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ABSTRACT

A comprehensive theory of multiple measurements for the
optimum on-line state estimation and parameter identification in
a class of noisy, dynamic distributed systems, is developed in
this study. Often in practical monitoring and control problems,
accurate measurements of a critical variable arenot available in
a desired form or at a desired sampling rate. Rather, noisy
independent measurements of related forms of the variable may be
available at different sampling rates, Multiple measurements
theory thus involves the optimum weighting and combination of
different types of available measurements. One of the contributions
of this work is the development of a unique measurement projection
method by which off-line measurements may be optimally utilized
for on-line estimation and control.

The analysis of distributed systems éften requires the
establishment of monitoring stations. Another contribution of
this study is the development of a measurement strategy, based
on statistical experimental design techniques, for the optimum
spatial monitoring stations in a class of distributed systems.

By incorporating in the optimization criterion, terms re-
presenting the realistic costs of making observations, an algorithm
is developed for an estimator indicator whese values dictate an
observation strategy for the optimum number and temporal intervals
of observations. This, along with the optimum measurement stations
thus provides a comprehensive monitoring policy on which the
estimation and control of a distributed system mav be based.
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By employing the measurement projection scheme and the
monitoring policy, algorithms are further developed for Kalman-
type distributed filters for the estimation of the state profiles
based on all available on-line and off-line measurements.

In the {nterest of & realistic engineering application, the
developments in this study are based on a specific class of distributed
systems representable by the mass transport models in environmental
pollution systems. However, the techniques developed are equally
applicable to a broader class of systems, including process control,
where measurements may be characterized by noisy on-line imstru-
mentation and off-line empirical laboratory tests.

Although pertinent field data were not available for the
vesearch, the multiple measurements techniques developed were
applied to several simulated numerical examples that do represent
typical engineeving problems. The vesults obtained demonstrate
the congistent superiovity of the techniques over existing
estimation methods. Methods by which the results of this work

may be integrvated into veal engineering problems are also discussed.
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CHAPTER I

INTRODUCTION AND OBJECTIVES

The classical problem of estimation is that of extracting a signal
from noise corrupted measurements. However, in practical monitoring
problems, the direct measurements of a critical variable may not be
available at a desired sampling rate. Rather, noisy independent measure-
ments of related forms of the variable may be available at different
sampling rates. Further, a frequent limitation of conventional on-line

control methods is that only a few parameters may be measurable on-line.

The optimum weightingand combination of all available types of
measurements thus underlies the basic concepts of the theory of multiple
measurements developed in this study. In distributed systems, the
measurements are spatial and temporal in nature; hence the techniques of
multiple measurements include the optimization of the measurement rates

and stations.

The scope of this research is the development of a comprehensive
multiple measurements theory for the on-line optimum state estimation
and parameter identification in noisy distributed systems. The
specific goals include

(i) the development of a method by which off-line measurements
may be optimally utili{gd in an on-line estimation or control problem.

(i1) the development of a comprehensive measurement strategy that
includes

a) the determination of the optimum spatial monitoring
stations and
b) an observation strategy for the optimum number and

temporsl intervals of measuremants.,

-1



{(iii) the development of multiple Kalman-type distributed filcers
for coptimum state estimation.
(iv) the optimum identification of parameters based on all
available measurements.
(v) the application of the multiple measurements techniques

developed to a class of real engineering problems.

The study presents an interesting interdisciplinary approach to
the engineering problems of modeling, analysis and control of environ-
mental pollution systems. The develcpments are based on a class of
distributed systems representable by the mass transport models of
polluted stream and estuary systems. However, the techniques developed
are equally applicable to a broader class of systems for which there
exists a representative mathematical model and a realistic understanding

of the measurement characteristics.

Owing to the interdisciplinary nature of this work, it is found
necessary to include the review of the pertinent background theory and
prior work in each chapter. The text is organized in an order that may
represent the sequence of the problems in monitoring a dynamic distributed
system. The characteristics of the models, including the state-of-the-
art methods of measurements are presented in the early chapters. The
solution techniques applicable to the models are then presented as a
prelude to the development of the optimum monitoring policy. Algorithms
are later developed for the estimation of the state profiles and the
critical parameters based on various combinations of off-line and on-

line measurements.



Because pertinent field data were not available for the research,
special efforts are made to employ numerical examples that do typify the
realistic engineering problems. The results obtained in the specific
class of problems treated demonstrate the superiority of the techniques
developed err existing estimation and monitoring metnods. It is hoped
that in future studies, the results of this work would find useful

applications in real engineering monitoring and control problems.
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CHAPTER II

DEVELOPMENT OF WATER QUALITY MODELS

FOR ESTUARIES AND RIVERS

In contrast with the several definitions that have been
given to the term model in scientific literature [ 148 7,
it is defined here as the mathematical formulation and solution
techniques of processes that determine the distribution of
variables of interest in a system. The systems to be modeled

here consist 0of estuaries and rivers.

Among the various resources associated with these systems
are waterway transportation, shipping and harbor, fresh water
supply, habitat for countless aquatic cultures and recreation.
These activities attract to the boundaries of the water systeoms
municipal and industrial complexes causing pollutional load. It
is this principal role of estuaries and rivers as receiving waters
for municipal and industrial wastes that underlies the develop-

ment of the models discussed in this chapter.

The specific variables chosen tc define water-quality
models vary with the intended uses cf that reach of the water

system. Specific models may feature such variables as [ 38 7:
(1) toxic materials and heavy metal ions

(ii) Soluble organics that cause taste and odor in water

supply



(iii) color and turbidity

(iv) pH: alkalinity and acidity

(v) refractory materials that cause foaming

(vi) mnitrogen and rhosphorous content that cause

eutrophication of lakes

(vii) suspended solids

(viii) excessive temperature resulting in thermal pollution
(ix) salinity

The models considered here emphasize the depletion of
dissolved oxygen content of the natural estuary or river as a
result of the biodegradable organic content of the municipal
and industrial waste loads and urban runoff. Dissolved oxygen
(DO) and biochemical oxygen demand (BOD) are the critical water

quality defining variables considered in the models.

A detailed modeling of an estuary from first principles
involves two separate packages. One package would include the
derivation of equations for such hydrodynamic processes as water
elevation and tidal velocity from conservation of mass and
momentum. The other package would include equations of the

hydrodynamic and reaction processes that jointly result in the



mass balance of dissolved pollutants. Along with the simultaneous
solution of the equations in the two packages, a complete model

requires knowledge of several other parameters such as
(i) physical dimensions of the estuary

(ii) distribution of atmospheric pressure and surface wind

stresses

(iii) wvalues of all initial and boundary conditions including
the dynamics of all boundary transfer processes,

sources and sinks.

Although such elaborate models are available for some
estuaries [ 43 1, simplifications such as those necessary in
analysis have been assumed in the models presented in the sequel.
Water elevation dynamics are generally ignored. Treatment of
tidal velocity is given in the next chapter. The rest of this
chapter presents models which represent the mass balance of

dissolved oxygen and biochemical oxygzen demand in
(i) a three-dimensional estuary
(ii) a two-dimensional stratified estuary

(iii) a one-dimensional tidal river.



Water Quality Model In A Three-Dimensional Estuary

The mass balance of a dissolved constituent such as DO or
BOD is determined by the principle of counservation of matter and

may be stated qualitatively as [ 156 7.

time rate of accumula- { net rate of flow time rate of net
of
tion of constituent in =| constituent into | + |production of
a fluid element fluid element constituent in
IS § | I
fluid element

(2.1)

The differential equation governing the distribution of each constituent

in a three-dimensional model may be written as

A ?’(x, y, z, £) =-g (u'c) + D [3 + 3 ¢ + p ¢] + I
2 2 2
yt 3 x 8y Nz
(2.2)

where € and @Jare instantaneous concentration and velocity vector
respectively. s represents the net production rate due to internal
and external sources and sinks to be discussed shortly. The

effects of the transport processes fall into two categories.

The gradient term represents the effects of local fluid velocity

while the second term represents effects of molecular diffusion.



Favd —~
Owing to the turbulent nature of an estuary, both ¢ and u
are stochastic processes each having deterministic and random

parts represented as

X

N
u = u + u

While each of the random variables c¢' and u' may be considered as
having an ensemble mean of zero, the mean of the cross product
(u' ¢') may not be zero. Taking the ensemble average of equation

(2.2) results in a more useful form written as

3¢ = ~g(uc) -y e
3t
2 2 2
+ D[y ¢ + A Tc + ") + (2.3)
2 2 2
3 X oY o 2

Among the simplifying assumptions usually applied to the above
process are
(i) by invoking Fick's diffusion-type approximation, each
component of the turbulent term 9‘ c¢c' may be written as
a linear proportion of the concentration gradient; for

example, in the x-direction

where Ex is the coefficient of eddy diffusion.



(ii) The contribution resulting from molecular diffusion is
several order of magnitude less than that of eddy

diffusion and may be neglected, that is D o O.

(iii) The incompressibility of the fluid and the principle of

conservation of mass result in an approximation

For estuaries where density shows a strong dependence of
salinity and temperature, Boussinesq-type approximation

results in a similar simplification [ 113 ]

Employing the approximations above reduce equation (2.3) to a
form which may represent the distribution of DO or BOD in a three-

dimensional estuarine water quality model

3e = 3[E 3c] * a[E nc] + AIE 3c]

3t 3% 3 x 3y 3y 3z 3z

- - - +

Uy a< Uy ac b,oas T (2.4)
3x gy 3z

Among the sources of DO are natural reaeration and photosyn-
thesis. Reaeration occurs as oxygen transfers from air into water
across the estuary surface. It increases with surface turbulence
[ 3¢ ] and natural mixing of the estuaryi This process may be

represented as

T
s = Ka (C_ -0C)



where Xa is the coefficient of reaeration, G is the instantaneous
DO concentration and Cs is thae DO saturation level of the estuary.
The term (CS ~ C) is often referred to as the DO deficit in the
literature of water quality studies. In general, Ka is temporally
and spatially distributed and may be related to the mean non-tidal
advective velocity and depth as in the following empirical reaera-

tion equation

Ka = constant X (mean veloc:ity)n
(depth) ™
Several authors [ 90, 73, 33, 10 ] have evaluated the

numerical values of the constant and the exponents in the above

formular for several cases of estuaries and streams.

Photosynthesis is a process by which oxygen is transfered
between the water and the suspended algae. This oxygen source
exhibits a diurnal variation with sunlight [ 99 7. and also

increases with temperature and the amount of nutrients agvailable to

the algae. It is represented as P in the sequel.

Among the sinks associated with DO are deoxygenation, nitrifica-
tion, respiration demand and benthal deposit demand. Deoxygenation
is a first-order reaction representing the oxidation of soluble

organic waste. 1t may be represented as



where L is the concentration of BOD. Coefficient of deoxygenation
Kd increases with longitudirnal mixing and bottom growth [ 13 1
Nitrification represents the oxygen utilization for endogenous
metabolism of the microorganism present in the estuary. This
oxygen demand may be significant in an estuary segment subjected

to well-oxidized effluent loading and may be represented by a first

order decay reaction with a time-lag [ 42 ]

Respiration demand (R) results from consumption of oxygen by
aquatic plants for respiration. This contribution varies with
turbulence and available nutrients. Benthal deposit demand (B)
occurs mostly as a result of the diffusion of the anaerobic

decomposition from the bottom deposits.

The source and sink associated with the BOD process are
due to runoff (La) and BOD-removing processes (Kr> which may include

oxidation, sedimentation and flocculation,

All the above transport and reaction processes are included
in the following dynamic water quality model of a three-dimensional

estuary

3L (%, vy, 2, £) = 37 [EK 3 L1 + 3 [EV 3 LT+ 3 [Ez 3 1]
3t 3y X A X 3y ANY 2 3z
- L - L - U L - K L +1L
U .o U, a , D c a
(2.5)
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+ K C + P - R - B (2.6)

Water Quality Model In A Stratified Estuary

In many application problems, two dimensional estuary models
have been considered [ 102, 52, 83, 116 7. Im
addition to easing analysis, this model may represent the water-
quality characteristics of two common estuary types namely
stratified and non-stratified estuaries. Stratification is the
variation of density with depth resulting from salinity instrusion

This density variation influences the tidal velocity distribution

and determines the rate of vertical mixing of dissolved constituents.

Complete vertical mixing characterizes non-stratified estuaries.
Such a system may be represented by a vertically averaged version of
the three-dimensional equations (2.5) and (2.6). This simplication

results in a system of equations

3L Oy, ) =3 [E ALl +3[E 3L
pt N X 35X AV ALY
- U 3L -U »nL-K L+ La (2.7)
X Y r
3 % Ny



3C &, y,8) = 3[E 3C] * 3 [E 3C)
3 t 3 X d X 3y 3y
- C_ C_I - W
Ux?_ Uya Ky L-KC
3 X 3y
+K C + P-R-B (2.8)
a s

The parameter Eh is known as the effective horizontal diffusivity

coefficient and is generally less than the eddy diffusion coefficients

in the three-dimensional model [ 113 7.

Stratified estuaries on the other hand are usually shallow
and exhibit vertical mixing at a rate comparable with the tidal
period [ 123, 101 7. Vertical distribution of velocity and
concentration of dissolved constituents must be represented while
the lateral distribution may be averaged. The lateral averaged

version of equations (2.5) and (2.6) representing the water quality

model in a two dimensional stratified estuary may be written as

3 L (x, z, t) =~é |:Ex s b+ _ﬁ [EZ i
3t X d X Ay Z 5 2
- U 3L - U 3L -K L + La (2.9)
X z T
5 X 5z
A C (x, z, ) = [ Ex > CT 3 [Ez 3 €]
3t 5—; A X B_; Nz
- U xC - U »aC -K, L -KC
T 7 a a



+ K CS+P~R—B (2.10)

Warer Quality Model In A Tidsl River

A one-dimensional model most appropriately applies to the
segment of the estuary that may be considered vertically and laterally
homogeneous. This conditlon characterizes the tidal river where
salinity intrusion is minimum. The mathematical model may be
obtained by spatially averaging equations (2.5) and(2.6) over the

cross section (A) of the estuary. This results in

1 s [A) Lx,0)7=_1 2d[AE 3L]
Ax) 5T A T 3%
-1 _3[AUL] - K L +L (2.11)
A a X
Lo afA) Ckx,0)] = 1 ;[AE 3C] -1 3 [AUC
A > t Ay x 3 X A x

RK.L-X ¢C + K ¢ +P-R-B
d a a s

(2.12)
The longitudinal dispersion coefficient EL results from the spatial
variation in velocity and concentration over the cross section and
is several order higher in magnitude than the eddy diffusion co-
efficients in equations (2.5) and(2.6), {135, 50 7.
Equations (2.11) and (2.12) represent a general form of the model
that has been widely used in the one-dimensional analysis of

estuaries [91,957 .

-13_



The effect of longitudinal dispersion is most pronounced in
the tidal saline segment of an estuary. It is less important but
still significant in the analysis of tidal non-saline segment of
the estuary. However, upstream where tidal effect can be negligible,
the dispersion term may also be neglected in the model. Publication
[ 34 ] shows an analysis of the relative significance of the
dispersion and advective terms in estuaries and streams. Also,
quite often as in the case of the Passaic and Raritan Rivers in
New Jersey upstream is decoupled from tidal effects by dams in

the river.

This approximation reduces equations (2.11) and (2.12) to
the forms which have been used in the analysis of one-dimensional

water-quality stream models namely

3L (x, t) = - l 3 [AUL] - Kr L + La (2.13)
3t A3y X
3C (x,£) = -1 3 [AUC] -K;L-K C
3t A 3 x
+ K _C + P -R-B (2.14)
a s

In many studies, terms P, R and B have been used in the above
equation to represent the daily-averaged values of the photo-

synthetic, respiration and benthal deposits effects in the streams

[ 134 7.
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Steady-State Water Quality Models

The models presented in the preceeding sections represent
the dynamics of polluted esturies and streams including the
effects of the unsteady time and spatially.varying tidal velocity.
Because of the difficulties associated with the analysis of such
models, several investigators have considered modified models

based on different concepts of the tidal velocity.

The works of Ketchum [ 69, 68 1 and Phelps et al [ 112 ]
were based on the concept of tidal prism exchange where a segment of
the estuary may be considered completely mixed within each tidal
period. Stommel [ 127 7] studied the distvibution of concentrations
averaged over a tidal period by considering a velocity term that
represents only the effects of non-tidal fresh water flow.
0'Connor [ 95, 93 ] developed a different non-tidal model
to derive concentration distribution under slack-time conditions in
esturies with varying cross-section. The equations of the models
resulting from these non-tidal advective approximations have the same
forms as equations (2.11) and(2.12) for one-dimensional cases. How-

ever, the interpretations and the values of the parameters and

concentration distributions vary from one model to another.



An estuary model may be considered at steady state when the

concentration distribution does not change from one point in the

tidal period to the next. In this case the derivatives Q_% anqm_'%
3 at

may be set to zero. Under this condition, equations (2.11) and

(2.12) reduce to

}n 3 [A EL _5‘__]3'] —i 3 [AUL] - Kr L+La = 0 (2.,15)
A 3 X 3 X Ay x
l 3 [A EL Py CJ —2‘,——_@ [AUC’_! - Kd L
Ay x 3% A 3 %
- K C + K C + P-R-8 = 0 (2.16)
a a s

A similar form of this model has been used in a case study of the

East River in New Yovk [ 9§ ]

The development of some of the mathematical models employed
in the studies of water quality systems have been presented in
this chapter. Present methods of evaluating some of the variables
and parvameters in the models are discussed in the next chapter. 1In
later chaptevs, techniques are developed and applied for optimum
on-line esgiimation of critical variables and parameters in some

gpecific examples of these models,



CHAPTER I1I

EVALUATION AND MEASUREMENTS OF VARIABLES

AND PARAMETERS IN WATER QUALITY SYSTEMS

A brief review of the state-of-the-art methods of mesasuring
and evaluating some of the critical water quality variables and
parameters, 1s presented in this chapter. The principal objec-
tive is to explore the validity and limitations, in a practical
engineering sense, of some of the assumptions that usually
characterize theoretical and analytical approaches. An under-
standing of some of the aspects of engineering practice is

particularly essential for a meaningful application of an inter-

disciplinary approach, such as this study, to the analysis of

water quality systems.

Determining which variables are the most critical to the
successful management of polluted water systems is a subject of
extensive'debate among researchers in this field [ 2 7.

This is because of the multipurpose use of the water resources

and the variability of the pollutional contents in the municipal,
industrial and agricultural wastes o which a water system may

be subjected. The discussion in this chapter is limited to those
variables and parameters that characterize the mathematical models
presented in the previous chapter. They emphasize the interplay
between the amount of dissolved oxygen (DO) available in a natural
waterbody and the various oxygen depletion processes, which may
include biochemical oxygen demand (BOD), respiration demand for

aquatic plants (R) and benthal deposit demand (B).

-17-



A detailed discussion on apparatus, pretreatment of polluted
water samples, procedures and instrumentation for measurements in
water quality systems, is beyond the scope of this study. Such
information may be obtained from a reference text on Standard
Methods [ 128. ] and from manuals provided by various instrument
manufacturers [ 8 ,48 ,63 ]. The interest here is to delineate some of the
practical features of the multiple measurements estimation tech-
nigues developed in the later chapters of this study. These
include
(i) 1independent measurements of the multiple forms of a

variable

(ii) availability of on-line measurements of certain variables

(iii) measurement error characteristics.

The application of the multiple measurements techniques to
water quality systems is contingent upon the independent measurements
of various forms of the same variable, such as: BOD, total organic
carbon (TOC), chemical oxygen demand (COD) and total oxygen demand
(TOD). The relationships between the various oxygen demands
are explored in the sequel. TFurthermore, a part of the objectives
of this study is to develop an on-line optimum estimation method
that may be integrated into an on-line control of a polluted water
system. Hence, interest also is focused here on the on-line and
off-line methods of measuring dissolved oxygen and the various

oxygen demands. In addition, some of the practical problems

-18-



associated with measurements are discussed. An attempt is made,
wherever possible, to determine typical values of the standard
deviations that may be asscciated with measurement errors. This is
the basis on which measurement variance terms, used later in

numerical examples, are established.

In general, only a few of the parameters that describe che
hydrodynamic gnd biochemical processes in a water system can be
measured directly. Therefore, empirical methods based on field data
of such variables as DO, BOD, temperature and salinity are used.

For other parameters such as tidal velocity and reaeration co-
efficient, empirical formulae based on the physical properties
of the water systems have been developed. The presentation that
follows includes methods used in practice as well as those that

have been applied in recent theoretical and analytical works.

Measurements Of Variables

Biochemical Oxygen Demand .

BOD is a measure of the biodegradable organic content of a
polluted river or estuary. It is determined by recording the amount
of oxygen utilized by organisms for aerobic decomposition and
stabilization of the organic content in a water sample. The
standard laboratory procedure involves seeding the polluted water
sample with a microbial population in a BOD bottle. It is then
incubated in a water bath or a special air incubator, in the dark

- 0
at a temperature of 20 C.
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Figure III-l gives a qualitative illustration of the carbon-
oceous reaction in a BOD test. During the synthesis stage, the
microorganisms utilize oxygen and the orgenic content in the water
sample for energy and growth. The rate of growth decreases with
the amount of nutrient available and may terminate after about
36 hours of incubation. During endogenous metabolism more
oxygen is consumed, however at a slower rate, for the utilization
of stored metabodies and the cell component of dead organisms.
Complete oxidation of the biodegradable organic content in the
BOD bottle may last up to twenty days. The standard BOD measure—‘
ment is the amount of oxygen utilized after five days of incuba-
tion (BODS); oxygen consumed for the complete carbonaceous oxidation

is often referred to as the ultimate BOD (BOD

20)'

Possible causes of errors in BOD measurements.

