
 
Copyright Warning & Restrictions 

 
 

The copyright law of the United States (Title 17, United 
States Code) governs the making of photocopies or other 

reproductions of copyrighted material. 
 

Under certain conditions specified in the law, libraries and 
archives are authorized to furnish a photocopy or other 

reproduction. One of these specified conditions is that the 
photocopy or reproduction is not to be “used for any 

purpose other than private study, scholarship, or research.” 
If a, user makes a request for, or later uses, a photocopy or 
reproduction for purposes in excess of “fair use” that user 

may be liable for copyright infringement, 
 

This institution reserves the right to refuse to accept a 
copying order if, in its judgment, fulfillment of the order 

would involve violation of copyright law. 
 

Please Note:  The author retains the copyright while the 
New Jersey Institute of Technology reserves the right to 

distribute this thesis or dissertation 
 
 

Printing note: If you do not wish to print this page, then select  
“Pages from: first page # to: last page #”  on the print dialog screen 

 



 

 

 
 

 
 
 
 
 
 
 
 
 
The Van Houten library has removed some of the 
personal information and all signatures from the 
approval page and biographical sketches of theses 
and dissertations in order to protect the identity of 
NJIT graduates and faculty.  
 



66-11,395

NEU, Emil Carl, 1933- 
IMPROVING THE RELIABILITY OF ELECTRONIC 
SYSTEMS BY MINIMIZATION OF THE VARIANCES 
AND STABILIZATION OF THE MEAN VALUES OF 
THE SYSTEM PERFORMANCE CRITERIA.

Newark C ollege of Engineering, D. Eng., Sc., 1966 
Engineering, e lectr ica l

University Microfilms, Inc., Ann Arbor, Michigan



IMPROVING THE RELIABILITY OP ELECTRONIC SYSTEMS 

BY MINIMIZATION OF THE VARIANCES AND STABILIZATION 

OP THE MEAN VALUES OF THE SYSTEM PERFORMANCE CRITERIA

BY

EMIL CARL NEU

A DISSERTATION 

PRESENTED IN PARTIAL FULFILLMENT OF 

THE REQUIREMENTS FOR THE DEGREE 

OF

DOCTOR OF ENGINEERING SCIENCE IN ELECTRICAL ENGINEERING

AT

NEWARK COLLEGE OF ENGINEERING

T h i s  d i s s e r t a t i o n  i s  t o  b e  u s e d  o n l y  w i t h  d u e  r e g a r d  
t o  t h e  r i g h t s  o f  t h e  a u t h o r ( s ) .  B i b l i o g r a p h i c a l  r e f e r 
e n c e s  may be  n o t e d ,  b u t  p a s s a g e s  m u s t  n o t  b e  c o p i e d  
w i t h o u t  p e r m i s s i o n  o f  t h e  C o l l e g e  a n d  w i t h o u t  c r e d i t  
b e i n g  g i v e n  I n  s u b s e q u e n t  w r i t t e n  o r  p u b l i s h e d  w o r k .

Newark ,  New J e r s e y  
1966



ABSTRACT

The p a r a m e t e r s  o f  a n  e l e c t r o n i c  s y s t e m  a r e  n o t  

d e t e r m i n i s t i c  v a r i a b l e s ;  b u t  r a t h e r  b e c a u s e  o f  v a r i a 

t i o n s  In  m a n u f a c t u r i n g  p r o c e s s e s ,  t h e y  a r e  r a n d o m l y  

d i s t r i b u t e d  v a r i a b l e s .  I n  a d d i t i o n ,  a g i n g  m e c h a n i s m s  

w i l l  c a u s e  t h e s e  p a r a m e t e r s  t o  d r i f t  w i t h  t i m e .  As 

a  r e s u l t  o f  b o t h  o f  t h e s e  f a c t o r s ,  t h e  s y s t e m  p e r f o r m 

a n c e  c r i t e r i a  d e v i a t e  f ro m  t h e i r  i n i t i a l  d e s i g n  c e n t e r  

v a l u e s .  T h i s  r e s e a r c h  s t u d i e d  t h e  e f f e c t  o f  c o m p o n e n t  

p a r a m e t e r  v a r i a t i o n s  upon  t h e s e  e l e c t r o n i c  s y s t e m  

p e r f o r m a n c e  c r i t e r i a  a n d  t h e n  p r e s e n t e d  a t h e s i s  t o  

m i n i m i z e  t h e  e f f e c t  o f  t h e s e  v a r i a t i o n s .

The d i s t r i b u t i o n s  o f  t h e  p e r f o r m a n c e  c r i t e r i a  

w e re  o b t a i n e d  a s  f u n c t i o n s  o f  t h e  p a r a m e t e r  d i s t r i b u 

t i o n s ,  by f i r s t  a p p r o x i m a t i n g  t h e  p e r f o r m a n c e  c r i t e r i a  

by  t h e  l i n e a r  t e r m s  o f  a T a y l o r ' s  s e r i e s .  T h i s  t e c h 

n i q u e  made i t  p o s s i b l e  t o  o b t a i n  r e l a t i v e l y  s i m p l e  

e x p r e s s i o n s  f o r  t h e  mean v a l u e s  a n d  v a r i a n c e s  o f  t h e  

p e r f o r m a n c e  c r i t e r i a .  Then  by a s s u m i n g  t h a t  t h e  p e r 

f o r m a n c e  c r i t e r i a  w e r e  n o r m a l l y  d i s t r i b u t e d ,  t h e  

p r o b a b i l i t i e s  o f  t h e  p e r f o r m a n c e  c r i t e r i a  b e i n g  w i t h i n  

t h e  r e q u i r e d  l i m i t s  w e re  d e t e r m i n e d .



T h i s  a n a l y s i s  showed  t h a t  t h e  p r o b a b i l i t i e s  o f  

t h e  s y s t e m  p e r f o r m a n c e  c r i t e r i a  b e i n g  o u t  o f  t o l e r a n c e  

c o u l d  be  m i n i m i z e d ,  i f  t h e  mean v a l u e s  o f  t h e  p e r 

f o r m a n c e  c r i t e r i a  w ere  h e l d  a t  t h e i r  d e s i g n  c e n t e r  

l e v e l s  a n d  i f  t h e  v a r i a n c e s  o f  t h e s e  c r i t e r i a  w e re  

k e p t  a s  s m a l l  a s  p o s s i b l e . I t  was s e e n  t h a t  t h e  mean 

v a l u e s  o f  t h e  p e r f o r m a n c e  c r i t e r i a  c o u l d  be s e t  a t  

t h e i r  d e s i g n  c e n t e r  l e v e l s  by  p r o p e r  c h o i c e  o f  t h e  

p a r a m e t e r  mean v a l u e s .  The v a r i a n c e s  o f  t h e  c r i t e r i a  

w e re  k e p t  a s  s m a l l  a s  p o s s i b l e  by f i r s t  m i n i m i z i n g  

t h e s e  v a r i a n c e s  w i t h  r e s p e c t  t o  t h e  s y s t e m  p a r a m e t e r  

mean v a l u e s  w i t h  t h e  c o n s t r a i n t  t h a t  t h e  I n i t i a l  p e r 

f o r m a n c e  c r i t e r i a  means  a s s u m e  t h e i r  d e s i g n  c e n t e r  

l e v e l s .  I n c r e a s e s  I n  t h e  v a r i a n c e s  o f  t h e  p e r f o r m a n c e  

c r i t e r i a  w i t h  t i m e ,  a s  w e l l  a s  d r i f t  o f  t h e  mean 

v a l u e s  o f  t h e s e  c r i t e r i a ,  w e re  p r e v e n t e d  by s a t i s f y i n g  

c e r t a i n  r e l a t i o n s h i p s  among t h e  p a r a m e t e r  d r i f t  r a t e s .

The r e s u l t s  o f  t h i s  r e s e a r c h  i n c l u d e  t h e  e x t e n s i o n  

a n d  r e f i n e m e n t  o f  t e c h n i q u e s  f o r  d e t e r m i n i n g  t h e  d i s 

t r i b u t i o n s  o f  s y s t e m  p e r f o r m a n c e  c r i t e r i a  a s  f u n c t i o n s  

o f  s y s t e m  p a r a m e t e r  d i s t r i b u t i o n s .  I n  a d d i t i o n ,  

m e t h o d s  w e re  d e v e l o p e d  f o r  t h e  s e l e c t i o n  o f  t h e  mean 

v a l u e s  o f  t h e  p a r a m e t e r s  a n d  t h e  p a r a m e t e r  d r i f t  r a t e s ,  

so  a s  t o  m i n i m i z e  t h e  v a r i a n c e s  o f  t h e  s y s t e m  p e r f o r m a n c e



c r i t e r i a ,  w h i l e  a t  t h e  same t i m e  p r e v e n t i n g  d r i f t  o f  

t h e  mean v a l u e s  o f  t h e s e  c r i t e r i a .  E x p r e s s i o n s  f o r  

c o m p u t i n g  t h e  c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  

two v a r i a b l e s  w hose  v a l u e s  w h e r e  s e l e c t e d  i n  a  n o n -  

r a n d o m  m a n n e r  w e re  a l s o  o b t a i n e d .
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PREFACE

T h i s  d o c t o r a l  d i s s e r t a t i o n  i s  a  r e s u l t  o f  r e s e a r c h  

p e r f o r m e d  u n d e r  t h e  d i r e c t i o n  o f  D r .  R .  P .  M is r a  i n  

t h e  D e p a r t m e n t  o f  E l e c t r i c a l  E n g i n e e r i n g  a t  Newark  

C o l l e g e  o f  E n g i n e e r i n g .  The d i s s e r t a t i o n  c o n s i d e r s  

m e th o d s  o f  a n a l y z i n g  t h e  d i s t r i b u t i o n s  o f  t h e  p e r 

f o r m a n c e  c r i t e r i a  o f  e l e c t r o n i c  s y s t e m s ,  a n d  t h e n  

d e v e l o p s  t e c h n i q u e s  f o r  i n c r e a s i n g  t h e  p r o b a b i l i t i e s  

t h a t  t h e s e  c r i t e r i a  w i l l  f a l l  w i t h i n  t h e  r e q u i r e d  

r a n g e  o f  v a l u e s .  B o t h  t h e  i n i t i a l  v a l u e s  an d  t h e  t i m e  

v a r y i n g  a s p e c t s  o f  t h i s  p r o b l e m  a r e  s t u d i e d .

T h i s  r e s e a r c h  was p r o m p t e d  by a  s u g g e s t i o n  b y  

D r .  M i s r a  t h a t  t h e  r e l i a b i l i t y  o f  e l e c t r o n i c  s y s t e m s  

c o u l d  be  im p r o v ed  b y  c i r c u i t  m o d i f i c a t i o n s ,  su c h  a s  

t h e  i n t r o d u c t i o n  o f  f e e d b a c k .  I  w o u ld  l i k e  t o  e x p r e s s  

my a p p r e c i a t i o n  t o  D r .  M i s r a  f o r  n o t  o n l y  s u g g e s t i n g  

t h i s  p r o b l e m ,  b u t  a l s o  f o r  g i v i n g  so  g e n e r o u s l y  o f  

h i s  t i m e  a s  my t h e s i s  a d v i s o r .

v



The a s s i s t a n c e  o f  t h e  o t h e r  m em bers  o f  my 

d o c t o r a l  c o m m i t t e e ;  D r .  L .  B .  A n d e r s e n ,  D r .  F .  A. 

R u s s e l l  a n d  D r .  M. H. Z am bu to  i s  a l s o  g r a t e f u l l y  

a c k n o w l e d g e d .  I  s h o u l d  a l s o  l i k e  t o  t h a n k  D r .  R u s s e l l  

f o r  g u i d i n g  my d o c t o r a l  s t u d i e s  p r i o r  t o  t h e  i n i t i a t i o n  

o f  t h i s  r e s e a r c h .  ----

EMIL C . NEU
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CHAPTER 1 :  INTRODUCTION

1 - 1 .  The P r o b l e m

The p a r a m e t e r s  o f  a n  e l e c t r o n i c  s y s t e m  a r e  n o t  

d e t e r m i n i s t i c  v a r i a b l e s ;  b u t  r a t h e r  b e c a u s e  o f  v a r i a 

t i o n s  i n  m a n u f a c t u r i n g  p r o c e s s e s ,  t h e s e  p a r a m e t e r s  a r e  

r a n d o m l y  d i s t r i b u t e d  v a r i a b l e s .  Hence  t h e  s y s t e m  p e r 

f o r m a n c e  c r i t e r i a ,  w h ic h  a r e  f u n c t i o n s  o f  t h e  s y s t e m  

p a r a m e t e r s ,  a r e  f u n c t i o n s  o f  r a n d o m l y  d i s t r i b u t e d  

v a r i a b l e s .  Thus  a  s y s t e m ,  whose  p e r f o r m a n c e  c r i t e r i a  

m u s t  be  w i t h i n  c e r t a i n  l i m i t s  t o  i n s u r e  p r o p e r  o p e r a 

t i o n  o f  t h e  s y s t e m ,  g e n e r a l l y  h a s  a  n o n - z e r o  p r o b 

a b i l i t y  o f  b e i n g  o u t  o f  t o l e r a n c e .  The p r o b l e m  t h e n  

i s  t o  a n a l y z e  t h e  e f f e c t  o f  t h e  a b o v e  v a r i a t i o n s  o f  

s y s t e m  p a r a m e t e r s  on  t h e  s y s t e m  p e r f o r m a n c e  c r i t e r i a  

a n d  t o  d e t e r m i n e  m e t h o d s  o f  m i n i m i z i n g  t h i s  e f f e c t .

The a b o v e  s i t u a t i o n  i s  compounded b y  a g i n g  m e c h a 

n i s m s  t h a t  c a u s e  t h e  p a r a m e t e r s  o f  a  s y s t e m  t o  d r i f t  

w i t h  t i m e .  The p r o b l e m  i s  f u r t h e r  c o m p l i c a t e d  by t h e  

f a c t  t h a t  t h e  p a r a m e t e r s  w h i c h  d e s c r i b e  t h e  a g i n g  

m e c h a n i s m s  a r e  i n  t h e m s e l v e s  ran d o m  v a r i a b l e s .  The 

n e t  e f f e c t  i s  t h a t  t h e  s y s t e m  p e r f o r m a n c e  c r i t e r i a  a r e  

f u n c t i o n s  o f  ra n d o m  v a r i a b l e s  whose  d i s t r i b u t i o n s  

c h a n g e  w i t h  t i m e .  T h i s  means  t h a t  t h e  p r o b a b i l i t y  o f
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t h e  p e r f o r m a n c e  c r i t e r i a  b e i n g  o u t  o f  t o l e r a n c e  v a r i e s  

w i t h  t i m e .  Thus  i n  a t t e m p t i n g  t o  a n a l y z e  an d  r e d u c e  

t h e  e f f e c t s  o f  p a r a m e t e r  v a r i a t i o n s  on  t h e  s y s t e m  p e r 

f o r m a n c e ,  t h e  a g i n g  o f  t h e  c o m p o n e n t s  m u s t  a l s o  be  

c o n s i d e r e d .

1 - 2 .  The M ethod  o f  S o l u t i o n

The f i r s t  s t e p  i n  t h e  s o l u t i o n  o f  t h e  a b o v e  p r o b 

lem  i s  t o  f i n d  m e t h o d s  o f  d e t e r m i n i n g  t h e  e f f e c t s  o f  

p a r a m e t e r  v a r i a t i o n s ,  due  t o  b o t h  m a n u f a c t u r i n g  

p r o c e s s e s  a n d  a g i n g  m e c h a n i s m s ,  on s y s t e m  p e r f o r m a n c e  

c r i t e r i a .  T h i s  r e q u i r e s  m e t h o d s  f o r  d e t e r m i n i n g  t h e  

d i s t r i b u t i o n  o f  a  f u n c t i o n  o f  a  nu m b er  o f  r andom  

v a r i a b l e s .  T e c h n i q u e s  f o r  h a n d l i n g  t h i s  t y p e  o f  p r o b 

lem  h a v e  b e e n  d e v e l o p e d  ( R e f .  16, 20, 2 7 ) .  Hence  t h e  

r e a l  t a s k  a t  h a n d  i s  t o  r e f i n e  an d  e x t e n d  t h e s e  

t e c h n i q u e s  t o  t h e  a n a l y s i s  o f  e l e c t r o n i c  s y s t e m s .

