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ABSTRACT

The a n a l y s i s  o f  nonuniform  w a v e g u id e s  i s  fo r m u la te d  i n  

term s o f  n o n -o r th o g o n a l  g e n e r a l i z e d  c o o r d in a t e s  by u t i l i z i n g  

th e  Hertz v e c t o r  p o t e n t i a l s  and t h e  Riemann m e tr ic  t e n s o r .

When t h e  H ertz  p o t e n t i a l  i s  e x p r e s s i b l e  a s  a f u n c t i o n  o f  

t h e  p r o p a g a t io n  c o o r d in a t e  t im e s  a f u n c t i o n  o f  t h e  t r a n s v e r s e  

c o o r d i n a t e s ,  t h e n  t h e  nonuniform  w avegu id e  may be r e p r e s e n t e d  

by t r a n s v e r s e  e q u a t io n s  and a s e t  o f  u n co u p led  n onuniform  

t r a n s m i s s i o n  l i n e s .  T h is  d e c o m p o s i t io n  f a c i l i t a t e s  s tu d y in g  

p r o p a g a t io n  a lo n g  th e  p r o p a g a t io n  c o o r d i n a t e .  S u f f i c i e n t  

c o n d i t i o n s  t o  a c h i e v e  t h i s  d e c o m p o s i t io n  a r e  i n v e s t i g a t e d .  I t  

i s  d e m o n str a te d  t h a t  t h e s e  c o n s t r a i n t s  may p r o v id e  g u i d e l i n e s  

f o r  s e l e c t i n g  a u s e f u l  c o o r d in a t e  sy s te m  t o  d e s c r i b e  th e  n on-  

u n iform  w a v e g u id e .  In  term s o f  t h i s  c o o r d in a t e  sy s te m  t h e  

nonuniform  w a v eg u id e  a n a l y s i s  may be red u ced  t o  s o l v i n g  u n coupled  

nonuniform  t r a n s m i s s i o n  l i n e s  i f  t h e  e i g e n v a l u e s  o f  th e  t r a n s 

v e r s e  e q u a t io n s  can  be d e te r m in e d .  T h is  a l l o w s  nonuniform  

t r a n s m is s io n  l i n e  th e o r y  t o  be a p p l i e d  t o  th e  s tu d y  o f  c e r t a i n  

nonuniform  w a v e g u id e s .  I t  i s  a l s o  shown th a t  when t h e  d ia g o n a l  

e lem en t o f  t h e  m e t r i c  t e n s o r  ( t h e  e le m e n t  a s s o c i a t e d  w i th  th e  

p r o p a g a t io n  c o o r d i n a t e )  i s  u n i t y ,  term s in  t h e  n on u n iform  t r a n s 

m is s io n  l i n e  d i f f e r e n t i a l  e q u a t io n  and nonuniform  t r a n s m i s s i o n  

l i n e  p a ra m eters  ( su c h  a s  c h a r a c t e r i s t i c  im p ed an ce, and t h e  per



l e n g t h  a d m it ta n c e  and im pedance) a r e  r e l a t e d  t o  t h e  l o g a r i t h 

mic d e r i v a t i v e  o f  t h e  t r a n s v e r s e  s u r f a c e  a r e a .

For more g e n e r a l  w a v e g u id e s  i t  i s  s u g g e s t e d  t h a t  th e  

nonuniform  w avegu id e  may so m etim es  be ap p rox im ated  by a 

c a sc a d e  o f  s o l v a b l e  nonuniform  w a v e g u id e s .  In  t h i s  c a s c a d e  

a p p r o x im a t io n ,  th e  s tu d y  o f  t h e  j u n c t i o n  b etw een  

nonuniform  w a v e g u id e s  i s  im p o r ta n t  b e c a u se  t h e  n a tu r e  o f  th e  

c o u p l in g  b etw een  t h e  v a r io u s  w a v eg u id e  modes l i e s  in  an u n d er

s ta n d in g  o f  th e  w avegu id e  j u n c t i o n  a n a l y s i s .  A J u n c t io n ,  as  

d e f in e d  i n  t h i s  d i s s e r t a t i o n ,  i s  t h e  j o i n i n g  o f  two d i f f e r e n t  

c o o r d in a t e  s y s t e m s .  I t  may (o r  may n o t )  have an a s s o c i a t e d  

edge in  t h e  w avegu id e  w a l l .  A j u n c t i o n  a n a l y s i s  f o r m u la t io n  

i s  u n d er ta k e n  w ith  a p p r o x im a t io n s  t h a t  a l l o w  t h e  m odal f i e l d  

e x p a n s io n s  on b o th  s i d e s  o f  t h e  j u n c t i o n  t o  be e q u a te d .  As 

a c o n v e n ie n t  a r t i f i c e ,  th e  modes on t h e  lo a d  s i d e  o f  th e  

j u n c t i o n  a r e  s u b d iv id e d  i n t o  a c o n s t i t u e n t  t h a t  I s  r e l a t e d  t o  

th e  t o t a l i t y  o f  E-modes on t h e  s o u r c e  s i d e  o f  t h e  j u n c t i o n  and 

a c o n s t i t u e n t  t h a t  i s  r e l a t e d  t o  th e  t o t a l i t y  o f  H-modes on 

th e  s o u r c e  s i d e  o f  th e  J u n c t io n .  The r e s u l t i n g  f o r m u la t io n  

c o n s id e r s  m u ltim od e  p r o p a g a t io n  and c r o s s - c o u p l i n g  b etw een  E- 

and H-modes. The s p e c i a l  c a s e  In  w h ich  one can  c h o o s e  th e  

H ertz v e c t o r  o o t e n t i a l  t o  be In  t h e  same d i r e c t i o n  on b o th  

s i d e s  o f  th e  j u n c t i o n  and t h e r e  i s  no c r o s s - c o u p l i n g  betw een  

E-modes and H-modes i s  a l s o  c o n s id e r e d  and i l l u s t r a t e d .
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CHAPTER 1

INTRODUCTION

1 . 1  Background

T h is  d i s s e r t a t i o n  i s  co n cern ed  w i t h  a n a ly z in g  e l e c t r o 

m a g n e t ic  wave p r o p a g a t io n  i n  nonuniform  w a v e g u id e s .  For 

t h i s  a n a l y s i s ,  a non u n iform  w avegu id e  i s  c o n s id e r e d  t o  be  

a p e r f e c t l y  c o n d u c t in g  h o l lo w  tu b e  w ith  c r o s s  s e c t i o n a l  

d im e n s io n s  t h a t  v a r y  a s  a f u n c t i o n  o f  a x i a l  p o s i t i o n . ^

The p u rp ose  o f  t h i s  n onuniform  w avegu id e  i s  t o  g u id e  th e  

f lo w  o f  en ergy  from  one end o f  th e  tu b e  t o  th e  o th e r  end 

o f  t h e  t u b e .  T h is  d i s s e r t a t i o n  d e v e lo p s  p r o c e d u r e s  f o r  a n a 

l y z i n g  th e  en erg y  f lo w  in  a nonuniform  w a v e g u id e .  U niform  

w a v e g u id e s ,  w avegu id e  b e n d s ,  w avegu id e  t w i s t s  and nonuniform  

T.E.M . l i n e s  w i l l  t h e n  be s p e c i a l  c a s e s  t o  w hich  th e  t h e o r y  

can  be a p p l i e d .

Nonuniform waveguides have application in the design of 
horn antennas [3, 37, *<7, 52], broadband impedance matching 
structures [6, 10, 12, 13, 50], specialized filters [9, 13, 
**8, 49, 50, 58], directional couplers [51, 58], mode trans-

O nly nonuniform  w a v eg u id es  composed o f  smooth s u r f a c e s  
w i l l  be c o n s id e r e d .  A s u r f a c e  i s  c o n s id e r e d  t o  be "smooth" 
i f  t h e  s u r f a c e  i s  c o n t in u o u s  and th e  norm al d i r e c t i o n  t o  
e v e r y  p o in t  on t h e  s u r f a c e  i s  u n iq u e ly  d e f i n e d .  Both s i n g l e  
s u r f a c e  and t w o - s e t - o f - s u r f a c e  nonuniform  w a v eg u id es  a r e  con  
s i d e r e d .  Examples o f  such  nonuniform  w a v e g u id e s  a r e  shown 
i n  F ig u r e  3 . 1 - 1 .



d u c e r s  [ 2 5 , **6 ] ,  p e r i o d i c  s lo w  wave s t r u c t u r e s  and e l e c 

t r o n  beam c o u p le r s  [ 4 5 ] ,  and o t h e r  d e v i c e s .  They have  

e v en  found a p p l i c a t i o n  i n  m o d e lin g  io n o s p h e r i c  p ro p a g a 

t i o n  [ 2 , 7 3 .

The m a th e m a tic a l  f o r m u la t io n  o f  t h i s  prob lem  i s  based  

upon M a x w e l l 's  e q u a t io n s  f o r  s i n u s o i d a l  e x c i t a t i o n  w hich  

may be red u ced  t o  t h e  form

T72 E + K 2 E = 0  
v 0

and

V 2 H + k 2 h = 0

where E and H a r e  th e  e l e c t r i c  and m a g n etic  f i e l d  i n t e n 

s i t i e s  r e s p e c t i v e l y ,  KQ i s  t h e  p r o p a g a t io n  c o n s t a n t  f o r  

f r e e  s p a c e ,  and v 2 i s  th e  L a p la c ia n  o p e r a t o r .  The 

u l t i m a t e  g o a l  i s  t o  s o l v e  th e  e q u a t io n s  w i t h  s o l u t i o n s  

t h a t  s a t i s f y  th e  boundary c o n d i t i o n s  t h a t  t h e  t a n g e n t i a l  

component o f  th e  e l e c t r i c  f i e l d  i n t e n s i t y  and t h e  normal 

component o f  th e  m a g n e tic  f i e l d  i n t e n s i t y  b o th  v a n i s h  a t  

t h e  p e r f e c t l y  c o n d u c t in g  w avegu id e  w a l l s .

Most o f  th e  p r e v io u s  t h e o r e t i c a l  i n v e s t i g a t i o n s  o f  th e  

n on u n iform  w avegu ide  em ployed a co u p led  t r a n s m i s s i o n  l i n e  

r e p r e s e n t a t i o n  o f  t h e  non u n iform  w avegu id e  [43, 44, 46,
47, 50], The coupling between the modes appearing in these



3
r e p r e s e n t a t i o n s  were due t o  d e s c r i b i n g  th e  nonuniform  

w avegu id e  in  term s o f  t h e  modes o f  t h e  c o r r e s p o n d in g  

u n iform  w a v eg u id e  and th e  f a c t  t h a t  e a c h  o f  t h e  u n ifo rm  

w avegu id e  modes do not s a t i s f y  t h e  boundary c o n d i t i o n s .

As a r e s u l t  o f  th e  c o m p l i c a t i o n s  c o n n e c te d  w i th  a  

co u p led  m o d e l,  o n ly  s o l u t i o n s  f o r  r e s t r i c t e d  s i t u a t i o n s  

( su ch  a s  b o u n d a r ie s  w ith  a b r u p t  d i s c o n t i n u i t i e s  [ 2 7 , 5 5 ,

56] and s m a l l  and s low  v a r i a t i o n s )  w ere o b t a in e d .  The 

problem  was s o lv e d  i n  a few  s p e c i f i c  g e o m e tr ie s  by d e s 

c r i b i n g  t h e  geo m etry  in  te r m s  o f  c u r v i l i n e a r  c o o r d i n a t e s  

in  w hich  t h e  v a r i a b l e s  c o u ld  be s im p ly  s e p a r a te d  [ 3 , 1 4 ,

20 , 2 7 ,  3 1 ,  4 1 ,  5 3 ] .  G en era l  c o n d i t i o n s  needed t o  com

p l e t e l y  s e p a r a t e  th e  H e lm h o ltz  e q u a t io n  i n t o  t h r e e  in d e 

pendent e q u a t io n s  o f  one v a r i a b l e  w ere i n v e s t i g a t e d  by 

Moorse and F is h b a c h  [3 5 ]  and by Moon and S p en cer  [ 3 2 , 3 3 ,  

3 4 ] ,  H ow ever, f o r  th e  non u n iform  w a v e g u id e ,  c o m p le te  

s e p a r a t io n  o f  v a r i a b l e s  i s  n o t  a lw a y s  r e q u ir e d .  In  f a c t ,  

i t  w i l l  be shown l a t e r  t h a t  i t  i s  u s u a l l y  s u f f i c i e n t  t o  

s e p a r a te  ou t o n ly  one v a r i a b l e .  R. C. Johnson h a s  a n a ly z e d  

a nonuniform  w avegu id e  by a p p r o x im a t in g  i t  by a c a s c a d e  o f  

u n iform  w a v e g u id e s  [ 1 8 ] ,  T h ese  r e s u l t s ,  h ow ever , n e g l e c t e d  

h ig h e r  o r d e r  i n t e r a c t i o n s  w h ich  l i m i t e d  i t s  a p p l i c a b i l i t y .  

More r e c e n t l y ,  Bahar has a p p ro x im a ted  some n on u n iform  

w a v eg u id es  by a c a s c a d e  o f  c o n i c a l  s e c t i o n s  [ 1 ] .  T h is  

red u ced  t h e  m agn itu d e o f  h ig h e r  o r d e r  i n t e r a c t i o n s ,  but  

s t i l l  d id  n o t  t a k e  t h e s e  i n t e r a c t i o n s  i n t o  a c c o u n t .
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1 .2  Approach and O r g a n iz a t io n

The n ex t  c h a p t e r  p r e s e n t s  a r e v ie w  o f  t h e  th e o r y  o f  

th e  un iform  w a v e g u id e .  The n a tu r e  o f  t h e  c r i t i c a l  assum p

t i o n s  w i l l  p r o v id e  a b e t t e r  u n d e r s ta n d in g  o f  th e  d i f f i 

c u l t i e s  t o  be e n c o u n te r e d  in  t h e  a n a l y s i s  o f  t h e  n o n u n i

form w a v eg u id e .

The c o n t r i b u t i o n  o f  t h e  r e s e a r c h  o f  t h i s  d i s s e r t a t i o n  

s t a r t s  in  C h ap ter  3 ,  where th e  n on u n iform  w avegu ide  i s  

a n a ly z e d  i n  te r m s  o f  g e n e r a l i z e d  H e r tz  v e c t o r  p o t e n t i a l s  

and fo r m u la te d  i n  term s o f  t h e  Riemann m e tr ic  t e n s o r .  I t  

i s  shown t h a t  i t  o f t b n  i s  p o s s i b l e  t o  d e te r m in e  a c o o r d i n 

a t e  sy stem  w h ich  a l l o w s  th e  n on u n iform  w avegu id e  t o  be  

r e p r e s e n te d  by a s e t  o f  u n cou p led  non u n iform  t r a n s m i s s i o n  

l i n e s .  A r e v i e w  o f  t h e  m eth o d o lo g y  f o r  a n a ly z in g  n o n u n i

form t r a n s m i s s i o n  l i n e s  i s  p r e s e n t e d  i n  Appendix A.

Chapter 4 i s  d e v o te d  t o  p r e s e n t i n g  a method f o r  a n a l y z 

in g  nonuniform  w a v e g u id e s  th a t  ca n n o t  be s o lv e d  by t h e  

m ethods in  C hapter  3 .  The b a s i c  a p p ro a ch  i s  t o  a p p r o x i 

mate th e  o v e r a l l  nonuniform  w a v eg u id e  by a c a sc a d e  o f  

s o l v a b l e  non u n iform  w a v eg u id es  t h a t  a r e  a n a ly z a b le  by t h e  

m ethods i n  C h ap ter  3 .  The major p o r t i o n  o f  Chapter  ̂ i s  

t h e r e f o r e  d e v o te d  t o  t h e  s tu d y  o f  t h e  J u n c t io n  b etw een  

nonuniform  w a v e g u id e s .



The r e l a t i o n s h i p  b etw een  C hapter 3 and C hapter 4 may 

a l s o  be c o n s id e r e d  from a d i f f e r e n t  p o in t  o f  v i e w .  In 

b o th  C hapter 3 and C hapter  4 ,  th e  i n i t i a l  f o r m u la t io n  i s  

b a sed  on th e  c o n c e p t s  o f  d i f f e r e n t i a l  g e o m e tr y .  In  Chap

t e r  3 , how ever , s u f f i c i e n t  c o n d i t i o n s  t o  e x te n d  t h e  r e s u l t s  

g l o b a l l y  th ro u g h o u t  t h e  e n t i r e  w avegu id e  r e g i o n  a r e  

r e q u i r e d .  On t h e  o t h e r  h and , C hapter 4 c o n s i d e r s  th e  

c a s e  i n  w hich  i t  i s  n o t  p o s s i b l e  t o  e x te n d  th e  l o c a l  

p r o p e r t i e s  over  t h e  e n t i r e  w avegu id e  l e n g t h .  In  th e  

l a t t e r  c a s e ,  th e  l o c a l l y  c o r r e c t  s o l u t i o n s  a r e  p ie c e d  t o 

g e t h e r  in  o rd er  t o  a p p ro x im a te  th e  g l o b a l  s o l u t i o n .

F i n a l l y ,  C h a p ters  5 and 6 p r e s e n t  a  c r i t i c a l  e v a l u a t i o n  

and summary o f  t h e  m ajor c o n t r i b u t i o n s  o f  t h i s  d i s s e r t a t i o n  

and recom m endations f o r  f u t u r e  i n v e s t i g a t i o n s .



CHAPTER 2

REVIEW OF UNIFORM WAVEGUIDE THEORY

2 .1  U niform  W aveguide F o r m u la t io n

In  o r d e r  t o  g a in  a b e t t e r  I n s i g h t  i n t o  t h e  d i f f i c u l t i e s  

a s s o c i a t e d  w i t h  th e  nonuniform  w a v e g u id e ,  t h e  g e n e r a l  formu

l a t i o n  o f  t h e  u n iform  w a v eg u id e  w i l l  now be r e v ie w e d .

A u n ifo rm  w avegu id e  i s  a h o l lo w  p e r f e c t l y  c o n d u c t in g

tu b e  w i th  a c o n s t a n t  c l o s e d  c r o s s  s e c t i o n a l  sh a p e .  In  F ig u r e

2 . 1 - 1  a r e  shown two g e n e r a l  t y p e s  o f  u n ifo rm  w a v e g u id e s  o f

th e  t y p e  b e in g  c o n s id e r e d .  The f i r s t  w avegu id e  boundary i s

smooth and ca n  t h e r e f o r e  be c o n v e n i e n t l y  d e s c r i b e d  by one

smooth s u r f a c e .  The seco n d  t y p e  r e q u i r e s  two s e t s  o f  s u r -
1

f a c e s  t o  d e s c r i b e  th e  w a v eg u id e  boundary.

The g o a l  o f  t h e  u n ifo rm  w avegu id e  fo r u m u la t io n  i s  t o  

s o l v e  t h e  f i e l d  e q u a t io n s  s u b j e c t  o n ly  t o  t h e  w avegu id e  

w a l l  boundary c o n d i t i o n s .  S o l u t i o n s  o f  t h i s  t y p e  a r e  

r e f e r r e d  t o  a s  m odes. The s o l u t i o n  t o  t h e  p rob lem  i s  t h a t  

p a r t i c u l a r  l i n e a r  c o m b in a t io n  o f  modes t h a t  a l s o  s a t i s f i e s  

th e  c o n d i t i o n s  a t  th e  s o u r c e  and lo a d  ( in p u t  and o u tp u t  o f  

th e  w a v e g u id e ) .

The s i t u a t i o n  in  w h ich  more th a n  two s e t s  o f  s u r f a c e s  
a r e  r e q u ir e d  t o  d e s c r i b e  t h e  w avegu id e  boundary ( su c h  as  
p e n ta g o n  c r o s s  s e c t i o n s )  w i l l  n o t  be c o n s id e r e d .



a )  One S u r fa c e

b) Two S e t s  o f  S u r f a c e s

F ig u r e  2 . 1 - 1

U niform  V/aveguide C l a s s i f i c a t i o n
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2

The b a s i c  method f o r  a c h i e v i n g  t h e  d e s i r e d  g o a l  i s  t o  

s e p a r a t e  t h e  p rob lem s i n t o  on e  t h a t  d ep en d s  o n ly  upon th e  

t r a n s v e r s e  c o o r d i n a t e s  ( t h e  c o o r d i n a t e s  i n  th e  w a v eg u id e  

c r o s s - s e c t i o n )  and one t h a t  d ep en d s  o n ly  upon t h e  l o n g i t u 

d i n a l  c o o r d in a t e  (o r  c o o r d in a t e  a x i s  p a r a l l e l  t o  t h e  a x i s  

o f  th e  w a v eg u id e  and t h e r e f o r e  p a r a l l e l  t o  th e  d i r e c t i o n  o f  

p r o p a g a t io n ) .  T h is  d e c o m p o s i t io n  w i l l  a l l o w  th e  t h r e e  d im en

s i o n a l  w a v eg u id e  p r o p a g a t io n  t o  be th o u g h t  o f  a s  c o n s i s t i n g  

o f  a t w o -d im e n s io n a l  t r a n s v e r s e  wa\^e m oving a lo n g  t h e  wave

g u id e  a x i s  i n  a c c o r d a n c e  w ith  t h e  t r a n s m i s s i o n  l i n e  eq u a

t i o n s .  One t h e r e f o r e  s e l e c t s  t r a n s v e r s e  and l o n g i t u d i n a l  

c o o r d i n a t e s  such  t h a t  t h e  l o n g i t u d i n a l  c o o r d in a t e  ( z - a x l s )

c o i n c i d e s  w i th  t h e  w avegu id e  a x i s .  The r e m a in in g  two t r a n s -
1 2v e r s e  c u r v i l i n e a r  c o o r d i n a t e s ,  u and u , a r e  c h o s e n  i n  such

a manner t h a t  one o f  them i s  a c o n s t a n t  on t h e  p e r f e c t l y

c o n d u c t in g  w a v eg u id e  w a l l s .  ( I t  i s  p o s s i b l e  f o r  u 1 t o  be
2

c o n s t a n t  on a p o r t io n  o f  th e  boundary and u t o  be c o n s t a n t  

on t h e  r e m a in in g  p o r t io n  o f  th e  b ou n d ary , a s  i l l u s t r a t e d  by 

t h e  r e c t a n g u l a r  w a v e g u id e . )

^The approach followed throughout most of the remainder 
of this section parallels Collin [11]. Marcuritz [27] uses 
a different (but equivalent) formulation, but Collin's 
approach is used here because this dissertation will general
ize his technique when considering the nonuniform waveguide.



For c o n v e n ie n c e  t h e  e l e c t r i c  and m a g n etic  f i e l d  i n t e n 

s i t i e s  fo r  s i n u s o i d a l  f i e l d s ,  E (u 1 , u 2 ,z)e*Jwt and 

H (u ^ ,u ^ ,z )e ^ wt a r e  e a c h  decom posed i n t o  two com ponents a s  

shown in  E q u a tio n  1 .3

H = He  + Hh
( 2 . 1- 1 )

E = Ee + Eh

T h ese  two com ponents a r e  r e f e r r e d  t o  a s  t h e  E-mode ( s u b 

s c r i p t  "e") and H-mode ( s u b s c r i p t  "h") com ponents o f  th e  

f i e l d s .  Each o f  t h e s e  two f i e l d  com ponents  s a t i s f i e s  th e  

f i e l d  e q u a t io n s  and t h e  boundary c o n d i t i o n s .  The E-mode 

component o f  t h e  m a g n e tic  f i e l d  i n t e n s i t y ,  He , i s  r e l a t e d

t o  z - d i r e c t e d  e l e c t r i c  H ertz  v e c t o r  p o t e n t i a l ,  7  e^wt
e

by

He = jwerxrre (u^u2z) ( 2 . 1 - 2 )

w here w i s  t h e  r a d ia n  fr e q u e n c y  and £  i s  th e  medium 

d i e l e c t r i c  c o n s ta n t .  The c o r r e s p o n d in g  component o f  t h e  

e l e c t r i c a l  f i e l d  i s  found from M a x w e l l ' s  e q u a t io n s  t o  be

3 u n le s s  o t h e r w i s e  s p e c i f i e d  e q u a t io n  numbers r e f e r  
t o  e q u a t io n s  i n  t h i s  s e c t i o n .  T h u s ,  E q u a t io n  1 i s  a  
s h o r t e r  n o t a t i o n  f o r  E q u a tio n  ( 2 . 1 - 1 ) .  E q u a t io n s  i n  
o t h e r  s e c t i o n  a r e  r e f e r r e d  t o  by t h e  lo n g e r  n o t a t i o n .
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(2 .1-3)

I t  i s  im p o r ta n t  t o  n o te  t h a t  t h e  d iv e r g e n c e  o f  t h e  

H ertz  v e c t o r  p o t e n t i a l  h a s  not b een  s p e c i f i e d  (and t h e r e 

f o r e  i t  i s  n o t  u n iq u e ly  d e f i n e d ) .  S in c e  o n ly  th e  c u r l  o f  

th e  H ertz v e c t o r  p o t e n t i a l  i s  r e l a t e d  t o  t h e  f i e l d  q u a n t i 

t i e s  ( a s  i l l u s t r a t e d  by E q u a t io n s  2 and 3 ) ,  r e s t r i c t i o n s  

on t h e  d iv e r g e n c e  o f  t h e  Hertz v e c t o r  p o t e n t i a l  can  be im

p o sed  l a t e r  i n  o r d e r  t o  s im p l i f y  t h e  a n a l y s i s .  S i m i l a r l y ,  

t h e  H-mode com ponents o f  th e  e l e c t r i c  and m a g n etic  f i e l d s  

i n t e n s i t i e s  a r e  r e l a t e d  t o  a m a g n e t ic  H e r tz  v e c t o r  p o t e n 

t i a l  by th e  e q u a t io n s

E, = -jwy V xtt, ( 2 . 1 - 4 )

As b e f o r e ,  th e  d i v e r g e n c e  o f  th e  m a g n e t ic  H ertz  v e c t o r  p o te n  

t i a l  w i l l  be s p e c i f i e d  l a t e r  t o  s i m p l i f y  t h e  problem .

h

and

(2 .1-5)



I t  f o l l o w s  from  E q u ation  2 t h a t ,  s i n c e  th e  e l e c t r i c  

t y p e  H ertz v e c t o r  p o t e n t i a l  I s  d i r e c t e d  a lo n g  th e  a x i s  o f  

t h e  w a v e g u id e ,  t h e  m a g n e tic  f i e l d  i n t e n s i t y  v e c t o r  l i e s  

e n t i r e l y  in  t h e  p la n e  t h a t  i s  t r a n s v e r s e  t o  t h i s  d i r e c t i o n .  

The w aves a s s o c i a t e d  w i th  t h i s  com ponent a r e  som etim es  

r e f e r r e d  to  a s  t r a n s v e r s e  m a g n etic  (T .M .)w a v e s .  S in c e  o n ly  

t h e  e l e c t r i c  f i e l d  o f  t h i s  component has an a x i a l  com p on en t,  

a s  s e e n  from E q u a t io n  3 ,  t h e s e  f i e l d s  a r e  a l s o  d e s c r ib e d  a s  

E-mode w aves . In  a s i m i l a r  m anner, i t  f o l l o w s  from Equa

t i o n s  M and 5 t h a t  t h e  w a v es ,  due t o  a  m a g n etic  H ertz  v e c t o r  

p o t e n t i a l  d i r e c t e d  a lo n g  th e  w a v eg u id e  a x i s  r e s u l t s  i n  t r a n s 

v e r s e  e l e c t r i c  ( T . E . ) w aves t h a t  a r e  som etim es  r e f e r r e d  to  

a s  H-mcde w a v es .  T h u s , i n  o rd er  t o  f in d  t h e  e l e c t r i c  and 

m a g n e tic  f i e l d s ,  i t  i s  r e q u ir e d  t o  d e te r m in e  th e  H ertz  v e c 

t o r  p o t e n t i a l s .

I t  w i l l  now be shown t h a t  t h e  H ertz  v e c t o r  p o t e n t i a l  

s a t i s f i e s  a hom ogeneous H elm holtz  e q u a t io n  f o r  an ap p ro 

p r i a t e  r e s t r i c t i o n  on t h e  d iv e r g e n c e  o f  t h e  H ertz  v e c t o r  

p o t e n t i a l .  M a x w e l l ' s  e q u a t io n s  r e q u i r e

H = -  e -7—— V x E jwu e
(2 . 1- 6)

Upon s u b s t i t u t i n g  E quation  2 and 3 i n t o  E q u a tio n  6 , and



r e g r o u p in g  t e r m s ,  i t  f o l l o w s  th a t 12

V X [V2 tt + K2 Tt -  V (V-t t 0 ( 2 . 1 - 7 )e o 6 6 J

where

Ko - " ^  ( 2 . 1 - 8 )

i s  t h e  p r o p a g a t io n  c o n s i s t e n t  o f  f r e e  s p a c e .  S in c e  t h e  c u r l  

o f  t h e  g r a d ie n t  o f  a s c a l a r  f u n c t i o n  i s  z e r o ,  i t  f o l l o w s  

t h a t  E q u a tio n  7 may be e x p r e s s e d  a s

V 2 t t  +  K 2 t t  -  V  ( V - t t  )  =  -  V 6  (2.1-9)

The d iv e r g e n c e  o f  t h e  e l e c t r i c  H e r tz  v e c t o r  p o t e n t i a l  i s  now 

c h o se n  such t h a t

V * "e = 9 ( 2 . 1 - 1 0 )

I t  f i n a l l y  r e s u l t s  from  E q u a t io n s  9 and 10 t h a t



In  a s i m i l a r  manner i t  can  be shown t h a t
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(2 . 1- 12)

T hus, i t  r e s u l t s  t h a t  t h e  e l e c t r i c  and m a g n e t ic  H ertz  v e c t o r  

p o t e n t i a l s  s a t i s f y  hom ogeneous H e lm h o ltz  e q u a t io n s  f o r  an  

a p p r o p r ia t e  c h o i c e  o f  th e  d iv e r g e n c e  o f  t h e s e  v e c t o r  p o t e n 

t i a l s .

In  a c c o r d a n c e  w i t h  t h e  d e s i r e  t o  s e p a r a t e  th e  u n iform  

w avegu id e  p r o p a g a t io n  a n a l y s i s  i n t o  a t r a n s v e r s e  problem  

d e p e n d in g  upon t h e  t r a n s v e r s e  v a r i a b l e s  and an a x i a l  problem  

(d e p e n d in g  upon z ) ,  i t  w i l l  be assum ed t h a t  th e  H ertz  v e c t o r
ii

p o t e n t i a l  ca n  be w r i t t e n  i n  th e  form .

where &z i s  a u n i t  v e c t o r  i n  t h e  z - d i r e c t i o n ,  and i|Je ,

I ,  and V a r e  a r b i t r a r y  f u n c t i o n s  o f  t h e  v a r i a b l e s  d e n o te d

it = a (u^u2 ) l ( z )  e z e
(2 .1 -1 3 )

(2 .1 -1 4 )

**This form  o f  s o l u t i o n  i s  assum ed and I t  I s  l a t e r  ob
s e r v e d  t h a t  no c o n f l i c t  r e s u l t s  f o r  a u n ifo r m  w a v e g u id e .
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i n  p a r e n t h e s e s  ( t h a t  a r e  t o  be d e te r m in e d  by th e  a n a l y s i s ) .  

Upon s u b s t i t u t i n g  E q u a t io n s  13 and 14 r e s p e c t i v e l y  i n t o

E q u a t io n s  11 and 12 and a l s o  ex p a n d in g  th e  " d e l ” o p e r a to r
3 5i n t o  t r a n s v e r s e  and a x i a l  com ponents (V = V + az )

where v i s  t h e  t r a n s v e r s e  component o f  th e  "del" o p e r a t o r )

one o b t a in s

/92l

l k  + K2 + U l ) = o  < ^ - 15>
iji O \  Ie

—

! A  + K2 + - 3 i L  = 0  (2 - 1- 16)
♦h °  V

I t  can  be shown by a p p ly in g  p r o c e s s  o f  s e p a r a t i o n  o f  v a r i a b l e s  

t o  E q u a t io n s  15 and 16 t h a t

Vj|> (u*u2) + (K2 -  Y2 ) ^ (u^u2) = 0 (2 .1 -17A )t  6  O Zc w

+  y 2 I ( z )  = 0 (2 .1 -1 7 B )
. 2  zedz

^ T his d e c o m p o s i t io n  u s e s  t h e  f a c t  t h a t  t h e  z c o o r d in a t e  
i s  o r th o g o n a l  t o  b o th  t r a n s v e r s e  c o o r d i n a t e s .
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V^h (uV> + »l - Ŷ h) *h(Uy ) = o (2 .1 -18A )

+ Y2. V(z) = 0 ,2 .  zhdz
(2 .1 -18B )

where Yze and yz1i a r e  t h e  s e p a r a t i o n  c o n s t a n t s  ( to  be  

d e t e r m in e d ) .  S in c e  s o l u t i o n s  t o  E q u a t io n s  17B and 18B a r e

t h a t  t h e  s e p a r a t io n  c o n s t a n t s  can  be i n t e r p r e t e d  as  p ro p a 

g a t i o n  c o n s t a n t s .  E q u a t io n s  17A and 18 a a r e  boundary e i g e n 

v a lu e  p ro b lem s . For ea ch  e ig e n v a lu e  d e te r m in e d  by t h e s e  

e q u a t i o n s ,  th e  c o r r e s p o n d in g  r e m a in in g  e q u a t io n ,  (E q u a tio n  

17B o r  18B) has a s o l u t i o n .  The p r o p a g a t io n  c h a r a c t e r i s t i c s  

i n  th e  d i r e c t i o n  o f  t h e  w avegu id e  a x i s  a r e  d e term in ed  from  

a s o l u t i o n  t o  E q u a t io n s  17B and 18b .

I t  w i l l  now be shown t h a t  th e  a p p r o p r ia t e  boundary c o n d i 

t i o n s  f o r  E q u a t io n s  17A and 18A a re

= 0 on the boundary (2 .1 -1 9 )

o f  t h e  form e±;̂ z where Y ■ Y,ze o r  Yzh i t  f o l l o w s

-s— = 0  on the boundary (2 . 1- 20)
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w here r e p r e s e n t s  t h e  d i r e c t i o n a l  d e r i v a t i v e  o f  Tfi, i n
3n ' n

a d i r e c t i o n  normal t o  t h e  w avegu id e  w a l l  b ou n d ary .

For E-modes and u s i n g  E q u ation  2 one o b t a in s

H = jwe 7 x 7r = jwe V x  S j /  I  (2.1-21)

From M a x w e l l 's  e q u a t io n s  and t h e  c u r l  e x p a n s io n  i t  f o l l o w s  

th a t

E = = V x (V x n ) = V (V * H ) - V \  (2.1-22)e jwe e e e

By ex p a n d in g  th e  " d e l ” o p e r a to r  i n t o  a x i a l  and t r a n s v e r s e
g

p a r t s  (V = V + az  ̂ an<* u s in g  E q u a tio n  11 on e  e v e n t u a l l y  

o b t a in s

E  = ( ^ i )  V + a  K2 1 tt I (2.1-23)e dz t e z o' e'

The a x i a l  (z -c o m p o n e n t) i s  t h e r e f o r e  e q u a l  t o

E = K21 tt I » K2^ (u^u2)l(z) ez o' e 1 ore (2.1-24)
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I t  t h e r e f o r e  f o l l o w s  t h a t  t h e  a x i a l  component o f  t h e  e l e c 

t r i c  f i e l d  i s  p r o p o r t io n a l  t o  t h e  m agnitude o f  7Te .

S in c e  Ez i s  t a n g e n t i a l  t o  t h e  g u id e  a t  t h e  boundary and 

s i n c e  t h e  t a n g e n t i a l  com ponents o f  E must be z e r o  a t  a p e r -

th e  bou n d ary . For t h i s  t o  h o ld  ( n o n t r i v i a l l y ) f o r  a l l  v a lu e s  

o f  z r e q u i r e s  t h a t   ̂ = o on t h e  bou n d ary .

By f o l l o w i n g  a s i m i l a r  argument f o r  ^  one c o n c lu d e s

t h a t

But Hz i s  th e  t a n g e n t i a l  component o f  H and, s i n c e  t h e  normal 

d e r i v a t i v e  o f  t h e  t a n g e n t i a l  component o f  t h e  m a g n e tic  f i e l d  

i n t e n s i t y  must v a n i s h  a t  a p e r f e c t  c o n d u c t in g  bou n d ary , one

c o n c lu d e s  t h a t  — = o  on t h e  boundary. T h u s ,  E q u a tio n son
19 and 20 r e p r e s e n t  t h e  boundary c o n d i t i o n s  f o r  E q u a t io n s  

17A and 18A r e s p e c t i v e l y .

In  summary, a u n ifo rm  w avegu id e  a n a l y s i s  may be s e p a r a te d  

i n t o  two p a r t s .  The f i r s t  i s  an e ig e n v a lu e  problem  i n  term s  

o f  t h e  t r a n s v e r s e  c o o r d i n a t e s .  The s o l u t i o n  o f  t h i s  problem  

y i e l d s  a  s e t  o f  e i g e n f u n c t i o n s  and t h e i r  c o r r e s p o n d in g  e i g e n 

v a l u e s .  The secon d  p a r t  i s  a  t r a n s m is s io n  l i n e  a n a l y s i s .

f e e t  e l e c t r i c  c o n d u c t o r ,  i t  f o l l o w s  t h a t 0 on

e

(2 .1 -2 5 )



The e i g e n v a l u e s  o f  th e  f i r s t  prob lem  p r o v id e  t r a n s m i s s i o n  

l i n e  p a r a m e te r s  f o r  th e  seco n d  p ro b lem . The s o l u t i o n  t o  th e  

f i e l d  th e o r y  problem  i s  a s u p p o s i t i o n  o f  th e  s e p a r a t e  mode 

p ro b lem s . N o te ,  th a t  in  p r a c t i c e ,  c l o s e d  w a v e g u id e s  o f  th e  

ty p e  b e in g  c o n s id e r e d  o n ly  have a f i n i t e  sp ectru m  o f  p ro p a 

g a t in g  m odes.



CHAPTER 3

THE NONUNIFORM WAVEGUIDE

3 .1  I n t r o d u c t i o n

The f o r m u la t io n  o f  th e  u n ifo rm  w avegu id e  d i s c u s s e d  i n  

t h e  p r e v io u s  c h a p t e r  c o n t a in e d  s e v e r a l  a s su m p t io n s  w hich  a r e  

n o t  n e c e s s a r i l y  t r u e  f o r  n on u n iform  w a v e g u id e s .1 T h is  

c h a p te r  i s  c o n c e r n e d  w ith  e x t e n d in g  t h e  u n iform  w avegu id e  

f o r m u la t io n  t o  nonuniform  w a v e g u id e s .  To a c c o m p l is h  t h i s ,  

s e v e r a l  r e s t r i c t i o n s  w i l l  be Im p osed . I t  w i l l  be demon

s t r a t e d  t h a t  t h e s e  r e s t r i c t i o n s  can  o f t e n  s e r v e  a s  good 

g u i d e l i n e s  f o r  s e l e c t i n g  t h e  b e s t  c o o r d in a t e  sy s te m  t o  

s o l v e  t h e  n on u n iform  w avegu id e  p ro b lem .

As w i th  t h e  u n ifo rm  w a v e g u id e ,  t h e  d e s i r e d  g o a l  o f  th e  

nonuniform  w a v eg u id e  f o r m u la t io n  I s  t o  s o l v e  t h e  f i e l d  

e q u a t io n s  s u b j e c t  o n ly  t o  t h e  w a v eg u id e  w a l l  boundary c o n 

d i t i o n s ;  n a m ely ,  t h a t  th e  t a n g e n t i a l  component o f  t h e  e l e c 

t r i c  f i e l d  i n t e n s i t y  and t h e  norm al component o f  t h e  mag- 

n e t i c  f i e l d  i n t e n s i t y  v a n i s h  a t  t h e  w avegu id e  w a l l .  When 

th e  non u n iform  w avegu id e  medium i s  homogenous and s o u r c e  

f r e e ,  M a x w e l l 's  f i e l d  e q u a t io n s  can  be red u ced  t o  s o l v i n g

^The t e r m , "nonuniform  w a v e g u id e " ,  has b een  d e f in e d  on 
Page l s

^This l a t t e r  c o n d i t i o n  i s  e q u i v a l e n t  t o  a  v a n i s h i n g  
normal d i r e c t i o n a l  d e r i v a t i v e  o f  t h e  t a n g e n t i a l  component 
o f  t h e  m a g n e t ic  f i e l d  i n t e n s i t y .
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a v e c t o r  H e lm h o ltz  e q u a t io n .  Such s o l u t i o n s  a r e  r e f e r r e d  

t o  a s  m odes. The s o l u t i o n  t o  t h e  problem  i s  t h e  p a r t i c u l a r  

c o m b in a t io n  o f  modes t h a t  s a t i s f i e s  t h e  s o u r c e  and lo a d  

c o n d i t i o n s .