Among the several factors that may affect BOD measurements

are

(i) vdisparity between the natural and laboratory environments
(ii) seeding
(iii)  nitrification
(iv) toxicity

and (v) human qualitative judgements.



The apparatus and procedure for a BOD test are not conducive to
measurements in the natural environment of the polluted water
system. However, laboratory BOD measurements may not adequately
report the effects of such natural environmental conditions as
turbulence, temperature, dissolved oxygen concentration and
sunlight. Algae for example, if present in a water sample, may
die for lack of sunlight during incubation and the resulting
organic matter may increase the apparent BOD reading. Among the
recent studies of the effects of temperature changes on BOD

reaction is [ 122 7.

Organisms from settled domestic sewage are by standard,
used for seeding waste water samples. However, in the case of a
polluted stream dominated by industrial wastes, organisms taken
close to the waste outfall are used. In some other cases, it
may be necessary to cultivate a special microbiel population
capable of oxidizing a particular waste characteristic. If the
organisms are not acclimated to the waste, a lag results in the
BOD reaction and an error may be introduced into the BOD reading.
Graphical illustrations of the effects of seed concentration and

acclimation are provided in figures (2.6) and (2.7) of [ 38 7

Oxygen demand due to nitrification results from the utili-
zation of the nitrogen content of organic waste by nitrifying
bacteria. This process usually follows the carbonaceous oxidation

process. However, in the case of a stream subjected to well



oxidized effluents, both processes may cccur simultaneously.
The use of polluted river water for seed, therefore, may increase

the apparent BOD measurement.

The presence of heavy metal ions in an industrial waste or
the toxic contamination of dilution water may inhibit the activi-
ties of the oxidizing microorganisms and result in an apparent
decrease in BOD readings. The effect of toxicity on BOD readings

has been studied by [ 87 ]

BOD measurement is an empirical test where the result
accuracy often depends on the experience and judgement of the
analyst to properly identify and pretreat the undesirable com-
ponents of a water sample. Although variocus reagents are avail-
able to minimize the effects of some of the above processes,

BOD is basically a noisy measurement. The variability of the
sources of errors seems to justify the characterization in later
chapters, of the measurement errors as random and zero mean.
Table 219(1) of [ 128 ] in reporting the effect of seed on BOD
readings shows typical standard deviation values of about 5%

of the mean BOD reading. The overall precision of BOD measure-
ment also is given as about 17%. The standard deviation values
used in the simulation of BOD measurements in this study range

from 5% to 207 of the expected measurements.
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The five day delay in obtaining a BOD reading is an unde-
sirable factor in the automatic control of a treatment plant or
a polluted water system. Other forms of ygen demand and their

relationship to BOD are discussed next.

Chemical Oxygen Demand.

Again a qualitative figure III-2 is given to illustrate the
relationships between various oxygen demands. COD measures the
total organic carbon content of a polluted water system, except
for some chemical compounds such as benzene which are refractory
to chemical oxidation. The standard test employs potassium
dichromate with temperature reflux to chemically oxidize the
organic content in a water sample. COD measurement takes about
two hours by standard method; however, other faster methods
based on incomplete oxidation of some of the constituent organics
are available [ 64 1. In addition, a linear relationship has
been observed between BOD and COD readings for some specific

organic compounds [ 44, 114 7,

Possible causes of error in COD measurements.

One of the major causes of error in a COD measurement is
the additional oxidation of inorganic compounds such as ferrous
iron, sulfites and nitrogen. A useful reading, therefore, requires
the proper identification of the constituent pollutants in a water

sample.
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Total Organic Carbon.

As shown in Figure ITII-2, TOC is a measure of the total organic
content of a polluted stream. The test procedure involves the
combustion of the organic content to water vapor and carbondioxide
and the analysis of the latter to obtain the TOC value. By the
wet chemistry method, the water sample is oxidized in acid prior to
combustion and the CO2 output is analyzed using an absorption

train [ 38 7.

The more recent methods involve a high temperature (900 -
100° C) catalytic oxidation of the organic content and the use
of an infra-red spectrophotometer to analyze the resulting CO2
to obtain a total carbon (TC) measure. The inorganic carbon
such as carbonates, present in the water sample may be removed
with acid prior to injection into the combustion tube. Methods
of removing volatile organics are also available [ 120 7.
However; the most recent TOC analyzers contain an additional low
temperature (150° C) combustion tube where only the inorganic
carbon content is removed in presence of acid and again in form
of COZ' The total organic carbon is then determined by taking
the difference between the total carbon reading and the total

inorganic carbon reading.

According to Helfgott et al in [ 3 ] TOC measurement takes
between five to fifteen minutes. In addition, several investigators
also have established a linear relationship between BOD and TOC for

some industrial [ 44 1 and domestic wastes. The ratio of BOD

to TOC values varies with the specific wastes being tested with
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typical values ranging between 1.35 and 2.62 for industrial and
municipal wastes [ 38 ]. The linear function used later in
this study to relate BOD and TOC measurements are based on the

preceding reports.

Possible causes of errors in TOC measurements.

An incomplete removal of the inorganic carbon content of

the water sample by pretreatment may introduce errors in the TOC

3

fere with the absorption pattern of the spectrophotometer [ 38

readings. Also, the presence of anions such as NO may inter-

In addition, the dry phase high temperature oxidation technique

in modern TOC analyzers may not adaquately represent the wet
environment of the natural water system. Furthermore, in formaliz-
ing the linear function between BOD and TOC, the error of linear

approximation should be considered, as done later in this study.

Dissolved Oxygen.

Dissolved oxygen is a measure of the amount of oxygen
available in a stream to sustain the survival and the activities
of microorganisms and other aquatic life. The quality criteria
for various water usage are based in part, on the concentration

of dissolved oxygen.

The methods available for DO measurements fall into two

categories; namely, the Winkler Test and the Membrane Electrode



methods [ 128 ]. In the Winkler Test, the dissolved oxygen in a
water sample is used to oxidize a precipitate of manganous
hydroxide. Upon acidification of the mixture in presence of
iodide ions, iodine eguivalent to the concentration of DO in

the water sample is produced. The amount of iodine produced may
be determined by titration or the use of an absorption spectro-

photometer.

The Winkler Test is an off-line measurement process;
however, instrumation capable of on-line DO measurements are
now commercially available. The recent DO meters are based on the
chemical reduction of oxygen in a solution and its diffusion
across special semipermeable membranes. Two types of DO meters
are available namely, Galvanic type [ 81 ] and the Polarc-
graphic type. In the former, the reduction process causes a
current flow which may be calibrated for the DO concentration.
The polarographic meter employs an external emf (usually .8 v)

for the polarization of the indicator electrode.

Possible causes of errors in DO measurements.

Errors may be introduced into the empirical Winkler Test
by the presence in the water sample, of organic compounds that
may interfere with the oxidation of the iodide ions or the produc-
tion of the hydroxide precipitate. 1In addition, great care is

often required in sampling to prevent agitation and contact of
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the water sample with air, as these may drastically influence

the DO concentration level.

The response of a DO meter is based on the activities of the
oxygen molecules. Therefore, DO readings are very sensitive to
temperature changes and the presence of salinity in the water
samples. Sensitivity of DO meters also has been found to
decrease with age in a comparative study of DO measurement methods
L s4 ]. An accuracy of about 0.1 mg/liter has been specified by

several manufacturers manuals.

Hydrodynamic Variables

Tidal Velocity.

The successful management of a polluted water system requires
an adequate knowledge of the hydrodynamic characteristics of the
system, including tidal velocity distribution and the dispersion
coefficients. Extensive research has been conducted in recent
years on the tidal velocity distribution in several estuary cases.

In general, three different approaches have been applied namely,

[ 55 7
(i) continuity and momentum equation approach

(ii) cubature method

(iii) direct measurement
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Tidal velocity may be evaluated from first principles by the
simultaneous solution of a pair of non-linear hyperbolic first-
order partial differential equations which represent mass and
momentum conservation in the estuary. For a one-dimensional

case, these equations may be written as

b_a.lz_*_aQ:O (3‘1)

3t ax

i
(@&

3+ U+ g3ha + gQQ (3.2)

dt 3% 3% Z_EE—R

where U is the tidal velocity; Q is the flow rate; h is the

instantaneous tidal height; b and A are the width and cross

sectional area; g is the gravitational acceleration and (Ci R)
represents the roughness property of the estuary. Various forms
of equations have been derived by several investigators [ 37 ,
54 ] and the solutions usually obtained by finite-difference
methods, nave been applied to several estuaries [ 126 , 150

3

151 . Field measurements of the tidal elevations at the ocean
boundary and the freshwater flow at the head of the tide region

are usually applied as the boundary conditions in solving

equations (3.1) and (3.2).

If data on the distributions of tidal amplitude and phase
are available, the tidal velocity distribution may be obtained

by integrating the continuity equation (3.1). This is known as the
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cubature method. Analysis based on this method and the assump-
tion of a harmonic tidal flow has been applied to obtain tidal
velocity distributions in a one-dimensional model of the Delaware

Estuary [ 51 ] and a two-dimensional model of the Galveston Bay

[ 116 7

Although the results in [ 51 ] demonstrated that the tidal
velocity in a constant density region of an estuary may not be a
harmonic function of the tidal period, harmonic approximation of

the form

U (x,t) = UF (x) + UT (x) Sin.(&t - F (xi) (3.3)

has been used in many studies. This may provide a useful representa-
tion in analysis, especially when direct field measurements are
available for the freshwater flow UF (x), maximum tidal velocity

UT (x) and the tidal phase F (x).

Tidal velocity distribution resulting from vertical transport
in the salinity intrusion region of a two-dimensional estuary
has been studied in recent years. Experimental data collected
from the salinity intrusion flume at Waterway Experiment Station
[ 52 , 53 ] show a time-averaged tidal velocity distribution
with a logarithmic vertical profile. Similar results were obtained

in a study of velocity profiles [ 123 ]. The results from these
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reports are presented later in Chapter VI and used in a numerical

example of a saline two-dimensionai estuary.

Dispersion Coefficient.

Because dispersion of pollutants is a result of the spatial
variations in the tidal velocity over & cross-section, more
research has been performed on the latter phenomenon. Early
studies on evaluating longitudinal dispersion are represented
by the work of Taylor [ 135 7 and Elder [ 39 ]. Various

forms of Taylor's equation [ 55 ]

B =770 R (3.4)

have been employed to determine the dispersion term EL for a
undirectional flow in a pipe. A modified form of this equation
for an oscillatory flow was developed in [ 54 ] and has been

used successfully to predict distribution in a dye experiment on

the Pomomac River [ 56 IE

However, in general empirical methods are used to evaluate
the dispersion in the natural water systems. Usually, the disper-
sion distribution is obtained by curve-fitting field measurements
of the salinity distribution. The later also may be represented
by equation (2.11) except that the decay rate K = O for a conserva-
tive constituent such as salinity. By this approach, the spatial
variation in longitudinal dispersion coefficient also may be

obtained.



Biochemical Parameters

BCD Removing Coefficient (Kr).

The biological stabilization of the organic content of a
polluted water body may be considered a first-order reaction of
the form

dL
ST B .5
it K L (3.5)

where L is the BOD concentration of the unstabilized organics.

The reaction rate Kr represents all the BOD removing processes
which may include carbonaceous oxidation, sedimentation, floccula-
tion and volatilization. The numerical value of Kr may decrease
along the stretch of a stream as the suspended solids, volatile

organics and flocculants are removed.

Deoxygenation Coefficient (Kd).

Deoxvgenation is the process by which dissolved oxygen in
a stream is depleted as a result of carbonaceous oxidation.

This process may be written as

dc -K . L

== = d

dt
where ¢ is the DO concentration. In the absence of sedimentation
and other non-oxidation processes K, = K

d r
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In practice, empirical methods are employed to evaluate both
Kr and Kd, and data of the DO and BOD distributions under steady
state low-flow conditions are used. The numerical values for Kr
and Kd are computed form best-fit logarithmic plots of the DO
and BOD distributicns. To properly represent the steady state
conditions, ultimate BOD values (BODZO) are usually used in the
analysis, and empirical temperature coefficients to adjust for
temperature changes are applied [ 38 7. A recent study relating

Kd to the reaction rate in a BOD bottle test is contained in

[ 13 7.

Reaeration Coefficient (Ka).

Reseration coefficient may be computed from the empirical
reaeration equation presented in Chapter II. On the other hand,
it may be computed directly from BOD and DO data by the curve-
fittingvmethod. Among the recent studies using the latter

method is [ 30 7.

Sources and Sinks.

Photosynthesis has been shown to be representable by a
summation of diurnal harmonic function [ 99 7. The coefficients
of each harmonic may then be evaluated by applying the curve-

fitting method to field data of DO taken on a diurnal basis.
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It may also be evaluated from chlorophyll measurements in cases
of isolated algae region. Respiration and benthal deposit rates
may also be computed by the curve-fitting method tied in with

bottom deposit respiration methods

Application of the curve-fitting method in most of the cases
above require a proper identification of the regions along the
river in which each process dominates. In addition, the evaluation
is an off-line process and numerical values often represent steady
state stream conditions. The reliability of such determination
is not considered very good, and, thus Environmental Protection
Agency, Region II Headquarters refused to release such information
to Dr. Perlis. 1In Chapter VIII, on-line estimation
for some of these parameters is developed both for steady and non-
steady state conditions. A review of measurements and parameter
evaluations in water quality systems has been given in this
chapter. Some of the practical features in measurements that
have been discussed in the preceding, are incorporated in the

developments in later chapters.

-35-



CHAPTER IV

SOLUTION TECHNIQUES OF WATER QUALITY MODELS

In later chapters, algorithms are derived to optimally
estimate the state profiles and parameters in some water quality
models. This development requires the solution of equations
similar to the parabolic partial differential equations presented
in Chapter II. In addition to presenting the solution technigues
used in this study, this chaPter includes a brief review of tech-

niques that have been applied by other investigators.

The solution techniques for water quality models fall into
two broad categories namely
(i) analytical close-form approach

(ii) numerical approach

Analytical approach was used extensively in early pollution
studies of stream models such as the classical Streeter-Phelps
equation [ 131 7. 1In more recent studies O'Connor (96,987
and Thomann [ 141 , 140 , 138 » 139 7] have applied
different analytical solution methods to steady-state water
quality systems segmented into reaches in which the physical

hydraulic and reaction rate parameters are constants or well

defined.
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Time-varying analytical solutions have been derived mostly
for simple one-dimensional systems subject to slug or constant
load at the boundary. Such a solution is used in the measurements

projection scheme presented in Chapter V.

As the time and spatial variations in parameters and inputs
are included in a model, analytical solutions become complex,
impractical and in most cases unavailable. In these cases, various
finite-difference approximation techniques have been applied
using high-speed digital computers [41, 156, 36 7.

Analog [ 94 7 and hybrid computers [ 147 , 133 7] also have

been applied in some case studies.

For the stream and estuary cases considered in this study,
the explicit-finite difference method was used. The problems of
stability and boundary conditions associated with finite-difference

methods are also discussed in this chapter.

Analvtical Solutions

Continuous solution approach to steady state problems.

The solution to the steady state DO and BOD equations in a
one-dimensional, constant parameter tidal river presented in

equations (2.15) and (2.16) may be written as
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L (x) = Lo el 4.1)
C (x) = - kd Lo Lejlx h eJZXj + Co ed2%
ka - kr
F(C + ) (1 - el2F) (4.2)
Ka
where j1 =u L/ 1+4 krE ] (4.3)
2E oz
j2=£1_ﬁ ri ?*:‘/1+4kaE ] (4 .4)
2E —
u
The minus signs in the j terms apply to regions x > 0.
In general, each equation may be written in a form
C (x) =4 el + 5 8 (4.5)

where g‘is the corresponding j term for x « o. This last equation
applies to segmented reaches of a river or estuary at steady state,
and the complete concentration profiles is obtained by matching
appropriate boundary conditions This method developed by O'Connor
[ 92 7 has been applied successfully in the analysis of the

Delaware Estuary [ 98 ] and the East River in New York [ 96 1.



Finite section approach to steady State problems.

This apprcach developed by Thomann [ 138 ] may be con-
sidered a subset of the finite-difference method discussed in
the sequel. Rather than applying an analytical closed form
solution, this method approximates the differential equations

between the segments. The basic equation relating the para-

meters and concentration distribution of a pollutant L in three

adjacent well-mixed river segments i - 1, 1 and 1 + 1 may be written
as
\ { = + (1 - L,
Ji dii Ql 1,1 [ai - 1,1 L -1 ( Xy - 1,1) i ]
dt
) Qi, 1+1[@i,1+11‘1 + a,i+1)Li+1]
El L - L7+ El L L
i - 1,1 [ i-1 i] i, 1+ l»[ i+l - i—l
-k V. L, (4.6)
T i i
where Vi is the volume of segment i, Qi o1 is the net flow and
-1 is a dimensionless mixing coefficient between segments
i -1 and i. Coefficients Eli o1 is defined as the bulk

3

dispersion and differs in value from the longitudinal dispersion

term discussed Chapter II.

Applying this method to a steady state problem reduces the
system differential equations to n simultaneous algebraic equations

where n is the number of segments. This method has the advantage
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of coping with systems with spatially varying parameters. This
approach has also been extended to solving time-varying problems

[ 104 7.

However, the emphasis in this study is an on-line estimation
which requires transient solutions as well. Therefore, the pre-
ceding steady state methods were used only in the preliminary

stages of this study.

Real time solutions.

In general, complete closed-form solutions including the
transient response are not available for many practical problems
in water quality analysis. However, when available for simple
cases, they provide a valuable tool for verifying the accuracies
of solutions obtained by other approximations for more complex
problems. The presentation here is limited to the two types of
real time solutions employed in the measurements projection

schemes uveveloped in Chapter V.

Feor the constant parameter, one-dimensional stream with
negligible dispersion considered in Chapter VII, the state

equations of the BOD and DO profiles may be written as in (2.13)

and (2.14)
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A C (x,t3 = -3¢C (x,t) - Kr L (x,t) - ka C (x,t)
At X
+ C + .
ka S P (x,t)

Using solution method of characteristics r 33 , 71

1, the
response of the homogeneous system to an initial condition at

(xo, t ) may be written as
o

V (x,t) =& (t, to) v (xo, to) (4.7)
— k
where e 1 (t—to) 0
¢ (t, to) =
- Ky e~ K (o8 e T g (E°E,)
k -k
a r
e kg (B7E)T
.
x (£ = x + U (t-t ) (4.8)
and
V (x,t) =lL (x,t) (4.9)

The solution is along the

of the variables %, t, X

The foregoing solution is

characteristics X to and only three
and tO may be specified independently.

used later in Chapter V to project

an off-line noisy measurement taken at point (xo, £ - T) to an

on-line estimation point (x , t).
m
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The responses of BOD distribution to a slug input in the
specific estuary cases to be treated later are now presented. The
differential equation describing the BOD distribution in a well-
mixed one-dimensional estuary with constant dispersion and decay termsv

is written as

IS r

3L (x,£) = E BLL - U (x,t) 3 L -k L
— —
3t 3 X X
Under steady flow condition, U may be assumed constant and the
transient response of the system to an instantaneous load W (1b/ area)

released at point (xo, to) may be written as

2
L (x,t) = W exp [-a_ - c]
I - : N
J T E (£t ) Lk (tor)

where

a = (x - Xo)—Uff(t-to)

= ¥ < -
b iE (coswt coswto)
‘W

c = kr (t—to) (4.10)

In the tidal region of the estuary, the velocity U(x ) may be
3
approximated by a harmonic functionm
=U_+ U i
U(x,t) ¢ Lt S in wt (4.11)

Under this condition, the transient BOD response becomes [ 55

—t
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2
L{x,t) = W exp {*[(x—xo) - Uf (t-to) + Ut(coswt—coswto)}‘

./ 4nE(t-to) 4 E (t-to)

- kr (t-to)} (4.12)

Similarly, BOD distribution in a two dimensional estuary may be

represented as

3 L (x,z,t) = Ex 52 L + Ez AZ L - Y 3L (4.13)
3t 3% BZZ 5 x
) Yx,z,t)é_f T b
3 z

In the specific example treated later, a one-dimensional flow is

assumed

Vie,z,e) D0

Although spatially varying tidal velocity U(x,z,t) also is con-
sidered, it suffices for the purpose of this presentation to
assume a spatially averaged velocity of the form in equation
(4.11). The transient response of the two dimensional estuary

under the foregoing conditions to a slug load W (1b/ depth)

may then be written as [ 55, 156 ].

L (x,z,t) = W exp {—[a + b12 - [z ~zo}2 - c $

4rr(t-to) ./ E.E,

4E_(t-to) 4E_ (t-to)

(4.14)
where a,b, and ¢ are defined in (4.10)
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The transient responses in equations (4.10), (4.12) and (4.14)

are programmed to project off-line BOD measurements taken at a general

3 3

point (x , z , t ) to an on-line estimation point (x z £).
o o o m’> “m

Finite—Diffgrence Techniques

Availability of high speed and large memory size computers
has increased the application of finite-difference solution
techniques to water quality problems. Basically, finite difference
representation of a partial derivative is a truncated Taylor series

approximation.