Once t h e  a b o v e  a n a l y s i s  h a s  b e e n  c o m p l e t e d ,  t h e  p r o b 

lem  o f  m i n i m i z i n g  t h e  e f f e c t  o f  p a r a m e t e r  v a r i a t i o n s  

on  s y s t e m  p e r f o r m a n c e  c a n  be  c o n s i d e r e d .  F i r s t ,  t h e  

m i n i m i z i n g  o f  t h i s  e f f e c t  due  t o  m a n u f a c t u r i n g  

p r o c e s s e s  s h o u l d  be h a n d l e d .  I n  o t h e r  w o r d s ,  t h e  

i n i t i a l  p r o b a b i l i t y  o f  t h e  s y s t e m  p e r f o r m a n c e  b e i n g  

o u t  o f  t o l e r a n c e  m u s t  be  m i n i m i z e d .  T h i s  c a n  be  done
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by  n o t i n g  t h a t  i n  t h e  d e s i g n  o f  e l e c t r o n i c  s y s t e m s  

t h e r e  a r e  u s u a l l y  a n  i n f i n i t e  n u m b e r  o f  c o m b i n a t i o n s  

o f  p a r a m e t e r  v a l u e s  w h i c h  w i l l  g i v e  t h e  r e q u i r e d  

v a l u e s  o f  t h e  s y s t e m  p e r f o r m a n c e  c r i t e r i a .  H ence  

t h a t  c o m b i n a t i o n  o f  p a r a m e t e r  v a l u e s  w h i c h  m i n i m i z e s  

t h e  e f f e c t  o f  t h e  I n i t i a l  p a r a m e t e r  v a r i a t i o n s  on 

t h e  i n i t i a l  s y s t e m  p e r f o r m a n c e  c r i t e r i a  s h o u l d  be 

s e l e c t e d .

A f t e r  t h i s  h a s  b e e n  a c c o m p l i s h e d ,  a t t e n t i o n  m us t  

be  g i v e n  t o  m i n i m i z i n g  t h e  e f f e c t  o f  p a r a m e t e r  d r i f t .  

G e n e r a l l y  s p e a k i n g ,  t h i s  m eans  o b t a i n i n g  c o m b i n a t i o n s  

o f  p a r a m e t e r  d r i f t  r a t e s  w h i c h  p r e v e n t  t h e  p r o b a b i l i t y  

o f  t h e  s y s t e m  p e r f o r m a n c e  c r i t e r i a ' s  b e i n g  o u t  o f  

t o l e r a n c e  f r o m  i n c r e a s i n g  w i t h  t i m e .  I n  some c a s e s ,  

t h i s  g o a l  may be  d i f f i c u l t  t o  a c h i e v e ]  w h i l e  i n  o t h e r s  

i t  may, i n  f a c t ,  be  p o s s i b l e  t o  r e d u c e  t h i s  p r o b 

a b i l i t y  o f  b e i n g  o u t  o f  t o l e r a n c e  a s  t i m e  i n c r e a s e s .

I n  a n y  e v e n t  t h a t  c o m b i n a t i o n  o f  d r i f t  r a t e s  w h i c h  

m akes  t h e  p r o b a b i l i t y  o f  b e i n g  o u t  o f  t o l e r a n c e  a s  a  

f u n c t i o n  o f  t i m e  a s  s m a l l  a s  p o s s i b l e  s h o u l d  be c h o s e n .



CHAPTER 2 :  COMPONENT PARAMETER DISTRIBUTIONS

2 - 1 .  I n t r o d u c t i o n

The p u r p o s e  o f  t h i s  c h a p t e r  I s  t o  d i s c u s s  p a r a m 

e t e r  d i s t r i b u t i o n s  o f  d e v i c e s ,  a s  m a n u f a c t u r e d ,  a s  

w e l l  a s  t h e  p a r a m e t e r  d i s t r i b u t i o n s  o f  t h e  d e v i c e s  a s  

t h e y  a r e  s u p p l i e d  t o  t h e  c u s t o m e r .  The mean v a l u e s  

a n d  t h e  v a r i a n c e s  o f  t h e s e  l a t t e r  d i s t r i b u t i o n s  w i l l  

be  s t u d i e d .  I n  a d d i t i o n ,  m o d e l s  f o r  t h e  p a r a m e t e r s  

a s  f u n c t i o n s  o f  t i m e  w i l l  be c o n s i d e r e d .

2 - 2 .  P a r a m e t e r  D i s t r i b u t i o n s  o f  M a n u f a c t u r i n g  P r o c e s s e s  

I n  t h i s  r e s e a r c h  t h e  p a r a m e t e r  v a l u e s  o f  d e v i c e s ,  

a s  m a n u f a c t u r e d ,  w i l l  be a s su m e d  t o  be  c o n t i n u o u s  

ra n d o m  v a r i a b l e s  w i t h i n  a  s p e c i f i e d  r a n g e .  T h i s  i s  a  

r e a s o n a b l e  a s s u m p t i o n ,  f o r  i f  a  s u f f i c i e n t l y  l a r g e  

nu m b er  o f  u n i t s  i s  m a n u f a c t u r e d ,  i t  w i l l  be p o s s i b l e  

t o  o b t a i n  a l m o s t  a n y  v a l u e  o f  p a r a m e t e r  d e s i r e d  ( t o  

s a y ,  t h r e e  s i g n i f i c a n t  f i g u r e s )  w i t h i n  t h e  s p e c i f i e d  

r a n g e .  The d i s t r i b u t i o n  o f  t h e  o u t p u t  o f  m o s t  m anu

f a c t u r i n g  p r o c e s s e s  c a n  be a p p r o x i m a t e d  b y  t h e  n o r m a l  

d i s t r i b u t i o n .  I f  t h e  n o r m a l  d i s t r i b u t i o n  I s  u s e d ,  I t  

m u s t  be  t r u n c a t e d  a t  t h e  o r i g i n  s i n c e  p a r a m e t e r s  h a v e  

v a l u e s  o f  b u t  o n e  s i g n  (See  F i g .  2 - 1 ) .  I f  a  d i s 

t r i b u t i o n  o t h e r  t h a n  t h e  n o rm a l  d i s t r i b u t i o n  i s  u s e d



t o  r e p r e s e n t  t h e s e  p a r a m e t e r s ,  t h i s  d i s t r i b u t i o n  m u s t  

a l s o  h a v e  s u c h  a  r a n g e  t h a t  p a r a m e t e r s  o f  b u t  one  s i g n  

a r e  r e p r e s e n t e d .

When a  p a r t i c u l a r  d e v i c e  i s  c h a r a c t e r i z e d  b y  more  

t h a n  one p a r a m e t e r ,  t h e s e  p a r a m e t e r s  w i l l  o f t e n  be  

c o r r e l a t e d .  F o r  e x a m p l e ,  t h e  h - p a r a m e t e r s  o f  a  

t r a n s i s t o r  a r e  c o r r e l a t e d .  I f  t h e  p a r a m e t e r s  o f  a  

d e v i c e  a r e  c o r r e l a t e d ,  i t  w i l l  be  a s su m e d  t h a t  t h i s  

c o r r e l a t i o n  i s  l i n e a r .

2 - 3 .  P a r a m e t e r  D i s t r i b u t i o n s  a s  S u p p l i e d  by  t h e  

M a n u f a c t u r e r

One o f  t h e  b a s i c  a s s u m p t i o n s  made t h r o u g h o u t  m o s t  

o f  t h i s  r e s e a r c h  i s  t h a t  t h e  s t a n d a r d  d e v i a t i o n  o f  

e a c h  p a r a m e t e r  i s  c o n s i d e r a b l y  s m a l l e r  t h a n  t h e  mean 

v a l u e  o f  t h a t  p a r a m e t e r .  F o r  h i g h  q u a l i t y  c o m p o n e n t s  

t h i s  a s s u m p t i o n  w i l l  o f t e n  be  m e t  by p a r a m e t e r s  o f  

t h e  c o m p o n e n t s  t a k e n  d i r e c t l y  f r o m  t h e  m a n u f a c t u r i n g  

p r o c e s s .  M ost  m a n u f a c t u r e r s  w i l l ,  h o w e v e r ,  a p p l y  

some t y p e  o f  s e l e c t i o n  p r o c e s s  t o  t h e i r  p r o d u c t .

T h u s ,  e v e n  i f  t h e  a b o v e  a s s u m p t i o n  i s  n o t  met  by  t h e  

m a n u f a c t u r e d  p r o d u c t ,  i t  w i l l  b e  a s su m e d  t h a t  i t  i s  

met  by  t h e  p r o d u c t  a f t e r  t h e  s e l e c t i o n  p r o c e s s .
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F i g .  2 - 1 .  The n o r m a l  d e n s i t y  f u n c t i o n ,  
f ( x ) ,  f o r  a  v a r i a b l e  x ,  w i t h  s i n g l e -  
s i d e d  t r u n c a t i o n  a t  t h e  o r i g i n .
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F i g .  2 - 2 .  The n o r m a l  d e n s i t y  f u n c t i o n  
w i t h  a s y m m e t r i c a l  t r u n c a t i o n .

0 x
F i g .  2 - 3 .  S e c t i o n s  o f  a  n o r m a l  d e n s i t y  f u n c t i o n .
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When a  s e l e c t i o n  p r o c e s s  i s  a p p l i e d  t o  a  n o r m a l  

d i s t r i b u t i o n ,  one  o f  a  n um ber  o f  t y p e s  o f  d i s t r i b u 

t i o n s  c a n  r e s u l t .  One p o s s i b i l i t y  i s  t h e  s i n g l e 

s i d e d  t r u n c a t e d  n o r m a l  d i s t r i b u t i o n .  I n  f a c t ,  a s  

was p r e v i o u s l y  n o t e d ,  t h e  n o r m a l  d i s t r i b u t i o n  e v e n  

b e f o r e  a n y  s e l e c t i o n  p r o c e s s  i s  o f  t h i s  t y p e .  D o u b l e 

s i d e d  t r u n c a t i o n  may a l s o  be  a p p l i e d  t o  t h e  n o r m a l  

d i s t r i b u t i o n  (S ee  F i g .  2 - 2 ) .  I n  t h i s  c a s e  t h e  t r u n c a 

t i o n  i s  u s u a l l y  s y m m e t r i c a l ,  b u t  a s y m m e t r i c a l  t r u n c a 

t i o n  i s  s o m e t i m e s  u s e d .  I t  s h o u l d  be n o t e d  t h a t  t h e  

d i s t r i b u t i o n  r e m a i n i n g - a f t e r  t h e  d o u b l e d - s i d e d  t r u n c a 

t i o n  o f  a  n o r m a l  d i s t r i b u t i o n  w i l l  n o t  be  c o n s i d e r e d  

i n  t h i s  i n v e s t i g a t i o n .  The r e a s o n  f o r  t h i s  r e s t r i c 

t i o n  i s  t h a t  s u c h  a  d i s t r i b u t i o n  d o e s  n o t  m e e t  t h e  

a s s u m p t i o n  t h a t  t h e  s t a n d a r d  d e v i a t i o n  o f  a  p a r a m e t e r  

i s  c o n s i d e r a b l y  s m a l l e r  t h a n  i t s  mean v a l u e .

I n  t h e  a b o v e  s e l e c t i o n  p r o c e s s e s  t h e  p u r p o s e  o f  

t h e  t r u n c a t i o n  i s  t o  e l i m i n a t e  u n i t s  w hose  p a r a m e t e r  

v a l u e s  d i f f e r  by  t o o  g r e a t  a n  a m o u n t  f r o m  t h e  r e 

q u i r e d  n o m i n a l  v a l u e s  o f  t h e  p a r a m e t e r .  The manu

f a c t u r e r  w i l l  i n  some i n s t a n c e s ,  h o w e v e r ,  d e s i r e  t o  

o b t a i n  c o m p o n e n t s  w i t h  a  nu m b er  o f  d i f f e r e n t  n o m i n a l  

p a r a m e t e r  v a l u e s  f r o m  a  s i n g l e  n o r m a l  d i s t r i b u t i o n .

I n  t h i s  c a s e  t h e  d i s t r i b u t i o n  o f  e a c h  p a r a m e t e r  v a l u e

^ T h i s  r e f e r s  t o  t h e  common s i t u a t i o n  w h e r e  two r e l a t i v e 
l y  s m a l l  t a i l s  r e m a i n  a f t e r  d o u b l e - s i d e d  t r u n c a t i o n .
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w i l l  be  a  s e c t i o n  o f  a n o r m a l  d i s t r i b u t i o n  (See  

P i g .  2 - 3 ) .  T h e s e  s e c t i o n s  c a n  be  v i e w e d  a s  b e i n g  

c a s e s  o f  e x t r e m e  a s y m m e t r i c a l  t r u n c a t i o n .  I t  w i l l  be  

a s s u m e d  t h a t  t h e s e  d i s t r i b u t i o n s  m e e t  t h e  r e q u i r e m e n t  

t h a t  t h e  s t a n d a r d  d e v i a t i o n  o f  a  p a r a m e t e r  be  much 

s m a l l e r  t h a n  i t s  mean v a l u e .  The a s s u m p t i o n  o f  a  

n o r m a l  d i s t r i b u t i o n  c a n n o t ,  h o w e v e r ,  be  made i n  t h i s  

c a s e .

2 - 4 .  Moments o f  P a r a m e t e r  D i s t r i b u t i o n s  a s  S u p p l i e d  

by  t h e  M a n u f a c t u r e r

( a )  The n o r m a l  d i s t r i b u t i o n . The d e n s i t y  f u n c 

t i o n  o f  a  n o r m a l l y  d i s t r i b u t e d  v a r i a b l e  x i s  g i v e n  by

i -(x -yU tf/acr*
f ( X ) = — 7= - 6  '  ( ~ c o < x < c o )  ( 2 - 1 )

w h e re  u. i s  t h e  mean v a l u e  o f  x ,

o i s  t h e  s t a n d a r d  d e v i a t i o n  o f  x .

As d i s c u s s e d  i n  S e c .  2 - 2  t h e  n o r m a l  d i s t r i b u t i o n  

i s  a l w a y s  t r u n c a t e d  b e f o r e  i t  i s  u s e d  t o  r e p r e s e n t  

p a r a m e t e r  d i s t r i b u t i o n s .  I f  t h e  p o i n t s  o f  t r u n c a t i o n  

a r e  s u f f i c i e n t l y  f a r  f r o m  t h e  mean v a l u e  o f  t h e  u n 

t r u n c a t e d  d i s t r i b u t i o n  - t h r e e  s t a n d a r d  d e v i a t i o n s  i s  

o f t e n  c o n s i d e r e d  s u f f i c i e n t l y  f a r  - t h e n  t h e  mean
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v a l u e  a n d  t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  u n t r u c a t e d  d i s 

t r i b u t i o n  a r e  good  a p p r o x i m a t i o n s  t o  t h e  mean v a l u e  an d  

s t a n d a r d  d e v i a t i o n  r e s p e c t i v e l y ,  o f  t h e  t r u n c a t e d  d i s 

t r i b u t i o n .

(b)  The a s y m m e t r i c a l l y  t r u n c a t e d  n o r m a l  d i s t r i b u 

t i o n . F o r  a  c o n t i n u o u s  ran d o m  v a r i a b l e  x  w i t h  a  

d e n s i t y  f u n c t i o n  f ( x ) ,  t h e  mean v a l u e  o f  x i n  t h e  

r a n g e  d^ < x < d 2 i s  g i v e n  by

I f  t h i s  d e f i n i t i o n  i s  a p p l i e d  t o  t h e  d e n s i t y  f u n c t i o n  

o f  F i g .  2 - 2 ,  d x = x Q, d 2 = x n a n d  f ( x )  i s  g i v e n  by 

E q .  ( 2 - 1 ) .

Now f ( x )  may be t r a n s f o r m e d  t o  t h e  u n i t  n o r m a l  

d e n s i t y  f u n c t i o n ,  f ( k ) ,  by  t h e  f o l l o w i n g  e q u a t i o n :

( 2 - 2 )

( 2 - 3 )
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A p p l i c a t i o n  o f  t h i s  t r a n s f o r m a t i o n  t o  t h e  mean v a l u e  o f  

t h e  d i s t r i b u t i o n  o f  P i g .  2 -2  shows  t h a t  t h e  mean o f  t h e  

t r u n c a t e d  d i s t r i b u t i o n  i s  g i v e n  by

Art

/  /  H A ) J A  

A t *  -  + ^  <a - * )

w h e re

J  = ( 2 - 5 )

(2 - 6 )ux

A l s o  n o t e  t h a t  t h e  s y m b o ls  u a n d  a w i l l  be  u s e d  f o r  t h e
X X

untruncated distribution while jjl , and a will be
X X> X l

u s e d  f o r  t h e  t r u n c a t e d  d i s t r i b u t i o n .