T y p ic a l  i l l u s t r a t i o n s  o f  t h e  two g e n e r a l  c l a s s e s  o f  

nonuniform  w a v e g u id e s  b e in g  c o n s id e r e d  a r e  shown i n  F ig u r e  

( 3 . 1 - 1 ) .  The w a v eg u id e  w a l l  o f  t h e  f i r s t  non u n iform  w ave

g u id e  can  be c o n v e n i e n t l y  d e s c r i b e d  by one smooth s u r f a c e

w h i l e  t h e  seco n d  ty p e  r e q u i r e s  two s e t s  o f  s u r f a c e s  t o  d e s -
3

c r i b e  t h e  w a v eg u id e  w a l l  bou n d ary .

The s e l e c t i o n  o f  an a p p r o p r ia t e  c o o r d in a t e  s y s te m  f o r  

s o l v i n g  t h e  nonuniform  w a v eg u id e  problem  i s  o f t e n  a compro

m ise  b e tw een  o b t a in i n g  an e a s i l y  s o l v a b l e  e x p r e s s i o n  f o r  th e  

H elm h oltz  e q u a t io n  and g e t t i n g  e q u a t io n  s o l u t i o n s 1* t h a t  

s a t i s f y  t h e  w a v eg u id e  w a l l  boundary c o n d i t i o n  (m odal s o l u 

t i o n s ) .  I f  one s e l e c t s  t r a n s v e r s e  and l o n g i t u d i n a l  c o o r d i -  
1 Pn a t e s ,  (u , u , z ) ,  such  t h a t  t h e  l o n g i t u d i n a l  c o o r d i n a t e ,  

z ,  i s  p a r a l l e l  t o  t h e  w a v eg u id e  a x i s  and t h e  r e m a in in g  two  

c u r v i l i n e a r  c o o r d i n a t e s ,  u 1 and u 2 , a r e  i n  th e  p la n e  t h a t  i s

^The s i t u a t i o n  i n  w h ich  more th a n  two s e t s  o f  s u r f a c e s  
a r e  r e q u ir e d  t o  d e s c r i b e  t h e  non u n iform  w a v eg u id e  boundary  
w i l l  n o t  be c o n s id e r e d .

^ E q u ation  s o l u t i o n s  a r e  d i s t i n g u i s h e d  from modal s o l u 
t i o n s  i n  t h a t  t h e  form er o n ly  s a t i s f i e s  t h e  H e lm h o ltz  
e q u a t io n  w h i l e  t h e  modal s o l u t i o n s  s a t i s f y  b o th  t h e  H elm h oltz  
e q u a t io n  and th e  w avegu id e  w a l l  boundary c o n d i t i o n s .
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t r a n s v e r s e  ( o r t h o g o n a l )  t o  t h i s  a x i s ,  th e n  e q u a t io n  s o l u 

t i o n s  f o r  t h e  H elm h o ltz  e q u a t io n  a r e  f a c i l i t a t e d .  T h ese  

e q u a t io n  s o l u t i o n s  a r e  s i m i l a r  t o  t h e  c o r r e s p o n d in g  u n ifo rm  

w avegu id e  s o l u t i o n  a n d , in  g e n e r a l ,  t h e y  w i l l  n o t  s a t i s f y  

t h e  w avegu id e  w a l l  boundary c o n d i t i o n s .  In  t h i s  c a s e  i n f i n 

i t e  l i n e a r  c o m b in a t io n s  o f  e q u a t io n  s o l u t i o n s  a r e  r e q u ir e d  

t o  s a t i s f y  t h e  w a v eg u id e  w a l l  boundary c o n d i t i o n .  The 

c o e f f i c i e n t s  o f  t h e  l i n e a r  c o m b in a t io n  o f  s o l u t i o n s  a r e  

r e f e r r e d  t o  c o u p l i n g  c o e f f i c i e n t s .  As i n d i c a t e d  i n  S e c t i o n  

1 . 1 ,  t h e  e v a l u a t i o n  o f  t h e s e  c o n v e n t i o n a l  c o u p l in g  c o e f f i 

c i e n t s  f o r  t h e  g e n e r a l  c a s e  i s  v e r y  d i f f i c u l t .

On th e  o t h e r  h an d , s a t i s f y i n g  t h e  boundary c o n d i t i o n s  

i s  f a c i l i t a t e d  by s e l e c t i n g  g e n e r a l i z e d  c o o r d in a t e  s u r f a c e s  

t h a t  c o i n c i d e  w i th  t h e  w avegu id e  w a l l  b o u n d a r ie s .  In  

g e n e r a l ,  h o w ev er ,  t h e  form o f  t h e  H elm h o ltz  e q u a t io n  i s  

d i f f i c u l t  t o  s o l v e .  I f  an e q u a t io n  s o l u t i o n  t o  t h i s  Helm

h o l t z  e q u a t io n  can  be fo u n d , i t  u s u a l l y  can  be made t o  

s a t i s f y  th e  boundary c o n d i t i o n s .  The d i f f i c u l t y  h a s  t h e r e 

f o r e  been s h i f t e d  t o  d e t e r m in in g  a s o l u t i o n .  F u r th e r m o r e ,  

t h e  f a c t o r i z a t i o n  o f  t h e  ty p e  i n  E q u a t io n  ( 2 . 1 - 1 3 )  and 

( 2 . 1 - 1 4 )  w i l l  n o t ,  i n  g e n e r a l ,  be p o s s i b l e .  N e v e r t h e l e s s ,  

b e c a u s e  th e  g e n e r a l i z e d  c o o r d in a t e  ap p roach  has t h e  p o t e n 

t i a l  t o  f a c i l i t a t e  t h e  a n a l y s i s  o f  l a r g e  and r a p id  boundary  

v a r i a t i o n s ,  i t  i s  t h i s  ap p roach  t h a t  w i l l  be p u r su e d .
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As w ith  t h e  u n iform  w a v e g u id e ,  i t  w i l l  be a t te m p te d  

t o  decom pose t h e  nonuniform  w a v eg u id e  problem  i n t o  tw o  

s e p a r a t e  p r o b le m s— a problem  w hose s o l u t i o n  depends o n ly  

upon one c o o r d i n a t e ,  and a prob lem  whose s o l u t i o n  d e p e n d s  

o n ly  upon t h e  o t h e r  two c u r v i l i n e a r  c o o r d i n a t e s .  When 

su ch  a d e c o m p o s i t io n  i s  p o s s i b l e ,  t h e  s o l u t i o n  can  be  

i n t e r p r e t e d  a s  c o n s i s t i n g  o f  a t w o -d im e n s io n a l  t r a n s v e r s e  

f i e l d  t h a t  i s  p r o p a g a t in g  i n  t h e  d i r e c t i o n  o f  th e  s e p a r a te d  

c o o r d i n a t e .  In  f a c t ,  i t  w i l l  be shown t h a t  th e  s e p a r a t e d  

o n e - d im e n s io n a l  prob lem  may be r e p r e s e n t e d  by t r a n s v e r s e  

e q u a t io n s  t h a t  su p p ly  p a ra m eters  f o r  a  s e t  o f  nonuniform  

t r a n s m i s s i o n  l i n e s .  T h is  a l l o w s  n on u n iform  t r a n s m i s s i o n  

l i n e  th e o r y  t o  be a p p l i e d  t o  t h e  s tu d y  o f  nonuniform  w ave

g u id e s  (S ee  A ppendix  A f o r  a d i s c u s s i o n  o f  nonuniform  

t r a n s m is s io n  l i n e  t h e o r y  and t e c h n i q u e s ) .  In t h i s  c h a p t e r ,  

t h e r e f o r e ,  i t  w i l l  be assumed t h a t  t h e  dependence upon t h e  

v a r i a b l e  in  t h e  p r o p a g a t in g  d i r e c t i o n  ca n  be f a c t o r e d  o u t  

and s u f f i c i e n t  c o n d i t i o n s  f o r  t h i s  d e c o m p o s i t io n  w i l l  be  

d e te r m in e d  s u b s e q u e n t l y .  The c a s e  i n  w hich  t h i s  d e c o m p o s i 

t i o n  cannot be a c h ie v e d  w i l l  be t h e  s u b j e c t  o f  C h ap ter  4 .

T h is  c h a p te r  w i l l  fo r m u la te  t h e  nonuniform  w a v e g u id e  

problem  in  term s o f  g e n e r a l i z e d  c u r v i l i n e a r  c o o r d i n a t e s  

(u 1 , u2 , u^) w i th  t h e  a i d  o f  H e r tz  v e c t o r  p o t e n t i a l s  f o r  

s i n u s o i d a l  t im e  v a r i a t i o n ,  *n’(u 1 , u 2 , u^)e*^w t . F o r  a
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p ro p e r  c h o ic e  o f  c o o r d i n a t e s ,  t h e s e  H ertz  p o t e n t i a l s  w i l l  

l e a d  t o  a  s o l u t i o n  t h a t  i s  composed o f  a s e t  o f  s o - c a l l e d  

" g e n e r a l i z e d  E-mode" (T .M .) waves (g e n e r a te d  by an e l e c 

t r i c  H ertz  v e c t o r  p o t e n t i a l ,  ^e ) and a s e t  o f  " g e n e r a l i z e d  

H-mode" ( T .E .)  w aves  (g e n e r a te d  by a m a g n etic  H ertz  v e c t o r  

p o t e n t i a l ,  . The f o r m u la t io n  f o r  t h e  g e n e r a l i z e d

E-mode waves i s  p erform ed  in  S e c t i o n  3 . 2 .  The r e s u l t s  

o b ta in e d  w ith  t h e  m a g n etic  H ertz v e c t o r  p o t e n t i a l  p a r a l l e l  

t h i s  d eve lop m ent and a r e  p r e s e n te d  a t  t h e  end o f  t h i s  s e c 

t i o n .  C hoosing  t h e  H er tz  v e c t o r  p o t e n t i a l  i n  o th e r  d i r e c 

t i o n s  w i l l  a l s o  b e  c o n s id e r e d .  The boundary c o n d i t i o n s  

f o r  t h e  e q u a t io n s  o f  S e c t i o n  3 .2  a r e  d e v e lo p e d  in  S e c t i o n  

3 . 3 .  In S e c t i o n  3 . 4 ,  i t  i s  shown by i l l u s t r a t i o n  w i t h  t h e  

sectorial wedge t h a t  t h e  t e c h n iq u e s  and r e s t r i c t i o n s  d e v e lo p e d  

i n  t h e  e a r l i e r  s e c t i o n s  o f t e n  s e r v e  a s  good g u i d e l i n e s  f o r  

s e l e c t i n g  an optimum c o o r d in a te  s y s t e m .  Some t e c h n iq u e s  

f o r  s tu d y in g  t h i s  wave p r o p a g a t io n  a r e  a l s o  in d i c a t e d  i n  

t h i s  s e c t i o n .  F i n a l l y ,  S e c t io n  3 . 5  c o n c lu d e s  w ith  a summary 

o f  t h e  major c o n c l u s i o n s  and r e s u l t s  o f  t h i s  c h a p t e r .
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3 . 2  F o r m u la t io n

The nonuniform  w avegu id e  problem  w i l l  now be fo r m u la te d  

In  term s o f  th e  H ertz  p o t e n t i a l s .  The e l e c t r i c  H ertz  v e c 

t o r  p o t e n t i a l  f o r  s i n u s o i d a l  t im e v a r i a t i o n ,  , i s  g iv e n  

b y 5

7 * ’' .  * j « 5e wlth 7 - ’fe ’ ee

where Hg i s  t h e  component o f  m a g n e tic  f i e l d  due t o  'ne 

and 0e i s  a s c a l a r  f u n c t i o n  t h a t  s a t i s f i e s  th e  H elm h o ltz  

e q u a t io n  V2©e + K20g -  0 and Kq -  w*̂ jie i s

th e  p r o p a g a t io n  c o n s t a n t .  By u se  o f  M a x w e ll 's  e q u a t io n s ,  

i t  can be shown t h a t  ffe s a t i s f i e s  a  H elm h o ltz  e q u a t io n .

V2ir + K27r -  0 ( 3 . 2 - 2 )
e  o e

and

( V x . e ) - l A t e  +  V (V • ne ) ( 3 . 2 - 3 )

where Ee i s  t h e  component o f  th e  e l e c t r i c  f i e l d  due t o  

tt .e

^See S e c t i o n  2 .1
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For t h i s  f o r m u l a t i o n ,  g e n e r a l i z e d  c o o r d i n a t e s  a r e  

s e l e c t e d  in  such a manner t h a t  th e y  f a c i l i t a t e  s a t i s f y i n g  

th e  boundary c o n d i t i o n s .  T h is  c h o i c e  w i l l  be i l l u s t r a t e d  

f o r  b o th  th e  " t w o - s e t - o f - s u r f a c e s " and " o n e -s u r fa c e "  

sh a p e s  o f  th e  t y p e s  shown in  F ig u r e  3 . 1 - 1 .

For th e  " t w o - s e t - o f - b o u n d a r y - s u r f a c e s "  s i t u a t i o n ,  t h e
1 Ps u r f a c e s  u = c o n s t a n t  and u^ = c o n s t a n t  a r e  ch o se n  such

t h a t  th e y  c o i n c i d e  w ith  th e  nonuniform  w avegu id e  w a l l

b o u n d a r ie s  fo r  p a r t i c u l a r  v a lu e s  o f  t h e  c o n s t a n t s . ^  Such

a c h o i c e  i s  m e a n in g fu l  s i n c e  th e  p e r f e c t  c o n d u c t in g  n on -

u n iform  w avegu ide  w a l l  g u id e s  th e  en e r g y  f l o w . 7 The u^
1 oc o o r d in a t e  i s  c h o se n  o r th o g o n a l  t o  b o th  u and u^. In

^This can a lw a y s  be a c h ie v e d  f o r  t h e  s i t u a t i o n s  b e in g  
c o n s id e r e d  in  t h i s  d i s s e r t a t i o n  b e c a u s e  t h e  nonuniform  
w avegu id e  s u r f a c e ( s )  may be r e p r e s e n t e d  by f u n c t i o n s  o f  
two p a r a m e te r s .  The t h i r d  param eter i s  a c o n s t a n t  on t h i s  
s u r f a c e  ( th e  v a lu e  o f  t h i s  t h ir d  p ara m eter  d e f i n e s  th e  
s u r f a c e ) .  A lso  n o t e  t h a t  th e  c o o r d in a t e  s u r f a c e s  a r e  
assumed t o  be o n e - t o - o n e ,  c o n t in u o u s ,  and d i f f e r e n t i a b l e  
f u n c t i o n s  o f  th e  c a r t e s i a n  c o o r d i n a t e s ;  fu r th e r m o r e ,  i t  i s  
assumed t h a t  th e  non u n iform  w avegu id e  boundary d o es  n o t  
c o n s i s t  o f  more th a n  fo u r  s u r f a c e s .  The s i t u a t i o n  i n  w h ich  
t h e  boundary c o n s i s t s  o f  more than  f o u r  s u r f a c e s  i s  n o t  
c o n s i d e r e d .

7 T h is  f o l l o w s  s i n c e  th e  e l e c t r i c  f i e l d ,  E, i s  norm al  
t o  t h e  boundary s u r f a c e  w h i l e  th e  m a g n e t ic  f i e l d ,  H, i s  
ta n g e n t  t o  t h i s  s u r f a c e .  T h e r e fo r e ,  on t h e  p e r f e c t l y  
co n d u c t in g ^ w a v e g u id e  s u r f a c e ,  th e  power f l o w ,  g iv e n  by 

(Re (£  x H ) ,  must be a lo n g  th e  bounding  s u r f a c e .
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g e n e r a l ,  h o w ev er , t h e  u 1 and u 2 c o o r d i n a t e s  need  n o t  be  

o r t h o g o n a l  t o  e a c h  o th e r  (a l th o u g h  s i m p l i f i c a t i o n  u s u a l l y  

r e s u l t s  when t h e y  a r e  o r t h o g o n a l ) .

For t h e  " o n e - s u r fa c e "  nonuniform  w a v e g u id e ,  t h e  u 3- = 

c o n s t a n t  c o o r d in a t e  s u r f a c e  i s  c h o s e n  t o  c o i n c i d e  w ith
/T

t h e  nonuniform  w a v eg u id e  s u r f a c e 0 f o r  a p a r t i c u l a r  v a l u e  

o f  t h e  c o n s ta n t  (b e c a u s e  o f  en erg y  f lo w  c o n s i d e r a t i o n s  a t  

th e  s u r f a c e ^ ) .  The u^ = c o n s ta n t  s u r f a c e s  a r e  c h o se n  t o  

be o r th o g o n a l  t o  t h e  u 1 = c o n s ta n t  c o o r d i n a t e  s u r f a c e s  

w ith  an  o r i e n t a t i o n  t h a t  makes th e  w a v eg u id e  a x i s  norm al 

t o  t h e  u^ = c o n s t a n t  s u r f a c e s .  The s e l e c t i o n  th u s  f a r  i s  

c o n s i s t e n t  w ith  " t w o - s e t - o f - s u r f a c e "  s i t u a t i o n s  p r e v i o u s l y  

d e s c r i b e d .  Now, h o w ev er ,  a d d i t i o n a l  freed om  rem ain s  f o r  

th e  s e l e c t i o n  o f  t h e  u 2 c o o r d i n a t e .  For r e a s o n s  t h a t  w i l l  

become a p p a ren t  l a t e r ,  t h e  u 2 c o o r d i n a t e  w i l l  be r e q u ir e d  

t o  be o r th o g o n a l  t o  t h e  u^ c o o r d i n a t e .  The r e m a in in g  f r e e 

dom i n  t h e  u2 c o o r d i n a t e  s e l e c t i o n  i s  u sed  t o  s i m p l i f y  t h e  

a n a l y s i s  ( u s u a l l y  t h i s  happens w i th  c o m p le t e ly  o r t h o g o n a l  

c o o r d i n a t e s ) .

In  b o th  t h e  o n e - s u r f a c e  and t w o - s u r f a c e  s i t u a t i o n s ,  th e
■3

p r o p a g a t io n  c h a r a c t e r i s t i c s  w i l l  be s t u d i e d  a lo n g  th e  u J 

d i r e c t i o n .  N ote  t h a t  u 1 and u 2 a r e  n o t  a lw a y s  o r t h o g o n a l ,  

bu t g r e a t  s i m p l i f i c a t i o n  w i l l  u s u a l l y  r e s u l t  I f  th e y  ca n  

be made o r t h o g o n a l .  On t h e  o th e r  h a n d , i t  w i l l  be shown



t h a t  t h e  f o r m u la t io n  t e c h n iq u e s  o f  t h i s  c h a p te r  r e q u i r e s  

t h e  uJ c o o r d in a t e  t o  be o r t h o g o n a l  t o  b o th  u and u . I t  

w i l l  be s u b s e q u e n t ly  assum ed t h a t  th e  u* c o o r d i n a t e s  

( i  = 1 ,  2 ,  3) can be d e s c r ib e d  a s  c o n t in u o u s  d i f f e r e n t i a b l e  

s i n g l e  v a lu e d  f u n c t i o n s  o f  c a r t e s i a n  c o o r d i n a t e s .

The assumed o r t h o g o n a l i t y  o f  u® t o  b o th  u1 and u 2 

i m p l i e s  (from  Vy* * Vy3 » 0 for i  ■ l ,  2) t h a t

w here ©< ru n s  o v e r  t h e  c a r t e s i a n  c o o r d i n a t e s  x ,  y ,  and z 

when t h e  u* c o o r d i n a t e s  a r e  e x p r e s s e d  a s  a f u n c t i o n  o f  

x ,  y ,  and z .  T hese  two r e l a t i o n s  w i l l  be u s e f u l  f o r  

d e t e r m in in g  a s u i t a b l e  s e t  o f  c o o r d i n a t e s  and f o r  d e c i d 

in g  w h eth er  or  n o t  t h e  u n co u p led  t r a n s m i s s i o n  l i n e  r e p r e 

s e n t a t i o n  i s  p o s s i b l e .

When t h e  o r t h o g o n a l i t y  o f  th e  u^ c o o r d i n a t e  i s  s a t i s 

f i e d ,  i t  f o l l o w s  from  E q u a tio n  1 t h a t ,  i f  t h e  e l e c t r i c  

H ertz  v e c t o r  p o t e n t i a l ,  Tfe , i s  c h o se n  t o  be i n  t h e  d i r e c 

t i o n  o f  th e  U3 c o o r d i n a t e ,  then He l i e s  on t h e  t r a n s v e r s e  

( u 1 , u 2 ) s u r fa c e .®  Hence t h e  s o l u t i o n  d e r iv e d  from 7Te 

i s  c a l l e d  a g e n e r a l i z e d  E-mode, or t r a n s v e r s e  m a g n etic

^ T his  i s  t h e  u^ = c o n s t a n t  s u r f a c e .
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(TM), w ave. T his  i s  one r e a s o n  f o r  r e q u i r i n g  u^ t o  be

1 2o r t h o g o n a l  t o  b o th  u 1 and u .

In o r d e r  t o  s e p a r a t e  o u t  t h e  u^ p r o p a g a t io n  d e p e n d e n c e ,  

t h e  e l e c t r i c  H ertz p o t e n t i a l ,  Tfe w i l l  be assumed t o  be 

e x p r e s s a b l e  i n  t h e  form

ir -  (u*,u2)I  (u3)
e 3 e  e ( 3 . 2 - 5 )

where a^ i s  a u n i t  v e c t o r  normal t o  th e  s u r f a c e  o f  co n 

s t a n t  u^ ( i t s  d i r e c t i o n  d e p en d s  upon p o s i t i o n )  and 'tg 

and I e  a r e  f u n c t i o n s  o f  t h e  v a r i a b l e s  d e n o te d  i n  p a r e n 

t h e s e s  t h a t  a r e  t o  be d e te r m in e d  from t h e  a n a l y s i s .  S u f

f i c i e n t  c o n d i t i o n s  f o r  E q u a tio n  5 t o  h o ld  w i l l  be d i s c u s s e d  

s u b s e q u e n t l y .  In term s o f  th e  g e n e r a l i z e d  c o o r d i n a t e s  

s e l e c t e d ,  E q u ation  2 ( t h e  H e lm h oltz  e q u a t io n  f o r  77^) c a n 

be w r i t t e n  a s  [ 8 , 2 8 ] .

3

2 - *  “ T  81J ^ f ]  + » 0
/ g  i , j - l  3yx \  3y V  °  e/g  i , j “l  3y V 3y '  0 6  ( 3 . 2 - 6 )

w here g^^ a r e  th e  c o n t r a v a r i a n t  com ponents o f  t h e  Riemann 

m e t r i c  t e n s o r  which a r e  g i v e n  by

^L ater t h e  c o n s e q u e n c e s  o f  c h o o s in g  t h e  H ertz  v e c t o r  
p o t e n t i a l  In  a d i f f e r e n t  d i r e c t i o n  w i l l  be c o n s id e r e d .
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( 3 . 2 - 7 )

where a " x , y ,  z and i^ j «* 1, 2, 3

and

8 " det 811 "  S m ( 3 . 2 - 8 )det g J
where g^ j  a r e  t h e  c o v a r ia n t  com ponents o f  t h e  Riemann 

m e tr ic  t e n S o r .  The Riemann m e tr ic  t e n s o r  may be d e f in e d  

in  term s o f  t h e  I n v a r ia n c e  o f  d i s t a n c e  as

2 1 1  2 
(dS) * £ g . . du du ■ (d is ta n c e  elem ent) ( 3 . 2 - 9 )

i j  J

I t  i s  r e l a t e d  t o  th e  c o n t r a v a r i a n t  com ponents by

< 3 .2 - 1 0 ,

From E q u a t io n s  4 ,  7 ,  and 1 0 ,  i t  f o l l o w s  t h a t

g13 -  g±3 -  0 for 1 -  1, 2 ( 3 .2 - 1 1 )

E q u a t io n  6 c a n ,  t h e r e f o r e ,  be  r e w r i t t e n  a s

3 f a  )  + ( 3 . 2 - 1 2 )
C 6 /£  3y3 V 3y * 0 e
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where

^  M *  *13- ? )  ( 3 - 2 - 13>i,j»l 3y \ 3 ^  /
Upon s u b s t i t u t i n g  t h e  form o f  E q u a t io n  5 f o r  1fe i n t o  

E quation  12 and d i v i d i n g  by I e one o b t a in s

> _L J L  f j -  33 8le 1
7 t  + / j  9y3 V 8 8 3p3/ f. r 2 _ 0 2 . 2 - 1 4 )

ip I oe e
I t  i s  d e s i r e d  t o  s e p a r a t e  I e (u 3 )  from t h e  r e s t  o f  t h e  

e q u a t io n  i n  o r d e r  t o  be a b le  t o  r e p r e s e n t  p r o p a g a t io n  in  

th e  U3 d i r e c t i o n  by uncoupled  n onuniform  t r a n s m is s io n  l i n e s ,  

However, g ,  g 3 3 y and V t  a r e  f u n c t i o n s  o f  a l l  t h r e e  

v a r i a b l e s  and t h e r e f o r e  s e p a r a t i o n  o f  I e (u 3) i s  n o t  p o s 

s i b l e  u n l e s s  an  a d d i t i o n a l  r e s t r i c t i o n  on th e  c o o r d in a t e  

sy stem  i s  im posed  b e s i d e s  th e  o r t h o g o n a l i t y  o f  th e  u^ 

c o o r d in a t e  w i t h  r e s p e c t  t o  b o th  t h e  û " and u 2 c o o r d i n a t e s .

I t  i s  o b s e r v e d ,  h o w ev er ,  t h a t  i f

f (u3) (3.2-15)
/g 3u ' 3u *

and

g33 -  f 2(u3)
( 3 . 2- 1 6 )



w here f-^(u^) and f 2 (u^) a r e  f u n c t i o n s  o f  th e  argum ents i n  

p a r e n t h e s e s ,  th e n

1 3 33 3 le  )  33 d I e  . dIe
 * l*^ 8 3 I  8  3~2 —3/£  3u \  9u 1 ( d u V  du

' 3 3  . / -  a 33
£ _  + °£__
/g  3u3 3u3

- d2I  _ d l
f 2 (u 3)  Y l  +  f 3 (u ) — |

where
(du ) ‘ du'

( 3 .2 - 1 7 )

3 3 3 d f  <uJ)
f 3 (u ) -  f 1 (uJ) f 2 (uJ) + — -3 -

du
( 3 .2 - 1 7  A)

By s u b s t i t u t i n g  E q u a t io n  17 i n t o  E q u a t io n  1 4 ,  i t  r e s u l t s  

t h a t

3 d2I e
V2 ^  o f 2^u  * 3 V2 +  f 3 ^ u   ̂ , 3t  e  - L

-1 — +  K  +ijr  o
(du ) du'

( 3 . 2- 1 8 )

S in c e  I-, i s  a f u n c t i o n  o f  u^ s E q u ation  18 can  be w r i t t e n

a s

* 0 0
t  +  K + K2 (u ) to o tnre

( 3 .2 - 1 9 A )

where
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In g e n e r a l ,  h ow ever , t h e  o p e r a t o r  c o n t a i n s  t h e

c o o r d i n a t e  a s  a p a r a m e te r .  T h is  means t h a t  can  appear
2

in  t h e  o p e r a to r  b u t t h a t  t h e r e  i s  no d i f f e r e n t i a t i o n

w i t h  r e s p e c t  t o  u^. The s e p a r a b i l i t y  o f  E q u a t io n s  19 

d ep en d s  upon w h eth er  or n o t  t h e  s p e c i f i c  f u n c t i o n a l  ... 

s t r u c t u r e  o f  th e  o p e r a t o r  p e r m its  d e t e r m in a t io n  o f

Kt 2 (u 3 )  f o r  a l l  v a l u e s  o f  u 3 . T h is  r e q u ir e m e n t  i s  

s t u d i e d  In  g r e a t e r  d e t a i l  a t  t h e  end o f  t h i s  s e c t i o n .

For t h e  p r e s e n t ,  t h e  c a s e  i n  w hich  E q u a t io n  18 i s  

s e p a r a b l e 1 *3 w i l l  be c o n s i d e r e d .  In t h i s  c a s e  E q u a t io n s  

19A and 19B can  be r e w r i t t e n  a s

72l/>e (u1 ,U2) + IC^U3) ^ ! ! 1 ,*!2) ( 3 . 2 -20A )

1 When t h e  s e t  o f  K^n (u^) f u n c t i o n s  ca n n o t  be d e te r m in e d ,  
t h i s  i m p l i e s  t h a t  t h e  assum ed form  in  E q u a t io n  5 may n ot be 
v a l i d .
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d2I e , [ f  3<“3>' d l e

(du3 ) 2 du3

Ktn (u3)+ —- - -s—  I  -  0
f 2 (u3 ) 6

( 3 . 2-21A)

where

4 (u 3 ) -  Ko  -  4 (u3)

An im p o r ta n t  s p e c i a l  c a s e  o c c u r s  when g^3 = i  b e c a u s e ,  f o r
■a 11t h i s  c a s e ,  t h e  u^ c o o r d in a t e  r e p r e s e n t s  t r u e  l e n g t h  ( s e e

E q u a t io n s  9 and 1 0 ) .  M o reover , when u^ i s  a d i s t a n c e

c o o r d i n a t e ,  a c l e a r e r  p h y s i c a l  i n t e r p r e t a t i o n  i n v o l v i n g

d i s t a n c e s  and v e l o c i t i e s  can  r e s u l t .  I t  i s  o b se r v e d  from

E q u a tio n  16 t h a t  g ^  = 1 f o r  a l l  v a l u e s  o f  u1 , u 2 , and u^

when fgCu-^) i s  u n i t y .  In t h i s  i n s t a n c e ,  E q u a t io n s  1 7 A, 20

and 21 r e d u c e  t o

+ 4 (u3)^e " 0 (3 . 2 - 2 OB)

and

d2I  ,  d l  9 ,
e  + f ,  (u ) + K7 (u ) I  -  0

3,2 1 du3 tn 6 ( 3 . 2 -2 1 B )
(du )

•^Such  c o o r d i n a t e s  w i l l  be r e f e r r e d  t o  a s  d i s t a n c e  
c o o r d i n a t e s .



35
Second o r d e r  d i f f e r e n t i a l  E q u a t io n s  21 can  be r e p r e 

s e n te d  a s  t h e  e q u a t io n  f o r  a n on u n iform  t r a n s m i s s i o n  l i n e .

A nonuniform  t r a n s m i s s i o n  l i n e  can  be e x p r e s s e d  i n  t h e  
.12form

l— l
d2I \du /  _ d l _ y z I  = o ( 3 . 2 - 2 2 )

(du3 ) 2 y du3

w here y(u^) and z(u^) a r e  th e  a d m it ta n c e  per l e n g t h  and 

im pedance p er  l e n g t h  r e s p e c t i v e l y .  Comparing E q u a t io n s  

21 and 22 m o t i v a t e s  t h e  f o l l o w i n g  s u b s t i t u t i o n s  i n  Equa

t i o n  21A:

u3 f 3 <X)
<  f f o r *

y(u  ) -  ^  e  ( 3 . 2 - 2 3 )

2(u3)

3 f 3 (X)
2 3 /  — -

“Ktn(u > ° f2 (X)----- 3" e
cl f 2 (u )

dX
( 3 . 2 - 2 4 )

V <u3)  1 dIe (u3) ( 3 .2 - 2 5 A )
e y (u 3) da3

13where i s  a c o n s t a n t .

12S ee  E q u a t io n  (A 2 -4 )  i n  A ppendix A. (The v a r i a b l e s  have  
b een  changed t o  conform  to  t h e  g e n e r a l i z e d  c o o r d i n a t e s  used  
i n  t h i s  s e c t i o n . )

• ^ l a t e r ,  i t  w i l l  be shown ( s e e  E q u a t io n  58) t h a t  = Jwe.



Equation 25A can equivalently be written as

d l <u3) ,  ( 3 . 2 - 2 5 )e 3 3
 3—  -  -  y (u  ) V (u )

du e

E q u a t io n s  2 3 ,  2 4 ,  and 25 w i l l  now be v e r i f i e d  by d i r e c t  

s u b s t i t u t i o n .  By d i f f e r e n t i a t i n g  E q u a t io n  23 and 25 one  

o b t a in s

U3 f3 (X)
dy<»3 ) - cl f 3<“3> °  f 2 « >  ^  f 3<“3> 3

3 ■ 3-----  e   r -  y ( u )
du f 2 (u > f 2 (u > ( 3 .2 - 2 6 )

and

d2 I e (u3 )

(du3 ) 2

[dy(u )f du'

3 3 ^
V (u ) -  y (u J > - e- o' ■

® du

f , ( u 3) j  -  » - dV (u3)
 j - |y ( u  ) Vfi(u ) -  y (u  ) -------^—

lf 2 (u > du' ( 3 .2 - 2 7 )

S u b s t i t u t i n g  E q u a t io n s  26A and 27B i n t o  21A i t  r e s u l t s  t h a t
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From Equation 24b it follows that

dv (u3 ) 3 3
  -------» -  z (u  ) I e (u )

du ( 3 . 2 - 2 9 )

E q u a tio n s  25 and 29 a r e  t h e  t im e  i n v a r i a n t  nonuniform  t r a n s 

m is s io n  l i n e  E q u a t io n s  ( s e e  E q u a t io n s  (A 2-1 )  and (A 2 -2 )  i n  

Appendix A ) .  The r e p r e s e n t a t i o n  o f  th e  nonuniform  wave

g u id e  by u n co u p led  nonuniform  t r a n s m is s io n  l i n e s  f o r  th e  

r e s t r i c t i o n  i n  E q u a tio n s  1 5 ,  16 and 20 has th u s  been  

d e m o n s tr a te d .  There i s  an u n c o u p le d  nonuniform  t r a n s m i s s i o n  

l i n e  f o r  ea ch  ^ ,^ ( u ^ )  t h a t  i s  d e te r m in e d  in  E q u a t io n  2 0 ,

21A or 21B .

At t h i s  p o in t  in  th e  d i s c u s s i o n ,  i t  w i l l  be u s e f u l  t o

d i g r e s s  and p h y s i c a l l y  i n t e r p r e t  th e  a ssu m p tio n  i n  E q u a tio n  
1415 . S in c e

d iv  V ** V • V = ~  ~  g ^ V . )
J Z  a..1 J3 ( 3 . 2 - 3 0 )

Where i s  th e  u* component o f  an a r b i t r a r y  v e c t o r ,  V, i t  

f o l l o w s  t h a t  when V = and = l ,  E quation  15 can  be 

w r i t t e n  a s

■^The summation c o n v e n t io n  i s  u n d e r s to o d .
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d iv  a3 -  £ l <u3 ) ( 3 . 2 - 3 1 )

w here a^ i s  a u n i t  v e c t o r  i n  th e  u3 d i r e c t i o n .  The r e l a t i o n 

s h ip  betw een th e  f 1 (u^) f u n c t i o n  and t h e  way i n  which t h e  

boundary v a r i e s  w i l l  now be d eterm in ed  by u s in g  th e  d i v e r 

g e n c e  theorem on t h e  d i f f e r e n t i a l  volum e t h a t  i s  bounded by 

th e  nonuniform  w a v eg u id e  w a l l s ,  th e  s u r f a c e  u^ = Cj = c o n 

s t a n t ,  and th e  s u r f a c e  u^ = C2 = C-̂  + Au^ = c o n s t a n t .  L et  

A (u^) r e p r e s e n t  t h e  s u r f a c e  a r e a  o f  t h e  c o n s t a n t  u^ s u r f a c e s .  

I t  i s ,  o f  c o u r s e ,  a f u n c t i o n  o f  u^. The v a lu e  o f  A(u^) on 

t h e  s u r f a c e  u^ = C2 i s  ap p rox im ated  by t h e  f i r s t  two term s  

o f  t h e  T ay lor  e x p a n s io n  a b o u t u^ = C- .̂ One o b t a in s

A, ■ A (CL + Au3) -  A. + ) .
1 1 1 3u

Au3
u3“C- ( 3 .2 - 3 2 )1

w here A2 = A(C2 ) and A  ̂ = A(C^) 

T h u s , from E q u a t io n  31

3 3
u +Au ,  3

f f f  d iv  a d -  f f f  f  (u ) dT = /  3 f L(u ) [ / / d a ]  du
u

3 3u +Au
-  /  3 f ^ u  )A(u )du 

u

* « W >  -  «^<u3)
(3.2-33)
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where

3O U
^ t u J ) 3 /

const.

and dtr i s  a d i f f e r e n t i a l  volum e e lem en t  and d <f I s  a d i f f e r 

e n t i a l  e le m e n t  o f  s u r f a c e  a r e a  on t h e  u^ = c o n s t a n t  s u r f a c e s .  

One a l s o  o b s e r v e s  t h a t  on t h e  w avegu id e  s u r f a c e ,  a^ i s  t a n 

g e n t  t o  th e  w a l l  b e c a u se  o f  th e  o r t h o g o n a l i t y  c o n d i t i o n  

im posed on u^. The s u r f a c e  i n t e g r a l ,  j^ a ^  • n d<r, h as  no 

c o n t r i b u t i o n  on th e  w a v eg u id e  w a l l s .  Thus u s i n g  E q u ation  

32 i t  f o l l o w s  t h a t

3
3

&  a3 • nda = / /  da -  / /  da -  a 2 -
on surface on surface du'

3 3u - C2 u »

Au'

u^C1

( 3 . 2 - 3 5 )

By u s i n g  th e  d iv e r g e n c e  th e o r e m , i t  f o l l o w s  from Equa

t i o n s  33 and 35 th a t

Au3 = + Au3) - ^ ( u 3) ,du3 (3.2-36)

A f t e r  d i v i d i n g  by A u^ and t a k in g  t h e  l i m i t  a s  A u^  

a p p r o a c h e s  z e r o ,  i t  f o l l o w s  from E q u ation  34 t h a t

l im

du Au3-K)

[ ^ ( u W ) - ^ ( u ^ ]  „ d ^ u i l  .  (u3 )a (u 3)

[ Au3 J du3

o r

~ ( 3 .2 - 3 7 )
f (u3) « d[ln A(u )]
1 du3
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T h is  r e l a t e s  f ^ ( u  ) t o  th e  t r a n s v e r s e  s u r f a c e  a r e a .  F u r -

33th erm o re ,  s i n c e  th e  g i s  a d i s t a n c e  c o o r d i n a t e ,  i t  

f o l l o w s  from E q u a t io n  15 th a t

J ,  * £  .  .  f (U3) .  d[ln A(u3H_ (3 .2-38)
S J  d„3 3u3 1 du

T h is  i m p l i e s  t h a t  e q u a ls  t h e  t r a n s v e r s e  s u r f a c e  a r e a
1 pt im e s  a f u n c t i o n  o f  u and u . The im p o rta n ce  o f  E q u a t io n s  

37 and 38 i s  t h a t  a s p e c i f i c  term  in  d i f f e r e n t i a l  e q u a t io n  

(21B) has b een  r e l a t e d  t o  th e  g eo m etry  o f  th e  nonuniform  

w a v e g u id e .

The c h a r a c t e r i s t i c  im pedance o f  a p r o p a g a t in g  wave i s  

u s u a l l y  d e f in e d  a s  t h e  r a t i o  o f  t h e  t r a n s v e r s e  e l e c t r i c  

f i e l d  i n t e n s i t y  t o  t r a n s v e r s e  m a g n e t ic  f i e l d  i n t e n s i t y .  An 

e x p r e s s i o n  f o r  t h i s  im pedance when g^3 = 1 w i l l  now be 

d e v e lo p e d .  From E q u a t io n s  1 and 5 i t  f o l l o w s  t h a t

|H„I -  l l « I . ( V t  X t 3#a ) /  ( 3 . 2 - 3 9 )

As p r e v i o u s l y  i n d i c a t e d ,  t h i s  component i s  on th e  t r a n s v e r s e  

s u r f a c e .  The t o t a l  e l e c t r i c  f i e l d  i s  o b ta in e d  from E q u a tio n  

3 t o  be



2 -  4 l  

E.  * V .  + W Y V e *  + 73 " " e W e *  ( 3 . 2 - 4 0 )

where

V3 = V -  Vt ( 3 .2 - 4 1 )

Only t h e  m id d le  term  o f  t h i s  e x p r e s s i o n  f o r  t h e  e l e c t r i c  

f i e l d  i n t e n s i t y  i s  i n  a t r a n s v e r s e  d i r e c t i o n .  T h e r e fo r e ,

IEtI -  I V W V e ’ l -  K V W V e  + * e ''t(73 ' l 3I e ) l

( 3 .2 - 4 2 )

But

< V V e >  ’  V V S3> + 83 ' ¥ c " V 1.  + ( 3 . 2 . 4 3 )

from E q u a tio n  31 i t  f o l l o w s  t h a t  E q u a t io n  43 o n ly  depends  

upon U3. The l a s t  term  i n  E q u ation  42 t h e r e f o r e  v a n i s h e s .  