In this study, temporal partial derivatives are represented

using a forward difference formulation

v
[
~

x,6) = 1 [L - L
= X Xttt ok

(4.15)

Y

and spatial derivates are represented using a central difference

formulation

3 LG, - Py [Lx + Ax,t Lx - Ax,t] (4.16)
3 X e

2 - _ p
3° L (x,t) 1 - [LX +oax.t ZLX, c + LX ) Ax,tw (4.17)
3 X (aAx) ™

AX and At are the spatial and temporal grid increments.

When the finite-difference representation of a differential

equation is such that the value of a variable L is
x, bt + At

expressed only in terms of its values at a previous time step
L (x,t), an explicit finite difference formulation results.

However, when the values of L 3 at various spatial points

(x, T + At

are related in an equation, an implicit formulation results.
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The explicit finite difference formulation was found appropriate
for the on-line state estimation schemes developed in this study.
However, the implicit finite difference methods have been applied

in other water quality studies such as [ 156 ].

In the following, the explicit finite difference equations
of some specific estuaryconditions are presented For an example of
a one-dimensional well mixed, non-saline estuary system with con-
stant dispersion and decay terms, application of (4.15), (4.16),

(4.17) to (2.11) and (2.12) yields.

Lx, £+ 1 E_é_§ [Lx + 1.t 2Lx,t * Lx-l,t]
(Ax)
) Ux t AL [ x + 1.t L ]
e x - 1,t
2 A X
- 4,
AL Kr Lx,t + Lx,t (4.18)
Cx,t +1 Eact r-Cx + 1,t Zcx,t * CK-l,tJ
2
(Ax)
- U AL
LB S p e - % 1]
2 A X
- + - )
Koat Lo LN C, o)
+ £ 4,19
& Px,t * Cx,t (4 )



For the two-dimensional stratified estuary system treated

in Chapter IX, the explicit finite difference representation of

equations (2.9) and (2.10) beccme

= E At
+ X - 2L + L
X>Z>t 1 e 5 [ x + 1,Z,t X,Z,t X - l,Z,t_l
(Ax)
+ -9
Ez AL [Lx,z + 1,¢t *Lx,z,t + Lx,z - 1,t1
(pz)?
) Ux,z,t at Tk o 1,z,t Le - l,z,t:_l
2AX
- K +
At r Lx,z,t Lx,z,t (4.20)
and
= E t C 2
x,z,t + 1 x B [ X + 1l,z,t “C\,z,t * C\ - 1l,z,t]
2
(Ax)
+ E t
z B [Cx,z + 1.t 2Cx,z,t M Cx,z - 1,t~|
7
(nz)

x + 1l,z,t Cx - l,z,tw
2A%
- t K L + K t (C -
A r X,z, al ( S ¢ ,z,t> + C
X,z,t
(4.21)
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1

where a one-dimensional tidal flow in the x-direction is assumed and

the photosynthetic and other zero-order sources are neglected.

Boundary Conditions and Stability Requirements

Stability criteria.

A major problem that may plague a finite difference computa-
tional scheme, if care is not exercised, is the instability of solu-
tions resulting from uncontrollable anpli fication of numerical
errors. These errors are usually introduced by the finite-
difference approximations of the system differential equations and

inappropriate initial and boundary conditions.

Avoidance of this problem was crucial to successful develop-
ment of the computer programs used in this study because
(i.) The distinct effect of simulated measurement noise was

being investigated.

(ii.) On-line parameter estimates based on noisy measurements
might violate the stability conditions especially during
the initial time steps of an iteration scheme.

Care had to be taken, especially in the study of the two-dimeunsional
estuary with non-linear distributed tidal velocity (Chapter IX) to
ensure that the maximum expected parameter estimate errorssatisfy

the stability criteria.
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Leendertae [ 78 ] and Lily [ 80 7 have presented detailed
analysis of stability problems in finite difference solutions of some
mass transport equations. Dresnack and Dobbin [ 36 7 have also
developed a two-step explicit method by which the convective
process 1s operated in one-step and the the dispersive and other
processes are operated in the computation of distribution profiles

in a tidal river.

The preceeding methods guarantee that the coefficients of
the individual concentration in (4.18) and (4.19) are positive. The
positiveness of the coefficients has been chosen as the basis for
establishing stability criteria in this and many other studies

[ 156].

Applying this conditionsto (4.18) and (4.10), yields

Eapat - Upat >0
(ax) 240X
and
-2Ept - AtK +150
<AX§2_

from which the stability criteria for the one-dimensional tidal

estuary are derived as

X< 2 E :
& x< = (4 .22)

2
At (pox)

2
2E + (px) (K> KT max
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§ is the maximum tidal velocity and [K , K ] is the larger
max . r’ a max

of the two decay rates which usuglly is K .
a

For the two-dimensional estuary with zero vertical velocity,

the stability criteria become

AX < 2 E. (4.24)
U
max
and
2 2
At< (ax)~ (pz)
2B ()t + 2 E 2Lk K )2 2
x O ” (Ax) [ a rwmax (ax)” (pz)

Boundary conditions.

The central difference formulation employed in this study
allows computation of concentrations only at the internal points
of the spatial-temporal grid. Conditions that satisfy the appro-
priate transfer processes at the boundaries are required for
compléte,solutions. Several methods of extrapolation of solutions

at the boundaries of finite difference grids have been investigated

by 156 7.

In this study, upstream boundary conditions are assumed to
be determined from measurements and are implemented in the sequel by
the addition of simulated random noise to a specific boundary
value. The grid downstream boundary conditions are readily

established for the case of a stream with negligible dispersion.
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It is known from the behavior of the physical system that steady
state conditions are reached shortly after the time required to
flush the stream reach has elapsed, that is at

t > ss
U
where ss is the length of the reach and U is the velocity of flow.
It is sufficient, therefore, to choose a grid with a downstream
boundary located a few grid points beyond the physical boundary
of the reach. By this technique, an arbitrary downstream boundary
condition may be assumed without introducing errors into the

computation. This approach has been successfully applied in

{36 7.

The time 1t takes a solution to reach essential steady state
in a dispersive-advective system depends on the relative values
of the coefficients. If the coefficients are known, it is possible
to determine the size of the grid required such that arbitrary
boundary conditions may be applied as mentioned above. A system
with comparable effects of the dispersive and advective terms may

require a very large grid to satisfy this condition.

An alternative approach is to approximate the value of the

solution at the boundary of the grid by linear extrapolation of
the values at adjacent internal grid points. In this study an

approximation of the type
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L, =2 L - L

/
xf, £t + 1 xf - 1,6 + 1 xf - 2,t + 1 (4.26)

is used, where Xg is the downstream boundary of the grid.

For the two-dimensional estuary considered, it is assumed
that no transfer of pollutants occurs across the surface or the
bottom of the system. This is a common assumption in the analysis
of water-quality systems, although the gradient of dissolved oxygen
concentration at the bottom has been equated with benthal demand
in some cases [ 1 7. The extrapolation approximation (4.26)
is applied in this case where benthal deposit is negligible,
to determine the solution values at the surface and boundary

grid points based on the generated values at the internal points.

This chapter has presented a review of solution techniques
applicable to many water-quality systems. In addition, the finite-
differencs and real time solutions of some specific models to be

treated in later chapters have been developed.
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CHAPTER V

MULTIPLE MEASUREMENTS AND ESTIMATION THEORY

IN WATER QUALITY MODELS

Muld:discipiinary approaches have been applied in recent years to

the problems of modeling, analysis and control of polluted rivers

and estuaries. In addition, improvements in instrumentation design
have advanced efforts towards the automation of waste water treatment

plants and on-line control of polluted water systems.

As part of the contribu£ions of this study, estimation theory
developed and normally used in communication and control systems
is extended in this and subsequent chapters to water quality
systems. Multiple measurements techniques are developed and
applied to obtain Kalman type filters for optimum state estimation

in a class of distributed systems.

The overall objective is to derive optimum on-line estimates
of biochemical oxygen demand (BOD) and dissolved oxygen (DO) con-
centration profiles in polluted streams and estuaries. The
special techniques developed emphasize those features such as

model structure, measurement procedure and cost functions which

may be unique to water quality systems.

There are several motivations for applying filtering theory
to problems in water quality systems. Because of the turbulence

in a natural water body, mass transport and distribution of
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dissolved pollutants are inherently stochastic processes. Although
deterministic models are often used in water pollution analysis,
stochastic models have been developed and applied in some cases

[ 121 29 131, 144 7. As the stochastic modeling of
these systems expands, so will the importance of stochastic

estimation and control theory in water quality application

problems.

Random instrument noise is another factor suggesting the
application of filtering theory in water quality analysis. For
model verification, important parameters such as the dispersion

and reaction rates coefficients cannot be measured directly. In-

stead they are derived analytically from measured distribution of
such variables as BOD, DO and salinity (Chapter III). An in-
strument subject to strong winds, currents and other adverse
environmental conditions or an analytical 1aboratory measurement
proceduré subject to human qualitative judgments may produce
random results. Without a proper estimation approach, this may
produce serious errors in subsequent computations and analysis

based on the noisy measurements.

There are two types of water quality standards namely stream
standards and effluent standards [ 38 ]. Stream standards

establish the allowable threshold values of such variables as

dissolved oxygen based on the intended uses of that segment of
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the water system. It is desirable to apply a filtering technique
in monitoring these variables to ascertain that established standavds
are not violated. This is particularly important because of the

stochastic ngture and the sensitivity of the pollutant distribu-

tion to density and temperature changes.

In urban areas, several municipal and industrial complexes
use the same river or estuary as receiving water for their wastes.
The establishment of an equitable policy for the allocation of
loads and degree of effluent treatment among users requires the

knowledge of the on-line response of the river to the various

loads.

In addition, considerable research has been conducted by
Perlisand associates [ 108 , 109 7, Tarassov et al [ 134 ]
and Thomann et al [ 141 ] on optimum control of polluted water
systems. An on-line adaptive control scheme obviously requires

on-line o.timum estimates of the state profiles as inputs.

Although the foregoings are sound arguments for applying
filtering theory to water quality analysis, these systems present
some unique problems. The dynamics of DO and BOD are coupled
in one of the state equations, however, the variables are not

measurable at the same rate. Instrumentation is available for
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measuring DO concentration in a matter of minutes, hence DO
monitoring may be considered an on-line process. On the other
hand, the measurement of BOD requires a laboratory process of
seeding and incubation of water samples which may take between
five to twenty days. This delay in BOD monitoring obviously
creates a handicap to conventional on-line estimation or

control techniques. 1In addition, water samples for BOD measure-

ments are usually taken at several hours intervals in practice.

Other forms of oxygen demand such as chemical oxygen demand
(COD) and total organic carbon (TOC) have been established to be
functions of BOD concentrations for specific streams and under
certain conditions. Whenever available measurements of such
variables provide addition information on BOD distribution with a
particular advantage that they can be measured relatively fast.
TOC which for a particular water body under fairly steady load
is known to be approximately a linear function of BOD can be

measured in a matter of minutes [ 40 » 114 7] and may also be

considered as an on-line process [ 49 IR

One aspect of the multiple measurements theory developed in
this study concerns the optimization of the various weights
(filters) to be associated with both the noisy on-line DO and TOC
measurements and the off-line BOD measurements to obtain an on-

line estimation of BOD and DO state profiles. This subject is



covered in Chapters VIII and IX for stream and 2stuary models.

Water quality variables are generally distributed both tempor-
ally and spatially. However, instrumentation capable of making
distributed measurements are nct available. This leads to the
question of spatial location of measuring instruments. Another
contribution of the study is the development of a comprehensive
theory for determining the optimum monitoring stations in a class
of distributed parameter systems. This theory based on statistical

experimental design techniques is applied to examples of estuary systems

in Chapter VI.

A special method is required for the combination of various
types of measurements available at different sampling rates. In
the third section of this chapter, a unique method is presented by
which off-line BOD measurements may be projected to the time of on-

line estimation for specific stream and estuary systems.

The cost function to be optimized in the estimation develop-
ments is presented in the fourth section. The function is formulated
to represent realistic engineering cost considerations in water
quality analysis. It includes the variance of the estimate errors
which represents the costs of uncertainties in estimates and an
additional term representing the costs of making observations
(instrument cost, labor and so on). However, before these considera-
tions, a brief review of pertinent prior work on estimation theory
in lumped and distributed systems and earlier applications of the
multiple measurements concept are presented in the next two
sections.
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Estimation Theory In Lumped Parameter Systems

Steady state lumped systems.

Wiener [ 153 ] pioneered the procedure of designing an
optimum, physically realizable filter to extract and predict a
signal from a continuous stationary noise-contaminated measure-
ment. The predicting process is summarized in figure V.1 where
s(t) is the true signal which is contaminated by a random noise
n(t) in the measurement y(t). The desired output signal s¥*(t)
is a known function of s(t) where H(p) and h(t) are the frequency

and impulsive respomses of the ideal predictor.

Owing to the random noise and in some cases physical unrealiz-
ability of the ideal predictor the actual output signal estimate
@(t) contains an estimate error ¢(t). K(p) and k(t) are the

frequency and impulsive responses of the actual filter.

Wiener's development based on the minimization of the
ensemble variance of the estimate error e¢(t) yielded a linear
filter of infinite memory. Later investigations by Zadeh and
Ragazzini [ 157 ] produced a more practical finite-memory
optimum filter. Franklin [ 45 ] and Lees [ 79 7 similarly
developed infinite memory and finite-memory filters for noisy
discrete measurement processes. Among the other early applications

of Wiener's theory were the processing of an analog signal from

S

noisy digital measurements 89 ] and the use of spectial

factorization to develop Wiener-type linear filters for multi-

varible systems [ 67 1.



Random Noise

n(t)

Measurements K(p), K(t) Actual Output
—§ + {(p), k(t -
5(t) L/ y(t) Signal Q(t)

Actual Predictor

Estimate Error

O—

e(t) = s*(t) - /s\<t)

Desired OQutput
Signal s*(t)

Ideal Predictor

FICURE V-1. Prediction Process in Wiener's Theory
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The definition of multiple measurements technique in this
study is the use of noisy independent measurements of related forms
of a signal for the optimum estimation of the signal. From this
point of view one of the earliest estimation problems involving
multiple measurements was by Bendat { 8 ] wherein the author
extended Wiener's procedure to obtain linear time-invariant
filters for the optimum filtering of two related signals.
Bendat's problem is summarized in Figure V.2 where yl(t),
y2(t) are independent noisy measurements of signals sl(t),
sz(t) which are related through the response function F(p).

The figure shows the process for the optimum filtering of signal
A

sz(t) using the Wiener-type optimum filtered estimate sl(t).

Chang [ 19 ] solved a similar problem using the wethod of

spectral factorization. The above multiple measurement techniques

have found application in missile guidance systems [ 130 ]

where simultaneous measurements of position and acceleration were

used to ﬁinimize the position deviation of a load of primary

inertia.

Hung [ 61 , 60 7] derived equivalent filters for discrete
noisy measurements having different sampling rates and from a
combination of continuous and discrete noisy monitorings of the
same signal. His results are useful in trajectory tracking where
it may be necessary to reduce the load capacity of a processing
digital computer by taking analog and digital measurements in

parallel.
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s(t)

F(p)

B(p)K(p)E (p)

K@) L (p)

FIGURE V-2. Summary of Bendat's Multiple Filtering
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Dvonamic Lumped Systems.
Y

Often, the form of a signal is known only through a model of
the differential equation describing its dynamics. State estima-
tion in lumped dynamic systems was initiated by Kalman [ 65 1 in
deriving finite-time optimal filter for linear systems with noise
stationary neoises. Kalman and Bucy [ 66 ] extended a similar pro-
cedure to discrete-time linear systems with Gaussian white noises.
These two pioneering works utilized a Bayesian approach of estima-

tion and have set a framework for numerous later investigatioms.

Extensive literature is available on recent developments in
estimation theory; éne comprehensive reference textbook is by
Sage and Melsa [ 118 7. A detailed review of estimation theory is
not the interest of this study, suffice to say that various classes
of problems have been studied including
(1) linear systems [ 65, 66, 26]
(ii) mnon-linear systems [32, 132 ]
(iii) time delay systems [ 15 ]

and (iv) stochastic systems [ 58, 155 ]

with various tvpes of system and measurement noises among which are

(1) Non-Gaussian noises [46 ]

and (ii) State-correlated noises [17].
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For non-linear systems an optimal filter is generally infinite-
dimensional. Some investigators have achieved more practical

finite-dimensional filters by utilizing some of the following

approximations

(i) Taylor series expansion [ 5 ]

(ii) Stochastic linearization [ 57 1 [ 119
and(iii) quasi-linearization [ 132 ][ 21 1.

The existing approaches to estimation problems in dynamic

systems include
(i) minimization of the mean square error [ 124 ]
(ii) minimization of integral weighted square error [ 32 ]
(iii) minimum variance method [ 20 ] [ 4 ]
(iv) Bayesian approacy [ 65, 66, 58]
(v) - optimal control theory [ 4, 77 ]
(vi) characteristic function approach [ 143 ]

(vii) orthogonal-projection lemma [ 142 ]

and (vii) Fokker-Plank equation approach [ 144 ]
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The procedures of solving the derived filtered equation may
include

(i) analytical solution [8 ]

(ii) numerical analysis method [ 86 ]

and (iii) dynamic programming [ 26 ]

Most of the preceding publications have developed estimation
schemes based on noisy measurements of only one form of the state
vector. From the point of view of this study, multivariatemeasure-
ment vectors and discretized measurements of the same form of the

state vector are considered special cases of single measurements

techniques.

Very few researchers have actually applied the techniques of
multiple measurements or provided precedures adaptable to multiple
measurements concepts. With a shaping filter a system having state-
correlated noises (colored noise) may be réduced to an augumented
system 1n which all measurements either contain additive white
noise or are noise-free. Bryson and Johansen [ 17 7 using a

matrix partitioning method have estimated state vector from such

a mixture of measurements.

Chang [ 20 ] developed an algorithm for state vector
estimation based on noisy discretized measurements. At zero
limit of the time interval, the algorithm reduces to a filter
for continucus measurements. A combination of both resulcs

yielded a state filtering algorithm based on multiple discrete and
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continuous measurements of the state vecter. This particular
paper represents a good application of the multiple measurements
techniques and sets a basis for the theory developed in this study

for distributed parameter systems.

The theory of multiple measurements has been applied in some
cases of real engineering problems. For a class of linear augmented
system representable by a steerable antenna control system Perlis
[ 106 ] used the spectral factorization method to develop sub-
optimal filters based on continuous and discrete noisy measurements
of the same signals. Also, Mehra [ 86 ] has applied a similar
multiple measurements approach to parameter identification in an
aircraft using noisy measurements of the state vector and its

derivatives.

Estimation Theory In Distributed Parameter Systems

ngfestas and Nightingale have contributed significantly to
the literature on estimation in distributed systems. In [ 142 1,
optimum state estimate in a class of distributed system was
derived from noisy distributed (spatially and temporally)
measurements. The estimate, formulated as a linear transformation
of the measurements, was obtained by utilizing an orthogonal-
projection lemma technique. A characteristic function approach

was applied in [ 143 7] to a similar problem to obtain results
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for state-correlated noises, Another publication [ 144 ] by the same
authors considered a Bayesian maximum likelihood approach to the
filtering problem in non-linear distributed systems. Differential

dynamic programming was applied to solve the filtered equations.

An important limitation of the preceding studies is the
assumption of distributed form of measurements. In practice, as
in the case of water quality systems, distributed measurements are
not available. Meditch [ 85 7] coped with this difficulty partially
by considering a scanner-type measurement which is only distributed
in time. Thau [ 136 ] has considered a more practical scheme
where measurements are taken at a point in the spatial domain. The
results of the work have been further developed in this study to
include cases of multivariate systems with several monitoring
stations. 1In addition, the problem of the optimum number and the
optimum spatial locations of monitoring stations considered by
Pell [ 103 7, Seinfield [ 125 ] and Perlis [ 107 ] is studied

with a comprehensive approach and presented in detail in Chapter VI.

The preceding sections have presented a review of the status
of estimation theory and multiple measurements application in prior
works. In the next two sections, the measurements projection
schemes and the cost functions to be employed in the development
of the multiple measurements techniques in this study arve pre-

sented.
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Off-line Measurements Projection In Water Quality Systems

Application Eo a stream model.

A special scheme is required to properly utilize off-line
measurements in an Optimum on-line estimation or control problem.
In the following, measurements projection techniques developed to
project an off-line BOD measurement to the point of on-line

estimation in a specific stream model, is presented.

Figure V-3 shows the definition of the time variables emploved
in the development. For a specific stream or estuary system, the

approximate linear function relating TOC and BOD concentrations is

represented by
TOC (x,t) = TG * BOD (x,t) + TIN (5.1)

where TG is the slope and TIN is the intercept. Numerical values
for TG and TIN depend on the characteristics of the pollutional
load to -vhich the stream or estuary is sub‘jected and, therefore,
may varyrif,or different streams or over different reaches of the same
stream. These constants may be evaluated from the readings of the
values of TOC and BOD in a particular segment and under steady
state and steady. load conditions. Typical values for TG range

between 1.55 and 2.55 [ 44 , 40 , 114 -

The set of TOC and DO readings taken on-line at point

(x . ..) i3 then represented in terms of the state vector as
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FICURE v~3, Definition of Time Variables for Delayed Measurement Projection



where T is the on-line sampling period which usually has a range from
a few minutes to a few hours. The first component of Y is the re-
sult of substracting TIN from the TOC readings. The measurements

noise vector £ ( i T) is represented as a zero mean white noise with

a variance term
T
E{i(iT)i (iT)}zR. (iT)
N — . -—-l

51 (i T), the noise associated with the TOC measurements repre-

sents the lumped effects of both the linear approximation and the

instrument errors.