The d e n o m i n a t o r  o f  E q .  ( 2 - 4 )  c a n  be  e v a l u a t e d  

f r o m  a n y  u n i t  n o r m a l  d i s t r i b u t i o n  t a b l e  ( R e f .  2 ) .

On t h e  o t h e r  h a n d ,  w h i l e  t h e r e  i s  a  t a b l e  i n  e x i s t e n c e
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( R e f .  32) f r o m  w h i c h  t h e  n u m e r a t o r  o f  E q .  ( 2 - 4 )  c a n  be  

e v a l u a t e d ,  t h i s  t a b l e  I s  n o t  g e n e r a l l y  a v a i l a b l e .  I t  

I s  p o s s i b l e ,  h o w e v e r ,  t o  o b t a i n  t h e  f o l l o w i n g  i d e n t i t y  

( R e f . 1 4 ) :

W i th  t h i s  e q u a t i o n  I t  I s  p o s s i b l e  t o  e v a l u a t e  b x t  

by u s e  o f  o n l y  t h e  u n i t  n o r m a l  d i s t r i b u t i o n  t a b l e .

F o r  a  c o n t i n u o u s  ra n d o m  v a r i a b l e  x w i t h  a  d e n 

s i t y  f u n c t i o n  f ( x ) ,  t h e  v a r i a n c e  o f  x  I n  t h e  r a n g e  

d 1 < x < d 2 I s  g i v e n  by

( 2 - 7 )

Use o f  t h i s  i d e n t i t y  I s  E q .  ( 2 - 4 )  g i v e s

A
f

< [ y y / „ )  ~ f(4 n  ) (2 - 8 )

( 2 - 9 )

J  m
j ,
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E x p a n d i n g  (x -  M-x ^.) a n d  s i m p l i f y i n g  y i e l d s

I
dl

J  -fOQdx
(2 - 1 0 )

I f  t h i s  d e f i n i t i o n  i s  a p p l i e d  t o  t h e  d i s t r i b u t i o n  o f  

P i g .  2 - 2 ,  t h e  f o l l o w i n g  e x p r e s s i o n  f o r  t h e  v a r i a n c e  

o f  t h e  t r u n c a t e d  d i s t r i b u t i o n  i s  o b t a i n e d  ( R e f .  14 ) :

a~3' -  o' I1Xt X
/  ^ I  f(Ao) ) A n)\

An

J m u *

A0

(2- 11)

I t  s h o u l d  be p o i n t e d  o u t  t h a t  t h i s  i s  t h e  v a r i a n c e

a b o u t  t h e  mean v a l u e  o f  t h e  t r u n c a t e d  d i s t r i b u t i o n .
?

A l s o ,  n o t i c e  t h i s  e x p r e s s i o n  a l l o w s  a ^ t o  be  e v a l u 

a t e d  i n  t e r m s  o f  q u a n t i t i e s  i n  t h e  u n i t  n o r m a l  d i s t r i 

b u t i o n  t a b l e .

The m eans  a n d  v a r i a n c e s  o f  s e c t i o n s  o f  a  n o r m a l  

d i s t r i b u t i o n  c a n  a l s o  be  d e t e r m i n e d  b y  u s e  o f
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E q s .  ( 2 - 8 )  an d  ( 2 ~ l l )  r e s p e c t i v e l y .  T h i s  I s  t r u e  b e 

c a u s e  t h e s e  s e c t i o n s  a r e  m e r e l y  e x t r e m e  c a s e s  o f  

a s y m m e t r i c a l  t r u n c a t i o n  o f  a  n o r m a l  d i s t r i b u t i o n .

( c )  The s y m m e t r i c a l l y  t r u n c a t e d  n o r m a l  d i s t r i b u 

t i o n . I n  t h e  c a s e  o f  s y m m e t r i c a l  t r u n c a t i o n ,  i t  I s  

n o t i c e d  f r o m  F i g .  2 - 2  t h a t

Hence  E q s .  ( 2 - 5 )  an d  ( 2 - 6 )  r e v e a l  t h a t  i n  t h i s  c a s e

C o n s e q u e n t l y ,  E q .  ( 2 - 8 )  show s  t h a t  = p.  ̂ f o r  t h e  

s y m m e t r i c a l  c a s e .  F u r t h e r m o r e ,  t h e  v a r i a n c e  a s  g i v e n  

by  E q .  ( 2 - l l )  b eco m es  ( R e f .  1 4 )

( d )  O t h e r  d i s t r i b u t i o n s . The t r u n c a t e d  n o r m a l

d i s t r i b u t i o n  a n d  s e c t i o n s  o f  a  n o r m a l  d i s t r i b u t i o n

w i l l  be t h e  o n l y  d i s t r i b u t i o n s  t r e a t e d  s p e c i f i c a l l y

i n  t h i s  i n v e s t i g a t i o n .  The mean v a l u e s  a n d  v a r i a n c e s

o f  o t h e r  d i s t r i b u t i o n s  o f  c o n t i n u o u s  ra n d o m  v a r i a b l e s

may, h o w e v e r ,  be  o b t a i n e d  by  u s e  o f  E q s .  ( 2 - 2 )  a n d  

(2 - 9 ) r e s p e c t i v e l y .

( /^x') M x)

J „ f M \  
= M ' -  - j ---------------

(2- 12)

J
o



I k

2 . 5  M odels  f o r  P a r a m e t e r s  t h a t  D r i f t

I n  g e n e r a l ,  p a r a m e t e r s  w h i c h  d r i f t  w i l l  be n o n 

l i n e a r  f u n c t i o n s  o f  t i m e .  Thus  a  p a r a m e t e r  w h i c h

d r i f t s  may be r e p r e s e n t e d  by t h e  f o l l o w i n g  f u n c t i o n  o f  

t i m e :

V  * Q ^ t V -  —  )  (2-13)

w h e r e  i_i (0)  i s  t h e  mean  o f  t h e  i n i t i a l  v a l u e  o f  x . ,x . j
^ t ha .  i s  t h e  d r i f t  r a t e ' -  a s s o c i a t e d  w i t h  t h e  qJq

pow er  o f  t ,  

t  i s  t i m e .

A l s o  n o t e  t h a t  t h e  a .  ' s  a r e  c o n t i n u o u s  random  v a r i -jq
a b l e s  w h i l e  t  i s  n o t .  I n  g e n e r a l ,  t h e r e  w i l l  be  

c o r r e l a t i o n  among t h e  a j  ’ s .

An i m p o r t a n t  s p e c i a l  c a s e  o f  t h e  a b o v e  m ode l  i s  

o b t a i n e d  when t h e  d r i f t  I s  a s s u m e d  t o  be  a  l i n e a r  f u n c 

t i o n  o f  t i m e  ( R e f .  4 2 ) .  I n  t h i s  c a s e  E q .  ( 2 - 1 3 )  b ecom es

(t) =JJXi(*)(a.0 + 0-j - t )  ( 2 - 1 4 )

_
a^Q i s  n o t  a  d r i f t  r a t e ,  b u t  r a t h e r  j u s t  a  r andom
v a r i a b l e  w hose  mean v a l u e  i s  u n i t y  a n d  whose  v a r i a n c e  
i s  e q u a l  t o  t h e  i n i t i a l  v a r i a n c e  o f  x .  d i v i d e d  by

2u ( 0 ) # A l s o  n o t e  t h a t  a  may b e  r e g a r d e d  as  a  g e n e r a l i z e d  
x  4 J  4 .

t hd r i f t  r a t e  i n  t h a t  i t  i s  a c h a n g e  p e r  u n i t  t i m e  t o  t h e  q 
p o w e r .
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A f u r t h e r  s i m p l i c a t i o n  o f  t h i s  l i n e a r  m o d e l  r e s u l t s  when 

i t  i s  a s s u m e d  t h a t  t h e  i n i t i a l  v a l u e  and  t h e  d r i f t  r a t e  

a r e  u n c o r r e l a t e d .  I t  i s  t h i s  l i n e a r  m o d e l  w i t h  n o  c o r r e 

l a t i o n  w h i c h  w i l l  b e  u s e d  i n  m o s t  o f  t h e  w ork  i n  t h i s  r e 

s e a r c h .

T h e r e  a r e  a  number  o f  r e a s o n s  why t h i s  s i m p l i f i e d  

m o d e l  w i l l  b e  e m p h a s i z e d .  F i r s t  i s  t h e  f a c t  t h a t  t h e  

p r i m a r y  o b j e c t  o f  t h i s  r e s e a r c h  i s  t o  d e v e l o p  new t e c h 

n i q u e s  f o r  d e s i g n i n g  more r e l i a b l e  e l e c t r o n i c  s y s t e m s .  

C o n s e q u e n t l y ,  a n  a p p r o x i m a t e  m o d e l ,  w h i c h  y i e l d s  r e s u l t s  

t h a t  a r e  s u f f i c i e n t l y  s i m p l e  so  a s  t o  b e  u s e f u l  f o r  d e s i g n  

p u r p o s e s ,  i s  p r e f e r r e d  t o  a m ore  e x a c t  m o d e l ,  w h i c h  y i e l d s  

r e s u l t s  t h a t  a r e  so cum bersom e  t h a t  t h e y  a r e  v i r t u a l l y  

w o r t h l e s s  i n  d e s i g n .  A n o t h e r  r e a s o n  f o r  t h e  u s e  o f  t h e  

s i m p l i f i e d  m ode l  i s  t h e  l a c k  o f  c o m p o n e n t  d r i f t  d a t a .

A t  t h e  p r e s e n t  s t a t e  o f  t h e  a r t ,  t h e r e  i s  r e l a t i v e l y  l i t t l e  

d a t a  w h i c h  g i v e s  d r i f t  a s  a  f u n c t i o n  o f  s t r e s s ,  a n d  m o s t  o f  

w h a t  i s  a v a i l a b l e  p e r t a i n s  t o  r e s i s t o r s .  F u r t h e r m o r e ,  

d a t a  r e l a t i n g  t o  t h e  e f f e c t  o f  c o r r e l a t i o n  on  d r i f t  i s  p r a c 

t i c a l l y  n o n - e x i s t e n t .  T h i s  d o e s  n o t  mean,  h o w e v e r ,  t h a t  

c o r r e l a t i o n  c a n  a lw a y s  b e  n e g l e c t e d  i n  d r i f t  m o d e l s .  To 

t h e  c o n t r a r y ,  i t  c a n  b e  q u i t e  i m p o r t a n t  p a r t i c u l a r l y  when 

f e e d b a c k  i s  p r e s e n t .

I t  i s  a l s o  i m p o r t a n t  t o  n o t e  t h a t  t h e  a b o v e  l i n e a r  

m o d e l  p r o v i d e s  a r e a s o n a b l e  a p p r o x i m a t i o n  f o r  many
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p r a c t i c a l  d e v i c e s .  As a n  i l l u s t r a t i o n  o f  t h i s  p o i n t ,  

c o n s i d e r  t h e  M IL -R-10509D  m e t a l  f i l m  r e s i s t o r .  C u r v e s  

o f  t h e  d r i f t  o f  t h i s  t y p e  r e s i s t o r  f o r  v a r i o u s  s t r e s s e s  

( p e r c e n t a g e  o f  r a t e d  p o w e r  i n  t h i s  c a s e )  a r e  a v a i l a b l e  

f o r  a n  a m b i e n t  t e m p e r a t u r e  o f  125°C ( R e f s . 33> 4 l  a n d  4 6 ) .  

By a p p r o x i m a t i n g  t h e s e  c u r v e s  w i t h  s t r a i g h t  l i n e s ,  t h e  

f o l l o w i n g  d r i f t  r a t e  v s .  s t r e s s  d a t a  i s  o b t a i n e d :

T a b l e  o f  t h e  Mean V a l u e s  o f  t h e  D r i f t  R a t e s

P e r c e n t a g e  o f  
r a t e d  p o w e r

D r i f t  r a t e  a s  p e r c e n t a g e  o f  
i n i t i a l  r e s i s t a n c e  p e r  h o u r

25 2 x 1 0 ' 6

50 5 x 1 0 " 6

100

oDIO
 

1—IXO
 

«—1

Now t h e  a c t u a l  p o w e r  t a k e n  by a n y  i n d i v i d u a l  

r e s i s t o r ,  i f  i t  i s  s u p p l i e d  by a  c o n s t a n t  c u r r e n t  

s o u r c e ,  i s  d i r e c t l y  p r o p o r t i o n a l  t o  i t s  r e s i s t a n c e .  

S i n c e  t h e  d r i f t  r a t e  i s  i n f l u e n c e d  by  t h e  p o w e r ,  t h e  

i n i t i a l  r e s i s t a n c e  a n d  t h e  d r i f t  r a t e  a r e  t h e n  c o r r e 

l a t e d .  F o r  e x a m p l e ,  s u p p o s e  t h a t  a  p a r t i c u l a r  

r e s i s t o r  i s  5 $  a b o v e  t h e  mean r e s i s t a n c e  o f  d i s t r i b u 

t i o n  f r o m  w h i c h  i t  was  d r a w n .  Then t h i s  r e s i s t o r
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w i l l  consum e 5% more  p o w e r  t h a n  t h e  a v e r a g e  r e s i s t o r .

By u s e  o f  l i n e a r  I n t e r p o l a t i o n  I n  t h e  a b o v e  t a b l e ,  I t  

I s  f o u n d  t h a t  I f  t h e  a v e r a g e  r e s i s t o r  d r i f t s  a t  t h e
sr

r a t e  o f  2 x 1 0 ” % p e r  h o u r  -  t h e n  t h e  r e s i s t o r  w h i c h  

I s  5 % h i g h  I n  r e s i s t a n c e  d r i f t s  a t  t h e  r a t e  o f  

2 . 1 5  x  10 p e r  h o u r .

From t h i s  e x a m p l e  I t  s h o u l d  be  n o t e d  t h a t  I f  none  

o f  t h e  r e s i s t o r s  I n  t h e  d i s t r i b u t i o n  d i f f e r s  f r o m  t h e  

mean v a l u e  by t o o  g r e a t  a  d e g r e e  ( s a y  5% o r  l e s s ) ,  

t h e n  t h e  c o r r e l a t i o n  b e t w e e n  t h e  i n i t i a l  r e s i s t a n c e  

a n d  t h e  d r i f t  r a t e  i s  s m a l l  a n d  may t h u s  be n e g l e c t e d .  

Now i t  h a s  a l r e a d y  b e e n  a s s u m e d  t h a t  t h e  s t a n d a r d  

d e v i a t i o n  o f  p a r a m e t e r s  w i l l  be  much s m a l l e r  t h a n  t h e  

r e s p e c t i v e  mean v a l u e s  o f  t h o s e  p a r a m e t e r s .  T h e r e f o r e ,  

i n  t h i s  r e s e a r c h  t h e  c o r r e l a t i o n  b e t w e e n  t h e  i n i t i a l  

r e s i s t a n c e  a n d  t h e  d r i f t  r a t e  may be  n e g l e c t e d  f o r  

r e s i s t o r s  o f  t h e  a b o v e  t y p e .



CHAPTER 3: DISTRIBUTIONS OF

FUNCTIONS OF RANDOM VARIABLES

3 - 1 .  I n t r o d u c t i o n

When a  d e v i c e  i s  c h a r a c t e r i z e d  b y  more  t h a n  one  

p a r a m e t e r ,  t h e s e  p a r a m e t e r s  may be  c o r r e l a t e d .  I n  

t h i s  c h a p t e r  f u n c t i o n s  o f  c o r r e l a t e d  v a r i a b l e s  w i l l  

be  s t u d i e d  i n  o r d e r  t o  d e t e r m i n e  t h e i r  d i s t r i b u 

t i o n s .  F u n c t i o n s  o f  u n c o r r e l a t e d  v a r i a b l e s  w i l l

be  t r e a t e d  by  s p e c i a l i z a t i o n  o f  t h e  c o r r e l a t e d  c a s e .

3 - 2 .  C o r r e l a t e d  Random V a r i a b l e s

I t  i s  p o s s i b l e  t o  d i v i d e  l i n e a r l y  c o r r e l a t e d  

v a r i a b l e s  i n t o  t h r e e  c l a s s e s .  I n  t h e  f i r s t  c l a s s ,  

t h e  v a r i a b l e s  a r e  c o r r e l a t e d  f o r  p h y s i c a l  r e a s o n s .

