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ABSTRACT

This research is directed toward the development and
application of a new approach to the evaluation of cardiac
work to dlagnose cardlac state. A procedure has been devel-
oped for calculating the work performed on the fluid by the
left ventricle during the heartbeat. The procedure involves
the contlnuous direct measurement of ventricular fluld mixture
temperature during and following the controlled injection,
through a catheter, of a known volume of cold saline into the
left ventricle. The measured mixture temperatures are used
to calculate continuous ventricular volumes during the systolic
and dlastolic functions of the heartbeat. Plotting measured
ventricular pressure versus the volume of the ventrlcle results

in the work diagram for the left ventricle,

The method described above to evaluate cardiac work is
based upon the assumption of instantaneous and uniform mizx-
ing of the injected saline and the ventricular fluid. Thils
assumption is typicelly made in studies which employ indicator
dilution methods to measure cardlac outpiut and ventricular
end-volumes. The effect of ventricular non-mixing of indl-
cators as a source of error in ventricular volume calculations
and cardiac output measurement was studied. From references
and the author's original invitro and invivo experimental work
a descripﬁion of indicator mixing in the left ventricle and of
its effects on indicator dilution studies is given.
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A theoretlcal deterministic analysis of nonuniform
ventricular mixing is presented to derive expressions for
stroke volume as a function oflindicator concentration
measured at the aorta. It was found that a purely deter-
ministlc analysis when supplemented with a probabilistic
analysls results in an analysis of nonuniform ventricular
mixing. A mathematlcal model 1s developed which explalns
the shape of lndicator concentration curves and allows for

the evaluation of ventricular mlxing and cardlac state.,

A derivation of the classical Stewart-Hamlilton relation-
ship for the calculation of cardlac output from dye indicator
studies is presented. With this derivation conclusions are
formulated which show the vallidity of the Stewart-Hamilton
equation for the case of nonuniform ventricular mixing of
the indicater and the limitations of this relationship in

the presence of certaln heart defects,

The deterministic and probabilisfic analyses are applied
to the thermodlilution technlque - to derive expressions relat-
ing ventricular volume and ejection fraction to measured fluld
temperatures for the case of nonuniform mixing of the injected
cold saline. An originally desligned "Thermocatheter", which
employs a single catheter to ilnject and measure invivo ventrl-
cular fluild temperatures, was used to evaluate cardlac state

applying the mathematical analyses presented.
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Experimental studies performed in a heart model, mongrel
dogs, and in human subjects are presented in verification of

the analytical approaches used.



iv

APPROVAL OF DISSERTATION
THEORETICAL AND EXPERIMENTAL EVALUATION OF CARDIAC STATE
UTILIZING INDICATOR DILUTION METHODS FOR NONUNIFORM

VENTRICULAR MIXING
BY

STANLEY M. WELLAND
FOR

DEPARTMENT OF MECHANICAL ENGINEERING
NEWARK COLLEGE OF ENGINEERING

BY

FACULTY COMMITTEE

APPROVED: Chairman

NEWARK, NEW JERSEY
JUNE, 1970



ACKNOWLEDGEMENTS

The author wishes to express his sincere
appreclation to his research advlisor,
Professor Martin J. Levy, for hls guldance
and suggestions throughout the author's
gra&uate education. He also extends hils
gratitude to Dr. Russell W. Brancato and
Professor Robert M. Jacobs for thelr
assistance 1in this research. The author
thanks the Saint Michael Hospltal and the
Newark College of Englneering Foundatlion
for Graduate Study for without their
support thls research project would not

possible.



vi

TABLE OF CONTENTS

PAGE
B oY 3 - T 2 1
ApDTovAal PAge.....cseeesorsescscssesassrsoscscssssssrssnas 1V
AcknowledgementsS. .o oeeesessesccssesssosssscnssecsccncns v
Table Of CONEENtS...eceeresesescacscsscssscascacesesssas Vi
List of FlguresS.ceccecsececsoceccecssaccsassosnsososonsasonsss X
SYMDOLS . ceveeeseosasosscsssocsosssssasscsssecassosscssssss
1. Introduction
1.1 Structure of the Heart....ceeeeececsccccccces 1
1.2 History of Indicator Dilutlon Technlques for
Measurlng Left Ventricular Volume and Cardiac
Output....cccceveveevecccecssosscccscsssssanns 2
1.3 The Left Ventricle as a Mixing Chamber....... 5
1.4 Evaluation of Cardiac Output from Indicator
Dllution CUTVES..cececececasosscccccsssecssnce 8
1.5 Derivation of the Thermodilution Equations
for Uniform Ventricular Mixing....ecccceceeee 9
2, Theoretical Analyslis of Ventricular Mixing
2.1 Mathematlical Model of the Left Ventricle..... 11
2.2 Deterministic Analysls of Nonuniform
Ventricular MixIng...eeeeeeesscseossssescccss 13
2.3 Probabllistic Analysis of Nonunifornm
Ventricular Mixing...ceeeeeevecoococsanassees 15

2.4 BResidence Time DistributionS....ccecsoceesees 17



vil

2.5 Multichamber Probabilistic Aanalysis cof
Ventricular Mixing.....cceceeeeecccccescacees 20
2.6 Application of Multichamber Probabilistic
Model...ioeeeesnsccennoosacosasncsssensssnnsns 21
2.7 The Effect of Injection Site Upon the Shape
of Dye Indicator Dilution CurveS...cecceeeses 27
Application of the Theoretical Analysls of Ventricular
Mixing and the Experimental Indicator Dlilution Methods
to Evaluate Cardiac State
3.1 Deterministic Analysis for Nonuniform Ventricular
Mixing Applied to the Thermodilution Technique 30
3.2 Apnlication of the Generalized Thermodilution
Equation to Derive an Expression for the Ejection
Fraction of the jth Volume Element......c.o.. 32
3.3 Relationship between Ejection Fraction and
Probability Density FunctloN.....ceceeeeoeses 34
3.4 Application of the Probabilistic Analysis of
Nonuniform Ventricular Mixing to the Thermo-
dilutlion TechnilqUe...ceeescecsvssnssscssccsess 36
Experimental Results
4,1 Invitro ApparabuS....ceceecccescscssssasscees 37
4,2 Invivo ApparatuS....ececececcscessccsccsscoss 37
4,3 Invitro and Invivo Mixing StudleS...eeeeees.. 38
4,4 Invivo Thermodilution Procedure€....ceeeeeeess 40

4,5 Invivo Thermodilution Study....ccceocsecceves U5



viii

4.6 Invivo Thermodilution Study of Abnormal
Ventricular FPunctione.cceccecscoccscccocsscsccsss 50
4,7 Thermocatheter....ceeeececesccocecscascssssecese 5l
4.8 Invivo Thermodilution Study in the Dog Employ-
ing the Thermocatheter.....ccceeeceeceeveeaces 52
4.9 Invivo Thermodilution Study in Man Employing
the Thermocatheter.....ccecceeeeecececccaeese 53
4,10 Results of Experimental Thermodlution Studies 54
CONCIUSLONS e cvvenevacesessascacssscscacnsssasanse DO
RecommendationS.ccceeesscosacecccssscsssassssssasss Ol
FLEUTES s e cveeeecrsoonacconeasasscnasnnsscssssssanee 06
ApPPENAlX....ceaerconesasascosasescacossssassnsssss 118
A.1 Derivation of the Stewart-Hamilton Relationship 118
A.2 Use of Stewart-Hamilton Equation:=in the presence
of Valvular Insufficlency or Regurgitation... 120
AppPendlX. .. ...t etieceercncsscccssscacesssascacase 122
B.1 Derivation of the Generallzed Thermodllution
EQuatlon..cceeeccceaccecersccssacsscsssosscsncsse 122
B.2 Derivation of the Fundamental Thermodllution
EQuatlonsS...cceeececosecccsccsacccccscnsessase 125
ApPPEeNdiX. .. .o .ecesvscccrsacscacsscnsosscsessssnssess 129
C.1 Theory of Thermal Tracers in Multicompartment
SyStemS.seeesssoesssocccssscccsssscnsscesacss 129
C.2 Three Compartment System..c.cceseeccesecessss 130
C.3 Derivation of Equations for Instantaneous
Ventricular Volumes during the Heartbeat..... 132
C.4 Theoretical Thermodilution Study...eceeeeee.s 134



ix

D. APPENALX e vt eeeeeeocaaroassssssvssnsssacscscsasssscsess 141
D.1 Derivation of Probability Density Function for N 141
Volume Chamber Model
E. APDPENALX.eereeeseosnenscosccacssssassscosnssnsassnssss 143
E.1 Temperature Correction for Warming of Injected
Fluld in Catheter during Injection Process.......143
E.2 Experimental Evaluation of Ngeeeeecerececcacaees 1kh
E.3 Analytical ConsiderationS....c..eeescecsscsccssss 145
REFERENCES. ¢ cvvvveveeroneeannseacenscnasssescssasasscsssaes 148
VIt st e veveeroeecnceasasessossosasasnasssasssssssscssanee 154



Figure
Figure

Figure

Figure

Flgure

Figure

Flgure

Figure

Flgure

Flgure

Figure
Figure

AN

11

LIST OF FIGURES

Diagram of the Human Heart

Classic Stewart-Hamllton Indicator Dilution Curve

Dye Concentration versus Time Obtained by Discontinuous
Sampling Technique After Instantaneous Injection of Dye
Ideal Thermodllution Curve With Thermistor In Aorta
Experimental Green Dye Study in Man Obtained by the
Injection of 5 mgm of Green Dye into the Pulmonary
Artery and the Fluld Dye Concentration Measured in
the Aorta

Steady Flow System

Theoretical Concentration Based on the Theory of
Instantaneous Uniform Mixing for a Steady Flow System
The Left Ventricle Assumed to be a Cyclical Steady
Flow System

Theoretical Concentration Based on the Theory of
Instantaneous Uniform Mixing

Experimental Concentration versus Time Plot for a
Normal Left Ventricle following the Instantaneous
Injection of a Bolus of Dye Employing an Ideal
Apparatus with no Response Lag and a Real Appafatus
with a Response Lag greater than zero

Multichamber Probabilistic Model

Plot of Equation (2-24) for Q = 5 liters/minute and
vV = 200 cm3 for Various Values of N



Flgqre

Figure
Flgure
Figure

Flzure

Figure

Figure

Figure

Flgure

Figure

Filgure

13

14

15

16

17

18

19

20

21

22

23

b5 §

Experimental Density Function f(t) for the Experimental
Green Dye Curve in Figure 5 and the Theoretical Density
Function for N = 1

Green Dye Study for a Subject with an Enlarged Heart
Green Dye Study of a Subject with an Aortic Stenosis
Green Dye Study of a Subject with a Slight Aortlc
Insufficiency

Experimental Density Functlons for a Normal Heart,
Enlarged Heart and a Heart with an Aortic Stenosis
Experimental Density Functions for a Normal Heart,

a Heart with Aortic Insufficiency and a Heart with
Mitral Insufficlency

Theoretical and Experimental Denslity Functions for a
Normal Heart, Enlarged Heart and a Heart with an
Aortlic Stenosis

Fluld Dye Concentration versus Time for Green Dye
Studies Employing Various Injection Siltes

Fluid Dye Concentration versus Time Measured from

the First Appearence of Dye 1n the Carotid Artery

for the Green Dye Studles Employlng an Injectlion of
Dye in the Right Auricle, Pulmonary Artery and the
Pulmonary Vein

Multichamber Model for the Normal Heart Shown in
Flgure 17

Density Function versus Time for the Models obtained
by adding 1, 2, and 4 Mixing Chambers to the Model in
Flgure 22



Figure

Figure

Figure

Figure

Flgure

Figure

Figure

Figure

Figure

Filgure

Figure

Figure

Figure

Figure

Flgure

24

25
26

27

28

29

30

31

32

33

34

35
36

37

38

xii

Experimental Apparatus

System Response

Simultaneous Green Dye and Thermodllution Study in a
Dog

Simultaneous Green Dye and Thermodilutlion Study in a
Dog During Cardlac Infarction

Schematic Diagram of the Patlent to Equlpment
Relationship

The Proper Catheter Configuration in the Left Ventricle
Thermodilution Study in Man in which the Injection
Pfocess produced PVC'S thus confusing the Temperature-
Time Trace

Catheters in the Left Ventricle during the Injection
Process

Catheters in the Left Ventricle after the Injectlon
Process

Thermodilution Study in Man Utillzing the Brancato
Technique

Calculated Ventricular Volume versus Time for the
Thermodilution Study in Figure 33

Work Dlagram for the Left Ventricle

Thermodilution Study in Man Utillizing the Brancato
Technique

Calculated Ventricular Volume versus Time for the
Thermodilution Study in Figure 36

Left Ventricular Work Dliagram for the Thermodilution

Study in Figure 36



Figure

Figure

Figure

Figure

Figure

Figure

Figure

Filgure

Flgure

Flgure

FPlgure

Flgure

39

4o

L1

h2

43

Ll
b5

L6

b7

L8

49

50

xiil

Thermodilution Study in Men Utilizing the Brancato
Technique

Calculated Left Ventricular Volume versus Time for
the Thermodllution Study in Figure 39, Heartbeat C
Left Ventrlicular Work Diagram for the Thermodilution
Study in Flgure 39

Volume versus Time Plots for Heartbeats D, C and E
in Figure 39

Thermodilution Study for a Subject with Aortic
Insufficlency

Thermocatheter Design

Thermodllution Study in a Dog Utilizing the Thermo-
catheter and a Bolus Injection of Cold Saline
Thermodilution Study for a Subject with Aortic
Insufficlency Utilizing the Thermocatheter
Nondimensionalized Left Ventricular Volume Plots
from the Results of the Thermodilution Studles
Employing the Brancato Technlque and the Thermo-
catheter

Ventricular Stroke Work versus Ventricular End-
Diastolic Volume

Ventricular Stroke Work versus Ventricular End-
Dlastolic Pressure

Ventricular End-Diastolic Pressure versus Ventrlcular

End-Dliastolic Volume



- Xiv

Figure 51 Left Ventricular Pressure versus Left Ventricular
Volume from the Results of the Thermodilutlion Studies
in Man Employing the Brancato Technique and the
Thermocatheter

Flgure 52 Left Ventricular Pressure versus Volume Plots
From Individual Patients wlith Different Varlietles

of Heart Disease



EDV
ESV
F(t)
£(t)