In practice, water samples for BOD measurements are taken at
several hours interval. This rate is shown as T1 in Figure V.3

where for convenience T1 is considered to be an integral multiple

of T. In addition, there is a fixed time delay, TD before the
values of BOD readings are obtained. or an on-line estimation or
control analysis it is desired to write the delayed measurements

taken at (xD j Tl - TD) in terms of the state vector values

at the -"on-line estimation point (x , j Tl).
m

The delayed measurements in terms of the state aector value

at (XD, jT, - TD) is represented by
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T (x 3T, - T.)

= > 3 - J ] -
= Vo 1 p? T G JT - T VoG, 3Ty - Tp)
+ ' - 5.
7 (31, T,) (5.3)
for JT,>T, and j = 1,2,3, ---

1 D

where vector T includes off-line BOD and DO (added for symmetry of

vector representation) readings. Again, the noise element is con-

sidered zero-mean white type with variance
. T . 1. -
el Grp 2t Grplen G

The expected value of the state vector from (5.3) becomes

(<<l

(xp> 3Ty - Ty) =0 Gy 3T - T) I (x

By substituting in Chapter IV

to='t-(x—xD)

U
from (4.8)into (4.7), it follows that for a stream with negligible
dispersion, the current state profile V (x,t) may be written in

terms of its previous values at Xy as

V Ge,t) = ¢ [, € - (x - XD) 1V [XD’ t - (x - XD) (5.4)

u U

At (xm, j Tl} equation (5.4) vyields
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VO, 3T =8 (3T, 30y - (- TU Dy 3T 0 (g - %)

U U
(5.5)
If X is chosen such that
x = X, + U TD’ then (5.5) becomes
. . - . ors ) o . ~ s 6
V&, ] Tl) 8 ] Ty d T, -1,V [xD, j Tl T, (5.6)

Similarly, the expected state vector V (xD, i T, - TD) from the

1
delayed measurements in (5.3) may be projected to (Xm, j Tl) using

(5.6) as follows

= -1
o = A . : - . o - " s _ T
Yo » 3T 3[3 T, 3T -T00 [xD, it TD] T ¥y, 37 D]

(5.7)
Substituting (5.3) and then (5.6) into (5.7)
v o 3 TP =0 &, 1)+ 5 (37, 51y - Ty ] g"l (xD, 3T
n (31 - 1)
The above is rewritten as
2 (x, 3T =0GT)Y (s 3T + 0 (3 T)) (5.8)

for j T1 > TD j=1,2---

Where for the above assumptions M (] Tl) = 1 (unitary matrix)
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The noise is still zero-mean

P GIPp=4 2GT -1 (5.9)

with a variance

il
o=
=
—~
e
3

{ A T .
E{p 31D o (1))
— J

where

A=e (T, T - T (5.11)

-1 .
1 " Ty @ [xps 3T - T

1~ o]

Thus, the delayed measurements represented by (5.3) may now be

represented on-line as formulated in (5.8). At i T ¢ j T,, only

l)
one set of measurements is agvailable to the on-line estimation
scheme as represented by (5.2). However, at 1 T = j T1 both sets

of measurements (5.2) aand (5.8) are available and may both be used

as on-line measurements.

Application to estuary models.

It oy be observed by comparing (5.3) and (5.8) in the pre-
ceding de;’elopment that the projection scheme results in the modi-
fication of the noise component through an operation of the
impulsive response 2 (] Tl, ] T1 - TD). The contributions at
(xm, i Tl} of the errors in the delayed measurements have the same
effects as instantanecus initial conditions imposed on the system
at (XD, j Tl - TD). This result is very useful in that it may

then be extended to the estuary models in which the impulsive

responses are known,
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In the following, only the projection of off-line BOD
measurements are considered because of the complexity of the DO
impulsive response. BOD distribution responses to slug inputs
have been derived for various cases of estuary conditions in (4.10),

(4.12) and (4.14). Equation (4.10) may be rewritten as [ 55 ]

L (x, t) = LO u g (x, t; x_, t ) (5.11)

o]

where LO is a reference initial concentration

A is the cross-sectional area of the estuary and ¢ is a transi-

tion function

( B Y
5 (x,t5 x_, £ ) = _____l_____' exp - [(x-x ) - u (¢ )]
J ot E(E -t 4E (¢t -t)
SR (- J (5.12)
If the delayed BOD measurement, taking at a point (xp, J Tl - TD)’

is represented as

T(XD,JTl—TD)=L(XD,JTl—TD)+n(XD,JT1—I‘D)
(5.13)
it follows from equation (5.8) and (5.13) that the corresponding

on-line representation at (xm, 3 Tl) becomes

. - .. .o A
Zl (Xm: ] Tl) L (Xma ] fl) + Ol (J f1> (5~1‘)
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where the modified noise component is§

. o T L \ ; - T
P4 (3 Tl) ug (x, £; x j Tl ED) n (RD, j Tl D)

D’
(5.15)

with a variance

2 lp)
D (G 1r) )= wt 2 (2.0 % o, - T NG (z 3T, o~ T
Eleg U1y ¢ (ot wpe 3 = b Ny ey 3 h Ty
(5.16)
The expressions for the oh-line frepregentation of off-line BOD
measurements in other cases of estuary conditions are similar to

equations (5.14), (5.15) and (5,16) with the following modifications

(1) for the tidal river with oscillatory flow (;quations
(&4.10), (Q.ll):{Lhe term U din (5,15) is replaced by U
the velocity of fresh-water [low.

Also, the transition functicn ¢ becomes the coefficient

of W in equation (4.12) evaluated at x = x , x = x
m’ "o D’

t=j T, and t = jT, -1

(1i) for the two-dimensional estuary example in equations
(4.13) and (4.14) the term u in (5.15) is replaced by
uF and the transition function p is the coefficient of

W in equation (4.14) evaluated as above.



This concludes the development of the off-line measurements
projection to the time of on-line estimation. Although only
delayed BOD measurements are considered in the estuary cases, other
laboratory methods of measuring DO may incdlude a fixed time delay.

It that case, 2 similar projection scheme way be developed based on

Without loss of generality, another set of on-line DO measure-
ments are assumed in later chapters Lo enable the use of measure-

ment vectors such as in equation (5.8),

Optimization Criterion

The general Formulation of the optimization criterion to be
employed for the on-line estimation problems treated in later
chapters is now presented, The feormulation aims at a realistic
representation of the cost considerations in water pollulbion

problems.

The cost function used in this study is written

)
n

* f A0V et DI}

=3
—
X
=
3
p—g
I
(-
'
ics!
e
i
b

+ o0 € (x)] (5.17)



The variance term represents the costs of possible damage
to such benefits as recreational facilities, aquatic life and so
on, due to uncertainties in estimates. This may be regarded

as the economics of irreplaceable assets [ 59 , 70 1

te of observation which may

o]

8]

[¢)]

The remaining terms represent
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More detailed definitions and by which the various

cost factors (3,6 and ¢), may be evaluated are discusged in
Chapter X. The development ©f the estimator indicator e (x , 1 T)
whose optimum values dictate measurements strategy (such as the
optimum number and temporal intervals between measurements) i
also presented in that chapter. The estimation problems presented

prior to Chapter X employ only the variance part of the cost

function.

This chapter has presented the background literature on
which the estimation techniques developed in this study are based.

In additfion, the role of this study in the general state-of-the-art

[« %

of water pollution analysis has been discusse Also, a projection
technique for the optimum utiiization of off-line measurements

for on-line estimation and control in water quality svystems has
been presented as part of the contributions of this investigation.

Subsequent chapters include other important aspects of the multiple

measurement techniques developed in this study namely



(i) optimum measurement strategy (Chapter VI and X)
(ii) optimum parameter estimation (Chapter VI and VII)
(iii) optimum Kalman-type filtering in distributed systems

(Chapter VIII and IX).

Numerical results obtained from the application of the multiple
measurements techniques developed here, to gtate and parameter

egtimation in some specific stream and estuzry examples are also

presented.



CHAPTER VI

OPTIMUM SPATIAL MONTITORING STATIONS

IN DISTRIBUTED PARAMETER SYSTEMS

An important engineering problem in modeling and control is

r
=z
fd
<
=
B
o
T
o

mating the gtate and parameters of a dynamic

n

yslem

-
<
a
=
e}
e
]

1d data which ag often covrupted with nolse., Consequently,
the numerical accuracy of any estimated variable depends both on

the quality of the data used and the strategy by which the data

are acquired.

For estimation in a lumped pa

rameter svetem with continuous
monitoring, the problem of weasurement gtrategy is that of
determining the optimum length of tiwme over which wmeasurements may
be taken. In the case of discrete monitoring, the problem be-
comes determining the optimum number and sampling intervals of

meagsurements on which an estimation scheme 1

0

based. One approach

to this problem is presented in Chapter VI of [ 118 7 for a non-

dynamic gystem with colored noise.

The question of measurement strategy is even more critical in
dynamic distributed systems because instruments capable of tempor-

ally and spatially continuous monitering are rave in practice.

The scanner-type of measurements suggested in [ g5 ] is applicable

only to special cases of distributed systems with large time constants
as heat transfer systems or to a steady-stream having a kaown
mean velocity. It may be inadequate for a two-dimensional dynamic

P

estuary.
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While extensive literature is available on state and para-
meter estimation in systems of various types, very few contain
a systematic approach to determining where and when measurements
may be taken. Field engineers tend to rely on experience with
emphasis on the constraints imposed on weasurements by the physical

nature of the system being considered. Theoretical papers often

agsume either continuously distributed measurements or an
arbitrary number of samples taken at equal intervals,

Among the meritg of these approaches ig the ease of analysis,
However, when an important factor such as cosl of making measure-
ments is considered, neither of these approaches is optimum. Thi

8

point is well illustrated in the publications by Berthouex and

Hunter [ 10 7, [ 11 7 where an analytical approach is pre-

sented for planning BOD experime

nts in

o

steady-state scalar BOD

equation. Nahi [ 88 7], Cooper [ 24 7, Cooper and Nahi [ 25 7],

Aoki and Ti ( 6 ] have obtained the optimum number of observa-

tions for estimation and control of various examples of lumped-
&

parameter stochastic systems. Senfield and Chen [ 125 ] and

Thau [ ] are ameng authors whe have counsidered the problem of
optimum spatial monitoring leccation in specific examples of dis-

tributed systems.

In this chapter, statistical experimental design techniques

L 11 ] are applied to develop a general method to determine the
optimum spatial monitcring locations for sequential filterine and
I -~ - & Cita

- o ] PR : Y - i = AT e 5 5 3 >
parameter estimation in a nont-linear, dynamic multivariate distributed
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system. The filtering and parameter estimation schemes are pre-
sented in later chapters. The results of the development in this
chapter are formalized by two theorems given for the optimum number

and the locations of spatial stations for simultaneous monitoring

of each component of the state vector.

and other distributed systemsg of interest, the development in
the sequel is based on an explicit finite difference representation

(Chapter IV). Determinigtic models with constant or time~varying
but spatially uniform parameters arve treated., A model of this
type may represent a segment of a stream or estuary with constant

di

t

persion and decay rates coefficients. Such segments may be
combined by matching appropriate boundary conditions for a treat-

ment of a more general system [ g9g | wherein parameters vary

spatially.

Both types of instantaneous and delayed measurements in Chapter V are
considered. 1In each case, additive guassian white measurement
noise is assumed. The basic concepts of the measurement strategy
theory is Ffirst developed using an example of the scalar equation
representing the dynamics of biochemical oxygen demand in a

simple one-dimensional estuary. The theory is then extended to a



multivariate system distributed in one spatial dimension.

It

is further extended to a multivariate system distributed in a

multi-dimensional space.

is illustrated through specific systems used in numerical

examples in later chapters.

Scalar One-Dimensional Distributed System

Consider a

deterministic system

N 2 . .
~ N ~ ~
a L (X,t) = j o] L (X7t> . Uag L ( )Ez _ Kr 1 (X,t)
3t 3 x° 3 x
which represents the dynamics of biochemical oxygen demand con-
centration L (x,t) in a simple estuary or a tidal river with
constant coefficients. An explicit finite-difference representa-
tion of the state profile at any tiwme t based on the profile at
a prior time ¢t - 1 1is
L = EAt I..A - ‘2]’—- _" I—J "
x,t -~2( % 1,6-1 ¥,t-1 x-1, L'l)
(Ax)
- _Upe (L - O
e ( x+ 1, t-1 -1, b-l
Zhx
- i i; v.z - + L R 6.2
bE Ry (1xA {-—L) Ty, b1 ( )
This may be written in compact form as
L = ¢ P o+ £ (6.3)
X,t = %,0 X,t
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T P = £ =
where P E , Lx’t Lx, (o1
U
K
r
= , - +
E ¥, t _é_Ej (Ix + 1, £-1 ZLx, -1 Lx—l, t~1)

- AR (Lx t—l)

3

and Ax and At are the spatial and temporal incrementation » - (x-1),

t - (t-1), respectively.

It is desived to obtain the optimum number and intevval of
spatial locations at which BOD (1. t> may be monitored for an on-
PO

line filtering ov parameter estimation at any time, £. As

discussed in Chapter V, a linearly velated variable, TOC can be

monitored on-line, and this will he used here.

Initially, an avbitravry number M of guassian white noise
corrupted instanitaneous measurements taken gimultansously at
spatial locations x], Koy v xﬁ are assumed. The measuve-

ments may be expressed as

(6.4)
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where the variance of the measurement noise

E{nxm’t nxj’t} = op e O (57 ED

is assumed to be given, and hY ¢ is a constant of measurement.

Since a deterministic model is assumed, a Bayesian estima-
tion cannot be obtzined as discussed Chapter VI of [ 118 ]
Instead, a maximum likelihood estimate of LY c is considered.

=5

For this, the conditional density function P is needed.
v t/Lx,t
m,

From equation (6.4) expressions for the following mean and variance

terms may be derived.

5 3 = | i7 6.5
E &yx t/lx,t } hx t Lx t (6.5)
m, m, M,
. [ 1 2
- ) - o 6.6
= iyxﬁ t/lx,t | Um,t (6.6)
m,

Because gunassian white noisge is heing consideyved, the conditrionsl

density function may be written as

1 2
p _ “’*“““*“*”““’ez:p{ -k [y, . h L . .}
G S . 3 P
e JJ 2w ST m “m iy
X £ /lx,t / i,k M- 4
3 l’j—
m, i
(6.7)



In addition,
independent,

taken at time

because the measurement are considered statistically
the joint density function for all M measurements

t becomes

1 ¢
}
e exp} % L e
P . = m m=1 m, m, m,
y o, m=l2 -~ M/ix,t o s
X t JQW T Ot P
’ m=1 7 “m,t
(6.8)
Maximum likelihood estimate is defined as the estimate of Lx c
i |
that maximized the density function P .
) 7 P V.o e m=1,2 -- M/Lx,t
:&.ms ,
Only the expression in the exponent needs to be optimized, since
only this expression depends on Lx c in the density function. TIf
®, b
it can be assumed that the profile L is known exactly, then it

follows from

equation (5.2) that only the estimates of the para-

meters E, U and K_ arve vequired for optimization. Usually, only
L

parvametevs, i

sign be zero.

£-1 ®, k-1
rror. This is the subject of latev chapters. With-
enerality it is asgumed heve that U . is known

t is sufficient that each element in the summation

~-83-
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This condition may be expanded using equation (6
T A -1
¢ 2 =[H Y -F]
T . .
where G 1is an M x N matrix
-
_
& =le, .
-&.1’
T
B, t
2,
i T
g
L
M,
His a M x M matrix
H = h 0o o0 -
| &1’L
h )
o - XZ,C 0 -
‘ h’x I
g a 0 - - - "M,
Y and ¥ are M x 1 vectors
v = - = P . -
Y = Y o o= f
= x. € = %
\‘l, .k,l:t
y | £
%y ! ! i, L
{ ! i
i i i
Sy ! -
e v [&
‘ M, ‘ M,
and N is the dimension of the parameter vector,

.3) as

(6.9)




It follows from matrix theory [ 100 7 that the M x N matrix

T o )
G must have a minimum rank of N for a complete solucion of the

N x 1 parameter vector_g. It follows then that the miniium number of
spatial independent measurements is N, This is equivalent to a
single replicate of Box-Lucas design [ 14 7. In practice,

it is desirable to have as much data as possible subject only to
the cost of acquiring and procegsing additional data, so as to
increase the confidence of estimates. Where additional measure-
ments are possible, they may be taken at spatial points that
gsatisfy the criterion of repiication of Box-Tucas optimum design

D19 7, [45 1L 797.

The estimate of the parameter vector P is unbaised because

"t

and it has a variance

I
il
{ro

. A JTo-d T
var (B - B) = [GH z]ﬁg] ; (6.10)
where
W?— et
R = 31 00 -- - -
2
62 g - - -
2
L? 0 - --- 9y
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Having established the minimum number of spatial measure-

ment stations as N, the optimum values of Xl’ Xy =-c XN are
desired. These are determined to minimize a measure of the
variance matrix. It is chosen, for computational convenience

to maximize the trace of the inverse of the variance matrix.

Other measures such as the determinant of the matrix

may be
used [ 11 7. The trace term may be written as
T -1 7T ,
J = Trace [GH R ~HG] (6.11)
Expanding J yields
N N 5
J = 9 , he g” (6.12)
.- . b: AU T S
i=1 J"]' la 11,
2
o,
it
. L th e -
where g, . . is the j componeni of the g . vector. The trace
jx i,t ., E
iy
term is maximum at the spatial points x. | o .
‘ ARLEHm Ak Hhe Spatial poid i, =1 --- W where the
) i .th an Ce s
absolute value of the j element of the sensitivity vector g is
maximum in the spatial domain.

For the specific numerical example used in the section, the
optimum number spatial mopitoving point af time t is 3 and the
measurements points are

A ; A ) 2
f\t <I‘3{ = 211 L - 7
+ 1, t-1 ‘ -1 x - 1, t-1 \
XM(1) = Max ' (5x)2 ’ *, b % ’ 1
X
(6.13)
A 2
At (L - L I
-z x + 1, -1 X - -1
XM(2) = Max | 9ix - > boe-D |
X

(6.14)
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01(3) = Max [-at (ﬁx » 12 (6.15)

X 3

2
where hx ‘ and © are considered constants.

s X,t

In case of multiple measurements, additional data taken at
time (t - T) may be available at time t (Chapter V). This data

may be represented as

A similar analysis shows that the optimum monitoring locations at

t - T maximize the terms [g. b T] ., In addition, the optimum
Js%s T

monitoring stations at time t remain the same. However, the optimum

X X
M i

parameter vector estimate using both sets of measuvements y ., z
and following the analysis in the nexi section becomes

r=l@Eaeh, @ oeh, a7 E{R“l (¥ - & L>J

where O and B contain the megauremant consfanie and variances and

Z represents the measuvement vector at time ¢ - T.
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Multivariate One-Dimensional Distributed System

The measurement theory developed in the previocus section

is now extended to a two-dimensional state system distributed in

x

one gpabtial dimension. An example of such svgtem 1g the coupled
ne §p a P ¥ P

dynamice of dissolved oxygen (DO) and biochemical oxygen demand

(BOD) in a one-dimensional estuary. The partial differential

equations are (Chapter I1).

2
t = K 1 n L x.k - K L(x,t
iwf (x,t) - §,mww7§§1&z U(x,t) 2-~i;~;.2 v (=, 8)
g t o % A X
(6.16)

N C (x,8) = E a” L (x,0) U, 0) A C (x,t) - Kd L(x,t)
ZZ ey X
3t 3 % H %

- K CGe,e) 4+ KoC oo Plx,t) (6.17)

Various ceonsiderations necessary for the representation of

tidal velocity U, and photosynthesis
P (X’t) P y

in Chapter III. Tor the purpese of this section,

P(x,t) have been discussed

it suffices to

represent them as

U = .  + i . .
(x,t) Jt UT Sin wp £ (6.18)

i

P(x,t) PH Sin ey t (6.19)

where UF is the velocity of freshwater flow, UT is the maximum

tidal velocity and P% is the maximum rate of dissolved oxygen
H

contribution due to phetosynthesis.qy, and Qﬁ are tidal angular
J4 l

frequency and diurnal angular Irequency respectively. It is also

assumed that K. = K .
d T
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The explicit finite-difference representation of L is
x,t

given by equation (6.2) and CX . may be written as

J

C = E pt C -
x, b B ) Cy + 1, e-1 " %%+ 1, e-1 T %1, e-1)
(ax)
) H&Aﬁt~l At (Cx + 1, £-1 C¥—7 f~1)
72 AR
! At : + K - (C - ;
Kyt (L) K A (G - C )
- - 1L R
N Px,t—l ] (6.20)
Equations (6.2) and (6.20) may be written in compact Forms as
(1) (LT (1)
Voo T o Br Bt i= 1,2 (6.21)
[ - - iind l
where P = g p(L)
1
UF = P(~2)
(2)
P
U"f |
|
K !
r e
22
K p (2 ) |
' i
P |
H l



(D)

>

¢ (2)
x,t

-At (LX’ c-1’
0
0
8t Cu, e
(ax)
[ NS e
2AX

é_E Sin W (e-1) (CX

At (Lx, t—l)

+1

, t-1

Cosl,e-1)




The dimensions of the preceding vectors vary with the parvameters
that need to be updated in the estimation scheme. 1In general,

the parameter vector may be written as

— ~
p - H(11) (1)
p(12) »(2)
p(22)
where P(l), P(Z) are r(l) x 1 and r(z x 1 vectors that include

- 11
the parameters in each of equations (6.16) and (6.17). P( ),

P(Zz) are r<11) x 1 and r(22) x 1 vectors containing the para-

12) ;. , .(12)

meters unique to each equation and P S x 1 vector
containing those parameters contained in both equations. The

motivation for this matrix partitioning scheme will become obvious

in the sequel.

