\:*(to,r) ] dr C.1-19
(o}

These last three equations are substituted into C,1-16. Terms
multiplied by the same arbitrary variation are collected and the
fundamental theorem of the calculus of variations is applied, i; e.
if 87 = o, then the coefficients multiplying each arbitrary variation
must be zero, This results in

(3% )> + X% =o0
'5'5: * T

9z, * dt
@2&) =0
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Q) =o
Jul *

1
(30 ) =o0
oul *

2
) =o
*

2
() =o0
e

3
() =o C.1-20
A *

I
and

8z (o) = 6z (tg) = o0

8z7(t,ty) = 8z7(t,tg) =0
Z 2
<Sz3(1:o,'r) = Gza(tf,'r) =0 C.1-21
Equation C,1-21 implies the specified endpoints of equations
4.1,1.3 and 4,1.1.4.
Equations C.1-20 became, for the functions @ and 9 of Cel=2
4 I
arld C.l_3’
dN* (t) = - A“(E)X *(E), VteT C.,1-22
a'.EA I 1
Qid* (£,T) = =A"(T) A *(t,1) = A*(t,T) C (1), (t,T)eT C.1-23
aT 4 3
3A *(t,1) = = A7(t) A *(t,T) - RR z Xt,7), W(t,T) €T C.1-24
'é—t‘s 3 1 13
dz * (t) = A(t)z*(t) + B (t)ul*(t) + C(t)uz*(t) yYte I‘1 C.1-25
1

aEI
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9z°*(t,1) = A (t)2"*(£,1) + C (D)u*(t,7),V¥ (t,T)eT C.1-26
-'a—t-"' 2 a .
9z *(£,T) = A (t) z*(t,T) + C(t)z *(£,T), Y(B,T) €T C.1-27
E'E'd 3 2
u *(e) = - R:‘B'(t)x *(t),¥ter C.1-28
4
w*(t) = RICT(E)A % (t),VEET C.1~29
2 L3 1 Iy
Wk (£,T) = C7 (DA% (£, 1) (R:‘) ®") ,ViDer C.1-30

which are the necessary conditions stated in Theorem 4.1. It is
seen that the inverses of R , R and R are required, but not for
r'4 3 L

R , hence
1

R is assumed to be non-negative definite
1
and

R, R, R are assumed to be positive definite,
r'3 3 “

Remark: Substitution of equations C,1-28, C.1-29 and C,1-30 into
C.1-25 and C,1~26 result in 2n(l -+ s-+ m) differential equations to be
solved. There are n(l + s + n) endpoint conditions specified by 4.1.1.3
and n(l + s + n) more by 4.1.1.4. So the complete solution of the
problem requires the solution of a 2n(l + s + n) dimension two point
boundary value problem (TPBVP) since half of the endpoint conditions are
specified at t, and the other half at t; |
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C.2 Proof of Theorem 4,2

For Problem 2 of Section 4.1.2 defined by equations 4,1,1.2
through 4.1.1.8 with the performance index of 4.l1l.2.l1 define
A, (t) an n x 1 vector
A, (t,T) an n x s matrix
A, (t,T) an n x n matrix

and form the augmented performance index

tt
Ja-_-Jf{:f{fo (z, (t),2, (1) ,2] (t,T),2, (t,T),u, (£) ,u, (1) ,u,(t),u, (1) ,uf(t,T))
tots

+ tr [[A(1)z](t,D)+C(T)uj(t,1)=3z; (t,T) 1A (t,T)]]

3T

+ tr [[A(t)z, (t,T)C(t)z, (t,T)=32, (t,T)][A] (t,T)]1]
ot

+<A(t) z, (£)+B(t)u, (£)+C(t)u, (t)~dz, (t),A, (t)>}dtdr C.2-1
at
oxr

tft
Ja=|*|£ Q dtdr
toto
where
=0 (z, (t),z (1),27(t,T1),2 (t,1),dz (t),dz](t,T),92, (t,T),
' e : x i 3T
u, (t),u, (1) u, (t) pu, (7) ,u; (£,T) g2, (B) 2, (£, T) A, (1)) C.2=2
and @ is defined in C.2=1, and it is noted that Ja=J of ‘equation
4.1.2.1.

In addition to the variations in C.1-5, define

6z, (1) = 6z (t)|
t=T

6u, (t) = 6u, (t) |
=T

Su, (T) = du,(t)]

t=1 Ce2-3
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Then,
t tf
6Ja = 83 = JEJ*s @ atdr C.2-4
toto
where
6 = trdéz; (30 )~ + tréz,(3Q )” + trd 327 (3R )
3z, 023 3 3(923)
T
+tr 6§ 9z, (3Q )7 + tréu” (32 )7 + tr 61, (3Q )~
ﬂaza) 3 m; 'sxz
ot
+ tr 61, (3Q )~ + <8z, (t),d9 > + <6z (1),30 >
X, 3z, (t) 9z, (1)
+<ddz, (t),3Q > +<8u (t),0 > + <8u, (1),30 >
dt a—(g_g (t)) aua, (t) 3u, (1)
t
+ou (£),30 > + <du.l1),3Q > + <8X, (t),3Q >}dtdt C.2-5
ou, (t) oue (1) oA, (t)

Since fo does not depend on dz, (t), 3z;(t,T) or 3z,(t,T)

t oT ot

(gg( ) "= =A% (£,7) C.2-6

9z7)

5T
(32 )= ~Al(t,T) C.2-7
3(0z,)

3T
af = -)\‘ (t) C.2-8
3(dz,)

dt

Substituting C.2-6, C.2-7, and C,2-8 into C.2-5, and then that equation
into C.2-4 results in 3 terms to be integrated by parts similar to
C.1l-17, C.1-18, and C,1-19. After this step, terms are collected,
8J is set to zero, and the fundamental theorem of the calculus of

variations applied, which results in the following necessary conditions



t t
JE{5 fo  + A%(B)A, (E) 4-§¥L‘(t)}dr=0, JE{af0  lat=0
t

t, 92, (t) t, 9z1(1)
A, (£, T)= -A"(1)A, (t,'t)-)\:(t,r)c('r)-afo
T 925

oAs (t,T)= =A" (L) A, (t,T)-3f0
T’Ea ’ 3 ’ A

dz, (t)= A(t)z, (t)+B(t)u, (£)+C(t)u, (t)
dt

9z; (t,T)= A(T)Z; (t,T)+C(T)u; (t,T)
T

3z, (t,1)= A(t)z,; (t,T)+C(t) 22 (t,T)

7t

te te

J7{3fo  + B (t)A (t)}dr=0, [~{3fo }at=0
t 3, (t) ! t,, 3u; (1)

t t
JEafo  + ct(oA, (0))ar=0, [E{afo  Jat=0
t, du (t) t, u, (1)

ofo + C’(T)A:(t,'r)=0

ou,

with the endpoint conditions of C.1-21,
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C. 2=9

C.2-10

C.2-11

C.2-12

Co 2“'.13

C . 2-14

Cc 2-15

C.2-16

C.2-17

Remark: The equations C,2-9, C.2~15, and C,2-16 can be shown to not

present constraint difficulties for the following examples.

case for C.2-15 is given,
Consider four cases.
Case 1: fo(u, (t),u (1))=<u (t),R,u, (t)>,R =R]

ofo =0
'5717(1)

3fo  =2R,u, (t)
ou, (t)

and C,2=15 becomes

u, ()= -% R;' B (t)A, (t)

Only the
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Case 2: fo(u (t),u,(1))=<u (t),R,u, (t)>W(E)W(T) JR,=R;
where W(.) is a scalar, time~varying weighting function
Then

ofo =0
u, (1)

afo =2R3W(t)W('r)u1 (t)
oy, (t)

and C.2=15 becames

I ™Y R,' B*(6)), (©)