éf (o B < &

gﬂ

K OH

bW g 2 =

SYMBOLS

lumen surface area of catheter, cm2

transport or exchange rate from the l1th compart-
ment to jth compartment, gm/sec

indicator concentration

speclific heat at constant pressure, B/lbm Op
specific heat at constant volume, B/lbm oF
indicator concentration per unlt mass

total energy, sum of potential, kinetic and
internal energy

end-diastolic volume, om?
end-systolic volume, cm3

cunulative density functlion
probabilistic density function, 1/sec

fraction at the end of systole of the Jjth volume
element that has contributed to the stroke volume

enthalpy, e Cp TV, B
specific enthalpy, u + PQ; » B/1b,

20

local convective heat-transfer coefficient, B/hr ft F

average convective heat-transfer coefficlent, B/hr ftz OoF
total quantity of indicator injected

ratio of indicator concentration from consecutlive
beats

mass, gnm
number of mixing chambers or volume elements
pressure, mmHg

mean pressure, mmHg



Vb
vij

wshear

xvi

mean volumetric flow rate, cm3/sec or 1/min
rate of heat transfer, B/hr

fractlon of indicator in the jth volume element
during the ith heartbeat

stroke volume, cm3

fluid temperature, op

base line fluid temperature, oF

body temperature, Op

lumen surface temperature of catheter, OF

maximum ventricular fluid temperature change
due to cold saline injection

temperature change of fluld at the end of the
systolic function of heartbeat n. n =2, 3, ....

time, sec

abscissal value of the centroid of the indicator
dilution curve, sec

internal energy, G)CV TV, B

initial internal energy, G)Cv Ty Vos» B
specific internal energy, B/lby
volume, cm3
velocity of fluid, cm/sec

velocity of control volume boundary, cm/sec

fraction which the jth volume contributes to the
flow during the 1th systole

total work done on system, sum of shaft and
viscous work, B

rate of shear work, B/hr



cv
ed

es

inj

SV

A, N
8513

» Qo e

Subscripts

control volume
end-dlastolic
end-systolic
final condlitlon
injected fluld

xvii

number of heartbeat cycle, cycle consists of a

diastolic and systolic function
initlial condition

stored

stroke volume

ventricle

Greek Symbols

dummy variables

kronecker delta

time of indicator injectlion

fluid density, mass per umit volume, gm/cm3
normal stress on an element of fluld

shear stress

volume flow rate through system divided by wvolume

of system, 1/sec



1. INTRODUCTION

1.1 Structure of the Heart

The heart 1s a two-pump, four-chamber structure which
circulates blood through the pulmonary and systemic vascular
beds. A blood particle travels through a closed circult
which may be described as follows. From the right atrium
through the tricuspld valve into the right ventricle, out
the pulmonary artery into and out of the lungs into the left
atrium,out through the mitral valve into the left ventricle
and out the aortic valve through the systemic circulation
back to the right atrium. Plgure 1 is a diagram of the
human heart which indicates the path of a blood particle as
described above, The right and left ventricles are the
pumps which are often referred to as the right and left

heart.

Each heart actually contalns two compartments, the
atrium and the ventricle. The atrium serves as a temporary
storage reservolr and assists, by contraction, the last
stages of ventricular filling. The ventricles are surrounded
by muscle tissue which provides the pumping power of the
ventricle. The muscle tissue of the left heart 1s'greater
than that of the right heart since it sends the blood through
the systemlc circuit which offers greater resistance than
the pulmonary circult. Thus, the left heart does more work

than the right heart, about five tlmes as much., It is therefore
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of particular importance to be able to determine the volume, out-

put and work of the left ventricle in order to detect dlsease.

The normal circulation of the human heart 1s between
flve and six liters per minute, for an adult. Since the two
hearts are in series the average ventricular outputs of the
hearts must be equal. 1In addition, since the frequencies of
contraction are identical the average output per beat is also

the same.

The heart 1s neither a constant volume nor a constant
rate pump., The output varies from one individual to another.
In the same individual the output depends on prhysiological
conditions. The indicator dilution method offers one of the
means whereby some of the parameters of the heart and circu-

lation such as cardiac output may be estimated.

The indlcator dilutlon technique consists of injecting
an Injectate or dye at some slte proximal to the region under
study and taking samples at a distal site. A mathematical
analysis of the output concentration as a function of time
Ylelds information about the parameters of the heart and

circulation,

1.2 History of Indicator Dilution Techniques for Measuring

- Left Ventricular Volume and Cardiac Output

The indicator dilution principle has been use% ?o study
1

the circulation since the classic works of Stewart in 1894,



The classic Stewart-Hamilton indlcator dilution curve, as
shown in Figure 2, for measuring cardliac output was obtalned
by means of arterial sampling following the injection of an
indicator into the right side of the circulation. This
originally involved the collection of samples of arterial
blood over a long perlod of time. Today, this curve is
obtalned by using long catheters with slow flow rates through
a continuously recording densltometer. Investligators have
tried to calculate left and right ventricular volumes by
analysls of such lndicator dllution curves.

The mathematlical basis for ventricular volume calculations
was derived by Hamilton et al(2) in 1932, In 1951, Neuman
et a1(3) refined Hamllton's result and derived theoretical
equations for calenlating the end-volumes of the ventricle
from dye dllution curves. Bing et al v in 1951 made the
first attempt to measure right ventricular volumes in man
by injecting a dye solution, T-1824, into the right ventricle
and sampling from the pulmonary artery through a long catheter,
But due to mixing within the catheter a distortion in the
indicator curve made ventricular volume calculations difficult.
In 1954, Holt(5 overcame this problem by employing a dis-
continuous sampling technique and obtailned the first step
function dye concentration curve as shown in Figure 3. In
this technique a catheter was passed retrograde into the

left ventricle and one or two milliliters of sodium chlorlde

solution was injected instantaneously. The electric conduc-
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tivity of the aortlc blood near the aortic valve was deter-
mined continuously by means of a catheter-tipped electric
conductivity cell., With the improvement of catheter and
densitometer deslgn ventricular volume measurements by means
of continuous recording densitometer curves were flrst re-
ported in 1960 by Swan and Beck.é)

Folse and Braunwaldf7) in 1962, described a method
utllizing a radlolsotope as the indicator to determine the
fraction of left ventricular end-dlastolic volume that 1is
ejected during each cardlac cycle. Radlolodinated Diodrast
was rapidly injected into the left ventricle and the fraction
of lsotope discharged from thls chamber per beat was deter-
mined with a shlelded scintillation probe placed on the
chest wall over the left ventricle. The mathematlical basls
for the stroke volume calculation was the same as that for
other indlcator diiution techniques.

- (8)
In 1954 Pegler developed the thermal dilution technique

for measuring cardiac output. In thils technique several
milliliters of cold saline were injected instantaneously into
the left ventricle and the temperature of the aortic blood
was measured continuously by a thermocouple. Holtf9) in
1956, derived the fundamental equatlions for the thermal

dilution technique which are given by,

EDV = Vinj ( TB - Tinj ) / D Tnex (1-1)



and

EDV=8SV/ (1-%) (1-2)
Figure 4 shows the meaning of the symbols in the above equa-
tions. Fegler and Holt were followed by many 1nvestigators(10-23)
who used bead tipped thermistors to measure aortic blood
temperature in man and animals. All thelr calculations
employed the same two equations given above. In 1968 this
author published new equations for the calculation of contin-
uous ventricular volumes from measured ventricular fluid
mixture temperatureézu)which differed from the earlier Holt

equations which allow for the calculation of ventricular end-

volumes only.

The history presented of indicator dilution techniques
discussed the four types of indicator used; dye solutions
which use a long catheter and a continuously recording
densitometer, chloride solutions which employ catheter-tipped
electric conductivity cells, radioactive solutions which
require external scanning devices and finally cold saline
for which thermal probes are used to measure aortic or ven-
tricular fluld mlixture temperatures. It appears that prior
to 1968 all indicator dilution studles involved end-volume

calculations based on the theory of instantaneous and uniform

mixing.

1.3 The Left Ventrlcle as a Mixing Chamber

There are four general possible models which may be used



to study the injection and mixing of indicators during diastole
in the left ventricle. They are:

Case 1 Instantaneous injection, instantaneous uniform
mixing at the end of dlastole (instantaneous temperature change
of the ventricle fluid)

Case 2 Injection of indicator as a known function of
time, instantaneous mixing (temperature change is some function
of time)

Case 3 Instantaneous injection, nonuniform mixing

Case 4 Injection as a known function of time, nonuniform

mixing.

Mathematlically an lnstantaneous Injection during diastole
1s described by a delta functlion on a plot of volume injected
versus time. Unlform mixing lmplies that there are no temper-
ature or dye concentration gradients within the ventricular
volume. Past investigators have employed varlous models in
addition to uniform mixing to evaluate wventricular mixing. In
an investligation made by Levinson and Frank(25) the measurement
of the end~dlastolic volume was made in a heart model and a
dog. It was their concluslon that instantaneous uniform mix-
ing occurs in the ventricle between the injected dye solution

(26)
and the end-diastolic volume. Irisawa, Wilson and Rushmer

also evaluated venticular mixing in a model by injecting saline
into the chamber and measuring the fluld conductivity in two
different locations of the model. They oconcluded that unlform

mixing 1s a rare phenomenon and not a safe assumption.



7

It is this author's opinion that the test model used by
Levinson and Frank was too small to study the effects of mix-
ing. They also introduced forced agitation which enhanced
the mixing to an unreallstic degree. All mixing in the model
used by Irisawa, Wilson and Rushmer was due to dliffuslon only
which is not the case in the living ventricle where mlxing is

mainly due to forced convectlion caused by the ventricular wall

agltation.

The thermal mixing of an injected volume of cold saline
depends on mechanical mixing (forced convection) and direct
transfer of heat from warm blood to cold blood (conduction).
Mechanical mixing is fundamentally dependent on the extent to
which the entering stroke volume mixes with the end-systolic
volume which is true for all indicator methods. Conductlon 1s
the transfer of kinetic energy from one molecule of blood to
another. Conduction occurs faster than the diffusion of a large
lon such as a particle of dye; therefore equllibration of
temperature should occur faster than the mixing of dye particles
within the ventricular volume by diffusion. But even so, the
forced convection of the entering injected fluld, thermal or
dye indicator, and the motion of the ventricular walls are
mainly responsible for ventricular mlxing. Hence, the mixing
phenomenon may be studied experimentally employling thermal
probes or densltometers. Invivo studies are presented later

which show simultaneous thermal and dye indicator mixing 1in



the ventricle of a dog.

1.4 Evaluation of Cardiac Output from Indicator Dilution Curves

The dye indicator dilution technique for the estimation
of left heart output involves injecting a known quantity of
indicator in the pulmonary artery or in the left heart and
measuring the fluid dye concentration at the aorta. Figure 5
is an experimental green dye curve obtained by injecting 5 mgm
of green dye instantaneously into the pulmonary artery and
measuring the fluid dye concentration at the aorta with a
continuously recording densitometer. A completely deterministic
analysis attempting to explain the shape of thls curve would
be wvery difficult since it would require a mathematlical de-
scription of the dye flow through the labyrinth of the lungs,
mixing in the pulmonary artery, pulmonary vein, left atrium
and left ventricle, and the recirculation of dye which occurs

before the green dye 1s completely washed from the left ventricle.

The cardiologlist employs the dye dilution curve to calculate
the cardiac output of the heart with the aid of the Stewart-

Hamilton equation given by,

s 00
Q= Iipny / jc(t) dt (1-3)

o
Appendix A contalns a derivation of this equation which shows

the limitations of the Stewart-Hamilton equation in the presence
of certain heart defects such as mitral and aortic regurgltation

and insufficlency. The Stewart-Hamilton relationshlip is shown



to be valld even 1f the fluld dye concentration of the ventri-
cular fluld 1n the left ventricle is nonuniform if one defines
the cardiac output calculated by equation (1-3) as the mean

cardiac output of the heart.

1.5 Derivatlon of the Thermodilution Equations for Uniform

Ventricular Mixing

Section 1.2 briefly described the thermodilution technique
developed by Fegler which involved the placing of a thermal
probe just above the aortic valve and the injection of a small
amount of cold saline into the left ventricle during the di-
astolic function of the heartbeat. The temperatures measured
by the thermal probe and the baslic thermodilution equations

were used to calculate the end-volumes of the ventricle.

The thermodilution equations derived by Holt were devel-
oped using physical arguments and did not consider all of the
assumptions inherent in the thermodlilution technique. Appendix B
contains a derivation of the thermodilution equations based
upon the general thermodynamic energy equation and the conser-
vation of mass equation for the condltions described by case 1
on page 6. A generalized thermodilution equation 1s presented
which was employed to derive equations for continuous ventrl-
cular volumes and i1s presented in the author's Master of Sclence

Thesls, reference (24).

In reference (24) the continuous ventricular volume during

systole was related to measured pressure differentlals across
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the aortic valve., Simultaneous measurement of ventricular
and aortic pressures are made using catheters and pressure
transducers. Since the pressure differential across the
valve 1s on the order of magnitude of 0 to 5 mmHg, except

in the presence of aortic stenosis, there is a large error
due to transmission length and viscous damping within the
catheter, Hence, 1t was deslired to relate ventricular volume
during systole to measured fluid temperatures. The equations
for continuous ventricular volume during systole and dlastole
are derived in appendix C where the theory of thermal tracers

in multicompartment systems is introduced.

By treating the left atrium, ventricle and aorta as a
three compartment system, thermodilution equations for contin-
uous compartmental volumes in the presence of cardiac defects
are derived. Thus far no other investigator has published
any work, to the author's knowledge, whlch considered the
possibility of measuring continuous ventricular volumes
utilizing any indicator dilution technique. Likewlse no work
has been published which presented equations to quantitatively

(27,28,29,30,31,32

evaluate valvular incompetence, to the author's

knowledge,
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2. THEORETICAL ANALYSIS OF VENTRICULAR MIXING

2.1 Mathematical Model of the Left Ventrlcle

Consider the steady flow system in Figure 6. Q is the
volumetric rate of inflow and outflow. At some time t = 04
an instantaneous injectlon of a bolus of dye indicator is
made into the volume near the inlet. The sampling catheter
pulls a small sample of the system's contents continuously
so that the fluid outlet concentration C(t) of the system
can be measured., The concentration based on an instantaneous

mixing model 1s given by,

C(t) = C(0) exp ((~Q/V) (£ - 84)) (2-1)

where

c(0)

Ian/V and t=6, (2-2)

Iinj 1s the total amount of dye injected, measured 1ln grams,

and V is the steady state volume of the system therefore the

concentration C(t) is in grams of dye per ml. Eguation (2-1)
i1s plotted in Figure 7.

Since the heartbeat consists of a dlastolic and systollce
function the left ventricle is not a steady flow system but
the heartbeat can be broken up as shown in Figure 8. The
theoretical concentration C(t) as a function of time based
on the theory of instantaneous uniform mixing following an
instantaneous injection of dye at time t = 0 1s shown in

Figure 9. The dashed line connects the wvalues of C(t) at
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the beginning of systole and is given by,

c(t) = c(0) exp ((1n k) ((t - ©84)/204)) (2-3)

where

C(0) = Iinj/Ved» k = Cn+1/Cn and t=0, (2-4)

Equations (2-1) and (2-3) are equlvalent if the steady state
volume of the system V equals the end-dlastolic volume Vgg

and

({(1n k)/204) = =Q/Veq (2-5)

Hence, the left ventricle which 1s a cyclical steady flow
system may be treated as a steady flow system with a mean
cardiac output Q which is given by equation (2-5). To show
an application of equation (2~5) consider the average values,
k =0.6, Vg = 150.0 cm’ and 26, = 1.0 second which yvields

a mean cardiac output of Q = 4.5 liters per minute.