By an analogy to the scalar system of the previous section,

an arbitrary number M of on-line measurements of each state variable

v(l), v(z) are available at time t as

(1) L) (1) (i)
Y + .

Y« £t = h X t Tt (6.22)
m, m m,

m=1,2, ---, M

i=1,2

| | O
wlth measurement error variance J , 1= 1,2.

i



The equivalent optimization criterion for a maximum likelihood

estimation may be written as

2 M .
S=735 % Ty ()
i=1 =] *m

(i) 2
x ¢t 1

m,

t h(i) v

2

m
(1) *
m
Beyond the assumption in the previous section, the above formu-
lation further assumes that the measurement errors of each vari-
able are statistically independent. 1In practice, this assumption
may be hard to justify. Box et al [ 15 ] and Hunter [ 62 ]
have considered some problems associated with measurements
correlation in multivariate systems. The latter discusses con-
ditions under which the optimization criterion may be formulated
as done above and also proposes a more realistic criterion that

depends on measured expected errors.

The sufficient condition that maximizes the joint density

function in this case yields

LT R el () )

(1) (1) iy

The matrixes R , H , and vectors Y , are similar to

those in the previous section for each state equation. In addition,

(L @) (LT ()7

o
¢

the M x r and M x matrixes L contain all non-

()T

. o AD)T
zero elements of matrixes G and G .

For example

-92-



(
L =
- ‘ 813 Xl, [ b bbb —(z;>
1 r , Xy, €
. 1
i
; '
l1 i
o) (1)
[ ®l, x, &~ TTTTToTETTTTs & (1)
t M, s Ky b
A 1 3
A complete solution of 2<l) requires that the M x r(l)
g .
matrix L(l)“ have a minimum rank cf r(L). It follows that the

minimum number of spatially independent measurement of variable

(1)
v

X,

for optimum filtering and parameter estimation at time t be
(1) i - ) . th

T , the number of unknown independent parameters in the 1

State equation. Thus this can be formalized bv the following

theorem.

Theorem I: Tor on-line filtering aud parameter estimation in a
multivariate distributed system, the optimum number of spatially
independent measurement of a variable at time t is the same as

the number of independent parameters unknown in the state eguation

of that variable at time t.

Equation (6.23) may be rewritten for each variable as

C A ) p 1
LT 5D M 02) Dl (DD
- A |/ A -
LT 5@y ‘£;2)T E(12) _ E(2) 1 X(Z) ] E(Z)
12 . .
With no coupling parameters, F = O, the above equations reduce to
A1 Gorto ot (i1)-
P(ll) L LT [H v - ] (6.26)
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The resulting variance terms are

(1) Gy D A LT Gor )

) = R

Var (P

(6.25)

These results reduce to those obtained in the last section for

i = 1. Similarly, the trace of the variance term

[ CED [£<ii> g (HT B(iiyl E(ii) L (1T 1L

(6.26)

) . i Co .
is maximum at spatial points x§ ) where the sensitivity coefficient

)

(1i)
[ % =1, -

2 . . .
] is maximum for j =

(12)

For the coupling parameter P , equation (6.23) yields

-1 . -1 12T
[8512) E(12) 2(12)1 + B(Zl) L(Zl) ] P(lZ)

_ 1 .
_ 12 booan | an 0, enT @ eb e,

[ Y
(6.27)

The trace of inverse of the variance of the coupling parameter

vector P(lz) after some matrix manipulation becomes

J(]_Z) = Trace [é (2\(12) + B(Zl)-l) A’LI (6.28)

where

A= [2(12) ﬂ(12>T R(lZ)—l N L(21) H(Zl)T R<21)_1]
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Similarly, this trace term is maximum at the spatial points where

the seusitivity coefficients is maximum in the

spatial domain. The preceding results also may be formalized by

the following thecrem.

Theorem II: For optimum filtering and paremeter estimation in a
. . . : .th . : :
multivariate system in which the i state variable is written as

V(l) (X,E(l)), the optimum monitoring locations of each variable
2

i e . .
V< ) are such that the sensitivity coefficients r; v(l) are

p(H)

.

. i) . th .
maximum for each i and j, where P§L) is the ] element of the

(1)

parameter vector P

Although this was generated in a very general way, the results

of the theorem resemble the results obtained in the crude work of

McCormack and Perlis [ 1.

For the example used in this section, the monitoring loca-

tions for the variable V(l) at time t are
XM(l)(l) = Max [4it (L - 2L + L ,)12
< _TEFZ x+1, t-1 x,b-1 x+1,e-17~
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N
Z

(1)

XM(2) = Max (ot (Mg 0 b))
2A%
(1) ay = aow Fone ] - 2
MT(3) = Max [_éf Sin ¢y (£-1) (Lx+l,t—l Lx-l,t—l)]
2A%
D)y - 2
) (4) = Hax (-8t @y 1)) (6.29)
and for variable V(Z)
),y _ . _ 2
XMT(1) = Max [—AL—Z (Cx+1,t—1 Cx,t-l * CX-l,t'l)j
x (ax)
@) .\ _ _ _ 2
x(2) = Hax fzﬁf Cort,e-1 7 Ce1,e-17]
(2) . 2
XM (3) = Max [—-é-t‘ Sin wf (t"l) <CX+1,t"l - CX—l,t"l)]
* 2AX
(2) . 2
M7 (4) = Mix [-At <Lx,t—l)]

) (s) = wax [ at €, - C_ ]

12 (6) = dax [ at Sin w (e-1)77 (6.30)

[\

Multivariate System Distributed In A Multi-dimensional Space.

The optimum monitoring theory developed in previous sections
is now extended to the distribution of pollutants in g salinity
intrusion region of a two-dimensional estuary with a one-dimensional

flow represented by



3L(x,z,t) = Ex 3L + Ez 3L - Ux,z,t al. - KrL (6.31)
st BXZ 02 o
2 2 ,
3C(x,z,t) = Ex 3°C + Ez 3°C - Ux,z,t xC
2 2
St X dz ex
-KL - KC + K C (6.32)
T a a s

In a study of velocity profiles and dispersion in estuarine flow,
Segall and Gidlund [ 123 7] concluded that for an estuary wherein
the period of vertical mixing may be much greater than the tidal
period, the vertical variation in velocity may be represented as

U (z,t) = K [eﬂxz Sin (0,t - 3z) - Sin o t]
a

X is a function of eddy diffinity and tidal frequency g. In
addition, Ippen and Harleman [ 52 7] have shown that time-
averaged tidal velocity has a logarithmic vertical profile in
saline escuary. These two effects are combined in the following
approximace representation of tidal velocity to be used in
equation (6.31) and (6.32).

= r + 2 - + s U . . ‘
Uc.z,ey = Up U1 2z - 1) x]+x U Sin g, (6.34)
zZ0 X0 X0

where zo is the estuary depth and xo is the length.

As illustrated in the last section, the system equation
(6.31) and (6.32) may be written in explicit finite difference

forms as



(1) - (T ) (i)
Vs,t gs,t 2o fs,t (6.35)

i=1,2

where subscript s represents the coordinates of a general spatial
point (x,y,z), which in this case is (x,z), and P is a vector

containing unknown parameters of the system.

With this formulation, the development of the optimum
measurement stations is identical to the one given in the last
section and the given theorems apply. For a parameter vector,

e

r-

- et

and similar types of measurements given in the last section. The

optimum measurements stations at time t for this system becomes,

l\
for V( g
s,t
(L) e 2
SMUTY(1) = Max [ at (L. - 2L, +L . 1]
.2 — x+1,e-1 X,z,t-1 x-1,z,t-1
(ax)
(L) . .
SM'TT(2) = Max [ 4t (L -1 %k, X,z - 2
‘.z EZ;;Y x,z+1,6-1 7 x,z,t-1 x,z,-1,t-1)]



1 r -
SM( )(3) = Max [-AF é (Lx+l,z,t—1 Lx—l,z,t—l)]z
X,z

2A%
(D) 4y = oAt X Si (t-1) (L - L )17
SM (4) = Max L-A A oln wr x‘*‘l,Z,E*l x—l,z,t—l ’
%,z - Xo
2AX
(1), oy _ ) 2 6.36
SM (5) = Max [ At (LX,Z,t—l)] (6.36)
X,2
and for V(z)
s,t
2) 1y - ) 2
sMYT7(1) = Max [ At Cor1 2,01~ Pxizye-1 ¥ Coi1 z,e-17]
Xx,2 -
’ (Ax)
(2) - 2
SM (2) = Max | At (C - 2C +C . )]
X)Z _——Z X’Z+l>t—1 X)Zyt.'l X’Z ljt—l
(pz)
(2) - 2
= ¢ [-A -
M (3) zaz L-at @ <Cx+l,z,t—1 Cx~1,z,t-l>]
’ 2AX
SM<2)(4) = Max [-At X Sin @, (£-1) (C - C )]2
- “r x+l,z,t-1 x-1,z,t-1
X,2 ZAX Xo
(2) 2
M { = -
SM TY(5) = Max  [-At (LX’Z,t_l)]
X,z
(2) _ 2
SM = ] -
MEO(E) = Max [-At (€0 - C )] (6.37)

X,2

where a = [1+2 (2 2z - 1) x 7 in (6.36 and (6.37
zo X0



This chapter has presented a general method for determining
the optimum spatial monitoring stations in a class of distributed
parameter systems. The method is based on statistical experimental
design techniques. 1In the development, the explicit finite
difference representations of the systems are used; the extension
of the results to systems with known analytical closed-form
solutions is straight-forward. The results are formalized by
theorems given for the optimum number and locations of manitoring
stations. The implementation of the results for specific estuary

models has also been presented.
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CHAPTER VITI

STREAM PARAMETER ESTIMATION EMPLOYING

STOCHASTIC APPROXIMATION AND MULTIPLE

MEASUREMENT TECHNIQUES

It is often of interest in water quality modeling, after the
pertinent hydrodynamic and biochemical processes are formalized
by mathematical equations, to determine the numerical values of
the various parameters in the equations. This is an important
part of modeling because management and control policies are often

based on predictions from such models.

As discussed earlier, only a few variables in a water quality
model can be measured directly and even fewer are measurable on-
line. The present methods of evaluating such pavameters as the
BOD removing coefficient, reaeration and photosynthetic rates are
off-line techniques based on empirical curve-fitting of BOD, DO
and temperature readings [ 82, 30 ]. 1In addition, that type of
analysis usually provides parameter values which represent steady
state and steady load conditions. However, very few water systems
remain under steady conditions for an appreciable length of time.

In this chapter, stochastic adjustment techniques are used
to derive numerical values for the optimum estimates of the state
and parameter profiles of a polluted stream reach. FEstimation is

based on a special class of multiple measurements treated in
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Chapter V. These measurements include noisy on-line TOC and DO

and the off-line analytical five-day noisy BOD measurements. Tor
the purpose of this study, the relating functicn between TOC and

BOD is assumed to be linear and the deviation from such approxima-
tion is considered a noise at the instant of measurement. The

TOC measurement error thus consists of the calibration error and

the instrument noise, and consequently, it is considered much higher

than the noise in the corresponding BOD measurement.

The cost function to be optimized consists of the square of
the instantaneous difference between measured concentrations and the
concentrations predicted from the mathematical model. The coptimum
parameter minimizes the average of the cost function in the mean

square scense.

Over restricted intervals of distance and time, the stream
rate coefficients can be treated as constants ror this special
case, the Robbins-Munro stochastic approximation technique [ 117 ]
is employed. A similar problem was studied in [ 71 ] in which
only the on-line DO data was used because of the five-day delay
associated with BOD measurements. The multiple measurements
techniques developed in this study copes well with this problem,
and the results in this chapter show an improvement over the
estimates and the rates of convergence that may be obtained from

a single set of measurements.
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In a real stream, the coefficients are not constant and sources
and sinks for photosynthesis (P) and respiration (R) vary from their
daily-averaged values. This chapter also considers the more realis-
tic diurnal variations in temperature which, in turn, cause the
rate coefficients and the P - R terms to vary with time. In this
more general case, a stochastic tracking technique [ 197 is used.
The sequential algorithms derived in both cases yield optimum
parameter estimates that converge to their true values asymptoti-

cally and with probability one.

Two methods are used in this and subsequent chapters to in-
clude the additive measurement noise. One method considers a
fixed error variance for each variable while the other considers a
variance term that is a fixed proportion of the expected measured
value of the variable. The latter represents more realistically
the characteristic of measuring instruments as discussed in Chapter

ITIT.

The rate of convergence of the algorithms decreases with the
level of the system disturbance and measurement noises. Tt also
varies with the measurement locations. The results presented in
this chapter include the studies of the choice of fixed measure-
ment stations for both the daily-averaged case and the diurnal

variations case with respect to various measurement noise levels.
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A numerical example is given for each of the two cases dis-
cussed. 1In both examples improved estimates and faster rates of
convergence are shown to result from using a multiple measurements

technique.

Problem Formulation

Stream Dynamics.

A stream model of the type presented in equations (2.13) and
(2.14) in which the dispersion coefficient (E) and the urban

runoff term (La) are negligible is considered.

3 L (x,8) = -UxL - KrL (7.1)
3 t A X
3 C (x,t) = -U é_g - Kd L - Ka C + Ka Cs (7.2)
3t o X o
+P-R-3B
where
L (x,t) = BOD concentration mg/l
C (x,t) = DO cencentration mg/1l
U = stream velocity miles/d
Kr = BOD-removing coefficient 1/day
Ky = deoxygenation coefficient 1/day
Ka = reaeration coefficient 1/day
c, = DO saturation level mg/l-day
E,ﬁ,g = daily-averaged photosynthetic, respiration and

benthal deposit demand mg/l-day.
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he stream is assumed to be subjected to a steady daily-averaged
BOD loading (Lo) at the upstream boundary, and also has a constant

DO becundary condition.

For the daily-averaged stream condition mentioned above,
the parameters in (7.1) and (7.2) are considered as constants.
For the case of the more realistic stream condition where the
parameters vary with temperature changes, the following empirical

expressions used by [ 134 ] are employed

K_(8) = 2.35x 1077 % exp (0.0648) (7.3)

K (8) = 0.43 x exp [0.025 (8-273)] (7.4)

C_ (8) = 4 x 10° x exp (-0.0219) (7.5)

PR = (o - ) [25.0 - 0.028 (8-303.0)%] (7.5a)
mla-1)

where in this treatment

and the diurnal variation of temperature § with time is represented

as

g () = 290 + aT Sin ¢ t (7.6)

8 is in degrees Kelvin and ar is the amplitude of the sinusodial

compounent.
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Measurement Scheme.

Two fixed measurement stations are considered in this develop-
ment; one station is located at the upstream boundary and the other
at an internal point in the stream to be determinmed in an optimum
fashion shortly. Off-line analytical noisy measurements of BOD
and DO with a sampling period T1 and a fixed-time dalay T_ are

D

assumed to be taken at the upstream boundary,

Yo (mTl) = Lo + o (mTl) (7.7)
Yeo (mTl) = Co + o (mTl) (7.8)
m=1, 2, ---

The measurement errors are treated as zero mean gaussian white type

with variances

2. 2
E [OL ] - GL
2 2

The measured values (7.7) and (7.8) are used as initial conditions
along with current estimates of the parameters in (7.1) and (7.2) to
predict the concentrations LP (xM,nT), CP (xM,nT) at any measure-

ment point xM in the stream.

In addition, a multiple set of on-line TOC and DO noisy
measurements and off-line BOD and DO measurements are assumed to be

taken at xM. These latter readings are then compared with the
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predicted concentrations, and a measure of the instantaneous
differences is optimized to update the parameter estimates. The

off-line BOD and DO noisy measurements at xM are written as

faal hY
vy (xM, mTl) L (xM, mxl) + o (mTl/ (7.9)

]

Yo (xM, mTl) C (xM, mTl) + 0 (mTl) (7.10)

C

Similarly; the on-line TOC and DO noisy measurements with a different

sampling period T, taken at xM are represented as

Yp (=M, nT) h L (&M, nT) + gT (nT) (7.11)

Yo (xM, nT) = ¢ (xm, nT) + gc (nT) (7.12)

By comparing (7.11) and (5.1), it is evident that Yo represents
an adjusted TOC reading after the intercept constant TIN has been
subtracted and h represents the slope of the linear function be-
tween BOD and TOC values. Again the measurement errors are con-

sidered zero-mean gaussian white type with variances

1~
|
Yy
N
[
1l
G

The measurement error g'f contains both the error of linear approxi-
mation and the instrument noise, thus it is considered to have a

higher variance than oL
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The objective here is to obtain estimates of the parameters
LO, Kr, Ka and P - R that optimize a specified cost function to
be formulated in the next section, based ¢n both sets of off-line

measurements (7.7), (7.8), (7.9), (7.10) and the on-line measure-

ments (7.11) and (7.12). For the sake of brevity, the P - R term

is represented as KP in the sequel.

Cost Function.

Optimization implies the existence of a criterion. In this
chapter, the cost function considered is the weighted sum of the
square of the instantaneous difference between the noisy measured
concentrations and the predicted concentrations at the estimation

station xM. The function is formulated for each variable as

o 2
I (m) =W, [y, M, nT) - h Ly (M, K7, aT)]

. r e . _ N n 2
+ w2 S.7 - <mT1 + TD) LyL (=i, mTl) L, (xM, K, mTl)W

(7.13)
J. (n) =W, [y. (&M, nT) - C_ (xM, K" nT)WZ
2 3 °°C ’ P =
+ W, 6 [y, GM, o) - C  (xM,K", wT.)1°
4 “aT - (mT1 + TD) ’C 1 p = 17}
(7.14)
where W., W_, W_, W, are specified weight factors, the kroneker

17 722 37 4
delta
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{; for nT mTl + T
- (mI‘1 + TD)“

0 for nT ¢ mT, + T

6nT

and Tl/T is considered an integer R. It is evident in (7.13) and
(7.14) that in addition to the on-line measurements, the cost
formulations incorporate the off-line delayed measurements taken
at mTl and available at nT = mT1 + TD. The vector En contains the
parameters Ko’ Kr’ Ka and Kp and represents their estimated values

at time nT. It is glso noted that the predicted concentrations

are functions of the parameter estimates.

Sequential algorithms are desired for the parameter estimates

that minimize the sum of the cost functions.
J(n) = Jq (n) + JZ (n) (7.15)
asymptotically and in the mean square sense.

Stochastic Approximation and Stochastic Tracking Algorithms

The derivation of the sequential algorithms is illustrated by

considering the terms in the J. component of the cost function. 1In

1

general, the solution of the system equations (7.1) and (7.2) at point

xM and after a time nT > xM depends only on the values of the
u
boundary conditions and may be written as

L (xi, aT) = L_ exp [—Kr (nT) =M (7.16)
u
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~

C (M, nT) = -Kr (nT)
Ka(nT) - Kr (nT)

+ G exp [-K, (aT) =M ]
u

+ K (nT) {1 - exp [-Ka (nT) xM ]'}

Ka (nT) (7.17)

for nT > xM
u

where L (xM, nT), C (xM, nT) represent the BOD and DO steady state
solutions at specific points in the diurnal cycle. For the case of
the daily-averaged conditions where the parameters are treated as
constants, equation (7.17) reduces to

L (xM, oT) = L exp [-Kr M ] (7.18)

u

Similarly, the predicted BOD value based on the measurements (7.7)
at the upstream boundary and the current estimates of the para-

meters, may be written as

< 1 = T -7 = r_ " Z
L, G, ) = [T+ o (0T - TD] exp [-K £ ] (7.19)
By substituting (7.11), (7.18) and (7.19) into (7.13), the Jl

component of the cost function becomes
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_ . .n
7 = - - ex - 3
J4 (n) Wl {ﬁ LO Lexp ( Kr xM3 exp ( Kr SM)]

u

+ §T (nT) - h o, (nT—TD) exp (—K: ﬁm ] }

n
5 11 K - exp (-
+ W2 8 o lexp ( . §M> exp ( Kr iM)]

n 1
+ oL, (nT—TD) -0 (nT—TD) exp (—Kr iﬂ)]J

(7.20)

For a deterministic problem where Py, and ET are zero at all

times, it can be readily shown by setting

G (Kz Yy =3 J

to zero that the estimate K: converges to its true value Kr at the
minimum of the cost function. In the case of the noisy system
treated iere, it is necessary, if the sequential algorithms are to
yield unbiased parameter estimates, that the statistical average

) ) n n
of the instantaneous gradient G (Kr) be zero as Kr converges to

K. [ 18 J. That is

. (K) =E {c (K: } =0 (7.21)
K
T r

n
However, by taking the derivative of Jl with respect to K_ and then
T

) n_ o .
taking the ensemble average at Kr = Kr; it is evident that
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1 2 2
v, - 3} e} b - = .
(Kr) h™ o exp [-2 Kz ] (7.22)
u
which is not necessarily zero. This inherent bias results from
using the noisy measurements at the upstream boundary (7.7) for
the concentration prediction; the bias may be removed by considering

a modified instantaneous gradient

n
¢ &) =5 1(K -E{aJ (K)} 7.23)
h K
3 o N
which satisfies the condition in (7.21).
The Robbins-Munro approximation algorithm [ 117 ]
4+ n
R ST TS (7.24)
T r n T

may then be employed to obtain the zero-crossing of the term
E {G (Kn) J. For the convergence of the parameter estimate K:,
T

A_ must satisfy the following conditions [117, 19 }:
1 >
(1) An 0
(ii) Ah —~ 0 asn 2 o

(iii)

™

A2 = constant < =
183

n=1

In addition, for the parameter to converge to its true value

(iv) v A - =
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Detailed proof of these conditions are contained in [ 117 7] and the

algorithm formulated as above has been shown [[ 12 ] to converge in

the mean square sense

lim (B (K] - K ]2.} = 0
n = o T

and with probability one

Prob lim KZ =K

n -} o E

A sequence that satisfies these conditions, An =

3 [

is used in this

study.