Prom E q u a t io n s  31* 4 2 ,  and 4 3 ,  i t  f o l l o w s  t h a t

|EC| -  | f f 1(u3)Ie + —f  1 7 * 1
du ( 3 .2 - 4  4)

F u rth erm o re ,  s i n c e  o r th o g o n a l  t o

|Vt X S3*el ■ ^e(7t ‘ V V  V j- | ' S3 * Ve1 - |7t4>el

(3.2-45)



Equation 39 therefore becomes

|Ht l -  w e i j v ^ j (3.2-46)

Prom E q u a t io n s  44 and 4 6 ,  th e  c h a r a c t e r i s t i c  im p ed an ce , Zq , 

t h e r e f o r e  becom es

Z 3S O H ioei we wel ( 3 . 2 - 4 7 )

U sin g  E q u a t io n  3 7 ,  i t  f i n a l l y  r e s u l t s  t h a t

o we
d In A(u~

du' e ( 3 . 2 - 4 8 )

The im p o rta n ce  o f  t h i s  e x p r e s s i o n  i s  t h a t  i t  r e l a t e s  

c h a r a c t e r i s t i c  im pedance t o  t h e  nonuniform  w avegu id e  

geom etry  when g^3 = 1.

One may o b s e r v e  t h a t  f o r  t h e  u n ifo rm  w avegu ide  

(w here u^ = z; and A(u^) = c o n s t a n t )

_+ J n I e ( 3 . 2 - 4 9 )

where I + i s  t h e  forw ard t r a v e l i n g  component o f  th e  c u r r e n t  

( i t  i s  a c o n s t a n t )  and >fn i s  th e  p r o p a g a t io n  c o n s t a n t  f o r  

th e  nt h  mode. Upon s u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  Equa-



t i o n  48 i t  r e s u l t s  t h a t  f o r  th e  u n iform  w a v eg u id e  th e  

c h a r a c t e r i s t i c  im pedance f o r  E-modes i s  g i v e n  by

K
Z » '7~ —

° jwe ( 3 .2 - 5 0 )

T h is  i s  th e  same r e s u l t  o b ta in e d  by th e  u n ifo rm  w avegu id e  

f o r m u la t io n .

I t  w i l l  be shown t h a t  t h e  o th e r  r e s u l t s  o b ta in e d  th u s  

f a r  a l s o  a p p ly  f o r  t h e  u n ifo rm  w avegu ide ( s e e  C hapter 2 ) .

For a u n iform  w a v e g u id e ,  t h e  t r a n s v e r s e  s u r f a c e  a r e a  i s  a 

c o n s t a n t .  F u rth erm o re , u^ = z and g^3 = 1 .  I t  t h e r e f o r e  

f o l l o w s  from E q u a t io n  37 t h a t  f o r  t h e  u n ifo r m  w avegu id e

f !<z> -  0 ( 3 . 2 - 5 1 )

Thus, from E q u a tio n s  38 and 5 1 ,

—  ■ i f  = 0 ( 3 .2 - 5 2 )
/g

T h is  i m p l i e s  t h a t  g i s  in d e p e n d e n t  o f  z .  F u r th erm o re ,  s in c e  

th e  s u r f a c e s  o f  c o n s t a n t  u1 and u 2 a r e  In d ep en d en t o f  z i t  

f o l l o w s  from E q u a t io n  7 t h a t  g*^ f o r  i ,  J = 1 , 2  i s  in d e 

p en d en t o f  z .  The In d ep en d en ce  o f  g and g*^ o f  z i m p l i e s  

t h a t  t h e  V o p e r a t o r  i s  now Ind ep en d en t o f  z (see E q u a tio n  13)  

Thus, t h e  v a lu e s  o f  *<■ k ( z ) ,  and t h e r e f o r e  a r e  co n 

s t a n t s  ( s e e  E q u a tio n  2 0 B ) . These  c o n s t a n t s  a r e  c a l l e d
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v and r e s p e c t i v e l y .  E q u a t io n s  20B and 21B now 

f  k 
become

( 3 . 2 - 5 3 )

and

( 3 . 2 - 5 4 )

These  a r e  t h e  u n i form  w aveguide  r e s u l t s .  Fu rth erm ore ,  i t  

f o l l o w s  from E q u a t io n s  16  and 17A t h a t  f o r  t h e  u n i form  wave

g u id e  f 2 (u^) = 1 and f ^ ( u 3 )  = f ^ ( u 3 )  = 0 .  Thus th e  e q u a t i o n s  

f o r  t h e  a d m i t t a n c e  and impedance p e r  l e n g t h  (E q u a t io n s  23 

and 24) become

For a u n i form  t r a n s m i s s i o n  l i n e ,  t h e  c h a r a c t e r i s t i c  im p e d a n c e ,  

ZQ, i s  r e l a t e d  t o  t h e  per  l e n g t h  a d m i t t a n c e  and impedance by

( 3 . 2 - 5 5

( 3 . 2 - 5 6 )

( 3 . 2 - 5 7 )

Upon s u b s t i t u t i n g  t h e  v a l u e s  o f  y and z from E q u a t io n s  55 

and 56  i n t o  57  and comparing t h e  r e s u l t  w i t h  t h e  u n i fo rm
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w a v e g u id e  E-mode c h a r a c t e r i s t i c  impedance ( s e e  E q u a t io n  5 0 ) ,  

i t  f o l l o w s  t h a t  an a p p r o p r i a t e  v a l u e  o f  i s

Cx - jwe
( 3 . 2 - 5 8 )

I f  one r e p e a t s  t h e  p r e v i o u s  f o r m u l a t i o n  f o r  t h e  H-mode 

s o l u t i o n s  i n  terms o f  a m a g n e t ic  H ertz  p o t e n t i a l  d e f i n e d  by

V x ir, =*h (-jwu)
( 3 .2 - 5 9 A )

V tt, = 0, h h ( 3 . 2 - 5 9 B )

uh = a3,|*h<ul»u2 )Vh (u3)
( 3 .2 - 5 9 C )

i t  f o l l o w s  t h a t

\  - kX  + 7(7' V ( 3 . 2- 6 0 )

+ [K2  - K 2  (u3) ] \  - 0tYh 1 o tn
( 3 . 2 - 6 1 )

and

d V |f3(u ) 

(du3 ) 2  |fo(u3)

dV,

du7  + Ktn‘"3 >Ve
( 3 . 2- 6 2 )
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The same i n t e r p r e t a t i o n s  a s  f o r  t h e  E-mode s o l u t i o n ,  o f  

c o u r s e ,  a p p l y .  F u rth erm ore ,  by t h e  s u b s t i t u t i o n s

3 ( , » >

<  t^ w >  dX
z(u ) =* jrnu e (3.2-63)

. 3 .y(u )  ----- =?---- =----
f2  (u )z(u ) (3 .2-64 )

dV (u3 >
I. ( U 3 )   ----^ -----K r— (3.2-65)
h z(u3) du3

i t  f o l l o w s  t h a t  t h e  E q u a t io n  62 ca n  be put  i n  t h e  form o f  

nonuniform t r a n s m i s s i o n  l i n e  e q u a t i o n s .  Namely,

dV.(u3) - „
— —  " - 2(u > V U > (3.2-66)

du

d l . ( u 3) -
—  3---------- y(u )vh(u ) ( 3 . 2 - 6 7 )

du

These  H-mode e q u a t i o n s  a l s o  r e d u c e  t o  t h e  un i form  w avegu id e  

r e s u l t s  a s  a s p e c i a l  c a s e .

In  t h e  p r e v i o u s  d i s c u s s i o n  t h e  H ertz  v e c t o r  p o t e n t i a l  

was c h o s e n  t o  be i n  t h e  d i r e c t i o n  o f  a ^ ,  t h e  p r o p a g a t io n
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d i r e c t i o n .  So m et im es ,  h o w ev er ,  i t  i s  a d v a n ta g e o u s  t o  

c h o o s e  t h e  Hertz, v e c t o r  p o t e n t i a l  i n  a n o t h e r  d i r e c t i o n .  For  

ex a m p le ,  i n  Chapter  4 i t  w i l l  be shown t h a t  t h e  a n a l y s i s  o f  

t h e  j u n c t i o n  betw een  two nonuniform  w a v e g u id e s  i n  which a t  

l e a s t  one s e t  o f  boundary s u r f a c e s  a r e  s u f f i c i e n t l y  smooth  

may be f a c i l i t a t e d  by c h o o s i n g  t h e  H ertz  v e c t o r  p o t e n t i a l  

t o  be normal t o  t h e  s u f f i c i e n t l y  smooth boundary s u r f a c e  

( b e c a u s e  t h e  d i r e c t i o n  o f  t h i s  Hertz  v e c t o r  i s  t h e  same on 

b o th  s i d e s  o f  t h e  j u n c t i o n ) .

By s e l e c t i n g  H er tz  v e c t o r s  i n  d i f f e r e n t  d i r e c t i o n s ,  

d i f f e r e n t  s e t s  o f  g e n e r a l i z e d  modes may be d e r i v e d ,  and by 

p a r a l l e l i n g  t h e  d ev e lo p m en t  f o r  t h e  o r i g i n a l  g e n e r a l i z e d  

modes i t  i s  d i s c o v e r e d  t h a t  an u n coup led  t r a n s m i s s i o n  l i n e  

r e p r e s e n t a t i o n  i s  p o s s i b l e  f o r  t h e  same r e s t r i c t i o n s  t h a t  

were p r e v i o u s l y  d e v e l o p e d .  The s p e c i f i c  c h o i c e  o f  th e  

H ertz  v e c t o r  p o t e n t i a l  i n  t h e  t r a n s v e r s e  p la n  r e s u l t s  i n  

modal s o l u t i o n s  t h a t  w i l l  be r e f e r r e d  t o  a s  g e n e r a l i z e d  

l o n g i t u d i n a l  s e c t i o n  waves ( g e n e r a l i z e d  LSE waves  c o r r e s 

p on d in g  t o  t h e  e l e c t r i c  H ertz  v e c t o r  p o t e n t i a l  and g e n 

e r a l i z e d  LSM waves  c o r r e s p o n d in g  t o  t h e  m a g n e t ic  Hertz  

v e c t o r  p o t e n t i a l ) .



At t h i s  p o i n t ,  a few comments about  t h e  i m p l i c a t i o n s  

i n  E q u a t io n s  2 0 A and 20B a r e  a p p r o p r i a t e .  As i n d i c a t e d ,  

i t  was assumed t h a t  f u n c t i o n s  K^n ( u ^ ) ,  and t h e r e f o r e  

X ^ n ( u 3 )  = Ko “ Kt n ^ u ^  may b e  d e t e r m i ned f 01* a ^1 v a l u ®s 

o f  u3 .  I t  was i n d i c a t e d  t h a t  w hether  or  n o t  t h e s e  f u n c 

t i o n s  c o u ld  be d e te r m in ed  depended upon t h e  s p e c i f i c  f u n c 

t i o n a l  s t r u c t u r e  o f  th e  t r a n s v e r s e  LapHaclan o p e r a t o r .

T h is  s t r u c t u r e ,  i n  t u r n ,  d ep en d s  upon t h e  s p e c i f i c  c o o r d i 

n a t e  s y s t e m  b e i n g  u s e d .  A p o s s i b l e  p ro c ed u r e  t o  f o l l o w ,  

and i t s  i m p l i c a t i o n s ,  w i l l  now be d i s c u s s e d .

F i r s t ,  r e c a l l  t h a t  from t h e  d e f i n i t i o n  o f  t h e  t r a n s -
2

v e r s e  L a p l a c i a n  o p e r a t o r  f o r  c u r v i l i n e a r  c o o r d i n a t e s ,  V t ,that  

t h e r e  i s  no d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  u 3 .  Now c o n 

s i d e r  t h e  c a s e  i n  which  t h e  t r a n s v e r s e  L a p l a c i a n  may be 

e x p r e s s e d  i n  t h e  form

vt2 -  £  v « . - 4 - 2 .  4 t )  (3-2"68)t  k- 1  k 3u 3u (3u y (3u y /

where £ fc (u3)  a r e  in d e p en d e n t  f u n c t i o n s  o f  u ^  t h e  

o p e r a t o r s  a r e  in d e p e n d e n t  o f  u 3 ,  and K —2 f o r  u s u a l  s i t u a 

t i o n s .  T h i s  form r e s t r i c t s  t h e  t y p e s  o f  s i t u a t i o n s  t h a t  

may be h a n d l e d .  (N o te  t h a t  one o f  t h e  ^ ( u ^ )  f u n c t i o n s
2 o

may be a c o n s t a n t . )  I t  i s  now assumed t h a t  »̂ .̂n (u-i) may be
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e x p r e s s e d  In  t h e  f u n c t i o n a l  form g i v e n  by

< y >  -  j ;  “L V " 3) ( 3 . 2 - 6 9 )

One now s u b s t i t u t e s  E q u a t io n s  68  and 69  i n t o

I t  r e s u l t s  t h a t

2  - °k°l

( 3 . 2 - 7 0 )

( 3 . 2 - 7 1 )

where If/ r e p r e s e n t s  e i t h e r  Ven or  •Cn o r d e r  f ° r

t h i s  e q u a t i o n  t o  be v a l i d  f o r  a l l  v a l u e s  o f  u^ r e q u i r e s

(u3) -  L  ( U 3 )  ;  k - 1,........K.v k v k (3 .2 - 7 2 )

S i n c e  ^k(u ^) I s n ° t  i d e n t i c a l l y  z e r o ,  I t  f u r t h e r  f o l l o w s  

from E q u a t io n s  71 and 72 t h a t

^ + yi? 'I* 3 , 0  ; k = 1 , . Kot_ k n kn n
( 3 . 2 - 7 3 )

I t  i s  n oted  t h a t  t h i s  p r o c e d u r e  f o r  d e t e r m i n i n g  t h e  Xrn^11̂  

f u n c t i o n s  r e q u i r e s  a l l  o f  t h e  s e t  o f  E q u a t io n s  73 t o  be 

s a t i s f i e d  by t h e  same e i g e n f u n c t i o n ,  V n . T h is  r e q u i r e m e n t ,
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h o w ev er ,  cannot  a lw a y s  be a c h i e v e d .  I t  d o e s  work when

£ k (u3)  i s  a c o n s t a n t  ( s a y  k2 ) .  i n  t h i s  c a s e  t h e r e  i s

o n ly  one term and t h e  V  2 (u^) f u n c t i o n s  become a c o n s t a n t■rn
( s e e  E q u a t io n s  69  and 7 2 ) .  Namely.

4 < " 3 ) - KM n  (3.2-7*1)

T h i s ,  o f  c o u r s e ,  i s  t h e  c a s e  o f  s e p a r a t i n g  v a r i a b l e s  in  

t h e  o r d i n a r y  s e n s e  t h a t  i s  e n c o u n te r e d  w i t h  un iform  wave

g u i d e s .  A second s i t u a t i o n  f o r  which t h e  r e q u i r e m e n t s  i n  

E q u a t io n s  73 are  s a t i s f i e d  o c c u r s  when t h e r e  a r e  two term s  

i n  E q u a t io n  68 a n d ,  i n  a d d i t i o n ,  d e p en d s  o n l y  upon 

and depends  o n l y  upon u 2 . Such a s i t u a t i o n  i s  d i s c u s s e d  

i n  S e c t i o n  3 . ^ .  A t h i r d  s i t u a t i o n  f o r  w hich  t h e  r e q u ir e m e n t s  

i n  E q u a t io n s  73 a r e  s a t i s f i e d  o c c u r s  when t h e  seq ue nc e  i n  

E q u a t io n  68  c o n s i s t s  o f  one term (and t h e  problem o f  s a t i s 

f y i n g  a s e t  o f  e q u a t i o n s  by t h e  same e i g e n f u n c t i o n s  are  

t h e r e b y  a v o i d e d ) .

When t h e  c o n d i t i o n s  im p l i e d  by E q u a t io n s  73 can be 

s a t i s f i e d ,  th e n  t h e  o r d i n a r y  e i g e n v a l u e  p r o b l e m s ^  g i v e n  by 

t h e s e  e q u a t i o n s  may be used  t o  d e t e r m in e  t h e  e i g e n 

v a l u e s .  Then E q u a t io n s  69  and 72 y i e l d  e x p r e s s i o n s  f o r

•*-5The boundary c o n d i t i o n s  needed t o  s o l v e  t h e s e  e i g e n 
v a l u e s  a r e  d i s c u s s e d  i n  S e c t i o n  3 . 3 .



' Upon s u b s t i t u t i n g  t h e s e  f u n c t i o n s  i n t o  any o f  

E q u a t io n s  21 ,  i t  r e s u l t s  t h a t

1 - 0n

( 3 . 2 - 7 5 )

where I n r e p r e s e n t s  I e n (u 3 )  or T h i s  p e r m i t s  t h e

p r o p a g a t i o n  b e h a v io r  i n  t h e  u^ d i r e c t i o n  t o  be s t u d i e d  once

t h e  e i g e n v a l u e s  i n  E q u a t io n s  73 have been d e t e r m i n e d .  Note 

t h a t  o n l y  t h e  e i g e n v a l u e s  o f  E q u at ion  73 a r e  r e q u i r e d  f o r  

t h i s  p u r p o s e .  I t  i s  n o t  n e c e s s a r y  t o  d e t e r m in e  th e  e i g e n 

f u n c t i o n s .  In some I n s t a n c e s  i t  may be c o n v e n i e n t  t o  u se  

an a p p r o x im a t io n  t e c h n i q u e  ( s u c h  as  t h e  v a r i a t i o n a l  t e c h 

n i q u e s )  t o  o b t a i n  a u s e f u l  a p p r o x im a t io n  t o  t h e s e  e i g e n 

v a l u e s .  In a d d i t i o n ,  i t  may r e s u l t  t h a t  an o p e r a t o r  expan

s i o n  o f  t h e  t y p e  shown i n  E q u a t io n  68  i s  such  t h a t  o n ly  

one or  two term s  d o m in a te .  As an e n g i n e e r i n g  a p p r o x im a t io n ,  

one may o n ly  c o n s i d e r  t h e  d o m in a t in g  t e r m ( s )  o v e r  v a r i o u s  

s e c t i o n s  o f  t h e  w a v e g u id e .  I f  t h e  d o m in a t in g  t e r m ( s )  

s a t i s f y  t h e  a p p r o p r i a t e  c o n d i t i o n s ,  th en  t h a t  w avegu ide  

s e c t i o n  may, t o  a f i r s t  a p p r o x i m a t i o n ,  be a n a l y z e d  by d e t e r 

m in in g  t h e  e i g e n v a l u e s  o f  t r a n s v e r s e  e q u a t i o n s ( s )  and 

s o l v i n g  a s e t  o f  e q u a t i o n s  t h a t  a r e  a n a lo g o u s  t o  t h e  non u n i

form t r a n s m i s s i o n  l i n e  e q u a t i o n s .
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3.3 Boundary Conditions

For a nonuniform  w avegu id e  E q u a t io n s  ( 3 . 2 - 7 3 )  s h o u ld  be 

s o lv e d  s u b j e c t  t o  t h e  a p p r o p r i a t e  boundary c o n d i t i o n s .  The 

r e q u i r e m e n t s  t h a t  t h e  components  o f  t h e  e l e c t r i c  f i e l d  v e c 

t o r  t a n g e n t  t o  t h e  p e r f e c t  c o n d u c t i n g  w aveguide  w a l l s  must  

v a n i s h  a t  t h e s e  w a l l s ,  and t h e  normal d e r i v a t i v e  o f  t h e  com

p o n en ts  o f  t h e  m a g n e t ic  f i e l d  i n t e n s i t y  t a n g e n t  t o  t h e  p e r 

f e c t  c o n d u c t i n g  w avegu ide  w a l l  must v a n i s h  a t  t h e s e  w a l l s ,  

w i l l  be t h e  b a s e s  f o r  d e t e r m i n i n g  t h i s  boundary c o n d i t i o n . 1 ^

I t  w i l l  be d e m o n str a te d  s u b s e q u e n t l y ,  t h a t  t h e  e x p r e s s i o n  

f o r  t h e  boundary c o n d i t i o n  d ep e n d s  upon th e  d i r e c t i o n  o f  th e  

Hertz v e c t o r  p o t e n t i a l .  The p r o c e d u r e  w i l l  f i r s t  be i l l u s 

t r a t e d  w i t h  a H ertz  v e c t o r  p o t e n t i a l  i n  t h e  u^ d i r e c t i o n .

Later  t h e  s i t u a t i o n  i n  which  t h e  H ertz  v e c t o r  p o t e n t i a l  i s  

i n  t h e  u^ d i r e c t i o n  w i l l  be c o n s i d e r e d .

For a U3 d i r e c t e d  Hertz  v e c t o r  p o t e n t i a l  i t  w i l l  be most
A

c o n v e n i e n t  to u se  t h e  boundary c o n d i t i o n  t h a t  t h e  a^ component  

o f  t h e  e l e c t r i c  f i e l d ,  (E3 = a g * E ) ,  must v a n i s h  on t h e  boun

d a r y .  I t  w i l l  r e s u l t  t h a t  iye = 0 on t h e  w avegu id e  w a l l .

In o r d e r  t o  s e e  t h i s ,  l e t  V -  V + V3 where i s  t h e  

a^ component o f  t h e  "del" o p e r a t o r .  Then, u s i n g  E q u a t io n  ( 3 . 2 - 3 )

l^The r e q u ir e m e n t  t h a t  t h e  f i e l d s  a r e  s i n g l e  v a lu e d  w i l l  
a l s o  be u s e f u l  ( e s p e c i a l l y  w i t h  some s i n g l e  s u r f a c e  nonuniform  
w a v e g u i d e s ) .



E =■ V X (7 X TT ) 5 3e e

- 7  x <7fc x tt ) + V, x (7_ x TT ) + (7„ + 7,) x (7- x tt ) t t e  j t e c  j j e
( 3 . 3 - 1 )

_  -J A
The l a s t  term i s  z e r o  s i n c e  Vg and 77g a r e  b o th  i n  t h e  ag 

d i r e c t i o n .  A l s o  o b s e r v e  t h a t  t h e  s e co n d  term i s  p e r p e n d i c u 

l a r  t o  ag ( s i n c e  u^ i s  o r t h o g o n a l  t o  b o th  u 1 and u^) and ,  

t h e r e f o r e ,  d o e s  n o t  c o n t r i b u t e  t o  t h e  a.g com ponent.  The 

f i r s t  term i s  now expanded n o t i n g  t h a t  . tT = 0 b e c a u s e

Tf e and V t  a r e  p e r p e n d i c u l a r .  I t  r e s u l t s  t h a t

E3 . a 3 - E . S 3 - [ 7 t ( 7 t  • » e ) -  V* % i  -  -  a 3 • v * ? e

( 3 . 3 - 2 )

B u t ,  a s  p r e v i o u s l y  n o t e d ,  t h e r e  i s  no d i f f e r e n t i a t i o n  w i t h
o 2

r e s p e c t  t o  u 3 i n  t h e  o p e r a t o r  and t h e r e f o r e  th e  

o p e r a t o r  d o e s  n o t  o p e r a t e  on f u n c t i o n s  o f  u ^ . Thus,  Equa

t i o n  2 can be r e w r i t t e n  a s

E3  - - 8 3  • V* [a3 Ie (u3 )»e (u1 ,u2)]

=» -a3 • a 3Ie (u3) 7 ^ e (u1 ,u2) -  -  Ie (u3)72»|>e (u1 ,u2)

( 3 . 3 - 3 )

U s in g  E q u a t io n  ( 3 . 2 - 2 0 ) ,  i t  f o l l o w s  t h a t

s - v - a  « c  -  , 3 . 3 . , ,
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S i n c e  I e (u^) and t h e  c o e f f i c i e n t  o f  ^ e (u^,  u 2 ) a r e  n o t  

i d e n t i c a l l y  z e r o  on t h e  boundary f o r  a l l  v a l u e s  o f  u^ t h i s  

r e q u i r e s

ip (u1 ^ 2) « 0 Te re
on t h e  boundary1 ? .  ( 3 . 3 - 5 )

The w avegu id e  w a l l  boundary c o n d i t i o n s  f o r  t h e  c o r r e s p o n d in g  

d i r e c t e d  m a g n e t ic  H ertz  v e c t o r  p o t e n t i a l  can be o b t a in e d  

from a p a r a l l e l  d e r i v a t i o n .  Tt r e s u l t s  t h a t

3*h( u \ u 2)
—  5---------■ 0

n on t h e  b oundary .  ( 3 . 3 - 6 )

where t h e  n o t a t i o n  ^  d e n o t e s  a d i r e c t i o n a l  d e r i v a t i v e  

normal t o  t h e  boundary .

The p r o c e d u r e  f o r  o b t a i n i n g  t h e  w avegu id e  w a l l  boundary  

c o n d i t i o n s  when t h e  H ertz  v e c t o r  p o t e n t i a l  i s  c h o s e n  t o  be

tt -  a ip ( u \ u 2) I (u3)
e 1 e e ( 3 . 3 - 7 )

w i l l  now be i l l u s t r a t e d  f o r  o r t h o g o n a l  c o o r d i n a t e s .  T h i s  i s  

t h e  c a s e  c o r r e s p o n d i n g  t o  LSE modes and i t s  r e s u l t s  w i l l  be 

used  i n  C hapter  4 .  The m a g n e t ic  f i e l d  c o r r e s p o n d in g  t o  t h i s  

H ertz  v e c t o r  p o t e n t i a l  i s  t h e r e f o r e

?One s h o u ld  o b s e r v e  t h a t  t h i s  p r o o f  r e q u i r e s  u^ t o  be 
o r t h o g o n a l  t o  t h e  (u , u^) s u r f a c e  ( s i n c e  E q u a t io n  2 i s  basec  
upon cfo b e i n g  o r t h o g o n a l  t o  t h e  V^ o p e r a t o r ) . T h i s  t e n d s  t o  
r e i n f o r c e  t h e  c o n d i t i o n  o f  E q u a t io n  ( 3 . 2 - 4 ) .
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( 3 . 3 - 8 )

-  jwe I e (7t  x ^e ) + jwe rpe (V3 x &x  I e )

I t  i s  e a s i l y  v e r i f i e d  t h a t  t h e  f i r s t  term~Iri E q u a t io n  8 i s  

i n  t h e  a^ d i r e c t i o n  and t h e  seco n d  term i n  E q u a t io n  8 i s  i n
A A

t h e  a 2 d i r e c t i o n .  The a 2 component o f  t h e  m a g n e t i c  f i e l d  

i n t e n s i t y ,  He 2 , i s  t h e r e f o r e

He2  ■ jwe *e |V3 X ax Ie |
( 3 . 3 - 9 )

S i n c e  t h i s  component i s  normal t o  a p e r f e c t  c o n d u c t i n g  u = 

c o n s t a n t  nonuniform w a v e g u id e  s u r f a c e ,  i t  must  v a n i s h  on t h i s  

s u r f a c e  f o r  a l l  v a l u e s  o f  u^. Thus ,  i t  f o l l o w s  from E q u a t io n  

9 t h a t

V e = 0 on a u = c o n s t a n t  boundary ( 3 - 3 —1 0 )

F u r th e r m o r e ,  f o r  t h e  o r t h o g o n a l  c o o r d i n a t e s  b e i n g  c o n s i d e r e d ,  

He 2 i s  t a n g e n t  t o  a u 1 = c o n s t a n t  nonuniform  w avegu id e  s u r f a c e ,  

S i n c e  t h e  normal d e r i v a t i v e  o f  t h e  t a n g e n t i a l  component o f  

t h e  m a g n e t i c  f i e l d  i n t e n s i t y  must v a n i s h  a t  a p e r f e c t  c o n 

d u c t i n g  boundary f o r  a l l  v a l u e s  o f  u^, i t  f o l l o w s  from Equa

t i o n  9 t h a t

3*e I , l— f  I ■ m  • a , |  ■ o on a  u = c o n s t a n t  boundary ( 3 . 3 - 1 1 )
3u I e  11

From t h e  d e r i v a t i o n  o f  t h e s e  boundary c o n d i t i o n s  one can  

c o n c l u d e  t h a t ,  i n  g e n e r a l ,  f o r  o r t h o g o n a l  c o o r d i n a t e s  Ve = 0 

on a p e r f e c t  c o n d u c t in g  s u r f a c e  t o  which t h e  H er tz  v e c t o r  

p o t e n t i a l  i s  t a n g e n t  and ** * 0 (where n i s  a u n i t

norm al)  f o r  a p e r f e c t  c o n d u c t i n g  s u r f a c e  t h a t  i s  normal t o  

t h e  H er tz  v e c t o r  p o t e n t i a l .
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3 . 4  E n g i n e e r i n g  A p p l i c a t i o n  and S i g n i f i c a n c e

E a r l i e r  i n  t h i s  c h a p t e r  i t  was shown t h a t  when appro

p r i a t e  c o o r d i n a t e  s y s t e m  c o n d i t i o n s  a r e  s a t i s f i e d ,  a n o n u n i -  

form w avegu ide  a n a l y s i s  may be s e p a r a t e d  I n t o  two p a r t s .  The 

f i r s t  p a r t  I s  a s e t  o f  e i g e n v a l u e  p ro b lem s  i n  term s  o f  t h e  

t r a n s v e r s e  c o o r d i n a t e s .  The s o l u t i o n  t o  t h i s  problem y i e l d s  

a s e t  o f  e i g e n f u n c t i o n s  and t h e i r  c o r r e s p o n d i n g  e i g e n v a l u e s .  

The second  p a r t  i s  a nonuniform  t r a n s m i s s i o n  l i n e  a n a l y s i s .

The e i g e n v a l u e s  o f  t h e  f i r s t  problem p r o v i d e  t r a n s m i s s i o n  

l i n e  p a r a m ete r s  f o r  t h e  second  problem^ . The s o l u t i o n  t o  

t h e  f i e l d  t h e o r y  problem i s  a s u p e r p o s i t i o n  o f  t h e  s e p a r a t e  

mode p r o b le m s .  (Note  t h a t , i n  p r a c t i c e ,  f o r  c l o s e d  nonuniform  

w a v e g u i d e s ,  o n l y  a f i n i t e  spectrum  o f  p r o p a g a t in g  modes need  

be c o n s i d e r e d . )

The major s i g n i f i c a n c e  o f  t h i s  a n a l y s i s  d e c o m p o s i t i o n  i s  

t h a t  a f t e r  d e t e r m i n a t i o n  o f  t h e  e i g e n v a l u e s  o f  t h e  t r a n s 

v e r s e  prob lem s  (by e i t h e r  a n a l y t i c ,  a p p r o x im a t e ,  or  n u m e r ic a l  

t e c h n i q u e s )  t h e  a n a l y s i s  r e d u c e s  t o  s o l v i n g  a s e t  o f  u n cou p led  

nonuniform t r a n s m i s s i o n  l i n e s .  Thus ,  t h e  body o f  knowledge  

o f  nonuniform t r a n s m i s s i o n  l i n e  a n a l y s i s  may be a p p l i e d  

d i r e c t l y  t o  t h e  s tu d y  o f  t h e  c l a s s  o f  n onuniform  w a v eg u id es  

c o n s i d e r e d  i n  t h i s  c h a p t e r .  A r e v i e w  o f  t h e  t e c h n o l o g y  o f  

nonuniform  t r a n s m i s s i o n  l i n e s  i s  p r e s e n t e d  i n  Appendix A.

1^ I t  i s  o f t e n  s a i d  t h a t  t h e  p r e v i o u s l y  d e s c r i b e d  p r o c e s s  
e n a b l e s  one t o  r e p r e s e n t  a nonuniform  w a v e g u id e  by nonuniform  
t r a n s m i s s i o n  l i n e s  ( t h e  d e t e r m i n a t i o n  o f  t h e  e i g e n v a l u e s  i s  
i m p l i e d  but o f t e n  n o t  s t a t e d ) .
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The im p o r ta n c e  o f  b e i n g  a b l e  t o  s e p a r a t e  o u t  t h e  u3 

c o o r d i n a t e  i n t o  a s e p a r a t e  problem w i l l  be c l a r i f i e d  by 

th e  d i s c u s s i o n  o f  some g e n e r a l  p r o p e r t i e s  o f  wave p r o p a g a 

t i o n  t h a t  f o l l o w s :

In  g e n e r a l  t h e  s o l u t i o n  t o  t h e  H elm holtz  e q u a t i o n  t h a t  

was o b t a i n e d  by removing t h e  t im e  f a c t o r  e^w t , i s  a complex  

f u n c t i o n  o f  t h e  c o o r d i n a t e s  (u 3 , u^,  u ^ ) .  Thus,  t h e  H ertz  

v e c t o r ,  T f , has  t h e  form.

-  7 a / 1 2 + j < K u \ u 2 ,u 3)1 , 4 0 .

A
where i 2 i s  a u n i t  v e c t o r  i n  t h e  d i r e c t i o n  o f  t h e  H ertz  

v e c t o r  and A and a r e  r e a l  f u n c t i o n s  o f  p o s i t i o n .  When

t h e  t im e  f u n c t i o n  i s  r e i n s e r t e d  i t  r e s u l t s  t h a t

— 7 * / 1 2 3. j [tot + $ (u 3 ,u 2 ,u3) ]
tt ■ i .  A(u ,u ,u ) eJ l  ’

( 3 . ^ - 2 )

S u r f a c e s  o v e r  which  t h e  p h a se  i s  c o n s t a n t  a re  c a l l e d  c o n s t a n t  

p h ase  s u r f a c e s .  These  a r e  d e f i n e d  by

1 2  3tot + 3>(u ,u  ,u  ) -  con stan t.

( 3 . 4 - 3 )
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The waves  a r e  c a l l e d  u n i fo r m  waves when t h e  a m p l i t u d e  A i s  

a c o n s t a n t  ov er  t h e  e q u i p h a s e  s u r f a c e s .  P e r p e n d i c u l a r s  t o  

th e  e q u ip h a s e  s u r f a c e s  a r e  c a l l e d  wave n orm als  ( t h e s e  a r e  

i n  th e  d i r e c t i o n  o f  and a r e  c u r v e s  a l o n g  which  th e  

i n s t a n t a n e o u s  phase  c h a n g es  most r a p i d l y .  The r a t e  a t  which  

t h e  p h a se  d e c r e a s e s  i n  some d i r e c t i o n  i s  c a l l e d  t h e  phase  

c o n s t a n t  i n  t h a t  d i r e c t i o n .  The phase  c o n s t a n t s  i n  t h e  u* 

c o o r d i n a t e  d i r e c t i o n ,  i s  g i v e n  by

3 -  -V$’a.
( 3 . 4 - 4 )

T h ese  may be c o n s i d e r e d  a s  t h e  components  o f  t h e  v e c t o r  

p h a se  c o n s t a n t  d e f i n e d  by

3 s  -v$ ( 3 . 4 - 5 )

T h ese  a r e  f u n c t i o n s  o f  p o s i t i o n .  To keep  t h e  i n s t a n t a n e o u s  

p h a se  c o n s t a n t  f o r  an i n c r e m e n t a l  i n c r e a s e  i n  t i m e ,  i t  i s  

r e q u i r e d  t h a t

todt + V$*ds * 0
( 3 . 4 - 6 )

The p h a se  v e l o c i t y  o f  a wave i n  a g i v e n  d i r e c t i o n  i s  

d e f i n e d  a s  th e  component o f  t h e  v e l o c i t y  o f  s u r f a c e s  o f



c o n s t a n t  p hase  i n  t h a t  d i r e c t i o n .  For exam p le ,  t h e  p h a se  

v e l o c i t y  a l o n g  t h e  normal t o  s u r f a c e s  o f  c o n s t a n t  p h a se  

i s  g i v e n  by

w to
vr . " ‘ l W  = | f

( 3 . 1 - 7 )

The p h a se  v e l o c i t y  a lo n g  t h e  u* c o o r d i n a t e  d i r e c t i o n  i s

to co

1V* ai '  ( 3 . 4 - 8 )

Note t h a t  V p^S^V p.

The aim o f  t h e  a n a l y s i s  i n  S e c t i o n  3 . 2  was t o  e x p r e s s  

th e  H er tz  v e c t o r  p o t e n t i a l  i n  t h e  form

i t  =■ (u3 ,u 2) I  (u3)

( 3 . 4 - 9 )

where and I a r e  complex f u n c t i o n s  o f  p o s i t i o n .  T h i s  

d e c o m p o s i t i o n  f a c i l i t a t e s  c o n s i d e r i n g  v e l o c i t i e s  a l o n g  

t h e  u3 c o o r d i n a t e  d i r e c t i o n  s i n c e ,  f o r  t h i s  c a s e ,  t h e  t im e  

dep en d en t  H ertz  v e c t o r  may be w r i t t e n  a s



j[wt+I (uJ)]
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( 3 . 4 - 1 0 )

Thus,  t h e  phase  v e l o c i t y  a l o n g  t h e  u 3 d i r e c t i o n  i s  g i v e n  by

v

£
( 3 . 4 - 1 1 )

T h i s  i n f o r m a t i o n  i s  d i r e c t l y  o b t a i n a b l e  from t h e  s o l u t i o n  

t o  t h e  nonuniform t r a n s m i s s i o n  l i n e  p ro b lem .  In  a d d i t i o n ,

p o s i t i o n  a lo n g  t h e  w a v e g u id e .  I t  may be w r i t t e n  i n  t h e  

form

. 3 . -a (u3)I.(u ) = e / . v
A ( 3 . 4 - 1 2 )

where ®< i s  an a t t e n u a t i o n  f u n c t i o n .  For a l o s s l e s s  wave

g u i d e ,  a m p l i tu d e  v a r i a t i o n s  a r e  due t o  d i s t r i b u t i n g  t h e  modal  

wave en ergy  o v e r  d i f f e r e n t  t r a n s v e r s e  s u r f a c e s  a s  a f u n c 

t i o n  o f  p o s i t i o n  a l o n g  t h e  w a v e g u id e .  The group v e l o c i t y  

a l o n g  t h e  u 3 c o o r d i n a t e  i s  g i v e n  by

I A( u 3 ) i s  a d i r e c t  m easure  o f  a m p l i t u d e  v a r i a t i o n s  w i t h

wher

v ( 3 . 4 - 1 3 )

Note  t h a t  I _ ( u 3 ) i s  a f u n c t i o n  o f  f r e q u e n c y  b e c a u s e  K -  oj/ ue 

d ep en d s  on f r e q u e n c y .



61

The problem o f  a n a l y z i n g  e l e c t r o m a g n e t i c  wave p ro p a g a 

t i o n  i n  a s p e c i f i c  nonuniform  w avegu id e  w i l l  now be co n 

s i d e r e d .  In o r d e r  t o  perform  such  an a n a l y s i s ,  an  a p p r o 

p r i a t e  c o o r d i n a t e  s y s tem  must  be s e l e c t e d .  T h i s  i n v o l v e s  

i n t u i t i o n  and e n g i n e e r i n g  judgment  and w i t h o u t  a d d i t i o n a l  

g u i d e l i n e s  an optimum d e c i s i o n  i s  u s u a l l y  l i m i t e d  t o  r e l a 

t i v e l y  s im p l e  s i t u a t i o n s .

At t h e  p r e s e n t  t i m e ,  t h e  body o f  knowledge g u i d i n g  

e n g i n e e r i n g  judgment i n  t h e  s e l e c t i o n  o f  an optimum c o o r d i 

n a t e  s y s t e m  has been  l i m i t e d  t o  c o m p le te  s e p a r a t i o n  o f  v a r i 

a b l e s  i n  o r t h o g o n a l  c o o r d i n a t e  s y s t e m s  [ 3 2 , 3 3 , 3 4 ,  and 3 5 ] .  

In f a c t ,  o n l y  o r t h o g o n a l  q u a d r a t i c  s u r f a c e s  have  been  c a t a 

lo g e d  f o r  t h e i r  c o m p le te  s e p a r a b i l i t y  p r o p e r t i e s  [ 3 5 ] .  As 

i n d i c a t e d  e a r l i e r  i n  t h i s  d i s s e r t a t i o n ,  how ever ,  t h e  r e p r e 

s e n t a t i o n  o f  t h e  nonuniform w a v eg u id e  by a s e t  o f  u n cou p led  

nonuniform  t r a n s m i s s i o n  l i n e s  r e q u i r e s  o n ly  one  c o o r d i n a t e  

t o  be o r t h o g o n a l  and s e p a r a t e d .  Complete  s e p a r a t i o n  o f  

v a r i a b l e s  and c o m p le te  o r t h o g o n a l i t y  o f  c o o r d i n a t e s  a r e  n o t  

n e c e s s a r y  f o r  s t u d y i n g  t h e  n onuniform  w a v e g u id e .