A plot of C(t) versus time for a normal left ventricle
following the instantaneous injectlon of a bolus of dye
employing an ldeal apparatus with no response time lag is
shown in Figure 10. A similar plot 1s also shown in Figure 10
for a study employlng an experimental apparatus with a
response lag greater than zero. It 1s noted that the latter
system cannot follow the step changes in the system. The
difference between the theoretlical and experimental concen-
tration curves is due to the response time lag of the apparatus

employed to measure C(t), the internal mixing of the fluid
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within the catheter, and to the nonuniformity of the dye mix-
ing within the ventricle following the injection. Hence,
from Flgures 9 and 10 1t is concluded that the single chamber
uniform mixing model 1s not a valid model to describe the
mixing phenomena of an injected bolus of dye indicator with

the ventricular fluid.

2.2 Deterministic Analysls of Nonunlform Ventricular

Mixing (Case 3, Page 6)

As a bolus of indlcator 1s injected instantaneously, at
the beginning of the diastolic function of the ith heartbeat,
into the ventricle its dispersion rate and profile deterﬁine
the concentration of the indicator as a function of time
measured at the aorta. Originally confined to a small spatial
volume, random influences exerted by the surrounding fluld
particles cause the spatlial volume occupled by the indicator
particles to increase. The fluld contents of the ventricle
are not uniformly mixed at the end of dlastole and the ith
end-dlastolic volume EDV; 1s limagined to be divided into N
equal but arbltrarily small volumes each of uniform concen-

tration.

The fraction of indicator present in the Jth volume at
some time t during the ith heartbeat 1s defined as qij(t)

and must satisfy,

N
Zqij(t) = 1.0, 1.0=qy;>0 (2-6)
J=1
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at the end of the ith diastole and,
N
Iinj ay3(t) = I(t) (2-7)

=1
during the ith systole where the injection of indlcator occurs

at the beginning of the ith diastole.

The fractlion which the Jjth volume contributes to the flow
during the ith systole at time t 1s defined as vy j(t) such
that,

1.0 2 vyy(t) =0 (2-8)
The flow rate at time t during the 1th systole 1s denoted by

Qi (t) and is given by,

N
Q; (t) = (EDVy/N) z vy 3(t) (2-9)
J=1
Integrating over the entire systollc function ylelds,
t2
SVy = le(t) at, tz=t =1t (2-10)
or tl t2N
svy = (EDV,/N) EE vy 3(t) dt (2-11)
p =1

Since Iinj 1s the quantity of 1lndlcator in the_ventricle
prior to the ith systole, the quantity of indicator in the
ventricle during the i+1 dlastole 1s given by,

£2
Ii4g = Iinj - Iinjt[‘;§1Q1J(t) Vij(t) dt (2-12)
1 —4

Hence, the concentration of the fluld leaving the ventrlcle

during the 1th systole 1s glven by,



15
N
Ci(t) = Iiny Z a13(t) vy4(8) / () (2-13)
J=1
This is the concentration that would be measured by a probe

‘above the aortic valve assuming C4 to be uniform at any

particular cross sectlon of the aorta.

Neither q; 4 nor v, 4 need be uniform but are functions
of position and time. They are defined to indicate that in
general the ventricle fluid is not well mixed and the fluld
ejected at any time is probably not derived from all parts
of the ventricle in equal proportions since the fluld close
to the valve wlll tend to be ejected early in systole while
apical contents will be ejected later in systole, 1f at all.
If Vij and Qy y Were known for each jth volume and for tlime
t from t, to t, one could calculate the stroke volume of the

ith systole and the concentration C4(%).

However vij is not known and 1s nct easlly measured., It
will be treated as a random varisble and given probabilistic
values. Q44 cen also be treated as a random varlable but 1its
values may be verified experimentally by placing a probe within
the ventricular fluld. Because of the randomness of the mixing
of indicator particles 1t seems that a purely deterministic
point of view must be supplemented with a probabilistlc analysls.

2.3 Probabllistic Analysis of Nonuniform Ventricular Mixing

Consider an experiment or observation E which could



16

conceivably bé reproduced a large number of times under
conditlons judged to be identical in all relevant respects.
In many cases it wlll be found that the outcome of the
experiment or observation camnot be predicted accurately,
but shows uncontrollable fluctuations from one performance
to the next. These fluctuations are regarded as random
fluctuations of a random experiment or random observation.
This 1s the case for ventricular mixing of a dye or other
indicator in the ventricular fluld volume of different
hearts, where the observatlion of E is the degree of uniform

mixing.

Any variable system subject to random influences
constitutes a stochastlc process. The concern is with the
state and varliation of the variable system at any particular
instant of time which is described by numerical values of
certaln observable quantities. Consider the situation where
the state of a system is sufficlently described by means of
two independent quantities, v(t) and gq(t). The numerical
values of v(t) and gq(t) at a fixed time t will then not be
unlquely determined as in the case of a determlnistic system,
but wlll depend on the random influences that have been act-
ing on the system up to that instant. Hence, a mathematical
model of the mixing process in the ventricle conslsts of the
quantities v(t) and q(t) regarded as random variables defined

on some probabllity space P.
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A generalization is obtained by consldering the case
when several quantities glven by, vl(t). vz(t)........vn(t)
and qq(t), as(t)s........q,(t), are required for a complete
description of the state of the system. These quantitles may
be regarded as the components of a random vector v(t) and
a(t) respectively. v(t) and q(t) are both continuous
functions of time which may be written in subscript notatlon
as vlJ(t) and qij(t) where j represents the jth compartment
and 1 the 1th heartbeat.

Since Vij(t) and qij(t) are continuous functions of
time they are classified as continuous random variables and

a density functlon may be defined for each.

2.4 Residence Time Distributions

The rate of dlsperslon of an indicator depends on the
inertia and viscoslity of the particles as well as the magni-
tude of the agltating forces. In thls section the fundamentals
of probabllity are employed to describe the dispersion of an

indicator.

Consider the system shown in Figure 6. At time t = 0,
there is an injection of a bolus of dye which dlsperses
throughout the volume as previously described. Although
each dye particle!'s motlon within the volume 1ls definable
in statistlcal terms no attempt will be made to do this.
But since each dye particle in the outflow of the system

possesses a previous history the fraction of particles
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possessing a resldence time t or less 1s deflined by the
cumulative distribution function F(t). The fraction of
particles whose resiidence time exceeds t is given by F*(t).

At time t = 94, F(t) = 0.0 and in general,
F(t) = 1.0 - F(t) (2-14)

Hence, F(t) is an increasing function of t which tends
asymptotically toward 1.0 as t tends toward inflinlty and
F*(t) is a decreasing function which equals 1,0 at the time

of the instantaneous injection of dye.
From the theory of probability,
F(t) = P [Té{l. for —00< t £ 0O (2-15)

where T 1s a random variable defined as the resldence time.
Equation (2-15) simply states that the probabllity of a
single dye particle staylng in the system for a time t or
less 1s equal to the fractlion of particles within the system

whise reslidence time does not exceed t.

From the cumulative distribution function a probabllity
density function f(t) is defined,

£(t) = dF(t)/dt (2-16)
which can be wrlitten as,

£(t) dt = dF(t) (2-17)
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f(t) dt is the probability of a single dye particle having
a residence time between t and £t + dt., A density function

£(t) for the continuous random variable T must possess the

following properties;

£f(t) > 0. (2-18)
oo
jf(t) dt = 1,0 (2-19)
T A :
ff(dt) d« = P I:OlsTSt:' = F(t) - F(Gl) (2-20)
8
The density function for the system in Figure 6 is given by,
00
£(t) = c(t) /UIE(t) dt (2-21)

o}
which satisfies equations (2-18), (2-19) and (2-20).

From equations (1-3) and (2-21) the dye concentration
at the outlet of the system in Figure € following the
instantaneous injection of dye is proportional to the density

function f(t) and is given by,
C(t) = Iyny £(t) / Q (2-22)
It follows from equations (2-1) and (2-22) that,
£(t) = (Q/V) exp ((-Q/V) (t - 0,)), where t>0, (2-23)

where V is the volume of the system. The f(t) given by
equation (2-23) is the density function for a single mixing
chamber with an instantaneous injection of dye which mizxes

uniformy and instantaneously with the contents of the
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system.

2.5 Multlchamber Probabllistic Analysis of Ventricular Mixing

Consider the possibility of dividing the system volume
into N equal but arblitrarily small volumesllike that in section
2.2. Hence, each volume represents a perfectly mixed reglon
where dye particles may escape to any other volume element
and finally reach the outlet. The number of elements necessary
to describe the experimental concentration versus time plot,

taken at the outlet, 1s a measure of the nonuniformity of mix-

ing within the system.

Agssume that an N volume chamber may be represented by
N elements in serles with the same denslty function glven
by equation (2-23), where V 1s the system volume and Q the
volumetric flow rate through the system. Figure 11 shows

the assumed mathematical model of the ventricle whose density

function is given by,

£(6) = gy (6 - 0" 10 exp(-n Qe - o)) (2-24)

for t=07. Equation (2-24) 1s derived in appendix D. The

term £(t) dt where f(t) is glven by equation (2-23) represents
the probability of a dye particle escaping a volume eleméent
which has a residence time between t and t + dt. The process

of escaping from any particular chamber 1s not influenced by
what has happened in any other compartment. When a dye particle

finally leaves the ventricle 1t has escaped from N volume
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elements which are considered to be N successes. This is a
speclal case of a Markov chain. Therefore f(t) dt where f(t)
is given by equation (2-24) represents the probability of
finding a single dye particle at the outlet of the system

with a resldence time between t and t + dt.

Figure 12 is a plot of equation (2-24) for @ = 5 liters
per minute and V = 200 cm> for various values of N. For
N = 1 equation (2-24) yields the density function for a
single chamber q}xing model. The following section utilizes
equations (2-5) and (2-24) to explain the shape of experi-

mental green dye curves like that shown in Figure 5.

2.6 Application of Multichamber Probabilistic Model

FPigure 5 is an experlmental green dye curve obtalned
by injecting 5.0 mgm of green dye instantaneously into the
pulmonary artery and measuring the fluld dye concentration
at the aorta. It was previously concluded that a determin-
istic analyslis attempting to eiplain the shape of this curve
would be very difficult since 1t would require a mathematical
description of the dye flow through the lungs, mlxing in the
pulmonary vein, left atrium, and ventricle and the recircu-
lation of dye. The multichamber probabilistic model developed
in section 2.5 explains the shape of the experimental green
dye curve obtained by the injection of green dye directly
into the left ventrlcle or by the injection of greén dye into

the pulmonary artery. Hénce,the concentration versus time
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curves measured at the aorta for the two different sites of
indicator injection differ malnly because of the degree of
ventricular non-mixing of the injected lndicator. This was
shown experimentally by Pearce at alfBu)

The experimental work of Pearce, McKeever, Dow and
Newman consisted of obtainlng repeated curves from the same
subject when injecting dye consecutively into the right auricle,
pulmonary artery, pulmonary veln and the aorta and when sampling
at the carotid artery, or from the left auricle. They concluded
that the central circulation behaves as do serial volumes,
The lungs, which are the largest volume in the series, acts

like a single volume from which dye 1s washed out in an expo-

nential fashlon.

It should be stated that the experlmental green dye curve
1s smooth even though the ventricle is cyclical in function
because the experimental apparatus employed had a time constant
on the order of 0.1 seconds and because of the effect of mix-
ing within the catheter, which would also smooth the measured
C(t) trace. The theoretical green dye curve is smooth because
the left ventricle 1s treated as a steady flow system as
described in section 2.1, It ls not the ailm of the author
to exactly duplicate the experimental curve but to explain

1ts shape as 1t relates to ventricular function and mixing.

Equation (2~22) was used to calculate the experimental

density function f(t) from the experimental green dye curve
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in Figure 5 which is plotted in Figure 13. Equation (1-3)
was employed to calculate the mean cardiac output and
equation (2-23) was applied to find the theoretical density
function for N =.1 which is also plotted in Figure 13.

Figure 13 shows that a single chamber mixing model 1s not

a satlsfactory approximation to the actual mixing of the green
dye injected into the pulmonary artery with the ventricular
fluid,

Figures 14, 15, and 16 are experimental green dye curves
for different cardiac defects. Figure 14 is the green dye
curve for an enlarged left ventricle, confirmed by cline-
anglography, with a high cardlac output. Flgure 15 1s the
green dye curve for a subject with an aortic stenosis, con-
firmed by simultaneous pressure measurcement proximal and
distal to the aortic valve, with a low cardiac output. Flgure
16 1s the green dye curve for a subjéct with a slight aortic
insufficiency for which the cardliac output was computed by
the Fick technique. For the green dye curve in Figures 5,

14 and 15 an experimental frequency plot was constructed in

the same manner as described above and plotted in Figure 17.

The use of a density function as deflned by equation
(2-22) to detect cardiac defects is presented in Filgure 17.
Thz pronounced differences between the abnormal density
functlons and the normal denslity function may be noted.

There seems to be a relation between the maximum or peak
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value of f(t) and the cardiac output. It is also noted that
the peak f(t) shifts to the right on the time scale as the
cardiac output decreases. With sufficlent data it appears
that one could draw the boundaries of a regilon outslide of

which all density functions could be conslidered abnormal.

Figure 18 is a plot of experimental density functions
for a normal heart, a case of aortic insufficiency and a case
of mitral insufficiency. Density functions for hearts with
valvular incompetence differ from those of normal hearts
but show no clear relation between vwariables. The density
function for the mitral insufficlency differs dramatically
from the normal density function whereas the aortic insuf-
ficlency differs slighty. It was found that the degree of
difference from normal depends greatly on the degree of
insufficlency. Theoretically a density function cannot be
definedafor the case of mitral insufficlency since the value
of f(t) dt > 1.0. Hence, it is possible to relate the

degf%e of insufficiency to the value of the integral.

Equation (2-24) was derived from a simplified mathematical
model which relates the mixing of indicators in the ventricle
and in the central circulation to the mixing in uniform
chambers connected in serles. Although this model was devel-
oped from a physical standpoint there 1s no reason to expect
1t to exactly dupllicate experimental results. If 1t was the

aim of this author a more complicated model would have been
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developed by the additlon of chambers in parallel and series
in an attempt to curve fit the theoretical f(t) to the experi-
mental f(t). However, it is shown below that equation (2-24)
can be employed to explain the experimental density function
in terms of ventricular function related to the number of
chambers required to approximate the experlimental density

function.