The preceding development involves the estimation of a single
parameter Kr in a constant parameter daily-averaged stream model.
For the simultaneous estimation of all the parameters, the generalized

algorithm follows from a similar procedure and may be written as

n%l n n
K. = K, - A G (K. 7.25
J §o-a, 0 ) (7.25)
where
G <K‘J?> = 33 «®H - ELIEY] (7.26)
- a - n
a3 K, K.
] g J

0 .
and K, represents the current estimate of each of the parameters
]
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For the case of the diurnally varying system, the development
differs to the extent that the instantaneous cost function J {n)
is actually a function of a function. Its value depends not only
on the instantaneous values of the parameters at nT but also on

their values at previous times. That is
J @ =3 KK @Emn,i=1,2 ---n) (7.27)

A change in J (n) could result both from the measurement error at

nT and the change in the parameters due to temperature variation.

If it may be assumed that the tracking process to be developed
would yield parameter estimates En which are close to their true
trajectory K (nT), then K (aT) - En is small and the first order
Taylor approximation of (7.27) becomes

n . .

Tw= 3+ [a3 &« 7' K G - K

i= 1

3 K

(7.28)

i . .
where 3 J (K”) represents the gradient vector of the cost function

3 K

with respect to the parameter estimates at any time iT £ nT.

By amalogy to (7.23) and (7.26), the bias resulting from using
measured concentration values instead of the unknown true values to
predict the concentration level at the estimation point (xM, nT)

must be subtracted from the gradient terms in (7.28)
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) - E (53 K] (7.29)
1

K

° 3

.th .
for the j element of the parameter vector., The resulting

stochastic tracking algorithm may then be written in form of (7.25)

as
n .
ko= kA vy ¢ o (7.30)
j j n Loy ihd j
where Ci IE i= 1, 2 --- n are the weighting factors associated with
2

the all present and past measurements. The analysis for the optimum
values of Ci for various examples of stochastic adaptive control

problems is contained in [ 19 ].

This concludes the derivation of the stochastic approximation
algorithms and the stochastic tracking algorithms for the constant
parameter and diurnally varying stream systems treated here. TImple-
mentations of these algorithms are given in the following numerical

examples.

Numerical Examples.

Judicious choice of An’ Ci . determine the rate of convergence.
2

The experience in the preparation of this work shows that

n iy TN 2

provides optimum estimation in term of the accuracy of the final
estimate, in equation (7.30), where N is the number of parameters

being estimated. 1In addition,
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provides optimum estimation in terms of rate of convergence in
both (7.25) and (7.30). The weight factors wl, wz, w3, w4 chosen
as the inverse of the corresponding measurement error variances in
(7.13) and (7.14) are found to produce the least value of the

mean square function [ 118 ]. For both numerical examples, the

following stream parameters are assumed constant

stream reach = 5 miles
stream velocity = 0.75 miles/day
true upstream BOD load LO = 30 mg/liter

true upstream DO boundary coandition CO = 6 mg/liter.

The on-line DO and TOC measurements are taken hourly and the
off-1ine BOD and DO are taken every 12 hrs. with a 5-day delay. For
the case of the constant parameter daily-averaged stream, the follow-
ing true stream parameter were used in the simulation:

the daily-averaged temperature § = 2900 K and the variation

aT = (. This results in true stream coefficients
K = 0.164
T
K = 0.658
a
C = 9.062
s
= ,921
KP 2
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In one set of computer rums, the measurement errors simulated are

assumed to have constant variances for each variable

ow = ()’
2 2
Op = (0.5)
o—é = (1.0)?

Algorithms (7.25) are employed to simultaneously estimate the para-
meters Lo’ Kr’ Ka and KP. Figure VII-1, illustrates the profiles

of the Kr parameter estimates based on various combinations of
measurements. It may be observed that both the convergence rate and
the final accuracy (after 7 days of iteration) of the estimate

based on the multiple measurements show considerable improvement
over those of the estimates based on either set of single measure-

ments.

In another example of the same system, measurement errors
with standard deviations which are fixed proportions of the expected

measured values are considered

Gp = 207, expected TOC measurement
op = 1% expected BOD measurement
S = 107 expected DO measurement.

Figure VII-2 again shows the improvement both in the rates of con-
vergence and in the final accuracy for the estimate of parameter

I, based on multiple measurements.
c
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For the more realistic diurnally varying stream example,
temperature variation in (7.6) is employed to simulated the true
parameter trajectories in (7.3), (7.4), (7.5) and (7.5a) A peak

value of the sinusodial component a, = 10° K and the period

T = 27 = 24 hrs.

W
Figure VITI-3 shows the resultant Kr estimate profile for the same
constant variance values of the measurement errors used above.
Figure VII-4 shows the Ka profile for the diurnal varying system
and measurement error with fixed standard deviation-to-expected
measurement ratio. Again, in both examples improved estimates

are obtained by using the multiple sets of measurements.

Optimum Measurement Station

In a previous chapter, an analysis of the optimum measurement
stations was presented. However, in these examples an arbitrary
number (2) of measurement stations 1s assumed. This may represent
the situation in practice where a fixed number of stations already
exists on a river system. The optimum location of the interior
station xM for these examples is obtained by comparing the results
for various values of xM in the stream spatial domain. Figure
VII-5 shows a trade-off among the accuracies obtained for each
parameter. The significance of each parameter based on the
judgment of the engineer and the intended use of the stream

determine the location to be used for minitoring.
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In this chapter stochastic adjustment methods have been success-
fully used to estimate streaﬁ parameters. By employing a multiple
measurements technique developed in this study, the results show
considerable improvement in estimated values and rates of convergence
over single sets of measurements. The methods developed and the
results obtained may be valuable in an on-line control of a polluted
river in which it may be necessary to track the time variations of
the critical parameters. The algorithms yield optimum estimates in
a sequential fashion. This may not be desirable in practice in
view of cost of making measurements. A more realistic cost function

that includes instruments and operation costs is studied in a later

chapter.
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CHAPTER VIILT

MULTIPLE KALMAN FILTERING IN A ONi-

DIMENSIONAL STREAM SYSTEM

In this chapter, Kalman-type filters are derived for the
optimum estimation of BOD and DO profiles in a one-dimensional
polluted stream with negligible longitudinal dispersion. Modified

forms of equatioms (2.11) and (2.12) which represent a stream

model developed by O'Connor [ 97 ] are considered.

In a natural stream, parameters such as the velocity of flow,
the decay rates and other sources and sinks are distributed
remporally and spatially and may unot be known a priori. Such
cases are treated in other chapters of this study. For the
purpose of this chapter, these parameters are treated as known
constants and the effects of errors in modeling are lumped into
driving functions which are represented as zero-mean Gaussian

white noises.

Estimation is based on two sets of noisy independent
measurement vectors. One set represents on-line readings of
TOC and DO concentrations taken at short intervals of time.
The other measurement vector represents off-line read iDg5 of BOD
and DO concentrations taken at a different sampling rate and
available after a fixed-time delay, TD. The scheme £0OY €OM~
bining both sets of measurements employs the projection of the

;on 85 pr

1)

off-line measurements to the time ©f on-line Sented

o
93
~r
b
S
i1
s

in Chapter V.



The optimum estimates of the BOD and DO profiles are devrived
in two stages, namely propagation and measurements and correction

-

[ 20 , 136 7. The change in the estimate at sampling in-

stant is formulated as a linear function of all expected errors

of measurements.

The cost function considered is a subset of the general
formulation presented imn Chapter V. Here, algorithms are derived
for multiple distributed Kalman-type filters which minimize
weighted variances of the estimate errors. The problem of the
optimum number of observations and their temporal spacing is

treated later in Chapter X.

Optimization of measurement stations are obtained to satisfy
a form of observability under steady-state conditions and the mini-
mization of the cost function. The improvements in estimation
obtained from using multiple measurements techniques are illustrated
both in the development and in the results of some ﬁumerical

examples studied. The effects of the levels of both system and

measurement noises are also studied.

Problem Formulation

Stream Dvnamics.

The stream model is described by the following system of

partial differential equations



i

aVl(x,t) + UaVl(x,t) “Kr V1 (x,t)y + f1 (x,t) uy {t)

ot x (8.1)

il

x,t) + UxaV t -K. v - K Vv +
AV, (6,6 + UV, (x,t) L G,8) - KU, (x,e) F K€

d

At ax
+P-R- B+ fz(x,t) w, (t) (8.2)

where

Vl(x,t) = biochemical oxygen demand concentration mg/1l

Vz(x,t) = dissolved oxygen concentration mg/l

U = stream mean velocity miles/day
Kr = BOD removing rate coefficient 1/day
Kd = deoxygenation rate coefficient 1l/day
Ka = reaeration rate coefficient 1/day
5,§,§ = daily averaged photosynthetic, respiration and benthal

deposits demand rates respectively (mg/l - day)

fl(x,t), fz(x,t) functions representing the distribution of

the lumped effects of errors in modeling

zero-mean Gaussian white noises.

Qﬁ(t)’ uh(t>

Equations (8.1) and (8.2) are written in a vector formulation as

AV(x,t) + UaV(x,t) = - k ¥V (x,£) + 8 (x,t) +D (x,t)
ot AX
(8.3)
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where v = V1 (x,t)

kK = | 0
T
Kd Ka

s = [ 0 T
KaCS+—P—§——I§—§

)
il
i
an
™
T
St
(S
N
ot
—

w (£) = uy ()

w (t) is a zero mean Gaussian white noise vector with a covar-

iance matrix

BEOPIES b= s o) (8.4)
The initial state profile is specified as
VoGx,e) = VG (8.5)

and the upstream boundary condition as

Vo(o,8) = U (E) (8.6)

In practice, only estimates of the initial and boundary conditions,
usually established through measurements or prior analysis, are

[~

known. The estimates of the state profile at any time t is
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A
represented here by E(X,t) and the effects of initial estimate

errors are included in the analysis.
], the solution of the

Following the development in [ 71
system's differential equation (8.3) using the method of character-

istics [ 33 ] becomes
t
Vo(x,£) =2 (e,t0) ¥ (wo, to) + [ 3 (&, 7) 8 [x (1) 7] d v
£
+f g (ta T)Q[X (T): 'T] dT (8'7)
to
where

+U (t-t) (8.8)

x () = x (to)

For the example of the constant parameter stream model considered

here, the K matriz is time-invariant, and hence, the transition

matrix @ (t, to) becomes
e—kr(t-to) 0
% (t-to) =
'kd [e—kr(t—co) e—ka (t-to) e-ka (t-to)
k -k
a X
(8.9)

Measurement Scheme
Following the presentation in Chapter V, the on-line measure-

x_and having a sampling
m

ment of TOC and DO monitored at a station

period T may be represented as
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(8.10)

The set of delayed measurements consisting of off-line discrete

BOD and DO readings, taken at another station x_ and available
after a fixed-time delay TD’ are projected to an on-line estimation

point (xm j Tl) and represented as

3

.. _ . , . ,
Z (Xm’J Fl) M (] Tl) v (Xm’J Tl) o (J T1> (8.11)

for j T, > T i=0,1, 2

D;
It is computationally convenient for this stream example with
negligible dispersion to choose %5 such that

x = x_ +UT (8.12)

The optimum location of the station x is treated later in the

chapter.

Both measurement noises are considered zero-mean and statis-

tically independent with respective variance matrixes written as

. r,, (iT) 0
e le o g'an} sran = Y

rzz(iT)

—

-130-



” -
1 ST )
11 U7, 0
. T
it A i = 3T =
efo Gip o GTp Y =L GTp
B 0 1, (Ty)
For simplicity, the sampling period ratio Tl/T is chosen as a
fixed integer N such that
T, = NT (8.13)

Cost function.

Let the error between the true state profile V (x,t) and the

A
estimated profile V (x,t) be represented by

T (x,0) =V (x,8) -

(<>
N

X, ) (8.14)

The cost function to be optimized consists of the variance of any

linear function of the estimate errors and 1s formulated as

| 2
P ,im) =Bt 0¥ (x,ir+>} (8.15)

-
where A (..) is specified vector cost factor and iT and iT repre-

sent instances of time immediately before and after measurements

are taken at time iT.

The objective is to obtain the optimum estimates of the state

. Iﬂ . . .
profile V (x,t) based on all available measurements by deriving
algorithms for sequentiel filters which minimize the specified

cost-function.




Derivation of Filter Algorithms

A
The optimum estimated state profile V (x,t) based on th

multiple measurements (8.10), (8.11) are desired.

By analogy to the approach in [ 20

are made.

V (x,t),

that the filtered estimate propagates between sampling as

A A A
3V (x,t) + UaV(x,t) = - kV (x,t) + S(x,t)

AX

at

for (i-1) T <« t < 1T

Applying the solutions in (8.7) and (8.8) to (8.3) and (8.16)

the true and estimated profiles between sampling then become

V [x,e5x, (DT = 5 {6, (G-DT)
- f
+ 2 (t,7) 48 [x-u(e-7),7] + D [x-u (t-1), =]
a-untT
and A
V[x,t; %, (1-1) T'] =3 [t
t
+ j 3 (c,7) S Ex-u {(t-7), 771 d+
(i-1)T

where the condition

(i-1)T7 -~ SR

both equations.

A
Firstly, for V (x,t) to be an unbaised estimate of

)T gx u [t-(i- 1)TW

] two important assumptions

it is evident from taking the ensemble average of (8.3)

(8.16)

(i-1) f}

(8.17)

(8.18)



Subtracting (8.18) from (8.17) yields

vix,e]=28 [e,(i-1) 1]V {;—u [e-(i-1)T7, (i-1) 1)

t
&
-T2

(t,r) D [x-u(e-7), 7] dr (8.19)
for (1-1) T <« £t <« 1iT

The covariance matrixes of the estimate error are defined as
Q Gyt = B {T 0 T ,0 ] (8.20)

Q (x,t) = E {’i <x,t>”f<x,t>} (8.21)

Applying these definitions to equations (8.19) an noting that
w () is a zero mean white noise vector, the dynamics of the

covariance matrixes between sampling becomes

| f | A
Q (x,t) =& [t,(i-1T7 Q x-u t-(i-1) T, (i-1) T J I Le,(i-1) T]

16

t i T
+ j<i_1)T 8 (t,7) F [x-u (t-7), 1] W () F [x-u (t-1), 1]

57 (c,r) dr (8.22)

and

s T N (T e -
Q (X’Xm’t) =3 Lt,(1-1)] Q {x-u[t-(i-1)T7, x_-u (e-(i-1) 17,

!

(i-1) TTL 3 [, (-1) T

/
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. & (1) E [x-u (1), 7] B (1) ' (x_~u (£-7]

s (e, dr (8.23)

for (i-1)T <« t < 1iT

Equations (8.16), (8.21) and (8.22) provide the algorithms for
the dynamics of the filtered estimate and its covariances between

sampling.

The second assumption made in this development concerns the
formulation of the filtered éstimate at sampling. The change in
the filtered estimate at sampling is assumed to be a linear
operator of all expected errors in measurements. This may be

written as

A + A )
V G,iT) - ¥ (A1) = K Ly (4T -

{fas)

A
(GT) ¥ G, 1)1
)
+ 3
j=o
SNT>TD

” A
Kj 5 (INT-iT) [Z (x_, JNT) - M (JNT) V (x> JNT)T

(8.24)

It is apparent from (8.24) that both sets of measurements are
included in the sequential estimation scheme at those time instances
when iT = jNT.gi, X ; are (2x2) matrixes which represent Kalman-
type distributed filters. The algorithms for the filters are to

be obtained by minimizing the specific cost function given in

(8.15).



Since P (x, iT+) may be expanded as
+ T
P (x, iT ) = 1 (x) Q (x,iTh) ) ) (8.25)

it follows that the optimum filters may be obtained directly by

e . . . .t
minimizing the covariance matrix § (x, iT )

Let
~ + A +
V (x, iT ) =V (x, iT) - V (x, iT )
~ - -
V (x, iT ) = V (x, iT) - V (x,iT )

Adding and subtracting V (x,iT) from the left hand side of (8.24)
substituting (8.11) and (8.13) and then collecting terms yields

~

~“~ 4 ~ - -
_Y(xyiT>=_\_](X3iT)—EiEiZ(Xm)1T)
~ P . Q .
CX M B Y G, 3T - K GT) - X8 0 UT)
(8.26)
where
K, = K (%, X iT), H. = H (iT)
X, = X (x, x , iT), M. =M (1T)
i - m
and
A = ¢ 5 (GNT - iT) I
i =0
INT>T



It is noted that Al is a 2x2 matrix which is either s zero matrix
when only one set of measurements is available (JNT & iT) or a

unitary matrix I, when both sets of measurements are available

(3NT = iT).

Applying the definition in (8.21) to equation (8.26), the

change in the covariance of the filtered estimate may be expressed

as
. . s e
Q (x, iT ) = Q (x, ll)-EiQ(Xm,X, iT )
- T - T
- i N + N i N
Q (x, X, AT ) N, N, Q (xm, iT ) N,
T T T
+ K.+ :
K 8%y 7 X 2Ly 8 X (8.27)
where
N, = K, H.L + X. M A.
=i ~i —i =i —i 24

Employing differential calculus, by substituting K, + AK,

=i i

and §i + Azi into (8.27) and collecting terms, it can be shown
.o - +

that the necessary and sufficient conditions for Q (x, iT ) to

be minimum are satisfied if the following expressions

T T
I T H + R,

=i
and
U T .T .
M. A. x , 1T AL, M, + o L A
-i 1 Q ( m’ ) i i —i —i —i
are at least non-negative definite for all i [ 20 J. R., L
1 i

and Q (x_, 0) represent measurement and initial errors which are
m
considered non-trivial. 11 exact initial profile and noiseless

measurements are available, there will be no need for filtering.
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It follows then that the above expressions are satisfied.

The optimum filters result from equating the coefficient of
Aﬁi, AXi to zero in the above development. The filter expressions
become

-1
K, = Q (x, x_, 1T ) B [H, Q (x, iT) B, +R]

(8.28)

and

%, = {0 &, ox, 110) A SR CIREC B ] é—il

(8.29)
where for brevity the following substitutions are made
>y T
A, =M Q (x , iT) M. + L. (8.30)
=i i m i ~1i
T NI SN
= - A M ' ol
‘B'i Ei "li 24 'Li Q (Xm’ iT ) Ei (8.31)

Equations (8.28) and (8.29) apply at any time iT when both set of

measurements are avallable (Ai = 1)

For time iT, when only one set measurement is available [p. = o]
Zi -

the optimum filter expressions become

e
)l

Ei =0 (x, x_, iT ) H

m

(8.32)



and

Substituting these expression back into (8.27) yields the change

in the covariance Q (x, iT ) at sampling

Q G, iT7) = Q G, iT) - N Q' G, x_, iT)) (8.34)

m

Similarly, by putting the filter expressions into (8.24) and

employing the definitions in (8.20) and (8.21) yields
(e, %, iT7) = Q (x, x_, iT7) - N. Q" (x_, il ) 8.35
Q G, x_, =Q (x, x_, NoQ Gk, i (8.35)

The developed multiple measurements filter algorithms are
now summarized as follows: Equations (8.16), (8.22) and (8.23)
give the dynamics of filtered state estimate at its covariances
between sampling [that is, (i-1) T < t < iT ]J. They provide the
data required in the equations (8.28) (8.29) or (8.32) and (8.33).
The optimum filters thus obtained are used in (8.24), (8.34) and
(8.35) to compute the changes in the values of the filtered

estimates and its covariances at sampling.

It is noteworthy to observe some of the properties of the
multiple Kalman filters developed in the precedings. Firstly,
it is evident that equations for the multiple filters in (8.28)
and (8.29) reduce to (8.32) and (8.33) for the single filter
associated with one set of on-line measurements. Tt may be

inferred then that although the single Kalman filter (8.32) is
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optimum for a single set of on-line measurements, it is sub-
optimal when additional forms of measurements are available. This
is in fact the case and the proof is given in the following

development.

For simplicity, a scalar system is considered and the lower
case notations are the scalar reductions from their matrix
equivalences in the multivariate case treated above. For a
scalar system,the filter equations (8.28), (8.29), (8.32),

(8.33) reduce to

k. =q (x, x , iT Y h 1
i m
2 o 2 o
h™ q (xm, iT ) 1+ m g (xm, iT)r+ 1r (8.36)
xi = q (x, X iT Ymr
he q (x_, iT) 1+ miq (x, iT ) r + 1t (8.7)
m m

for the nultiple sets of measurements

and
§_= q (%, x 5 1T ) h
b2 q (x , iT ) +r (8.38)
m
ki =9 (8.39)

for single set of measurements.
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It is noted that whenever both sets of measurements are
available, the values of the filters are inversely proportional

to the level of the measurement noises.