Lt
wiey )5 winar
)
Case 3: fo(u,(t),u, (1) )=<u1 (t) ,R,u, (1) >,R,=Rj
Then

9fo = Rju, (t)
au (1)

3f0 = Ryu, (1)
au, (t)

and C,.2-15 becames

t
JRa(rydr= -(e~t ) B;* B ()7, (¢)
t

o 2
Case 4: fo (u‘ (t) o, (t))= <u, (t) ,R3 (t,0)u, (1)>
with Ra (t,t) = R; (t,t)
then C.2-15 becomes

t
112 £ R, (t,1)u(r)dr= - (=t )B7(E)A, (£)

o] -T"'



C.3 Proof of. Theorem 4.3

The proof is an extension of derivations in Bryson
and Ho (20) and Gabasov and Kirillova (28). In (20) the
actual derivation is carried out for a one sided problem
with a scalar control in one independent variable, t. The

result is

dt du C. 3-1

3_d M= C.3-2

where H is the Hamiltonian for the one=-sided problem and
minimization of cost with respect to the scalar u is
carried out, The form of C.3-3 is similar to the form of

the Legendre~Clebsch condition

H-uu z. 0 Co 3"4
For singular pf:oblems, the equality holds in C.3-4
therefore no information is obtained from this condition.

For nonsingular problems C.3-4 implies the sign of the

second variation of the augmented performance index thereby

indicating whether minimization or maximization is achieved.

134
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When equality holds in C.3-4, the test for maximization or
minimization is provided by C.3-3.

The results for a vector control u are quoted in (28) and were
derived in Kelley (43) and Kelley, Kopp and Moyer (42), The
equations of Theorem 4.3 are a generalization of the above for
a matrix control u§ in two independent variables, t and T where
maximization with respect to u3j is desired.

The proof is extremely lengthy but similar in form to the
derivation in Bryson and Ho (20). The second variation is found,
and then the optimal state. equations and costate equations are
perturbed resulting in the comparison of neighboring trajectories,
i.e, variations in the state and costate are examined. It is seen
that equations 4.2.3.1 through 4.2,.3.3 are equivalent to C,3-1
through C.3-3 if u§ is restricted to be a scalar function of one
independent variable, t realizing that maximization rather than

minimization with respect to uj is sought.,
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C.4 Proof of Theorem 4.4

Define the Hamiltonian
H(z, ,2; ,25 1, /U, /Uy /A, rkz rla) =

@ W (OF, (10, (0) + & e, (0, (0 + v, 0] ©1°)

+ A7 (t) [A(t)z, (£) + B(t)y, (t) + C(t)y, (t)]

+ trlF(t)z, (£) + 2z, (L)AT(E) +u (B)CH(E)IAJ(E) }

+ tr{[A(t)z;5(t) + z,(E)A7(t) + C(t)z,(t) + z;(t)C‘)t)]A;(t)} C.4~1
where the vector Al(t) and the matrixes Az(t),xa(t) are Lagrange
maltipliers. With the aid of the matrix maximum principle of Athans
(10), the following result is obtained. In order that ui*(t)e'Ui,te‘ Tys
i=1,2,3 be the optimal strategies for Problem 4, it is necessary that
there exist a nonzero vector function A *(t) and nonzero matrix functions
A,*(t) and A,*(t) such that conditions a), b) and ¢) of Theorem 4.4
hold, as given in Section 4.2.4.

Proof:

Define the variations

z, (£) = z;*(t) + 8z, (t)

u, (t) = ui* (t) + cSui (t) C.4-2
and using the standard variational approach, it can be shown that

t
§Ja = ff{[(a_n)* + A\ *176z, (B) + trisz ((QH), + d\,*]

to 9z, ™ a'El CER dt
+ tr(6z] ((QE) , + dr,*\] = A7*(t)sz, (tp)
a( 3z, a ) p (Egl6z, (L
- trid, *(te) 682, (tf)] - tr[)\a*(tf) 82 (tf)] C.4-3

where (')* denotes that the function (.) is evaluated at
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z, = zj_*,ui = ui* and )‘i = li*, ‘i =1,2,3. If the state equations in
4.2‘4.1 mh 4.2.4.3 are SatiSfid, arﬂ Ai*(t)' i = 1’2'3 are
selected so that the coefficients of Gzi(t) , 1i=1,2,3 in the integral
are identically zero, and the boundary conditions of 4.2.4.7 and

4,.2.4.8 are satisfied, then

t
57 = . [f(3H)76u, + (3H) 6u, + tr[éu’ (3H) ]l}at C.4-4
~a I‘ -5-61* 1 -ru-z* 2 3 ﬁa*

t

o

To the first order approximation

(%g_);sul (t) = H(zl*,zz*,za*,ul* + 6111 ,uz*,ua*,ll*,lz*,}\s*)- H* C.4-5

Therefore, with u, = ux* + du, ", = uz*,u3 = ua*

te
63, = /£ (3m) “6u,at =
t du,

t
/£ {n, - H*}at C.4-6
t
o
Define a sufficiently small neighborhood of u; as
= H B ? . 4=
su, ={8u; || 6u;|1<B, and ui + éu, u.} C.4-7

for i = 1,2,3 where the Bi are positive constants. For ul* to be
a minimizing strategy it is necessary that
t *
83, (u,*,8u) = fE(H, - H'}at 2 0 C.4-8

t
(o]

for all 6udU,. It can be shown as in Kirk (45) that in order for
C.4-8 to be satisfied for all 6u1€§01, it is necessary that
H, > H" C.4-9
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In a similar manner, with u, = ul*, u, = uz* + Guz,us = ua*
+ 6u; where u, and u, are maximizing strategies, it can be shown that
H, $H' C.4-10
and cambining C.4-9 and C.4~10 yields conditions b) and c) of

Theorem 4.4.
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APPENDIX D

SUFFICIENT CONDITIONS

In one-sided deterministic optimal control problems sufficient
conditions determine whether the extremal solution obtained by the
necessary conditions is a minimizing or maximizing solution. The
technique often used is to see if the second variation of the augmented
performance index is positive definite implying a minimizing extremal
solution or negative definite implying a maximizing solution. In
this approach, the restrictions on the variations lead to local
sufficient conditions. This means the extremal solution is compared
only to neighboring values of this solution., Global solutions can be
obtained by comparing the value of the solution to all possible values,
not only those due to neighboring solutions. The theory of convex functions
is most often used to establish global sufficient conditions.

In two-sided deterministic optimal control problems, which are
two player zero-sum differential games, the second variation technique
is not as useful as the notions of convexity and concavity. The latter
techniques were given for nonlinear programming problems in Saaty and
Bram ( 94) and Wilde and Beightler (107). The approach of convex and
concave functions was used to establish global sufficient corditions
for a wide class of differential games in Kuo and Burbank (55) and
Kuo (52).