F o r  e x a m p l e ,  t h e  h - p a r a m e t e r s  o f  a  t r a n s i s t o r  maybe 

c o r r e l a t e d 1 b e c a u s e  t h e y  a r e  u s e d  t o  c h a r a c t e r i z e  t h e  

same d e v i c e .  The s e c o n d  c l a s s  p e r t a i n s  t o  t h o s e  

v a r i a b l e s  w h i c h  a r e  c o r r e l a t e d  b e c a u s e  t h e y  a r e  f u n c 

t i o n s  o f  t h e  same s e t  o f  v a r i a b l e s .  I t  s h o u l d  be  

n o t e d ,  h o w e v e r ,  t h a t  t h e  d i s t i n c t i o n  b e t w e e n  t h e s e  

tw o t y p e s  o f  c o r r e l a t i o n  i s  r e a l l y  a r t i f i c i a l .  I n  

t h e  s o - c a l l e d  p h y s i c a l  c a s e ,  t h e  c o r r e l a t e d  v a r i a b l e s  

a r e  a l s o  f u n c t i o n s  o f  t h e  same s e t  o f  v a r i a b l e s .  The 

f u n c t i o n s  i n  t h i s  c a s e  a r e  g e n e r a l l y  s o  c o m p l i c a t e d ,

1 T om m erdah l  and  N e l s o n  ( R e f .  1+2) h a v e  t a k e n  d a t a  on  200 
t y p e  2N5>26 t r a n s i s t o r s .  From t h i s  d a t a  t h e y  h a v e  f o u n d  
t h a t  t h e  c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  h Qe 
and  h fQ f o r  t h i s  t y p e  t r a n s i s t o r  i s  0 . ^ 1 2 .
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h o w e v e r ,  t h a t  I t  I s  e a s i e r  t o  m e a s u r e  t h e  c o r r e l a t i o n  

e x p e r i m e n t a l l y  t h a n  t o  c o m p u te  I t .  The t h i r d  c l a s s  

p e r t a i n s  t o  p a r a m e t e r s  w h i c h  a r e  c o r r e l a t e d  b e c a u s e  

t h e y  w e re  n o t  s e l e c t e d  a t  r a n d o m .  An e x a m p l e  o f  t h i s  

I s  a  s i t u a t i o n  w h e r e  a  lo w  v a l u e  o f  one p a r a m e t e r  i s  

p u r p o s e l y  m a t c h e d  w i t h  a  h i g h  v a l u e  o f  a n o t h e r  p a r a m 

e t e r .

The d e g r e e  o f  c o r r e l a t i o n  b e t w e e n  v a r i a b l e s  may 

be  s p e c i f i e d  i n  v a r i o u s  w a y s .  One m e a s u r e  o f  t h e  

am o u n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  two v a r i a b l e s  

x^  a n d  Xg i s  t h e i r  c o v a r i a n c e .  The c o v a r i a n c e  b e t w e e n  

x^ a n d  Xg i n  t h e  r a n g e  d ^ < x ^ <  d g ,  d^  < Xg < d^  i s  

d e f i n e d  a s

w h e re  f ( x ^ , X g )  i s  t h e  j o i n t  d e n s i t y  f u n c t i o n  o f  x^  

and  Xg. T h i s  e q u a t i o n  c a n  be  w r i t t e n  i n  t h e  f o l l o w i n g  

f o r m  by  u s i n g  t h e  sym bo l  E t o  d e n o t e  t h e  p r o c e s s  o f  

t a k i n g  t h e  m ean:

<̂ 3 ( 3 - 1 )
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% ,=  E [ ( x . - ^ K - v U v j  0 - 2)

The c o v a r i a n c e  c a n  a l s o  be  w r i t t e n  a s  ( R e f .  45  )

<T^^~ E(x, x'a' ) - y £/x.i JJyA 3)

The c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  

x^ a n d  Xg c a n  be  d e f i n e d  i n  t e r m s  o f  t h i s  c o v a r i a n c e

( R e f .  45) a s

t r  = — ( 3- 4)  
' X  fli, 0 ^

I n  d e s c r i b i n g  t h e  d e g r e e  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  

two ran d o m  v a r i a b l e s ,  i t  I s  t h e  c o e f f i c i e n t  o f  l i n e a r  

c o r r e l a t i o n  w h ic h  i s  u s u a l l y  s p e c i f i e d  ( R e f s . 2 3  a n d  3 9 )

3 - 3 .  F u n c t i o n s  o f  C o r r e l a t e d  Random V a r i a b l e s

I n  g e n e r a l ,  s y s t e m  p e r f o r m a n c e  c r i t e r i a  w i l l  be 

f u n c t i o n s  o f  c o r r e l a t e d  v a r i a b l e s .  T h e s e  c r i t e r i a  

w i l l  be  b o t h  l i n e a r  f u n c t i o n s  and  n o n - l i n e a r  f u n c t i o n s .  

The n o n - l i n e a r  f u n c t i o n s  may, h o w e v e r ,  be  a p p r o x i m a t e d  

b y  l i n e a r  f u n c t i o n s .  T h i s  i s  done by  e x p a n d i n g  t h e s e  

f u n c t i o n s  i n  a  T a y l o r ' s  s e r i e s  a b o u t  t h e  p o i n t  a t  

w h i c h  a l l  t h e  v a r i a b l e s  a s s u m e  t h e i r  mean v a l u e s  an d
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t h e n  n e g l e c t i n g  t h e  n o n - l i n e a r  t e r m s  o f  t h e  s e r i e s .  

T h i s  t e c h n i q u e  p r o v i d e s  a  r e a s o n a b l e  a p p r o x i m a t i o n  t o  

n o n - l i n e a r  f u n c t i o n s ,  i f  t h e  s t a n d a r d  d e v i a t i o n s  o f  

t h e  r e s p e c t i v e  v a r i a b l e s  a r e  c o n s i d e r a b l y  s m a l l e r  

t h a n  t h e i r  mean v a l u e s  ( R e f .  3 7 ) .  I t  s h o u l d  be  n o t e d  

t h a t  t h i s  m e th o d  a l s o  a p p l i e s  t o  t h e  s p e c i a l  c a s e s  

w h e r e  a l l  o r  some o f  t h e  v a r i a b l e s  a r e '  u n c o r r e l a t e d .

3 - 4 .  Moments o f  D i s t r i b u t i o n s  o f  F u n c t i o n s  o f  

C o r r e l a t e d  Random V a r i a b l e s

C o n s i d e r  t h e  f o l l o w i n g  f u n c t i o n :

( 3 - 5 )

I n  g e n e r a l ,  I t  w i l l  be  a s su m ed  t h a t  t h e  x ' s  i n  t h i s  

e q u a t i o n  a r e  c o r r e l a t e d .

E x p r e s s i o n s  f o r  t h e  mean and  t h e  v a r i a n c e  o f  y 

a r e  r e a d i l y  a v a i l a b l e  ( R e f .  2 0 ) .  The mean v a l u e  o f  y 

i s  g i v e n  by

( 3 - 6 )

The e x p r e s s i o n  f o r  t h e  v a r i a n c e  o f  y  i s

y /

r>-i n

0y. +- 3
ay a y

( 3 - 7 )



E q s .  ( 3 - 6 )  a n d  ( 3 - 7 )  a r e  e x a c t  e x p r e s s i o n s  f o r  (x an d
y

2
a r e s p e c t i v e l y ,  i f  y i s  a  l i n e a r  f u n c t i o n .  I f  y  i s

a  n o n - l i n e a r  f u n c t i o n ,  t h e n  t h e s e  e q u a t i o n s  a r e  r e a -

s t a n d a r d  d e v i a t i o n s  o f  t h e  r e s p e c t i v e  v a r i a b l e s  a r e  

much s m a l l e r  t h a n  t h e i r  mean v a l u e s .

T h e s e  e x p r e s s i o n s  a l s o  a p p l y  when a l l  o r  some o f  

t h e  x ' s  a r e  u n c o r r e l a t e d .  T h i s  c a s e  i s  h a n d l e d  by  

s i m p l y  s e t t i n g  t h e  c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  

b e t w e e n  th e m  e q u a l  t o  z e r o .

3 - 5 .  F u n c t i o n s  o f  N o r m a l l y  C o r r e l a t e d  Random V a r i a b l e s

Two r a n d o m  v a r i a b l e s ,  x ^  a n d  x ^ ,  a r e  s a i d  t o  be  

n o r m a l l y  c o r r e l a t e d  i f  t h e i r  j o i n t  d e n s i t y  f u n c t i o n  i s  

g i v e n  by  ( R e f .  44  )

2
s o n a b l e  a p p r o x i m a t i o n s  t o  u a n d  a a s  l o n g  a s  t h e

u «y

I — %
6

( -  oo< x , <  ao)

w h ere
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I t  c a n  b e  shown t h a t  t h e  m a r g i n a l  d i s t r i b u t i o n s  o f  x^

a n d  x 0 a r e  b o t h  n o r m a l  w i t h  moments  U , o , a n d  U , 
d X1 X1 X2

a r e s p e c t i v e l y .  I n  a d d i t i o n ,  p i s  f o u n d  t o  be
x 2 1 2

t h e  c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  w h i c h  was d e f i n e d  

b y  E q .  ( 3 - 4 )  ( R e f .  3 0 ) .

The c o n v e r s e  o f  t h e  a b o v e  s t a t e m e n t s  i s  a l s o  t r u e

( R e f .  2 8 ) .  I n  o t h e r  w o r d s ,  i f  x^  a n d  x ^  a r e  e a c h

n o r m a l l y  d i s t r i b u t e d  w i t h  moments  u , a , a n d  U- ,
1 1 2

a a n d  i f  t h e  c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e -  
x 2

t w e e n  x ,  a n d  x 0 I s  p , t h e n  t h e  j o i n t  d e n s i t y  f u n c -  i  2 x xx 2

t i o n  o f  x^ a n d  x 2 i s  g i v e n  by  E q . ( 3 - 8 ) .

A l l  o f  t h e  a b o v e  I d e a s  may a l s o  b e  e x t e n d e d  t o  a  

m u l t i v a r i a t e  n o r m a l  d i s t r i b u t i o n  o f  n d i m e n s i o n s  

( R e f s . 28  a n d  3 0 ) .

Now c o n s i d e r  t h e  f u n c t i o n  y g i v e n  b y  E q . ( 3 - 5 )

f o r  t h e  s p e c i a l  c a s e  w h e re  n = 2 .  L e t  x ^  a n d  x 2 b o t h

b e  n o r m a l l y  d i s t r i b u t e d  w i t h  moments  U , o an d
X1 X1

U , o a n d  a  c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  x 2 x 2

p b e t w e e n  th e m .  Assume t h a t  y i s  a  l i n e a r  f u n c t i o n
1 2

o f  a n d  x 2 o r  t h a t  i t  may b e  a p p r o x i m a t e d  b y  a  l i n e a r

f u n c t i o n  o f  x^  a n d  x 2 . I n  t h i s  c a s e ,  y  i s  t h e n
2

n o r m a l l y  d i s t r i b u t e d  w i t h  U a n d  a  g i v e n  b y
u «/



2 k

E q s .  ( 3 - 6 )  a n d  ( 3 - 7 )  r e s p e c t i v e l y .  T h i s  i d e a  c a n  a l s o  

b e  e x t e n d e d  t o  t h e  c a s e  w h e r e  y i s  a  f u n c t i o n  o f  n 

v a r i a b l e s  ( R e f .  2 8 ) .

I t  s h o u l d  be  e m p h a s i z e d  t h a t  a l l  t h e  c o n c e p t s  

e x p r e s s e d  i n  t h i s  s e c t i o n  a p p l y  t o  t h e  s p e c i a l  c a s e s  

w h e r e  a l l  o r  some o f  t h e  v a r i a b l e s  a r e  u n c o r r e l a t e d .

3 - 6 .  The C o e f f i c i e n t  o f  L i n e a r  C o r r e l a t i o n  B e t w e e n  

Two F u n c t i o n s  o f  t h e  Same C o r r e l a t e d  Random V a r i a b l e s  

C o n s i d e r  t h e  f o l l o w i n g  f u n c t i o n s :

I t  w i l l  be  a s s u m e d  t h a t  i n  g e n e r a l  t h e r e  i s  c o r r e l a t i o n  

b e t w e e n  t h e  x ' s .  Now s i n c e  y^ a n d  y 2 a r e  f u n c t i o n s  o f  

t h e  same v a r i a b l e s ,  t h e r e  w i l l  be c o r r e l a t i o n  b e t w e e n  

y^ and  y 2 ~ ©v e n  i n  t h e  s p e c i a l  c a s e ,  w h e r e  a l l  t h e  

x ' s  a r e  u n c o r r e l a t e d .  The p r o b l e m  i s  t o  d e t e r m i n e  t h e  

c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  y^  and  y 2 i n  

t e r m s  o f  t h e  f u n c t i o n a l  r e l a t i o n s h i p s  g^ an d  g g ,  t h e  

s t a n d a r d  d e v i a t i o n s  o f  t h e  x ' s  and  t h e  c o e f f i c i e n t s  o f  

l i n e a r  c o r r e l a t i o n  among t h e  x ' s .

// -  $ / ( Xn ) ( 3 - 9 )

(3 - 1 0 )
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E x p a n d i n g  a n d  y ^  i n  a  T a y l o r ’ s s e r i e s  a b o u t  t h e  

p o i n t  a t  w h ic h  a l l  t h e  v a r i a b l e s  a s su m e  t h e i r  mean 

v a l u e s  and  n e g l e c t i n g  t h e  n o n - l i n e a r  t e r m s  y i e l d s

n

y , =
+ 5 ,

f l l l i

— -

A ) A a  7  ~  ~/<xn A ) A f  - ~/*xn

a n d

h - x n)

-

£ ,----------  \ /

-

A  A  r  ■ A ,  A ,  A " " A ,

As d i s c u s s e d  i n  S e c .  3-3> t h e s e  e x p a n s i o n s  w i l l  be 

e x a c t  r e p r e s e n t a t i o n s  o f  l i n e a r  f u n c t i o n s  a n d  a p p r o x i 

m a te  r e p r e s e n t a t i o n s  o f  n o n - l i n e a r  f u n c t i o n s .

The c o v a r i a n c e  b e t w e e n  y^ a n d  yg c a n  be  o b t a i n e d  

by  a p p l i c a t i o n  o f  E q .  ( 3 - 2 )  t o  E q s .  ( 3 ~ l l )  a n d  ( 3 - 1 2 ) .  

Thus



S i n c e  v a r i a n c e  a n d  c o v a r i a n c e  r e s p e c t i v e l y  a r e  d e f i n e d  

a s

(3-1^)

(3-15)

t h e  e x p r e s s i o n  f o r  a c a n  t h e n  be  r e w r i t t e n  a s
y l y 2

^3i 
M i  9*j

i='

i-h-i n
/r-2

A A »  ^

° * l.Y  ( 3 _ l 6 )

U s i n g  t h e  d e f i n i t i o n  o f  t h e  c o e f f i c i e n t  o f  l i n e a r  

c o r r e l a t i o n ,  i t  i s  s e e n  t h a t
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F i n a l l y ,  t h e  c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  

y x and  y g i s

(3 - 1 8 )
I >12 QZ CZj h l i

w h e r e  o a n d  o a r e  o b t a i n e d  b y  a p p l i c a t i o n  o f  
*1 y 2

E q .  ( 3 - 7 )  t o  E q s .  ( 3 - 9 )  a n d  ( 3 - 1 0 ) .

T h i s  i s  t h e  d e s i r e d  r e s u l t  i n  t h a t  t h e  c o e f f i c i e n t  

o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  y-  ̂ a n d  y ^ c a n  now be  

c o m p u te d  f r o m  i n f o r m a t i o n  on  t h e  d i s t r i b u t i o n s  o f  t h e  

x ' s .  I t  m i g h t  a l s o  be  n o t e d  t h a t  W i lk s  ( R e f .  4 8 )  

p r e s e n t s  a n  e x p r e s s i o n  s i m i l a r  t o  E q .  ( 3 - 1 6 )  f o r  m 

l i n e a r  f u n c t i o n s  o f  n  v a r i a b l e s .  W i lk s  d o e s  n o t  c o n 

s i d e r ,  h o w e v e r ,  t h e  c a s e  w h e r e  t h e  f u n c t i o n s  may b e  

n o n l i n e a r .  S i n c e  Eq.  ( i - l S )  i s  an  a p p r o x i m a t i o n  f o r  

t h e  n o n l i n e a r  c a s e ,  i t  r e a l l y  i s  n o t  a n y  more  g e n e r a l  

t h a n  W i l k s '  r e s u l t  b u t  i t  i s  i n  a more c o n v e n i e n t  f o r m  

( s e e  i t s  a p p l i c a t i o n  i n  S e c .  I t - C) .