For an experimental study consisting of an injection of
a bolus of dye indicator into the left ventricle and the
measurement of the fluld dye concentration at the aorta,
equation (2-22) can be used to plot the experimental density
function. Equation (2-5) can be employed to calculate V and
equation (2-24) employed to find the theoretical density
function for various values of N. Thus, the required number
of chambers to approximate the experimental density function
can be evaluated and the ventricular function diagnosed. A
large N 1s an indicator of poor ventricular mlxing and there-
fore poor ventricular functlon or low cardiac output. Exper-
imental verification of the relationship between poor mixing
and poor function is presented in chapter 4. From Figures 10
and 12 and other indicator studles, the mixing of an injected
bolus of dye in a normal left ventricle can be represented

by a series of approximately 3 to 5 uniformly mlixed chambers.

For an experimental study consisting of an injection of

a bolus of dye indlcator into the right heart or the pulmonary
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artery and the measurement of the fluld dye concentration at
the aorta, equation (2-22) can be used to plot the experimental
density function. Equation (2-24) can be employed to find

the theoretical density function for various values of N

(35)
where V is the central fluld volume given by,

Qo (2]
C.V. = Q ft c(t) at / fc(t) dt = Q ¢ (2-25)

O o)
t 1s the abcissal value of the centroid of the indicator

dilution curve. Equations (2-24) and (2-25) were used to
find the theoretical density function for the subjects in
Figure 17. The value of N selected gave the best agreement
between the experimental and theoretlical denslity function
plots. The theoretlcal density functions for each case are
plotted in Figure 19 as well as the experimental density

functions.

It was concluded that the mathematical model shown in
Figure 11 is a valid appfoximation for the mixing of an
Injected bolus of dye indlcator into the right heart or
pulmonary artery from the time of appearance of dye in the
aorta to the time of recirculation. Egquation (2-24) can be
easlly modifled to take into account the delay time by the
addition of an expressioﬁ for the density function from time

t =0, tot = ty,

£f(t) =
£(t)
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where ta 1s the appearence time of dye in the aorta. Equation

(2-26) satisfiles equations (2-18), (2-19) and (2-20).

Reclrculation is a mathematical problem in itself., An
analyslis of the reclrculation of dye involves convolution
integrals for which no simple modification of the model in
Figure 11 was found. However, an original mathematical model
of the mixing of an injected bolus of dye has been developed
which explains quantitatively the experimental density function
in terms of ventricular performance related to the number of

mixing chambers requlred to approximate it.

2,7 The Effect of Injection 3ite Upon the Shape of Dye

Indicator Dilution Curves

In the previous sectlons a multichamber probablilistic
model was employed to explain the shape of experimental green
dye curves obtalned by the injection of dye indicator directly
into the left ventricle and by the injection of dye indicator
into the pulmonary artery. The fluid dye concentration was
measured in the aorta for both injection sites. The green
dye curve obtalned by the injection of dye into the pulmonary
artery may be distorted by the mixing of the indicator in
the lungs. Hence, a subject could be diagnosed as having
a cardlac defect when in fect the abnormal shape of the green
dye curve was due to a respiratory disorder. The green dye
curve obtained by the injection of indicator into the left

ventricle is not influenced by the mixing effectiveness of
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the lungs.

Figure 20 is a reproduction of the work of Pearce et al,
discussed on page 22, where the fluld dye concentration C(t)
1s plotted as a function of time for green dye studles employ-
ing various injection sites. The fluid dye concentration was
measured in the carotid artery. Flgure 21 1s a plot of fluld
dye concentration as a functlon of time measured from the
first appearence of dye in the carotld artery for the green
dye studies employlng an injection of dye 1in the right auricle,
pulmonary artery and the pulmonary vein of a dog. The dif-
ference in the green dye curves obtalned by the injection of
dye indicator in the pulmonary artery and the pulmonary vein
1s due to the mixing of dye in the lungs. This effect of
Injection site upon the shape of indicator dilution curves

can be explalned by the multichamber model.

Figure 17 shows an experlmental density function for a
normal heart obtained by the injection of dye indicator into
the pulmonary artery and measured in the aorta. The multi-
chamber model which explains the shape of thls plot of density
function versus time is shown in Figure 22. The shape of the
green dye curve which would be obtained by an injection of
dye in the pulmonary vein and measured in the aorta can be
predicted by subtracting a single mixing chamber from the
model in Figure 22 and applylng equation (2-22). The green

dye curve which would be obtalned by an injection of green
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&ye in the pulmonary artery and measured in the aorta for a
s&bject with a normal heart and a lung disorder can be pre-
dicted by the addition of mixing chambers to the model in
Figure 22, Filgure 23 1s a plot of density function f(t)
versus tlme for the models obtalned by adding 1, 2, and 4
chambers to the model in Filgure 22, It is noted that the
density function obtained by adding 4 chambers appears
simllar in shape to that of an aortic stenosis in Figure 17.
It was concluded that the shape of the green dye curve and
the mathematlical multichamber model can be used to dliagnose
cardlac state but the lnvestigator must consider the calcu-
lated value of cardliac output Q and the central circulation

fluld volume C.V. when employing the pulmonary artery as the

green dye injection slte.

It is usually undesirable to inject an indicator in the
pulmonary veln, except in animals. However, i1t is possible
to diagnose the blood flow through the lungs by obtaining
green dye curves following the injection of dye into the
pulmonary artery and the pulmonary vein. In the case of
normal blood flow through the lungs the mathematical models
that explain the shape of the green dye curves should differ
by no more than two mixing chambers., If the models differ
by more than two mixing chambers then pulmonary malfunction
should be suspected. Congestion of the lungs is a possible

cause of abnormal blood flow.
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3. APPLICATION OF THE THEORETICAL ANALYSIS OF VENTRICULAR
MIXING AND THE EXPERIMENTAL INDICATOR DILUTION METHODS

TO EVALUATE CARDIAC STATE

3.1 Deterministic Analysis for Nonunlform Ventrlcular

Mixing Appiled to the Thermodilution Technique

Consider a thermal dilution study in which 5 to 10 cm3
of cold saline is injected into the left ventricle during
the ith dlastole. The injection process 1s completed before
the end of the 1th dliastollic functlon and the injectate has
mixed in a nonuniform manner with the ventricular fluld at
the end of diastole. The injection and mixing described
above 1s given as case 4 on page 6., Dividing the end-diastolic
voiume of the 1ith heartbeat EDV1 into N equal but arbltrarily

small volumes of uniform temperature yields,
V.’Lj = EDVy / N (3-1)

where Vij 1s the volume of the Jth small volume element at

the end of the i1th dlastole.

During the l1th systole the stroke volume is glven by,
N
SVy = 813 Vi3 (3-2)
J=1
where g1 1s the fractlon at the end of systole of each volume
element that has contributed to the stroke volume. From

equations (3-1) and (3-2),

Ssvy = (EDVy / N)i&'ij (3-3)
J=1
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The fundamental relatlonship between the EDVy and SVi 1is

glven by,
SVy = EDVy - ESVy

for the 1th heartbeat. Defining k as,
k = ESVy / EDVy

i1t follows that,
Svy / EDVy =1 - k

From equations (3-3) and (3-6),

N
(1/N) Z gy =1 -k
=
(24)

It has been shown, utilizing the theory of

instantaneous and uniform mixing,
k=ATyy /AT,

Thus,from equations (3-6) and (3-8),

SVy / EDVy =1 ~ATp /ATy,

(3-4)

(3-5)

(3-6)

(3-7)

(3-8)

(3-9)

But the above equation is only valid for uniform mixing

and cannot be applied in this analysis without introducing

errors 1ln the calculatlion of ventricular volumes,

k 1s an lmportant parameter of ventricular function

since 1t is deflned as the ratlo of the residusal volume to
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the total volume of the ventricle. (1 - k) 1s called the

eJection fraction and represents the stroke volume dlvided
by the end-diastolic volume., Consider the case where,

g1j = 81 for all values of j and s such that 0<J<N and

0<s=N then it follows that,

k=18, (3-10)

This would be the case 1f each small volume element ejected
the same fraction of its volume during systole. Thils case
is not very probable since the fluld ejected 1s not derived
from all parts of the ventricle in equal proportions. The
fluid close to the aortic valve will tend to be ejected
completely while the aplical contents only slightly, if at
all. Hence, an equation relating 84 j to measured fluld
temperatures for the case of nonuniform ventricular mixing

is deslred.

3.2 Application of the Generalized Thermodilution Egquation

to Derive an Expressilon for the Ejection Fractlon of

the jth Volume Element

The generalized thermodlilution equation l1ls given by,

zz " - zz H =Ug final = Us,initial (3-11)
mass mass

entering leaving
where H = T V C, P end U=TYV Cvf7' Equation (3-11) is
derived in appendix B. For the i+1 diastole, the dlastolic
function following the injection of cold saline durling the
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ith diastole, equation (3-11) becomes,

Z H = Ug,rinal = Us,inltial (3-12)

mass
entering

Equation (3-12) may be written as,

N N
Tsv Vsv Cp @ +ZTiJ Vyy(1-g53) CyP= ZTi_,_l'JVi_,_l’JCve (3-13)
J=1 J=1

and from a2 mass balance,

N
Vey + Z Vij (1-813) = §V1+1,.1 (3-14)
N J=1 3=1
Since Vi+1,3 = EDVy4q and Viy = EDVy /N (3-15)
=1
equation (3-14) becomes,
N
Vey + (EDVy / N) 21(1-&3) = EDVi4q (3-16)
Assuming EDVy = EDVy 41,
N
Vsv / EDVi= 1 - (1/N) ) (i-g1j) (3-17)
=1

which can be shown to be equivalent to equation (3-7).

For an incompressible fluild Cy = Cp, therefore equation

(3-13) becomes,
N
Tsy Vgy = (EDV / N)Z(Ti+1’3 - Ty (1-g33)) (3-18)

Substituting equation (3-17) into equation (3-18) yields,

N
Ty (N - 2 (1-g44)) = ﬁ(%l.a - Tyy (1-g34))  (3-19)
=1 =1
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which may be rearranged to glve,

N
;g;(Tsv - Tgy (1-g33)) = ;E (Ty41,5 = Ty (1-g13)) (3-20)
= =1

It follows from equation (3-20) that,
N
(gij (Tgy - Tij) - Ti+1.J + TiJ) =0 (3-21)
J=1

Equation (3-21) represents a sum of terms which equals

zero. For each jth volume, Ty4q,j#Tyj, therefore

Ti+1,5 - Ty

(3-22)
Tsy - TiJ

g1 =

for each volume element. Hence, in the case of nonuniform
ventricular mixing equation (3-22) allows for the calculation
of the fraction of each ventricular volume element that has
contributed to the stroke volume, This expression can be
used to evaluate the performance of sections of the ventricle

wall which may be defective due to the presence of a leslion.

3.3 Belatlionship Between Ejection Fractlion and Probability

Density Function

In the preceeding sectlon an expression for the fraction
of each volume element that has contributed to the stroke
volume 813 was found to be a function of measured temperatures
as given by equation (3-22). The relationship between gj
and the fraction of the jth volume element contributing to
the flow during the ith systole at time t, defined as vij(t),



35

is given by,
ta

&3 3 =fv13(t) dat (3-23)
ty
The relationship between the probabillty density function f(t)

and vij(t) is given by,

N
£(8) = > ag(t) vyy(t) (3-24)
J=1
Multiplying both sldes of the above equation by dt and inter-

grating over the 1ith systole yields,
Jf(t) at = f z ay3(8) vyy(t) dt (3-25)

=1

or

Equations (3-23) and (3-;5) can be used to obtaln the
relationship between a4 4 and f(t). Hence, the probabilistic
analysis of nonuniform ventricular mixing presented in sectlion
2.3 can be applied to the thermodilution technique. Equation
(3-25) can theoretically be used to calculate F(t) from time

t equal 0 to time t equal ¢, .
-t

F(t) ff(t) at —z f %qij(t) vy 3(t) at (3-27)

sys
since F(O) =0, Equation (3-27) however is difficult to

apply since 1t requlres the knowledge of a1 j for all values
of J and 1,
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3.4 Application of the Probabllistic Analysis of Nonuniform

Ventricular Mixing to the Thermodilutlion Technlgue

From the discusslon in chapter 2 the probabillity density

funotion for the thermal indicator is,
oQ

£(t) = T(t) / jm) at (3-28)
(36) ]
Fegler - . derlved the relationship between cardliac output @

and the measured aortic fluild temperatures for the thermo=-

dilution technique discussed on page 4,
o
Q = Vinj (Tg - Tlnj)/ jT(t) dt’ (3-29)
O
From equations (3-28) and (3-29),
£(t) = Q T(t) / Viny (Tg - Tiny) (3-30)

Equation (3-30) allows for the calculation of the density
function from the temperature versus time trace of an

experimental thermodilution study.

By plotting many normal thermodilution studles on a £(t)
versus time plot abnormal studies may be diagnosed with a
minimum of calculation. This was not done in thls paper since
this requires a large number of thermodilution studles utllizling
tha bolus injection technique. The experimental thermodilutlon
studies presented in this paper employ a new technique which

uses a continuous injection over multiple heartbeats,



37

4, EXPERIMENTAL RESULTS

4,1 Invitro Apparatus

A mechanical model of the left ventricle was designed
and bullt in conjunction with Harvard Apparatus Company}
Millis, Massachusetts to study the mlixing of indicators ih
the ventricular fluid. The model had an end-dlastolic volume
of 100 cm3 and a variable stroke volume ranging from 0 to
40 cm3. The stroke rate was variable ranging from 5 to 100
strokes per minute with an ad justable phase ratio between
systole and dlastole from 25% to 75% of the total cycle thus
making 1t possible to simulate the normal cardiac cycle.

A complete description of the invitro apparatus employed to
study indicator mixing appears in reference (24) and is shown

in Figure 24. The invitro studies are discussed in section 4.3.

4,2 Invivo Apparatus

A fast response temperature probe was deslgned and bullt
in conjunction with High Temperature Instruments Corporation,
Philadelphia, Pennsylvania. Thls thermocouple probe consisted
of chromel and alumel elements fully enclosed in a stainless
steel sheath with an unexposed junction. The probe had a
maximum diameter of 0,020 inches tapered to 0.014 inches and
flattened to 0.010 inches at the tip.. The thermal probe was
proven safe,by invitro testing in the heart model described
above, for clinical studlies using human subjects. The time

constant of the probe was found to be 0.008 seconds,



38

It was found that for a temperature probe to follow
temperature changes during a heartbeat i1ts time constant
should be less than 1/5 the time interval of the systoliec
functlonf37) For a heart rate of 70 beats per minute in
which the dlastolic and systolic periods are of equal length,
the time constant of the probe must be less than 0.08 seconds
to follow temperature changes during the heartbeat. In order
to follow temperature changes durlng the systolic and diastolic
perlods 1t was found that a probe with a time constant of less
than 0.02 seconds was required. Flgure 25 1s the response
trace of the therma; probe manufactured by High Temperature
Instruments Corporation to a step temperature change. This-
trace was taken in the Catheterization Laboratory while a
catheterization was in progress, on the same equipment used
for the invivo investigations. Hence, 1t was concluded from
the above that continuous fluld temperature changes may be

measured in the ventricle and aorta durlng the systolic and

dlastolic functions.