F o r t u n a t e l y ,  t h e  t h e o r y  d e v e l o p e d  i n  t h i s  c h a p t e r  p r o 

v i d e s  a d d i t i o n a l  g u i d e l i n e s  f o r  s e l e c t i n g  an a p p r o p r i a t e  

c o o r d i n a t e  s y s t e m  [ 4 2 ] .  The manner i n  which t h i s  i s  u s e f u l  

w i l l  be i l l u s t r a t e d  w i t h  t h e  sector ia l  wedge nonuniform  wave

g u i d e .  I n s t e a d  o f  f o l l o w i n g  t h e  c o n v e n t i o n a l  p r o c e d u r e  o f
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s o l v i n g  t h i s  problem  In  terms o f  c y l i n d r i c a l  c o o r d i n a t e s ,  

e n g i n e e r i n g  judgment w i l l  be c o u p le d  w i t h  t h e  t h e o r y  d e v e l o p e d  

i n  S e c t i o n s  3 . 2  and 3 . 3  t o  l o g i c a l l y  e v o l v e  t h i s  c h o i c e  f o r  

a c o o r d i n a t e  s y s t e m .  The manner i n  which  a d d i t i o n a l  wave 

p r o p a g a t i o n  i n f o r m a t i o n  can be e x t r a c t e d  w i l l  a l s o  be i n d i 

c a t e d

T h i s  s e c t i o n  w i l l  show t h a t  t h e  c o n s t r a i n t s  t h a t  l e d  t o  

an u ncoupled  n on u n iform  t r a n s m i s s i o n  l i n e  r e p r e s e n t a t i o n  f o r  

t h e  nonuniform  w a v eg u id e  o f t e n  p r o v i d e s  u s e f u l  g u i d e l i n e s  

f o r  d e d u c in g  an optimum c o o r d i n a t e  s y s t e m  t o  d e s c r i b e  t h e  

nonuniform w a v e g u id e .  T h i s  c o o r d i n a t e  s y s te m  i s  optimum i n  

t h e  s e n s e  t h a t  i t  p e r m i t s  t h e  nonuniform  w avegu ide  t o  be  

r e p r e s e n t e d  by t r a n s v e r s e  e q u a t i o n s  and a s e t  o f  u n co u p led  

nonuniform t r a n s m i s s i o n  l i n e s  and t h e r e b y  p e r m i t s  t h e  t e c h 

n o lo g y  o f  nonuniform  t r a n s m i s s i o n  l i n e s  t o  be used  t o  s tu d y  

t h e  p r o p a g a t io n  b e h a v i o r  o f  t h e  n onuniform  w a v e g u id e .  For  

a s im p le  s h a p e ,  t h e  s e l e c t i o n  o f  suc h  a c o o r d i n a t e  s y s t e m  

may be o b v i o u s ,  but i n  g e n e r a l ,  t h e  c h o i c e  may not be o b v i o u s .  

The g u i d i n g  c o n d i t i o n s  and r e q u i r e m e n t s  d e v e l o p e d  i n  t h e  

p r e v i o u s  s e c t i o n s  a r e  summarized i n  T a b le  I .  The b a l a n c e  

o f  t h i s  s e c t i o n  a p p l i e s  t h e s e  c o n d i t i o n s  t o  t h e  i l l u s t r a 

t i v e  exam ple .

•^The l a t t e r  has  a l r e a d y  b een  done f o r  t h e  sectorial  wedge  
[ 3 , 14 ,  2 7 ] ,  but i t  w i l l  s e r v e  a s  a model  o f  how t o  p r o c e e d  
f o r  a more d i f f i c u l t  problem .



Table 3.^-1

S u f f i c i e n t  C o n d i t i o n s  t o  F a c t o r
3

Out t h e  u Dependence  

l ?u or  u a r e  c o n s t a n t s  on t h e  w aveguide  w a l l s .

P r o p a g a t i o n  c o o r d i n a t e ,  u^ ,  i s  o r t h o g o n a l  t o  b o th  t r a n s 

v e r s e  c o o r d i n a t e s  ( t h e  t r a n s v e r s e  c o o r d i n a t e s  need  not  be 

o r t h o g o n a l  t o  each  o t h e r ) .

The g33  m e t r i c  c o e f f i c i e n t  i s  in d e p e n d e n t  o f  u^ and u ^ .

For c o n v e n i e n c e ,  one  u s u a l l y  t r i e s  t o  s e l e c t  g33 = i .

The l o g a r i t h m i c  d e r i v a t i v e  o f  t h e  d e t e r m in a n t  o f  t h e  m e t r i c  

c o e f f i c i e n t s  depends  o n ly  upon t h e  p r o p a g a t i o n  c o o r d i n a t e .  

I t  i s  e q u a l  t o  t h e  l o g a r i t h m i c  d e r i v a t i v e  o f  t h e  t r a n s 

v e r s e  s u r f a c e  a r e a  when g33 = i .

The c o o r d i n a t e  s u r f a c e s  a r e  o n e - t o - o n e  c o n t i n u o u s  d i f f e r e n 

t i a b l e  f u n c t i o n s  o f  c a r t e s i a n  c o o r d i n a t e s .
p

The t r a n s v e r s e  L a p l a c i a n ,  may be e x p r e s s e d  i n  one o f

two g e n e r a l  form s .

where X  ̂ i s  an o p e r a t o r  t h a t  i s  i n d e 

p en d en t  o f  u^, In t h i s  c a s e  V^Cu^, u^) must s a t i s f y  

t h e  e i g e n v a l u e  e q u a t i o n  * 1  V'n -  K  = 0 where

ykj _ ^ a r e  t h e  e i g e n v a l u e s  t o  be d e t e r m i n e d .  The c o r r e s 

p on d in g  u3 e q u a t i o n  f o r  I n (u 3 )  i s

-  (u; u . 3) 2 S  U ) ( U 3 )



Table 3.4-1 continued

= ^ ( u 3 ) X j  ®^2 where X-^ and X ^

a re  o p e r a t o r s  t h a t  a r e  Ind ep en d en t  o f  u 3 . In t h i s
*i O

c a s e ,  Y n  (u , u ) must s i m u l t a n e o u s l y  s a t i s f y  e i g e n 

v a lu e  e q u a t i o n s

A  K  * Ti A  - 0

#2 *n + Y2n *n '  0

where ^ J a n d  1 2 n ) a r e  t h e  e i g e n v a l u e s  t o  be

d e t e r m in e d .  When t h i s  i s  a c h i e v e d ,  t h e  c o r r e s p o n d in g  

u 3 e q u a t i o n  f o r  I n ( u 3 ) i s
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The b a s i c  p r o c ed u r e  f o r  d e t e r m i n i n g  an a p p r o p r i a t e  

c o o r d i n a t e  sy s tem  i s  t o  s t a r t  w i t h  as  g e n e r a l  a form f o r  

t h e  c o o r d i n a t e  e q u a t i o n s  a s  p o s s i b l e  ( c o n s i s t e n t  w i t h  t h e  

r e q u ir e m e n t  t h a t  c o o r d i n a t e  s u r f a c e s  c o i n c i d e  w i t h  t h e  

boundary w a l l s ) .  Then t h e  c o n s e q u e n c e s  o f  r e q u i r i n g  t h e  

u3 c o o r d i n a t e  t o  be o r t h o g o n a l  t o  b oth  t h e  u^ and u 2 c o o r 

d i n a t e s  w i l l  be d e t e r m i n e d .  S i n c e  t h e  main c o n c e r n  i s  t o  

s t u d y  t h e  p r o p a g a t io n  b e h a v i o r  i n  t h e  u^ d i r e c t i o n ,  i t  i s  

c o n v e n i e n t  t o  t r y  t o  c h o o s e  g33  = i .  The c o n s t r a i n t s  im p l i e d  

by E q u a t io n s  ( 3 . 2 - 2 0 B ) ,  and ( 3 . 2 - 3 8 )  w i l l  t h e n  be u se d  t o  

g u i d e  t h e  s e l e c t i o n  o f  a c o o r d i n a t e  s y s t e m .

The w avegu ide  s u r f a c e s  o f  t h e  s e c t o r i a l  wedge shown in  

F i g u r e  ( 3 . ^ - 1 )  a r e  d e s c r i b e d  by t h e  e q u a t i o n s

( I >

and

m = c o n s t a n t  ( 3 .^ - l^ A )

y = 0 ( 3 . 4 - 1 4 B )

x = 0 ( 3 .4 - 1 5 A )

x = b = c o n s t a n t  ( 3 .^ - 1 5 B )

In o r d e r  t o  f a c i l i t a t e  t h e  f i t t i n g  o f  t h e  boundary c o n d i 

t i o n s ,  t h e  g e n e r a l  c o o r d i n a t e s  u^ and u2 a r e  e x p r e s s e d  a s 20

2®One may note  t h a t  f o r  t h i s  example E q u a t io n s  16 and 17 
im p ly  t h a t  u^ i s  o r t h o g o n a l  t o  u2 ( a s  t h e y  a r e  i n  c y l i n d r i c a l  
c o o r d i n a t e s ) .  Complete  o r t h o g o n a l i t y  i s  t h e r e f o r e  deduced direct ly  
from t h e  boundary c o n d i t i o n s  and not  a r b i t r a r i l y  im posed .
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i
i

F ig u r e  3 . ^ - 1  

S e c t o r i a l  Wedge Nonuniform Waveguide
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and

i1 = f  ( £ )  ( 3 . 4 - 1 6 )

u 2 = g ( x )  ( 3 . 4 - 1 7 )

where f  and g a re  c o n t i n u o u s  s i n g l e - v a l u e  f u n c t i o n s  t o  be
3

s p e c i f i e d .  For t h e  moment, t h e  u c o o r d i n a t e  w i l l  be com

p l e t e l y  a r b i t r a r y .  Thus

U3 = h ( x ,  y ,  z )  ( 3 . 4 - 1 8 )

where h i s  a l s o  a c o n t i n u o u s  s i n g l e - v a l u e  f u n c t i o n .

The o r t h o g o n a l i t y  o f  t h e  u^ c o o r d i n a t e  t o  t h e  u 2 c o o r d i 

n a t e  ( s e e  E q u at ion  3 . 2 - 4 )  r e q u i r e s  t h a t

(Mi11) - °W x p x /  ( 3 . 4 - 1 9 )

But cannot  be e q u a l  t o  z e r o  b e c a u s e  t h i s  would
3x

im ply  t h a t  u 2 i s  a c o n s t a n t .  T h e r e f o r e  E q u a t io n  19 

i m p l i e s  t h a t

3h n
3x ( 3 . 4 - 2 0 )

o r  e q u i v a l e n t l y

u3 = h ( y ,  z )  ( 3 . 4 - 2 1 )

In  a s i m i l a r  manner, from E q u a t io n s  1 6 ,  1 8 ,  and 19 i t  

f o l l o w s  t h a t
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i  f . ( f j  m  _^v f f )  » .  i  f , ( f ^ .  f  » j .  0

( 3 . 4 - 2 2 )

where f  ( y / z )  i s  t h e  d e r i v a t i v e  ( d f ( S ) / d $ )  e v a l u a t e d  a t

$ = y / z .  In  a manner p a r a l l e l i n g  t h a t  used  t o  o b t a i n

E q u a t io n  21 i t  i s  c o n c lu d e d  t h a t  f  (2-) c a n n o t  be z e r o  s i n c ez
t h i s  would r e q u i r e  t h e  u1 c o o r d i n a t e  t o  be a c o n s t a n t .  

T h e r e fo r e

9h /y  1 3h
3y \ z j  3z (3  . 4 - 2 3 )

From E q u a t io n  22 t h e  m e t r i c  c o e f f i c i e n t ,  g , i s  g i v e n  by

33g ' ' ' J ' (3 .4 -2*1)

By s u b s t i t u t i n g  E q u a t io n  20 i n t o  E q u a t io n  2 4 ,  one o b t a i n s

< 3 . « )

From E q u a t io n s  23 and 25 i t  f o l l o w s  t h a t

3h>2

. M - a ) 2 ® 2 ♦ m 2 ■ m 2 [af ♦ W  -  *2>

(3.4-26)
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S i m i l a r l y  from E q u a t io n s  1 6 ,  1 7 ,  21 ,  and 2 2 ,  t h e  o t h e r  

m e t r i c  c o e f f i c i e n t s  a r e  found t o  be 

2
r  ,  , 2 1

(3.4-27)11g

g22 - Jg’(x)]2 (3.4-28)

g1  ̂- 0 for i J j (3.4-29)

For g33  e q u a l  t o  one i t  f o l l o w s  from E q u a t io n  26 t h a t  
9h a z
dz yj~2 (3.4-30)

v  y  +z
or

■ h(y,z) =» yy2+z2 + q(y) (3.4-31)

Upon s u b s t i t u t i n g  E q u a t io n  31 i n t o  E q u a t io n  2 3 ,  i t  i s  e a s i l y  

shown t h a t  q ( y )  can a t  most be  a c o n s t a n t .  Thus

3 - f  2 2u - / y + z  + rQ (3.4-31A)

where r Q i s  a c o n s t a n t  t h a t  can  be made z e r o  by an a p p r o p r i 

a t e  c h o i c e  f o r  t h e  o r i g i n .  I t  i s  o b se r v e d  t h a t  u^ c o r r e s 

ponds t o  t h e  r a d i a l  c o o r d i n a t e  o f  a c y l i n d r i c a l  c o o r d i n a t e  

s y s t e m .  T h i s  I s  t h e  c a s e  t h a t  w i l l  be c o n s i d e r e d .  Upon 

s u b s t i t u t i n g  t h e  v a l u e s  o f  g**̂  from E q u a t io n s  2 6 ,  27, 28, 

and 29 i n t o  E q u at ion  (3.2-8) i t  r e s u l t s  t h a t



/ T T  2 7 0r  v y  + z/ e  = _-----------r

( 3 ^ - 3 2 )

E q u at ion  ( 3 . 2 - 2 0 B )  i s  next  expanded i n  term s o f  m e t r i c  

c o e f f i c i e n t s  by u s i n g  E q u at ion  ( 3 . 2 ^ 1 3 ) .  One o b t a i n s

— ( ■'g gi3 —r )  + <2 (u3)* « o
/g- lu \  Su V  T” eh

( 3 . 4 - 3 3 )

where i ,  j  = 1 ,  2 .  and th e  summation c o n v e n t i o n  i s  u n d er

s to o d  .

Upon s u b s t i t u t i n g  t h e  v a l u e s  o f  t h e  m e tr ic  c o e f f i c i e n t s

from E q u a t io n s  2 7 ,  2 8 ,  29 ,  and 32 i n t o  Equat ion  3 3 ,  i t

r e s u l t s  t h a t  
,2'

+ S ’ (X> i j )  + e '  0 O . ' l - j H )
By u s i n g  E q u a t io n s  16 and 17 t h i s  can be r e w r i t t e n  a s

-u + (rV n V vu-ViljL [i+(r l(U1))2if'[f-1(U1)i ^
<u )*  3u 3u

+ S ’ l g " ^ ^ ) ]  g ’l g ' V ) ]  + K2n (u3)^e » 0
3u 3u

( 3 . 4 - 3 5 )

where f ”  ̂ and g “  ̂ a r e  t h e  i n v e r s e  f u n c t i o n s  o f  f  and g r e s -
21p e c t i v e l y .

2 1 l t  i s  assumed t h a t  t h e  t r a n s f o r m a t i o n s  a r e  1 - 1  and 
c o n t in u o u s  w i t h i n  t h e  r e g i o n  and t h e r e f o r e  t h a t  t h e  I n v e r s e  
t r a n s f o r m a t i o n  e x i s t s .
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I t  I s  observed  t h a t  t h e  f i r s t  term i n  Equat ion  35 i s  

i n v e r s e l y  p r o p o r t i o n a l  t o  (u^)2 w h i l e  t h e  second  term i s  

in d ep e n d e n t  o f  u^ .  The t r a n s v e r s e  Laplacian, t h e r e -U>
f o r e  has the  form

V2 = <x(u3) +%2 ( 3 . 4 - 3 6 )

where

a( u3) - — ( 3 . 4 - 37 )
(uV

and X   ̂ and X ' a r e  o p e r a t o r s  g i v e n  by

3u I Su1,

( 3 . 4 - 3 8 )

* 2 -  g ’ U ' V ) )  ( g ' t g - V ) )  (3.4-39)

One n o t e s  t h a t  X ^  d ep en d s  o n ly  on u^ and depends o n l y  

on u^. These o p e r a t o r s  may a l t e r n a t e l y  be e x p r e s s e d  a s  

( s e e  Equation 34)



*i ■ I1 * V2] *'<i> (t1 + <i>2] **<?> r̂)
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(3.4-38A)

and

* 2  ■ 8 ' (,°  7 2  (s ' (x) 7 2du \ du , ( 3 .4 - 3 9 A )

In a c c o r d a n c e  w i th  t h e  s i x t h  r e q u ir e m e n t  o f  T ab le  1 ,  \ye 

must s i m u l t a n e o u s l y  s a t i s f y

+ Y,  ̂ “ 0^ 1  em l i  era ( 3 . 4 - 4 0 )

ana

‘M em  + y2jem  " 0 ( 3 . 4 - 4 1 )

where n i s  an in d ex  t h a t  d i s t i n g u i s h e s  t h e  d i f f e r e n t  modes,  

-  "^in and “ ^ 2 n  a r e  e i g e n v a l u e s  t h a t  a r e  t o  be d e t e r m i n e d ,  

and Vf a r e  t h e  c o r r e s p o n d i n g  e i g e n f u n c t i o n s  ( c o r r e s p o n d 

i n g  t o  m o d es ) .  The e i g e n f u n c t i o n s  a r e  r e q u i r e d  t o  s im u l 

t a n e o u s l y  s a t i s f y  E q u a t io n s  40 and 4 l .  T h i s  i n c l u d e s  th e  

a p p r o p r i a t e  boundary c o n d i t i o n  on nam ely  V^e = 0 on

t h e  boundary .  One t h e r e f o r e  t r i e s  to  s e l e c t  t h e  f u n c t i o n s ,



73
f ( y / z )  and g ( x ) ,  t o  s a t i s f y  t h i s  c o n d i t i o n .  S i n c e  

depends o n l y  on u 1 and d ep en d s  o n l y  on u 2 , one may 

e x p r e s s  ^ en a s  t h e  product  o f  a f u n c t i o n  o f  u 1 ,

U i iC u 1 ) ,  t i m e s  a f u n c t i o n  o f  u 2 , U2j ( u 2 ) .  For each  

d i f f e r e n t  s e t  o f  i n t e g e r  v a l u e s  o f  i  and j  t h e r e  c o r r e s 

ponds a mode number n .  E q u a t io n s  38A, 39A, 40 and 4 l  

t h e r e f o r e  become

[ i  + <f): f 'Cf)
a! 1 f i  + A 2 £'<J) +  Y11 Ult

( 3 . 4 - 4 2 )

and

*'<*> U '  (X) (u2) j  + T y  U2J -  0

( 3 . 4 - 4 3 )

S i n u s o i d s  a r e  t h e  s i m p l e s t  s e t  o f  e i g e n f u n c t i o n s  f o r  Equa

t i o n  24 t h a t  a l s o  s a t i s f i e s  t h e  boundary c o n d i t i o n s  t h a t  

\ ^ e and t h e r e f o r e  U2 I s ze ro  when x = 0 and when x = b.  

T h is  o c c u r s  when g ^ (x )  i s  a c o n s t a n t .  S i n c e  E q u a t io n  43 

can be d i v i d e d  by t h e  v a l u e  o f  t h i s  c o n s t a n t  w i t h o u t  ch a n g 

i n g  form, one  may p i c k  g ^ (x )  = 1 f o r  c o n v e n i e n c e .  I t  t h e r e 

f o r e  f o l l o w s  t h a t
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u2 = g (x) = x + xQ (3.4-44)

v/here xQ i s  a c o n s t a n t  t h a t  can be made z e r o  by a p p r o p r i 

a t e l y  l o c a t i n g  t h e  o r i g i n  o f  t h e  c o o r d i n a t e  s y s t e m .  The 

v a l u e s  o f  t h e  Tf2j c o n s t a n t s  a r e  d e te r m in e d  by f i t t i n g  t h e  

boundary c o n d i t i o n s  w i t h  s i n u s o i d s .  I t  i s  o b se r v e d  t h a t

y2i = I f
2j b ( 3 . 4 - 4 5 )

S i m i l a r l y ,  i n  o rd e r  t o  o b t a i n  r e l a t i v e l y  s im p l e  f u n c t i o n s

( s i n u s o i d s )  t h a t  a r e  z e r o  f o r  (%-) = 0 and (£ )  = m ( s e ez

E q u a t io n  14A) one c h o o s e s

= 1 ( 3 . 4 - 4 6 )[* + ( z f ] '  (f)

I t  t h e r e f o r e  f o l l o w s  t h a t

( 3 . 4 - 4 7 )

where 0 ^  i s  a c o n s t a n t  t h a t  can be made z e r o  by appro

p r i a t e l y  c h o o s i n g  t h e  o r i g i n  o f  t h e  c o o r d i n a t e  s y s t e m ,  

and u 1 o n ly  t a k e s  on i t s  p r i n c i p a l  v a l u e s .  The / c o n

s t a n t s  a r e  d e te r m in ed  by f i t t i n g  s i n u s o i d s  t o  t h e
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boundary conditions. It results that

s
9  •  •  *

o
( 3 . 4 - 4 8 )

where

( s e e  E q u a t io n  14a )«

I t  i s  o b se r v e d  t h a t  f o r  a c o o r d i n a t e  o r i g i n  l o c a t e d  such

E q u a t io n s  31A, 4 4 ,  and 47 d e f i n e  t h e  s ta n d a rd  c y l i n d r i c a l  

c o o r d i n a t e  sy s t e m ;  namely .

U n t i l  i t  i s  v e r i f i e d  t h a t  E q u a t io n  ( 3 . 2 - 3 8 ) i s  s a t i s f i e d  

( r e c a l l  t h a t  g33 = i ) } th e  s e l e c t i o n  o f  c y l i n d r i c a l  c o o r d i 

n a t e s  a r e  not  g u a r a n te e d  t o  r e s u l t  i n  u ncoupled  nonuniform  

t r a n s m i s s i o n  l i n e s .  For th e  s e c t o r i a l  wedge i n  q u e s t i o n  

t h e  t r a n s v e r s e  s u r f a c e  a r e a  i s  p r o p o r t i o n a l  t o  t h e  v a l u e  o f  

u . Thus,  E q u a t io n  ( 3 . 2 - 3 8 )  becomes

t h a t  u \  u^ ,  and u3 a r e  ze ro  when x ,  y and z a re  z e r o  t h a t

( 3 . 4 - 4 9 A )
u a tan

2u = x
( 3 . 4 - 4 9 B )

for r > o

( 3 . 4 - 4 9C)



/ F  3u 3 1
A1 t

u

For c y l i n d r i c a l  c o o r d i n a t e s ,  t h e  m e t r i c  c o e f f i c i e n t s  red u c e  

t o

11 , 3,2g " (u )
22  .  g = 1
33 .g = 1

= 0 for i?*j

T h u s ,

_  3 ( 3 .4 - 5 1 A )
/g  a u

and E q u a t io n  50 i s  e a s i l y  v e r i f i e d .  One s h o u ld  a l s o  o b s e r v e  

t h a t  E q u a t io n  50 would be v e r i f i e d  i f

*̂ g =» tO fSu2) u3 ( 3 . 4 - 5 1 B )

By com paring  E q u a t io n s  3 2 ,  5lA, and 51B i t  f o l l o w s  t h a t  f o r  

t h i s  example

1 2n 1 t (u  ,u ) -   -----------2=j-------------------- ■ 1

I1 *&]'’(!)*'<*>
( 3 . 4 - 5 2 )

E q u a t io n s  44 and 46 t h e r e f o r e  f o l l o w  d i r e c t l y  from E q u a t io n
1 ?5 2 .  Thus ,  i f  one had assumed t h a t  t ( u  , u ) = 1 ,  t h e  c h o i c e  

o f  c y l i n d r i c a l  c o o r d i n a t e s  would have f o l l o w e d .  I t  would  

t h e n  be n e c e s s a r y ,  h o w e v er ,  t o  v e r i f y  t h a t  c o n d i t i o n  6 in  

T a b le  1 i s  s a t i s f i e d .
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Once t h e  e i g e n v a l u e s  have b een  d e te rm in ed  ( s e e  E q u a t io n s  

45 and 4 8 ) ,  } f 2 (u3)  i s  g i v e n  b y 22

<l(u3) - y2 + Yli
Tn (u3) 2 ( 3 . 4 - 5 3 )

Upon s u b s t i t u t i n g  t h i s  i n t o  E q u a t io n  ( 3 . 2 - 2 1 B ) ,  i t  i s  c o n 

c luded  t h a t  ( s e e  E q u a t io n  3 . 2 - 7 5 )

- .2  2 . ,  3 ,2  2
1 (ko " W  (u ) " Yli

i "  + 4 - 1 ' + — ° — ------—  —  I = 0en J en 3 en
u u ( 3 . 4 - 5 4 )

This  i s  B e s s e l ’ s e q u a t io n ;  i t s  S o l u t i o n s  a r e  w e l l  known.

As p r e v i o u s l y  i n d i c a t e d ,  i n f o r m a t i o n  a b o u t  p r o p a g a t io n  i n  

th e  u3 d i r e c t i o n  i s  c o n t a in e d  i n  t h i s  e q u a t i o n .

B efo re  p r o c e e d i n g ,  i t  shou ld  be o b se r v e d  t h a t  t h e  s p e 

c i f i c  c h o i c e  o f  c o o r d i n a t e  f u n c t i o n s ,  u1 = f ( y / z )  and 

u 2 = g ( x )  may not  be u n iq u e .  For e x a m p le ,  th e  c h o i c e ,  

u 2 = g ( x )  = a ( x  + x Q) where a i s  a n o n zero  c o n s t a n t ,  would  

a l s o  work. In t h i s  c a s e ,  th e  c h o i c e  o f  t h e  c o n s t a n t ,  a ,  

may be i n t e r p r e t e d  a s  u s i n g  a d i f f e r e n t  c h o i c e  o f  u n i t s  o f
p

measurement a l o n g  t h e  u c o o r d i n a t e ;  b u t ,  i n  g e n e r a l ,  such  

an i n t e r p r e t a t i o n  may be d i f f i c u l t .  N e v e r t h e l e s s ,  i r r e s -

R e c a l l  t h a t  i n t e g e r  n c o r r e s p o n d s  t o  a s e t  o f  i n t e g e r s
i  and j  ( t h i s  n o t a t i o n  was used  by M a rcu v i tz  [ 2 7 ]  i n  h i s  
g e n e r a l  u n i fo r m  w avegu ide  d e v e l o p m e n t ) .



1 2p e c t i v e  o f  which c o o r d i n a t e s  a r e  chosen  f o r  u and u ,

E q u a t io n s  H2 and ^3 e r e  s t i l l  e i g e n v a l u e  p r o b le m s .  Thus,
1 2i f  a n o t h e r  c h o i c e  f o r  c o o r d i n a t e s  u and u i s  p o s s i b l e ,  

i t  i s  o n ly  th e  v a l u e s  o f  t h e s e  e i g e n v a l u e s  t h a t  c h a n g e .

The g e n e r a l  form o f  E q u a t io n  5  ̂ i s  t h e r e f o r e  u n a l t e r e d .  

B e s s e l ' s  e q u a t io n  would s t i l l  r e s u l t ,  but v a l u e s  o f  t h e  

c o n s t a n t s  would c h a n g e .

I t  shou ld  be em p h asized  t h a t  th e  t e c h n i q u e  f o r  d e t e r 

m in in g  an a p p r o p r i a t e  c o o r d i n a t e  system i s  n o t  a lw a y s
23a p p l i c a b l e .  To s e e  t h i s ,  c o n s i d e r  th e  p y r a m id a l  horn  

n onuniform  waveguide  whose b o u n d a r ie s  a r e  d e f i n e d  by

= m! = c o n s t a n t  ( 3 .4 - 5 5 A )

\  = m2 = c o n s t a n t  ( 3 . ^ “55B)

The c o o r d i n a t e s  t h a t  r e s u l t  a r e  g iv e n  by

u1 = f ( y / z )  ( 3 .4 - 5 6 A )

u 2 = g ( x / z )  ( 3 .4 - 5 6 B )

u3 = h ( x ,  y ,  z )  ( 3 . 4 —5 6c )

For g33 s  i s one can  e v e n t u a l l y  c o n c lu d e  t h a t

2^To d a t e ,  o n ly  a p p r o x im a te  s o l u t i o n s  t o  t h i s  s t r u c t u r e  
have  been  o b t a in e d  [ 3 7 ] .
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u3 = v x ^ T y ^ + ? (3.4-57)

I t  i s  i n t . c r e s t i n g  to  o b s e r v e  t h a t  t h i s  i s  a s p h e r i c a l  

r a d i a l  c o o r d i n a t e  and n ote  t h a t  P i e f k e ' s  approx im ate  s o l u 

t i o n  [ 3 2 ] t o  t h i s  problem used  s p h e r i c a l  c o o r d i n a t e s  t o  

a p p ro x im a te  t h e  s h a p e .

Upon e v a l u a t i n g  th e  m e t r i c  c o e f f i c i e n t s  and e v a l u a t i n g  
3 ln /g

t h e  e x p r e s s i o n  " 3 “ , one f i n d s  t h a t  t h i s  e q u a t io n
3u

cannot  be made t o  depend o n ly  upon u^ and t h e r e f o r e  an 

uncoupled  n o n u n i fo r m  t r a n s m i s s i o n  l i n e  r e p r e s e n t a t i o n  i s  

not  g u a r a n te e d  ( f o r  g33 = 1 ) .

A d e s c r i p t i o n  o f  how one p r o c e e d s  t o  o b t a i n  a d d i t i o n a l  

p r o p a g a t io n  i n f o r m a t i o n  w i l l  now be i l l u s t r a t e d  w i t h  t h e  

s e c t o r i a l  w e d g e . ^  For th e  s p e c i f i c  c h o i c e  o f  c y l i n d r i c a l  

c o o r d i n a t e s ,  E q u a t io n s  42 ,  4 3 ,  4 5 ,  4 8 ,  and 54 y i e l d  a  s o l u 

t i o n  g i v e n  by

TT = a„ e j
A ,  1 I M  m i l  nA s in  -r- x s in  5— 0 nm b 6n,m

+

0

„ U )  . h<2>where and

( 3 . 4 - 5 8 )

a re  Hankel  f u n c t i o n s  o f  th e  f i r s t  and
8. 0

24rT h is  p o r t i o n  o f  th e  a n a l y s i s  h a s  a l r e a d y  been  done f o r  
t h e  s e c t o r i a l  wedge [ 3 , 1 4 ,  2 7 ,  3 1 ] .  I t  i s  i n c lu d e d  f o r  
i l l u s t r a t i v e  p u r p o s e s .



second  kind o f  order  , and i s  t h e  r e f l e c t i o nmft
c o e f f i c i e n t  o f  t h e  Enm mode. In a s i m i l a r  manner t h e  

c o r r e s p o n d i n g  d i r e c t e d  m a g n e t ic  H ertz  v e c t o r  i s  found  

t o  be
TT a3

v  d n7T mTT A
«  m c o s  ~TT x  C O S  Q -  0n ,m  run b d

o
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( 3 . 4 - 5 9 )

For Hertz  v e c t o r  p o t e n t i a l s  i n  t h e  a 2 ( a x ) d i r e c t i o n  t h e  

boundary c o n d i t i o n s  i n  E q u a t io n s  ( 3 . 3 - 1 0 )  and ( 3 . 3 - 1 1 )  a r e  

u sed  t o  o b t a i n

a I A s in  -̂g— x pm op,ra o
cos mTTx (k r) + T pfr ' r

0 m o

H(1)
pm £TT (k r)

e ro

( 3 . 4 - 6 0 )

where
kr = y ,< 2 .

m

S i m i l a r l y :

K -  » I -  fl -u — f  r) + r H(i J (k r ) 1 /
h ,m. ^  9o b ( f -  rm P” E1 rm J

it,. = a j £  B cos s in

(3.4-61)
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The r a d i a l  d e p e n d e n ce  i n  a l l  t h e s e  e q u a t i o n s  t h e r e f o r e  has  

t h e  form

( 3 . 4 - 6 2 )

I t  i s  n o te d  from E q u at ion  60 t h a t  t h e  r a d i a l  p r o p a g a t i o n  

c o n s t a n t  i s  a r e a l  number ( i . e . ,  j k r  i s  r e a l )  when ( ^ —) i s  

l a r g e r  th an  K0 . In  t h i s  c a s e ,  t h e  f i e l d s  a r e  e v a n e s c e n t  

and t h e r e  i s  no e n e r g y  p r o p a g a t i o n .

The n a t u r e  o f  r a d i a l  p r o p a g a t i o n ,  w i t h  s p e c i a l  a t t e n t i o n  

t o  l a r g e  and s m a l l  r a d i i ,  w i l l  now be c o n s i d e r e d .  The f i r s t  

or second term have  t h e  form

( 3 . 4 - 6 3 )
n ttwhere k = ~ S “ w i t h  n = an i n t e g e r  and J and Y a r e  B e s s e l  

•  G° k* ke
f u n c t i o n s  o f  t h e  f i r s t  and seco n d  k in d s  r e s p e c t i v e l y .  As 

p r e v i o u s l y  i n d i c a t e d ,  t h e  p h a se  o f  t h i s  complex f u n c t i o n
3

d e t e r m i n e s  t h e  p h a se  v e l o c i t y  a l o n g  t h e  u d i r e c t i o n .  T h is  

phase  f u n c t i o n  i s  p r o p o r t i o n a l  t o  t h e  a r c  t a n g e n t  f u n c t i o n  

o f  th e  r a t i o  o f  t h e  im ag in ary  p a r t  t o  r e a l  p a r t  o f  t h e  Hankel  

f u n c t i o n s .  From t h e  a s y m p t o t i c  e x p a n s i o n  o f  Hankel  f u n c t i o n s
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- ‘ {kr r i  f(ke + b ]

(3.4-64)
From t h e  a s y m p t o t i c  p h a s e ,  one c o n c l u d e s  t h a t  f o r  l a r g e

F u r th e r m o r e ,  t h e  term I n v o l v i n g  Hankel f u n c t i o n s  o f  s eco n d  

kind  r e p r e s e n t  outward p r o p a g a t i n g  waves  a t  l a r g e  r a d i i  

( s i n c e  t h e  p h ase  v e l o c i t y  i s  p o s i t i v e ) ;  t h e  term  i n v o l v i n g  

Hankel  f u n c t i o n s  o f  t h e  f i r s t  k in d  r e p r e s e n t s  inward p rop a

g a t i n g  waves  a t  l a r g e  r a d i i  ( s i n c e  t h e  p hase  v e l o c i t y  i s  

n e g a t i v e ) .  When one c o n s i d e r s  t h e  i n f i n i t e  s e c t o r i a l  wedge 

w a v e g u id e ,  t h e  r a d i a t i o n  c o n d i t i o n  d i c t a t e s  t h a t  t h e r e  i s  

o n l y  an outward p r o p a g a t i n g  wave and t h e r e f o r e  o n l y  Hankel  

f u n c t i o n s  o f  t h e  seco n d  k ind  e x i s t .  For t h i s  c a s e ,  a t y p i c a l  

outward p r o p a g a t in g  mode i s  g i v e n  by

r a d i u s  t h e  p hase  v e l o c i t y  a p p r o a c h e s  a c o n s t a n t , ^  (w /k r ) .

ITetun (3 .*1-65)
o

where

“r ' A  - ( t f (3.4-66)
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The f i e l d s  f o r  t h i s  component o f  H e r tz  v e c t o r  p o t e n t i a l  a r e  

computed from E q u a t i o n s  ( 3 . 2 - 1 )  and ( 3 . 2 - 3 ) .  I t  r e s u l t s  t h a t

Hexnra

/tmr \ . nirx nvrr (2 ) »
nm \ r t - j  3 ln  ~S~  “ S 0„ 9 V  ' V ’ '  o '  °  0

He0 nm

(niT \ nirx mTf6 „(2) /t, v
y ) cos — 8in X  h« l  (k* > ( 3 . 4 - 6 7 )

fnTT \ nTTx , mlT0 E = A ir- cos - r — s in  - 5-  ex nm\b / b onm ' 1 o
k H ^ ’ c k r )  +  ~  Hmu>(kr r) r  mTT r r urn r

0 0

1

E Q = A e 0 nmnm (3-1o /
nirx raiT0 s in  -g — cos —g—

o
f  k H(2) ' (k r ) -  -  H(2) (k  r ) l  I r nm r r mTT r /
1 0  0 4

(3 .4 -6 8 )

ernm
. , 2  nTTx . mir „A k s in  -r— sxn -g— 0nm T i n *  b 0 H(2) (k r)  mTT r

0
i -  °

( 3 . 4 - 6 9 )

where

0

d_
d5 Ĥ >

0

and

k i  = ( s | ^ ) 2 + og- ) 2nm

(3.4-70)
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Once t h e  f i e l d s  have been  d e t e r m i n e d ,  th e  n a t u r e  o f  t h e  

energy  p r o p a g a t i o n  can be e v a l u a t e d  by computing [ 1 / 2  Re (ExH #)] .  

S in c e  t h i s  q u a n t i t y  i n t e g r a t e d  o v e r  a s u r f a c e  r e p r e s e n t s  t h e  

power f l o w  a c r o s s  t h e  s u r f a c e ,  one  can show, a f t e r  a l e n g t h y  

but s t r a i g h t  forward c o m p u ta t io n ,  t h a t  r e a l  e n e r g y  f l o w s  o n l y  

a c r o s s  t h e  r = c o n s t a n t  s u r f a c e . ^5

In F i g u r e  ( 3 . 4 - 2 ) ^  i s  a p l o t  o f  t h e  r a t i o  o f  t h e  i m a g in 

ary p a r t  o f  t h e  Hankel f u n c t i o n  t o  t h e  r e a l  p a r t .  I t  i s  

o b se r v e d  t h a t  t h e  Hankel f u n c t i o n  g r a d u a l l y  becomes p u r e l y  

im a g in a r y  as  r  becomes v er y  s m a l l .  From E q u a t io n s  ( 3 . 2 - 1 )  

and ( 3 . 2 - 3 )  i t  f o l l o w s  t h a t  Eg becomes im aginary  w h i l e  I-le 

becomes r e a l .  I t  t h e r e f o r e  f o l l o w s  from th e  P o y n t i n g  th eorem  

th a t  t h e r e  i s  no r e a l  power f l o w i n g  a t  s u f f i c i e n t l y  s m a l l  

r a d i i .  T h i s  r a d i a l  s e c t o r i a l  horn  nonuniform w a v e g u id e  

t h e r e f o r e  a p p r o a c h e s  c u t o f f  f o r  s m a l l  v a l u e s  o f  r .  F u r t h e r 

more, from t h e  shape  o f  F i g u r e  ( 3 . 4 - 2 ) ,  i t  f o l l o w s  t h a t  

t h i s  c u t o f f  phenomena i s  g r a d u a l  and t h e r e f o r e  d o e s  n o t  

occur  a t  a s p e c i f i c  r a d i u s .

One may a l s o  n o te  in  F i g u r e  ( 3 . ^ - 2 )  t h a t  t h e  r a t i o  o f  

th e  im a g in a ry  t o  t h e  r e a l  p a r t  o f  t h e  Hankel f u n c t i o n s  

i s  a m o n o to n ic  f u n c t i o n  t h a t  d o e s  not  change s i g n .  From

^ S e e  r e f e r e n c e  [ 3 ] .
p £

T h i s  f i g u r e  comes from p a g e  211 o f  r e f e r e n c e  [ 1 4 ] ,
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t h i s ,  one can  c o n c l u d e  t h a t , s i n c e  IP ' ( k r r )  r e p r e s e n t s
® &outward p r o p a g a t i n g  waves f o r  l a r g e  r a d i i ,  Hp (k^r)  a l s o

Ke 1
r e p r e s e n t s  outward p r o p a g a t in g  waves a t  a l l  p r o p a g a t in g

r a d i i .  S i m i l a r l y ,  I l ^ ^ ( k r r )  r e p r e s e n t s  inward p r o p a g a t i n g
e

waves a t  a l l  p r o p a g a t in g  r a d i i .

3 . 5  Summary

The g e n e r a l  f o r m u l a t i o n  o f  t h e  nonuniform  w avegu id e  

and i t s  c o n s e q u e n c e s  w i l l  now be summarized.