CHAPTER 4 :  IN IT IA L DISTRIBUTIONS OF THE

PERFORMANCE CRITERIA OF ELECTRONIC SYSTEMS

4 - 1 .  I n t r o d u c t i o n

I n  t h i s  c h a p t e r  t h e  t e c h n i q u e s  o f  C h a p t e r  3 w i l l  be  

u s e d  t o  d e t e r m i n e  t h e  i n i t i a l  d i s t r i b u t i o n s  o f  t h e  p e r 

f o r m a n c e  c r i t e r i a  o f  a  n u m b e r  o f  e l e c t r o n i c  s y s t e m s .

I t  w i l l  t h e n  be shown how t h e s e  d i s t r i b u t i o n s  c a n  be  

u s e d  t o  d e t e r m i n e  t h e  i n i t i a l  p r o b a b i l i t y  o f  t h e  s y s t e m  

o p e r a t i n g  s a t i s f a c t o r i l y .  T h r o u g h o u t  t h i s  d i s c u s s i o n ,  

i t  w i l l  be  a s s u m e d  t h a t  t h e  p e r f o r m a n c e  c r i t e r i a  a r e  

e i t h e r  l i n e a r  f u n c t i o n s  o f  t h e  s y s t e m  p a r a m e t e r s  o r  

t h a t  t h e y  a r e  n o n - l i n e a r  f u n c t i o n s  o f  t h e  s y s t e m  p a r a m 

e t e r s ,  w h i c h  may be  a p p r o x i m a t e d  by  l i n e a r  f u n c t i o n s .

I n  t h i s  l a t t e r  c a s e  t h e  s t a n d a r d  d e v i a t i o n s  o f  t h e  

r e s p e c t i v e  p a r a m e t e r s  w i l l  be  c o n s i d e r e d  t o  be  much 

s m a l l e r  t h a n  t h e i r  mean v a l u e s .

4 - 2 .  R e s i s t o r s  i n  S e r i e s

A s i m p l e  t y p e  o f  e l e c t r o n i c  s y s t e m  w h i c h  h a s  a 

v a r i e t y  o f  a p p l i c a t i o n s  i s  t h e  s e r i e s  s y s t e m .  As a n  

e x a m p l e  o f  a  s e r i e s  s y s t e m ,  a  n e t w o r k  i n  w h i c h  n 

r e s i s t o r s  a r e  p l a c e d  i n  s e r i e s  w i l l  be  c o n s i d e r e d .

The t o t a l  s e r i e s  r e s i s t a n c e  o f  t h i s  a r r a n g e m e n t  I s
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w h e r e  R ,  i s  t h e  i n i t i a l  v a l u e  o f  t h e  r e s i s t a n c e  o f  t h e  
■ j

jk*1 r e s i s t o r .

A p p l i c a t i o n  o f  E q .  ( 3 - 6 )  t o  t h i s  e x p r e s s i o n  y i e l d s  

t h e  f o l l o w i n g  e q u a t i o n  f o r  t h e  mean value"*" o f  R:

n

( 4 - 2 )

The v a r i a n c e  o f  R c a n  be o b t a i n e d  by  u s e  o f  Eq .  ( 3 - 7 ) .  

T h i s  g i v e s

9  (Tx.61x.Xj x/ ( 4 - 3 )

I n  d i s c u s s i o n s  w h e re  o n l y  i n i t i a l  v a l u e s  a r e  b e i n g  
c o n s i d e r e d ,  t h e  (0 )  t o  d e n o t e  i n i t i a l  v a l u e  i n  | j . (0) 
a n d  o ( o )  w i l l  be  o m i t t e d .



30

S i n c e  e a c h  r e s i s t o r  i s  a  s e p a r a t e  d e v i c e ,  t h e r e  

w i l l  b e  no c o r r e l a t i o n  among t h e  r e s i s t a n c e s  b e c a u s e  

o f  a n y  p h y s i c a l  r e l a t i o n s h i p  b e t w e e n  t h e m .  C o n s e 

q u e n t l y ,  i f  e a c h  r e s i s t o r  i s  s e l e c t e d  a t  r a n d o m  a l l  

t h e  r e s i s t a n c e s  c o m p r i s i n g  t h e  s e r i e s  r e s i s t a n c e  w i l l  

b e  u n c o r r e l a t e d .  I n  t h i s  c a s e ,  E q .  ( 4 - 3 )  b eco m es

n

<*='

4 - 3 *  V o l t a g e  D i v i d e r

A n o t h e r  s i m p l e  b u t  w i d e l y  u s e d  e l e c t r o n i c  s y s t e m  

i s  t h e  r e s i s t i v e  v o l t a g e  d i v i d e r  shown i n  F i g .  4 - 1 .

F i g .  4 - 1 .  R e s i s t i v e  v o l t a g e  d i v i d e r .

I f  t h e  e f f e c t  o f  l o a d i n g  c a n  be  n e g l e c t e d ,  t h e  d i v i d e r  

r a t i o  o f  t h i s  c i r c u i t  i s

(4-5)
v‘ H, *

"5— ;--------
T h i s  r e q u i r e s  t h a t  t h e  r e s i s t o r s  b e  t h e r m a l l y  i n s u l a t e d  
f r o m  one a n o t h e r ,  a  c o n d i t i o n  w h i c h  c a n  b e  a p p r o x i m a t e d  
i f  t h e  a m o u n t  o f  power  t h e y  d i s s i p a t e  i s  s m a l l  and  t h e  
v e n t i l a t i o n  i s  g o o d .
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The mean v a l u e  o f  Kv c a n  b e  o b t a i n e d  by u s e  o f

E q .  ( 3 - 6 )  w h i c h  g i v e s

( 4 - 6 )

A p p l i c a t i o n  o f  E q .  ( 3 - 7 )  y i e l d s  t h e  f o l l o w i n g  e x p r e s s i o n

f o r  t h e  v a r i a n c e  o f  Kv :

a I c>Kv 

A

^  a .  h K v

<r* a + a U(? ,

/ v *

I f  t h e  I n d i c a t e d  o p e r a t i o n s  a r e  c a r r i e d  o u t ,  I t  I s  s e e n  

t h a t

(4-7)

- a A r, R ; A A ,

I f ,  a s  was d i s c u s s e d  i n  S e c .  4 - 2 ,  t h e  v a l u e s  o f  

r e s i s t a n c e  a r e  u n c o r r e l a t e d  t h e n  t h i s  e x p r e s s i o n  r e 

d u c e s  t o

<ra= -  j k __ <ra+  tr/ (4-8)
K" R' **
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4 - 4 .  S i n g l e  S t a g e  T r a n s i s t o r  A m p l i f i e r

I n  o r d e r  t o  i l l u s t r a t e  how t h e  t e c h n i q u e s  o f  

C h a p t e r  3 may b e  a p p l i e d  t o  a  t r a n s i s t o r  c i r c u i t ,  c o n 

s i d e r  t h e  t r a n s i s t o r  a m p l i f i e r  s t a g e  whose  m id 

f r e q u e n c y  e q u i v a l e n t  c i r c u i t  i s  shown i n  P i g .  4 - 2  

( R e f .  8 ) .

U'e
b AAAAr

vbe W « t ©

Fig- .  4 - 2 .  M i d - f r e q u e n c y  e q u i v a l e n t  
c i r c u i t  o f  a  t r a n s i s t o r  a m p l i f i e r .

The s y m b o ls  u s e d  on  t h i s  c i r c u i t  a r e  d e f i n e d  a s  f o l 

lo w s  :

h .  , h , h»  a n d  h  a r e  t h e  common e m i t t e r  i e '  r e '  f e  oe
h  p a r a m e t e r s  o f  t h e  t r a n 

s i s t o r  .

Rt i s  t h e  l o a d  r e s i s t a n c e .1j

i s  t h e  a c  b a s e  c u r r e n t  an d  a l s o  t h e  i n p u t

s i g n a l  c u r r e n t .

I  i s  t h e  a c  c o l l e c t o r  c u r r e n t  and  a l s o  t h e  c
o u t p u t  s i g n a l  c u r r e n t .
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V^e i s  t h e  a c  b a s e  v o l t a g e  a n d  i s  a l s o  t h e  i n p u t

s i g n a l  v o l t a g e .

V i s  t h e  a c  c o l l e c t o r  v o l t a g e  a n d  i s  a l s o  t h e  c e
o u t p u t  s i g n a l  v o l t a g e .

The c u r r e n t  g a i n  o f  t h i s  a m p l i f i e r  i s  g i v e n  by

>fe

3-b I f  ^oe^L
(4-9)

The mean v a l u e  o f  t h e  c u r r e n t  g a i n  i s ,  by a p p l i c a t i o n  

o f  E q .  ( 3 - 6 ) ,

f e ( 4 - 1 0 )

Use o f  Eq .  ( 3 - 7 )  shows t h a t  t h e  v a r i a n c e  o f  t h e  c u r r e n t  

g a i n  i s

3.

\ 2 h f e ] Ke  h°e \ SI?L/

+- a <rh <r
W f e / l * W  W o e  7e hoe
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w h e r e  e a c h  p a r t i a l  d e r i v a t i v e  i s  e v a l u a t e d  a t  t h e  mean 

v a l u e s  o f  t h e  a m p l i f i e r  p a r a m e t e r s .  T h i s  e x p r e s s i o n  

i n  t u r n  y i e l d s

I n  t h i s  a n a l y s i s  i t  h a s  b e e n  a s s u m e d  t h a t  t h e  h  p a r a m 

e t e r s  o f  t h e  t r a n s i s t o r  a r e  c o r r e l a t e d  w i t h  a  c o e f f i 

c i e n t  o f  l i n e a r  c o r r e l a t i o n  t-, , . The v a l u e  o f
f e  o e

r e s i s t a n c e  a n d  t h e  h p a r a m e t e r s ,  h o w e v e r ,  h a v e  b e e n  

a s s u m e d  t o  be  u n c o r r e l a t e d .

4 - 5 .  C o r r e l a t i o n  B e t w e e n  t h e  z P a r a m e t e r s  i n  Terms 

o f  C o r r e l a t i o n  B e t w e e n  t h e  h P a r a m e t e r s

A t  t h e  p r e s e n t  s t a t e  o f  t h e  a r t  t h e r e  i s  v e r y  

l i t t l e  d a t a  a v a i l a b l e  on  t h e  c o r r e l a t i o n  b e t w e e n  t r a n 

s i s t o r  p a r a m e t e r s .  F u r t h e r m o r e ,  much o f  t h e  d a t a  t h a t  

i s  a v a i l a b l e  i s  i n  t e r m s  o f  h  p a r a m e t e r s .  On t h e  

o t h e r  h a n d ,  i t  i s  d e s i r a b l e  t o  be  a b l e  t o  e x e r c i s e  

some f l e x i b i l i t y  w i t h  r e s p e c t  t o  t h e  c h o i c e  o f  p a r a m 

e t e r s  u s e d  t o  a n a l y z e  a  c i r c u i t .  F o r  e x a m p l e ,  c o n -

a.

M i f ,  p ^  0 -

hfe h°e
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s l d e r  t h e  c i r c u i t  o f  F i g .  4 - 2 .  I f  t h i s  c i r c u i t  c o n 

t a i n e d  a n  u n b y p a s s e d  e m i t t e r  r e s i s t o r ,  i t  c o u l d  b e  

a n a l y z e d  m o s t  e a s i l y  by  u s e  o f  z p a r a m e t e r s .  T h i s  

i s  t r u e  b e c a u s e  t h e  a d d i t i o n  o f  t h e  e m i t t e r  r e s i s t o r  

c a n  be  t a k e n  i n t o  a c c o u n t  by  s i m p l y  a d d i n g  t h e  v a l u e  

o f  t h i s  r e s i s t a n c e  t o  e a c h  o f  t h e  z p a r a m e t e r s  

( R e f .  1 7 ) .

I n  v i e w  o f  t h i s  s i t u a t i o n  i t  w o u ld  be  d e s i r a b l e  

t o  be  a b l e  t o  d e t e r m i n e  t h e  c o r r e l a t i o n  among a n y  

s e t  o f  p a r a m e t e r s  i n  t e r m s  o f  t h e  c o r r e l a t i o n  among 

t h e  h p a r a m e t e r s .  F o r t u n a t e l y ,  t h i s  c a n  b e  d o n e  by  

u s e  o f  E q .  ( 3 - 1 8 ) .

As a n  e x a m p l e  o f  t h i s  a p p l i c a t i o n  o f  E q .  ( 3 - 1 3 )  

c o n s i d e r  t h e  c i r c u i t  o f  F i g .  4 - 2 .  The c u r r e n t  g a i n  

o f  t h i s  a m p l i f i e r  i n  t e r m s  o f  z p a r a m e t e r s  i s  ( R e f .  1 9 )

k , =  / T v  ( 4 - 1 2 )

From t h i s  e x p r e s s i o n  i t  c a n  be  s e e n ,  i f  t h e  v a r i a n c e  

o f  t h i s  c u r r e n t  g a i n  i s  t o  be  o b t a i n e d ,  t h a t  t h e  c o 

e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  Zqi q  an<  ̂ z 22e 

i s  r e q u i r e d .  T h e s e  z p a r a m e t e r s  c a n  be e x p r e s s e d  i n  

t e r m s  o f  h p a r a m e t e r s  a s  f o l l o w s ( R e f .  l 8 ) s



Now t h e  u s e  o f  E q .  ( 3 - 1 7 )  t o  o b t a i n  t h e  c o v a r i a n c e  

b e t w e e n  %2ie  anc3 z 2 2 e  s *lows

<7- -  f ^ i i i e ] (j-a ^ ( ^ Jl?  ̂ (j-a + / _^ue
^hjie I âie I ^ ^jie ^hije/ ^^iae

+ ^  ^ le ^ ^ acV  6 ~ CT
3 hî e 3kj|e] haithaje ĵie âae

w h e re  a l l  t h e  p a r t i a l  d e r i v a t i v e s  a r e  e v a l u a t e d  a t  t h e  

mean v a l u e s  o f  h 21g and  h 2 2e* T h l s  e x p r e s s i o n  i n  t u r n  

y i e l d s

w  - j p -  c  * ^ U B  < ^ >
"aae "lie

The v a r i a n c e s  o f  z 21g a n d  z 22e  c a n  b e  o b t a i n e d  by  a p 

p l i c a t i o n  o f  E q .  ( 3 - 7 )  t o  E q s . ( 4 - 1 3 )  a n d  ( 4 - l 4 )  

r e s p e c t i v e l y .  Thus  t h e s e  v a r i a n c e s  a r e  g i v e n  by
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< £ * = 7 + 3 ^ £ir7  - J ? L , - 7 7 ? * % %  {^ - l b )
4ue 4we Jae Jle ^  / /*JJL€ J/e j j e

and

cr1 .- ' it* (U-17)
*»< / 4

nn e

S u b s t i t u t i n g  Eqs . ( l i - l S ) ,  ( i j . - l6 ) ,  and  ( Ij.—17)  i n t o  

and s i m p l i f y i n g  g i v e s

> _ __________________________//^ ^ ] ie <̂j 2 g  ^  ''h1tthj±e_________________________________  ( / l -18 )

/ / / 2 . a a  _ __ ^  \)<

“ ■ ( v C ' / c c ^ u y 1

T h i s  e x p r e s s i o n  i s  o f  t h e  d e s i r e d  f o r m ;  i t  g i v e s  t h e  c o 

e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  z 01n and z 0 0 „ i nl e  2 2 e

t e rm s  o f  i n f o r m a t i o n  d e s c r i b i n g  h „ .  and  h 0021e

It.- 6  S i n g l e  Loop F e e d b a c k  A m p l i f i e r  S y s te m

The  t e c h n i q u e s  o f  C h a p t e r  3 c a n  a l s o  b e  a p p l i e d  t o  a  

s i n g l e  f e e d b a c k  s y s t e m .
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F i g .  4 - 3 .  S i n g l e  l o o p  f e e d b a c k  a m p l i f i e r  s y s t e m .

I n  t h i s  d i a g r a m  A i s  t h e  v o l t a g e  g a i n  o f  t h e  a m p l i f i e r  

w i t h o u t  f e e d b a c k  a n d  (1 i s  t h e  f r a c t i o n  o f  t h e  o u t p u t  

v o l t a g e  w h ic h  i s  f e d b a c k .  The v o l t a g e  g a i n  o f  t h i s  

s y s t e m  c a n  be shown t o  be

Kv =
A

/ - A / 9
( 4 - 1 9 )

A p p l i c a t i o n  o f  Eq .  ( 3 - 6 )  t o  t h i s  e x p r e s s i o n  shows 

t h a t  t h e  mean v a l u e  o f  t h e  v o l t a g e  g a i n  i s

( 4 - 2 0 )

£

By u s i n g  E q .  ( 3 - 7 )  t h e  v a r i a n c e  o f  t h e  v o l t a g e  g a i n  may 

be  w r i t t e n  a s
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\ u fi V ?

w h i c h  t h e n  y i e l d s

cr a -  ^ :6P  ^  W  °p

U - V A M p Y
( 4 - 2 1 )

— T h i s  e x p r e s s i o n  c a n  a l s o  be  u s e d  f o r  t h e  s i t u a t i o n

t o  z e r o .