The definition of a saddle point for the functional performance
index of equation 5.1.3 is

J(zl,z:,za,u‘*,u‘,u:,Al*,Az*,)\s*)AJz_g

* ok o ko kg kogtko) ko) k. )\ k) ATk
J(z *,z; 22,70 Tyu THyu lll rll '}‘s ) AJ*<

I3

J(Z,,27,2,,0, ,0 *uj%,) %A *,\ *)AJ, D.1-1
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where now ( )* denotes optimal, not extremal. This equation can

be written as the two separate inequalities

J —J*éo D . 1-2
L
and
J N "OJ*Z'O D ] 1"3

Recalling that it is sought to establish
min - max J(ul;u‘,u:) » D.1-4
ucu, u‘EU .

ujeU.1
the inequalities can be described. J is J evaluated at u,=u,*, the
optimal condition, and at u‘,u: some non optimal conditions. The
resulting trajectories for z‘,z: » and z_ will not be optimal since
u‘,u: are not, Since u and u; seek to maximize J, when they are
not optimal the value of J should be less than the value J* which is
the maximum attainable at all optimal conditions.,

Similarly, J‘ is at optimal u *, u:* and non-optimal u,. Since
u, minimizes, the value of J at non-optimal u  should be greater
than the minimum attainable at all optimal conditions, J*, If the
inequalities D.1-2 can be established for all non-optimal u, u;
and D.1-3 for all non-optimal u , then global sufficient conditions
have been found,
D.1 Proof of Theorems 5.1l.1 and 5.1.2

Proof of Theorem 5.l.1:
First half:
It is sought to establish D.l1-2 for the augmented performance

index of eguation 5.1.2.From D.1-1,
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-J*—j jf{ﬂ (27,2 ,327,0z u,A A *) -
£t 2! '3 os_qr 3

Qz (z' 'z, *,az *,92 *,u‘* A %A %) }atdr

a'r t
t
+jf{S2 (z,,d2, ju *,u,,A, *)-SZ (z *,dz *,ul*.u *, *) }dt D.1-5
t, I i

where Q, and @, are defined in equations C.1-2 and C.1-3. Using the
properties of concavity it can be shown that

Q,(2],2,,927,32,;,u7,,%,2,*) -0, (z7*,z,*%,82,%,02 *,ul*, A *,A%) <

F A R i Ty

tr(8z;, (32,) "1+t (8(327) (30 _ ) (]

‘o * T 303z7)
T
+exr[83z 5 (o8 ) 1+tr[ﬁz (382.) ]+tr[6u (382.,) ] D.1-6
? 'F'(Sz ) * ’5'2'; 3 ¥

But, fram C,1-20 and C.1-30

3Q,) o =Az* (£, DA(T)4C7 (1) A * (£, 1)

(
525

(0822 )’—-—K’* (t,7)
'ﬂ-azﬂ

T

Qg )= (6

T

(’?z) ;=-z ;* (t,T)R:R‘-i»A 3¥*(t,T)A(L)
z3

and

(393);=[C’(T)>\;* (t,T)=uj*(t,T)RR,] =0

u,

After substituting, D.1-6 becomes

Q, (2] 24,027 ,3%4,u7 )X, *, A, *)=0_(27%,2 *,027%,3z,%,uj*, A, *, A *)<
S T S0 T e T T Tapt T ’

+tr 6z [A;* (£, DIA{T)HCT (1) A * (¢, 1) ] ]-tr[S (9z2)AZ* (£, T)]

L



=tr{s (92 )}.;* (t,1) ]+tr[623 [-z;* (t,'t)R:R‘ +A3*(t,T)A(E)]]

3T
Using the endpoint conditions
8z2 (t'to) =62; (tltf) =(SZ: (tO’ T)’-'-'(SZ, (tf,‘l.')=0
and integration by parts it can be shown that
tet t t
‘Jfff 3[5(322))\;*&,1)]dtd't:jfjf trléz;?_\_;*]duir
T

tot, T tot,
and
bt tet,
=JEIE er(8(3z,) A * (t, 1) Jdtdr=" " tx[z,dA5*1dtdr
Eot, 3 toty 3t

Substituting D.1-7 into D.1-5, and then substituting D.1-8 and

D.1-9 gives

tft
{; jf {Q,(27,24,327,32 ,ul,2,*)\s%)
T

t 3T 3E

Oo

-Q, (27*,2,*,227%,32 *,u*,A*,) *) }aLdS0
T ot

in view of C.1-23 and C.1-24.

Using the properties of concavity, and integration by parts

t
Jf {Q‘ (z, v%%l WU ¥ ug, A *) =0, (Zx*r%zgt*'ux*ouz*vh*) atg

%

t
£
J {<6z,,(%g_1)*>+<6dz‘,(a$2 )*>+<6uz,(agz)*>}dt=

FE' Tdz,) a,
tO 1 Et-

t
JE <8z, A7 (E)X *(£)4a) *>+<u, =R 1, * (£)+C7 (£)A *(£)>}dt=0

t dat
o)

in view of C.1=-22, C.1-25 and C,1-29, From D,1-10 and D.1-11,

D.1=2 is established.
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Dl 1-8

D. 1-9

Do 1-10

D.1-11



Second half:
It is sought to establish D,1=3 for the augmented performance
indexof 5 1.2, From D.1-1,
-J*—ij {0, (22,2,,,925,32,,u%%, ), *, A 3*) -
"3t 3F

O

Q, (z;*'z‘a*r_g_z_;*t_?rtz:s*rus sA2%, A %) Jdtdt
T

t
. aE
and from C.1-26 and C,1-27, if uj is uj®, then
z;,2,,32;, and 3z, are evaluated at optimal conditions.

T 3T
Therefore D,1~12 goes to

t
Jd, "J*=Jf {9, (z, ,dzl,u‘,u,*,)\ *)=, (z *

dz
’
t dt ‘ ! o 31:J

o

*u,%,u,%,A, %) Jdt

Using the properties of convexity it can be shown that

dZ 'ul'uz*')\‘*) .Ql (Zl*'dz *'ul*,uz*,)\‘*)i

Q. (z
g 3
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+f (e, (zl,g_gl,ul,uz*,kx*)-ﬂl (z *,dz,*,u*,u,%,) *) }at D,1-12
T

Do 1-13

<ou1,(a§2 ) >+<6z,,(3Q,) >+<6(dz,), (32, ),> D.1-14

%,

Fram C.1-20 and C.1-28

& Tz

Je

(3

Evg
then substituting D,1-15 into D,1-14 and the result into

D.1-13 gives

2,), =0 D.1-15

t
G,=J* > Lﬁ {<6z,,(3%) >+<6(dz D40, ) >lat D,1-16
=

*

Z,)
dt

Using the endpoint condition
8z, (1:Q)=(Sz1 (tf)=0
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and integration by parts, it can be shown that

t
3, ~7*2fF <6z , (30,) +a), *>dt=0 D,1-17
t

i

1

in view of C.1-22 and C.1~25, thereby establishing D.1-3.
This completes the proof of Theorem 5.1,1.

Proof of Theorem 5.1.2:

The statement of Theorem 5.1l.1 as given by equations 5.1l.1.1
and 5.,1.,1.2 follows directly from the proocf of Theorem 5.1.1 in this
Appendix.

In Saaty and Bram (94 ) and Parthasarathy and Raghavan (85 )
it is shown that the necessary and sufficient conditions such that
5.1.1.1 holds are that

R;, R, are non-negative definite and symmetric. D.1-18
Since R; and R, are assumed to be positive definite and symmetric
for Theorem 4.1, they are non-negative definite, hence 5.,1.1.1 holds
true.

After a lengthy rearrangement of the s x s matrix uj into an
s* x 1 vector of the colums of uj and similar rearrangements of
z3, R, and R,, it is seen that the

tr R,uzuiRZ and tr R,z,z;R{ functions are
equivalent to inner products of the columns of uj and zs. Using
theorems fram Hohn (36 ) and Graybill (32), the weighting matrices
of these inner products can be proven to be positive definite or
positive semidefinite if R, and R, are positive definite or positive
semidefinite respectively. Then the same approach is used to
establish 5.,1.1.2 as was done for 5.1l.1.1, the result being

R,, R, are non-negative definite and symmetric. D.1-19
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Since R, is assumed positive semidefinite and R, positive definite,
and both symmetric, from Theorem 4.1, equation 5.1.1.2 holds true,

and the proof of Theorem 5.,1.2 is complete,

Remark:

The positive definiteness of Rz, R’ and R, establish D.1-2
and D.1-3 as strict inequalities, hence only one optimal solution
can be obtained, if there is only one solution to the 2n(l + s + n)

dimensional T P B V P,

Remark:

The sufficient conditions are global sufficient conditions
since the convexity and concavity requirements are global. Therefore,
if only one solution of the T P B V P exists, it is the unique global

optimal solution,
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D.2 Proof of Theorem 5,2