The f i r s t  s t e p  i n  th e  f o r m u l a t i o n  was t o  decompose t h e  

e l e c t r i c  and m a g n e t ic  f i e l d s  i n t o  two p o r t i o n s  t h a t  a r e  

a s s o c i a t e d  w i t h  t h e  e l e c t r i c  H er tz  v e c t o r  p o t e n t i a l  and 

m agnet ic  H er tz  v e c t o r  p o t e n t i a l  r e s p e c t i v e l y .  G e n e r a l i z e d  

c o o r d i n a t e s ,  (u1 , u2 , u^) were t h e n  s e l e c t e d  i n  suc h  a  man

ner t h a t  t h e  w a v eg u id e  w a l l  sh a p e  c o i n c i d e s  w i th  t h e
1 Pc o o r d i n a t e  s u r f a c e s  o f  c o n s t a n t  u a n d / o r  u . T h i s  c h o i c e  

was m o t i v a t e d  by a  d e s i r e  t o  o b t a i n  s o l u t i o n s  t h a t  s a t i s f y  

th e  boundary c o n d i t i o n s  and a r e a l i z a t i o n  t h a t  t h e  wave

g u id e  w a l l s  g u id e  t h e  w aves .  I t  was t h e n  shown t h a t  when 

a p p r o p r i a t e  c o o r d i n a t e  sy s tem  c o n d i t i o n s  a r e  s a t i s f i e d ,  a 

nonuniform w a v eg u id e  a n a l y s i s  may be s e p a r a t e d  i n t o  two  

p a r t s .  T h ese  a r e  a s e t  o f  e i g e n v a l u e  problems i n  t e rm s  

o f  th e  t r a n s v e r s e  c o o r d i n a t e s  and a nonuniform t r a n s m i s s i o n  

l i n e  a n a l y s i s .  The e i g e n v a l u e s  o f  t h e  f i r s t  problem p r o v i d e
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transmission line parameters for the second problem..
The s o l u t i o n  o b t a in e d  i s  e x p r e s s e d  a s  a f u n c t i o n  o f  th e  

t r a n s v e r s e  c o o r d i n a t e s  t im e s  a f u n c t i o n  o f  t h e  u^ propa

g a t i o n  c o o r d i n a t e .  The p h y s i c a l  i n t e r p r e t a t i o n  o f  t h i s  

s o l u t i o n  i s  t h a t  t h e  t r a n s v e r s e  e l e c t r o m a g n e t i c  f i e l d  

moves a l o n g  t h e  p r o p a g a t i o n  d i r e c t i o n .  The c o n c e p t s  o f  

t h e  Riemann m e t r i c  t e n s o r  were used  t o  a c h i e v e  t h e  p rop a

g a t i o n  c o o r d i n a t e  s e p a r a t i o n  when t h e  c o n d i t i o n s  i n d i c a t e d  

i n  T a b le  3 . 4 - 1  a r e  s a t i s f i e d .

The major s i g n i f i c a n c e  o f  t h e  above  a n a l y s i s  d e c o m p o s i 

t i o n  i s  t h a t  a f t e r  d e t e r m i n a t i o n  o f  t h e  e i g e n v a l u e s  o f  t h e  

t r a n s v e r s e  problems (by e i t h e r  a n a l y t i c ,  a p p r o x i m a t e ,  or  

n u m e r ic a l  t e c h n i q u e s )  t h e  a n a l y s i s  r e d u c e s  t o  s o l v i n g  a 

s e t  o f  u n coupled  nonuniform  t r a n s m i s s i o n  l i n e s .  Thus ,  t h e  

body o f  knowledge o f  nonuniform  t r a n s m i s s i o n  l i n e  a n a l y s i s  

may be a p p l i e d  d i r e c t l y  t o  t h e  s tu d y  o f  t h e  c l a s s  o f  non-  

u n i fo r m  w a v eg u id e s  c o n s i d e r e d  i n  t h i s  c h a p t e r .  A r e v i e w  

o f  t h e  t e c h n o l o g y  o f  n onuniform  t r a n s m i s s i o n  l i n e s  i s  p r e 

s e n t e d  i n  Appendix A.

For t h e  c a s e  i n  w hich  g33 = t h e  c o e f f i c i e n t  o f  t h e  

f i r s t  d e r i v a t i v e  term  i n  t h e  u^ p r o p a g a t i o n  d i f f e r e n t i a l  

e q u a t i o n  was r e l a t e d  t o  t h e  l o g a r i t h m i c  d e r i v a t i v e  o f  t h e  

t r a n s v e r s e  s u r f a c e  a r e a .  The per  l e n g t h  impedance  and



a d m i t t a n c e  a s  w e l l  a s  t h e  e x p r e s s i o n  f o r  c h a r a c t e r i s t i c  

impedance a l s o  depend upon t h e  t r a n s v e r s e  s u r f a c e  a r e a  o f  

t h e  nonuniform  w a v e g u id e .

In  S e c t i o n  3 . 4 ,  i t  was d e m o n s t r a te d  t h a t  t h e  c o n d i 

t i o n s  t h a t  l e d  t o  s e p a r a t i n g  t h e  u^ d ependence  a r e  u s e f u l  

g u i d e l i n e s  f o r  s e l e c t i n g  an a p p r o p r i a t e  c o o r d i n a t e  s y s t e m .



CHAPTER 4

CASCADED NONUNIFORM WAVEGUIDES

4.1 Introduction
As i n d i c a t e d  p r e v i o u s l y ,  a nonuniform  w avegu id e  

may be r e p r e s e n t e d  by t r a n s v e r s e  e q u a t i o n s  and a s e t  o f  

u n c o u p led  nonuniform  t r a n s m i s s i o n  l i n e s  when a p p r o p r i a t e  

c o n d i t i o n s  a r e  s a t i s f i e d .  For more g e n e r a l  nonuniform  

w a v e g u i d e s ,  t h e  o v e r a l l  nonuniform  w a v e g u id e  w i l l  be  

app rox im ated  by a c a s c a d e  o f  nonuniform  w a v e g u id e s  such  

t h a t  ea ch  w avegu id e  s e c t i o n  s a t i s f i e s  t h e  c o n d i t i o n s  o f  

C hapter  3. The p r o p a g a t i o n  b e h a v io r  o f  t h e  e n t i r e  n o n u n i 

form w avegu ide  may be comprehended by j o i n i n g  t h e s e  n o n u n i 

form w avegu id e  s e c t i o n s .  The p r o c e s s  o f  j o i n i n g  t h e  i n d i 

v i d u a l  w avegu ide  s e c t i o n s  t o g e t h e r  can  a l t e r n a t i v e l y  be 

v iew ed  a s  p i e c i n g  t o g e t h e r  l o c a l  s o l u t i o n s  ( o b t a i n e d  by t h e  

methods  o f  Chapter  3) t o  a p p ro x im a te  t h e  s o l u t i o n  o f  th e  

o v e r a l l  nonuniform  w a v e g u id e .  T h i s  a p p r o a ch  h as  t h e  advan

t a g e  o f  d e a l i n g  w i t h  l a r g e  and r a p i d  boundary v a r i a t i o n s .  

Some o f  t h e  nonuniform  w a v eg u id e  a n a l y s e s  o f  p r e v i o u s  

i n v e s t i g a t o r s  were n o t  a c c u r a t e  f o r  t h i s  c a s e .

The r e g i o n  o f  j o i n i n g  two n onuniform  w avegu id e  s e c t i o n s  

i s  r e f e r r e d  t o  a s  t h e  j u n c t i o n  r e g i o n .  The c o o r d i n a t e  s y s 

tem on t h e  l e f t  s i d e  o f  t h e  j u n c t i o n  i s  c h o s e n  i n  a c c o r d 

a n c e  w i t h  t h e  r e q u i r e m e n t s  o f  Chapter 3 and t h e r e f o r e  t h e
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w avegu id e  s u r f a c e  on t h i s  s i d e  o f  th e  j u n c t i o n  i s  r e p r e -

1 p
s e n t e d  by c o n s t a n t  ux a n d / o r  u s u r f a c e s .  The c o o r d i n a t e s  

on t h e  r i g h t  s i d e  o f  t h e  j u n c t i o n  a r e  c h o s e n  i n  a s i m i l a r  

manner. As used  in  t h i s  d i s s e r t a t i o n ,  a j u n c t i o n  r e p r e 

s e n t s  a j o i n i n g  o f  two d i f f e r e n t  c o o r d i n a t e  s y s t e m s .  I t  

i s  n o te d  t h a t  t h i s  d e f i n i t i o n  d o e s  not  n e c e s s a r i l y  r e q u i r e  

an edge  a t  t h e  j u n c t i o n .  Examples o f  j u n c t i o n s  t h a t  do 

not  r e q u i r e  an edge a r e  shown i n  F ig u r e  4 . 1 - 1 .  The j u n c 

t i o n s  c o n s i d e r e d  w i l l  e i t h e r  have  n o n e x i s t e n t  e d g e s  or  

e d g e s  t h a t  have a n e g l i g i b l e  e f f e c t  on t h e  p r o p a g a t i n g  

modes.  The j u n c t i o n  a p e r t u r e  i s  a s u r f a c e  a c r o s s  t h e  j u n c 

t i o n  r e g i o n .  U s u a l l y ,  a c o n s t a n t  u^ s u r f a c e  I s  c h o s e n  as  

an a p e r t u r e  s u r f a c e .

The im p le m e n t a t io n  o f  t h e  proposed  c a s c a d e d  nonuniform  

w a v eg u id e  f o r m u l a t i o n  t o  s o l v e  an a c t u a l  problem  i s  t o  

s t a r t  a t  t h e  lo a d  ( o u t p u t )  and work backward toward th e  

f i r s t  w a v eg u id e  in p u t  (o r  known s o u r c e ) .  By ex p a n d in g  th e  

f i e l d s  ( o r  t h e  c o r r e s p o n d in g  Hertz  v e c t o r  p o t e n t i a l s )  i n t o  

a g e n e r a l i z e d  F o u r i e r  s e r i e s  c o n s i s t i n g  o f  t h e  n a t u r a l  mode 

f u n c t i o n s  f o r  each  r e g i o n ,  t h e  unknown modal c o n s t a n t s  on 

one s i d e  o f  t h e  j u n c t i o n  may be e x p r e s s e d  i n  t erm s  o f  th e  

unknown c o n s t a n t s  on t h e  o t h e r  s i d e  o f  t h e  j u n c t i o n .  In 

t h i s  manner,  t h e  unknown modal c o n s t a n t s  on one s i d e  o f  th e  

j u n c t i o n  a r e  " t r a n s f e r r e d "  a c r o s s  t h e  j u n c t i o n .  The p r o -
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c e d u r e  I s  t o  s t a r t  a t  t h e  lo a d  and work backward a c r o s s  

s u c c e s s i v e  j u n c t i o n s  u n t i l  one e v e n t u a l l y  r e a c h e s  th e  

known s o u r c e .  T h i s  s o u r c e ,  when e x p r e s s e d  i n  term s o f  

t h e  modes o f  t h e  i n p u t  waveguide  ( g e n e r a l i z e d  F o u r ie r  

s e r i e s )  s u p p l i e s  enough s o u r c e  c o n d i t i o n s  t o ,  i n  p r i n c i p l e  

d e t e r m in e  t h e  modal a m p l i t u d e s  a t  t h e  l o a d .  Thus,  a 

s o u r c e  c o n d i t i o n  i s  a v a i l a b l e  f o r  e a c h  o f  t h e  in p u t  t r a n s 

m i s s i o n  l i n e s  r e p r e s e n t i n g  th e  in p u t  w a v e g u id e .  The j u n c 

t i o n  c o n d i t i o n s  ca n  t h e n  be used t o  d e t e r m i n e  t h e  a m p l i 

t u d e s  i n  th e  o t h e r  w a v eg u id e  s e c t i o n s .

The c a s c a d e d  nonuniform  w avegu ide  approach  r e q u i r e s  a  

g r e a t e r  u n d e r s t a n d i n g  o f  t h e  j u n c t i o n  b e tw e e n  two n o n u n i

form w a v e g u id e s .  T h i s  c h a p t e r  i s  t h e r e f o r e  concerned  w i t h  

t h e  a n a l y s i s  o f  t h e  j u n c t i o n  between n o n u n i fo rm  w avegu ides  

and t h e  manner i n  which  f i e l d  c o n t i n u i t i e s  i n  th e  j u n c t i o n  

r e g i o n  can be u t i l i z e d  a s  a boundary c o n d i t i o n  in  terms o f  

t h e  param eters  o f  t h e  p r e s e n t  f o r m u l a t i o n .  In  p a r t i c u l a r ,  

i t  i s  d e s i r e d  t o  r e l a t e  t h e  f i e l d s  (o r  H ertz  p o t e n t i a l s )  

on one s i d e  o f  t h e  j u n c t i o n  t o  th e  f i e l d s  ( o r  Hertz  p o t e n 

t i a l s )  on t h e  o t h e r  s i d e  o f  th e  j u n c t i o n  by e x p r e s s i o n s  

t h a t  f a c i l i t a t e  t h e  c a l c u l a t i o n s .  T h e s e  r e l a t i o n s  e q u a te  

s p e c i f i c  modal com ponents  on one s i d e  o f  t h e  j u n c t i o n  t o  

e x p r e s s i o n s  o f  t h e  modal components on t h e  o t h e r  s i d e  o f  

t h e  j u n c t i o n .  The j u n c t i o n  between a nonuniform  w avegu ide
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and a u n i fo r m  waveguide  i s  o f  p a r t i c u l a r  im p o r ta n c e  b e 

c a u s e  most  w avegu ide  m e a su r in g  equipment i s  o f  t h e  u n i fo r m  

w a v e g u id e  v a r i e t y  and t h e r e f o r e  a j u n c t i o n  b e tw een  a u n i 

form and nonuniform  w avegu id e  w i l l  u s u a l l y  o c c u r  i n  any  

s y s t e m  i n c o r p o r a t i n g  nonuniform  w a v e g u id e s .

For t h e  most  p a r t ,  t h e  p r e v i o u s  j u n c t i o n  a n a l y s e s  were  

i n  u n i fo r m  w a v eg u id es  i n  w hich  o n l y  one p r o p a g a t in g  mode 

was assumed t o  be p r e s e n t  [ 3 1 ,  5*t, 5 5 ,  5 6 ] ,  The e a r l i e r  

a n a l y t i c a l  t e c h n i q u e s  were d e v o t e d  t o  i n d i r e c t  p r o c e d u r e s  

such  a s  v a r i a t i o n a l  or q u a s i - s t a t i c  methods or o t h e r  a p p ro x 

i m a t i o n s .  With t h e  advent  o f  f a s t  computers  and computa

t i o n a l  t e c h n i q u e s  i t  has  become f a s h i o n a b l e  t o  o b t a i n  u s e f u l  

n u m e r ic a l  r e s u l t s  by t r u n c a t i n g  t h e  i n f i n i t e  s e t  o f  mode-  

m a tc h in g  e q u a t i o n s  t o  a f i n i t e  s e t  and s o l v i n g  n u m e r i c a l l y  

f o r  t h e  unknown mode a m p l i t u d e s .  A v a r i a t i o n  o f  t h i s  method 

i s  t o  match t h e  f i e l d  a t  a f i n i t e  number o f  boundary p o i n t s  

and s e l e c t  enough modes t o  j u s t  p r o v i d e  t h e  n e c e s s a r y  num

ber o f  unknown c o e f f i c i e n t s  [ 1 5 ,  2 9 ] .

In  t h e  p r e s e n t  a n a l y s i s ,  i t  i s  assumed t h a t  t h e  geometry  

o f  e a c h  s i d e  o f  t h e  j u n c t i o n  i s  amenable  t o  t h e  s o l u t i o n  

t e c h n i q u e  o f  Chapter 3. T h e se  t e c h n i q u e s  a r e  t h e r e f o r e  

used t o  f i n d  t h e  modal s o l u t i o n s  on each  s i d e  o f  t h e  j u n c 

t i o n  by an i d e n t i c a l  p r o c e d u r e .  By d e f i n i t i o n  e a c h  o f  t h e s e  

modes s a t i s f y  M a x w e l l ' s  e q u a t i o n s  and th e  w a v eg u id e  w a l l



boundary c o n d i t i o n s  when t h e  j u n c t i o n  i s  n o t  p r e s e n t .  The 

a c t u a l  s o l u t i o n  on e a c h  s i d e  o f  t h e  j u n c t i o n  i s  e x p r e s s e d  

a s  a l i n e a r  c o m b in a t i o n  o f  modes.  To do t h i s  i t  i s  assumed  

t h a t  t h e  s e t  o f  modes f o r  each  r e g i o n  i s  e i t h e r  c o m p le te  

or  t h a t  any m i s s i n g  e x p r e s s i o n s  a r e  n e g l i g i b l e .

For t h e  c a s e  b e i n g  c o n s i d e r e d ,  t h e  j u n c t i o n  r e g i o n  

b e l o n g s  t o  b o th  s i d e s  o f  t h e  J u n c t i o n . ^  The r e s u l t i n g  

p h y s i c a l  f i e l d  q u a n t i t i e s  s h o u ld  be t h e  same no m a tte r  which  

c o o r d i n a t e  (and t h e r e f o r e  which modes)  a r e  used  t o  s o l v e  

t h e  problem. T h e r e f o r e  one r e q u i r e s  t h e  t o t a l  e l e c t r i c  and 

m a g n e t ic  f i e l d s  d e te r m in e d  from t h e  e x p a n s i o n s  on ea ch  s i d e  

o f  t h e  j u n c t i o n  t o  be i d e n t i c a l .  T h i s  j u n c t i o n  c o n d i t i o n ,  

how ever ,  c a n n o t  be a p p l i e d  t o  a l l  j u n c t i o n s . * A lthough  

t h e  f i e l d s  w i t h i n  t h e  a p e r t u r e  can  be e q u a t e d ,  i t  i s  n o t  

a lw a y s  p o s s i b l e  t o  e q u a t e  f i e l d s  i n  t h e  im m ediate  v i c i n i t y  

o f  a w avegu ide  w a l l  e d g e .  S i n c e  t h e  w a v eg u id e  b e i n g  a p p r o x 

im ated  by a c a s c a d e  o f  nonuniform w a v e g u id e s  i s  r e a l l y  

smooth ,  i t  i s  e x p e c t e d  t h a t  t h e s e  ed g e  e f f e c t s  w i l l  be  

s m a l l  and t h e r e f o r e  t h a t  t h e  a p p r o x im a t io n  w i l l  be g o o d .  

M oreover,  s i n c e  t h e  t r u e  w avegu ide  i s  r e a l l y  smooth,  an

^This r e q u i r e s  t h e  domains o f  d e f i n i t i o n  o f  t h e  modes  
on ea ch  s i d e  o f  t h e  j u n c t i o n  t o  o v e r l a p .  Such a j u n c t i o n  
i s  s a i d  t o  be c o n c a v e  [ 2 3 ] .  When t h e  domains  o f  d e f i n i t i o n  
do not  o v e r l a p ,  t h e  j u n c t i o n  i s  c a l l e d  co n v e x  [ 2 3 ] .  N ev er 
t h e l e s s  good n u m e r ic a l  r e s u l t s  a r e  som et im es  o b t a in e d  f o r  
con vex  j u n c t i o n s  [ 2 3 ,  2M].
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a p p r o x im a t io n  t h a t  m in i m i z e s  d i s c o n t i n u i t y  e f f e c t s  may even  

be c l o s e r  t o  t h e  t r u t h .  Fu rtherm ore  an e n g i n e e r i n g  a n a l y s i s  

i s  u s u a l l y  n o t  i n t e r e s t e d  i n  t h e  f i e l d s  i n  t h e  im m ediate  

v i c i n i t y  o f  an edge d i s c o n t i n u i t y .  The major i n t e r e s t  i s  

t o  o b t a i n  s o l u t i o n s  t h a t  a r e  good a p p r o x im a t io n s  f a r  from 

t h e  j u n c t i o n  where t y p i c a l l y  o n l y  one or  two p r o p a g a t in g  

modes a r e  o f  g r e a t  c o n c e r n .  The major e f f e c t  o f  t h e  non

p r o p a g a t i n g  modes i s  t o  s t o r e  e n e r g y  i n  t h e  v i c i n i t y  o f  

t h e  j u n c t i o n .

The c o e f f i c i e n t s  i n  t h e  modal e x p a n s i o n s  f o r  ea c h  r e g i o n  

a r e  d e t e r m in e d  from t h e  j u n c t i o n  c o n d i t i o n s  p l u s  t h e  s o u r c e  

a n d / o r  l o a d  c o n d i t i o n s  o f  e a c h  w a v e g u id e .  In  p r a c t i c e ,  a 

f i n i t e  sum w i l l  be u se d  i n  t h e  e x p a n s i o n .

The d i f f i c u l t i e s  a s s o c i a t e d  w i t h  t h e  n onuniform  wave

g u i d e  j u n c t i o n  can  be v i s u a l i z e d  by exp a n d in g  t h e  f i e l d s  on 

b o th  s i d e s  o f  t h e  n onuniform  j u n c t i o n  i n  t er m s  o f  modes and 

a t t e m p t i n g  t o  e q u a te  t h e  t o t a l  f i e l d s  on an a p e r t u r e  s u r 

f a c e .  T h i s  a p e r t u r e  s u r f a c e  can  t h e r e f o r e  be c o n s i d e r e d  t o  

b i s e c t  t h e  j u n c t i o n  a n a l y s i s  i n t o  two p a r t s .  C o n s id e r  t h e  

c o n s t a n t  p h a se  s u r f a c e s  o f  modes i n c i d e n t  from t h e  l e f t  

s i d e  o f  t h e  j u n c t i o n  and c h o o s e  an a p e r t u r e  s u r f a c e  t h a t  

c o i n c i d e s  w i t h  t h e s e  s u r f a c e s .  T h i s  a p e r t u r e  s u r f a c e ,  how

e v e r ,  d o e s  n o t ,  In g e n e r a l ,  c o i n c i d e  w i t h  t h e  c o n s t a n t  

p h a se  s u r f a c e s  t h a t  a r e  n a t u r a l  t o  t h e  modes i n  t h e  r e g i o n
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t o  t h e  r i g h t  o f  t h e  j u n c t i o n .  An i n c i d e n t  mode from t h e  

l e f t  t h e r e f o r e  c r e a t e s  a s e t  o f  modes i n  t h e  r e g i o n  on 

t h e  r i g h t  s i d e  o f  t h e  j u n c t i o n .  In  g e n e r a l ,  a s i n g l e  

i n c i d e n t  mode on t h e  l e f t  s i d e  o f  t h e  j u n c t i o n  t r a n s 

m i t s  both  E-modes and H-modes on t h e  r i g h t  s i d e  o f  t h e  

j u n c t i o n ,  and a l s o  r e f l e c t s  b o t h  E-modes and H-modes t o  

t h e  l e f t  s i d e  o f  t h e  j u n c t i o n .  The major c c m p l i c a t i o n  i n  

u s i n g  t h e  Hertz  V e c t o r  P o t e n t i a l  t o  a n a l y z e  t h e  j u n c t i o n  

betw een  n onuniform  w a v e g u id e s  I s  t h a t  t h e  Hertz  V e c t o r  

P o t e n t i a l  i s  c h o s e n  t o  be i n  a d i f f e r e n t  o r i e n t a t i o n  on 

b o th  s i d e s  o f  t h e  nonuniform  w a v eg u id e  j u n c t i o n  i n  o r d e r  

t o  be c o n s i s t e n t  w i t h  th e  f o r m u l a t i o n  o f  Chapter 3 .  T h is  

d i r e c t i o n  ch a n g e  i s  a  c o n s e q u e n c e  o f  t h e  d i f f e r e n t  c o o r d i 

n a t e s  t h a t  a r e  used on b o th  s i d e s  o f  t h e  j u n c t i o n  t o  f a c i l i 

t a t e  s a t i s f y i n g  t h e  w avegu ide  w a l l  boundary c o n d i t i o n s .  

F u rth erm o re ,  t h e  g e n e r a l  m u l t i -m o d e  nonuniform  w avegu id e  

j u n c t i o n  i s  c o m p l i c a t e d  by c r o s s  c o u p l i n g  between E-modes  

and H-modes.

The g e n e r a l  f o r m u l a t i o n  o f  a m ult im ode  nonuniform wave

g u id e  j u n c t i o n  In  which  t h e r e  I s  c o u p l i n g  between E-modes  

and H-modes i s  c o n s i d e r e d  i n  more d e t a i l  In  S e c t i o n  4 . 2 .

The major r e s t r i c t i o n s  have a l r e a d y  been  d i s c u s s e d  i n  t h i s  

s e c t i o n .  The e q u a t i o n s  t h a t  a r i s e ,  how ev er ,  a r e  v e r y  com

p l e x  and w i l l  t h e r e f o r e  not  be s o l v e d  f o r  t h i s  g e n e r a l  c a s e .
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S i n c e  t h e  main g o a l  o f  S e c t i o n  4 . 2  i s  t o  p r e s e n t  a g e n e r a l  

f o r m u l a t i o n  p r o c e d u r e  f o r  t h e  nonuniform  w avegu id e  j u n c t i o n ,  

t h e s e  e q u a t i o n s  a r e  i n c l u d e d  t o  s p e c i f i c a l l y  i l l u s t r a t e  t h e  

p r o c e d u r e s .  An e x p l i c i t  s o l u t i o n  t o  t h e  g e n e r a l  problem  

i s  n o t  i n t e n d e d .

S e c t i o n  4 . 3  c o n s i d e r s  th e  s p e c i a l  c a s e  o f  a mult imode  

j u n c t i o n  i n  which t h e r e  i s  no c o u p l i n g  b e tw e e n  E- and H-modes.  

In p a r t i c u l a r ,  t h o s e  p rob lem s  t h a t  ca n  be s o l v e d  by a p p r o p r i 

a t e l y  c h o o s in g  t h e  d i r e c t i o n  o f  t h e  H ertz  v e c t o r  a r e  c o n 

s i d e r e d .  The p r o c e d u r e  i s  i l l u s t r a t e d  i n  g r e a t e r  d e t a i l  

f o r  t h e  s e c t o r i a l  wedge t o  u n i form  w a v eg u id e  j u n c t i o n  ( i n  

S e c t i o n  4 . 4 ) .  U n iform  w a v eg u id e  j u n c t i o n s  a r e  a l s o  a s p e 

c i a l  c a s e  o f  t h e  f o r m u l a t i o n  o f  S e c t i o n  4 , 2 .

F i n a l l y ,  S e c t i o n  4 . 5  d i s c u s s e s  t h e  r e s u l t s  and summa

r i z e s  th e  major c o n c l u s i o n s .

4 . 2  G e n e ra l  J u n c t i o n  F o r m u la t io n

T h i s  s e c t i o n  c o n s i d e r s  t h e  a n a l y s i s  f o r m u l a t i o n  o f  a 

g e n e r a l  nonuniform  w a v eg u id e  j u n c t i o n  o f  t h e  t y p e  s u i t a b l e  

f o r  t h e  ca sca d ed  n o n u n ifo rm  w avegu id e  a p p r o x i m a t i o n .  I t  

i s  assumed t h a t  t h e  r e g i o n s  on ea ch  s i d e  o f  t h i s  j u n c t i o n  

may be fo r m u la te d  a c c o r d i n g  t o  t h e  p r o c e d u r e s  o f  Chapter 3 

and t h e  f i e l d s  i n  e a c h  r e g i o n  can  t h e r e f o r e  be r e p r e s e n t e d  

by a  s e t  o f  u n co u p led  E-modes and H-modes. T h ese  modes e a c h
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s a t i s f y  M a x w e l l ' s  e q u a t i o n s  and t h e  waveguide  w a l l  boundary  

c o n d i t i o n s  a p p r o p r i a t e  t o  t h a t  s i d e  o f  th e  j u n c t i o n .  The 

s p a c e  on t h e  l e f t  s i d e  o f  t h e  j u n c t i o n  i s  bounded by i t s  

w avegu id e  w a l l s  and a s o u r c e  and j u n c t i o n  a p e r t u r e  s u r f a c e ;  

th e  volume on t h e  r i g h t  s i d e  o f  t h e  j u n c t i o n  i s  bounded by 

i t s  w a v e g u id e  w a l l s  and t h e  lo a d  and j u n c t i o n  a p e r t u r e  s u r 

f a c e .  T h is  j u n c t i o n  a p e r t u r e  s u r f a c e  t h e r e f o r e  d i v i d e s  th e  

a n a l y s i s  i n t o  two p a r t s  and c o n d i t i o n s  on t h i s  s u r f a c e  r e 

l a t e  t h e s e  two s u b - p r o b le m s .

The number o f  in d e p e n d e n t  j u n c t i o n  r e g i o n  e q u a t i o n s  

t h a t  r e s u l t  from th e  j u n c t i o n  c o n d i t i o n  t h a t  i n  t h e  j u n c t i o n  

r e g i o n  t h e  t o t a l  f i e l d s  d e s c r i b e d  by t h e  c o o r d i n a t e s  on  

b o th  s i d e s  o f  t h e  j u n c t i o n  a r e  t h e  same (S ee  S e c t i o n  4 . 1 )  

now w i l l  be d i s c u s s e d .  S i n c e  E and H are  v e c t o r s ,  t h i s  

v e c t o r  c o n d i t i o n  would be e q u i v a l e n t  t o  s i x  s c a l a r  J u n c t i o n  

r e g i o n  c o n d i t i o n s .  However,  i n  a cc o r d a n c e  w i t h  M a x w e l l ' s  

e q u a t i o n s ,  E and H are  r e l a t e d  by

■=■ V x H
( 4 . 2 - 1 )

(4.2-2)



T h is  l e a v e s  o n l y  t h r e e  s c a l a r  j u n c t i o n  r e g i o n  c o n d i t i o n s .

But s i n c e  t h e  w a v e g u id e  r e g i o n  i s  f r e e  from s o u r c e s ,  t h e  

c o n d i t i o n  ( V * E  = 0 )  or ( V »H = 0)  i m p l i e s  t h a t  o n l y  

two o f  t h e s e  s c a l a r  c o n d i t i o n s  a r e  in d e p e n d e n t .  F u r t h e r 

more,  when t h e  f i e l d s  a r e  decomposed i n t o  E-modes and H-modes,  

one component o f  th e  m agnet ic  f i e l d  o f  t h e  E-modes and one  

component o f  t h e  e l e c t r i c  f i e l d  o f  t h e  H-modes v a n i s h e s  (by  

d e f i n i t i o n )  and t h e r e f o r e  t h e r e  i s  o n ly  one in d ep e n d en t  

s c a l a r  j u n c t i o n  r e g i o n  c o n d i t i o n  f o r  e a c h  o f  th e  mode t y p e s  

( t o t a l i n g  t h e  r e q u i r e d  two j u n c t i o n  r e g i o n  c o n d i t i o n s  f o r  

t h e  combined E -  and H-mode c o m b i n a t i o n ) .

I t  i s  n o t e d  t h a t  th e  c o n c l u s i o n s  o f  th e  p r e c e d i n g  p a r a 

graph are  f o r  a j u n c t i o n  r e g i o n .  However,  when t h e  f i e l d  

components  a r e  e q u a te d  on a s p e c i f i c  J u n c t i o n  a p e r t u r e  s u r 

f a c e ,  i t  d o e s  not  i n s u r e  t h a t  v a r i a t i o n s  o f  t h e s e  com ponents  

normal t o  t h e  a p e r t u r e  s u r f a c e  a r e  a l s o  e q u a l .  T h i s  l a t t e r  

req u irem en t  t h a t  t h e  d i r e c t i o n a l  d e r i v a t i v e s  h a v in g  a  com

ponent  normal t o  t h e  a p e r t u r e  s u r f a c e  must be t h e  same su p 

p l i e s  an a d d i t i o n a l  s e t  o f  c o n d i t i o n s .  Thus,  E-modes and 

H-modes ea ch  r e q u i r e  two in d e p e n d e n t  j u n c t i o n  a p e r t u r e  c o n 

d i t i o n s  and t h e  combined f i e l d  r e q u i r e s  f o u r  J u n c t i o n  a p e r t u r e  

c o n d i t i o n s .  F u r th e rm o r e ,  a s  i n d i c a t e d  by E q u a t io n s  1 and 2 ,

E and H a r e  r e l a t e d  by e q u a t io n s  such  t h a t  some com ponents  

i n v o l v e  p a r t i a l  d e r i v a t e s  w i t h  r e s p e c t  t o  v a r i a b l e s  t h a t  

a r e  not  c o i n c i d e n t  w i t h  th e  j u n c t i o n  a p e r t u r e  s u r f a c e .
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T h e r e f o r e ,  a s  an a l t e r n a t e  t o  e q u a t i n g  outward g o in g  d i r e c 

t i o n a l  d e r i v a t i v e s  o f  f i e l d  components  one may e q u a te  b o t h  

e l e c t r i c  and m a g n e t ic  t r a n s v e r s e  f i e l d s  on t h i s  s u r f a c e  

( t h i s  i s  in  g e n e r a l  f o u r  c o n d i t i o n s ,  but  when t h e r e  a re  

o n l y  E-modes or H-modes i t  r e d u c e s  t o  two c o n d i t i o n s ) .

The p ro ced u re  w i l l  now be i l l u s t r a t e d  w i t h  an exam ple .  

As p r e v i o u s l y  i n d i c a t e d  t h e  e q u a t i o n s  t h a t  w i l l  be used i n  

t h i s  s e c t i o n  a re  i n t e n d e d  t o  i l l u s t r a t e  t h e  p r o c e d u r e .  In  

a c c o r d a n c e  w i th  t h e  d i s c u s s i o n  o f  t h e  p r e v i o u s  s e c t i o n ,  i t  

i s  assumed t h a t ,  f o r  t h e  c a s e  b e in g  c o n s i d e r e d ,  t h e  modal  

e x p a n s i o n s  on b o t h  s i d e s  o f  th e  j u n c t i o n  a r e  e i t h e r  c o m p le te  

w i t h i n  t h e  j u n c t i o n  r e g i o n  or  t h a t  m i s s i n g  t er m s  a r e  n e g l i 

g i b l e .  The t o t a l i t y  o f  a l l  H-mode e l e c t r i c  f i e l d s  on t h e  

l e f t  s i d e  o f  t h e  j u n c t i o n ,  Ea h> can be e x p r e s s e d  as

E -  I [a*+) E(u)n +ah L an ah nn ah J (ij,2-3)

— (+)n  —( - ) n
where E , and Ev a r e  r e s p e c t i v e l y  t h e  e l e c t r i c

ah a h
f i e l d s  o f  th e  i n c i d e n t  n ^ -  H-mode and t h e  t o t a l i t y  o f  r e -

4* Vi
f l e c t i o n s  from a l l  i n c i d e n t  modes t h a t  c o u p l e  t o  t h e  n—

H-mode upon r e f l e c t i o n .  A l t e r n a t i v e l y ,  and
** ( ) nE a r e  t h e  e l e c t r i c  f i e l d s  r e s u l t i n g  from t h e  two s o l u -

ah
t i o n s  t o  t h e  nt£j. H-mode t r a n s m i s s i o n  l i n e  e n t e r i n g  t h e  J u n e -
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t l o n .  In p r a c t i c e ,  i n f i n i t e  sums w i l l  be a p p rox im ated  

by f i n i t e  sums.

The n e t  power f l o w  i n  t h e  p o s i t i v e  u |  d i r e c t i o n  may be

o b t a i n e d  by i n t e g r a t i n g  t h e  P o y n t in g  v e c t o r  P + , g i v e n  by

P + = X ( H^+ ^n) 7 o v e r  a  c o n s t a n t  u |  s u r f a c e .  ForL ah 1 a h /  J  a
power f l o w  i n  t h e  n e g a t i v e  u |  d i r e c t i o n  E and H

a r e  u se d  i n  p l a c e  o f  and r e s p e c t i v e l y .  Sub

s c r i p t  "a" i s  used  t o  d e n o t e  t h a t  t h e  q u a n t i t y  i s  d e te r m in e d  

from t h e  c o o r d i n a t e s  on t h e  l e f t  s i d e  o f  t h e  j u n c t i o n  ( r e 

g i o n  " a " ) ,  and i s  used  t o  d e n o t e  a  complex c o n j u g a t e  o f

t h e  q u a n t i t y  i n v o l v e d .  A s i m i l a r  s i t u a t i o n  t o  t h e  one  

above e x i s t s  on t h e  r i g h t  s i d e  o f  t h e  J u n c t i o n  ( r e g i o n  " b ") .

For  t h e  moment, i t  w i l l  be assumed t h a t  t h e  s o u r c e  c o n -
( + )d i t i o n  i s  i n  a form such  t h a t  a ^  i s  known f o r  a l l  p r o p a 

g a t i n g  modes and a^*^ -  0 f o r  a l l  n o n - p r o p a g a t i n g  m odes .

The a ^ ^  c o e f f i c i e n t s  sum r e f l e c t i o n s  from a l l  i n c i d e n t  

modes t h a t  c o u p l e  t o  t h e  n£il  H-mode upon r e f l e c t i o n .  These  

c o n s t a n t s  must  be  d e te r m in e d  a s  p a r t  o f  t h e  s o l u t i o n .  In  

a d d i t i o n ,  i t  i s  i n i t i a l l y  assumed t h a t  t h e  l o a d  c o n d i t i o n  

i s  s u c h  t h a t  t h e r e  a r e  o n l y  p o s i t i v e  power f l o w i n g  t e r m s  i n  

r e g i o n  "b” ( i . e . ,  t h e r e  i s  no r e f l e c t e d  power from t h e  l o a d ) .  

Other t y p e s  o f  s o u r c e  and l o a d  c o n d i t i o n s  w i l l  be c o n s i d e r e d  

i n  S e c t i o n  4 M.
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S i n c e  t h e  modes on t h e  r i g h t  s i d e  o f  t h e  j u n c t i o n  

a r e  assumed t o  form a c o m p le te  s e t  ( i n  t h e  s e n s e  p r e v i o u s l y  

i n d i c a t e d ) ,  E&h may a l s o  be e x p r e s s e d  i n  t erm s  o f  t h e  

modes on t h e  r i g h t  s i d e  o f  t h e  j u n c t i o n .  Thus,

where s u b s c r i p t  "e" and "h" r e f e r  t o  E-mode and H-mode 

t y p e s  r e s p e c t i v e l y  and s u b s c r i p t  "H" i n d i c a t e s  t h a t  t h e  c o 

e f f i c i e n t s  sum t h e  c o n t r i b u t i o n s  o f  waves  t r a n s m i t t e d  

a c r o s s  t h e  j u n c t i o n  t h a t  a r e  due t o  H-modes b e i n g  i n c i d e n t  

on t h e  l e f t  s i d e  o f  t h e  j u n c t i o n .

To f a c i l i t a t e  t h e  f o r m u l a t i o n  u s i n g  t h e  r e s u l t s  o f  

Chapter  3 ,  i t  i s  c o n v e n i e n t  t o  e x p r e s s  E q u a t io n  4 i n  t erm s  

o f  H ertz  v e c t o r  p o t e n t i a l s .  One o b t a i n s :

nc+> K(+>* + h (+) K(+) 1
I  Hhk bh Hek >̂e J ( 4 . 2 - 4 )

j(*>V 2 (V x i £ a> -  -jwu S (V x i ^ b) + E [Vx(Vx i£ eb)3 ( l i  2 _ 5 )
n k X

or  e q u i v a l e n t l y

h ( 4 . 2 - 6 )
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?Hhb - Hi % >  ,4.2-7B)

- k  C . (+ )T(+ )k , 3 . .k ,  1 2.
*Heb " S l W a b  (ttb) *e<ub» Ub ) (H .2 -7 C )

and f^  i s  a s c a l a r  f u n c t i o n  o f  p o s i t i o n  and £  and 

a r e  u n i t  v e c t o r s  i n  t h e  d i r e c t i o n  o f  t h e  H ertz  v e c t o r s  f o r  

r e g i o n  "a" and r e g i o n  "b" r e s p e c t i v e l y .  For t h e  moment,  

t h e s e  H ertz  v e c t o r s  n eed  not  be i n  t h e  u„ d i r e c t i o n  and t h e
c l

u^ d i r e c t i o n ,  b

From E q u a t io n s  6 and 7 i t  f o l l o w s  t h a t  

E * a l [a£ )n  ' t e "  < \>  + «Ca<“ a- “a> =n

2 l i  b (+)i (+)/  + b (+> (% ii^ ~ fcy ^ L  v fl fjblHhkhb \ b  + bHek (-ju>y) J  Vth

( H.2 - 8 )

l a t e r ,  t h e  modes on t h e  r i g h t  s i d e  o f  t h e  j u n c t i o n  w i l l  

be e x p r e s s e d  i n  t e r m s  o f  t h e  modes on t h e  l e f t  s i d e  o f  t h e  

j u n c t i o n  ( u s i n g  t h e  assumed c o m p l e t e n e s s  o f  m o d e s ) .  Then,  

s i n c e  t h e  modes a r e  i n d e p e n d e n t ,  t h e  c o e f f i c i e n t s  on t h e



l e f t  s i d e  o f  t h e  j u n c t i o n  may be e x p r e s s e d  i n  term s  o f  th e  

c o e f f i c i e n t s  on t h e  r i g h t  s i d e  o f  th e  j u n c t i o n  by r e q u i r i n g  

t h e  r e s u l t i n g  e q u a t i o n s  t o  h o ld  f o r  a l l  v a l u e s  o f  u^ and 

Ug. (When t h e  modes a r e  o r t h o g o n a l ,  t h e  p r o c e s s  o f  s o l v i n g

f o r  t h e  c o e f f i c i e n t s  may be g r e a t l y  f a c i l i t a t e d . )  I t  w i l l

be shown t h a t  f o r  t h e  c a s e  b e i n g  c o n s i d e r e d ,  t h e  j u n c t i o n  

c a n  u s u a l l y  be r e p r e s e n t e d  by a m a tr ix .