4 - 7 .  C a s c a d e  S y s t e m

A n o t h e r  commonly  u s e d  s y s t e m  t o  w h i c h  t h e  m e th o d s  

o f  C h a p t e r  3 c a n  be  a p p l i e d  i s  t h e  c a s c a d e  s y s t e m .  The 

g a i n  o f  a  c a s c a d e  s y s t e m  i s  e q u a l  t o  t h e  p r o d u c t  o f  t h e  

g a i n s  o f  t h e  i n d i v i d u a l  s t a g e s .  Thus  i f  n

s t a g e s  a r e  p l a c e d  i n  c a s c a d e  t h e  o v e r a l l  g a i n  i s  g i v e n

By u s e  o f  E q .  ( 3 - 6 ) ,  t h e  mean v a l u e  o f  t h e  o v e r a l l  

g a i n  i s  f o u n d  t o  be

w h e re  A an d  p a r e  u n c o r r e l a . t e d ,  i f  i s  s e t  e q u a l

by
n

( 4 - 2 2 )

w h e r e  K.  i s  t h e  g a i n  o f  t h e  s t a g e .

n
(4 - 2 3 )



The v a r i a n c e  o f  t h e  o v e r a l l  g a i n  i s  o b t a i n e d  by  a p p l i 

c a t i o n  o f  E q .  ( 3 - 7 )  w h i c h  r e s u l t s  i n

n-i n

<rK =
j=i * A L  Z  j(=\

1=1 i=l

When t h e r e  i s  no c o r r e l a t i o n  b e t w e e n  t h e  g a i n  o f  

a n y  o f  t h e  s t a g e s ,  p becom es  z e r o  f o r  a l l  c o m b i n a 

t i o n s  o f  j  a n d  m.

4 - 8 .  The P r o b a b i l i t y  o f  t h e  S y s t e m  P e f o r m a n c e  B e i n g  

W i t h i n  T o l e r a n c e

The p r i n c i p a l  r e a s o n  f o r  o b t a i n i n g  t h e  means  a n d  

t h e  v a r i a n c e s  o f  t h e  s y s t e m  p e r f o r m a n c e  c r i t e r i a  i s  so  

t h a t  t h e  p r o b a b i l i t y  o f  t h e s e  c r i t e r i a  b e i n g  w i t h i n  

t o l e r a n c e  c a n  be d e t e r m i n e d .  S i n c e  t h e  a b o v e  e x p r e s 

s i o n s  r e p r e s e n t  t h e  i n i t i a l  v a l u e s  o f  t h e  means and

v a r i a n c e s ,  t h e y  c a n  be u s e d  t o  d e t e r m i n e  t h e  i n i t i a l

p r o b a b i l i t i e s  o f  p e r f o r m a n c e  c r i t e r i a  b e i n g  w i t h i n  

t o l e r a n c e .

As a n  e x a m p l e ,  a s su m e  t h a t  t h e  mean an d  t h e  v a r i 

a n c e  o f  t h e  c u r r e n t  g a i n  o f  a n  a m p l i f i e r  a r e  g i v e n  by
2

[iK a n d  aK > r e s p e c t i v e l y .  F u r t h e r m o r e ,  a s s u m e  t h a t  
i  i

t h e  d i s t r i b u t i o n s  o f  t h e  a m p l i f i e r  p a r a m e t e r s  a r e
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t r u n c a t e d  s u f f i c i e n t l y  f a r  f r o m  t h e i r  mean v a l u e s ,  s o  

t h a t  t h e  c u r r e n t  g a i n  i s  n o r m a l l y  d i s t r i b u t e d .

Now s u p p o s e  t h a t  t h e  c u r r e n t  g a i n  m u s t  be  b e t w e e n  

t h e  l i m i t s  o f  a n d  Ki 2  i f  t h e  s y s t e m  i s  t o  be  c o n 

s i d e r e d  o p e r a t i n g .  The p r o b a b i l i t y  o f  t h e  s y s t e m  

o p e r a t i n g  i s  t h e n  g i v e n  by

T h i s  i n t e g r a l  c a n  be  p u t  i n  a f o r m  s o  t h a t  i t  c a n  be 

o b t a i n e d  f ro m  a  u n i t  n o r m a l  d i s t r i b u t i o n  t a b l e  by t h e  

f o l l o w i n g  t r a n s f o r m a t i o n s :

Kl <- ( 4 - 2 6 )

( 4 - 2 7 )

(4 - 2 8 )
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T h i s  r e s u l t s  i n

?r(Ki^ < K ; , ) = J 7d = i  JA (4 -29)
J ,

w h i c h  c a n  b e  e v a l u a t e d  by  u s e  o f  a n y  u n i t  n o r m a l  d i s 

t r i b u t i o n  t a b l e .

I t  s h o u l d  b e  p o i n t e d  o u t  t h a t  t h e r e  e x i s t  s e v e r a l  

commonly  u s e d  d e s i g n  c r i t e r i a  w h i c h  make t h e  a b o v e  p r o b a 

b i l i t y  u n i t y .  One s u c h  c r i t e r i a  i s  t h e  w o r s t  c a s e  m e th o d ,  

w h i c h  i n s u r e s  t h a t  t h e  s y s t e m  p e r f o r m a n c e  be  w i t h i n  s p e c i f i 

c a t i o n s ,  e v e n  when a l l  t h e  s y s t e m  p a r a m e t e r s  a s su m e  t h e  w o r s t  

p o s s i b l e  v a l u e s  p e r m i t t e d  b y  t h e i r  t o l e r a n c e s .  T h i s  m e thod  

i s  a d v a n t a g e o u s  when o n l y  a  f e w  ' u n i t s  o f  a  s y s t e m  a r e  b e i n g  

p r o d u c e d  a n d  no d e f e c t i v e  s y s t e m s  c a n  b e  t o l e r a t e d .  

F u r t h e r m o r e ,  t h i s  m e thod  i s  m ore  g e n e r a l l y  a p p l i c a b l e  b e 

c a u s e  i t  i s  n o t  l i m i t e d  b y  t h e  r e s t r i c t i o n s  p r e v i o u s l y  

s t a t e d  f o r  t h e  s t a t i s t i c a l  m e t h o d .  F o r  mass  p r o d u c e d  s y s 

t e m s ,  h o w e v e r ,  t h e  w o r s t  c a s e  m e th o d  i s  o f t e n  n o t  e c o n o m i 

c a l l y  f e a s i b l e  a s  i t  u s u a l l y  r e s u l t s  i n  t o o  c o n s e r v a t i v e  a  

d e s i g n .



CHAPTER MINIMIZATION OP THE VARIANCES OF THE

DISTRIBUTIONS OF FUNCTIONS OF RANDOM VARIABLES

^ - 1 .  I n t r o d u c t i o n

I n v e s t i g a t i o n  o f  t h e  e x am p le  i n  S e c .  I4.-8 r e v e a l s  

t h a t  an  i n c r e a s e  i n  t h e  v a r i a n c e  o f  a  s y s t e m  p e r f o r 

mance c r i t e r i o n  g e n e r a l l y - ' -  means a n  i n c r e a s e  i n  t h e  p r o 

b a b i l i t y  o f  t h e  c r i t e r i o n  b e i n g  o u t  o f  t o l e r a n c e .

H en ce ,  i t  w i l l  b e  a d v a n t a g e o u s  t o  m i n i m i z e  t h e  v a r i a n c e s  

o f  t h e  s y s t e m  p e r f o r m a n c e  c r i t e r i a .  From E q .  ( 3 - 7 )  i t  

w i l l  b e  s e e n  t h a t  t h e  v a r i a n c e s  o f  t h e s e  c r i t e r i a  a r e  

o f t e n  f u n c t i o n s  o f  t h e  mean v a l u e s  o f  t h e  p a r a m e t e r s  o f  

t h e  s y s t e m s .  F u r t h e r m o r e ,  t h e r e  a r e  g e n e r a l l y  a n  u n l i m i 

t e d  number  o f  c o m b i n a t i o n s  o f  p a r a m e t e r  mean  v a l u e s ,  w h i c h  

w i l l  make t h e  mean o f  a  p a r t i c u l a r  p e r f o r m a n c e  c r i t e r i o n  

h a v e  t h e  v a l u e  r e q u i r e d  b y  t h e  s p e c i f i c a t i o n s  o f  t h e  s y s 

tem .  T h e r e f o r e ,  t h a t  c o m b i n a t i o n  o f  p a r a m e t e r  means 

w h i c h  y i e l d s  t h e  minimum v a r i a n c e  o f  t h e  p e r f o r m a n c e  c r i 

t e r i o n ,  w h i l e  s t i l l  g i v i n g  t h e  mean o f  t h e  p e r f o r m a n c e  

c r i t e r i o n  i t s  d e s i r e d  v a l u e ,  s h o u l d  b e  u s e d .

T h i s  s t a t e m e n t  i s  t r u e  f o r  m o s t  p r a c t i c a l  c a s e s .  How
e v e r ,  i t  w o u ld  n o t  b e  t r u e ,  f o r  e x a m p l e ,  i f  t h e  mean 
v a l u e  o f  t h e  c r i t e r i o n  was o u t s i d e  o f  t h e  s p e c i f i e d  
l i m i t s  o f  t h i s  c r i t e r i o n .
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T h i s  c h a p t e r  w i l l  i n v e s t i g a t e  t h e  v a r i a n c e  m i n i 

m i z a t i o n  o f  t h r e e  e l e m e n t a r y  f u n c t i o n s ;  w h i l e  C h a p t e r  6  

w i l l  a p p l y  t h i s  t e c h n i q u e  t o  a  n u m b e r  o f  e l e c t r o n i c  

s y s t e m s .

5 - 2 .  The S t a n d a r d  D e v i a t i o n  t o  Mean R a t i o  o f  S y s t e m  
2P a r a m e t e r s

I n  d e t e r m i n i n g  t h e  c o m b i n a t i o n  o f  p a r a m e t e r  means  

r e q u i r e d  i n  t h e  a b o v e  a n a l y s i s ,  i t  s h o u l d  be  n o t e d  

t h a t  E q .  ( 3 - 7 )  show s  t h a t  t h e  v a r i a n c e  o f  t h e  p e r 

f o r m a n c e  c r i t e r i o n  d e p e n d s  u p o n  t h e  s t a n d a r d  d e v i a 

t i o n s  o f  t h e  p a r a m e t e r s  a n d  c o e f f i c i e n t s  o f  l i n e a r  

c o r r e l a t i o n  b e t w e e n  th e m ,  a s  w e l l  a s  t h e  p a r a m e t e r  

m e a n s .  I t  w i l l  be  a s s u m e d  t h a t  t h e  c o e f f i c i e n t s  o f  

l i n e a r  c o r r e l a t i o n  a r e  i n d e p e n d e n t  o f  t h e  p a r a m e t e r  

m e a n s .  On t h e  o t h e r  h a n d ,  t h i s  a s s u m p t i o n  c a n n o t  be  

made w i t h  r e s p e c t  t o  t h e  v a r i a n c e s  o f  t h e  p a r a m e t e r s .  

C l e a r l y ,  t h e  l a r g e r  t h e  mean v a l u e  o f  a  p a r a m e t e r ,  

t h e  l a r g e r  i t s  v a r i a n c e .  I n  t h i s  w ork  i t  w i l l  be  

a s s u m e d  t h a t  t h e  s t a n d a r d  d e v i a t i o n  o f  a  p a r a m e t e r  

i s  d i r e c t l y  p r o p o r t i o n a l  t o  i t s  mean v a l u e .

2T h i s  i s  a l s o  t h e  s t a n d a r d  d e v i a t i o n  o f  a ^ Q i n  E q .  
( 2 - 1 4 ) ,  b u t  t h e  sy m b o l  w i l l  be  u s e d  f o r  t h i s

q u a n t i t y  i n  t h e  p r e s e n t  c o n t e x t .



The p h y s i c a l  m e a n i n g  o f  t h e  a b o v e  a s s u m p t i o n  i s  

t h a t  t h e  s t a n d a r d  d e v i a t i o n  t o  mean r a t i o  f o r  a  

p a r t i c u l a r  t y p e  o f  d e v i c e  i s  I n d e p e n d e n t  o f  t h e  

mean v a l u e ( s )  o f  t h e  d e v i c e  p a r a m e t e r ( s ) .  F o r  e x 

a m p l e ,  c o n s i d e r  t h e  f o l l o w i n g  d e n s i t y  f u n c t i o n s  o f  

two r e s i s t o r s :

O b v i o u s l y ,  t h e  a b o v e  a s s u m p t i o n  w o u ld  n o t  be v a l i d  f o r  

t h i s  s i t u a t i o n  t h o u g h  b o t h  r e s i s t o r s  h a v e  t h e  same 

t o l e r a n c e ,  b e c a u s e  t h e  s t a n d a r d  d e v i a t i o n  t o  mean 

r a t i o  o f  t h e  m a n u f a c t u r i n g  p r o c e s s e s  a r e  d i f f e r e n t .  

Thus  i t  i s  s e e n  t h a t  i t  is  a  c o m b i n a t i o n  o f  t h e  manu

f a c t u r e d  s t a n d a r d  d e v i a t i o n  t o  mean r a t i o  a n d  t h e  

t o l e r a n c e  w h i c h  d e t e r m i n e s  t h e  s t a n d a r d  d e v i a t i o n  t o  

mean  r a t i o  f o r  a  p a r a m e t e r .

95 T50 105 R^-ohms
ohms

F i g .  5 - l .  D e n s i t y  f u n c 
t i o n  o f  a  100-ohm 5^ 
r e s i s t o r  w i t h  a  h i g h  
v a r i a n c e .

F i g .  5 - 2 .  D e n s i t y  f u n c 
t i o n  o f  a  1000-ohm  5^ 
r e s i s t o r  w i t h  a  low 
v a r i a n c e .



Though  t h e o r e t i c a l l y  t h i s  h y p o t h e s i s  may a p p e a r  

v e r y  l i m i t i n g  i n d e e d  f r o m  a  p u r e l y  m a t h e m a t i c a l  p o i n t  

o f  v i e w ,  t h e r e  a r e  v a r i o u s  p r a c t i c a l  e n g i n e e r i n g  s i t u 

a t i o n s  f o r  w h i c h  t h e  a b o v e  a s s u m p t i o n  i s  s a t i s f i e d .

The m o s t  o b v i o u s  s i t u a t i o n  i s  t h e  c a s e  w h e r e  t h e  s t a n 

d a r d  d e v i a t i o n  t o  p a r a m e t e r  mean r a t i o  o f  t h e  m an u 

f a c t u r i n g  p r o c e s s  i s  i n d e p e n d e n t  o f  t h e  p a r a m e t e r  mean  

and  t h e  d i s t r i b u t i o n s  c o r r e s p o n d i n g  t o  e a c h  n o m i n a l  

v a l u e  a r e  t r u n c a t e d  t o  t h e  same d e g r e e .  An e x a m p l e  

o f  t h i s  i s  p r o v i d e d  b y  t h e  d i s t r i b u t i o n s  o f  [?% c a r b o n  

c o m p o s i t i o n  r e s i s t o r s  s u c h  a s  t h e  IRC t y p e  GBT. F o r  

t h i s  t y p e  o f  r e s i s t o r  t h e  m a n u f a c t u r e r  w i l l  u s u a l l y  r e 

move f r o m  t h e  m a n u f a c t u r e d  d i s t r i b u t i o n  t h o s e  r e s i s t o r s  

w h i c h  a r e  w i t h i n  r* % o f  t h e  r e q u i r e d  n o m i n a l  v a l u e  ( w h i c h  

i s  a p p r o x i m a t e l y  t h e  mean o f  t h e  m a n u f a c t u r e d  d i s t r i 

b u t i o n )  and  l a b e l  them as  b e i n g  C % t o l e r a n c e  ( R e f .  3 3 ) .