The details of this proof are similar to the proof of Theorem

5.1.2 except that terms in the variations Gzl(t), Su,; (t) and
Su, (1) are included, As in the proof of Theorem 5.1.2 which
includes the necessary conditions of Theorem 4.1, this proof re-
quires all the necessary conditions of Theorem 4.2, The convexity
and concavity requirements are that

f, is convex in u (t) ,u; (1) 12, (t) and z, (1)
and

fo is concave in u, (t),u, (1},2, (t),z, (1) ,uj(t,7),2;(t,T)

and z,(t,T1).
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APPENDIX E

There were two main problems solved. The "worst casa"
optimal control problem, i.e., the differential game of Chapters
4 and 5, andd the parameter identification problem of Chapter 6.
The four programs OPLIML, ANLPLT, P.«’l-‘l"i'P"I' and VALUE were written
to complete the solution of the differential game. The program
PROBIP was written to simulate the overall model reference
adaptive system describad in Chapter 6., This program included
both identification and suboptimal control. A description and
a listing of each program is contained in this appendix. Flow-
charts for the programs OPTIML and PROEIP are included. No
flowcharts are given for the other three programs since they
only contain straight forward calculations.

The assistance of Dr. F. Russel in creating a set of files which
greai:ly eased the whole programming effort is acknowledged and
was deeply appreciated. This set of files provided means to edit
and execute any of the above five programs from a ramote terminal
in the interactive mode and thereby saved much time and vhysical
labor.

The complete analytic solution to the optimal problem was
obtained by hand using two methods, First, the solution form of
the equations presented in Appendix A was used. Also, the two
dimensional Laplace transform tecimnique of Kuo (54 ) was
extended and applied. Both methods yielded identical results.
The complete solution was differentiated by hand insuring that the

results actually did satisfy the differential equations and
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endpoint conditions of Theorem 4.1 . The convexity and concavity
requirements of Theorem 5.1 were satisfied, hence the solution
obtained was the unique, optimal, global solution.

The program OPTIML simulated the differential ecquations
of all the variables which were functions of t only. Numerical
integration of the ordinary differential equations was carried
out with double precision aritlmetic. The results agreed exactly
with those obtained by hand. A program to numerically evaluate
the functions of two independent variables was not written directly,
but could be in terms of either of the methods used to obtain
the solutions by hand., Shooting techniques could be employed
to solve the TPBVP of these variables rather than the actual

algebraic hand calculations which were made.
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Both open loop and closed versions of OPTIML were run, the only
difference being the form of the differential equations. 1In
Figure E.2 is the program listing and Figure E.3.1 through

L.3.4 contain the actual plots obtained by computer.
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Read in data
Matrix elements,times,

Initial conditions,tolerances

Obtain initial conditions

For A or K

Integrate
0.D.E,'s over ry storing
Data as integration proceeds.

Using DDESP,FUNC1,OUTL1.

Retrieve data
Plot out trajectories.

Using PLIVAR

A

END

Figure E.l Flowchart for optimal problem
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PROGRAM OPTIML 151

He BURBANK EJEDEPT,
. PROBLEM 1 WITH PLOTS
DOUBLE PRECISION YSTART¢XSTARTIXENDsHIEP9SPeY9sDYsXs TSTART9TEND
DOUBLE PRECISION AsBsCyR3I9R4
EXTERNAL FUNC1+DSEsOQUT])
DIMENSION Y(2)9DY(2) 9 YSTART (2)
DIMENSION Z(2)+F(S1)sTIME(S]1)sULl(S1)sU2(51)
REAL XXoTIMEsFUlsU2
COMMON NOFNS»A¢sBsCeR3sR4
NOFNS=0
REWIND 40

N=2
TSTART=0,
TEND=1,
H=0,02
EP=0,0001

A=~3,

B8=2,

C=1,

R3=1,

R4=1,

DD==B# (1,/R3)#B+C# (]14+/R4) #C

Y(l)=21
Y{(2)=LAMBDA]
Z1(0}=5,
Z1(1)=0.1
PI1=5,
P12=0,1
YSTART(1)=P11
YSTART (2)=(=A#(P]2=PI11# (DEXP(A#TEND))))/(DD#DSINH(~A#TEND))
WRITE(6410) (YSTART(I)el=1+2)
10 FORMAT(SX9?'IC9S?192E15.6)

SP=0,02

CALL DDESP(SPsFUNC1sNsYSTARTsTSTARTsTENDsHeEP9DSEsOUT1+899)
GO 70 98 -
99 CALL DERROR
98 WRITE(6+5) NOFNS
5 FORMAT(1H #5X936HTOTAL NO OF FUNCTION EVALUATIONS IS »16)
ENDFILE 40
DO 100 K=142



30
200
1000
301

1001
302
100

735

305

306

REWIND 40

D0 200 L=1951

READ (40930) XXs(Z(I)eI=192)
FORMAT (3E15.6)

FIL)=Z(K)

TIME (L) =XX

CALL PLTVAR(TIMEsFS1)
GO TO (100001001),K
WRITE(64301)

FORMAT (20X 'F (T)=Z1(T) 1)
GO TO 100

WRITE (6+302)

FORMAT (20X ¢ 'F (T) =LAMBDAL (T) )
CONT INUE

DO 735 J=1,51 :

U1 (J) =SNGL (=B/R3) #F (J)
U2 (J) =SNGL (C/RG) #F (J)
CALL PLTVAR(TIMEsU1+51)
WRITE (64305)

FORMAT (20Xs *F (T)=UL(T) 1)
CALL PLTVAR(TIMEsU2s51)
WRITE (64306)

FORMAT (20X s 'F (T) =U2(T) 1)
STOP

END
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SUBROUTINE FUNC1(YeTsDY) .

DOUBLE PRECISION AsBeCoYsTsDYsR3IoR49DD
DIMENSION Y (2) DY (2)

COMMON NOFNSsA9BsCoR39R4G
DD==B#(]1,/R3)*B+C# (1 4/R4)*C

DY (1)=A#Y (1) +DD®Y {2)

DY (2)==A%Y (2)

NOFNS=NOFNS+1

RETURN

END



20

10
100

SUBROUTINE OUT1(YsDYsNeXsSPTYPEs#)
LOGICAL SPTYPE

REAL Zs XX

DOUBLE PRECISION YsDYeX
DIMENSION Y(2)9sDY(2)92(2)

IF (eNOT,SPTYPE) GO TO 100
D0 20 K=19sN

Z(K)=SNGL (Y (K))

XX=SNGL (X)

WRITE(40910) XX9 (Z(K)eK=192)
FORMAT (3E1546)

RETURN

END
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101
127

800
102
103

105
104

106

107

SUBROUTINE PLTVAR(TsF 9NP)
REAL#4 LINE( S1)9F(1)9T(1)
DATA BLANKyDOT9»STAR9DASHyZERO/1H 91lHe91lH#91H=91HO/
DO 101 U=ls51

LINE (J)=DOT

D0 127 L=1.10

LINE( S#L+1)=DASH
LINE(26)=ZERO

LINE(1)=DASH

PRINT 800

FORMAT (1H1)

PRINT 102y LINE

FORMAT(1X o S1A1eSXe'TIMEY9TXe'F(T) ")
DO 103 U=1y51

LINE (J)=BLANK

LINE(26)=DOT

PM=ABS(F (1))

DO 104 M=2yNP

IF (PM ,GE. ABS(F(M))) GO TO 104
PM=ABS (F (M))

CONTINUE

IF (PM oEQe 040) PM=1.0

DO 107 M=1sNP
J=25,0%F (M) /PM+26,5
LINE(J)=STAR )
PRINT 1069 LINEyT (M) oF (M)
FORMAT(1X 9 S1Al9F10e49E15,6)
LINE (J)=BLANK