In  a s i m i l a r  manner,  when t h e  m a g n e t ic  f i e l d s  due to  

E-modes,  H„OJ a r e  expanded i n  terms o f  t h e  modes on botha6
s i d e s  o f  t h e  j u n c t i o n  t h e  e q u a t i o n s  c o r r e s p o n d i n g  r e s p e c 

t i v e l y  t o  E q u a t io n s  4 ,  6 and 8 f o r  th e  c a s e  b e i n g  c o n s id e r e d  

a r e

(+)-(+)n  ̂ (-) u(-)n, rrK<+>«(+)k44>(+M +)kl
“ae ■ z eri ae + aen Hae 1 " ^ E h A e  ^ E e l A h  J

n ( 4 . 2 - 9 )

2 TT n
n ea £ 1IEeb

<7 **Ehb> + Vf ( 4 . 2 - 1 0 )

y[~ (+).<+)l!u* . b (+) (7 xlblIhb> ^hb* |
’ M  bl Eek eb eb + bEhk 5 ^  J +

• ( 4 .2 - 1 1 )

Vf

where
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?  “ -  i  , [ a <+)I (+ )n (u3) + . <- >I (- >n(«3) ]  * n (u1 , u2) ( 4 . 2 - 1 2 A )ea a l  en ea  a en ea  a rea v a ’ a '

* k 7 i . ( + M + >k / 3 . ,,,k  , 1 „ 2 n
Eeb= S jI  Hek hb (ub ^ h b (ub* b* ( 4 . 2 - 1 2 B )

* k -  7 u < + M + > / 3 Nllk ,  1 2 N
Ehb "SjI Hhk eb (ub ^ e b (ub ’ “b*

( 4 . 2 -1 2 C )

and f  i s  a s c a l a r  f u n c t i o n  o f  p o s i t i o n .

E q u a t i o n s  8 and 11 (o r  6 and 10 )  a r e  both  v e c t o r  eq u a

t i o n s  and a r e  t h e r e f o r e  e a c h  e q u i v a l e n t  t o  t h r e e  e q u a t i o n s .  

In o r d e r  t o  p r o c e e d  w i th  a  s t u d y  o f  t h e s e  e q u a t i o n s ,  o r t h o g 

o n a l  u n i t  v e c t o r s  4^ ,  an^ ^ 3 > a r e  c h o se n  i n  su c h  a man

ner t h a t  i s  i n  t h e  d i r e c t i o n  o f  ^2 i s  o r t h o g o n a l

to  b o th  4^ and and ^ 3  i s  o r t h o g o n a l  t o  b o t h  4^  and

Q 2 i n  a s e n s e  t h a t  makes 4 ^ ,  t 2 > ^ 3  a r i g h t h a n d  c o o r d i 

n a te  s y s t e m .  O bserve  th a t  f o r  t h e  d i r e c t i o n s  o f  t h e  u n i t  

v e c t o r s  s e l e c t e d

i ,  * it  =  i .  • i ,  tt =* it .  , | .1 ea  1 1 ea ea ( 4 . 2 - 1 3 )

h  "ea “ 0 ( 4 . 2 - 1 4 )

When i  -, i s  i n  t h e  u |  d i r e c t i o n ,  th en  i^ = a 3a * •[n 
g e n e r a l ,  4^ can  be In a d i f f e r e n t  d i r e c t i o n .  The c a s e  i n  
which '1 n and i b l  a r e  i n  t h e  same d i r e c t i o n  i s  d i s c u s s e d  
i n  S e c t i o n  4 . 3 .
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( 4 . 2 - 1 5 )

i_ • it » 0  3 ea ( 4 . 2 - 1 6 )

where 7 /  i s  t h e  a m p l i t u d e  o f  t h e  Tfea H ertz  v e c t o r .  A 

c o r r e s p o n d in g  s e t  o f  e q u a t i o n s  h o ld  f o r  Tf^a and Prom

E q u a t io n s  13 ,  1 4 ,  15 ,  1 6 ,  and 11 ,  one  o b t a i n s  

E L (+ )I <+)" +en ea I ren ea ea

 ̂ a (+ )k  k

*tt,-thl)b‘+’i <; v fc+ib<+> \b>k 1 b l  Eek eb Yeb “ °Ehk jwe

(+)
Ehk jwe + i , - V f  2 e

0 -  Z (i •? J b ^ I ^ V  k 3 d1 Eek eb veb + jb<+) [ h :
Ehk I

WltIb i Ihb)k<b>
jwe

+ i , *Vf 1 e

( 4 . 2 - 1 7 )

( 4 . 2 - 1 8 )

+ i ,*  Vf 3 e

( 4 . 2 - 1 9 )

In a s i m i l a r  manner,  f o r  t h e  s e l e c t e d  u n i t  v e c t o r s ,

C — o Tf
11 ,lrK« h a
1 ha ( 4 . 2 - 2 0 )

*2*"ha " 0 (4.2-21)



Prom Equations 20, 21, 22, 23, and 8, it follows that

A g e n e r a l  s o l u t i o n  t o  E q u a t io n s  1 7 -1 9  and 2 4 - 2 6  i s  

c o m p l i c a t e d  and d ep en d s  upon t h e  s p e c i f i c  p rob lem  under c o n 

s i d e r a t i o n .  However, t h e  p r o c e d u r e  w i l l  be  i l l u s t r a t e d  

w i t h  a more t r a c t a b l e  s p e c i a l  c a s e  i n  S e c t i o n  4 . 4  w i t h o u t  

c a r r y i n g  out  th e  d e t a i l e d  c a l c u l a t i o n s .  Towards t h i s  end,  

i t  i s  u s e f u l  t o  examine t h e  n a t u r e  o f  t h e  t h r e e  components  

o f  v  f g and V f^ t h a t  a p p e a r  i n  E q u a t io n s  1 7 - 1 9  and 2 4 -26

n

( 4 . 2 - 2 4 )

-jwp

( 4 . 2 - 2 5 )

( 4 . 2 - 2 6 )



r e s p e c t i v e l y .  T h ese  e q u a t i o n s  came from v e c t o r  E q u a t io n s  

8 and 11 which  were d e r i v e d  by e q u a t i n g  t o t a l  f i e l d s  w i t h i n  

th e  j u n c t i o n  r e g i o n .  These  f i e l d s ,  how ev er ,  a r e  r e l a t e d  

to  c u r l s  o f  H ertz  p o t e n t i a l s  and s i n c e  t h e  o p e r a t o r  " cu r l  

grad" y i e l d s  a n u l l  v e c t o r ,  i t  f o l l o w s  t h a t  V f e and 7 f h 

do not  c o n t r i b u t e  t o  th e  p h y s i c a l  f i e l d s .  However,  t h e y  

a r e  needed t o  c o r r e c t  f o r  c h a n g e s  i n  d i r e c t i o n  o f  t h e  Hertz  

p o t e n t i a l  t h a t  r e s u l t s  from u s i n g  d i f f e r e n t  c o o r d i n a t e  

sy s tem s  on b o th  s i d e s  o f  th e  j u n c t i o n  and u s i n g  th e  f o r m u la 

t i o n  o f  Chapter  3 on each  s i d e  o f  t h e  j u n c t i o n .  The s t r u c 

t u r e  o f  V ?e ( ^ f ^ )  i s  d i c t a t e d  by t h e  req u ir em e n t  t h a t  i t

perform  d i r e c t i o n  c o r r e c t i o n  such  t h a t  Equations  17 and 24 

have th e  form

( 4 . 2 - 3 1 )

n
E [a,

(4.2-32)
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where t h e  q^g *S, ^Eh’ 3 * qHe * S, and qnh*3 may comP l i ~

c a t e d ,  but a t  l e a s t  i n  p r i n c i p l e  known, f u n c t i o n s  o f  t h e  

c o o r d i n a t e s  used  on t h e  r i g h t  s i d e  o f  t h e  J u n c t i o n .  I t  i s  

assum ed ,  how ever ,  t h a t  t h e  c o o r d i n a t e s  on b o th  s i d e s  o f  t h e  

J u n c t i o n  a r e  r e l a t e d  by a o n e - t o - o n e  c o n t i n u o u s  c o o r d i n a t e  

t r a n s f o r m a t i o n  and t h a t  t h e  c o o r d i n a t e s  i n  r e g i o n  "b" a r e  

known e x p l i c i t l y  a s  f u n c t i o n s  o f  t h e  c o o r d i n a t e s  o f  r e g i o n  

"a". Thus,  e v e r y  " q 11 f u n c t i o n  on t h e  r i g h t  s i d e  o f  Equa

t i o n s  31 and 32 may be e x p r e s s e d  i n  t e rm s  o f  t h e  c o o r d i n a t e s  

on t h e  l e f t  s i d e  o f  t h e  J u n c t i o n .  Let  t h e  r e s u l t i n g  f u n c 

t i o n s  be r e f e r r e d  t o  a s  " g " f u n c t i o n s .  Thus,  E q u a t io n s  

31 and 32 now have  t h e  form

I t  shou ld  be n o te d  t h a t  J u n c t i o n  E q u a t io n s  33 and 3^ 

a c t u a l l y  ho ld  In a r e g i o n .  In o r d e r  t o  u t i l i z e  t h e s e  e q u a 

t i o n s ,  i t  i s  c o n v e n i e n t  t o  a p p ly  them on a s p e c i f i c  J u n c t i o n

( 4 . 2 - 3 4 )



Ill
a p e r t u r e  s u r f a c e .  The c o n s t a n t  u^ j u n c t i o n  a p e r t u r e  s u r -cL
f a c e  w i l l  be s e l e c t e d  f o r  t h i s  p u r p o s e .  However, a s  d i s 

c u s s e d  p r e v i o u s l y ,  when E q u a t io n s  33 and 3^ a r e  a p p l i e d  on 

an a p e r t u r e  s u r f a c e ,  p a r t i a l s  o f  t h e s e  e q u a t i o n s  w i t h  r e s 

p e c t  t o  u |  shou ld  a l s o  be eq u a ted  on t h e  c o n s t a n t  u |  a p e r 

t u r e  s u r f a c e ^ .  The r e s u l t i n g  j u n c t i o n  e q u a t i o n s  on t h i s  

s u r f a c e  become

E  c e n C ( u a * U a )  "  ?  b £ k G E e ( u i ’ U a )  +  
n  k

( 4 . 2 - 3 5 )

J ■ I bEekFEe(ua '“a> + bE h k 4 < V “a>
n  k  ( i ) .  2 - 3 b )

Z c. ij£ (u1^ 2) » Z (u1,^ )  + b^G ^Cu1,^ )hn ha a a . Hek He a’ a Hhk Hh a an k
( H . 2 - 3 7 )

r 1 ,n . 1 2. v  ̂ u (+ )wk . 1  2.
J °hn ha a ,Ua “ £ HekFHe*ua ,u a* Hhk’W V V  ( 4 . 2 - 3 8 )

where

„ ra (+^ T ^ n + a ^ I ^ n] e v a l u a t e d  on t h e  c o n s t a n t  
en en ea en ea

u-3 s u r f a c e  ( 4 . 2 —39)

■ ^ A lte r n a t iv e ly ,  any outward g o i n g  d i r e c t i o n a l  d e r i v a t i v e  
c o u l d  be u s e d .



(+ )  " m ’ "  a ( - ) d I ( - > ' '_ vr; ea . en ea . . .
aen -----3—  + -------- -̂-----  e v a l u a t e d  on t h e  c o n s t a n t

du du“a a u3 s u r f a c e  ( 4 . 2 - 4 0 )
a

I a+ T̂ + n̂ 4. (- ) T(- ) nl[_im ha ha J e v a l u a t e d  on t h e  c o n s t a n t

u |  s u r f a c e  ( 4 . 2 —41)

. di<+ )n  J ' ) di.(- )n
 f —  — "—3~^—  ( e v a l u a t e d  on t h e  c o n s t a n t

du du J _
a u |  s u r f a c e  ( 4 . 2 —42)

a a’ a ’ a
2) » gCuSu2, ^ )  e v a l u a t e d  on t h e  c o n s t a n t  u |

s u r f a c e  f o r  a l l  s u b s c r i p t s  and 

s u p e r s c r i p t s  (*4.2-43)

3g(u »u »u ) e v a l u a t e d  on t h e  c o n s t a n t  u^
)  a  ■■ ■ a.

^ua s u r f a c e  f o r  a l l  s u b s c r i p t s  and

s u p e r s c r i p t s  ( 4 . 2 - 4 4 )



The only unknowns in Equations 35-38 are Cen, Ce'n ,

bEek» b^ k ’ Ch n 5 Chn> bHek> and b^ -  SlnC6 th 8  m° deS a r€  
I n d e p e n d e n t ,  t h e s e  e q u a t io n s  can  be used  t o  e x p r e s s  t h e

Ce n , Cen» Chn' and Cbn c o n s t a n t s  l n  terms o f  th e

b f * \  b^+ ?, and b-f.t? c o n s t a n t s  and E q u a t io n s  3 9 -4 2  can  Ehk’ Hek’ Hhk
th en  be u sed  t o  d e te r m in e  and a £ “  ̂ ( s i n c e ,  f o r  t h e  c a s e

being; c o n s i d e r e d ,  a ^ ^  and a ^ ^  a r e  b o th  assumed known).

The c a l c u l a t i o n  proced u re  i l l u s t r a t e d  expands t h e  "G" and 

"F" F u n c t io n s  i n  terms o f  t h e  ^  ga and f u n c t i o n s

( t h i s  a ssum es  mode c o m p l e t e n e s s ) .  Because  o f  t h e  in d e p e n d 

ence  o f  t h e  mode f u n c t i o n s ,  t h e  " c " c o n s t a n t s  can  be e x 

p r e s s e d  i n  term s o f  th e  "b” c o n s t a n t s .  When t h e  modes a r e  

o r t h o g o n a l ,  th e n  t h e  o r t h o g o n a l  e x p a n s io n  can be v ie w ed  a s  

a g e n e r a l i z e d  F o u r i e r  s e r i e s  and t h e  o r t h o g o n a l i t y  may be 

used t o  f a c i l i t a t e  e x p r e s s i n g  t h e  "c" c o n s t a n t s  i n  terms  

o f  th e  "b" c o n s t a n t s .  The Gram-Schmidt o r t h o g o n a l i z a t i o n  

p r o ce d u r e  may be used  t o  o b t a i n  an o r t h o g o n a l  s e t  o f  modes.

In a c c o r d a n c e  w i th  t h e  f i r s t  p r o c e d u r e ,  t h e  assumed  

mode c o m p l e t e n e s s  ( i n  th e  s e n s e  i n d i c a t e d  in  S e c t i o n  4 . 1 )  

i s  now u se d  t o  e x p r e s s  th e  "G” and "F" f u n c t i o n s  i n  term s  

o f  t h e  " iff " f u n c t i o n s .  Thus ,



Eh m m Ehm rha a* a

Gk (uX, u2) -  EX<h )V  (u1 ^ 2) + ZXJ  (u1 ^ 2 )Hev a ’ a m Hem ha a ’ a m HemTea  a* a

Gk (u1 ,!!2) -  < u \u 2) + £ X ^ * V " _ (u ^ ,u 2 )Hh a a TIhm ha a a Hhm ea  a am m

Fk (u1 ^ 2) -  Z y ^ V "  (u1 ^ 2) + ZYph )k  '|{* (u1 ^ 2) Cw- V 'Eem ea a* a Eem ha a ’ aEe m m

r.k / 1 2\
Eh a*ua s y ^ ' V  (u l ,u 2 ) + r r 5 ' ,k  iv  (uL,u 2 )Ehm ea a* a Ehm ha a am m

Js- , 1 2\F„ (u ,u ) He a a
v v (h)k,m  ,  1 2. , r v (e)k.,m , 1  2.

Hem ha a* a + EYHem "'ea(ua ’ua )m m

i i o (h)k.m  , 1  2N „Y(e)k .m  . 1 2._k . 1 2 % rvm. Yu (u ,u  ) + i  v  ip (u ,u  )Ftm. ( u , u ) -  ZiHhm ha a a Hhm ea a a Hh a a m m

where a l l  Pi and f  a r e  d e t e r m i n a b l e .  When t h e  

r e g i o n  "a" a r e  o r t h o g o n a l  t h i s  d e t e r m i n a t i o n  i s  

For t h i s  c a s e
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(4.2-46)

( 4 . 2 - 4 7 )

( 4 . 2 - 4 8 )

( 4 . 2 - 4 9 )

( 4 . 2 - 5 0 )

( 4 . 2 - 5 1 )

( 4 . 2 - 5 2 )

modes i n  

f a c i l i t a t e d .



k frT,ck)

“ U“ ,^m)
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(4.2-53)

f o r  a l l  E, e ,  H, and h s u b s c r i p t s  and s u p e r s c r i p t s .  The 

n o t a t i o n  ( f ,  g )  r e p r e s e n t s  t h e  i n n e r  p r o d u c t  o f  f u n c t i o n s  f  

and g .  For t h e  s i t u a t i o n  on hand ,  t h i s  i n n e r  p ro d u ct  i s  an 

i n t e g r a t i o n  o v e r  t h e  c o n s t a n t  u^ a p e r t u r e  s u r f a c e .  When 

t h e s e  in d ep en d e n t  modes a r e  n o t  o r t h o g o n a l ,  one ca n  e v a l u a t e  

t h e s e  c o n s t a n t s  by e i t h e r  f i r s t  u s i n g  t h e  Gram-Schmidt  

o r t h o g o n a l i z a t i o n  p r o c e d u r e  o r  by em p lo y in g  a p o i n t  m atch in g  

p r o c e d u r e  and s o l v i n g  t h e  l i n e a r  s e t  o f  e q u a t i o n s  t h a t  r e s u l t  

f o r  t h e  d e s i r e d  c o e f f i c i e n t s .

Upon s u b s t i t u t i n g  E q u a t io n s  4 5 -5 2  i n t o  E q u a t io n s  35 -38  

and r e g r o u p i n g  t e r m s ,  one o b t a i n s

S c  - E t<eV  + Sen Tea Em ea m Em rha
n m <<1.2-55)

r<eV  + S r<h)i|£en Tea  Em Tea  Em Tha n m m (4.2-56)
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(4.2-57)

n
( 4 . 2 - 5 8 )

m m

where

( . 2 - 5 9 )

and

( 4 . 2 - 6 0 )

f o r  a l l  s u b s c r i p t s  E and H and s u p e r s c r i p t s  ( e )  and ( h ) .

When t h e  f i e l d s  on t h e  r i g h t  s i d e  o f  th e  j u n c t i o n  due t o

i n c i d e n t  E-modes a re  e x p r e s s e d  i n  t erm s  o f  t h e  c o o r d i n a t e s  on

t h e  l e f t  s i d e  o f  t h e  j u n c t i o n ,  i t  i s  r e a s o n a b l e  t o  assume t h a t

t h e  r e s u l t  i s  e x p r e s s a b l e  i n  term s  o f  t h e  E-modes on t h e  l e f t  

s i d e  o f  t h e  j u n c t i o n .  A s i m i l a r  s t a t e m e n t  a p p l i e s  when H- 

modes a r e  i n c i d e n t .  Thus,  an e x p a n s i o n  o f  E-modes and H- 

modes on t h e  r i g h t  s i d e  o f  t h e  j u n c t i o n  t h a t  a r e  due t o  E-modes  

on th e  l e f t  s i d e  o f  t h e  j u n c t i o n  a r e  assumed t o  be e x p r e s s a b l e  

i n  t erm s  o f  o n l y  E-modes on t h e  l e f t  s i d e  o f  t h e  j u n c t i o n .
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In o t h e r  w o r d s ,  t ^ ,  t £ ® \  and r ^ J a r e  z e r o .

Furtherm ore  s i n c e  t h e  modes a r e  in d e p e n d e n t  and E q u a t io n s
I p

5 5 - 5 8  ho ld  f o r  a cont inuum  o f  v a l u e s  o f  u^ and u ^ ,  i t  f o l 

low s  from t h e s e  e q u a t i o n s  and E q u a t io n s  3 9 -42  and 5 9 - 6 0  t h a t

for m -  1 , 2 , . . .  (4.2-61)

r(e) -  I v (e)k b (+) + 2Y (e)k b (+) Em  ̂ Eem Eek  ̂ Ehm Ehk
dl (+)m

c' ea
em du~

d Ia (+) +  ea
aem 3

du

(+)m

em

for m ■» 1 , 2 , . . . ( 4 . 2 - 6 2 )

t (h)
Hn

n (h)k (+) „.(h)k . (+) „ = t(+)iK (+)I+
. Nlen Hek , Hhn Hhk ha [n n  /  ha [nn J

for n * 1 , 2 , . . . ( 4 . 2 - 6 3 )

r(h)
Hn b<!> ♦ b£ >

dl.
Hen Hek Hhn Hhk

(+)n 
ha

hn du" +

dl. (-)n  
ha

du'

for ^ 1 , 2 , . (4.2-64)
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:<h> -  ZX<h)k b<+> + ZX<k)k 
Em k Eem Ee  ̂ k Ê m Ê

m 1,2,... (H.2-65A)

:<e) - ZA<e)k b<+> + ZX<?>k b£>Hm ^ Hem Hek ^ Hhm Hhk m 1 2! ) * • )  I • • ( 4 . 2 -65B)

4 h)  -  ZY(e )k  b (+) + ZY(h)k  h (+) Em £ Eem Eek + £ YEhm bEhk m 1 2A f  *» )  •  • • ( 4 . 2 - 6 6 A )

r^e) -  EY^e)k by+? + Zy5? b»£2 “ 0 ; m -  1 , 2 , . . .  4 . 2 - 6 6 B )Hm k Hem Hek ^ Hhm Hhk * '

As p r e v i o u s l y  i n d i c a t e d ,  f i n i t e  summations and a f i n i t e  

number o f  e q u a t i o n s  w i l l  be used t o  o b t a i n  an ap p rox im ate  

s o l u t i o n .  T h i s  t r u n c a t i o n ,  how ev er ,  must  be a c c o m p l i s h e d  i n  

such  a manner t h a t  a good un iq u e  a p p r o x i m a t i o n  t o  t h e  t r u e  

s o l u t i o n  i s  o b t a i n e d . ^  S i n c e  t h e  a^+  ̂ t erm s  f o r  t h e  s o u r c e  

c o n d i t i o n  b e i n g  c o n s i d e r e d  a r e  assumed t o  be known, t h e  a p p r o 

p r i a t e l y  t r u n c a t e d  form o f  E q u a t io n s  6 1 - 6 6  may be u sed  t o  

d e t e r m i n e  a l l  unknown "b" and "a^- "̂ c o e f f i c i e n t s .  B e f o r e  

p r o c e e d i n g ,  i t  s h o u ld  be n o ted  t h a t  i t  i s  ( b g ^  + b^j^ = b ^  ^)

^Procedures  f o r  i n s u r i n g  t h i s  a r e  o f  c u r r e n t  i n t e r e s t  
i n  t h e  l i t e r a t u r e  [ 2 2 ,  2 9 ,  3 0 ] .
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and (bi+? + but? = b  ̂+ ̂  ) t h a t  must be d e t e r m in e d .  Thus ,Eek Hek ek
one can substitute b ^  = b<*> - b<j^ and b< + > -
b^+  ̂ -  b^+  ̂ t o  e l i m i n a t e  b^+  ̂ and b„t^ and s o l v e

ek Eek Eek hhk
d i r e c t l y  f o r  t h e  d e s i r e d  b^*) and b£*^ q u a n t i t i e s .

Once t h e  c o e f f i c i e n t s  have been  d e t e r m i n e d ,  t h e  H ertz  

p o t e n t i a l s ,  and t h e r e f o r e  t h e  f i e l d s ,  may be d e term in ed  f o r  

a l l  v a l u e s  o f  u^ t o  t h e  l e f t  o f  t h e  a p e r t u r e  from E q u a t io n sa
r>

7A and 12A. For v a l u e s  o f  to  t h e  r i g h t  o f  t h e  a p e r t u r e

s u r f a c e  t h e  Hertz  p o t e n t i a l s ,  and t h e r e f o r e  t h e  f i e l d s ,  may 

be d e te r m in e d  by summing E q u a t io n s  7B and 12C (or  7C and 

12B) t o  r e s p e c t i v e l y  o b t a i n

- k  -k  — k
7r m 7T 4- 7T

hb Ehb Hhb

? ,.< + ). (+ )k , 3,.,.k / 1 2 .
S A k ^ b  ‘W V V  (4.2-67)

— k — k — k
7T , °* TT-, , +  TT ,eb Eeb Heb

7 n. (+) , ( + ) i  T(+ )k , 3 . ,k . 1  2.
* b l E e k  + Ehk eb ' V W  V V

7 , (+ )T(+ )k / 3 . . k  /  1 2a
“ *bl ek eb ‘W V V

(4.2-68)
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The p r e v i o u s  d i s c u s s i o n  assumed a p a r t i c u l a r  s o u r c e  and 

l o a d  c o n d i t i o n .  I f  t h e  lo a d  were n o t  m a tc h e d ,  t h e r e  would  

a l s o  be terms i n v o l v i n g  b ^  , b ^  , b£~^ , and b ^  , 

and t h e  load  c o n d i t i o n  would r e l a t e  t h e  b ^ * " ^ c o e f f i c i e n t s  t o  

t h e  b^+  ̂ c o e f f i c i e n t s .  S i m i l a r l y ,  f o r  t h e  s o u r c e  c o n d i t i o n  

s p e c i f y i n g  th e  r e s u l t a n t  o f  i n c i d e n t  and r e f l e c t e d  f i e l d s ,  

a s e t  o f  e q u a t i o n s  r e l a t i n g  th e  a^ +  ̂ and a^~^ c o e f f i c i e n t s  

would r e p l a c e  t h e  s o u r c e  c o n d i t i o n .  I f  t h e  p r e v i o u s  p r o c e 

d u r e s  were f o l l o w e d  w i t h  t h e s e  new s o u r c e  and lo a d  c o n d i 

t i o n s ,  enough e q u a t i o n s  t o  s o l v e  t h e  problem  would s t i l l  

r e s u l t .  However,  t h e  r e s u l t i n g  e q u a t i o n s  would be more com

p l i c a t e d  a l g e b r a i c a l l y .  I n s t e a d  o f  p u r s u i n g  t h e s e  more g e n 

e r a l  s o u r c e  and l o a d  c o n d i t i o n s  f o r  t h e  g e n e r a l  j u n c t i o n ,  t h e  

approach^ i n  t h i s  c a s e }w i l l  be i l l u s t r a t e d  i n  S e c t i o n  4 . 4  

by t h e  c a s e  i n  w hich  t h e r e  i s  no c o u p l i n g  betw een  E-modes  

and H-modes.

When p o s s i b l e ,  i t  i s  d e s i r a b l e  t o  c h a r a c t e r i z e  t h e

J u n c t i o n  in d e p en d en t  o f  t h e  s o u r c e  and l o a d  c o n d i t i o n s .

C o n s id er  t h e  c a s e  i n  which  t h e r e  i s  o n l y  one i n c i d e n t  mode

( s a y  t h e  f i r s t  E -m ode) .  Then E q u a t io n s  6 1 -6 6  may be d i v i d e d

by a ^  . Upon n o t i n g  t h a t  a i * )  i s  z e r o  f o r  m g r e a t e r  gjl em
th a n  one and i s  z e r o  f o r  a l l  m, i t  i s  s e e n  t h a t  f o r

t h i s  c a s e  E q u a t io n s  6 1 -6 6  can be u se d  t o  d e t e r m in e  t h e  

r a t i o s  o f  a ^   ̂ a ^  , b ^  and b ^  .

( + ) ’ T + T  (+ )  "T+T
a  2L 3-e l  e l  e l  e l
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The f i r s t  two r a t i o s  r e l a t e  r e f l e c t e d  t o  i n c i d e n t  l e v e l s  

w h i l e  t h e  l a s t  two r a t i o s  r e l a t e  t r a n s m i t t e d  t o  i n c i d e n t

ratios.

From a p r a c t i c a l  p o i n t  o f  v i e w ,  e n g i n e e r s  u s u a l l y  a r e  

i n t e r e s t e d  in  th e  e f f e c t  t h a t  t h e  j u n c t i o n  has  on p r o p a g a t in g  

modes r a t h e r  than  t h e  f i e l d s  i n  t h e  v i c i n i t y  o f  t h e  a p e r t u r e  

s u r f a c e .  Thus, t h e y  u s u a l l y  c o n s i d e r  two s u r f a c e s ,  one 

s u f f i c i e n t l y  t o  t h e  r i g h t  o f  t h e  j u n c t i o n  and one  s u f f i c i 

e n t l y  t o  t h e  l e f t  o f  t h e  j u n c t i o n  such  t h a t  n o n p r o p a g a t in g  

modes have a t t e n u a t e d  t o  n e g l i g i b l e  a m p l i t u d e s .  Equa

t i o n s  7A, 12A, 67 and 68 may be used t o  " t r a n s l a t e "  th e  

c o e f f i c i e n t s  t o  t h e  d e s i r e d  s u r f a c e s .  For t h e  example  o f  

on e  E-mode,  t h e  p r e v i o u s  r a t i o s  e v a l u a t e d  on t h e  l e f t  s u r -

and t h e  r a t i o  on t h e  r i g h t

s u r f a c e  r e d u c e s  t o

e v a l u a t e d  on t h e  l e f t  s u r f a c e

(A.2-69)

-  a ^ i ^ ^ C u 3) e v a l u a t e d  on t h e  l e f t  s u r f a c e
P i  O l AA
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and ” bel^Ieb^1 ûb̂  e v a l u a t e d  on t h e  r i g h t  s u r f a c e

( 4 . 2 - 7 1 )

The p r o c e s s  can now be r e p e a t e d  f o r  an i n c i d e n t  mode on 

t h e  r i g h t  s i d e  o f  t h e  j u n c t i o n  and t h e  r e s u l t i n g  r a t i o s  t o 

g e t h e r  w i t h  t h e  p r e v i o u s  two r a t i o s  d e f i n e  t h e  s c a t t e r  p a r a 

m e t e r ,  , o f  a l i n e a r  two p a r t  d e v i c e .  T h ese  s c a t t e r  p a r a 

m e te r s  d e f i n e  th e  j u n c t i o n  p r o p e r t i e s  a s  f a r  a s  t h e  one  

p r o p a g a t i n g  mode i s  c o n c e r n e d .  One a d v a n ta g e  o f  i n t r o d u c i n g  

s c a t t e r  p a ra m eters  i s  t h a t  t h e s e  p a r a m ete r s  a r e  o f t e n  d e t e r 

m in a b le  e x p e r i m e n t a l l y .

When two modes can  p r o p a g a t e  on b o th  s i d e s  o f  th e  j u n c 

t i o n ,  one may a t te m p t  t o  d e v e l o p  fo u r  p o r t  p a r a m ete r s  by 

t h e  p r e v i o u s  p r o c e d u r e s .  To do t h i s ,  t h e  r a t i o s  o f  fo u r  

p rob lem s  a r e  e v a l u a t e d — one f o r  each  p o s s i b l e  i n c i d e n t  mode.  

A 4 X 4 s c a t t e r  m a t r i x  would r e s u l t .

In o r d e r  t o  r e d u c e  t h e  number o f  s c a t t e r  param eter  

r a t i o s  t h a t  a r e  com puted ,  one may t a k e  a d v a n ta g e  o f  t h e  f a c t  

t h a t  t h e  j u n c t i o n  i s  b o th  r e c i p r o c a l  and l o s s l e s s .  Thus,  

t h e  s c a t t e r  m a tr ix  i s  b o t h  u n i t a r y  and s y m e t r i c  f o r  t h e  c a s e  

b e i n g  c o n s i d e r e d  [ 2 7 ] ,  T h i s  s i m p l i f i c a t i o n  can  be a c h i e v e d  

f o r  any number o f  p r o p a g a t i n g  modes.
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4 • 3  S p e c i a l i z e d  J u n c t i o n  Theory

T h is  s e c t i o n  d i s c u s s e s  t h e  p r o c e d u r e s  f o r  t h e  s p e c i a l  

c a s e s  i n  which i t  i s  p o s s i b l e  to  c h o o s e  t h e  Hertz  v e c t o r  

p o t e n t i a l  t o  be i n  t h e  same d i r e c t i o n  on b o th  s i d e s  o f  

t h e  j u n c t i o n  and t h e r e  i s  no c r o s s - c o u p l i n g  betw een  

E-modes and H-modes a c r o s s  t h e  j u n c t i o n .  T h i s  s i t u a t i o n  

l e a d s  t o  a s e t  o f  s i m p l i f i e d  j u n c t i o n  e q u a t i o n s  t h a t  

a p p l y  t o  a l a r g e  number o f  p r o b lem s .  The a p p l i c a b l e  

j u n c t i o n  g e o m e t r i e s  can t h e r e f o r e  be a n a l y z e d  more c o n 

v e n i e n t l y  by a p p r o p r i a t e l y  s e l e c t i n g  t h e  d i r e c t i o n  o f  t h e  

H ertz  v e c t o r  p o t e n t i a l .  D i r e c t i o n  g e n e r a l i z a t i o n s  o f  t h e  

Hertz  p o t e n t i a l  were r e f e r r e d  t o  i n  S e c t i o n s  3 . 2  and 3 . 3 .

One s i t u a t i o n  i n  which  i t  i s  a d v a n ta g e o u s  t o  c h o o s e  

a d i f f e r e n t  d i r e c t i o n  f o r  t h e  H er tz  v e c t o r  p o t e n t i a l  

o c c u r s  when a t  l e a s t  one o f  th e  two s e t s  o f  boundary ( o r  

c o o r d i n a t e )  s u r f a c e s  a t  t h e  j u n c t i o n  b e tw een  t h e  n o n u n i 

form w aveguide  i s  s u f f i c i e n t l y  smooth .  T h i s  s i t u a t i o n  

i s  a lw a y s  t r u e  f o r  u n i fo rm  w a v e g u id e s  and f o r  t h e  c l a s s  

o f  nonuniform w a v e g u id e s  i l l u s t r a t e d  i n  F i g u r e  4 . 3 - 1 .

(T h e se  j u n c t i o n s  have  smooth s u r f a c e s  and i n  a d d i t i o n  

ua = ub = c o n s t a n t  may be s e l e c t e d  f o r  t h e  a p e r t u r e  s u r 

f a c e . )  The s u f f i c i e n t l y  smooth c o n d i t i o n  i s  a l s o  o f t e n  

s a t i s f i e d  by o n e - s u r f a c e  w avegu ide  J u n c t i o n s  and s e c 

t o r i a l  horn j u n c t i o n s  ( b e c a u s e  one d i m e n s i o n  i s  u n i f o r m ) .
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"b" s i d e

C o i n c i d i n g  c o n s t a n t

and J u n c t i o n  A p er tu re

S u r f a c e s

a" s i d e

F i g u r e  *1.3-1

•3
Smooth J u n c t i o n  w i t h  C o i n c i d i n g  C o n s ta n t  u J u n c t i o n  A p er tu re

S u r f a c e s
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I t  i s  u s u a l l y  a d v a n ta g e o u s  t o  s e l e c t  t h e  H ertz  v e c t o r  

p o t e n t i a l  t o  be normal t o  t h e  s u f f i c i e n t l y  smooth s u r 

f a c e s  s i n c e , f o r  t h i s  d i r e c t i o n ,  t h e r e  i s  no Hertz  v e c t o r  

p o t e n t i a l  d i r e c t i o n  change  a t  t h e  J u n c t i o n  when t h e  

c o o r d i n a t e s  a r e  s e l e c t e d  c o n s i s t e n t  w i t h  t h e  p r o c e d u re  

o f  Chapter 3 .  T h i s  s i t u a t i o n  w i l l  not  be t r u e ,  how ever ,  

u n l e s s  one s e t  o f  c o o r d i n a t e  s u r f a c e s  a r e  s u f f i c i e n t l y  

smooth .  I t  i s  s e e n  from t h e  a b ove  d i s c u s s i o n  t h a t  t h e  

t e c h n i q u e  o f  a p p r o p r i a t e l y  c h o o s i n g  t h e  d i r e c t i o n  o f  t h e  

H ertz  v e c t o r  p o t e n t i a l  i s  a p p l i c a b l e  t o  a r e l a t i v e l y  

l a r g e  number o f  J u n c t i o n s .

In o r d e r  f o r  t h e  f i e l d  q u a n t i t i e s ,  E and H, t o  be  

e x p r e s s i b l e  In t erm s  o f  t h e  H ertz  p o t e n t i a l s  on e i t h e r  

s i d e  o f  t h e  J u n c t i o n  f o r  t h e  c a s e  i n  w hich  t h e r e  i s  no 

c o u p l i n g  betw een  g e n e r a l i z e d  E and g e n e r a l i z e d  H m odes,  

t h e  c u r l  o f  t h e  H ertz  v e c t o r  p o t e n t i a l s  o f  b o th  r e g i o n s  

must be t h e  same ( s e e  E q u a t io n s  2 . 2 - 2 ,  2 . 2 - 3 ,  2 . 2 - 4  and

2 . 2 - 5 ) .  Thus,  i n  t h e  J u n c t io n  r e g i o n

V x 7T = V x tt ( 4 . 3 - 1 )ea eb

(4.3-2)
V X IT,ha V X IT,hb
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where 7T t ^ h  a ) i s  t h e  t o t a l i t y  o f  E-modes (H-modes)

on t h e  "a" s i d e  o f  t h e  j u n c t i o n  and T fe b ( 7 f hb^ i s  

sum o f  E-modes (H-modes)  on t h e  "b" s i d e  o f  th e  j u n c t i o n .  

From E q u a t io n s  1 and 2 i t  f o l l o w s  t h a t

I T  =  TT , + Vf /i. \ea eb e (4.3-3)

\ a - " h b + V f b

However, s i n c e  t h e  H ertz  v e c t o r  p o t e n t i a l s  have been  

s e l e c t e d  i n  t h e  same d i r e c t i o n ,  i t  f o l l o w s  t h a t  e i t h e r  

V f e ( V f*h) I s  z e r o  or i t  i s  i n  t h e  d i r e c t i o n  o f  t h e  

H ertz  v e c t o r s .  But i f  F f e ( T7f^) i s  i n  t h e  d i r e c t i o n  

o f  t h e  Hertz  v e c t o r  p o t e n t i a l ,  i t  i s  n o t  needed f o r  d i r e c 

t i o n  c o r r e c t i o n .  A l s o ,  n o t i n g  t h a t  t h e  H ertz  p o t e n t i a l  

i s  n o t  u n iq u e ,  one can s e t  V f e and 7 f h e q u a l  t o  z e r o .  

The r e s u l t i n g  e q u a t i o n s  a r e

( 4 . 3 - 5 )
tr **tr ,•ea eb

and

Uha " \ b  ( 4 . 3 - 6 )

where T ea, 7fe b , ^ h a *  and ^ h b  a r e  t h e  m agn itu d es  o f  

t h e  c o r r e s p o n d in g  H ertz  v e c t o r s .  As d i s c u s s e d  i n  S e c t i o n
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4 . 2 ,  t h i s  e q u a t i o n  h o l d s  i n  a r e g i o n .  On t h e  c o n s t a n t

u |  j u n c t i o n  a p e r t u r e  s u r f a c e  one may a l s o  r e q u i r e  d

3ttea eb
7 1 ----- 3 -  (4.3-7)3u dua a

and

97Tk 37rt .
- r - — r -  . 3 - 8 )
3u 3ua a

Or e q u i v a l e n t l y

Vir -n = Vn *n _ n *ea eb (4.3-9)

anri

Vir. 'n = Vir.. -n
ha hb ( 4 . 3 - 1 0 )

where n i s  a u n i t  v e c t o r  normal t o  t h e  a p e r t u r e  s u r f a c e  

(u^ = c o n s t a n t ) .  A c t u a l l y ,  any d i r e c t i o n a l  d e r i v a t i v e  

t h a t  has  a component t h a t  i s  normal t o  t h e  a p e r t u r e  s u r 

f a c e  (o u tw a r d - g o in g  d i r e c t i o n a l  d e r i v a t i v e )  w i l l  s u f f i c e .  

The normal d i r e c t i o n ,  how ever ,  i s  u s u a l l y  t h e  most c o n v e n 

i e n t  .