The thermocouple signal was amplified by a high gein,
low noise, direct current amplifier manufactured by Ellis
Assoclates, Pelham, New York and further amplified and re-
corded on a monitoring oscillograph manufactured by Elec-

tronics for Medicine, White Plalns, New York.

4,3 Invitro-and Invivo Mixing Studles

A major concern of investigators today is the assumptlion

of instantaneous and uniform mixing of indlcators with the
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ventricular fluid. In section 1.3 a macroscopic description
of mixing was presented in which it was concluded that
ventricular mixing of indicators ls melnly due to forced
conveetion. In order to extend the mixing studies of other
1ﬂvestigators who employed mechanical models, the heart model
discussed in section 4,1 was used to study the mixing of thermal
indicators. These mixing studles are discussed in detail in
references (24) and (38). The experimental mixing studies

of thermal indicators were performed at various heart rates
and stroke volumes. It was concluded that lnstantaneous

and uniform mixing of the injected thermal indicator with

the ventricular fluld can be assumed with a maximum error of
15% in the theoretically calculated continuous ventricular

volume.

The mixing of thermal indlcators was also studied in the
dog's heart. In order to compare thermal and dye indicator
mixing a bolus of 3 cm3 of cold green dye was ingjected into
the left ventricle during the dlastolic function., Figure 26
is a mixing study in which the ventricular fluid temperature
was measured in the ventricle and the ventricular fluld dye
concentration was measured at the aorta., It was found that
the relative mixing of both indicators with the ventricular

fluild 1s about the same in the normal dog's heart,

By the injection of Lycopodium seeds into the coronary

artery an infarction was produced in the dog's heart which
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reduces the cardiac output and the mixing effectlveness of
the left ventrlcle. Figure 27 1s a simultaneous green dye
and thermodilutlion study following the bolus injection of

3 cm3 of cold green dye into the left ventricle., The left
ventricular fluld mixture temperature was measured in the
ventricle and the ventricular fluld dye concentration was
measured at the aorta. Thls study was performed while the
dog was having a cardiac infaraction. In the failling heart
the mixing of dye and thermal indicators becomes dependent
on diffusion and conduction respectively, since the forced
convection of the heart walls and the incoming stroke volume
is reduced substantially. From the mixling studles performed
invivo in the dog it was concluded that the mixing of indi-
cators injected as a bolus into the left ventricle is related

to ventricular performance and cardlac state,

The dye injected into the right heart mixes with the
central fluid volume in the right heart, pulmonary artery,
the lungs, the pulmonary veiln and the left atrium before it
enters the left ventricle. Except in the case of poor left
ventricular filling the fluid dye concentration can be safely

assumed unliform by the end of each diastolic function,

4.4 Invivo Thermodilution Procedure

Section 1.2 briefly described the thermodilution
technique developed by Fegler which involved the placing of

a thermal probe just above the aortic valve and the injection
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of a small amount of cold sallne into the left ventricle
during the dlastollic function of the heartbeat. The thermo-
dilution equations derived by Holt for the calculation of
ventricular end-volumes from measured temperatures were
introduced. In this chapter a new thermodilution techhique
is presented which utilizes a continuous injection of cold
saline over three or four heartbeats and eguations which
allow for the calculation of continuous left ventricular
volume., Two procedures will be discussed. One employs

two catheters and the other only one speclally deslgned

catheter called a "Thermocatheter",

The two catheter invivo thermodilution procedure
employed at Saint Michaei Medlcal Center was developed
in conjunction with Dr. R. Brancato, Chlef of Cardlac
Catheterization. Thlis procedure, called the "Brancato
Technique", consisted of first introducing a Number 5
French Sones catheter into the right brachial artery and
directing it into the left ventricle. A second catheter,
a Number 6 French Percutaneous catheter, was then intro-
duced percutaneously into the right femoral artery and
directed to either the left ventricle or the ascending
aorta depending on which was to be studled first. Usually

the left ventricle was studied before the aorta. The

percutaneous catheter served as a gulde for the thermal probe
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which was passed through it until 1t projected from the tip
of the catheter approximately 3/16 of an inch in the ventri-
cular fluld. This projected length was desired since it
allowed the probe to act as an infinite pln and conduction

along the probe tip was negligible.

The positioning of the two catheters in the left ventricle
was accomplished by means of an X-ray monlitoring system using
standard cineangiocardiographic equipment. Figure 28 is a
schematic diagramof the invivo patlent to equipment relation-
ship. The proper catheter configuration in the left ventricle
is shown in Figure 29, which 1s a cine-X-ray frame showling
the location of the two catheters 1ln the left ventricle. The
injecting catheter 1s distal to the thermocouple.

After the catheters were positioned and the thermal
probe was measuring ventricular fluld temperature, an injection
of between 30 and 40 cm3 of cold saline at a temperature of
between 40 and 60 °F was made over a period of 3 to 4 heart-
beats by a continuous and constant injection device with a
low injection pressure. This type of inj)ection of cold sallne
has three majof advantages over the classical instantaneous

bolus injectlon:

1) An instantaneous injection usually involves the in-
jection of between 5 and 8 om’ of saline during a single dlas-
tolic function. This injection requires a high injection pres-
sure and a programmed injector utilizing the EKG signal. The
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catheter dead space must also be taken into account since
the start of the injection will only tend to empty the

contents of the catheter which are at beody temperature.

The high injectate velocity resulting from the high
injection pressure tends to produce ventricular wall irrita-
tion producing extra systolic functions called premature
ventricular contractions or pve's. The presence of pve's
confuses the interpretatlion of the data and discomforts the
patient. An injectlon over 3 or 4 heartbeats with a low
injection pressure was found to produce the least ventricular

irritation.

2) The continuous injection of cold ssline enhances the
ventricular mixing, thus reducing the error incurred by assuming
that the ventricular fluld temperature gradient at any time
during the heartbeat is zero. The experimental mixing studles
discussed in section 4.3 indicated that a miximum error of
154 in calculated ventricular volumes is incurred by assuming
that instantaneous and uniform mixing of the bolus of injected
cold saline with the ventricular fluld occurs. Therefore 1t
has been assumed that the calculated continuous ventricular

volumes are within + 15% of the actual volumes.

3) The continuous injection allows the investigator to
inject during any time of the heartbeat and is assured of calcu-
lable data from at least two heartbeats. The flrst heartbeat

during the continuous injection is usually not analyzed since
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it is when the catheter dead space is cleared,

Figure 306 shows the effect of the extra systoles on the
thermodilution study. Figures 31 and 32 show the catheters
in the left ventricle during the continuous injectlion over
multiple heartbeats and the catheters after the injection
process 1s completed. Note that the catheters return to
thelr respective positions at the end of the injection.
Usually two or more runs were made with both catheters in
the left ventricle and the ventricular fluld temperature was
recorded dur;ng the injectlion process and during the warming

process as the ventricular fluld returned to body temperature.

The thermodouple was then pulled back into the catheter
and the catheter was then placed in the aorta Jjust above the
aortic valve., The thermocouple was then pushed foward in the
catheter so that it was exposed in the aortic fluid in the
same manner as in the ventricle fluld. An injection of cold
saline as described above was then performed and the aortic
fluld temperature was recordeéd throughout the cooling and
warming perlods. Thls procedure was also performed at least

twlce to lnsure repeatabllity.

With the catheters in the above position, one 1in the
ventricle and the other in the aorta; simultaneous pressures
were recorded utillizing a Statham transducer connected to
each catheter end. The data recorded in addition to the

temperature tracings was, the volume of saline injected,
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temperature of saline in injector syringe, temperature of
saline reaching the ventricle, lnjectlon pressure and the
amplitude galn settings on the monltoring oscillograph. The
temperature of saline reaching the ventricle is calculated

by adding the temperature increase across the catheter, which
is determined experimentally, to the temperature of saline

in the injector syringe. Appendix E explains the experi-
mental procedure for the temperature correction for the warm-
ing of the injected fluld in the catheter during the iInjection

process.

4,5 Invivo Thermodilution Studlies in Man

Figure 33 is a thermodilution study of a coronary patient
with good left ventricular function. Trace (a) 1s a measured
temperature versus time plot for the left ventricle durlng
and following the constant injection over multiple heartbeats
of 40 cm3 of cold saline at a temperature of 50°F. A low
injection pressure, 250 psl, was used to inject the saline
in 3.8 seconds over 5 heartbeats. During the injection process
the heart rhythm and the electrocardiagram remained unchanged.
From trace (a) it is obvious that the thermal probe was too
close to the aortic valve flow. Hence, with each systolic
function the thermocouple would record a temperature change
in the left ventricle as the unmlixed ventricular fluid passed
by the probe on its way out the aorta. Thls unmixed fluld

1s close to the aortic valve outslde of the mixed reglon of
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the ventricular fluld and is ejected at the start of systolilc
flow, If the probe were placed properly within the well mlxed
fluid reglon no temperature change would be recorded during

systole after the injection of the sallne.

Trace (b) in Figure 33 is an aortic thermodilution study
obtalined wlth the same injectlon process described above.
Trace (c¢) 1s a simultaneously recorded ventricular and aortic
pressure trace which allows for the verification of the onset
of systolic and diastolic flows indicated by the thermodilution
study. From trace (¢) and the electrocardiagram the four
functions which make up the heartbeat are characterized as
the ejection process, isovolumetric relaxation, fllling process
and the lsovolumetric contraction. These functions are label-
ed I, II, III, and IV respectively on trace (c). The points
a, b, ¢, and d refer to the onset of each particular function
and refer to the opening and closing of the aortic and mitral
valves. Traces (a), (b) and (¢) can be compared by relating

the points a, b, ¢, and d of each trace to the other.

Usually the measured temperature versus time plot for
the left ventricle 1s used to calculate the continuous ventrl-
cular volume during the dlastolic and systolic functlons of
the heartbeat with equations (C-23) and (C-27). The aortic
temperature trace ls usually employed to calculate the end-
volumes of the left ventricle with equations (B-34), (B-35)
and (B-36). However, in thls study the thermal probe was
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placed too close to the aortic valve during the ventrlcular
thermodilution study, trace (a). Hence, thls trace was only
used to calculate the contlnuous volume of the left ventrilcle
during the diastolic function with equation (C-27). It was
assumed that the measured aortic fluld temperature was egual
to the temperature of the fluld in the ventricle during the
systolic function and during the continuous injection of

cold saline. Equation (C-23) and trace (b) were used to
calculate the continuous volume of the ventrliclé during the
systolic function of the heartbeat. The measured aortlc
fluld temperature during the diastolic function can be
employed to study the mixing in the aorta. No calculation

of aortic mixing was made in this research utillizing measured

aortic temperature during diastole.

Figure 34 is the calculated ventricular volume versus
time plot for the thermodilution study described above,
The points a, b, ¢, and d on the volume plot refer to the
opening and closing of the aortic and mitral valves as
described on Figure 33. Figure 35 1is thé measured ventricular
pressure versus the calculated ventricular volume plot, called
the work diagram, for the left ventricle. From Figures 34
and 35 the left ventricular function can be dlagnosed as

normal.

Figure 36 is a thermodilution study of a normel left

ventricle in which the thermal probe was placed within the
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well mixed region., Trace (a) is the measured ventricular
fluid temperature durilng and following the injection of 40 cm3
of saline at a temperature of 45 °F over 5 heartbeats. During
the injectlion process there were two extra systolic functions
followed by two abnormal heartbeats, Hence, there was only

a single beat during the injectlion process which could be
employed to calculate the continuous ventrlicular volume. The
portion of the ventricular temperature trace labeled by the
points a, b, ¢, and d was used with equations (C-23) and
(C-27) to calculate the continuous volume of the left ventricle
during the diastollic and systolic functlions. The polnts a,

b, ¢, and d are defined on Flgure 33.

Figures 37 and 38 are the volume and work dliagrams
constructed from the calculated ventricular volumes and the
measured ventricular pressures. Trace (b) in Figure 36 is
a trace of the ventricle and aortlec pressures obtalned by
pulling the catheter across the aortlic valve and recording
the measured pressures. This type of pressure trace ls known

as a pull back pressure.

The calculated end-volumes in thls thermodilution study
were verified by the Flck and green dye technliques. The
cardiac output calculated by the thermodilution, Fick and
green dye techniques were 5.47, 5.5 and 4.95 liters per minute.
respectively. Hence, from this and similar studles 1t was

concluded that the fraction of unmixed ventricular fluld 1s



L9
neglligible in the normal left ventricle.

Flgure 39 1s a thermodilution study in which 40 cm3
of saline at a temperature of 435 °F was injected into the
left ventricle with an injectlon pressure of 250 psi over
5 heartbeats. Trace (a) in Flgure 39 is the trace of the
left ventricular fluid temperature during and after the
injection process. The heartbeat was unaffected by the
injection process. The continuous ventricular volume was
calculated using equations (C-23) and (C-27) and the temper-
ature trace for heartbeat C in Figure 39. Figures C-3 and
C-4 are the computer solutions for the calculation of the

ventricular volume during the heartbeat C.

Trace (b) in Figure 39 is the simultaneous ventricular
and aortic pressures. Figure 40 is the volume diagram and
Figure 41 is the work diagram for this subjectis left
ventricle which was dlagnosed as normal with good left

ventricular function.

The last three heartbeats during the injeclon process
were analyzed in order to show the repeatabllity of this
new thermodilutlion technigque. From the temperature versus
time traces of heartbeats C, D, and E in Figure 39 the
volume versus time plot was constructed for each heartbeat
and is shown in Figure 42, The maximum difference in the

calculated volumes for the three heartbeats was 14.3% which
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is consistent within the limits of accuracy discussed on page 39.

4.6 Invivo Thermodilution Study of Abnormal Ventricular

Functlion

Figure 43 1s a thermodilution study of a patient with
advanced aortlc regurgitation confirmed by cineanglography.
Trace (a) is the aortic fluid mixture temperature versus time
during and following the injection of 30 cm3 of saline at a
temperature of 47 OF, Trace (b) is the ventricular fluid
temperature. No calculation of ventricular volume could be
made from elther of these traces using equations (C-23) or
(C-27) since they were derived in appendix C for ventricles
without valvular incompetence. In appendix C equations are
presented which could be solved simultaneously to obtain a
measure of the insufficlency. But even without calculatlions
the temperature trace shows that the patlient had an enlarged
ventricle and regurgltant flow from the aorta to the ventricle

during diastole.