LINE (26)=D0T

CONTINUE

RETURN

END

Figure E.2 Listing of program OPTIML
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—;:;o’!I:l;;;;:;ooo;'c;;OOOO;:-l;00';0;1';;00;:00;~ TlMé FiT’

. b 0.0n00 0.500000E
' . 0.0200  0.470793E
. K 0,0400 0,443281€
) LG 0.0600 0.4173A6E
. % 000800 003929548
. » 0.1000  0.3699%56E
. " 0.1200 0.348291E
. - 001490 003278806
. » 0.1500  0,308650F
. ) 0.1860  0.290532E
’ * 0.2000 0,273459E
. * 0.2200 0.,257372E
' # 0.2400  0,242211E
' » 0.2600 0.227922E
e L 002690 0021%454E
) » 0.3000  0,201759E
' g 08,3200 0.189790E
’ & 0.34n0 - 0,478504E
. » 0.3800 0,167861E
. » 0.3800 0.157823E
. » 0.4000  0,448353E
. s 0.4200  0,13941i7E
. » 0.4400 0,130984E
, » 0.4600  0,123022E
. 0.4800 0,115503E
’ * 0.5000 0.108399E
.o 0.5200 0,101687E
.o 0,5400  0,953403E
» * 005600 0-893371E
.ow 0.5300  0,836556E
) P 0060“0 00782753E
[] - 016?90 0-7317706
N b 006490 00683421E
. 0.6600 0.637534E
. w 0.6800 0.593942€E
° # 0.70@0 0.552489E
. 6.7200  0.513026E
- 0.7400  0,475410E
. 0.7600  0.,439507E
.o 0,7R00  0.405186E
o ® 0,8n00 0.372324€
. 0.8200 0.34n802E
) * 0.8400 0,34n508E
. 0.8600  0,281333E
,# 0.,8800  0,253170E
. 0.9000  0,225919€
o ¥ 0.,9200 0,199481E
. 0.9400  0,173762E
.o | 0,9600  0.148669E
o 0,9800 0.,124111EF
o, 1.0000 0,400000E
FOTY=Z1(T)

Figure E.3.1 Plot of 2



-

. . Ve e e ey e e e : - »
N e TR N R N L N N R A RN L R N R g

R

,

o

.o

o »

. ®

s B

.

. B

.

. #

=3

» »

. e

» &

y #

. ¥

s W

.

s o

' o

] *

. "

. #

. *

. *

, *

. #

. %

. 4

. »

. »

. #

’ -

, »

. »

’ #

. *

. &

, o

. #

. 8

. s

R #

. *

, .

» *““

[ -]

. -

, o

. #
F(T)=LAMBDAL(T)

Figure E.3.2 Plot of A

TINE
G.0000
0,0260
0.04n0
0.,0400
0.0400
D.1000
0.12080
0.1400
0.1600
0.1800
0.2000
0.2200
0.2400
0.2600
0.2800
0.3000

0.3200

0.3400
0.3600
0.3800
0.4000
00,4200
0.4400
0.46400
0.4800
0.5000
0.5200
0.5400
0.5600
0.5800
0.6000
a.6200
0.6400
0.6600
0.64800
0.7000
0.7200
0.7400
0.7600
0.7R00
0.8000
0.82n0
0.8400
0.,8600
0.8800
0.9000
0.9200
0.9400
0,9600
0.,9800
i1.0000

157

R
0.148670¢
0,1578683¢
0,167625E
0,177990E
0.188996E
n,200683E
0.213092€
0.2262689E
0.,2402681E
0.255118E
0.270894E
0.287645E
0.305432E
0.324349€
0,344373E
0.365668E
0.388280E
0,412290E
0.437784E
0.,464855E
0.,A93600E
0.,524123E
0.556533E
0,990947E
0,627489E
0,666291E:
0,707492E
0.,754241E:
0,797695E-
0.847021E-
0.,899358E-
0.955014E-
0,101407E
0.,107678E
0,114336E
0.124406E
0,128913E
0.136885E
0.,445350E
0,154337E
0.463881F
0.174015E
N,184775E
0.,196201E
0.208334E
0,221216E
0,234896E
0.249421E
0.264844E
0,281221E
0.298611E
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B0
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TIME
0.0n00
0.0200
0.0400
0.0400
0.0RN0
0.1000
0.1200
0.1400
0.1600
0.1800
0.2000
0.2700
0.2400
0.,2600
0.2800
0.3000
0.32n0
0.3400
0.3600
0.3800
0.4000
0.4200
0.4400
0.4600
0,4800
0.50n0
0.5200
0.54n0
0.54n0
0.5800
0.6000
0.62n0
0.6400
0.,6600
0.6300
0.79000
0.7200
0.7400
0.7600
0.7800
0.8000
0.82n0
0.8400
0.8600
0.880n0
0.9000
0.9200
0.9400
0.9600
0.9800
1.0000
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. FeT)

"0.2973‘m
~0.315726l
~0,335250|
~0,3559R0
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~0,433258!
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«0.202814¢
~0,215356¢
~0.,228672E

‘50-2425i2E

n0.,257826¢
»0,273770E
~0.290700¢F
~0.308674E
w0.327762F
-0,348030F
~0,369550¢E
"00392402&
~0.,416668F
~0,442432¢F
~0,469792E
~0.490842F
'005296885
~0,562442E
'00597222E
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0.0000
0.0200
0.04@0
0.0600
0.0800
0.1000
0.1240
0.1400
0.1600
0.1800
0.2000
0.2200
0.2400
0,2600
0.2800
0.3p00
0.3200
0.3490
003600
0.3840
0,4090
0.4200
0.4400
0.4600
0.4a00
0.5000
0.5200
0.54@0
0.5600
0.5800
006“00
0-6?@0
0.6400
0.6600
0.6800
0.7000
0.7260
0.7400
0.7600
0.7800
0.8000
0.8290
0.8400
0.8600
0.8800
0.9000
80,9200
0.9400
0,9600
0.9800
1,00A0
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0.448670E~
00157863E'
0.167625€E~
0,177990E~
N.488996E~
0.,2006B83E~
0.,213092E~
0.226269E~
0.,240261E~
0.2551418E~
0,27n894E~
0.287645E~
0.305432E~
0,324319€E~
0.344373E-~
0.,365668E~
0.388280E-
0,412290E~
0,4377084E~
0,464855E~
0,493600E~
0,524123E-
0.,556533E~
0,590947E~
0,527489E-
0.666291E‘
007074928"
0,751241E~
0.797695E~
008470215’
0,899398E-~
0-955014E”
0,401407E
0.107678E
0.114336E
0.121406E
0.128913E
0.136885E
0.145350E
0.154337E
0.463881E
0.174045€
0.184775E
0,196201E
0.208334E
0.221216E
0.,234896€
0,249421E
0,264844E
0.281221E
0.,298611E
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The programs ANLPLT and P1TTPT were written to obtain camputer
nlots of all the states and controls, Program VALUE evaluated
the performance index, J for optimal states and controls. They are
listed in Figures E.4, E.5, and E,6., The results of these

programs are given in Chapter 7,



PROGRAM ANLPLT

DIMENSION Y(S)eYY(S1)sTT(51)
REAL#4 | MBD1

T=0,

TF=1l. .
DELTAT=(TF=T) /50,

PI1=S.

PI2=0,1

‘ A=n3.

100

10

B=2.

C=l.

R3=1.