A l t e r n a t i v e l y ,  when t h e  H ertz  v e c t o r  p o t e n t i a l  ca n  be 

c h o s e n  in  t h e  same d i r e c t i o n  on b o t h  s i d e s  o f  t h e  j u n c t i o n
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and t h e r e  I s  no c r o s s - c o u p l i n g  b e tw e en  E-modes and H-modes ,  

t h e n  E q u a t io n s  4 . 2 - 1 7  th rou gh  4 . 2 - 1 9 ,  r e s p e c t i v e l y ,  become:

Z fa<+)I(+>n + - Z bi+>I(+>V + 1 -7f ,,n I en ea en ea J yea v Eek eb ^eb 1 e ( 4 . 3 - 11 )

i  . Vf = 0  2 e
( 4 . 3 - 1 2 )

i 3 ‘ Vfe " 0 ( 4 . 3 - 1 3 )

As b e f o r e ,  t h e  ^  component o f  7 f e may be s e l e c t e d  

e q u a l  t o  z e r o .  E q u a t io n  11 (which  i s  a l s o  a r e d u c t i o n  o f  

E q u a t io n  4 . 2 - 1 0 )  i s  th e n  r e c o g n i z e d  t o  be t h e  same a s  

K quation  5 when t h e r e  a r e  o n ly  " o u tw a r d -g o in g "  waves on 

s i d e  "b" o f  t h e  j u n c t i o n  ( t o  t h i s  e x t e n t ,  Equat ion  5 i s  

more g e n e r a l ) .  A s i m i l a r  d i s c u s s i o n  h o l d s  f o r  E q u a t io n s

4 . 2 - 2 4  through  4 . 2 - 2 6  and 4 . 2 - 6 .  Thus ,  t h e  t h e o r y  o f  

S e c t i o n  4 . 2  r e d u c e s  a p p r o p r i a t e l y  t o  t h e  e q u a t i o n s  o f  t h e  

s p e c i a l i z e d  j u n c t i o n  t h e o r y .
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4.4 Sectorial Wedge to Multimode Uniform Waveguide Junc

t i o n

As an e x a m p le ,  t h e  j u n c t i o n  b e tw e e n  t h e  s e c t o r i a l  wedge  

and u n i fo rm  w a v eg u id e  shown i n  F i g u r e  4 . 4 - 1  w i l l  be  c o n 

s i d e r e d .  In t h i s  ex a m p le ,  t h e  y * c o n s t a n t  s u r f a c e s  a r e  

smooth f o r  b o th  r e g i o n s .  The H ertz  v e c t o r  p o t e n t i a l s

w i l l  be c h o s e n  normal t o  t h e  y * c o n s t a n t  s u r f a c e s  ( i . e . ,
5

i n  t h e  y d i r e c t i o n ) .  T h i s  c h o i c e  p e r m i t s  t h e  H er tz  

p o t e n t i a l  t o  be i n  t h e  same d i r e c t i o n  on b o th  s i d e s  o f  

t h e  a p e r t u r e  and t h e r e f o r e  s a t i s f i e s  t h e  s i m p l i f i e d  eq u a 

t i o n s  i n  S e c t i o n  4 . 3 .

Let  r e g i o n  "a" be t h e  u n i fo rm  w a v e g u id e  t o  t h e  r i g h t  

o f  t h e  j u n c t i o n  and l e t  r e g i o n  "b" be t h e  s e c t i o n a l  horn  

t o  t h e  l e f t  o f  t h e  j u n c t i o n ^  w i t h  c a r t e s i a n  and c y l i n d r i 

c a l  c o o r d i n a t e s  r e s p e c t i v e l y  b e i n g  u s e d .  The j u n c t i o n  

a p e r t u r e  s u r f a c e  i s  a t  z = z^ ( o r  e q u i v a l e n t l y  a t  

r  c o s  0 = z x ) .  I t  w i l l  be sup p osed  t h a t  more t h a n  one

^This  d i r e c t i o n  f o r  t h e  H e r tz  v e c t o r  p o t e n t i a l  y i e l d s  
g e n e r a l i z e d  E-modes  and H-modes t h a t  a r e  r e f e r r e d  t o  a s  
LSE-modes ( L o n g i t u d a l  S e c t i o n  E-m odes)  and LSH-modes 
( L o n g i t u d a l  S e c t i o n  H-modes) r e s p e c t i v e l y .

^This  was i n t e n t i o n a l l y  c h o s e n  o p p o s i t e  t o  t h e  p r e 
c e d i n g  s e c t i o n s  t o  em p h as ize  t h a t  t h e  c h o i c e  i s  a r b i t r a r y .
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To lo a d

or n ex t

j u n c t i o n

F ig u r e  4 . 4 - 1  

S e c t o r i a l  Wedge t o  Uniform Waveguide J u n c t i o n
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mode I s  p r o p a g a t i n g  and t h a t  o n l y  LSE modes a r e  i n c i d e n t

7
t o  t h e  j u n c t i o n  i n  r e g i o n  "b". As i n d i c a t e d  s u b s e q u e n t l y ,  

a more g e n e r a l  lo a d  c o n d i t i o n  w i l l  be  assumed.  The p r o 

c e d u r e s  o f  S e c t i o n  *1.2 ( i n  s p e c i a l i z e d  form) w i l l  be 

f o l l o w e d .  As b e f o r e ,  e q u a t i o n s  a r e  used  t o  c l a r i f y  p r o 

c e d u r e s .  An e x p l i c i t  d e t a i l e d  s o l u t i o n  i s  n o t  i n t e n d e d .

In a s t r a i g h t f o r w a r d  manner t h e  methods o f  Chapter  3 

can  be used  t o  show t h a t  t h e  a m p l i t u d e  o f  t h e  e l e c t r i c

H ertz  v e c t o r  p o t e n t i a l  f o r  r e g i o n  "b" i s  g i v e n  by

sin

where k = V̂ k2 -  ( ^ ) 2 (4 .*1-2)r o b

i s  t h e  a n g l e  o f  t h e  s e c t o r i a l  wedge ( s e e  F i g u r e  *1.*!-1) 

b i s  t h e  h e i g h t  o f  t h e  w a v eg u id e  (y  -  d im e n s io n )

and a r e  HankQ^ f u n c t i o n s ^  o f  t h e  f i r s t  and

second  k i n d ,  r e s p e c t i v e l y ,  b o th  o f  o rd er O
and r  and & a r e  c y l i n d r i c a l  c o o r d i n a t e s  which a r e  r e l a t e d  

t o  c a r t e s i a n  c o o r d i n a t e s  by

^There i s  no c o u p l i n g  b e tw een  LSE and LSH modes f o r  
t h i s  g e o m e tr y .  S u p e r p o s i t i o n  can be used i f  b o th  mode 
t y p e s  a r e  p r e s e n t .

®These f u n c t i o n s  a r e  d e f i n e d  In S e c t i o n  3.**.
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0 -  tan-1  ( - )  ( 4 . 4 - 3 )z

an'1

r • ^x2  + z2  (4,4— 4)

S i n c e  r e g i o n  "a" I s  d e s c r i b e d  i n  t erm s  o f  c a r t e s i a n  

c o o r d i n a t e s ,  i t  i s  c o n v e n i e n t  t o  e x p r e s s  t h e  H e r tz  p o t e n 

t i a l  f o r  r e g i o n  "b" i n  t e rm s  o f  c a r t e s i a n  c o o r d i n a t e s ,  

namely

Tf -  n  1 > ” cos HZ a (2><*,z) + o'"" cos H Z G(1 )( s ,J ]
eb p - l i  b p b p J ( 4 . 4 - 5 )

m«0

where
.2. 2̂̂
! 1  (x,z) = s i n ( |^  tan-1  J> H * ( l ^ v K ? )
P o Jr (4.4-6)

Note t h a t  s i n c e  t h e  Hankel f u n c t i o n s  a r e  i n  g e n e r a l  com

p l e x  f u n c t i o n s ,  I t  f o l l o w s  t h a t  G ^ \ x , z )  and G ^ ^ ( x , z )
P P

a r e  a l s o  complex f u n c t i o n s .  A l s o  o b s e r v e  t h a t  

3tt

3z "  ^  k  cos F„2  ̂(x »z )+I)Pm cos F ( x , z ) l
3z p - l  L b P P J  (4.4-7)
eb

• m

m*0

where
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By u s i n g  t h e  methods o f  Chapter  3 ,  t h e  Hertz  v e c t o r  

p o t e n t i a l  f o r  a p o i n t  i n  r e g i o n  "a" can  be shown t o  be^

irea a zz b
^ n“ l  

m=0

run , mrx nmys in   cos ~ r ~  ea b

-k  z nm

k . z
r t  rnx tujr e  r t

+ ZZ S lnran »r * l
t -0 ( 4 . 4 - 9 )

where n ,  m, r ,  and t  a r e  i n t e g e r  i n d i c e s ,  a i s  t h e  w id th  

( x - d i m e n s i o n )  o f  t h e  w a v e g u id e ,  and

k = k nm z -  y  <^->2 + <£->2 -  *1
nm ( 4 . 4 - 1 0 )

I t  i s  p u r e l y  im a g in a r y  (and p o s i t i v e )  f o r  p r o p a g a t in g  

modes and p o s i t i v e  r e a l  f o r  n o n p r o p a g a t in g  modes and

r *  -' nm
com plex  a m p l i t u d e  r e t u r n i n g  from lo a d  i n  
t h e  ( r , t )  mode e v a l u a t e d  a t  t h e  p o s i t i o n  
complex  a m p l i t u d e  i n c i d e n t  a t  t h e  lo a d  i n  
t h e  (n ,m) mode e v a l u a t e d  a t  t h e  p o s i t i o n

( 4 . 4 - 1 1 )

Note  t h e  more g e n e r a l  l o a d  c o n d i t i o n .
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For t h e  u n i fo r m  o u tp u t  w avegu id e  i t  i s  r e l a t e d  t o  t h e  

q u a n t i t i e s  a t  t h e  lo a d  ( o r  n e x t  j u n c t i o n )  b y 10

r ™  U )  * ( *L> ^  ( 4 . 4 - 1 2 )

where d = z ^ - z  i s  t h e  d i s t a n c e  i n  f r o n t  o f  t h e  l o a d  and

z i s  t h e  l o c a t i o n  o f  t h e  l o a d .  T h i s  i m p l i e s  t h a t  t h e  Li
a m p l i tu d e  o f  t h i s  f a c t o r  i s  a  c o n s t a n t  a s  a f u n c t i o n  o f

p o s i t i o n  f o r  p r o p a g a t in g  modes and d e c a y s  e x p o n e n t i a l l y
P r*f o r  n o n p r o p a g a t in g  modes.  The q u a n t i t y ,  / , i n  Equa

t i o n  9 a c c o u n t s  f o r  c o n v e r s i o n  b e tw een  modes t h a t  may 

o c c u r  a t  t h e  l o a d .  For e x a m p le ,  i f  t h e  l o a d  b e i n g  c o n 

s i d e r e d  i s  t h e  in p u t  t o  a n o t h e r  j u n c t i o n  t h e n  c r o s s - c o u p 

l i n g  b e tw een  modes may o c c u r .  I f  t h e  lo a d  i s  f a r  from

th e  J u n c t i o n  under a n a l y s i s ,  t h e n  o n l y  p r o p a g a t in g  modes

r -**need be c o n s i d e r e d  t o  be r e f l e c t e d  from t h e  l o a d  and | Hm
can be c o n s i d e r e d  t o  be z e r o  f o r  a l l  n o n p r o p a g a t in g  r e 

f l e c t e d  m odes .  In  many l o a d s  c r o s s - c o u p l i n g  t e r m s  a r e  not  

g e n e r a t e d .  For t h i s  c a s e

t X  t  _  *» IT p  t  p

nm n m nm (4.4-13)

where

6* s
t  f 1 i f  i  = i

j [ o  i f  i   ̂ j i s  t h e  K ronecker  d e l t a

•^ T h is  e q u a t i o n  f o l l o w s  d i r e c t l y  from u n i fo r m  t r a n s 
m i s s i o n  l i n e  t h e o r y .
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and T ^ i s  t h e  r e f l e c t i o n  c o e f f i c i e n t  o f  t h e  ( n ,  m) mode.  

When i s  z e r o  f o r  a l l  modes,  t h e n  t h e r e  i s  no r e f l e c -nm  7

t i o n .  (T h i s  i s  t h e  c a s e  i n  S e c t i o n  4 . 2 ) .

In o r d e r  t o  s a t i s f y  t h e  j u n c t i o n  c o n d i t i o n s  o f  S e c t i o n  

4 . 3 ,  t h e  p a r t i a l  d e r i v a t i v e  o f  E q u a t io n  9 i s  t a k e n .  Thus,

9tv

9zea = El Bnm I - k
n=l
m=0

“lc z mix mTTy nrasin ---  cos —r^~ enm a b

+ EE Frt sin —  cos e ^  j nm a b
t=0

rt'

( 4 . 4 - 1 4 )

As i n d i c a t e d  i n  S e c t i o n  4 . 3 ,  t h e  j u n c t i o n  c o n d i t i o n s  f o r  

t h i s  exam ple  a r e

( 4 . 4 - 1 5 )
"ea = "eb f°r z = Z1

9ttea 9tteb
z=z. 9z z=z, ( 4 . 4 - 1 6 )

From E q u a t io n s  ( 1 5 ) ,  ( 5 ) ,  and ( 9 ) ,  one o b t a i n s  ( a f t e r  

i n t e r c h a n g i n g  summation o r d e r s )
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ZZ [AP» cos H E  g <2) ( } + Dpm cos G(l) 1 „
m=0 D P -L f a p ’ l'J
p=l

-  IE Bnm U  cos = 2 .  c’ k™ Zl + ZZ l "  s ln  3 2  c o s  £ E ^ k r t z l j
m=0 b k=0 nm a b J
n=l r=l

= EE B ^ s i n ^ o s ^ ’^ V E E E E B ^ ^ ^ i r ^ c o s ^ e ^ t 21 m=0 a b t=0 nm a b
n=l r=l

m=0
n=1 ( i l . 4 _ 1 7 )

I n t e r c h a n g i n g  dummy i n d i c e s  r w i t h  n and t  w i t h  m i n  

t h e  s e c o n d  term and r e c o m b i n in g ,  one o b t a i n s  a f t e r  r e 

w r i t i n g

ZS /  cos 2 ?  / > mG(2)< x , 0  + DpmO(1)(x,z1)l} -  
m-0 ( b I p > 1 p • l'JJ

1 — —k. z k  Z  I
I>_1 - ZZ cos 2 ?  s in  215. [ > »  e nm 1 + nm, nm 1

m-0 b a L t=0 rt ■*

By e i t h e r  u s i n g  t h e  o r t h o g o n a l i t y  o f  c o s i n e  f u n c t i o n s  or  

s im p ly  n o t i n g  t h a t  E q u a t io n  18 h o l d s  f o r  a l l  v a l u e s  o f  y 

i n  t h e  i n t e r v a l  [ o ,  b ] ,  i t  f o l l o w s  t h a t



^  p V 2 > ( x , 2 l ) + D p m G^1) ( x , Z;L) ]  =

Hlc zp  nm ran 1 k z,T
= E B e + ZE Brt rnm e nm 1 sin

p=l L t=0 rt J
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(4.4-19)
r~1 f o r  m = 0 ,  1 ,  2,

Observe t h a t  a t  t h e  j u n c t i o n  z = z-i , t h e  f u n c t i o n s
2f }G ' l ; ( x , z j )  depend o n l y  on x and t h a t  t h i s  f u n c t i o n  i s  

P
d e f i n e d  on t h e  j u n c t i o n  p l a n e  w i t h i n  t h e  w a v e g u id e .  These

f u n c t i o n s  can  be co m p le te d  a s  a p e r i o d i c  f u n c t i o n  i n  a l l

s p a c e  whose v a l u e s  c o i n c i d e  w i t h  t h i s  f u n c t i o n  w i t h i n  t h e

w avegu ide  a p e r t u r e .  B e c a u se  o f  t h e  ’’s in "  f u n c t i o n  d e p e n d -
( 2 )ence  t h a t  r e s u l t e d  from t h e  boundary c o n d i t i o n s ,  G^l ( x , z ^ )  

w i l l  be c o m p le te d  a s  odd f u n c t i o n s  o f  x and expanded a s  a 

F o u r i e r  s e r i e s  o f  t h e  form

(?) (?)
G (x,Zl) = E X s i n —  (4,4-20)
p 1 „ . i  -p

,<2)
where A and A ̂  a r e  known com plex  F o u r i e r  s i n  s e r i e s  

c o e f f i c i e n t s ,  a f t e r  s u b s t i t u t i n g  E q u a t io n  20 i n t o  E q u a t io n  

19 one o b t a i n s

IE / > "  A(2) + DPm A(1) ) s l „ 2 E -  
n=l \  nP nP /  a
P=1

= E Ib1™  e 11111 1 + EE Brt rnm e ^ 2-1 1 sin n7fx 
n=l 1 t=0 rt J a

r=l (4.4-21)
for m 0, 1, 2 ...
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Again using orthogonality of sinusoids,it follows that

2 [V2) Apm + A(1) DpmJ =
5=1 L nP np  J

-k z nm X Bn" + X Z  /.nm knms l ' \  r t  
t=0 ' r t  )
r= l

fo r  m = 0 , 1, 2 , 3, 

n = 1 , 2 , 3, . . , ( 4 . 4 - 2 2 )

The j u n c t i o n  c o n d i t i o n  o f  E q u a t io n  16 i s  now a p p l i e d  

t o  E q u a t io n s  7 and 14 t o  o b t a i n

EÊ  ^Apm cos F^2) (x>Zi) + Dpm cos ( x y Z ^ J
P
m=0

„nm= EE B 
m=0 
n = l (

“k zi j nlTx mTTy nm 1-  k s i n   cos — enm a b

+ EE r r t  k s in  cos e ^ 1 
t=0 11111 r a b
r= l

( 4 . 4 - 2 3 )

Observe t h a t  t h e  same e x p r e s s i o n  can  be o b t a i n e d  from Equa

t i o n  17 by making t h e  s u b s t i t u t i o n s

2 2
(p (p

Gp (x »zi )  Fp (x >zi)

-k  z n -k  z ,nm 1 , nm 1e -*■ -k  enm

e  *  k  e

( 4 .4 - 2 4 A )

( 4 . 4 - 2 4 B )

(4.4-24C)
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Thus, following the previous steps the equation correspond
ing to Equation 19 should be

P«1

- E -3nfn k ♦ I t  k Brt rraJ ek,wZl Bin SIS, am , van rt an=l <~-u
r=l

for m -- 0, 1, 2,

Similarly after making the expansion 
2

( p  - w ' 1  . n /r rxF fx ? ) = £ 6 s i n ---
P 1 n=i np a (^ . 'I - 2 b )

one obtains

5] (2) Ap,n + Y (1) Dpm =
P=1 np np

— 2 Ic 7, , 'mil 1. _nm , v.r /r,nn . nm"lN „rt= (-k e ) B -I- Li. (I k e ) Bnm q rt nm '
r=l

for m = 0. L, 2, ... ( ^ . ^ -2 7 )
n 1, 2,

For simplicity, let

ani” = e~knmZl 6n 6m -t- Tnm e1"11”̂ 1
rt r k rt  ( * M - 2 8 )
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-k  z . _ _ k__z 1

(4.4-29)
-  /) r ̂

where d r and a r e  Kronecker d e l t a s .  Then,  a f t e r  s im 

p l i f i c a t i o n ,  E q u a t io n s  22 and 27 can be r e s p e c t i v e l y  r e 

w r i t t e n  a s

nm = _ k e nm 1 6n 5m + k e  nm 1
^ r t nm r k nm r t

E A 
p=l

(2 )
np Apm + E

p=l
A (1) Dpm = np EE anra Brt

t=0
r= l

r t n = l, 2 , . . .  
m=0, 1, 2, ( 4 . 4 - 3 0 )

E v(2) Apm + E v(1) Dpm = EE nm Brt
P= i  np P Ynp t=o r t

r_1 ( 4 . 4 - 3 1 )

A l t h o u g h ,  i n  p r i n c i p l e ,  i n f i n i t e  sums a r e  r e q u i r e d  t o  

be r i g o r o u s  i n  E q u a t io n s  30 and 31 ,  i n  p r a c t i c e  a f i n i t e  

sum and a f i n i t e  s e t  o f  e q u a t i o n s  can be u s e d .  Moreover ,  

w it h  d i g i t a l  computer c o m p u t a t i o n ,  c o r e  s i z e ,  t r u n c a t i o n  

e r r o r s ,  and r o u n d - o f f  e r r o r s  s e t  an upper l i m i t  on t h e  

number o f  t erm s  t h a t  can  be c a r r i e d .

At t h i s  p o i n t  in  t h e  d i s c u s s i o n  i t  i s  n e c e s s a r y  t o

u s e  p h y s i c a l  c o n d i t i o n s  i n  o r d e r  t o  a r r i v e  a t  a m eaning

f u l  t r u n c a t i o n  o f  th e  i n f i n i t e  s e t s  o f  e q u a t i o n s .  Based
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on t h e  work p r e s e n t e d  i n  H a r r in g to n  [ 1 4 ]  and t h e  c u r v e s  

in  F i g u r e  3 . 4 - 2 ,  th e  ’’g r a d u a l  r a d i u s  o f  mode c u t o f f "  

o c c u r s  a p p r o x im a t e ly  where t h e  s e c t o r i a l  horn w id th  i s  

t h e  same a s  t h e  c o r r e s p o n d in g  u n iform  w avegu id e  a t  

c u t o f f .  I t  w i l l  t h e r e f o r e  be assumed t h a t  t h e  number o f  

modes t h a t  a r e  c o n s i d e r e d  on t h e  l e f t  s i d e  o f  t h e  j u n c 

t i o n  i s  t h e  same a s  t h e  number o f  modes c o n s i d e r e d  on 

th e  r i g h t  s i d e  o f  t h e  j u n c t i o n .  R ev iew in g  t h e  r o l e s  o f  

th e  v a r i o u s  s u b s c r i p t s  one  f u r t h e r  assum es t h a t  t h e  upper 

v a l u e s  o f  r ,  p ,  and n s h o u ld  be t h e  same ( s a y  N) and th e  

v a l u e  r e q u i r e d  f o r  t  s h o u ld  be t h e  same a s  t h e  upper v a lu e  

r e q u i r e d  f o r  m ( s a y  M). Note  t h a t  f o r  t h e  u s u a l  d imen

s i o n s ,  M £  N. Thus,  E q u a t io n s  30 and 31 can  be w r i t t e n  

as

M N nm „ rt
(4.4-30A )

t=0 r = l
n = l, 2 N

m=0,1,2 M

(4.4-31A )

In  p r i n c i p l e ,  s e t  o f  E q u a t io n s  30A have  N(M+1) unknown 

B’ s i n  N(M+1) e q u a t i o n s .  One ca n  t h e r e f o r e  u s e  E q u a t io n s  

30A t o  s o l v e  f o r  th e  B ' s  In  t er m s  o f  t h e  A’ s and D ' s .
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Upon s u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  f o r  t h e  B ' s  i n t o  

E q u a t io n  31A th e  r e s u l t i n g  N(M+1) s e t  o f  e q u a t i o n s  can  be  

used t o  s o l v e  f o r  t h e  A ' s  i n  terms o f  t h e  D ' s  and t h e n ,  

a f t e r  d i v i d i n g  each  e q u a t i o n  th ro u g h  by t h e  Apm,s ,  one 

can s o l v e  t h e  r e s u l t i n g  s e t  o f  e q u a t i o n s  f o r  t h e  

(Dpn/ A q S ) r a t i o s .  T h ese  r a t i o s  a r e  i n t e r p r e t e d  a s  t h e  

r e f l e c t i o n  c o e f f i c i e n t s  l o o k i n g  a t  t h e  j u n c t i o n .  In a 

s i m i l a r  manner th e  J u n c t i o n  t r a n s m i s s i o n  c o e f f i c i e n t  

r a t i o s  ca n  be o b t a in e d  by f i r s t  e l i m i n a t i n g  t h e  D f s and 

u l t i m a t e l y  s o l v i n g  f o r  t h e  (B /A ^s ) r a t i o s .

An a l t e r n a t e  t o  t h e  p r e v i o u s  p r o c ed u r e  f o r  e v a l u a t i n g  

th e  t r a n s m i s s i o n  and r e f l e c t i o n  c o e f f i c i e n t  r a t i o s ,  

how ev er ,  w i l l  be f o l l o w e d .  The aim o f  t h i s  a l t e r n a t e  

p r o c e d u r e  i s  t o  o r g a n i z e  t h e  c a l c u l a t i o n s  by u s i n g  m a t r i c e s ,  

Toward t h i s  end ,  t h e  f o l l o w i n g  m a t r i c e s  a r e  d e f i n e d :

A
( i )  _

. ( 2 )  _

,U>
np

X<2>np

( 4 .4 - 3 2 A )

( 4 .4 - 3 2 B )

O * nm
V ta ( 4 .4 - 3 2 C )

(1 ) _ r ( D
np

(414-32D)



(2 )  = y  (2 )
np
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(4.4-32E)

a r  =
rnm
r t ( 4 . 4 - 3 2 F )

A -
.pm

( 4 .4 - 3 2 G )

D -
.pm

( 4 .4 - 3 2 H )

B  -
, r t

( 4 . 4 - 3 2 1 )

/ 2 N
Note  t h a t  many terms In  some m a t r i c e s  ( su c h  a s  A  ) a r e  

i d e n t i c a l  s i n c e  t h e  e le m e n t  v a l u e s  a r e  t h e  same f o r  a l l  

v a l u e s  o f  m.

A f t e r  s u b s t i t u t i o n  o f  t h e  m a t r i c e s  i n t o  E q u a t io n s  30A 

and 31A, t h e  r e s u l t i n g  e q u a t i o n s  a re

A ( 4 . 4 - 3 3 )

(4.4-34)
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I t  i s  o b s e r v e d  from t h e  d e f i n i t i o n  o f  t h e  e l e m e n t s  i n  

E q u a t io n s  28 and 29 t h a t  i f  an  e le m e n t  i n  t h e  m a t r i x  

i s  z e r o ,  t h e n  t h e  c o r r e s p o n d i n g  e le m e n t  i n  t h e  or m a tr ix  

c a n n o t  be z e r o .  With m ult im ode  i n t e r a c t i o n ,  how ever ,  

t h e  same cannot  be s a i d  ab o u t  t h e  c o r r e s p o n d i n g  m a t r i c e s .

Upon e l i m i n a t i n g  m a t r i x  jQ from t h e  above  m a tr ix  

e q u a t i o n s  and s o l v i n g  f o r  m a tr ix  , one o b t a i n s :

A  T W  ( 4 . 4 - 3 5 )

where m a tr ix  T) i s  g i v e n  by one o f  t h e  f o l l o w i n g  e q u i v a 

l e n t  m a t r i x  e x p r e s s i o n s .

A -  E * "  < * '  % * ]

* f / f '  X 'J

=  f a r  ex" ' *  < * "  x>]

( 4 . 4 - 3 6 )

When some o f  t h e  m a t r i c e s  i n v o l v e d  a r e  s i n g u l a r ,  t h e  c h o i c e  

o f  which  e x p r e s s i o n  t o  u se  i n  E q u a t io n  36 i s  n o t  a r b i t r a r y  

s i n c e  t h e  i n v e r s e  o f  a s i n g u l a r  m a tr ix  i s  n o t  d e f i n e d .

The c a s e  i n  which m a t r i x  ca n n o t  be d e te r m in e d  from a t
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l e a s t  one o f  t h e  e x p r e s s i o n s  i n  E q u a t io n  36  i s  n o t  c o n 

s i d e r e d .  I t  i s  a l s o  presumed t h a t  m a t r i x  7?  i s  n o n s i n g u 

l a r .

For n o t a t i o n a l  c o n v e n i e n c e ,  t h e  modes w i l l  h e n c e f o r t h  

be d e s i g n a t e d  by one  i n t e g e r  i n s t e a d  o f  two.  Thus,  t h e  

( r ,  t )  mode f o r  s p e c i f i e d  v a l u e s  o f  r  and t  a r e  r e f e r r e d  

t o  a s  t h e  L mode where L i s  an i n t e g e r  t h a t ,  i n  e f f e c t ,  

o r d e r s  t h e  modes.

B e f o r e  p r o c e e d i n g ,  r e c a l l  t h a t  t h e  e l e m e n t s  o f  m a t r i x  

A  , A^m, c o r r e s p o n d  t o  t h e  a m p l i t u d e s  o f  t h e  i n c i d e n t  

e n e r g y  ( p ,  m) m odes .  In  t e r m s  o f  t h e  new n o t a t i o n ,  t h e s e  

a r e  r e f e r r e d  t o  a s  e l e m e n t s  A^. M a tr ix  A  i s  t h e r e f o r e  a 

column v e c t o r  o f  i n c i d e n t  modes.  The e l e m e n t s  o f  m a tr ix  

D  , D^m (or  where k i s  an i n t e g e r  in d e x )  c o r re sp o n d  

t o  t h e  a m p l i t u d e s  o f  r e f l e c t e d  en e rg y  ( p ,  m) modes.  I t  i s  

a column v e c t o r  o f  r e f l e c t e d  modes.  In  S e c t i o n  4 . 2 ,  i t  

was presumed t h a t  t h e  s o u r c e  c o n d i t i o n  g a v e  t h e  a m p l i t u d e s  

o f  A ^ ^ A ^ ) . For t h i s  c a s e ,  E q u a t io n  35 may be used t o  

d i r e c t l y  s o l v e  f o r  t h e  r e f l e c t e d ,  DPm(D^) c o e f f i c i e n t s .

A more g e n e r a l  s o u r c e  c o n d i t i o n  p r o v i d e s  an in d e p e n d en t  

r e l a t i o n s h i p  b e tw e e n  i n c i d e n t  A^m and r e f l e c t e d  DPm 

c o e f f i c i e n t s  ( f o r  e x a m p le ,  ( A  +P  ) may be known).  T h i s  

a d d i t i o n a l  r e l a t i o n s h i p  p l u s  E q u a t io n  35 t h e n  p e r m i t s  one  

t o  s o l v e  f o r  b o t h  t h e  i n c i d e n t  and r e f l e c t e d  c o e f f i c i e n t s .
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I t  I s  a g a i n  presumed t h a t  s i n g u l a r  m a t r i c e s  do not r e s u l t .  

Once t h e  A  a n d ©  m a t r i c e s  have been  e v a l u a t e d ,  th e  m a tr ix  

o f  t r a n s m i t t e d  e n e r g y  m odes ,  B  , may be d e te rm in ed  from  

m a tr ix  E q u a t io n  33 or 34 .

The p r e c e d i n g  p aragrap h  I n d i c a t e d  t h e  s i t u a t i o n  w i t h  

one j u n c t i o n .  (With m u l t i p l e  j u n c t i o n s ,  i t  a l s o  h o l d s  f o r  

t h e  j u n c t i o n  c l o s e s t  t o  t h e  s o u r c e . )  In t h e  c a s c a d e  approx-
rif

i m a t i o n .  i t  i s  d e s i r e d  t o  compute t h e  r a t i o s ,  R , d e f i n e d
nm

by

drt
Rr t  = nm

nm - Anm ( 4 . 4 - 3 7 )

where i n t e g e r s  ( " r ” and " t " ) and ("n ” and "m") r e f e r  t o
rt +■

t h e  ( r ,  t )  and (n ,  m) m odes ,  r e s p e c t i v e l y ,  and d ^  i s  t h e  

r e f l e c t e d  ( r ,  t )  mode a m p l i t u d e  due t o  an i n c i d e n t  ( n ,  m) 

mode. Assuming t h a t  s u p e r p o s i t i o n  o f  modes h o l d s ,  i t  

f o l l o w s  from t h e  d e f i n i t i o n  t h a t

( * . 1 , - 3 8 )
n,m n >m

The s i m i l a r i t y  b e tw e en  t h i s  r a t i o  and t h e  d e f i n i t i o n  o f. r t
t h e  P  r a t i o  In  E q u a t io n  11 s h o u ld  be a p p a r e n t .  In  f a c t ,

n /* \

when t h e ‘’R * r a t i o s  a r e  " t r a n s f e r r e d ” t o  t h e  n e x t  j u n c t i o n
''fl *c l o s e s t  t o  t h e  i n p u t ,  i t  s e r v e s  a s  t h e  / r a t i o s  i n  t h i s



147
j u n c t i o n  a n a l y s i s .  The method f o r  t r a n s f e r r i n g  t h e s e  

r a t i o s  w i l l  be c o n s i d e r e d  s u b s e q u e n t l y .  In terms o f  t h e  new 

n o t a t i o n ,  E q u a t io n  38 becomes

-  £ d£ -  £ aL (H .4 -3 8 A )
L L

where L I s  a l s o  an i n t e g e r  in d ex  and from Equat ion  37

„k _ dL ( 4 . 4 - 3 7 A )

R e f e r  now t o  E q u a t io n  35 and decompose m atr ix  v e c t o r

A  I n t o  a s e t  o f  N m a t r i x  v e c t o r s  f o r  k = 1 ,  2 ,  . .  . ,N

such  t h a t  i s  o b t a in e d  from A  by s e t t i n g  a l l  but t h e

k^h e lem en t  e q u a l  t o  z e r o .  From t h i s  d e f i n i t i o n  i t  f o l l o w s  

t h a t

A  = kf ^ k ( 4 . 4 - 3 9 )

Fu rth er m o r e ,  l e t  k be d e f i n e d  by

-1 k
n  *

( 4 . 4 - 4 0 )

The Lt h  e lem en t  o f  column v e c t o r  D k , d k, a r e  used i n  t h e  

d e f i n i t i o n  o f  r£  g i v e n  by E quat ion  37A and t h e r e f o r e  Rk 

may be d e t e r m in e d .
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The p r o c ed u r e  f o r  t r a n s f e r r i n g  t h e  "R" r a t i o s  t o  a 

new l o c a t i o n  i n  r e g i o n  "bM and t h e r e b y  d e te r m in e  t h e  " p  " 

r a t i o s  f o r  t h e  n e x t  j u n c t i o n  w i l l  now be i n d i c a t e d .  From 

E q u a t io n s  1 and 38  i t  f o l l o w s  t h a t

E -  ZZ ! [ > ? *  H( 2 ) (k r) + ZZ E?”  A1J H( “ ( t  r ) I s in  cos (.Sb P-l[L f1 ' i“l f1 1 J ° [
m=0 o j=0 o

( 4 . 4 - 4 1 )

When t h e  v a l u e  o f  r  a t  t h e  n ex t  j u n c t i o n  t o  be a n a ly z e d  i s  

put i n t o  t h i s  e q u a t i o n ,  i t  i s  s e e n  t h a t  E q u at ion  4 l  

r e p l a c e s  E q u a t io n  9 f o r  t h i s  new j u n c t i o n  a n a l y s i s .  One 

a l s o  s e e s  t h a t  t h e  "R*s" a r e  now t h e  " P V  f o r  t h i s  J u n c 

t i o n  a n a l y s i s .

4 . 5  Summary and C o n c l u s i o n s

T h is  c h a p t e r  s t u d i e d  t h e  j u n c t i o n  b e tw een  nonuniform  

w a v e g u id e s  and s u g g e s t e d  t h a t  some nonuniform  w a v eg u id es  

t h a t  ca n n o t  be c o n v e n i e n t l y  a n a ly z e d  by t h e  methods o f  

Chapter 3 can be app rox im ated  by a c a s c a d e  o f  nonuniform  

w a v eg u id es  such t h a t  each  w aveguide  s e c t i o n  s a t i s f i e s  

t h e  n e c e s s a r y  c o n s t r a i n t s .  The p r o p a g a t i o n  b e h a v io r  o f  

t h e  e n t i r e  nonuniform  w aveguide  can  be comprehended by
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j o i n i n g  t h e  i n d i v i d u a l  w avegu ide  s e c t i o n s .  T h is  c a s c a d e d  

nonuniform w a v eg u id e  a p p r o x im a t io n  a l l o w s  l a r g e  and r a p i d  

boundary v a r i a t i o n s  t o  be c o n s i d e r e d .  In t h i s  a p p r o x i 

m a t io n  th e  s tu d y  o f  t h e  J u n c t i o n  b e tw ee n  nonuniform wave

g u i d e s  i s  im p o r ta n t  b e c a u s e  t h e  n a t u r e  o f  t h e  c o u p l i n g  

b etw een  th e  v a r i o u s  w avegu ide  modes l i e s  i n  an u n d e r s t a n d 

i n g  o f  th e  w a v eg u id e  j u n c t i o n  a n a l y s i s .  A j u n c t i o n ,  a s  

d e f i n e d  i n  t h i s  d i s s e r t a t i o n ,  i s  t h e  j o i n i n g  o f  two d i f f e r 

e n t  c o o r d i n a t e  s y s t e m s .  I t  may ( o r  may n o t )  have an a s s o 

c i a t e d  edge i n  t h e  w avegu id e  w a l l .

The major c o m p l i c a t i o n  i n  u s i n g  t h e  H er tz  v e c t o r  p o t e n 

t i a l  t o  a n a l y z e  t h e  j u n c t i o n  b e tw ee n  nonuniform  w a v e g u id e s  

i s  t h a t  t o  be c o n s i s t e n t  w i t h  t h e  f o r m u l a t i o n  o f  Chapter  3 ,  

t h e  H ertz  v e c t o r  p o t e n t i a l  i s  u s u a l l y  c h o s e n  t o  be i n  a 

d i f f e r e n t  o r i e n t a t i o n  on b oth  s i d e s  o f  t h e  nonuniform wave

g u i d e  j u n c t i o n .  T h i s  d i r e c t i o n  ch a n g e  i s  a c o n s e q u e n c e  o f  

t h e  d i f f e r e n t  c o o r d i n a t e s  t h a t  a r e  u se d  on both  s i d e s  o f  

t h e  j u n c t i o n  i n  o r d e r  t o  f a c i l i t a t e  s a t i s f y i n g  t h e  wave

g u i d e  w a l l  boundary c o n s i d e r a t i o n s .  F u rth erm o re ,  t h e  

g e n e r a l  m u lt i -m o d e  nonuniform  w a v eg u id e  j u n c t i o n  i s  com

p l i c a t e d  by c r o s s  c o u p l i n g  b e tw een  E-modes and H-modes.

For t h e  c a s ca d e d  nonuniform  w a v eg u id e  s i t u a t i o n  b e i n g  c o n 

s i d e r e d ,  how ever ,  t h e  w avegu ide  w a l l s  a r e  e i t h e r  smooth  

or  a lm o s t  smooth and t h e r e f o r e  t h e  e f f e c t s  o f  edge d i s 

c o n t i n u i t i e s  a t  t h e  j u n c t i o n  a r e  assumed t o  be s m a l l .
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I t  i s  t h e r e f o r e  assumed t h a t  t h e  e l e c t r i c  and m a g n e t ic  f i e l d  

i n t e n s i t i e s  e x p r e s s e d  on b o t h  s i d e s  o f  t h e  j u n c t i o n  can  be- 

e q u a te d  i n  t h e  j u n c t i o n  r e g i o n .  T h i s  c o n d i t i o n  f u r t h e r  

assum es  t h a t  i n  t h e  J u n c t i o n  r e g i o n  t h e  modal e x p a n s i o n s  o f  

t h e  f i e l d s  on b o t h  s i d e s  o f  t h e  j u n c t i o n  e i t h e r  form a com

p l e t e  s e t  In  t h e  j u n c t i o n  r e g i o n  or t h a t  t h e  m i s s i n g  t e r m s  

a r e  n e g l i g i b l y  s m a l l .  In a d d i t i o n ,  i t  has  b een  assumed  

t h a t  t h e  c o o r d i n a t e  t r a n s f o r m a t i o n  r e l a t i n g  t h e  c o o r d i n a t e s  

on t h e  r i g h t  s i d e  o f  t h e  J u n c t i o n  t o  t h e  c o o r d i n a t e s  on t h e  

l e f t  s i d e  o f  t h e  j u n c t i o n  i s  o n e - t o - o n e  and c o n t i n u o u s .

The p ro c ed u re  f o r  a n a l y z i n g  a j u n c t i o n  o f  t h e  t y p e  b e i n g  

c o n s i d e r e d  i s  t o  e x p r e s s  t h e  f i e l d s  In  t erm s  o f  t h e  modes  

and c o o r d i n a t e s  on b o t h  s i d e s  o f  t h e  j u n c t i o n .  The modes  

on t h e  r i g h t  s i d e  o f  t h e  j u n c t i o n  a r e  t h e n  presumed t o  be 

e x p r e s s i b l e  i n  t er m s  o f  t h e  c o o r d i n a t e s  and modes on t h e  

l e f t  s i d e  o f  t h e  j u n c t i o n .  These  r e s u l t s  s h o u ld  be e q u a l  

t o  t h e  e x p a n s io n  on t h e  l e f t  s i d e  o f  t h e  j u n c t i o n .  As a  

c o n v e n i e n t  a r t i f i c e ,  t h e  modes on t h e  r i g h t  s i d e  o f  t h e  

j u n c t i o n  were s u b d i v i d e d  i n t o  a c o n s t i t u e n t  t h a t  i s  r e l a t e d  

t o  t h e  t o t a l i t y  o f  E-modes on t h e  l e f t  s i d e  o f  t h e  j u n c 

t i o n  and a c o n s t i t u e n t  t h a t  i s  r e l a t e d  t o  t h e  t o t a l i t y  o f  

Ji-modes on t h e  l e f t  s i d e  o f  t h e  j u n c t i o n .  The r e s u l t i n g  

c o m p l i c a t e d  e q u a t i o n s  h o ld  i n  t h e  J u n c t i o n  r e g i o n .  On t h e  

j u n c t i o n  a p e r t u r e  s u r f a c e  t h e s e  e q u a t i o n s  and outward g o i n g
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d i r e c t i o n a l  d e r i v a t i v e s  o f  t h e s e  e q u a t i o n s  c a n ,  i n  p r i n c i p a l ,  

be used  t o  s o l v e  t h e  j u n c t i o n  prob lem .  By s o l v i n g  f o r  

r a t i o s ,  I t  i s  u s u a l l y  p o s s i b l e  t o  c h a r a c t e r i z e  th e  j u n c t i o n  

Ind e p e n d e n t  o f  t h e  s o u r c e  and lo a d  c o n d i t i o n s .