By comparing Figure 43 to Figures 33, 36 and 39, the
thermodilution studies previously discussed, the differences
between a thermodilution study of a normal left ventricle and
one with valvular incompetence are recognized. Note from
traces (a) and (b) in Figure 43 the large number of beats
required to expell the cold saline. The calculated value of
k was found to be 0.80 which is outside ofi:the normal range
of .55 to .,65. In trace (b) the regurgitant flow 1s measured
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by the thermal probe ln the left ventricle at the end of
diastole. Trace (¢) is the simultaneous pressures measured
ln the ventricle and aorta. The exaggerated aortlc pressure

trace is an indicator of aortic incompetence.

4,7 The Thermocatheter

The Brancato technique originally developed in order to
estimate continuous left ventricular volume and work employs
two catheters, one for the injection of cold saline and the
other for the continuous measurement of ventricular fluld
mixture temperature. For patients with aortic stenosis it 1is
usually very difficult to pass two catheters across the aortic
valve, For patients with a small left ventricle, which is
usually the case 1n the presence of mitral stenosls, it 1s
very difficult to establish the proper catheter configuration
as described on page 42. The thermocatheter is the author's
original design of a device which allows for the injection
of saline into the left ventrlcle and the continuous direct
measurement of the ventricular fluld mixture temperature

employing a single catheter.

The first design of the thermocatheter conslsted of a
ventriculography catheter in which a hole had been nmade at
the tip. When the thermocouple was passed through the catheter
it occluded the front hole and extended beyond the tip of
the catheter a distance of 3/16 of an inch. This design ful-
filled its purpose but it did not handle as well as desired.
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A disadvantage was that i1t employed a Ventriculography catheter
which 1s used in retrograde catheterlization of the left ventricle.

It was more desirable to employ a percutaneous catheterization.

During a thermocatheter study in a mongrel dog intended
to evaluate the safety of the desigh 1t was discovered that
the probe can easlly find its way through one of the side
holes instead of the distal hole. In thls position the probe
produced a hematoma and the tip of the probe could have easily
been broken. Hence, thls design was not employed in human

studies.

The second thermocatheter design, shown in Figure 44,
employs a Percutaneous catheter and an occluder which is cold
soldered on the thermal probe. The distal hole is occluded
and prevents any cold saline from washing directly on the
thermocouple tip which extends from the catheter tip a distance
of 3/16 of an inch into the ventricular fluid. This design
was found to be safe for human studles and easy to use. No
premeasurement of the thermocouple length is regqulred since

the investigator can see the occluder on the X-ray screen.

4,8 Invivo Thermodilution Study in the Dog Employing the

Thermocatheter

The thermodilution studles in the dog differ from those
in man since a much smaller volume of cold saline is required

to drop the ventricular fluld temperature. Hence, a bolus
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injection of 2 or 3 cm3 made instantaneously into the left
ventricle was found to be the best technique. As previously
discussed the dead space in the catheter must be corrected

for in the case of a bolus injection. This was done by

allowing the fluld in the catheter to reach the body temperature

of the dog and neglecting the temperature rise across the catheter.

Figure 45 is a thermodilution study which employed a
bolus injection of 2 cm3 of cold saline at 2 °C. Equations
(1-1) and (C-21) were used to construct the volume versus
time and work diagram for the dog's left ventricle during
dlastole. The results 6f this and other thermodllutlon
studies employing the Thermocatheter compared favorably with
the results of the green dye studies which only allow for

the calculation of end-volumes and cardiac output.

4.9 Invivo Thermodilution Study in Man Employing the

Thermocatheter

The procedure used at Saint Michael Medical Center
employing the Thermocatheter was to introduce a Number 7
French Percutaneous catheter into the right femoral artery
and direct it into the left ventricle. This catheter 1is
then used as a gulde for the thermocouple with the occluder
which 1s passed through the catheter until the occluder 1s
felt seating in the distal hole. After the thermal probe 1is
in place 15 to 30 cm3 is injected over 3 or 4 heartbeats.

The measured fluld temperatures are related to ventricular
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volumes in the same manner as the studles which involve the

use of two catheters.,

Figure 46 1s a thermodilution study employing the
thermocatheter. This patient had valvular incompetence and
only a single catheter could be placed in the ventricle
safely. Trace (a) is the ventricular fluld temperature dur-
ing and after the continuous injection, over multiple heart-
beats, of cold salline. Note during the cooling and warming
periods the indlication of regurglitant flow. This 1s an
example of how the thermocatheter can be employed to dlagnose

ventricular function,

4,10 Results of Experimental Thermodilution Studles

A total of twenty-six thermodilution studles were per-
formed invivo in man at Saint Michael Medical Center employ-
ing both the Brancato Technique and the Thermocatheter.
Eleven of the thermodilution studles were exploratory in
nature, in which the thermodilution technique was developed.
Table I, on page 55, 1s a tabulation of the exploratory
thermodilution studles which outlines the purpose and results
of each of these studles. The procedure which evolved from

the exploratory thermodilution studies was discussed on page 40.

Table II, on page 56, 1s a table of calculations for the
diagnostic thermodilution studies in man. The calculated mean
value of k, EDV, ESV and Q are 0.596, 148 cm’, 80.7 cm’ and

5.7 1/min respectively. These mean values verify those
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TABLE I

TABLE OF EXPLOBATORY THERMODILUTION STUDIES IN MAN
PARTTIAL ANALYSIS
PURPOSE AND RESULTS CALCULATED
BRANCATO TECHNIQUE «

Experimentation to determine the best rate of .75
injection and volume of injection and their

effect on the patient. Best results were

obtalged with an injected volume greater than

20 cm” injected continuously over 3 or more beats.

Experimentation to determine the best injection .68
pressure. Injection pressure above 350 pslia tends
to produce arhythmia. With a #6 French catheter a
350 psia injection pressure corresponds to an
injection velocity of 1484 cm/sec.

Improper catheter configuration in the left ventricle.
Thermocouple catheter too close to injection catheter.
Thermocouple catheter should be placed distal to
injection catheter.

Injected fluid temperature too low, ~Caused inversion
of T wave on EKG signal. Best injected fluld

.57

temperature is above 45 °F regardless of amount injected.

Thermocouple catheter too close to aortic fluld .625
flow. Thermocouple must be in well mixed ventricular
fluild volume. :

High injection pressure (350 psia) produced arhythmia
and extra systollic function.

Patlent with sensltive:ventricular wall. Evén
with low injectlon pressure of 250 psia produced

pve's throughout injectlon process. Shown in Flgure 30.

Improper catheter configuration. .60
THERMOCATHETER

Patient with aortic insufficlency determined by .80
temperature rise during systolic function.

Thermocouple not placed properly in catheter, dlstal
hole not occluded.

Thermal probe too close to mitral valve. Veloclty
effects appear on temperature versus time trace
indicating opening and closing of mitral valve.

.63
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published by other investigators utilizing varlous techniques.
Figure 47 1s a nondimensionalized left ventricular volume plot
for the thermodlilution studles outlined in Table II and dlag-

nosed as normal. From thls plot the band or range of normalcy

can be constructed.

(39)

The physlologlst uses an approximate formula to
determine thé work done by the left ventricle during the
heartbeat,

Work = P - sV (4-1)
where ?v is the mean ventricular pressure during systole.
Table II shows the work found by equation (4-1) and the work
calculated by measuring the area wlthin the pressure versus
volume loop whlch is equlvalent to,

Work = ‘{PV av | (4-2)
0op

Hence, it is concluded that the approximate formula glven by

equation (4-1) is quite accurate.

Figure 48 is a plot of ventricular stroke work versus
ventricular end-dlastolic volume for the thermodilution studles
presented in this paper. It is concluded from this plot that
ventricular stroke work is not singularly dependent on the
end-diastolic volume., This is the expected result since the
ventricular work is a function of ventricle pressure and

stroke volume,

Figure 49 is a plot of ventricular stroke work versus
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ventricular end-diastolic pressure. The relationshlp between
stroke work and end-dlastollc pressure of the ventrlicle is
clearly shown. This plot lndicates the normal range of ven-
tricular stroke work and end-diastolic pressure., The abnormal
range 1s characterized by an increase in end-dlastolic pressure
for a small or no increase in stroke work; dP/dW is less than

0.06 and ventricular stroke work is greater than 1.2 x 107 ergs.

Figure 50 is a plot of ventricular end-diastolic pres-
sure versus ventricular end-diastolic volume. The relationship
between end-diastollic pressure and end-diastollic volume shown
is for the range of normal hearts. In the range for abnormal
hearts there is a large lncrease in end-dlastollc pressure

for a small increase in end-dlastolic volume,

Figure 51 i1s a plot of left ventricular pressure verses
left ventricular volume for the thermodilution studles out-
lined in Table II and diagnosed as normal. From this figure
one could estimate the range and area of a pressure versus
volume loop for a normal left ventricle. The dashed line
loop 1s the estimated mean pressure versus volume curve for
a normal left ventricle. The range and area of the work
dlagrams for the normal left ventricles compares favorably
with the work of Dodgequ) Dodge constructed the volume versus
time plot for the left ventricle by the biplane cineangio-

cardiographic technique. These biplane technlques involve

the injection of large quantities of radlo-opaque material
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and large doses of x-rays thus making it undesirable as a

c¢linical tool.

Figure 52 shows the pressure versus volume plots published
by Dodge. Superimposed on his results is a work diagram of
a normal left ventrlicle computed from the results of a thermo-
dilution study, case 8, utilizing the continuous injection
of cold saline over multiple heartbeats. Thls figure clearly
indicates how the work diagram can be used to evaluate cardiac

state.
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5. CONCLUSIONS

The major conclusions of the research presented in this
paper are the technlques developed for the evaluatlion of
cardiac state utilizing dye and thermal indicators. The
green dye curve obtained by the injection of green dye into
the pulmonary artery and the measurement of the fluld dye
concentration in the aorta was employed to evaluate cardiac
state. Thls was accomplished via a mathematical analysis
which related the fluld dye concentration to a probabilistic
density function. The density function was shown to be an

indicator of cardiac state.

A mathematical model was developed from the physical
characteristics of the central circulation which explains
‘the shape of the green dye curve in terms of the number of
mixing chambers N in serles which make up the model. A
large N was shown to be an indicator of poor cardiac functilon.
It was concluded that the mathematical model and the green
dye curve can be employed to dlagnose cardiac state as long
as the investigator utilizes a bolus injection of green dye
into the pulmonary artery and measures the fluld dye concentra-
tion in the aorta. The effect of dye mixing in the lungs
on the shape of the green dye curve was studled and it was
concluded that the values of cardlac output and central fluild
volume must also be considered when maklng a dlagnosis of

cardiac state utilizing the mathematical model.
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The green dye curve obtalned by the injection of green
dye into the left ventricle and the measurement of the fluid
dye concentration at the aorta was employed to study the mlx-
ing effectiveness of the left ventricle. By employing the
multichamber model 1t was found that the mixing of a dye
indicator injected as a bolus into a normal left ventricle
can be represented by two perfectly mlxed chambers ln series.
An abnormally functloning heart can be represented by calcu-
lating the cardiac output and ventricular end-diastolic volume
and plotting the denslty function for different values of N.

In cardiac fallure or enlarged heart N>2.

Two experimental techniques were developed for calculating
the work performed on the fluld by the left ventricle during
the heartbeat. Both techniques involve the continuous direct
measurement of ventrlcular fluld mixture temperature during
and following the controlled injection, through a catheter,
of a known volume of cold saline into the left ventricle.

The technlgues differ in the number of catheters required.

The Brancato technlque employs two catheters placed in the
proper configuration in the left ventricle. The Thermo-
catheter, developed in this research, employs a single catheter
to inject and measure the ventricular fluld mixture tempera-
ture. Equations (B-34), (B-35) and (B-36) were employed to
calculate ventricular end~-volumes from the ventricular fluld

temperatures measured in the aorta. Equations (C-23) and
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(C-27) were used to calculate the continuous ventricular
volume during the heartﬁeat from the ventricular fluld
temperature measured in the left ventricle. The work dlagram
for the left ventricle was constructed by plotting the measured
ventricular pressure versus the calculated volume of the
ventricle for a heartbeat. The work dlagram was employed

to dlagnose cardlac state.

A total of twenty-six thermodiiution studles were per-
formed invivo in man employing both the Brancato Technique
and the Thermocatheter. The calculated mean values of k,
EDV, ESV and Q were 0.596, 148 cm3, 80.7 cm’ and 5.7 1/min
respectively. The approximate formula used by physiologists
to calculate the stroke work of the left ventrlcle, given by
equation (4-1), was experimentally verified in this research.
By plotting the ventricular stroke work versus ventricular
end-diastolic volume for the thermodilution studies presented
it was concluded that the stroke work is not singularly

dependent on the end-dlastolic volume.,

The relationship between ventricular stroke work and
end-dlastolic pressure for the range of normal hearts is
showun in Figure 49. The relationshlp between the end~dlastollc
pressure and the end-dlastollc volume for the range of normal
hearts is shown in Figure 50. Figure 51 1is a plot of left
ventricular pressure versus left ventricular volume for the

thermodilution studlies in normal hearts. From this figure
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the range and area of a pressure versus volume loop for a
normal left ventricle was estimated and appears as a dashed

line loop in the figure.
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6. RECOMMENDATIONS

In this paper the author has presented many possible
areas of investigation. By employlng the green dye curve,
obtalned by the injection of dye in the pulmonary artery
and the measurement of the fluld dye concentration at the
aorta, and the integral of the density function | T(t) at
the relationshlp between the value of the integréi and the
degree of valvular insufficiency can be evaluated. For a
heart with a normally functloning aortic and mitral valve
the value of the integral should equal 1.0. In the presence
of an insufficlency the value of the integral will be great-
er than 1.0, In order to establish the relatlonship between
the value of the integral j“;(t) dt and the degree of
insufficlency many green d§2 studles must be performed 1n

hearts with valvular defects.

Equations (C-13), (C-14) and (C-15) may be employed to
evaluate abnormal flows between the chambers of the left
heart utllizing the Brancato Thermodilution Technique. The
investigation would involve simultaneous temperature measure-
ments in the chambers being studled and the simultaneous

solution of the above equatlions.

Section 3.4 presents an application of the probabilistic
analysis of nonuniform ventricular mlixing to the thermo-

dilution technique. By plotting many normal thermodilution
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studlies on a f(t) versus time plot, the range of normalcy
can be established from which abnormal studles may be di-
agnosed with a minimum of calculation. This was not done
in thls research slince thls requires a large number of thermo-

dilution studies utilizing the bolus injection technique.

In the case of nonuniform ventricular mixing of the
injected saline with the ventricular fluid equation (3-22)
allows for the calculation of the fractlon of each ventri-
cular volume element that has contributed to the stroke
volume. This expression can be used to evaluate the per-
formance of sectlions of the ventricle wall which may be

defective due to the presence of a lesion.