Ra=1,

DD=w=B# (1,/R3)#B+C#()+/R4)#C

ETA= (=A)#(PI2=PI1#EXP (=34) )/ (DD#SINH(3,))
REWIND 30

Z1=PI1#EXP (=3¢#T)+(DD/ (=A) ) HETA# (SINH (=A%#T))
Y(l)=21

LMBD1=ETAH#EXP (=A#T)

Y(2)=LMBD1

Ul=(=B8/R3)#LMBD1

Y(3)=U}

U2=(C/R4) #LLMBD1

- Y(4)=U2

G=(=ARETA#Z2,) /(ETARDD=(ARP]I1#2,+ETA#DD) #EXP (=6,%#T) )
Y(5)=6

WRITE(30910) Te(Y(I)eI=195)
FORMAT(6E1546)

T=T+DELTAT

IF(ToLT.TF) GO TO 100
ENDFILE 30

DO 5 K=145

REWIND 30

DO 6 J=]951

READ(30410) Toe(Y(I)eI=145)
YY(J)=Y(K)

TT(J) =T

CALL PLTVAR(TTsYYs51

STOP .

END

Figure E.4 Listing of program ANLPLT
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PROGRAM PLITTPT 16?
~ He BURBANK E+EJDEPT
REAL LMBDZ2,LMBDJ
DIMENSION Y(5)9YY(51)¢TT(S])
EKmm=) /124
EL=le/144,
EM=],
EN=10,
WRITE(651) EKsELIEMWEN
1 FORMAT(SX e 'K=19F10+S9'L='9F1l0,S9™M=t9F10,59"'N=?9F10,5)
AA=EM=EL /12
AB==EK/24,
AC=EL/12,
AD==EK/48,
AE=EK/16.
WRITE(642) AAsAB9ACsADAE
2 FORMAT(SX9'AA=14E15,69'AB=19E15.69'AC=19E1Se69?AD='9E1S.69'AE="
1E15.6)
AF=EN=EK/96
AG=w( oS¢ (EM=(EL/12.)=(EK/144,))
AH==) o # ((EL/24,6)=(EK/2884))
AI=0,S5%(EM=(EL/12,))
WRITE(643) AF ¢AGesAHsAIL
3 FORMAT(SXe'AF=19E1S5,69'AG=19E 15,691 AHS Y 9EL1S,69'AIS15E1546)
AJ==~EK/Y44,
AK=EL/24,
AlL.==EK/288,
AM=EK/96,
WRITE(694) AJesAK9AL ¢+ AM
4 FORMAT(SXe'AJ=T9E1S,69 VAK=19E 15,69 AL=19E1S5.69'AMZ19E15,6)
AN=EL
AO==EK/4,
AP=EK/&4,
WRITE(697) AN9AQyAP
7 FORMAT(SXs'AN=1,E15, 69'A0“'9515 69 'AP=14E15,6)
AQ=EK
WRITE(698) AQ
8 FORMATI(SXs'AQ=19E15,6)
Cl=(EN=(EK/964) ) “EXP (=3, ) * (EK/96, ) #EXP (3,)
C2==0o54 (EM=(EL/12¢)=(EK/1444) ) HEXP (=34) +0 5% (EM=~(EL/12))®
1 EXP( lo)=(EK/144,)HEXP (3,)
3==] o ((EL/2846) ~(EK/2884) ) ¥EXP (=3,) + (EL/244) HEXP (=]1,) = (EK/2884) #
1 EXP(3,)
D1=(EM=(EL/12¢) ) *EXP(=34) +(EL/124) #EXP (3,)
D2=m] ¢ # (EK/24 ¢ ) REXP (=34) =1 o ¥ (EK/48¢ ) HEXP (34 ) ¢ (EK/16e) HEXP(™=14)
WRITE(64+10) DlyD2
10 FORMAT(5Xs'DeS192E15.6)
WRITE(6411) Cl9C24C3
11 FORMAT(S5X9%C9eS'93E1546)
WRITE(6413)



13
14

90

100

12

1001
301

500

1002
302

FORMAT (SX9 0 Z2(To1)=DIREXP (=T) +D2#EXP (3#T) ?) 163
WRITE(6414) '
FORMAT(SX.'Z3(10TAU)=CI“EXP('TAU)*CZ“EXP(-3“TAU)¢C3“EXP(3“TAU)')
TAU=0,.

T=0.

REWIND 27

TF=1.

DELTAT=(TF=T) /50,

EP1T=EXP(T)

EM1IT=EXP (=T)

EP3T=EXP (3.%#T)

EM3T=EXP (»3¢%T)

EP1TAU=EXP (TAU)

EM1TAU=EXP (=TAU)

EP3TAU=EXP (3.%#TAU)

EM3TAU=EXP (=3.%#TAU)

Z2=AAREM]I THEMITAU+ABHEPITHEM3TAU+ACHEMITH#EP3TAU+AD#EP3T#*EP3TAU
1 +AEHEP3TH#EMITAU
Z3=AF#EMITH#EMITAU+AGHEM3TREMITAU+AH#EM3ITHEP3TAU+AT#EM1 THEM3ITAY
1 +AJHEPITHEM3TAU+AKH#EMITHEPITAU+AL#EP3ITHEPITAU+AMSEPITHEMITAU
LMBD2=ANH#EMITHEP3TAU+AQH#EPITHEPITAU+APH*EPITH#EMITAU
LMBD3=AQ#EP3TH*EMITAU

U3=LMBD2/2.

Y(l)=22

Y(2)=23

Y(3)=LMBD2

Y (4)=LMBD3

Y(5)=U3

WRITE(27912) Te(Y(I)eI=195)

FORMAT (6E1546)

T=T+DELTAT

IF(TSLTTF) GO TO 100

ENDFILE 27

D0 5 K=145

REWIND 27

00 6 J=1,y51

READ(274912) To(Y{(I)91I=15)

YY(J)=Y (K)

TT(J) =T

CALL PLTVAR(TTsYYsS1)

GO T0(1001» 1002910030100491005)9K

WRITE(64+301)

FORMAT (20Xs 'F(T)=22(T»TAU) V) s

WRITE(6+500) TAU

FORMAT (20X9 *TAU=149F10,4)

GO TO S

WRITE(6+302)

FORMAT (20X *F(T)=23(TyTAU) ?)

WRITE(69500) TAU

GO TO 5



- 1003

303

1004
304

1005
305

WRITE(6+303)

FORMAT (20X 'F (T) =LAMBDA2(T»TAU) ?)
WRITE(64500) TAU

GO TO S5

WRITE(69304)

FORMAT (20X 'F (T) =LAMBDA3(TsTAY) V)
WRITE(64500) TAU

GO TO 5

WRITE (64305)

FORMAT (20Xo 'F (T)=U3(T»TAU) 1)
WRITE(64500) TAU

CONTINUE

ENDFILE 27

TAU=TAU+0.2

IF(TAULLTSTF) GO TO 90

STOP

END

Figure E.5 Listing of program PLTTPT
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. PROGRAM VALUE

He BURBANK E+E.DEPT,
FI(A)=(EXP(A)=1e)/A

A="3. :

B=2.

C=l.

R3=1.

R4=1,.

DD==B# (] 4/R3)#B+C# (1¢/R4) #C
PI1=5,

PI2=0,1

EK==1e/120

EL=1e/144,

EM=]1,

EN=10,

RT s(=A)#(PI2=PI1#EXP (=34) )/ (DO*SINH(3e))
WRITE(642) RT

FORMAT (SX9'RT="9E15,6)

V=0 SHRTHRTHF (6,)

VV==0,25
VASVVRELREL#F (=2,) #F (64)

VBaVV# (EKREK/ 16, ) #F (64 ) #F (64)
VC=VVH (EKHEK/ 16, ) #F (64 ) #F (=24)
VD=VVR («ELHEK/G,0)#F (24 ) #F (64) #2,
VE=VV# (ELHEK/G4 ) #F (24 ) #F (2,) #2,
TVF=YVH# («EKHEK/L166 ) #F (64 ) #F (24 ) #24
WRITE{(6,3)V ‘
WRITE(6+3) VA

WRITE(643)V8B

WRITE(643)VC

WRITE(6+3)VD

WRITE(6+3)VE

WRITE(643)VF

FORMAT (S5XsE1546)
VALUE=V+VA+VB+VC+VDsVE+VF
WRITE(641) VALUE

FORMAT (SXs " VALUE=19E15,6)

STOP

END

Figure E.6 Listing of program VALUE



The cambined identification and suboptimal control was
verified by the simulation of the model reference adaptive
system of Chapter 6 by the program P R C B 1 P, The flow
chart is contained in Figure E.7. The listingof PROB 1P
is given in Figure E.8 . The actual results are contained in
Chapter 7. Several examples were run for different sets

of unknown parameters.
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Read in data

e

Obtain I.C.'s

167

A

Integrate for one

Sampling period

l

| Initialize < ¥ ‘

First sampling period?