R e s i s t o r s  o f  1 % t o l e r a n c e  may b e  o b t a i n e d  b y  

s e l e c t i n g  t h o s e  r e s i s t o r s  w h i c h  a r e  w i t h i n  1 % o f  t h e  

r e q u i r e d  n o m i n a l  v a l u e .  I f  t h i s  n o m i n a l  v a l u e  i s  

s u f f i c i e n t l y  c l o s e  t o  t h e  mean v a l u e  o f  t h e  m a n u f a c t u r e d  

d i s t r i b u t i o n ,  t h e n  t h e  s i t u a t i o n  w i l l  b e  i d e n t i c a l  t o  

t h a t  o f  t h e  5 % r e s i s t o r s  d i s c u s s e d  a b o v e  and t h e  

s t a n d a r d  d e v i a t i o n  t o  mean r a t i o  w i l l  b e  c o n s t a n t .  On 

t h e  o t h e r  h a n d ,  1 %  r e s i s t o r s  a r e  s o m e t i m e s  o b t a i n e d  b y
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s e l e c t i n g  t h o s e  r e s i s t o r s  w h i c h  a r e  w i t h i n  1 %  o f  t h e  

r e s p e c t i v e  n o m i n a l  v a l u e s  f ro m  a p p r o p r i a t e  p o s i t i o n s  

on t h e  m a n u f a c t u r e d  d i s t r i b u t i o n s  f o r  v a r i o u s  n o m i n a l  

v a l u e s .  S i n c e  e a c h  1 %  v a l u e  w i l l  t h e n  c o n t a i n  

u n i t s  f r o m  a n u m b e r  o f  t h e  m a n u f a c t u r e d  d i s t r i b u t i o n s ,  

t h e s e  1 °/o v a l u e s  may w e l l  h a v e  a  u n i f o r m  d i s t r i b u t i o n .  

T h i s  p r o c e d u r e  w i l l  t h e n  y i e l d  a  c o n s t a n t  s t a n d a r d  

d e v i a t i o n  t o  m ean  r a t i o .  U n f o r t u n a t e l y ,  h o w e v e r ,  a l l  

t h e  u n i t s  o f  e a c h  n o m i n a l  v a l u e  a r e  n o t  a l w a y s  m i x e d .  

Thus ,  a c u s t o m e r  may r e c e i v e  u n i t s  d raw n  f r o m  o n l y  one  

d i s t r i b u t i o n ,  i n  w h i c h  c a s e  t h e  s t a n d a r d  d e v i a t i o n  

t o  mean r a t i o  w i l l  n o t  b e  a  c o n s t a n t ,  s i n c e  t h e  

d i s t r i b u t i o n  o f  e a c h  n o m i n a l  v a l u e  w i l l  t h e n  b e  a 

d i f f e r e n t  s e c t i o n  o f  a  n o r m a l  d i s t r i b u t i o n .

As d i s c u s s e d  i n  S e c .  2 - 1  a  m a n u f a c t u r e r  w i l l  i n  

some i n s t a n c e s  o b t a i n  a  num ber  o f  d i f f e r e n t  n o m i n a l  

p a r a m e t e r  v a l u e s  f rom  a s i n g l e  n o r m a l  d i s t r i b u t i o n .

I n  t h i s  c a s e  t h e  d i s t r i b u t i o n  o f  e a c h  p a r a m e t e r  w i l l  b e  

a  s e c t i o n  o f  a  n o r m a l  d i s t r i b u t i o n .  S i n c e  e a c h  o f  

t h e s e  s e c t i o n s  u s u a l l y  i n c l u d e s  a n  e q u a l  r a n g e  o f  v a l u e s  

o f  t h e  p a r a m e t e r ,  t h e  s t a n d a r d  d e v i a t i o n  t o  mean r a t i o  

w i l l  v a r y  w i t h  t h e  n o m i n a l  v a l u e  o f  t h e  p a r a m e t e r .



I n  g e n e r a l ,  m a n u f a c t u r e r s  w i l l  n o t  s u p p l y  t h e  

c u s t o m e r  w i t h  an y  s p e c i f i c  p a r a m e t e r  d i s t r i b u t i o n  i n f o r 

m a t i o n  b e y o n d  t h e  n o m i n a l  v a l u e  and  t h e  t o l e r a n c e .

The r e a s o n  t h a t  t h i s  v i t a l  i n f o r m a t i o n  i s  u s u a l l y  

w i t h h e l d  i s  t h a t  i t  f o r m s  p a r t  o f  t h e  c o s t - p r i c e  

s t r u c t u r e  o f  a  d e v i c e  and  t h u s  w o u ld  b e  v a l u a b l e  t o  

t h e  m a n u f a c t u r e r ' s  c o m p e t i t o r s .  T h u s ,  i f  a c u s t o m e r  

r e q u i r e s  t h i s  i n f o r m a t i o n  u n d e r  p r e s e n t  m a r k e t  c o n 

d i t i o n s ,  h e  w i l l  h a v e  t o  o b t a i n  i t  b y  m a k in g  m e a s u r e 

m e n t s  h i m s e l f .  T h i s  h a s  b e e n  d o n e  i n  some c a s e s  and 

a  s e t  o f  r e s u l t s  o f  s u c h  m e a s u r e m e n t s  i s  g i v e n  i n  t h e  

t a b l e s  b e l o w .

The d a t a  p r e s e n t e d  i n  t h e s e  t a b l e s  h a s  i t s  

l i m i t a t i o n s .  F o r  e x a m p l e ,  t h e  r e s i s t o r  d a t a  was 

t a k e n  f ro m  one p r o d u c t i o n  r u n  and  i s  n o t  n e c e s s a r i l y  r e 

p r e s e n t a t i v e  o f  w h a t  a  c u s t o m e r  m i g h t  r e c e i v e  f rom  a 

v e n d o r .  The t r a n s i s t o r  d a t a  l e a v e s  much t o  be  d e s i r e d  

i n  t h a t  n o t  e n o u g h  t y p e s  o f . t r a n s i s t o r s  w e re  t e s t e d  t o  

e s t a b l i s h  any  c o n n e c t i o n  b e t w e e n  t h e  s t a n d a r d  d e v i a t i o n  

t o  mean r a t i o  and t r a n s i s t o r  t y p e s .  F u r t h e r m o r e  t h e r e  

i s  no  e v i d e n c e  t h a t  t h e  d a t a  was t a k e n  on  a  r e p r e s e n 

t a t i v e  s a m p l e  o f  t r a n s i s t o r s .  N e v e r t h e l e s s ,  t h e  r e 

s i s t o r  d a t a  d o es  g i v e  s t r o n g  e v i d e n c e  t h a t  t h e  s t a n d a r d  

d e v i a t i o n  t o  mean r a t i o  i s  c o n s t a n t  f o r  t h e  t y p e  o f
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r e s i s t o r  t e s t e d ;  w h i l e  t h e  t r a n s i s t o r  d a t a  g i v e s  some h o p e  

t h a t  t h i s  r e l a t i o n s h i p  c a n  b e  e s t a b l i s h e d  f o r  v a r i o u s  t y p e s  

o f  t r a n s i s t o r s .

T a b l e  o f  S t a n d a r d  D e v i a t i o n  t o  Mean R a t i o s  f o r  IRC 
Type G B T-1 /2  C a r b o n  C o m p o s i t i o n  R e s i s t o r s  ( R e f .  l\.2)

/ Vommo-I 
ira./ae 

in Ohms
3 3 0 3?0 170 4 .7* 6.8 K 617K P7K

SampJv S u e 767 3 9 / 3S3 36? 363 3  SO 3 S 3

<r//A o . o m o.ozsy 0.0338 0.0383 a o m 0.023i 0.0200,

T a b l e  o f  S t a n d a r d  D e v i a t i o n  to  Mean R a t i o s  f o r  h^, o f  
a  Number o f  Types  o f  T r a n s i s t o r s  ( R e f .  Ipl)

Transi s f o r

r Y P *

3 N 2 2 0
PNP

German.
Alloy

Junction

QN2 90 

PNP  

German- 
Surface  
B arr ier

2 N 3 9 3
N PN

Silicon

J N / 2 8
P N P

German.

Surface
B u rn e r

2 N 2 ? ?
PN P

German.

Surface
Barrier

2 N 3 8 9

P N P

German.
D r i f f

M ean 17.7 39.2 S / . 8 31.? /6 .8 77.6

Sample S/?e 3 9 !o9 3 6 3 0 3 S 3 9

c r /jx 0 . /S 7 0.2 2 a. 0 .221 0.2 36 0 .27 / 0.38S-

5 - 3  M i n i m i z a t i o n  o f  a F u n c t i o n  o f  n  V a r i a b l e s

I n  o r d e r  t o  m i n i m i z e  t h e  v a r i a n c e s  o f  s y s t e m  p e r f o r 

mance  c r i t e r i a ,  a  t e c h n i q u e  w i l l  b e  r e q u i r e d  t o  m i n i m i z e  a 

f u n c t i o n  o f  a  num ber  o f  v a r i a b l e s  w i t h  t h e  c o n s t r a i n t  t h a t  

a n o t h e r  f u n c t i o n  o f  t h e s e  v a r i a b l e s  h a v e  a  p r e s c r i b e d  v a l u e .  

S u c h  a  t e c h n i q u e  h a s  b e e n  d e v e l o p e d  ( R e f .  1 ) .



£0

T h i s  t e c h n i q u e  w i l l  be  e x p l a i n e d  w i t h  r e f e r e n c e  

t o  t h e  f o l l o w i n g  f u n c t i o n  o f  n v a r i a b l e s :

y -  3 Cx) J *2) ( 5“l )

The n e c e s s a r y  c o n d i t i o n s  f o r  y  t o  h a v e  a  minimum a t

t h e  p o i n t  w h o se  c o o r d i n a t e s  a r e  X2 0 J -------- x n0^

a r e  g i v e n  b y  t h e  f o l l o w i n g  e q u a t i o n s  ( R e f .  1 5 )s

3 *,K o j  ^aoj "  0

f o K o , * ® , -------- O - - 0

( 5 - 2 )

*3̂  (*ioj *20., ^ n o ) - °

3 x „ ( * | 0  j ^ i o j  o ) ' 0

The n o t a t i o n  u s e d  i n  t h e s e  e q u a t i o n s  i s

g I x  x  — x \ =
*\0)X3°) * no



The s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  p o i n t  ( * 1(y  x 2 0 ’

 x  ~) t o  be  a  minimum o f  y h a v e  b e e n  d e r i v e dnO '
( R e f .  1 ) .  T h e s e  c o n d i t i o n s  may be e x p l a i n e d  w i t h  

r e f e r e n c e  t o  a  m a t r i x  \\ G|| w h i c h  i s  d e f i n e d  a s  f o l 

low s  :

G =

3  Xj 3̂ -  3 * ^ 3 X| x n

V - kIXj Xj t f x j  Xf)

9  X |X , "  ~  W i $  XjL

3  Xj 3x „ v a - - ~  - 9 Xf\

The n o t a t i o n  i n  t h i s  c a s e  i s

3 3 *a-> )

XIOj*J0| ~ Xr\o

( 5 - 4 )

( 5 - 5 )

Now l e t  ||G| | . b e  t h e  d e t e r m i n a n t  o b t a i n e d  f r o m  ||G|| J
when t h e  l a s t  j  ro w s  an d  t h e  l a s t  j  co lu m n s  a r e  

d e l e t e d .  The n e c e s s a r y  c o n d i t i o n s  f o r  y  t o  h a v e  a

minimum a t  t h e  p o i n t  (x-^q, x 2 0 ’  x n0^ a r e

| G| Q, | G| 1 , | G[ 2 , - - - |  G| n _1 a l l  be p o s i t i v e .



T h i s  r e s u l t  c a n  e a s i l y  b e  s p e c i a l i z e d  t o  y i e l d  t h e  

s u f f i c i e n t  c o n d i t i o n s  f o r  a  minimum o f  f u n c t i o n s  o f  one 

a n d  two v a r i a b l e s .  F o r  t h e  c a s e  w h e r e  n = 1 ,  t h e  r e 

s u l t  i s

F o r  n = 2 t h e  c o n d i t i o n s  a r e :

9 x,X| > 0

3x,V, 9x,Ya “ Xj > °

I n  o b t a i n i n g  E q .  ( 5 - 8 ) ,  t h e  f a c t  t h a t  g
1 2

was u s e d .

The ab o v e  r e s u l t s  c a n  be  m o d i f i e d  t o  i n c l u d e  t h e

c o n s t r a i n t  t h a t  a n o t h e r  f u n c t i o n  o f  ( x ^ ,  Xg,  x n )

m u s t  h a v e  a  p a r t i c u l a r  v a l u e ,  L .  S u p p o s e  t h a t  t h i s  

c o n s t r a i n t  i s  s t a t e d  a s  f o l l o w s :

<P(x t j xs  *„) = £  ( 5 - 9 )

T h i s  e x p r e s s i o n  may now be  s o l v e d  f o r  x ^  and  t h e  r e s u l t  

u s e d  t o  e l i m i n a t e  x n f r o m  E q .  ( 5 - 1 ) .  The ab o v e  p r o 

c e d u r e  f o r  o b t a i n i n g  t h e  n e c e s s a r y  an d  s u f f i c i e n t  c o n 

d i t i o n s  f o r  a  minimum o f  y c a n  now b e  a p p l i e d  a g a i n .

I n  t h i s  c a s e  t h e r e  a r e  o n l y  n - 1  v a r i a b l e s .

( 5 - 7 )

( 5 - 8 )



I n  some s i t u a t i o n s  i t  i s  i m p o s s i b l e  t o  s o l v e  

E q .  ( £ - 9 )  f o r  a n y  o f  t h e  x ' s .  I n  t h i s  e v e n t  a  m ore  

g e n e r a l  p r o c e d u r e  f o r  t h e  m i n i m i z a t i o n  o f  a f u n c t i o n  w i t h  

a  c o n s t r a i n t  m u s t  b e  u s e d .  One s u c h  p r o c e d u r e  i s  t h e  

m e th o d  o f  L a g r a n g e  m u l t i p l i e r s  ( R e f .  1 ) .  The a b o v e  

d i f f i c u l t y  d i d  n o t  a r i s e  i n  t h i s  r e s e a r c h ,  h o w e v e r ,  and  

t h u s  t h i s  l a t t e r  m e thod  w i l l  n o t  b e  d i s c u s s e d .

9 - ^ .  M i n i m i z a t i o n  o f  t h e  V a r i a n c e  o f  a  L i n e a r  F u n c t i o n  

o f  U n c o r r e l a t e d  Random V a r i a b l e s

The t e c h n i q u e  o f  t h e  p r e c e d i n g  s e c t i o n  w i l l  now be  

u s e d  t o  m i n i m i z e  t h e  v a r i a n c e  o f  a  l i n e a r  f u n c t i o n  o f  n 

u n c o r r e l a t e d  random  v a r i a b l e s .  The f o l l o w i n g  f u n c t i o n  

w i l l  b e  s t u d i e d :

n

( 9 - 1 0 )

I n  t h i s  e x p r e s s i o n  t h e  b j ' s  a r e  c o n s t a n t s  and  t h e  x , (s
•J J

a r e  random  v a r i a b l e s .  T h i s  e q u a t i o n  c a n  a l s o  b e  w r i t t e n



By a p p l i c a t i o n  o f  E q .  ( 3 - 6 )  t h e  mean v a l u e  o f  t h i s  

f u n c t i o n  i s  s e e n  t o  be

M y  — bjMxj t  b n/u Xn ( 5 - 1 2 )

i=>

an d  b y  E q .  ( 3 - 7 )  t h e  v a r i a n c e  o f  y i s

( 5 - 1 3 )

*='

A ss u m in g  t h a t  t h e  s t a n d a r d  d e v i a t i o n  t o  mean r a t i o  o f

Now s u p p o s e  t h a t  t h i s  v a r i a n c e  i s  t o  be  m i n i m i z e d  

w i t h  r e s p e c t  t o  t h e  mean v a l u e s  o f  t h e  x ' s  w i t h  t h e  

c o n s t r a i n t  t h a t  t h e  mean v a l u e  o f  y be  g i v e n  by  

Eq .  ( 5 - 1 2 ) .  T h i s  c o n s t r a i n t  means  t h a t  E q .  ( 5 - 1 2 )  c a n  

be u s e d  t o  e l i m i n a t e  one  o f  t h e  mean v a l u e s  o f  t h e  x ' s  

f r o m  E q .  ( 5 - 1 4 ) .  S o l v i n g  E q .  ( 5 - 1 2 )  f o r  p.*. a n d  s u b -  

s t i t u t i n g  t h e  r e s u l t  i n t o  E q .  ( 5 - 1 4 )  g i v e s

t h i s  e x p r e s s i o n  c a n  be r e w r i t t e n  a st e r m  i s  c



The v a r i a n c e  i s  now a f u n c t i o n  o f  t h e  mean v a l u e s
2

[x , (j. , --------u . S e t t i n g  t h e  d e r i v a t i v e s  o f
X1 x 2 x n - l  y

w i t h  r e s p e c t  t o  e a c h  o f  t h e s e  m eans  e q u a l  t o  z e r o

y i e l d s  n - 1  e q u a t i o n s .  T h e s e  e q u a t i o n s  c a n  be  s o l v e d

s i m u l t a n e o u s l y  f o r  u , a  ,  u . The e x p r e s -
X1 2 n - 1

s i o n s  f o r  t h e s e  means  c a n  t h e n  be  s u b s t i t u t e d  i n t o  

E q .  ( 5 - 1 2 )  w h ic h  may t h e n  be  s o l v e d  f o r  un . The 

d e t a i l s  o f  t h e s e  m a n i p u l a t i o n s  a r e  g i v e n  i n  A p p e n d ix  A. 