It is the author's opinion that many more thermodilution
studles employing the Brancato Teéhnique and the Thermo-
catheter should be performed on subjects with different cardlac
defects in order to establish the thermodilution technique

as a clinical tool.
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DYE CONCENTRATION in mg/liter
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Classic Stewart-Hamilton Indicator Dilution Curve
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FIGURE 2



Dye Concentratlion versus Time Obtalned by Discontinuous

Sampling Technigue After Instantaneous Injection of Dye

z-ws
/
L]
.
é
$
t L0
/
v
. R
I° .
» o
—® 8
» R
]
Q""" ® === '5 g :
3 &
§ S\
k‘
e~ o

T ™~ © W ©® <+ ~ O
Tu 00T/3u Ut NOILVHILNAIONOD HXA

FIGURE 3

68



69

Ideal Thermodilution Curve With Thermistor In Aorta
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CONCENTRATION C(t) in mm of deflection
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Experimental Green Dye Study in Man
Obtained by the InjJection of 5 mgm

of Green Dye into the Pulmonary Artery
end the Fluld Dye Concentratlon Measured

in the Aorta
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TIME MEASURED FROM FIRST APPEARANCE OF GREEN DYE in seconds

FIGURE 5
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Steady Flow System
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c(t) / c(o0)

Theoretical Concentration Based on the Theory of

Instantaneous Uniform Mixing for a Steady Flow System
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FIGUBE 7
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The Left Ventricle Assumed to be a Cyclical Steady

Flow Systen
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FIGURE 8
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Theoretical Concentration Based on the Theory

of Instantaneous Uniform Mixing
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Experimental Concentratlion versus Time Plot for a
Normal Left Ventrlicle following the Instantaneous
Injection of a Bolus of Dye Employing an Ideal
Apparatus with no Response Lag and a Real Apparatus

with a Besponse Lag greater than zero
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Multichamber Probabilistic
Model
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Plot of Equation (2-24) for @ = 5
liters/minute and V = 200 cm’ for

Varlious Values of N
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Experimental Density Function f(t) for the Experimental
Green Dye Curve in Figure 5 and the Theoretlcal Density
Function for N = 1
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Green Dye Study for a Subject with an Enlarged Heart
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Green Dye Study of a Subject with an Aortic 3tenosils
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CONCENTRATION OF AORTIC FLUID in mm of deflection
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Green Dye Study of a Subject with a Slight Aortic Insufficlency
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Fluld Dye Concentration versus Time Measured from
the First Appearence of Dye in the Carotid Artery
for Green Dye Studles Employing an Injectlion of
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EXPERIMENTAL APPARATUS
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Experimental Assembly

FIGURE 24
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Simultaneous Green Dye and Thermodilution Study in a Dog
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Schematic Dlagram of the Patient to Equlipment Relationshlp
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The Proper Catheter Configuration in the Left Ventricle

FIGURE 29



sanssaad .H.m._”ﬁow.npnmkw q397

(@)

! '
i T
% . 1 \ 5
”.:. 1/ | .*-“rt‘ .ilxu . m)
N \ DTN || wa I HQVEL THII-TUNIVUES
ML HHI ONISQJINOD
SNHI S,0Ad QEOAAOUd
SSHO0Ud NOILOHLNI
dHEL HOIHM NI NVW NI
g A01LIS NOIINTIQOWHEHI
" T AL TR TR
n ﬁ L N 1 A\‘L..\wwu_/f ._ r .,r.‘..r-\q \ ..i.,;;./L._ ‘L.\\ \ ,/, ‘11.\
\ NUTTTH L TN TN sl
\l(()lll:..
irt l..l..ll)
_. ]llll]llll))l
i (L \ SInjersdwe] pINTJ IeTnoTIjuep 3o ‘A‘dv‘
b { ﬁ [ I ' . ; ‘1N
i ™ l\\ M ™ II\ \ = \ \ 1 \ \ ll\\
,/\\ i T TN T f\ T,,,ﬁ rtthan \&X ?ﬁ Lt\ %/,, i /.,.‘\\‘ ).\\L\ L] |
i of N L 1 | m
| L |} | L1 ;
o3id suoT3oung OTT03sLS BIIXH
TN
LAy A oot /(\ll/
‘\\Jl\ \ II y M (l'll(\‘.)\J
™ N M N i\
LA N My | N 1.\4......1 1 ; ,u.:f i U
\ )\ \ A N1 rr(\‘.a s r(J i / 4 M h
Y] ll\\ \ /l\ / \\ vq anmd
= - e - - .
_ SSHEDOHd NOILDHLNI "




96

Catheters in the Left Ventricle during the Injection Process
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Catheters in the Left Ventricle after the InjJection Process

FIGURE 32
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Calculated Ventricular Volume versus Time

for the Thermodilution Study in Figure 33
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LEFT VENTRICULAR PRESSURE in mmHg
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Work Diagram for the Left Ventrlcle
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Calculated Ventricular Volume versus Time

for the Thermodilution Study in Figure 36
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Left Ventricular Work Diagram for the Thermodilution
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Calculated Left Ventricular Volume
versus Time

for the Thermodilution Study in Figure 39, Heartbeat C
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LEFT VENTRICULAR PRESSUBE in mmHg
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Left Ventricular Work Dlagram
for the Thermodilution Study in Figure 39
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Volume versus Time Plots for Heartbeats D, C and E

in Figure=39
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Thermocatheter Design
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Nondimensionallized Left Ventrlcular Volume

Plots from the Results of the Thermodilution Studlies Employing

the Brancato Technique and the Thermocatheter
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Ventricular Stroke Work versus Ventrlcular End-Diastollic Volume
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Ventricular Stroke Work versus Ventricular End-Diastolic Pressure
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Ventricular End-Dlastolic Pressure Versus Ventricular End-Dlastollc

Volume
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Left Ventricular Pressure versus Volume Plots

From Individual Patlients with Different . Varletlies

of Heart Disease
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A. APPENDIX

A.1 Derlvation of the Stewart-Hamllton Relationship

Conslider the lnstantaneocus lnjection of green dye into
elther the right heart or the left ventricle and the contin-
uous measurement of dye concentration C(t) in the ascending
aorta. Let /\V be the volume of fluld which passes through
the cross section of the aorta, where the fluld dye concen-
tration 1s measured, during the time interval t to t + At.
Assuming that the fluld dye concentration 1s uniform at the
cross sectlon of the aorta and A\t is small such that
c(t) = c(t + A\t), the amount of dye in the volume of fluld

AV 1s given by,
A1 =Av c(t) (A-1)"
Taking the limit as A\t —=0 equation (A-1) becomes,
dIl = C(t) av (A=2)

Integrating equation (A-2) from time t = 0 to time

t =00 ylelds,
t=00

Iyng = fc(t) dv (a-3)
t=0
Equation (A-3) may be written as,
oQ
Iingy = IC(t) dgét) dt (A-1)

O
The volumetrlic flow rate at time t is given by,
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Q(t) = av(t)/at - (4-5)

Hence, equation (A-4) becomes,

00
Isng = fc(t) Q(t) dt (A-6)
o]
A mean volumetric flow rate Q may be defined by writing
0o oo (s}
m fc(t) at fc(t) Qt) at < M fc(t) at  (a-7)
o (@]
which impllies that @ has a maximum and a mig}mum value,
Dividing each term im equation (A-7) by fc(t) dt yields,
6o
Jete) ate) at 3
m <= <M (A-8)

[5(1:) dt

Therefore the mean volumetric flow rate Q may be deflned

as,

_ZC(t) Q(t) dat

fc(t) dt
O

o0
as long as C(t) is non-negative and c(t) dt > 0. From
equations (A-6) and (A-9) it follows that,

oa
Q= Iiny / [[cte) o] (a-10)
O

Equation (A-10) is the Stewart-Hamilton equation used by
physiologists to calculate the mean volumetric flow rate,

called cardiac output, from dye lndicetor studles.
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A.2 Use of Stewart-Hamllton Equation in the presence of

Valvular Insufficiency or Regurgltation

In the case of aortic insufficiency there is a flow of
fluld back into the left ventricle during the dilastolic
function. This wlll exaggerate the concentration curve

since,

(o4 o
.};(t) ds )aortic :>> ujz(t) at normal

insufficliency I

Thus, from equation (A-10) the mean cardlac output Q calculated

will be less than it actually 1is.

For the case of mitral insufficlency and regurgltation
similar conclusions can be drawn. The cardlac output calculated
by the Stewart-Hamilton equation in the presence of mitral
insufficiency will be less than actual. Figure (A-1) is a
green dye study of a subject with mitral insufficlency for
which Q = 1.64 1/min by equation (A-10). The actual cardiac
output was Q@ = 4.82 1/min, found by the Fick techhique which

1s not affected by the presence of valvular incompetence.

Hence, 1t was concluded that the Stewart-Hamlilton relation
cannot be used to calculate cardiac outputs for ventricles
with valvular incompetence. Even though the concentration

versus time traces for these subjects appear normal in shape.
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B. APPENDIX

v (41)
B.1 Derivation of the Generallzed Thermodilutlion Equation

The general energy equation for a deformable control
volume with mass flowlng across the boundaries 1In several
places and boundaries which themselves move 1s given by,

Q - W - W +Z(pV+E)- Z(pv+E)=AE (B-1)
shear boundary miss niss s

entering leaving:
where AES is the total energy change of the system which 1ls
given by,
AES = /\ (kinetic energy)s + /\ (potential energy)s +AUS (B=2)

If the control volume under study is taken as the volume
of the ventricle and equation (B-1) 1s applied to the dlastolic

function then,

D pv+r =0 © (B-3)
mass
leaving
Q represents the total heat transferred, during the
diastolic function, from the ventricular wall to the ventricular
fluld. Q is not zero but its numerical value in thermal'units
(Btu) is very small compared to the total energy change of the

system, the system being the ventricular fluld. Hence,

QR0 (B=-4)

Since blood is a viscous non-Newtonlan fluid it 1s safe
to assume that the shearing stress 77 i1s a function of the

fluild velocitles vy and the velocity gradients in the ventricle

V1,3
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T =t ves v,y ) (B-5)

where v4 1s the veloclty in the ith direction and Vi, is
the partial derivative of vy with respect to the jth direction.
The general stress tensor:%Lis glven by the vector sum of
the shearing stress ?and the normal stress%which is equal
to ~p for a viscous fluld at rest,

T=T+ 6 Oy (B-6)
Thus, the shear work 1s due to the shear stress’Zfand the

boundary work due to normal stress:or.pressure p.

The rate of shear work done by the fluid in the control

volume on the boundary is given by,

Wshear = "fT‘V dA (B-7)
S %iv. '
where the integral 1s over the surface of the control volume.
Since the fluid velocities in the ventricle (and the velocity
gradients along the ventricle wall) are small it follows that,
Wshear ~~0 (B-8)
It is noted that the viscous shear work cannot be neglected

in the aorta during the systollic function.

The rate of work done by the fluid system on the boundary

during the dlastolic function is glven by,

Wooundary = ~j~P Vpen dA (B-9)
S

c.V,
whlch may be approximated by,

Yooundary = P Vsy / t» (B-10)
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where P 1s the mean dlastolic pressure and t 1s the time
length of the diastollc function. Since the mean diastolic
pressure 1s normally less than 10 mmHg 1t can be shown that
the work on the boundary during filling 1s negligible compared
to the total energy change of the system hence,

Wboundary ~~0 (B-11)

Since the system 1s not in motion and remains at the
same potential, equation (B-2) becomes
Aeg = Avg (B-12)
and likewlse, assuming as neglligible, the potential and
kinetic energy of the mass inflow
AE =Au (B-13)
Substituting equations (B-3), (B-4), (B-8), (B-11), (B-12)
and (B-13) into equation (B-1) yieldé,
Z (p v + U) =AU (B-14)
mass
entering
Enthalpy H 1s defined as,
H=pV+1U (B~15)
Hence,equation (B-14) becomes,

H = Ug,final = Us,initial (B-16)
mass

entering

Equation (B-16) 1s the generalized thermodilution equation
which is employed in section 3.2 and is used to derlve the

fundamental thermodilution equations.
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B.2 Derivation of the Fundamental Thermodilution Equatlions

Consider a heart in which an injection 8 ml of cold saline
at 50 OF is made into the ventricle thus lowering the temper-
ature of the ventricular fluld. If the above lnjectlion process
is done during the dlastolic function, equation (B-16) can

be stated as,

energy in: energy in: stored stored
mass inflow| + |injected = | energy| - | energy (B-17)

from atrium saline final initial

Applying the baslc caloric equations for a homogeneous

incompressible fluld which are given by,

H= PC, TV and U=QCy TV (B-18)
equation (B-16) becomes,
©Cp Tsv Vsv *Cinj Cp,inj Tinj Viny + ©Cy To Vo = Ur (B-19)

The final energy of the system Uy 1s glven by,
N
Up = Z @i Cv,1 T1 Vidg (B-20)
i=1
where the end-dlastolic volume has been divided up into N

equal, arbitrarily small, volumes V;. It follows that,
N
Ve = D Vie (B-21)
i=1 :
If complete mixing 1s assumed there will be no temperature

gradlent within the ventricle hence,

T3,r = Ty for all values of 1.

Assuming constant properties (E; Cp are constant and not a
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function of temperature) and C_ = Cv for all liquids:

P
Cp = Cp,inj = Cp,f end O@=QLinj =Or (B-22)

Equation (B-19) becomes,

To Vo + Tgy Vgv + Tinjy Viny = Tr Vr (B-23)
where Ty represents the ventricular fluld temperature at the
end of dlastole, with the assumptlion of complete mixing in
the ventricle. During the systolic function which follows
diastole, the ventricle 1s partlally emptied. Assuming no
heat transfer from the heart wall to the ventricular fluild,

the temperature of the fluld will still equal the Ty calculated.

Systole ends, the heart rests for a short time (less than

.1 second) and the diastolic function begins agaln. During
each dlastolic functlion the warmer body blood enters the
ventricle and ralses the ventricular fluid temperature. The
energy equation for this process, agaln assuming complete
mixing and constant properties, is given by,

To,n Vo,n * Tsv Vev = Tr,n+1 Vr,n+1 (B-24)
and from a mass balance,

Vo,n + Vav = Vf n+1 (B-25)

where n equals 2, 3, 4,..000c0...n.