J_,etc,
I

N
N/

IFLAG=0?

End of I‘l?

N

Percent change in

I

J <_? stopping criteria? |

|

Evaluate AJlAY

and a new vy

IFLAG=1

Figure E,7 Flowchart for identification problem
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PROGRAM PROB1P

“He BURBANK E.EJDEPT.

PROBLEM 1 WITH PLOTS

COUBLE PRECISION YSTART»XSTARTIXENDsHsEP+SPsYsDYs X9 TSTART» TEND

DOUBLE PRECISION AsBsCoeR3IsR49APLT9BPLT+CPLT VDD
ODOUBLE PRECISION PTSsDELTATIPI1sPI2sASTARTyBSTARTsTOTATOTB
DOUBLE PRECISION TINTsTSTRNUsTENDNUsPTSINT 9 TCHG 9P JINORM
DOUBLE PRECISION STATE+DIFFeSUMyMEASsMEASOL 9 XX9sMEAS1
DOUBLE PRECISION DELAYDELBsDELJsSCALEKIPIUWRTASPIWRTB9PCTCHG
DIMENSION STATE(3) sDIFF (30)
EXTERNAL FUNC1eDSEsOQOUTI
DIMENSION Y(3)9DY(3)9YSTART(I)
DIMENSION Z(3)sF (501)9TIME(S01)9Ul(S01)9U2(S01)9TIMEL(501)
DIMENSION FF(501)
DIMENSION VNOISE(4)
REAL TIMEsFsUlsU2
COMMON NOFNSe+AeBeCeRIsR4GsAPLT+BPLT+CPLT IV
V=0,
APLT==4,
BPLT=3,0
CPLT=1,.0
MEAS=0,
IFLAG=0
NOFNS=0
NTIMES=0
REWIND S0
REWIND 51
REWIND s2
IS NOsS DELTA TseS PLUS 1 FOR 0,

C LPTS IS NOe. OF POINTS PRINTED CUT

O O O O

OO0

21

NPTS=440
LPTS=440
NMULT=(NPTS=1)/(LPTS~-1)
WRITE(6921) NMULT
FORMAT (5X 9 6HNMULT=016)
PTS=400,
PI1=S,
PI2=0,1

N=3

TSTART=0,

TEND=1,
DELTAT=(TEND~TSTART) /PTS

H=DELTAT
SP=DELTAT



22

OOOOOO0

10

10000
99
98

400
31

23

169
TINT=40, .
NTINT=40
TSTRNU=TSTART
TCHG=(TEND=TSTART) /TINT
TENONU=TCHG
PTSINT=PTS/TINT
NPTSIT=(NPTS)/NTINT
WRITE(6922)PTSINTSNPTSIT
FORMAT (5X9 'PTS PER INT*9E1S5.695X914)

EP=0.002

A=~3.
B=2.
ASTART=A
BSTART=8
C=1l.0
R3=1,
R4=1,

DD==B#(]1,/R3) #B+C#(]1+/R4)*C

Y(1)=2Z1
Y(2)=LAMBDAl
Y (3)=XPLANT

Z1(0)=PI1
Z1(1)=PI2
XPLANT (0)=PI1

YSTART(1)=PI1

YSTART (2) = (=A#(PI2=PI1% (DEXP (A#TEND))) )/ (DD#DSINH (=A#TEND))
YSTART (3)=PI1

WRITE(6910) (YSTART(1)s1=193)

FORMAT (SX9 ' IC95'93E15,6)

CALL DDESP (SPsFUNC19NsYSTART s TSTRNU9 TENDNUsH9EP9DSEsOUT19499)
GO TO 98

CALL DERROR

GO TO 9999

TSTRNU=TSTRNU+TCHG -

TENDNU=TENDNU+TCHG

IF (TENDNU+GT.TEND) GO TO 9900

ENDFILE S1

REWIND 51

DO 400 KL=1sNPTSIT

READ (S51431) XX9 (YSTART(I)sI=1,3;

FORMAT (4D25416)

ENDFILE S1

REWIND Sl

WRITE(6923) TSTRNUsTENDNU

FORMAT (SX ¢ 'NEXT TIME INTERVAL IS FROM'9E15.69
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1 '1TO'9E1S69'WITH?)
WRITE(6910) (YSTART(I)9eI=193)
YSTART (1) =YSTART (3)

PARAM CHG HERE

2o XeXeoNeNoXoXe!

IF (IFLAG«GT«0) GO TO 10000
MEASOL=MEAS
DO 1300 J=1sNPTSIT
READ(S51¢31) XXo (STATE(I)9I=1+3)
DIFF (J)=(STATE(1)=STATE(3)) ##2
1300 WRITE(6440)DIFF (J)
40 FORMAT(5X9D25416)
ENDFILE 51
REWIND Sl

~ SUMEG5# (DIFF (1) +DIFF (NPTSIT))
NPTSIM=NPTSIT=l
D0 1301 J=2oNPTSIM
1301 SUM=SUM+DIFF (J)
MEAS=SUM#DELTAT#20.,%#25,
WRITE (6941)SUM
41 FORMAT(S5Xs'SUM=1+9D25+16)
WRITE (641302)MEAS
IF (NTIMES.,EQ.0) MEAS1=MEAS
PCTCHG=(MEAS/MEAS1) #100,
WRITE(691312)PCTCHG
PCTCHG=ABS (PCTCHG)
1312 FORMAT (SX 9 'PERCENT CHANGE IN MEAS='4E15.6)
1302 FORMAT(5X9s 'MEAS='4E15,.6)
NTIMES=NTIMES+1
IF (NTIMES.GT+1) GO TO 1303
MEAS1=MEAS
DELA=0.1%A
DELB=0,1%B
TOTA=DELA
TOTB8=DELB
A=A+DELA
B=B+DELB
WRITE(691304)A,8
1304 FORMAT(S5X9'A=?9FE15.69'B=19E15,6)
GO TO 10600
1303 1IF (PCTCHG.GT.20,) GO TO 1305
IF (PCTCHG.GT+15,) GO TO 1306
IF (PCTCHGJGT.10.) GO TO 1307



IF (PCTCHGGT«5.) GO TO 1308 171

IF (PCTCHG+GT+2.) GO TO 1313
IF (PCTCHGJGTele) GO TO 1314
IF (PCTCHGGT+0s1) GO TO 1315
IF(PCTCHG«GT«0405) GO TO 1316
IFLAG=1
GO TO 10000
1305 SCALEK=1,0
GO TO 1309
1306 SCALEK=0,9
GO TO 1309
1307 SCALEK=0,.,8
GO TO 1309
1308 SCALEK=0,6
GO TO 1309
1313 SCALEK=0.,5
GO TO 1309
1314 SCALEK=0.4
GO 7O 1309
1315 SCALEK=0,2
GO 70 1309
1316 SCALEK=0.1
1309 WRITE(6,1310)SCALEK
1310 FORMAT (5X9 'SCALEK=?9E1546)
TOTA=ASTART=A
TOTB=BSTART-8
DELJ=MEAS~MEAS]
PJUWRTA=DELJ/TOTA
PJWRTB=DELJ/TOTB
PJUNORM=DSQART ( (PJWRTA##2) + (PJWRTB##2))
WRITE (6+1319) PUNORM
1319 FORMAT (SX9 'PUNORM=14E15.,6)
WRITE(691311)0ELJyPIWRTAIPIWRTB
1311 FORMAT(S5Xy 'DELJ=Y9E]1Se69 'PUWRTA=1yE15,69 'PUWRTB=1,4E15,6)
DELA=SCALEK®PJWRTA#(0.8
DELB=SCALEK#PJWRTB#],3