From a p r a c t i c a l  p o i n t  o f  v i e w ,  e n g i n e e r s  u s u a l l y  a r e  

i n t e r e s t e d  i n  t h e  e f f e c t  t h a t  t h e  J u n c t i o n  has  on p r o p a g a t 

i n g  modes r a t h e r  th a n  t h e  f i e l d s  i n  t h e  v i c i n i t y  o f  t h e  

a p e r t u r e  s u r f a c e .  Thus ,  t h e y  u s u a l l y  c o n s i d e r  two s u r f a c e s ,  

one s u f f i c i e n t l y  t o  t h e  r i g h t  o f  t h e  J u n c t i o n  and one s u f 

f i c i e n t l y  t o  t h e  l e f t  o f  t h e  J u n c t i o n  suc h  t h a t  nonpropa

g a t i n g  modes t o  have  a t t e n u a t e d  t o  n e g l i g i b l e  a m p l i t u d e s .

By u s i n g  t h e  t r a n s m i s s i o n  l i n e  e q u a t i o n  f o r  each  r e g i o n  f o r  

e a c h  o f  t h e  p r o p a g a t in g  i n p u t  and o u t p u t  modes,  t h e  s c a t t e r  

p a r a m e te r s  f o r  t h e  r e g i o n  i n v o l v e d  may be d e t e r m i n e d .  For  

M Input  p r o p a g a t in g  modes and N o u tp u t  p r o p a g a t in g  m odes ,  

an (M + N) order  s c a t t e r  param eter  m a t r i x  r e s u l t s .  One

a d v a n ta g e  o f  i n t r o d u c i n g  s c a t t e r  p a r a m e te r s  i s  t h a t  t h e s e

p a r a m e te r s  can o f t e n  be d e te r m in e d  e x p e r i m e n t a l l y .

For t h e  s p e c i a l  c a s e  In  which one ca n  c h o o s e  t h e  Hertz  

v e c t o r  p o t e n t i a l s  t o  be i n  t h e  same d i r e c t i o n  on b o th  s i d e s  

o f  t h e  j u n c t i o n  and t h e r e  i s  no c r o s s  c o u p l i n g  betw een  

E-modes and H-modes, t h e  more c o m p l i c a t e d  j u n c t i o n  a p e r t u r e

p r o c e s s  y i e l d s  e q u a t i o n s  t h a t  r e d u c e  t o
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TT = TT , ea eb

3 r rea 3tteb
3u' 3u'

(4.5-1)

(**.5-2)

% — ITha hb

3 tt.

3u
ha
3

3tteb

3u'

(**.5-3)

( 4 . 5 - 4 )

T h i s  s p e c i a l i z a t i o n  can  u s u a l l y  be a c h i e v e d  f o r  t h e  broad  

c l a s s  o f  c a s e s  i n  which  one o f  t h e  c o o r d i n a t e  s u r f a c e s  

a r e  s u f f i c i e n t l y  smooth a c r o s s  t h e  w a v e g u id e  j u n c t i o n  

by c h o o s i n g  t h e  H ertz  v e c t o r  t o  be normal t o  t h i s  s u r f a c e .  

The j u n c t i o n  b e tw een  u n i fo rm  w a v e g u id es  and s e c t o r i a l  wedges  

a r e  i l l u s t r a t i v e  o f  t h e  a b o v e  s p e c i a l i z a t i o n .  The s e c t o r i a l  

wedge t o  un iform  w a v eg u id e  j u n c t i o n  was used  t o  i l l u s t r a t e  

t h e  d e t a i l s  o f  " t r a n s f e r r i n g ' ’ model c o n s t a n t s  a c r o s s  t h e  

j u n c t i o n .



CHAPTER 5

CONCLUSIONS

A nonuniform w avegu id e  i s  i n i t i a l l y  a n a l y z e d  i n  term s  

o f  n o n - o r t h o g o n a l  g e n e r a l i z e d  c o o r d i n a t e s  u t i l i z i n g  t h e  

H ertz  v e c t o r  p o t e n t i a l s  and t h e  Riemann m e t r i c  t e n s o r .

When t h e  Hertz  p o t e n t i a l  i s  e x p r e s s i b l e  a s  a f u n c t i o n  o f
3

t h e  p r o p a g a t io n  c o o r d i n a t e ,  u , t i m e s  a f u n c t i o n  o f  th e  
1 2t r a n s v e r s e  (u , u ) c o o r d i n a t e s  ( p a r t i a l  s e p a r a t i o n ) ,  t h e n  

t h e  nonuniform w a v eg u id e  can  be r e p r e s e n t e d  by t r a n s v e r s e  

e q u a t i o n s  and a s e t  o f  u n co u p led  nonuniform t r a n s m i s s i o n
3

l i n e s .  P r o p a g a t io n  i s  s t u d i e d  a l o n g  t h e  u c o o r d i n a t e  by 

means o f  t h e  r e s u l t i n g  u n co u p led  nonuniform  t r a n s m i s s i o n  

l i n e s . 1 The d e s i r e d  p a r t i a l  s e p a r a t i o n  i s  a c h i e v e d  w i t h

c o o r d i n a t e s  t h a t  f a c i l i t a t e  s a t i s f y i n g  t h e  boundary c o n d i -
2

t i o n s  when t h e  c o n d i t i o n s  summarized i n  T a b le  5 - 1  are  

s a t i s f i e d .  I t  was d e m o n s tr a te d  t h a t  t h e s e  c o n s t r a i n t s  p r o 

v i d e  g u i d e l i n e s  f o r  d e d u c i n g  a u s e f u l  c o o r d i n a t e  sy s tem  t o  

d e s c r i b e  t h e  nonuniform  w a v e g u id e .  In  t erm s  o f  t h e  r e s u l t 

i n g  c o o r d i n a t e  s y s t e m  t h e  nonuniform w a v eg u id e  may be 

d e s c r i b e d  by t r a n s v e r s e  e q u a t i o n s  and a  s e t  o f  uncoupled

^Appendix A r e v i e w s  t h e  c u r r e n t  n onuniform  t r a n s m i s s i o n  
l i n e  t h e o r y .

2T h i s  t a b l e  i s  i d e n t i c a l  t o  T a b le  3 . 4 - 1 .



Table 5 - 1

Sufficient Conditions to Factor
3

Out t h e  u Dependence

l ?u or  u a r e  c o n s t a n t s  on t h e  w aveguide  w a l l s .

P r o p a g a t io n  c o o r d i n a t e ,  u ^ ,  i s  o r t h o g o n a l  t o  b o th  t r a n s 

v e r s e  c o o r d i n a t e s  ( t h e  t r a n s v e r s e  c o o r d i n a t e s  need n o t  be  

o r t h o g o n a l  t o  each  o t h e r ) .

The g33  m e t r i c  c o e f f i c i e n t  i s  in d e p e n d e n t  o f  u 1 and u^.

For c o n v e n i e n c e ,  one u s u a l l y  t r i e s  t o  s e l e c t  g33 = i #

The l o g a r i t h m i c  d e r i v a t i v e  o f  th e  d e t e r m in a n t  o f  th e  m e t r i c  

c o e f f i c i e n t s  depends  o n ly  upon t h e  p r o p a g a t i o n  c o o r d i n a t e .  

I t  i s  e q u a l  t o  t h e  l o g a r i t h m i c  d e r i v a t i v e  o f  t h e  t r a n s 

v e r s e  s u r f a c e  a r e a  when g33  =

The c o o r d i n a t e  s u r f a c e s  a r e  o n e - t o - o n e  c o n t i n u o u s  d i f f e r e n 

t i a b l e  f u n c t i o n s  o f  c a r t e s i a n  c o o r d i n a t e s .
p

The t r a n s v e r s e  L a p l a c i a n ,  V£ ,  may be e x p r e s s e d  in  one o f  

two g e n e r a l  form s .

^ t  = ^ i ( u ^ )« ^ i  where X ^  i s  an o p e r a t o r  t h a t  i s  i n d e 

pendent  o f  u^. i n  t h i s  c a s e  u 2 ) roust s a t i s f y

t h e  e i g e n v a l u e  e q u a t i o n  Wx\ + ^ n  = ® where

y ^ n j a r e  t h e  e i g e n v a l u e s  t o  be d e t e r m i n e d .  The c o r r e s 

ponding  u^ e q u a t i o n  f o r  I n (u^) i s

P- u U 3 )  - * (u 2 \  U  ) ( U 3 )•]
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Table 5-1 (continued)

. B. = 4  2 ^ ^ )  ^ i  + §2  ) *^2 where X  ̂ and X 2

a r e  o p e r a t o r s  t h a t  a r e  in d ep en d en t  o f  u^. In t h i s
1 O

c a s e , r n (u , u ) must s i m u l t a n e o u s l y  s a t i s f y  e i g e n 

v a l u e  e q u a t io n s

A  \  * *L*„ ° 0

#2 *n + Y2n *n * 0

where ^  jf ^ j a n d  (- f  2 n ja r e  e i g e n v a l u e s  t o  be 

d e t e r m in e d .  When t h i s  i s  a c h i e v e d ,  t h e  c o r r e s p o n d in g  

U3 e q u a t io n  f o r  I n (u3)  i s

1n + K  + Ko2 -  5l<"3> v L  -  «2 <"3) 4  ^  •  0



rionuniform t r a n s m i s s i o n  l i n e s  and t h e r e b y  e n a b l e s  n o n u n i -  

form t r a n s m i s s i o n  l i n e  t h e o r y  t o  be a p p l i e d  t o  t h e  s tu d y  o f  

nonuniform  w a v e g u i d e s .  T h ese  g u i d e l i n e s  a r e  a l s o  s i g n i f i 

c a n t  b e c a u s e ,  in  g e n e r a l ,  one d o es  n o t  know what c o o r d i n a t e s  

t o  c h o o s e .  F u rth erm o re ,  when t h e  g J:5 component o f  th e  

m e t r i c  t e n s o r  i s  u n i t y ,  term s  in  t h e  nonuniform  t r a n s m i s s i o n  

l i n e  d i f f e r e n t i a l  e q u a t i o n  and nonuniform t r a n s m i s s i o n  l i n e  

p a r a m e te r s  such a s  c h a r a c t e r i s t i c  im pedance ,  and th e  per  

l e n g t h  a d m it t a n c e  and impedance a r e  r e l a t e d  t o  t h e  l o g a r i t h -  

m e t i c  d e r i v a t i v e  o f  t h e  t r a n s v e r s e  s u r f a c e  a r e a .  A l l  r e s u l t s  

r e d u c e  t o  t h o s e  o f  t h e  u n i form  w avegu ide  a s  a s p e c i a l  c a s e .

When t h e  above c o n s t r a i n t s  cannot  be s a t i s f i e d  i t  i s  

o f t e n  p o s s i b l e  t o  a p p ro x im a te  th e  o v e r a l l  nonuniform  wave

g u i d e  by a c a s c a d e  o f  nonuniform  w a v eg u id es  suc h  t h a t  each  

w a v eg u id e  s e c t i o n  s a t i s f i e s  t h e  r e q u i r e d  c o n s t r a i n t s .  T h i s  

l e d  t o  a s tu d y  o f  t h e  j u n c t i o n  betw een  nonuniform  w a v e g u id e s .  

The g e n e r a l  j u n c t i o n  a n a l y s i s  i s  v a l i d  f o r  b o th  mult imode  

and s i n g l e  mode s i t u a t i o n s .  In a d d i t i o n ,  t h e  t h e o r y  a l l o w s  

c r o s s - c o u p l i n g  b e tw een  E-modes and H-modes t o  occu r  a t  th e  

j u n c t i o n .  The s p e c i a l i z a t i o n  o f  th e  g e n e r a l  j u n c t i o n  t h e o r y  

t o  t h e  a n a l y s i s  o f  j u n c t i o n s  which can be s o l v e d  by c h o o s i n g  

t h e  H ertz  v e c t o r  p o t e n t i a l  t o  be i n  t h e  same d i r e c t i o n  on 

b o th  s i d e s  o f  th e  j u n c t i o n ,  was a l s o  c o n s i d e r e d  and i l l u s -



s t r a t e d .  I t  was a l s o  n o ted  t h a t  t h e  a p p r o p r i a t e  w aveguide  

w a l l  boundary c o n d i t i o n s  depend upon t h e  d i r e c t i o n  o f  t h e  

H ertz  v e c t o r  p o t e n t i a l .



CHAPTER 6

SUGGESTIONS FOR FURTHER INVESTIGATION

Areas f o r  f u t u r e  i n v e s t i g a t i o n  f o l l o w  d i r e c t l y  from 

r em o v in g  or r e l a x i n g  c o n s t r a i n t s  and a s s u m p t i o n s  t h a t  

have b een  im posed .  Th u s ,  f o r  f u t u r e  i n v e s t i g a t i o n  one  

may a l s o  c o n s i d e r  t h e  p r e s e n c e  o f  inhomogenous d i e l e c t r i c s ,  

media  l o s s e s ,  a n d /o r  w a v eg u id e  w a l l  l o s s e s .  One can a l s o  

a t t e m p t  t o  e x te n d  t h e  r e s u l t s  t o  open s t r u c t u r e d  nonuniform  

w a v e g u i d e s ,  d i e l e c t r i c  nonuniform  w a v e g u i d e s ,  s lo w  wave 

n onuniform  w avegu ide  s t r u c t u r e s  a n d /o r  l e a k y  wave s t r u c 

t u r e s .  In a d d i t i o n ,  t h e  c a s e  i n  which  t h e  w avegu ide  bound

a r y  i s  d e s c r i b e d  by more th a n  two s e t s  o f  s u r f a c e s  can be  

c o n s i d e r e d . ^

A nother  p r o m is in g  a r e a  i s  t o  i n v e s t i g a t e  t h e  e f f e c t  on  

t h e  s o l u t i o n  o f  s m a l l  p e r t u r b a t i o n s  i n  t h e  c o n s t r a i n t s .

Such r e s u l t s  may j u s t i f y  u s i n g  t h e  r e s u l t s  o f  Chapter 3 

e v e n  when t h e  r e q u i r e d  c o n d i t i o n s  a r e  o n l y  a p p r o x i m a t e l y  

t r u e .

As f a r  a s  j u n c t i o n s  a r e  c o n c e r n e d ,  t h e  t h e o r y  p r e s e n t e d  

In  t h i s  d i s s e r t a t i o n  may be v iew ed  a s  a s t e p p i n g  s t o n e  

to w a rd s  t h e  a n a l y s i s  o f  more c o m p l i c a t e d  j u n c t i o n s .  T h i s

■̂ The a u th o r  has  i n i t i a t e d  f u r t h e r  work i n  t h i s  a r e a  and 
i n i t i a l  r e s u l t s  a r e  e n c o u r a g i n g .
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t h e o r y  would b e n e f i t  g r e a t l y  from a f u r t h e r  s tu d y  o f  th e  

c a s e  i n  which  t h e  modes on b o th  s i d e s  o f  t h e  j u n c t i o n  do 

n o t  have o v e r l a p p i n g  or t a n g e n t i a l  domains  o f  d e f i n i t i o n .

A s tu d y  o f  c o n d i t i o n s  a t  t h e  edge  and w i t h  l a r g e r  d i s c o n 

t i n u i t i e s  would a l s o  be h e l p f u l .  F u r th e r m o r e ,  i n  t h e  

e n g i n e e r i n g  a n a l y s i s  o f  j u n c t i o n s ,  t h e  i n f i n i t e  s e t s  o f  

e q u a t i o n s  and v a r i a b l e s  a r e  t r u n c a t e d  t o  f i n i t e  s e t s .  In  

g e n e r a l ,  how ev er ,  t h e  s p e c i f i c  f i n i t e  s e l e c t i o n  i s  not  

c l e a r l y  ap p a ren t  and f u r t h e r  i n v e s t i g a t i o n  o f  t h e  methods  

f o r  c h o o s i n g  t h e  t r u n c a t e d  s e t  i s  i n  o r d e r .  T h i s  l a t t e r  

p rob lem  i s  a l r e a d y  o f  c u r r e n t  i n t e r e s t  [ 2 2 ,  3 0 , 5 ^ ] .

I t  would a l s o  be u s e f u l  t o  o b t a i n  g r e a t e r  in s igh t  about  

which  s p e c i f i c  g e o m e t r i e s  a r e  s o l v a b l e  by t h e  t e c h n i q u e s  

p ro p o se d  i n  t h i s  d i s s e r t a t i o n .  Towards t h i s  e n d ,  i t  w i l l  

be u s e f u l  t o  a p p ly  t h e  t h e o r y  t o  many e x a m p l e s . !  The 

ex a m p le s  p r e s e n t e d  i n  t h i s  d i s s e r t a t i o n  used  a  g33 m e tr i c  

c o e f f i c i e n t  o f  u n i t y .  T h ese  exam ples  s h o u ld  a l s o  I n v e s t i 

g a t e  n o n - u n i t y  v a l u e s  o f  t h i s  m e t r i c  c o e f f i c i e n t  .•*■ I n s i g h t  

may a l s o  be g a in e d  by i n v e s t i g a t i n g  t h e  a n a l y t i c  p r o p e r t i e s  

o f  t h e  s o l u t i o n s  by f u n c t i o n  t h e o r e t i c  m ethods  and by 

e x p e r i m e n t a l  m easurements  on v a r i o u s  nonuniform  w a v eg u id es  

and j u n c t i o n s .  T h ese  s t u d i e s  may form t h e  b a s i s  o f  n o n u n i

form w avegu id e  s y n t h e s i s  p r o c e d u r e s .
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APPENDIX A

ANALYSIS OF NONUNIFORM TRANSMISSION LINES

A1. I n t r o d u c t i o n

One o f  t h e  g o a l s  o f  Chapter  3 I s  t o  r e p r e s e n t  t h e  n o n -  

u n iform  w a v eg u id e  by a s e t  o f  u n cou p led  nonuniform  t r a n s 

m i s s i o n  l i n e s .  T h i s  a p p e n d ix  r e v i e w s  t h e  t e c h n i q u e s  f o r  

a n a l y z i n g  t h e  nonuniform t r a n s m i s s i o n  l i n e s  t h a t  r e s u l t . ^

Nonuniform t r a n s m i s s i o n  l i n e s  have many s i g n i f i c a n t  

p r a c t i c a l  a p p l i c a t i o n s .  T.E.M. wave nonuniform  t r a n s m i s 

s i o n  l i n e s  f i n d s  a p p l i c a t i o n  a s  a broadband m a tch in g  d e v i c e  

[ 1 3 ] ,  d i r e c t i o n a l  c o u p l e r  [ 5 1 ] »  and s p e c i a l i z e d  f i l t e r s  

[1 3 ]  ( e s p e c i a l l y  t h e  a l l - p a s s  v a r i e t y  [ 5 8 ] ) .  These  d e v i c e s  

f i n d  a g r e a t  d e a l  o f  a p p l i c a t i o n  i n  microwave r a d a r  and 

com m unicat ion  s y s t e m s .  Waveguide t y p e s  were d i s c u s s e d  i n  

Chapter 1 .

The a n a l y s i s  t e c h n i q u e s  t o  be d i s c u s s e d  a r e  b r o a d l y  

c l a s s i f i e d  a s  e x a c t  s o l u t i o n  t e c h n i q u e s  and a p p r o x im a te  

s o l u t i o n  t e c h n i q u e s .

A2. E x a c t  S o l u t i o n  T e c h n iq u e s

Exact  s o l u t i o n s  t o  t h e  n o n -u n i fo r m  t r a n s m i s s i o n  l i n e  

a r e  o b t a i n e d  e i t h e r  by d i r e c t  s o l u t i o n  (when t h e  problem

^ A d d i t i o n a l  b i b l i o g r a p h y  i s  I n d i c a t e d  i n  r e f e r e n c e  [ 1 9 ] .
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i s  s im p l e  enough) or by means o f  t r a n s f o r m a t i o n s .  T h is  

s e c t i o n  w i l l  d i s c u s s  t h e s e  a p p r o a c h e s .  Only s i n u s o i d a l  

e x c i t a t i o n  i s  c o n s i d e r e d .

The problem i s  t o  s o l v e

where V = V (x )  and I = I ( x )  a r e  t h e  s t e a d y  s t a t e  s i n u s o i d a l  

phasor  v o l t a g e  and c u r r e n t ,  r e s p e c t i v e l y ,  a l o n g  t h e  t r a n s 

m i s s i o n  l i n e ;  z ( x )  and y ( x )  a r e  t h e  s e r i e s  impedance per  

l e n g t h  and shunt  a d m it t a n c e  per  l e n g t h ,  r e s p e c t i v e l y ,  a lo n g  

t h e  t r a n s m i s s i o n  l i n e ,  and x i s  t h e  d i s t a n c e  measured a lo n g  

t h e  l i n e .  E q u a t io n s  1 and 2 can  be w r i t t e n  i n  t erm s  o f  

c u r r e n t  or  v o l t a g e  a l o n e  by d i f f e r e n t i a t i n g  one e q u a t i o n  

w it h  r e s p e c t  t o  x and s u b s t i t u t i n g  t h e  v a l u e  o f  t h e  f i r s t  

d e r i v a t i v e  from t h e  o t h e r  e q u a t i o n .  When t h i s  i s  d o n e ,  i t  

r e s u l t s  t h a t

9 1  = - y ( x ) V ( A - l )

and

3V = —z ( x ) I (A -2)

v "  = Z v ' +  yzV (A-3)
z

and

I4f (A-4)
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where p r im e s  d e n o t e  d i f f e r e n t i a t i o n  w i th  r e s p e c t  t o  p o s i 

t i o n ,  x .  These  e q u a t i o n s  a r e  o f t e n  r e w r i t t e n  a s

V = ( l n z ) />V /  + yzV ( A—5)

I = ( l n y ) ^  I X + y z l  (A-6)

One o b s e r v e s  t h a t  f o r  a l o s s l e s s  t r a n s m i s s i o n  l i n e ,  th e  

a d m it t a n c e  per  l e n g t h  becomes t h e  c a p a c i t y  p er  l e n g t h  and 

th a t  t h e  impedance  per l e n g t h  becomes th e  i n d u c t a n c e  per  

l e n g t h .

With t h i s  a s  background ,  c o n s i d e r  t h e  e x p o n e n t i a l  l i n e  

[ 1 3 , 573 d e f i n e d  such t h a t  t h e  impedance and a d m i t t a n c e  per  

l e n g t h  a r e  g i v e n  by

z ( x )  = z^e'.ax

y ( x )  = y-je
- a x

(A -7 )

( A- 8 )

where t h e  c o n s t a n t ,  a ,  ( o r  i t s  n e g a t i v e )  i s  c a l l e d  t h e  

" f l a r e ” c o n s t a n t  o f  th e  l i n e  and z^ and y^ a r e  c o n s t a n t s .  

One o b s e r v e s  t h a t  f o r  t h i s  s p e c i f i c  v a r i a t i o n ,  E q u a t io n  3 

(or  5)  and E q u a t io n  *1 (o r  6)  become

v "  & aV / + zxy V (A-9)
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and

l "  = -alx + (A-10)

r e s p e c t i v e l y .  S in c e  t h e s e  a r e  c o n s t a n t  c o e f f i c i e n t  equa

t i o n s ,  t h e  problem i s  r e a d i l y  s o l v a b l e .

I f  E q u a t io n s  7 and 8 a r e  s u b s t i t u t e d  i n t o  E q u a t io n s  

1 and 2 ,  one o b t a i n s

31 ax
5 T  = -  y xe a V ( A - l l )

* 1  ax
3 x  = ‘  V  1 ( A- 1 2 )

These  e q u a t i o n s  a r e  o f t e n  used  a s  an a l t e r n a t e  d e f i n i t i o n  

o f  t h e  e x p o n e n t i a l  l i n e .  A l s o  n o t e  t h a t  t h e  c h a r a c t e r i s t i c  

impedance (and a d m i t t a n c e )  a l s o  v a r i e s  e x p o n e n t i a l l y  s i n c e

z ° c*} * 'IF '
(A-13)

In a s i m i l a r  manner,  some o t h e r  t y p e s  o f  v a r i a t i o n s  a r e  

o b s e r v e d  t o  y i e l d  d i f f e r e n t i a l  e q u a t i o n s  t h a t  a r e  d i r e c t l y  

s o l v a b l e .  One such nonuniform  t r a n s m i s s i o n  l i n e  i s  th e  

B e s s e l  l i n e  d e f i n e d  by



Z(X ) = z ̂x

y ( x )  = y^x yS

164
(A-14)

( A - 1 5 )

where z^ ,  y , °< and &  a r e  c o n s t a n t s .

R e c e n t ly ,  Berger [5] s u c c e e d e d  i n  e x t e n d i n g  any o f  th e  

s o l v e d  p rob lem s  i n t o  a w h o le  s e t  o f  s o l v e d  prob lem s  by 

means o f  t r a n s f o r m a t i o n  o f  v a r i a b l e s .  He o b s e r v e d  t h a t  

i f  a nonuniform  t r a n s m i s s i o n  l i n e  t h a t  i s  c h a r a c t e r i z e d  

by

z = A ( x ) y = B ( x ) ( A - l 6 )

has  a s o l u t i o n

V ( x ) = K ^ C x )  + K2V2 ( x ) ( A - 1 7 )

where V^Cx) and V2 ( x )  a r e  l i n e a r l y  in d e p e n d e n t  f u n c t i o n s  

and and K2 a r e  c o n s t a n t s ,  t h e n  t h e  problem

z « f ' ( x )  A [ f ( x ) ]  y = f ' ( x )  B [ f ( x ) ]  (A-18)

where f ( x )  i s  an a r b i t r a r y  d i f f e r e n t i a b l e  f u n c t i o n ,  has  a 

s o l u t i o n

V ( x ) = K1v 1 C f ( x ) D  + K2v 2 C f ( x ) 3 ( A- 1 9 )
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/
I ' =  - y xV ( A - 2 0 )V

has a s o l u t i o n

V (x )  = K-̂ e ( A - 2 1 )

The s o l u t i o n  t o  t h e  more g e n e r a l  problem

V / = -  I z 2f  X( x )  . l '  = -V y 2f ' ( x ) ( A - 2 2 )

(where f ( x )  i s  r e l a t i v e l y  a r b i t r a r y  and z 2 and y 2 a re  

c o n s t a n t s )  i s  s e e n  by E q u a t io n s  19 and 21 t o  be

In a s i m i l a r  manner, Berger  e x t e n d s  t h e  s o l u t i o n s  t o  th e  

e x p o n e n t i a l  and B e s s e l  l i n e  t o  encompass  a b ro a d er  c l a s s  

o f  p r o b le m s .

The i d e a  o f  t r a n s f o r m i n g  t o  a new s e t  o f  v a r i a b l e s  can  

a l s o  be u se d  t o  t r a n s f o r m  E q u a t io n s  3 and 4 i n t o  a R i c c a -  

t i a n  t y p e  o f  Equat ion  [ 4 ]  w h ic h ,  b e c a u s e  o f  i t s  n o n - l i n e 

a r i t y ,  i s  o f t e n  s o l v e d  e i t h e r  by t h e  n u m e r ic a l  or  by t h e

+ K2 e -  J  z 2y 2f ( x ) (A-2 3 )
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a p p r o x i m a t i o n  t e c h n i q u e s  t h a t  w i l l  be d i s c u s s e d  s u b s e 

q u e n t l y .  In  o rd er  t o  o b t a i n  t h i s  R i c c a t i a n  t y p e  equa

t i o n ,  d e f i n e  a new v a r i a b l e ,  £ ( x ) ,  by

^(x) - - fify or x' -  1 ( f l - 2 , , )

Then

i # s  ( y j  ) 2 I -  y ' i  I -  y (A -2 5 )

By s u b s t i t u t i n g  E q u a t io n s  24 and 25 i n t o  E q u a t io n  4 one

o b t a i n s

^ ' ( x )  = -  [ z ( x ) - y ( x )  ^ 2 ( x ) ]  ( A—26)

T h i s  i s  i n  t h e  d e s i r e d  form. I f  X  i s  t h e  l e n g t h  o f  t h e

nonuniform  l i n e  and d i s  t h e  d i s t a n c e  from i t s  end ,  th e n  

d = / - x .  At a s p e c i f i e d  p o i n t  on t h e  l i n e  =

\( £  - x )  by v i r t u e  o f  t h e  d i f f e r e n t  d i r e c t i o n  b e i n g  c o n s i 

d e r e d  p o s i t i v e .  F u r th e r m o re ,  one s h o u ld  o b s e r v e  t h a t  

E q u a t io n  26 i s  s a t i s f i e d  by an i n i t i a l  v a l u e  problem .

From E q u a t io n  1 ,  E q u a t io n  24 can  be r e w r i t t e n  a s

? < x >
(A-27)
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One o b s e r v e s  t h a t  ^ ( x ) i s  th e  impedance s e e n  l o o k i n g  

to w a rd s  t h e  lo a d  a t  any p o i n t  on t h e  nonuniform  t r a n s 

m i s s i o n  l i n e .  Thus,  ? ( i )  = ZL = lo a d  im pedance .  ( I n  term s  

o f  v a r i a b l e  "d" t h i s  i s  ^ ( 0 )  = zl = l ° a d im p ed a n ce . )

Once one has s o l v e d  f o r  ^ ( x ) (more p r e c i s e l y  i f  one  

can  s o l v e  f o r  2 0 0  ) ,  I ( x )  i s  o b t a in e d  from Equat ion  24 

and t h e n  V (x)  ca n  be o b t a i n e d  from E q u a t io n  2.

In p a s s i n g ,  i t  s h o u ld  be noted  t h a t  B e l lm an  d e r i v e d  

t h e  e q u i v a l e n t  o f  E q u a t io n  26 i n  t e r m s  o f  d i s t a n c e s  from  

t h e  l o a d  by a s l i g h t l y  d i f f e r e n t  p r o c e d u r e  th a n  th e  one  

p r e s e n t e d  a b o v e .  He s t r a t i f i e s  t h e  problem  i n  t h e  x 

d i r e c t i o n  and u s e s  t h e  p r i n c i p l e  o f  i n v a r i a n t  imbedding  

t o  d e r i v e  h i s  r e s u l t .  He c o n s i d e r s  t h e  impedance l o o k i n g  

toward t h e  lo a d  a t  an a r b i t r a r y  p o i n t  and a l s o  a t  a seco n d  

p o i n t  t h a t  i s  a d i f f e r e n t i a l  s tra tu m  d i s t a n c e  away. By 

a ssu m in g  smooth v a r i a ^  ‘.ons and ex p a n d in g  t h e  impedance a t  

t h e  secon d  p o i n t  i n  a  a y l o r  s e r i e s  about  t h e  f i r s t  p o i n t  

and n e g l e c t i n g  h i g h e r  o r d e r  te r m s ,  t h e  d e s i r e d  n o n - l i n e a r  

R i c c a t i a n  ty p e  d i f f e r e n t i a l  e q u a t io n  i s  d e r i v e d .

By working w i t h  a ccu m u la ted  i n d u c t a n c e  and a ccu m u la ted  

c a p a c i t a n c e  ( n o t i c e  t h a t  t h i s  i s  a l s o  an i n v a r i a n t  im b ed d in g)  

t h e  L-C t r a n s m i s s i o n  l i n e  has  been t r a n s f o r m e d  i n t o  S turm-  

L i o u v i l l e  e q u a t i o n s  [ 4 0 ] .  A s i m i l a r  t e c h n i q u e  has  a l s o



been used on the R-C transmission line [39].
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A3. Approximate S o l u t i o n  T e c h n iq u e s

Approximate s o l u t i o n  t e c h n i q u e s  ca n  be b r o a d ly  su b 

d i v i d e d  i n t o  t e c h n i q u e s  r e q u i r i n g  s t r a t i f i c a t i o n  o f  t h e  

medium and t e c h n i q u e s  t h a t  do not  r e q u i r e  s t r a t i f i c a t i o n  

o f  t h e  medium. The t e c h n i q u e s  t h a t  do not  r e q u i r e  s t r a t i 

f i c a t i o n  o f  t h e  medium ca n  be c l a s s i f i e d  a s  p e r t u r b a t i o n ,  

i t e r a t i o n ,  and v a r i a t i o n a l  t e c h n i q u e s .  T ec h n iq u e s  r e 

q u i r i n g  s t r a t i f i c a t i o n  o f  t h e  medium i n c l u d e  t h e  WKB 

a p p r o x i m a t i o n ,  t h e  Bremmer s e r i e s  s o l u t i o n ,  and i n f i n i t e  

c a s c a d e  o f  two p o r t  box t e c h n i q u e s .  N um erica l  a n a l y s i s  

can  be a p p l i e d  t o  b o t h  o f  t h e s e  c l a s s i f i c a t i o n s .

The most  common a p p ro x im a te  s o l u t i o n  t e c h n i q u e s  t h a t  

have  found a p p l i c a t i o n  i n  t h e  a n a l y s i s  o f  nonuniform  

t r a n s m i s s i o n  l i n e s  u s e  t h e  p r i n c i p l e  o f  s t r a t i f i c a t i o n .

The rem ain der  o f  t h i s  a p p en d ix  d i s c u s s e s  s t r a t i f i c a t i o n  

t e c h n i q u e s .

The b a s i c  i d e a  b eh in d  s t r a t i f i c a t i o n  i s  t o  assume t h a t  

t h e  p a ra m eters  d e s c r i b i n g  t h e  s i t u a t i o n  rem ain  c o n s t a n t  

o v e r  a  s u f f i c i e n t l y  s m a l l  i n t e r v a l .  T h e se  p a ra m eters  v a r y  

from i n t e r v a l  t o  i n t e r v a l .  The p rob lem  ca n  be th o u g h t  o f  

a s  b e i n g  " l a y e r e d ” i n  t h e  d i r e c t i o n  o f  p r o p a g a t i o n  w i t h
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r e s p e c t  t o  th e  p a r a m e te r s  I n v o l v e d .  ( I n  I t s  most common 

s e n s e ,  one u s u a l l y  r e s e r v e s  t h i s  term  f o r  medium v a r i a t i o n s .  

When t h i s  i s  done t h e  medium i s  c a l l e d  a  " la y e r e d  Medium").

The WKB a p p r o x im a t io n  [ 4 ]  (w hich  i s  som et im es  r e f e r r e d  

t o  a s  t h e  L i o u v i l l e  a p p r o x im a t io n )  i s  o b t a in e d  by o n ly  

c o n s i d e r i n g  t h e  t r a n s m i t t e d  wave and i g n o r i n g  a l l  r e f l e c 

t i o n s .  ( T h i s ,  i n  e f f e c t ,  assum es a s l o w l y  v a r y i n g  g e o 

m e t r y ) .  Let K^, K2 and be t h e  p r o p a g a t i o n  c o n s t a n t s  i n  

t h e  f i r s t ,  second  and n th  s t r a t u m ,  r e s p e c t i v e l y .  Then t h e  

forward wave ( n e g l e c t i n g  m u l t i p l e  r e f l e c t i o n )  i n  t h e  

seco n d  s tra tu m  (a s su m in g  t h a t  t h e  wave i n  t h e  f i r s t  s t r a tu m  

i s  e JKl x ) i s

a ? = 2Kl e * ^ 2 * f o r  x,  < x  <  x P (A -28)
Ki +k2

In  t h e  t h i r d  s t r a tu m

f o x  x 2 < x < x ^  (A -29)

By c o n t i n u i n g  t h i s  p r o c e s s  and t a k i n g  t h e  l i m i t  a s  t h e  

i n t e r v a l ,  A x ^ ,  a p p r o a c h e s  zero  ( a s  t h e  number o f  i n t e r -
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v a l s ,  n ,  a p p r o a ch es  i n f i n i t y )  i n  such  a manner t h a t  £ a x ^

= x ,  i t  f o l l o w s  t h a t  t h e  a p p r o x im a te  s o l u t i o n ,  Uq , t o  t h e  

e q u a t i o n

U* + k2 (x)U = 0 (A -30)

i s

1 / 2  { *
l, j  J  k ( s ) d s  ___

UQ ( x )  = ( ) e ; j  = J-1
k ( x )

( A - 3 1 )

T h i s  i s  t h e  WKB a p p r o x i m a t i o n .

The p h y s i c a l  model  o f  t h e  WKB a p p r o x i m a t i o n  t h a t  has  

j u s t  b een  p r e s e n t e d  can  be r e f i n e d  by c o n s i d e r i n g  t h e  

e f f e c t s  o f  s u c c e s s i v e  r e f l e c t i o n s .  Let U^(x)  be t h e  c o n 

t r i b u t i o n  o f  t h o s e  waves w hich  a r e  t h e  r e s u l t  o f  e x a c t l y  

one r e f l e c t i o n  (and n e g l e c t i n g  h i g h e r  r e f l e c t i o n s  a s  was  

done i n  t h e  WKB a p p r o x i m a t i o n ) .  S i m i l a r l y ,  l e t  Un (x )  

be t h e  c o n t r i b u t i o n  o f  t h o s e  waves  w h ich  a r e  t h e  r e s u l t  o f  

e x a c t l y  n r e f l e c t i o n s .  The g e n e r a l  s o l u t i o n ,  U ( x ) ,  i s  s e e n  

t o  be t h e  I n f i n i t e  sum o f  t h e  s e q u e n c e  o f  f u n c t i o n s  g e n e r 

a t e d  by t h e  above  p r o c e d u r e .

U ( x )  = % U± (x)
* • ©

(A-32)
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T h is  s e r i e s  i s  c a l l e d  t h e  Bremmer s e r i e s .  In p r a c t i c a l  

p rob lem s  t h i s  s e r i e s  o f t e n  c o n v e r g e s  f a s t  enough t o  u s e  

a few t e r m s .  The g e n e r a l  term o f  t h e  Bremmer s e r i e s  can  

be shown t o  be g i v e n  by

Another c l a s s  o f  t e c h n i q u e s  t h a t  u s e s  s t r a t i f i c a t i o n  

d e s c r i b e s  ea ch  s tr a tu m  by a s e t  o f  " b la c k  box" p a r a m ete r s  

and t h e n  c a s c a d e s  t h e s e  "boxes" i n  o r d e r  t o  d e t e r m in e  t h e  

" b la c k  box" p a r a m e te r s  o f  th e  o v e r a l l  nonuniform  t r a n s 

m i s s i o n  l i n e .  For ex a m p le ,  t h e  ABCD m a t r i x  p a r a m ete r s  o f  

a d i f f e r e n t i a l  s t r a t u m  may be used  t o  d e t e r m i n e  t h e  ABCD 

m a tr ix  p a r a m ete r s  o f  t h e  o v e r a l l  nonuniform  t r a n s m i s s i o n  

l i n e  by m a tr ix  m u l t i p l i c a t i o n  [ 4 0 ] ,  By u s i n g  t h i s  t e c h 

n iq u e  i n  t h e  l i m i t i n g  p r o c e s s  some p r o p e r t i e s  o f  t h e  ABCD 

p a r a m ete r s  have b e en  d e t e r m i n e d .  The s c a t t e r  p a ra m eters  

and t h e  z - p a r a m e t e r s  [ 2 1 ]  have a l s o  b een  u se d  f o r  t h i s  

p u r p o s e .

When two T.E.M. nonuniform  t r a n s m i s s i o n  l i n e s  a r e  

c o u p l e d ,  i t  i s  p o s s i b l e  t o  ex ten d  t h e  m a t r i x  m u l t i p l i c a 

t i o n  t e c h n i q u e  t o  4 x  ̂ m a t r i c e s  i n s t e a d  o f  2 x 2 m a t r i c e s .

Uk ( x ) = ( - l ) k .
1  f  k ' ( s )

2J k ( x )  J  J ^ T sT  Uk-1
 ̂ O

e d s

(A—3 3)



However, i t  can  o f t e n  be " b i - s e c t e d "  i n t o  two t w o -p o r t  

prob lem s  by u s i n g  t h e  b i s e c t i o n  theorem  w i t h  even  and 

odd mode e x c i t a t i o n  [ 5 1 ] .  Each o f  t h e s e  problems a r e  t h e n  

h an d led  by t h e  methods d i s c u s s e d  p r e v i o u s l y .  The c i t e d  

r e f e r e n c e  a p p l i e s  t h i s  t e c h n iq u e  t o  a n a l y z e  d i r e c t i o n a l  

c o u p l e r s  and a l l - p a s s  netw orks  w i t h  nonuniform  T.E.M.  

c o u p le d  t r a n s m i s s i o n  l i n e s .
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