Since T, and V, represent the initlal temperature and
volume respectively they may be denoted as the end-systollc
temperature Tgg ;1 8nd the end-systolic volume Vgg,1. Tp and

Ve represent the end-diastolic condltions and are glven by

Teq,2 and Veq, o Trespectively. Equation (B-23) becomes.
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Tes,1 Ves,1 + Tsv Vev + Tinj Vinj = Ted,2 Veq,2 (B-26)

and from a mass balance,

Ves,1 *+ Viny + Vsv = Veq,2 (B-27)
Notice that the 1injection takes place during the second
dlastole and a heartbeat consists of a diastolic and systolic
function. Hence, for the third diastolic function,

Teg,2 Ves,2 + Tsy Vsv = Teqd,3 Ved,3 (B-28)
and

Ved,3 = Vesg,2 + Vgy (B-29)

Solving equations (B-28) and (B-29) simultaneously yields,
Vsv = Ves,2 (Teq,3 - Tes,2)/(Tsy = Teq,3) (B-30)
and from Figure 4,
Tgv = Teq,3 =T, and ATy - Ay = Teq,3 = Tes,2 (B-31)
Therefore equation (B-30) becomes,
Vv = Ves,2 (A\Tmax ~ AT2)/(AT3) (B-32)
or in general,

st = Ves.n+1 (&Tn - ATI’I‘F]. )/(ATn+1) (B‘33)

where n equals 1, 2, 35ccecscseelle

Substituting for Veg,2 as gilven by equation (B-29) into
equation (B-28) yields,
Veq = Vgy/(1-k) (B-34)
where

k = ATy / ATy (B-35)

Solving equations (B-26) and (B-27) simultaneously ylelds,
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Vea = Viny ( Tp = Tany ) /A Tpay (B-36)

where Ty 1s the body temperature which is equal to Tes,l'
The values of temperature appearing in the above equation
may be determined experimentally., Thus the value of end-
diastolic volume may be calculated with equation (B~36), the
stroke volume with equation (B-34), and the end-systolic
volume with the general equation given by,

Ves = Vegq = Vgv (B=37)

The fundamental thermodilution equations allow for the
calculatlion of ventricular end-volumes from the temperature
data of a thermodllution study whlch consists of a single
injection of cold saline into the left ventricle during a
8ingle dlastolic function. In appendix C equations are
derlved for the instantaneous ventricular volumes durlng the
injection of cold saline over multiple heartbeats. The
advantages of the continuous injection over multliple heart-

beats are discussed in chapter 4,
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C. APPENDIX

C.1 Theory of Thermal Tracers in Multicompartment Systems

Consider a system composed of n compartments which
exchange mass and thermal energy with each other., Defilne
My and c4 as the mass and thermal energy concentration of
the ith compartment such that,

Cy =cy My (C-1)
where C4 1s the total thermal energy of the ith compartment
measured in Btu., Defining a transport or exchange rate bij
(em/sec) from the ith compartment to the jth compartment,

it follows for the ith compartment,
n

dCi/dt = Z(CJ in - Ci bij) (C—z)
J:
J#1
From equation (C-~1),

dCy/dt = My dey/dt + ¢y aMy/dt (c-3)

and from a mass balance, My dci/dt = ZZ bji (cJ - c4)

dMy /dt = 4 (bgy = bij) (C=4)

Combining equationsjﬁ%-Z). (Cc-3) and (C~4) yields,

Ma deas/dt = S; (cs bis - Ca bji) (C-5)
My dej/dt = zz (cy byy - c3 byi)
g7~
or

My do1/dt = ) by1 (oj - eg) (c-6)
3

Applying the caloric equations glven by,
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Cy = ©C, Ty V3 (c-7)
it follows that,
cy =Cp Ty and My =QOVy (c-8)

Hence, assuming E)and Cp constant equation (C-6) becomes,

evi dTy/dt = Z bji (TJ - Ty) (c-9)
J
Equation (C-9) is a general expression for the instantaneous
volume V4 of the ith compartment. Thus, the total volume of

the system is gliven by,
n

v(t) = Z Vv, (t) (c-10)
i=
Combining equations (C-9) and (C-10) ylelds an expres-
sion for the instantaneous volume of an n compartment system

with a nonuniform temperature distribution,

n 1
e > v; an/at = E Z (byy (Ty - T3)) (c-11)
= i=1 J=

J#L
C.2 Three Compartment System

Consider a three compartment system (n = 3) consisting
of the atrium, ventricle and aorta represented by compart-
ments 1, 2, and 3 respectively. In a normal heart there will
be only one non-zero exchange rate b between them at any
particular time during the heartbeat. In the presence of
valvular regurgltation or insufficlency more than one non-
zero exchange rate will exist. Varlous modes of exchange

rates are given below in Table 1.
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TABLE 1
CASE CONDITION NON-ZERO b's DURING
DIASTOLE SYSTOLE
1 normal heart functlon b2 b23
2 aortic insufflclency b12. b32 b23
3 mitral insufficiency byo b23. by

Other modes are possible such as, mitral insufficlency
and aortic regurgltation where the non-zero exchange rates
are found be combining cases 2 and 3. For a three compart-

ment system equation (C-9) becomes,

Vy dTy/dt = i byy (Ty - Ty) for 1 =1, 2 and 3  (C-12)
J=1
Equation (C-12) represents three differential equations
given by,
Vi dTq/dt = bpy (T2 - T1) + b33 (T3 - T1) (c-13)
V2 dTz/dt = b1z (T1 - T2) + b3z (T3 - T2) (c-14)
V3 dT3/dt = b13 (T4 - T3) + bz3 (T2 - T3) (C-15)

for the atrium, ventricle and aorta respectively. The above
equations may be employed to evaluate abnormal flows between
chambers followlng the injection of cold saline into the left
ventricle. This would involve simultaneous temperature
measurements in the chambers belng studled and the simultaneous
solution of equations (C-13), (C-14) and (C-15). An application

of these equations to derive an expression for instantaneous
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ventricular volumes during diastole and systole 1s presented

below.

C.3 Derivation of Equations for Instantaneous Ventricular

Volumes during the Heartbeat

For the normal functioning heart from Table 1 equatlons

(c-13), (C-14) and (C-15) become,

@ Vy aTy/dt = 0 (c-16)
€V2 de/dt = b12 (Tl - Tz) (0—17)
©V3 aT3/dt = bp3 (T = T3) (c-18)

For the diastolic function the solution of equations (C-16)
and (C-18) are, T, = constant and T3 = constant. Equation
(C-17) becomes,

Vo dTp/dt = dVp/dt (Tq - T2) (C-19)
Since from a mass balance,

byp = QdVp/dt (C-20)

Separating the variables in equation (C-19) and integrating
yields,

Vo(t) = Vo(0) [Tz(o) - le/ [Tg(t) - Tl:l (c-21)
where V,(t) 1s the instantaneous volume of the ventricle.
Equation (C-21) 1s the same equation derived by the author
in reference (24) using the generalized thermodilution equation

derived in appendix B.

For the systolic function let compartment 1 represent

the volume of an injecting syringe containing a volume VinJ
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of cold sallne at temperature Tinj' b12 therefore represents
the mass rate of injectate into the left ventricle. Egquation
(C-17) may be written as,

@ Vz dTp/dt = byp (Tyny - T2) (c-22)

Since, bq2 = e inj Vinj end assuming@ =€1n3.

Va(t) = 6inj (T2 ~ Tiny) / |4T3| (C-23)
at|

Equation (C-23) allows for the calculation of the ventricular
volume during systole and during the continuous Iinjectlion of

cold saline.

An expression for the diastolic volume during the injectlon
of cold saline is derivable in the same manner. Equation (C-14)

may be written as,
eVZ de/dt = Vinjeinj (Tinj - Tp) + by2 (T1 - To) (C-24)
and a mass balance yleilds,

bq2 +einj Vinj = edVZ/dt (c-25)
Substituting by, as glven by equation (C-25) into equation
(C-24) and defining,

90=Tinj“T1 and0='I‘2-T1
yields,
a(evz)/dt = Vi, O c-26)

Solving for the instantaneous volume during diastole ylelds,
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Typy = T Tog = T
V(t) = Vypy(t) —=T g 25T ST (g g
T(t) - Tgy T(t) - Tgy

where Tgy = T4, V(t) = V3, Vgg = V2(0) and
Vinj(t) = Vinj dat (c-28)

Equations (C-27) and (C-28) allows for the calculation of
the ventricular volume during diastole and during the continuous

injection of cold salline over multiple heartbeats.

C.4 Theoretlical Thermodilution Study

Flgure C-1 1s a volume versus time plot for a normal left
ventriclefBB)This figure and equations (C-23), (C-27) and (C-21)
may be employed to construct a theoretical thermodilution study
utilizing a continuous injectlon of cold saline over multiple
heartbeats. The temperature versus time plot calculated is
for a normal left ventricle. The theoretical temperature

trace was compared to the experimental results to verify its

general shape and to dlagnose abnormal thermodilution studies.

Assuming that the injectlon process begins at the start
of systole equation (C-23) may be written as,

arT(t)

SE) = Ving (2(6) - Tany)/V(E) (C-29)

where T(t) 1s the ventricular fluid temperature and V(t) is

the ventrlcular volume during the systolic function. Equation
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(C-29) may be solved for T(t),

&
-1.0 T(t) - Tinj j
~—— 1 = G d C-30
Vinj ! (Ted - Tinj) 2 (V- an (¢-30)

where Toq = T(0), G(ﬂg = 1/V(ﬂ) and V\ is a dummy variable.

Equation (C-30) was solved numerically for T(t).

During the dlastolic function which follows systole,

equation (C-27) may be employed to evaluate T(t),

Vinj(t) (Tyny - Tgy) Ves (Teg = Tgy)
V(t) ¥ V(t)

T(t) = Tgy + (c-31)

where T(t) is the ventricular fluld temperature during the
diastolic function and Vinj(t) 1s glven by eqmation (C-28).
After the completion of the injectlon process there should
theoretically be no change in ventricular fluld temperature
during the systolic function which follows. Equation (C-21)
may be employed to calculate the fluid temperature during
the diastolic functions following the completion of the

injection of cold saline,

v
T(t) = Tgy + ﬁ%)(l‘es - Tgy) (c-32)

Figure C=2 1s the theoretlical thermodilution study for
the ventricular volume plot in Figure C-1 and for the injectlion
of saline at a temperature of 60 °F at a rate of 10 cm3/sec.
This theoretical thermodilution study was verified by the

experimental results.
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D. APPENDIX

D.1 Derivation of Probabllity Density Function for N Volume

Chamber Model

Following the injection of a bolus of dye indlcator into

the first chamber in Figure 13 at time t = 0, the conservation
equation,
(Rate of dye in)-(Rate of dye out)=(Rate Change of Stored Dye) (D-1)
aprlied to the first chamber becomes,

-C(t) @ = V ac(t)/dt (D-2)
The solution of equation (D-2) is given by,

C(t) = c(0) exp (-At) (D-3)

where A = Q/V and €(0) =AIyp/Q.

For the second chamber equation (D-1) becomes,
c(t) Q - Cc'(t) @ =V dac'(t)/dat (D-4)
or

dcr (t)/dt + C'(t) A = c(t) A (D-5)

The solution of eq%étion (D-5) is given by,
o (t) = A(13,,/Q) t exp (-t) (D-6)

From equation (2-22),
A
£(t) = At exp (- At) (D-7)

For the third chamber equation (D-~1) becomes,
2
acr(t)/at = Kt (I;,,/Q) exp (=A%) - c"(t) A (D-8)

which ylelds,
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£(8) = A2 ()2 exp (- At) (D-9)
For the fourth chamber,

£(t) = ((¢4)°/31) L exp (-At) (D-10)
Hence for the Nth chamber,

£(t) = ()LA//(N-l)!) tN =1 exp (-At). (D-11)
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E. APPENDIX

E.1 Temperature Correction for Warmling of Injected Fluld

in Catheter during the Injection Process

An energy balance between the inlet and outlet of the
catheter during the steady flow injection of cold saline
ylelds,

a = Minj Cp,inj D Toptlet-inlet (E-1)

where é ls the rate of heat transfer to the injected fluld
and AToutiet-inlet = Toutlet - Tinlet 15 the difference in
the bulk fluld temperature between the outlet and the inlet
sections of the catheter. The rate of heat transfer by

convection, at any location along the catheter, between the

surface of the catheter and the injected fluid is glven by,
dq = hc(x) ( Tyall - T(x) ) dA (E-2)

where dA is the heat transfer area and ( Tygll - T(x) ) is

the difference between the surface temperature of the catheter
lumen, which 1s assumed to be unliform along the length of

the catheter, and the bulk fluld temperature of the lInjected
fluid at the location in question, hc(i) is the local
convective heat transfer coefficient defined by equation (E-2).

Assuming that,

hc(x) E‘W&ll - T(XZ' = HC vaall - ( Toutlet + Tinlet )/2:] (E-B)
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where Ké 1s the average convective heat transfer coefficient,

Equation (E-2) becomes,

@ = B [Twa1l - ( Toutlet + Tinlet /2] A (E-4)

and combining equations (E-1) and (E-4) yields,

he = Minj Cp,inj A Toutlet-inlet /[E ( Tyall -

ToutlettTinlet ]
— )| (E=5)

Equation (E-5) was employed to calculate the average convectlve
heat transfer coefficient Kc for the experimental studles

described below,.

E.2 Experimental Evaluation of h,

The warming of the injected fluld in the catheter was
studied experimentally by placing a #7 French catheter in
a water bath at a temperature of 95 OF to simulate the catheter
in the artery. Injections of 40,0 cm? of cold saline at
various temperatures ranging from 40 °F to 60 °F at 14.3 cm3/sec
were made at the inlet of the catheter and the injected fluid
temperature fluid temperatﬁre was measured at the outlet tip

of the catheter by a thermocouple.

Figure E-1 1s the temperature of the injected cold saline
measured at the tip of the catheter durlng the injection of
saline at 55 °F at 14.3 cm3/sec. Applying equation (E-35)

the average convectlive heat transfer coefficient E& was found

. [0}
to equal 770 B / hr °F f£t2, Assuming that the heat transfer
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coefficient h, varies directly with the mass flow rate ﬁinj
and lnversely with the inside diameter of the catheter, the
average convectlve heat transfer coefficient was found to
equsal,

R, = 660 B/hr °F rt? (E~6)

for a #6 French catheter and an injection rate of 11.4 cms/sec.

Equations (E-5) and (E-6) were used to calculate the
ZXToutlet-inlet for the thermodilution studles presented in
this paper. The average calculated ZkToutlet-inlet was
approximately 10 OF, with a range from 8 °F to 12 °F. This
10 Op temperature rise was also experimentally verifled.
Hence, 10 °F was added to the injected fluld temperature at
the inlet of the catheter to correct for the warming of the
fluld in the catheter during the injection process for the
thermodilution studies presented in this paper.

E.3 Analytical Considerations

The injection rate employed 1n the thermodilution studles
presented in this paper was usually 11.4 cmB/sec. For a #6
French catheter, assuming the viscosity and density of saline
is simllar to that of water at the same temperature, the
Reynolds number corresponding to the above injectlion rate
is 8000. Hence, the flow in the catheter 1s in transitlonal
flow. The mechanisms of heat transfer and fluid flow 1in the
transition region (Re between 2100 and 10;000) vary consider-

(42)
ably from system to system. Krelth presents curves which
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may be used to estimate the Nusselt number for fluids flow-
ing in tubes in the transitioﬁ regime for different L/D ratios.
However the author states that the actual value of the Nusselt””
number may deviate considerably from that predicted by these
curves, This was the case experienced by thls author. Hence,
i1t is concluded that the average convective heat transfer
coefficient Hb for the injection of cold saline in a catheter

should be determined experimentally when 2100‘<R§-<10.000.
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