A=A+DELA
B8=8+DELB
WRITE(641304) A8
GO TO 10000

c

C

9900 WRITE(695) NOFNS

S FORMAT(1H +5X936HTOTAL NO OF FUNCTION EVALUATIONS IS +16)
ENDFILE SO
DO 100 K=1o02
REWIND SO
DO 200 L=1#NPTS
READ(50930) XX9(Z(I)eI=1s3)

30 FORMAT (4E1546)



200

205

1000
301
1001

302
100

735

305

306

9998

500

531
530
9999

F (L) =Z(K)
TIME (L) =XX |
DO 205 JJ=1sLPTS
LL=1+(JJ=1) #NMULT
FF (JJ) =F (LL)
TIMEL (JJ) =TIME (LL)
CALL PLTVAR(TIMELsFF sLPTS)
GO TO (100091001) 4K
WRITE (69301)
FORMAT (20X 'F (T)=21(T) ?)
GO TO 100
WRITE (6+302)
FORMAT (20X ?F (T) =LAMBDAL(T) 7)
CONT INUE
DO 735 J=14LPTS '
UL (J) =SNGL (=B/R3) #FF (J)
U2 (J) =SNGL (C/R&4) #FF (J)
CALL PLTVAR(TIMELsU1sLPTS)
WRITE (64305)
FORMAT (20X 'F (T)=U1(T) 1)
CALL PLTVAR(TIMELU2sLPTS)
WRITE (69306)
FORMAT (20Xs 'F (T)=U2(T) 1)
ENDFILE 52
REWIND 52
DO 500 K=14NPTS
READ (529530) WW
U2 (K) =Ww
CALL PLTVAR(TIMEL»U2sNPTS)
WRITE (69531)
FORMAT (20X 9 'F (T)=V(T) 1)
FORMAT (E15,6)
STOP
END

172



173

SUBROUTINE FUNC1(YsTeDY)

_DOUBLE PRECISION A¢BsCoYeToDYsRIsR49sDDsAPLT9BPLTCPLTHV
DIMENSION Y(3)¢DY(3)sVNOISE (4)

COMMON NOFNS»A9B9sCosR39R49APLT ¢BPLTICPLTHV
CALL RANGEN(VNOISEs4)

V=VNOISE (4)

DD==8#(]1,/R3) #B+C# (1+/R4) #C
DY(1)=A#Y (1) +DD#Y (2)

DY (2)==~A%Y (2)

DY (3)=APLT#Y (3) +BPLT#(=]1,/R3) #B#Y (2) +CPLT#V
NOFNS=NOFNS+1

RETURN

END



SUBROUTINE RANGEN (VNOISE +N)
DIMENSION VNOISE(20)

CALL RANORM(VNOISEy4)

DO 1 K=14N

VNOISE (K) =VNOISE (K) /6.
RETURN

END
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11
10

12
100

SUBROUTINE OUT1(Y9sDYsNsX9SPTYPEy®)

DOUBLE PRECISION AsBeCoeRIsRG9APLT +BPLT+CPLTeV
COMMON NOFNSesAesBeCeR3IyR49APLT ¢BPLTeCPLTV
LOGICAL SPTYPE
REAL ZoXX
DOUBLE PRECISION YoDYeX
DIMENSION Y(3)sDY(3)+Z2(3)

IF (oeNOT.SPTYPE) GO TO 100
DO 20 K=1¢N
Z(K)=SNGL (Y (K))

XX=SNGL (X)

WRITE(S0910) XXy (Z2(K)eK=193)
WRITE(S1911)Xe (Y(K) 9K=143)
FORMAT (4D25.16)

FORMAT (4E1546)

WRITE (S2912)V

FORMAT (E15,6)

RETURN

END

Figure E.8 Listing of program PROB1P
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APPENDIX F
MINIMIM COVARIANCE ESTIMATION
For a plant
dx(t,.) = A(t)x(t,.) + B(t) u(t) + C(t)v(t,.) F.l
de
with measurement
z(t,.) = H(t)x(t,.) + w(t,.) F.2

it is desired to obtain an optimal filter constrained by

& (t) = F(t) %(t) + G () z(t) + D(t)u(t) F.3
sfx:.ere F, G, and D are to be found., Define the error

%(t,.) = x(t,.) = x(t) F.4
then

g%(t,.) = [A(t) - G(t) H(t) - F(t)1x(t.,) + F(t)¥(t.,)
H(t)vit,.) = G(t)w(t,.) + [B(t) - D(t)]u(t) F.5
If the filter is to be unbiased, then
E{ X(t,.)} = E{ &X(t,.)} =0V t€T)
dat

F.6
Equation F.6 holds if
D(t) = B(t) F.7
and
F(t) = A(t) - G(t) H(t) F.8

and if wu,(t) = Wy(t) = OVL€r] or if not zero they are known
VYVt and can be subtracted out., With these conditions substituted,

F.5 becomes
gg(t) = A(L)R(t) + G(t) [z(t) - H(E)X(t)] + B(t)u(t) F.9
t

from which an optimal unibdiased estimate can be generated once

G(t) is found. The matrix G(t)is chosen to minimize the error
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covariances V}\g{, Vw?c,and VA at final times, i.e. at tf,

according to the weighted performance measure

tete

J(G) = {32 vwu(t, 1) + R(t) Vv (t,T)
{:01{0 T Faiai Ea
+S (£) 3V, v (t, T)+HQ(t) 3V, (£, 7) JatdT
3T 9T

F.10
The physical meaning of J is determined from the following diagram.

Ve (£, T)
4
tg ke t
Vi (tgs0)
te
T 7 Vi (te,te)
VY (t,tf)
Figure F.1l

Boundary cost of error covariance

Since
tebe 2

V’\}é\é(tf,tf)-V'\}&\a(to,to)= {{: atv (t,T) dtdt F.ll
oo T

and

t ot

IF RV g tae = [FfF Remavv (e, T atdr F.12

ty XX t T
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the terms in F.10 are seen to be terminal cost terms. Similar
relations hold for all four terms in J.

The a priori data required is

VW(t,T), Vire(€,T) and Vo (t,7) V(t,T)ET F.13
and
Vgt (Ertg) oV 0 (B BN (Ehto) , and Vg (b )V EET F.14

It can be shown by analysis similar to that in Appendix A,
that the error covariance must satisfy
BVW(t'T)=[A'.(t)-G(t)H(t)]V%)g(tff)-*c(t)Vv;'(t,T)—G(t)Vw'}\{'(t.T)

ot
F.15

Similarly,

a\Tz '\a(t,'r)=VV;\é(t,T) [A(T)=G(T)H(T)] ‘+Vvv(t:,r)c’('r)-va(t,'c)Gr;f'i)6

and

oV N(t,r)=vw;‘h(t,r) [A(T)-G(T)H(-c)]‘+vw(t,r)c’(r) -wa(t,T)G’('r)
T rF,17

Substituting F,15 through F,17 into F,10 and choosing the weights

R(t) = G(t)H(t)

C(t) F.18

Q(t)
with S(t) arbitrary, an unconstrained dynamic optimization
problem results., Applying variational techniques similar to

those used in Appendices C and D, Theorem 6.1 can be proven,
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