The estimate error covariance (8.34) reduce to

q (x, iT+) =q (x, iT ) - h’ qz (x, X o iT )

b’ q (x, iTT) (8.40)

for single measurements and

+ - 2 2 2 -
q (x, iT)=q (x, iT) - (h 1+ mr)q (<, x_, 1T )

2 T 2 .
h™ g (xm, iT) 1+ m g¢q (xm, iT) r+ 1«

(8.41)

for multiple measurements. The relative improvement in estimation
measured by the reduction in estimate error variance for each case

is written from (8.40) and (8.41) as

2
I single = h2 g

h q2 + r

2
I multiple = (hz 1+ m2 r) q

2
h™ qz 1+ w? gr+1lr

It is evident that I multiple is a monotonic function of L with

values



q for 1 =0

I multiple =

2
hgq

for l =
2 »
hz q +r

and I multiple > I single for 0« 1 <

It follows that whenever any other set of measurements with
finite measurement error variances (1l % ») are available, multiple
Kalman-type filters of the type developed above provide improved

state estimates.

Another property of the filters, used later in Chapter IX is
further presented here. If only one component (yl) of the on-
line measurement vector in (8.10) is available, the measurement

may be represented as

y, &

m

, 1T) = h11 (iT) V1 (Xm, iT) + £ (i1) (8.42)

Following the same analysis used in the foregoing development
and considering for the sake of illustration only on-line estimation
time 1T # jNT, the expression for the optimum filter associated

with the scalar on-line measurement is readily derived as

(1T)

(=
il
&
N
A
e
r
e
e
[t
o
—

(iT) Q

[

IRl ) e

(x , iT ) +

1 11 V'm 11

(8.4

IS
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where Ei here is a 2x1 vector and the (2xl) covariance vector

o (%, Xm’ iT—) is defined as

- ~ -
b (x, X iT ) = E { V (x, iT ) Vl (Xm: iT) } (8.45)

Also, expressions similar to (8.34), (8.35) are obtained for the
changes in the covariance matrix Q (x, iT) at sampling with

vectors gi, ) replacing matrixes 51 and Q (x, X iT).

It may be observed that identical results are obtained by
directly substituting an infinite value for the measurement error
variance associated with the unknown measurement component
[rzz (iT) = «], in equations (8.32), (8.34) and (8.35).

It follows then that when only one component of a measurement
vector is available, a vector formulation such as in (8.10) may
still be used, with the measurement error variance of the unknown
vector set to infinity. This property enables the consideration
of a spécific number M, of monitoring stations for both components

of the state vector even though the results in Chapter VI show

that optimum monitoring stations may vary for each state variable.

Optimum Measurements Stations

The relative monitoring locations, for the on-line and off-

line measurements have already been established in equation (8.12).

The choice of the on-line estimation station % is made to satisfy
i

the observability condition in a deterministic steady state stream.

The steady state solution of the noise-free system (8.1) and (8.2)

may be written as
-142-



-k x
L(x)=L () e T (8.46)
-k, -k ox -k x
€ (x) = - kd LO e T.e 41 ] + Coe @ a
ka-kr
+s, (- e‘f_%f ) (8.47)
ka

where S. =K C + P - i - B
2 a s

Following the assumption in this chapter that the stream parameters
are known, the only unknowns are the boundary conditions L (o),

C (o). Observability of equation (8.46) and (8.47) are satisfied
if L (0) and C (o) are derivable from measurements of L (x) and

C (x) at any point x in the spatial domain. Following the develop-
ment in Chapter VI, for the simple stream model considered here,

an analytical solution of the optimum measurement locations is

possible. The sensitivity coefficient

2
AC(x)
3L (o)
is maximum at x = 1 In ka and this point is chosen as the

ka-kr kr
measurement station . For values of u, kr aud ka typical of
Streams as in the case of the numerical example in the next

section, the point x (x =% - UTD) where the delayed measure-

D’ D m

ments are taken may fall upstream of the boundary. In that case,
the measurements may be taken at the upstream boundary where the

sensitivity coefficient
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by a stream model has been presented in the preceding sections.
.

The implementation of the algorithms are shown in the following

vumerical examples.

Numerical Examples
In the iwo numerical examples, time-invaviant systems with

3

the tollowing parameter values are considered.

li

K o= 0.164, X = 0.164, Ka = 0.658, C 3.062

S

J=0.75, P - R=0.921, B = 0.0

H. = 2.5, H7 = 1.0 for all iT
Y. = 1.0, . = 5.0 for all x.

The stream is initially at a steady-state condition long
enough to enable DO and BOD measurements of initial values. Sub-
sequent transient condition is caused by an additional dumping of
BOD(Nl (o,t) = 30 mg/l)at the upstream boundary at t = o. For

the following examples, measurements arve simulated by adding a



generated random number to an expected measurement value as

in equation (8.10)

Constant measurement error variances and zero observation costs.

For this example

il

R. = 25, R

1 5 1.0

Nl = 1.0, N2 = 1.0 for all iT

1.5 miles

% = 00, %,

Based on the noisy measurements taking, figure VIII-1 shows the
improvement in estimation at the critical DO sag point due to
multiple measurements, and also the parts of the variances of the

estimate errors.

Measurement error variances which are fixed ratios of the

expected values.

This approach is characteristic of measuring instruments
with specified accuracies. Again, zero observation costs are

considered, along with the following

Standard deviation of TOC measurement = 10% of expected value
Standard deviation of DO measurement = 5% of expected value
Standard deviation of BOD measurement = 57 of expected value

XD = 0.0 and Xm = 1.5 miles.

Figure VIIT-2 again shows the improvement in estimation at the
DO sag point due to multiple measurements and also the new stcady-

state profiles.
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FICURE VIII~1. Filtering with Constant
Observation Error Variances and No
Observation Costs.

Temporal Profiles of Estimates of DO and
BOD (i) and Spatial Profiles of Estimate
Error Variances (ii) Based onj

a) True values
b) Noisy measurements of TOC and DO

¢) Noisy multiple measurements of TOC,
BOD and DO.
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FIGURE VIII-2. Filtering with Constant
Observation Error Variance-to-Signal
Ratio and No Observation Costs.

Estimates of Temporal (i) and spacial (ii)
profiles of DO and BOD based on

a) True values.

b) Noisy Measurements of TOC and DO.

¢) Noisy Multiple Measurements of TOC,
BOD and DOU.
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Algorithms have been derived in this chapter for multiple
distributed Kalman filters for estimation of stream water quality
state profiles, based on measurements at different statioms and
with different sampling rates. The results of Chapter V have been
applied to optimally utilize the off-line measurements in the on-
line estimation. Also, the results of Chapter VI have been applied
to establish the optimum measurement station whare estimation may
be done sequential. Estimates based on typical stream parameters
and measured values have been presented in the numerical examples.
Figures VITI-1 and VIII-2 are typical of other results accumulated
for various cther conditions of the stream model studied in this
chapter. The results demonstrate the consistent superiority of
the multiple measurements technique and encourage the use of
on-line TOC measurement in water monitoring and control. Cost
considerations have been omitted in the preceding developments,

and reserved for treatment in Chapter X.
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CHAPTER IX

MULTTIPLE KALMAN FILTERING IN ESTUARIES

WITH UNKNOWN PARAMETERS

The theory of Multiple Kalman-type filtering developed for
a stream system in Chapter VIII is now extended for optimum
estimation of BOD and DO profiles in polluted estuaries. Specific

examples of estuary conditions considered include

(i) a one-dimensional tidal river with steady flow
(ii) a one-dimensional non-saline estuary with tidal oscilla-
tory flow
(iii) a two-dimensional saline estuary with spatially varying

tidal velocity.

In the cases treated, dispersion terms, reaction decay rates
and the amplitudes of tidal velocities are assumed to be constants
but unkn wn a priori. The stochastic approximation techniques
discussed in Chapter VII are utilized for on-line identification

of these parameters.

Estimation is based on multiple sets of on-line and off-
line noisy measurements taken at various stations. The optimum
locations of monitoring stations within the spatial domain of a
specific estuary system have already been studied in Chapter VI.
A similar method of projecting delayed measurements to the points

of on-line estimation employed earlier for the stream system is



used. However, the projection equations based on the impulsive
responses of the estuary systems are more complex as evidenced by

comparing equations (4.12) and (4.14) with (4.10).

Because analytical solutions of the differential equations
describing estuary conditions are complicated and in several
cases unavailable, the developments in the sequel are based on
explicit finite difference approximations. The multiple filters
derived in these examples are suboptimal to the extent that the
above and other necessary approximations are made to simplify
the analysis and to obtain numerical results pertinent to the
scope of this study. When there is no limitation to the computer

time and size available to the researcher, procedures for obtaining

optimal filters for these specific estuary cases are discussed.

Again, a cost function consisting of only the variance matrix
of the estimate errors is optimized. The more general cost func-
tion that includes observation cost is treated in the next chapter.
Some of the pumerical results obtained for the cases studied

here also are presented.

One-Dimensional Tidal River With Steady Flow

Problem formulation.

The mathematical model for a one-dimensional estuary has

been presented in equations (2.11) and (2.12). Under uniform
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cross section, constant parameter and steady flow conditions,

these equations reduce to

aL(x,t) = E AZL - U3l - KL +1L (9.1
o __7 —_— a

3t % A%

2
3C(x,t) = EAC=U3a -K,L -KC+KC + P(x,t) - R(x,t) - B(x,t)
e _ a a a S
7
at dxX ax

(9.2)

Definitions of the variables and parameters are analogons to those
in Chapter VILII with additional terms E donating longitudinal
dispersion coefficient (sq mi/day) and La’ the rate of ROD in-

crease resulting from urban runoff (mg/l - day).
For brevity, (9.1) and (9.2) are written in a vector form as

3V(x,t) = E 37 - Ual - KV + S(x,t) (9.3)

N

at ax oX

Usually, only estimates of the parameters E, U, K and § determined
from previous measurements or analysis are known a priori. The
stochastic approximation techniques applied to a water quality
stream model in Chapter VII may be employed in a sequential
fashion to update the numerical values of the pavameter estimates
from available measurements. If parameter estimate errors may be

assumed small and E, for instance, 1s written as



A
E = E + AE

the equation (9.3) may be written in terms of current values of the

parameter estimates as

2

A
AV (x,t) = E 3 KV 4 SG,t) + FOx,t) oft)

2

|
t
>
ly
“ooli

Q)

at ox

where the effects 0of the estimate errors have been lumped into a
driving function noise vector ((t), and F(x,t) is the distribution
matrix. In general, the dynamic error thus formulated may be
zero-mean but state-correlated because the parameter estimates are
based on past estimates of the state profile. 1In that case
filtering methods such as in [ 17 ] may be used. Without loss of
generality, the dynamic error in the development is represented as
a zero-mean gaussian white noise vector having a variance term

typified by equation (8.4).

The measurement representations to be used in the sequel differ
from those in Chapter VIII only to the extent that an arbitrary num-
ber M of on-line measurement stations are assumed here. Following
the development in Chapter VI, the optimum number and locations of
the monitoring stations vary with the number of parameters to be
updated on-line. In addition, although both components of the
state vector may not be monitored at a specific station, the
scalar measurement may still be formulated in a vector form and
the measurement error variance associated with the unknown component

is then represented by an infinite value as shown In Chapter VIII.
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With the preceding in perspective, the multiple measurements

are represented as

iT) = H({(4iT X ,1 g L1

SACHP ) = H(iT) E(xm,lT) + _g_@m,l'r) (9.5)
i=20,1,2 ---

and
_— 9 . s N
3 0,1,2 ; JTl > 1D

The second component of z (Xm’jTl) is actually an on-line DO
readirg included for a symmetric vector representation. Following

the development in equations (5.14), (5.15) and (5.16)

01 (jTl) =Ugmng (xD, 3Ty - TD)

-2 . 2 2 .
P = J N -
where us ag (5.12)
. 1 ( 5 }
= = 3 _ _ . _ ) g
¢ P exp \-[(x_ - x) - UT] K. T, (5.7)
VETE D 4LET

D

and N1 is the variance of the delayed off-line BOD reading taken

- jT. -~ T ).
at (xD, 311 D)

By analogy to equation (8.25), the objective here is to
obtain the optimum estimate of Q (x,t) based on measurements
(9.5) and (9.6) by deriving algorithms for sequential filters

which minimize the variance matrix of the estimate error
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L o~ L+ I"'T LD
Q (x, iT ) = E {y (x, 1T ) ¥V (x, iI )j (9.7)

Derivation of filter algorithms.

A
Again for V (x,t) to be an unbaised estimate of V (x,t), it
follows from (9.4) that the filtered state estimate propagates

between sampling as

A ~ A A A A A
3V () =Ex¥ - U3V -KV +5 (x,t) (9.8)
— — =
g t 3% fop:S

By subtracting (9.8) from (9.4), the dynamics of the state

estimate error between sampling becomes

o~ A D A ~ A A~
2V (x,t) =ExX"V-Ua¥ -KV +F w(t) (9.9)
_—= —= _— =
5 t 3% RRS

for (i-1) T « t <« iT

The analytical solution of (9.9) for general initial and boundary
conditions is unavailable. Instead, the explicit finite difference

solution between sampling is written as

~ Vil ~ —~ 2
- = -+ 2 + VvV
Y, it b V1, ci-1yr 2V GenrT <-1,¢i-1yTH]
(AX)™
A J’__/\J ~
- / v ) - .
Uatil¥on, g-nr Veel,¢i-1yrt !
2AX
A A
- /\ I + !
AeEY oot T Y Gint”
+ 5t (9.10)
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Collecting terms in (9.10) results in

—~ A ~ Fal —~
- = ']
¥ iT a1 Yy v Y
A —~
+ +
“x-1 Y1 TOAETE Gt Yhinr (9.11)
where
A A A
a1 =EA123 - UAC (9.12)
(Ax) 2A%
A A A
b =(2Epat +1) I - AtK (9.13)
X
2
(Ax)™
A A A
c = EAt + UAcE (9.14)
x-1 5
(Ax)” 2ax%

The spatial increment is
A x = (x+l) - x
The Qynamics of the error covariance matrix for any two spatial
points (x,y) between sampling is obtained by postmultiplying (9.11)
by its own transpose and taking the ensemble average. This results

in

Q Ge,t,iT ) = a ., Q (x+l,y+1) agqr b, Q (x,y+1) A1
+ c (x~1,y+1) + +1 bT b ) bT
x-1 2 Gmliyrlya ) 2y @ Fly) by b QGx,y b,

+ Ex Q (x,y-1) Cy—l -+ Cx-l Q (x-1,y-1) Cy

-1
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+ At WF (9.15)

+ -
for (i-1) T < t < iT

+ -
Subscripts {(i-1)T in (9.11) and (i-1)T and A in (9.15) have been

dropped for clearity.

Explicit finite difference solutions of (9.8) and equation
(9.15) then represent the propagation of the filtered estimate and
. . . . . + .
its covariance between sampling time (i-1)T and iT. They are

analogous to (8.16) and 8.23).

To complete the development, it is now desired to derive the
optimum filters from the available measurements at sampling. By
analogy to equation (8.24), the change in the filtered estimate

at sampling is formulated as

A + A - M A -
V (x,iT ) - V (x,iT ) = ¥ Km,i [yix ,iT) - H(it) V (x_,iT )]
=1 m m
‘M w ) )
v 3 INT -1 z(x ,3jNT) - M(jN ¢ ,jN
+ L% X5 6 (NT-iT) [2(e ,3NT) - MUNT) VGx ,INT )]
m=1 j=o
INT>T
(9.16)
where
Bm,i © K (X,Xm,lT)
X .= X (x,x_,]JNT)
~m, j = m

are the multiple Kalman-type filters to be derived by minimizing

the covariance matrix (9.7).
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Following a similar procedure as in (8.26) and (8.27) the
covariance matrix becomes

M M

+ T
Q x,iT) =Q (x) - % MmQ (x ,x) - % Q Gox ) N
m=1 " m=1
M M T M T
+ 5 T Nm Q (x , x ) N + 5 Km Em K
- m n’ —m =" =" -m
m=1 n=1 m=1
M
T T
T KmaL oo X (9.17)
m=1
and
Nm=Kmn H + Xm M A (9.18)

where all expressions on the right hand side of (9.17) and (9.18)

are evaluated at iT .

- ok
Using differential calculus to minimize Q (x,iT ) by sub-
stituting (Km + AKm) and (Xm + AXm) into (9.17) and collecting
- T T
terms for the coefficients of AK and AX  , yields mecessary
~m “m

and suffirient conditions of optimization [ 20 ]

T M T .
-Q (x,x ) H + El En Q (xn, x ) H + gm 0 Q (9.19)
M
- Q (x,x ) /‘\T MT + 5 N Q (x X ) A MT
m=1 -
+ X AL =0 (9.20)
“m
for
m=1, 2 --- M



The true optimum rmultiple Kalman filter are the solutions of the
simultaneous equations of matrixes (9.19) and (9.2G). Although,
very complicated, a solution does exist. For example, for A= o]
(single set of measurements) and with two on-line monitoring

stations (M=2), it can be readily shown that

-1
T, T [, T
g 12 G B e e ET ) {ro ey g
(9.21)
and
_ T T i T
K, = {2 Goxp BN - @ G R B {no G TR
-1
T
+HQ (x,,x,) H B} (9.22)
1’72 )
where
- T, o -1 ) T
Bo=(Q Gyu +E) T HQ Gy, x) H
Even for this simplified case, the matrix manipulation is
enormous. For a two-dimensional estuary where up to six monitoring

stations are considered as in a later example, the matrix manipu-
lation becomes excessive. This motivates the derivation of a

simpler but suboptimal filter.

The suboptimal filters developed in the following devivations
are based on an assumption that there is little correlation

between estimate errors at any two independent measurement stations.

-158-



Q (xm,xn) =0 form n (9.23)

This assumption is valid in the limit as the measurement error

goes to zero. Substituting (9.23) into (9.19) and (9.20) yields

K (HQ ) B +RI+X MaQ () B =Q (x,x) i

~m
(9.24)
. T T i T .T
K BEQ (x)a M + x [MaQ &) o M+ aL]
=Q (x,x ) Q_T M (9.25)
for m= 1, 2 --- M.

The solutions of (9.24) and (9.25) yield the suboptimal multiple
filters K (x,xm,iT), X (x,xm,iT), i = 1,2 --- M with expressions
identical with equations (8.28) and (8.29) for time iT = jNT when
both sets of measurements are available. At iT £ jNT, when

only one set of measurements is available the solutions of

(9.24) and (9.25) reduce to (8.32) and (8.33).

Substituting the filter algorithms back into (9.17) results
in the algorithm for the change in covariance matrixes Q (x,t),
Q (x,xm,t) at sampling
N i M . i
Q (x,iT ) = Q (x{iT )y - 5 N (x,xm,iT) Q" (x,x ,iT )

m
m=1

(5.26)
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and
+ - M T -
Q (¢,x ,iT ) = Q (x,x iT ) - ¢ N (x,x ,iT) @ (x ,iT )
m m - mw m
m=1
(9.27)
In summary, algorithms (9.8), (9.15) are used to compute the values
of the filtered state profile and its covariances between sampling.
They provide the data at iT to compute the filters from (9.24) and
(9.26). The resulting filter expressions are then used in (9.16),
(9.26) and (9.27) to obtain the corrections to be applied to the
filtered state estimate and its covariances at sampling. In
addition, stochastic approximation method developed in Chapter VII
are applied to update the parameters based on the available

measurements at sampling.

One-Dimensional Tidal River With Oscillatory Flow

The filtering problem here differs from the preceding only
to the extent that the tidal velocity term in (9.1) and (9.2) is

not a constant but represented as
U (x,t) = UF + UT Sin o t

In addition, the corresponding projected off-line BOD measurements

error becomes

SN

- O
it
[@s)
©
2z
o~
ks

E[¢

and from (&4.12)
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2
- 1 T ox ) - . ST - T - K
¢ = —_ exp {-Lx -xp) - U.T + LEO (C oswiTy - Cose(JTy TD)>] K.Tps

E TD

o~

With these modifications, the algorithms derived for optimum
filtering in the precedirig section apply to this example of a

one-dimensional estuary with oscillatory flow.

Two-Dimensional Estuary With Salinity Intrusion

The development here follows very closely to that of the one-
dimensional estuary; the major difference is the increased number
of terms resulting from the additional spatial dimension. Figure
IX-1 shows the comparison between the number of elements of the
profiles from the previous time-step required for the computation
of the current profile for both one-dimensional and two-dimensional

cases.

Problem Formulation.

The system considered here is represented as

3 Lix,z,t) = Ex 3L +Ez3L-U3L-KrL+Lla (9.28)
- o 2
3t ax oz 3 X
2 2
3 C(x,z,t) = Ex 3 C +Ez3C-UxC-KIL-KaCcC
— —
a t Ox Az 3 X
+K C +P-R-5B (9.29)
a s
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(i) Ome Dimensional Estuary

V(x=-1, z-1, t~1)

{(ii) Two Dimensional Estuary

FICURE IX-1. Profile Computation in Estuary Systems

by Explicit Finite Difference Method
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A one-dimensional advective flow in the horizontal direction
is assumed and the additional term Ez represents eddy diffusion
in the vertical direction. The time-averaged component of the
tidal velocity is formulated as
U, (xo2,8) = U [1+2 (2 - 1) x] (9.30)
a Z_ X
zo X0

to approximate the logarithmic vertical profile that has been
observed to result from salinity intrusion in an estuary [ 52 ].

In addition, a linear approximation of the results in [ 123 ]

is employed in formulating the time-varying component

) = i
Uv (x,z,t) Up x_ Sin wp
X0

The tidal velocity term used in the following example is then
written as

U (x,z,t) = Ua (x,z,t) + Uv (x,z,t) (9.32)
The preceding approximations are made to incorporate realistic

estuary conditions and yet maintain computational simplicity in

the development.
Estimation is based on multiple sets of measurements

x ,z ,1T) = H (i J (% i X i
y (\m z 1 ) H (1iT) L(xm,%n,lT) + é (\m,zm,lT)
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: - M (T ] - .
z (x 52z »3Ty) =M (JT,) V x5z ,iT) + p (x .2 ,1T)

The projected off-line BOD measurement error is again represented

as

D]. (mezm:jTl) = UF 0) nl (XD’ZD’jTl)

2 . 2 2 .
Elpy GepzgadTy) 1= Up 97 Ny (s 20 3Ty - Tp)

where by using equation (4.14)

1

4WTDJEX Ez

, . 9
exp {;[(xm—xD) - UFTD +'LH?<FOSut -Cosa)(JTl—TDi>]
03
4 E T
X

¢

D

2
- Lz 200" - K TS}

QEZTD

Again, a variance matrix cost function
Q (x,2,iT) = £ { w b T .
> V (x,z,iT ) V (x,z,iT )}

is to be optimized.

Derivation of filter algorithms.

By analogy to (9.8), the filtered estimate propagates between

sampling as
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" 24 2A A n
3¥ (x,2,t) =Ex 3V +Ez3y -Uz¥ -KV
2 yJ
t ax 3z o X
+ S (x,z,t) (9.33)
Following earlier developments, the estimate error dynamics
between sampling becomes
7 v +b V. o+ v
Yx,z:iT- T 4%+l —x+1,2 -x y-:sa:,z Cx—l —x=-1,z
+ v + v
Clz+l —x,z+1 €2-1 yx,z—l
+ . + . +
B E o -n1rt Wt (9.34)
where
A A
a4 = [ Exzat + U at ]
AX 2Ax%
A A A
b =[-2 Ex At - 2 Ez At + 17 I+ At K
AX NZ
A A
%{_1=[EXAE - U at]
AXZ 2AX
A
dz+l = FEz gt
rz
A
e -1 = Ez At
“ 7
Az

The resulting dynamics of the covariance matrix between sampling

is straight forward from equation (9.15).

of covariance lLerms of the type
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a1, 2 Loz yis, AT b oyys

T
2
and a term At F WFE which is the propagation of the error
X,z — X,z
. N .

dynamics. The term Q (x+1,z; y,s; iT ) is the covariance between
the estimate errors at any two spatial points {(x+1,z) and (v,s). The
algorithms for the filters in (9.24), (9.25), (9.26) and (9.27)

are modified only by the additional dimension for this two-

dimensional estuary case.

The implementation of these equations on a digital computer
is straight-forward. Because, the estimation is done sequentially,
memory storage is needed only for the current values of the state
estimate profile and its covariances. However, for a large grid
size, storage may become a critical problem. Unfortunately,
the grid size cannot be reduced arbitrarily because this might

violate the stability conditions.

Numerica'l Example

For the following numerical example, a two-dimensional saline-
estuary conditin of the type treated in the preceding section is
considered. Numerical values for the estuary parameters are as

follows

(i) physical parameters
estuary length ss = 5 miles

estuary depth zz = 30 ft.
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i) hydrodynamic parameters

2
longitudinal dispersion in x - direction EX =12 mi~/d
. . -4 _ 2
vertical eddy diffusion Ez = 5 X 10 = ft /sec
fresh water flow at upstream boundary UF = .25 mi/d

maximum tidal velocity U-T = 0.1 mi/d.

A non-linear distributed tidal velocity of the form

is used

where the tidal period TT = 2 17 = 12.4 hrs.

(iii) biochemical parameters

Kr = 0.25 /day
Ky = 0.25 /day
Ka = 0.65 /day
CS = 9.5 mg/l

P-R-B=20

(iv) the system is assumed to be at steady state initially
with up-stream boundary conditions
Vl (0,2,0 ) = 20 mg/1

v, (0,2,00) = 6.5 mg/1

1l
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(v) transient conditions are generated by an additional BOD

dumping at the upstream boundary

Il

.{;.
v, (0,2,07) = 30 mg/1

I

VZ (o,z,O+) 6.5 mg/l

Multiple measurements of the type discussed in the text are used
in the simulation. On-line measurements of DO and TOC are taken
every two hours

MT = 2 hours

and the off-line BOD measurements are taken every six hours with a

five-day delay

MB 6 hours

1l

D 5 days

The standard deviation associated with the measurements are

standard deviation for TOC measurements VI = 5.0 mg/l

standard deviation for DO measurements VC = 1.0 mg/1l

standard deviation for BOD measurements VL = 1.0 mg/l

A linear function assumed for TOC and BOD values is
TOC = TG x BOD + TIN

where
TG = 2.5

TIN = 0.
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The parameters updated on-line in the simulation are Ex’

E , U,, U, X and K . The values of the initial parameter

estimates used are

EE‘ = 0.15 miz/d

EE, = 82X 107% £e2/sec
EU, = 0.4 mi/day

EUT = 0.15 mi/day

EK? = 0.5/day

EK_ = 0.25/day

For initial conditions of the state profile estimate, values
consisting of the true state profile and additive simulated

noise are used with variances

r
E 1 0
+
9 (}‘JZBO ) =E
E .0 1
and Q (x,z;y,s) = 0, for x #+ vy or z # s

Initially, five BOD and TOC measurement stations and six DO
measurement stations located at equal interval along the center

line of the estuary are assumed. The subsequent locations of
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the measurement stations are obtained using the algorithms developed

in Chapter VI for optimum monitoring locations.

A spatial grid increment Dx = 0.2 miles and a temporal grid
increment DT = 1 hour were found to provide marginal stable solu-
tions. The results obtained by applying the distributed multiple
Kalman filtering algorithms developed in the text, to this specific

numerical example are shown in Tables IX-1 and IX-2.

Table IX-1 shows the true BOD state profile and the estimated state
profile, with the corresponding estimate error variance after eight

days of estimation.

Similarly, Table IX-2 shows the true DO state profile and the
corresponding state extimate and error variance after eight days
of iteration. In addition, the optimum monitoring locations

compared with the uniform intervals originally assumed are

optimum DO monitoring stations (xl, 21) = (.8 mile, 18 ft)
(X2, 22) = (1.6 mile, 18 ft)
(x3, 23) = (3.2 mile, 18 ft)
(x&, 24) = (4.8 mile, 30 ft)
(XS, ZS) = (4.8 mile, 18 ft)
(x6, 26) = (2.4 mile, 18 ft)
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optimum BOD and TOC monitoring stations

(Xl, zl) = (4£.8 mile, 30 ft)
(x,, 2,0 = (4.8 mile, 30 fr)
(XB, 23) = (3.2 mile, 18 ft)
(XA’ 24) = (2.4 mile, 18 ft)
(XS, 25) = (4.8 mile, 30 ft)

A multiple measurements technique for optimum state estima-
tion in a class of non-linear dynamic distributed parameter systems
has been presented in this chapter. Algorithms for Kalman type
filters for both off-line and on-line measurements have been
developed. The development is based on the finite difference
representation of the state differential equations. The off-
line measurement projection method and the theory of optimum
spatial monitoring stations developed in earlier chapters have
been applied along with the filter algorithms in this chapter to
a realistic saline estuary model with non-linear tidal velocity
distribution. The results show improvement in estimate based on
multiple measurements. In additiom, as it may be observed from
the BOD monitoring stations, the optimum locations are not

necessarily spaced at equal intervals.

-171-



CHAPTER X

COST CONSIDERATIONS AND THE OPTIMUM

ESTIMATOR INDICATOR

Optimization may be defined, in a broad sense, as a procedure
by which a specified goal is realized with the minimum amount
of effort possible. Thus, an optimization criterion, to be realistic,
should include both the penalty associated with any deviation from
the desired goal and the costs of the efforts expended. This
approach has found wide application in control theory where often,

the problem is to obtain the optimum strategy for the control

effort,

As part of the contribution of this study, a realistic cost
function is applied to the problem of optimum estimation in water
quality systems. The various factors that may contribute to the
uncertainty of the estimated value of a water quality variable,
have alrcady been presented in the previous chapters. These factors
include médeling approximation errors, instrument noises and other
errors that may result from the various empirical procedures by
which some water quality parameters are evaluated. The cost of
uncertainties in estimates, thus constitutes cne part of the cost
function treated in this chapter. It represents the possible
damage to the water resource, that may result from management

and control policies based on uncertain information.
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Furthermore, as it is the case in practical engineering problems,
significant costs may be associated with the acquisition of data om
shich the analysis of a system is based. Observation costs, which
for water quality systems, often include the costs of laboratory
apparatus, instruments and operational costs, constitute the other

part of the cost function considered in this study.

The formulation of the cost function as described above
implies a knowledge of the explicit significance of each cost
component. The determination of the observation costs can readily
be based, among other factors, on the wages of the laboratory
personnel, the price quotations and life expectancy of the instru-

ments [ 8, 48, 63 7.

However, the determination of the cost of uncertainties in
estimates presumes an explicit knowledge of the complete asset of
the water resource. The latter is a formidable problem that has
received considerable political, social and economic attention in
recent years, particularly because of the multipurpose use of water
resources. Extensive studies have been made on cost benefit
analysis [ 59, 16 ], to evaluate the asset of natural water systems
to assimilate wastes, and the detrimental effect of water pollution
on such benefits as drinking water supply, aquatic life and contact

recregtion.
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Alternatively, the cost of uncertainties in estimates may be
evaluated from the viewpoint of enforcement where a penalty is
imposed whenzver a plant's effluent exceeds an allowable BOD
load limit. 1In addition, the costs of the improvement in treat-
ment facilities, artificial aeration and so on, which may be necessary

to maintain acceptable water quality conditions may be considered

[ 152 7.

The scope of this study is limited to an assumption that the
various pertinent cost factors discussed in-the precedings, are
available. The contribution here is the application of these factors
to obtain an optimum observation strategy for monitoring water
quality systems. An algorithm is derived for an estimation indicator
whose optimum values dictate the optimum number of observations
and their temporal spacing. This, along with the development in
Chapter VI for the optimum spatial measurement stations, thus pro-
vide a comprehensive monitoring policy for the analysis and control

of water quality systems.

The implementation of the estimator indicator algorithm is
given in a numerical example and the results demonstrate that

improved estimation based on fewer samples may be obtained.

Cost Function

The definition of the various terms included in the general cost

formulation given in equation (5.17) are now presented. The cost
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function includes the spatial integral of the mean square of a

linear function of the state estimate errors and the costs of all

observations.
\ b8 , 2
P (x,iT ) = Fxf E {DT (x) V (x,iT) ] } dx
o =
+ - LT T ) T Co (x.)
e (Xm>1*) [6 (l-——J 1 _B- D '\D
Xm’xD

d (10.1)

The variance term represents the cost of uncertainties in
estimates, and the second term on the right hand side of (10.1)
includes all costs of the on-line and off-line observatiocns.

C (xw) is the average observation cost vector for the on-line
TOC and DO measurements monitored at station X while QD (xD)
represents the observation cost vector of the off-1line delayed
BOD and DO at X Numerical values for C (xm) and QD (XD} may
be established from wages and instrument prices. As done in
previous chapters, the kroneck;r delta 3 (iT-jTl) is included to

incorporate the costs of the delayed measurements at times

(iT—jTl) when they become available.

The estimator indicator e (x , iT), whose optimum values
m
indicates whether an observation should or should not be taken

is discussed further in the next section. 3(x), o, and B are
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specified cost factors which establish the relative significance
of each cost component. Because these parameters are relative
weights the following discussion is limited only to E (x), with
an understanding that numerical values of g and 8 can be readily

based on ) (x).

Evaluagtion of cost factor.

In the preceding chapter, the estimation problems have been
based only on the minimization of the estimate error covariance.
A

The results have provided a state estimate profile V (x,iT)

. A .
which is unbiased (E {K (x,iT)} = V (x,iT) and has an associated

L

measure of uncertainty in the form of a covariance Q (x,1iT).
To properly illustrate the significance of these results in the
following development, an example of the scalar components are
employed. Hence, V2 (x,iT) may represent the true DO profile at

. 3 /\ 3 . ~ .
time iT, V2 (x,iT) represents the estimated profile and Q27 (x,iT)

is the variance of the estimate error.

Because Gaussian white noise type are being considered, the

density distribution of the unknown true value V (x,iT), given

A

an estimate N (x,iT), is shown as a normal distribution in

Figure X-1. A threshold minimum value VQS is assumed to be the
standard quality criterion imposed on the stream. Methods of
establishing water quality standards are contained in many studies

[ 115 7.
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FICURE X-1. Evaluation of the Cost Factor



A
The fact that an estimate V2 (x,iT) is greater that VZ“’
3

does not imply conclusively that the true value V2 {x,iT) is
also greater that V?S" In fact, the shaded area A in the figure

represents the probability that the true value V9 {(x,iT) indeed

violates the stream standard. This probability value is written

as
VQ‘S
Prob, (v2 ) _j Pys (v) av (10.2)
A
for V., » V..
2 25
wherea
- 1 A2 .
Pogy (V) = i *‘**E; = exp - [(Lj VQ)MW (10.3)
/2Ry o (0 2Q,,, (x,1T)

ProbD represants the condition under which the stream is actually
being degraded, but no covvection policy is initiated because of
the incervtainty in the esitimate. It may also be viewed as the

cost associatad with gevation that may later be necessary to re-

store the stream to s sfandavd Jevel. [ 152 7.
. . ) &N . c )
Similarly, if an estimate V, {(x,iT) <« Voo, i€ is not con-
clusive that v, ¥,1iT) is less than V,o. The expression
Prob, (V,, Vv, .0 = [ V) dv for V, < V
PP Yoo Vg % Pyy (V) 2 < Vas
25

represents the probability that the stream condition might already

have met the standard. Any costs of the correction measures based
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. A
on the apparent deficiency (V - V9) may be considered as un-

25

warranted. ProbU is shown as the shaded area B on Figure X-1.

The preceding arguments are tendered only to give an insight
into the application of the results here; the basis for the argu-
ments are subject to debate based on the interest of the user.
(e.g. a treatment plant manager who seaks to minimize his plant
upgrading cost versus an envirvonmentalist whose goal is to restore

the stream to its natural form at all cost).

However, it is assumed heve that the total cost to be minimized

is a judicious weighted sum of Prob_ and ProbU,from which the cost

D
factor % (x) may be established. The actual determination of X (¥)

is beyond the scope of this disserviation.

it is now desived ta develop an observation strategy ta
optimize the sampling rates of obsevvations with respect to the

obgervation cost.

v

Lstimabion Indicatoxr

The problem of ohservation casi has heen studiad for some

control systems [ 88, 25, 4 7 in whieh dynamic programming was
used. Because a sequential £ilrering algorithm is developed here,

a different and simpler apprecach is used.
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The resulting change in the variance matrix Q (x,iT) is

repeated heve from equation (9.34)

b _ - . . , T -
Q (x,iT) = Q (x,iT ) - (K, 5, + X, M, A 1Q (X‘Xm,lT )
(10.4)
substituting (10.4) into (8.25) yields
. X m
P (x iT+) = P (% iTﬂ) ot xl(x) K, H + X, M. AL) QT (x,%x ,iT)
e " % LY -—~1 =i i1 Fi T’
o
A (%) Jdx (10.5)

The expected decrease (impravement) in the total cost function if
measurements are taken at 1T is

X

E it =[5 o8 o) [k o+ % M, 8] Q0 Gx o, i) o (x) dx
{il X 1 1 1 i —
O

This improvement must be weighed against the additional cost of
making measurements. If the expected improvement in estimates

outweighs the addition obgevvalion cost then, an obsevvation is

e

taken [e (xn,iT) = 1]. Conversely, if the expected improvement is

, .
marginal or significantly less rhan the cost, observation,
then no measuremenis are taken [e (¥ ,iT) = 07. The algorithms for

m
the estimator indicator & (Kr; iTY in (5,17) becomes
i
- | 1 if £ (Xm,LL) > 5 (JNT - iT) E CD + a C (m) \
e (xm,ﬂ) = i
S0 if  E (xm,rr) < g (JNT - iT) B Cytac

-180-



The results in the following presentation are applied to the

following numerical example.

Numerical Example

The algorithm for the estimator indicator was incorporated
into the numerical example for the stream system in Chapter VIII.

The same parameters are used in addition to the cost factors

o G (m) = 0.008
B C, =0.075

The assumption here is that the cost f[or one analytical BOD test is

about ten times the cost per on-line TOC reading.

Figure X-2, (ii) and (iii) show the improvement in the state
estimate profiles based on the multiple measurements. However,

a particularly intervesting vesult is that these improved estimates are

based on fewer samples than ihe single measurments.

7
W
w
[9}]
o
o]
o}

Because the algorithm of ifhe estimstor indicator is |

[0y
ja i

the variances of the measuyrement ervors and not the measur
values themselves, the obsevvalion sivategy may be developed
off-line. That is the numbev and tempoval spacing of observations
may be planned hefore the measuvements arve taken. In some

practical cases,; howevev, whave the noise vari are not knowpn

o
in}
gl
o
has
9]
1]
mw

a priori, approximate expressions of the type presented in

[ 15 7 based on measured values, may be used,
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FIGURE X~2, Filtering with Constant Obser-
vation Error Variance-to-Signal Ratio and
Observation Costs. vpical Observation
Strategies for Noisy (i) TOC, (ii) TOC,

BOD and DO Measurements (iii) Estimates

of Temporal DO and BOD Proifiles.

a) True values

b) Noisy measurements of TCC and DO

c) Noisy multiple Measurements of TOC
BOD and DO
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The observation strategy developed in this chapter along with
the optimum spatial measurement stations in Chapter VI, thus
represents a comprehensive optimum monitoring policy for estimation
and control of distributed parameter systems. The results have

demonstrated that fewer samples of multiple measurements when taken
and applied properly may produce better estimates of the state and
parameter in the class of distributed parameter systems treated in

this study.
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CHAPTER XTI
COMCLUSTIONS
The overall objective of this study which was to develop a
comprehensive multiple measurements theory for the on-line optimum
state and parameter es timation in distributed s¥stems has been
accomplished. The specific contributions have been:

(a) The development of a measurement projection method to
optimally utilize off-line delayed measurements for
on-line estimation and contrél.

(b) The development of a comprehensive measurement policy
that includes the optimum spatial moni toring stations and
an observat fon strategy for the optimum number and
temporal intervals of measurements.

(c) The development of Kalman type distributed filters
for optimum s tate estimation based on all available
types of off—1line and on-line measuremenpnrs,

(d) The successful application of the technijiques developed
to numerical examples which typify realigtic engineering
problems.

(e) The presentation of the multiple measurxepents algorithms
which demons crated considerable 1IMpTovVenent over existing

estimation and monitoring methods for Che class of

problems treated.
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The organization of the text was made to underscore the
sequence of the problems in monitoring, estimation and countrol of
a class distributed systems. The development of the class of
water quality models to be studied was presented and the features
and significance of each variable were discussed. The state-of-
the-art methods of measurements and evaluation of the critical
parameters with particular emphasis on their limitations were
presented., The relationship among the multiple forms of oxygen
demands were explored.

Recognizing that closed-form solutions are often not available
for practical dynamic distributed models, the explicit finite
difference techniques applicable to the specific systems under
consideration were presented. The associated criteria for stability
and boundary conditions which are necessary for the useful
application of the solution techniques on a digital computer program
were given,

A unique method of projecting off-line measurements for
optimal utilization in an on-1lineé Process was developed. The
development was based on the implusive responses which are readily
obtained by analytical or experimental methods for many distributed
models,

An optimal measurement strat€g8y for spatial monitoring stations
based on statistical experimental design techniques was developed.
Two theorems were given for tﬁe optimum number of spatial locations

of monitoring stations.

-185~



The applicability of the multiple weasurements techniques
for parameter identification in constant parameter systems was
demonstrated., The rates of convergence and the finmal accuracy
of the estimates obtained for multiple measurements were found to
be consistently superior to those obtained from single sets of
measurements, In addition, the multiple measurements techniques were applied
to track time-varying parameters, and again improved results
were obtained,

The results obtained from the appiication of the multiple
measurement techniques to state profile estimation also demonstrated
the superiority over Kalman type filters based on Single sets of
measurements . The possible applications of the results from this

study in real engineering problems were also discus sed,
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CHAPTER X1T

RECOMMENDATIONS

The applicability of the multiple measurements techniques
developed in this study has been demonstrated for practical
simulated numerical examples. It is of interest in future work
to incorporate these techniques into real engineering problems of
monitoring and control of water quality systems. The extension
of the results of this study to other classes of distributed systems
Is relatively straight forward. A rebresentative mathematical
model and a realistic understanding of the measurement methods
available are required,

Care needs to be exercised in the representation of initial and
boundary conditions as these greatly affect the stability and
reliability of solutions.

The sequential development of the algorithms facilitates a
minimum requirement of computer time and memory. As larger and
more complex systems are considered, the computer cost may become
very significant.

The techniques developed here can readily be integrated along
with the necessary hardware, for useful applications in the

monitoring and control of distributed parameter systems.
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