The r e s u l t  i s
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I t  i s  a l s o  shown i n  A p p e n d ix  A t h a t  t h e  v a l u e  o f  

cr 2 d e f i n e d  b y  E q .  ( 5 - 1 6 )  m e e t s  t h e  s u f f i c i e n t  c o n d i -y
2

t i o n s  f o r  a minimum o f  CT . From A p p e n d ix  A t h e  m i n i -y
2

mum cr i s  
»y

J l - \

•m
rrs -  i

A ( 5 - 1 7 )

I f  a l l  t h e  c ’ s a r e  e q u a l ,  t h i s  e x p r e s s i o n  b e co m e s

<an

n cacn-n
a _ c a 

JJY -  —  M y ( 5 - 1 8 )

The s t a n d a r d  d e v i a t i o n  t o  mean r a t i o  i s  t h e n

(Ty _ C
\l n

( 5 - 1 9 )

T h u s ,  i f  y h a s  n c o m p o n e n t s  an d  t h e  p a r a m e t e r  m eans  o f
2

t h e  c o m p o n e n t s  a r e  c h o s e n  so  t h a t  & i s  a min imum, t h ey
s t a n d a r d  d e v i a t i o n  t o  mean r a t i o  o f  y i s  s m a l l e r  t h a n  

t h e  same r a t i o  f o r  one o f  t h e  c o m p o n e n t s  o f  y b y  a 

f a c t o r  o f  v/rT.
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5 - 5 .  M i n i m i z a t i o n  o f  t h e  V a r i a n c e  o f  a L i n e a r  F u n c t i o n  

o f  C o r r e l a t e d  Random V a r i a b l e s

I n  t h i s  s e c t i o n  t h e  a n a l y s i s  o f  S e c .  5 - ^  w i l l  be  

e x t e n t e d  t o  t h e  c a s e  w h e r e  t h e r e  i s  c o r r e l a t i o n  b e t w e e n  

t h e  v a r i a b l e s .  T h e o r e t i c a l l y ,  t h e  p r o b l e m  c a n  be  

s o l v e d  f o r  t h e  g e n e r a l  c a s e  o f  a l i n e a r  f u n c t i o n  o f  

n c o r r e l a t e d  v a r i a b l e s .  As a  p r a c t i c a l  m a t t e r ,  how 

e v e r ,  t h i s  I s  n o t  f e a s i b l e  s i n c e  t h e  e q u a t i o n  c o r r e 

s p o n d i n g  t o  E q . ( A - 3 )  f o r  t h e  u n c o r r e l a t e d  c a s e  w i l l  

h a v e  c o e f f i c i e n t s  w h i c h  a r e  c o m p l i c a t e d  f u n c t i o n s  o f  

t h e  c o e f f i c i e n t s  o f  l i n e a r  c o r r e l a t i o n  among t h e  

v a r i a b l e s .  C o n s e q u e n t l y ,  i t  i s  b e t t e r  t o  h a n d l e  e a c h  

c a s e  a s  i t  a r i s e s .

As a n  i l l u s t r a t i o n ,  t h e  f o l l o w i n g  f u n c t i o n  o f  tw o  

v a r i a b l e s  w i l l  be c o n s i d e r e d :

A p p l i c a t i o n  o f  E q . ( 3 - 6 )  r e v e a l s  t h a t  t h e  mean v a l u e  

o f  y i s

y =  b , y l +  b<ava (5 - 2 0 )

( 5 - 2 1 )

By E q . ( 3 - 7 )  t h e  v a r i a n c e  o f  y I s

( 5 - 2 2 )
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I f  c^ a n d  Cg a r e  u s e d  t o  d e n o t e  t h e  s t a n d a r d  d e v i a t i o n  

t o  mean r a t i o  o f  x  ̂ a n d  x^  r e s p e c t i v e l y ,  t h e n  E q .

( 5 - 2 2 )  b eco m es

C| jUxy t  ya k, ba ct Qi / Jyi / Jys ( 5 - 2 3 )

S u b s t i t u t i n g  E q .  ( 5 - 2 1 )  I n t o  E q . ( 5 - 2 3 )  g i v e s

O f -  b? (< * 3 %  C, C a ) A ; *  ( 5 " 2 4 }

i  o  , r \  , ^3 /.A
^ k| M y  i^-a- ^  Xj *■< <- a ) ^

D i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  a  y i e l d s
X1

= ab, (c, +-C1-,3^X(̂ ClCa^(/ / xj--3b1̂ /y(ci - ^ y a_C, ( 5 - 2 5 )

I f  t h i s  d e r i v a t i v e  i s  s e t  e q u a l  t o  z e r o  a n d  t h e  r e 

s u l t i n g  e q u a t i o n  i s  s o l v e d  f o r  u , t h e  f o l l o w i n g
X1

e x p r e s s i o n  i s  o b t a i n e d :

n  „  ( 5 - 2 6 )
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S u b s t i t u t i n g  t h i s  e x p r e s s i o n  f o r  u i n t o  E q .  ( 5 - 2 1 )
X1

y i e l d s  t h e  f o l l o w i n g  e x p r e s s i o n  f o r  u :
2

u = ______________________ «  (5 -2 7 )
t j ( c.a + ci - - = ? x 1i6l^ c-‘)

D i f f e r e n t i a t i n g  E q .  ( 5 - 2 5 )  w i t h  r e s p e c t  t o  u g i v e s
X1

c ^ )  ( 5 - 2 8 )
o/tx.

I f  p a s  g i v e n  by  E q .  ( 5 - 2 6 )  d e f i n e s  a  min imum o f  
X1

&  2 t h e n  t h e  r i g h t  h a n d  s i d e  o f  E q . ( 5 - 2 8 )  m u s t  be
y

p o s i t i v e .  S i n c e  -1  4 :?  Y 1 ( R e f .  2 4 )
1 2

p p 2
j  o /aix w i l l  a s su m e  i t s  m o s t  n e g a t i v e  v a l u e  w i t h

y x 1

r e s p e c t  t o  ? w h e n '?  = 1 .  I n  t h i s  c a s e ,
1 2  1 2

E q . ( 5 - 2 8 )  b e co m e s

= a ^ ( Cj-C a)a ( 5 - 2 9 )
D/<X/

Hence  ^ 2 ct2 /*3m-2 1 s p o s i t i v e  f o r  a l l  p o s s i b l e  v a l u e s  o f
y x 1

2
? x 1x 2 a n d  t h u s  E q . ( 5 - 2 6 )  d e f i n e s  a  minimum o f  .
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5 - 6 .  M i n i m i z a t i o n  o f  t h e  V a r i a n c e  o f  t h e  P r o d u c t  o f  

Random V a r i a b l e s

The t e c h n i q u e  o f  v a r i a n c e  m i n i m i z a t i o n  w i l l  now be  

a p p l i e d  t o  a f u n c t i o n  w h i c h  i s  t h e  p r o d u c t  o f  ran d o m  

v a r i a b l e s .  T h i s  w i l l  be  done  b y  c o n s i d e r i n g  t h e  f o l 

l o w i n g  f u n c t i o n  o f  n c o r r e l a t e d  ra n d o m  v a r i a b l e s :

A p p l i c a t i o n  o f  E q . ( 3 - 6 )  t o  t h i s  f u n c t i o n  shows 

t h a t  t h e  mean v a l u e  o f  y i s

n

l  = l

Use o f  E q . ( 3 - 7 )  shows t h a t  t h e  v a r i a n c e  o f  y i s  g i v e n

by

n

( 5 - 3 0 )

M y  = ( 5 - 3 1 )

n n-i n

I n n h

/ _  jf=i
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A ss u m in g  t h a t  t h e  s t a n d a r d  d e v i a t i o n  t o  m ean  r a t i o  f o r  

t h e  v a r i a b l e  i s  a c o n s t a n t  c ^ ,  t h i s  e q u a t i o n  may

b e  r e w r i t t e n  a s

n-i

< $ =  \  J T m I ,  s  + a
J?=l

(5-33)
 ̂ m-m-i

i=' i =| to+*

F a c t o r i n g  t h i s  e q u a t i o n  an d  u s i n g  E q .  ( 5 - 3 1 )  l e a d s  t o

<V=>Uy + 3l ( 5 - 3 4 )

T h i s  r e s u l t  shows t h a t  once  t h e  mean v a l u e  o f  y 

i s  s p e c i f i e d ,  t h e  v a r i a n c e  o f  y i s  i n d e p e n d e n t  o f  t h e  

mean v a l u e s  o f  t h e  x ’ s .  Hence i t  i s  n o t  p o s s i b l e  t o  

m i n i m i z e  t h e  v a r i a n c e  o f  t h e  p r o d u c t  o f  c o r r e l a t e d  

ra n d o m  v a r i a b l e s  by  a d j u s t i n g  t h e  mean v a l u e s  o f  t h e  

v a r i o u s  f a c t o r s .  I t  s h o u l d  a l s o  be  n o t e d  t h a t  s i n c e  

t h e  c a s e  o f  t h e  p r o d u c t  o f  u n c o r r e l a t e d  ra n d o m  v a r i 

a b l e s  c a n  be t r e a t e d  b y  l e t t i n g  = 0 i n  E q .  ( 5 - 3 4 ) ,  

t h e  a b o v e  r e s u l t  a p p l i e s  e q u a l l y  w e l l  t o  t h e  u n c o r r e 

l a t e d  c a s e  .
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5 - 7 .  M i n i m i z a t i o n  o f  t h e  V a r i a n c e  o f  t h e  Q u o t i e n t  o f  

Random V a r i a b l e s

I n  t h i s  s e c t i o n  v a r i a n c e  m i n i m i z a t i o n  w i l l  be a p 

p l i e d  t o  a  f u n c t i o n  w h i c h  i s  t h e  q u o t i e n t  o f  a  num ber  

o f  ran d o m  v a r i a b l e s .  The f o l l o w i n g  f u n c t i o n  o f  c o r r e 

l a t e d  ran d o m  v a r i a b l e s  w i l l  be  u s e d :

n

/  = ( 5 - 3 5 )

I -  n-H

Eq.  ( 3 - 6 )  shows t h a t  t h e  mean v a l u e  o f  y i s

n

( 5 - 3 6 )

J?=n+-i

Use o f  E q . ( 3 - 7 )  shows  t h a t  t h e  v a r i a n c e  o f  y may be  

w r i t t e n  a s :
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The r e s p e c t i v e  t e r m s  o f  t h i s  e q u a t i o n  r e p r e s e n t  t h e
2

f o l l o w i n g  c o m p o n e n t s  o f  CT : t h e  c o m p o n e n t s  due t o
y

t h e  v a r i a b l e s  i n  t h e  n u m e r a t o r  o f  y ,  t h e  c o m p o n e n t s  

due  t o  t h e  v a r i a b l e s  i n  t h e  d e n o m i n a t o r  o f  y ,  t h e  com

p o n e n t s  due  t o  c o r r e l a t i o n  b e t w e e n  t h e  v a r i a b l e s  i n



t h e  n u m e r a t o r  o f  y ,  t h e  c o m p o n e n t s  due  t o  c o r r e l a t i o n  

b e t w e e n  t h e  v a r i a b l e s  i n  t h e  d e n o m i n a t o r  o f  y and  t h e  

c o m p o n e n t s  due  t o  c o r r e l a t i o n  b e t w e e n  t h e  v a r i a b l e s  i n  

t h e  n u m e r a t o r  o f  y a n d  t h e  v a r i a b l e s  i n  t h e  d e n o m i n a t o r  

o f  y .

T h i s  e q u a t i o n  c a n  be  s i m p l i f i e d  b y  r e p r e s e n t i n g  

t h e  s t a n d a r d  d e v i a t i o n  t o  mean r a t i o  o f  t h e  r e s p e c t i v e  

v a r i a b l e s  by  t h e  sy m b o l  c a n d  t h e n  f a c t o r i n g .  T h i s



Now s i m p l i f y i n g  t h e  t e r m  i n  b r a c k e t s  a n d  u s i n g  E q .  

( 5 - 3 6 )  y i e l d s  t h e  f o l l o w i n g  e x p r e s s i o n  o f  O' ^ :y
w on n w-i w n vi/

/=I»H

(5-39)
j =l j =l  J l= M  J=j(+I

T h i s  r e s u l t  shows t h a t  i f  t h e  mean v a l u e  o f  y i s  

s p e c i f i e d ,  t h e n  t h e  v a r i a n c e  o f  y i s  i n d e p e n d e n t  o f  

t h e  mean v a l u e s  o f  t h e  x ' s .  H e n c e ,  u n d e r  t h e s e  c i r 

c u m s t a n c e s  i t  i s  n o t  p o s s i b l e  t o  m i n i m i z e  t h e  v a r i 

a n c e  o f  t h e  q u o t i e n t  o f  ra n d o m  v a r i a b l e s  w i t h  r e s p e c t  

t o  t h e  mean v a l u e s  o f  t h e  v a r i a b l e s .  I t  s h o u l d  a l s o  

be  n o t e d  t h a t  t h i s  r e s u l t  a p p l i e s  t o  t h e  s i t u a t i o n  

w h e r e  t h e  v a r i a b l e s  a r e  u n c o r r e l a t e d ,  s i n c e  t h i s  c a s e  

c a n  be  h a n d l e d  by  s i m p l y  l e t t i n g  P = 0 .

5 - 8 .  M i n i m i z a t i o n  o f  t h e  V a r i a n c e  o f  O t h e r  F u n c t i o n s  

o f  Random V a r i a b l e s

T h e r e  a r e  a n  u n l i m i t e d  n u m b e r  o f  f u n c t i o n s  t o  

w h i c h  t h e  a b o v e  m i n i m i z a t i o n  o f  v a r i a n c e  p r o c e d u r e  may 

be  a p p l i e d .  I n  g e n e r a l ,  t h e  p r o c e d u r e  f o r  a f u n c t i o n  

o f  n  v a r i a b l e s  i s :

( l ) .  Use E q . ( 3 - 7 )  t o  o b t a i n  t h e  v a r i a n c e  o f  t h e  

f u n c t i o n .
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( 2 ) .  Assume t h a t  t h e  s t a n d a r d  d e v i a t i o n s  o f  t h e  

r e s p e c t i v e  n v a r i a b l e s  a r e  d i r e c t l y  p r o p o r t i o n a l  t o  

t h e i r  mean v a l u e s .

( 3 ) .  A pply  t h e  c o n s t r a i n t  t h a t  t h e  mean v a l u e  o f  

t h e  f u n c t i o n  i s  s p e c i f i e d  b y  u s i n g  E q . ( 3 - 6 )  t o  e l i m i 

n a t e  t h e  mean v a l u e  o f  one o f  t h e  v a r i a b l e s  i n  t h e  

e x p r e s s i o n  f o r  t h e  v a r i a n c e  o f  t h e  f u n c t i o n .

( 4 ) .  D i f f e r e n t i a t e  t h e  r e s u l t i n g  v a r i a n c e  e x 

p r e s s i o n  w i t h  r e s p e c t  t o  t h e  mean v a l u e  o f  e a c h  o f  

t h e  r e m a i n i n g  n - 1  v a r i a b l e s .

( 5 ) .  Form n - 1  e q u a t i o n s  b y  s e t t i n g  e a c h  o f  t h e s e  

d e r i v a t i v e s  e q u a l  t o  z e r o .

( 6 ) .  S o l v e  t h e s e  e q u a t i o n s  f o r  t h e  mean v a l u e s  

o f  t h e  n - 1  v a r i a b l e s .

( 7 ) .  Use t h e  t e c h n i q u e  o f  S e c .  5 - 3  t o  s e e  i f  

t h e s e  mean v a l u e s  s p e c i f y  a  minimum o f  t h e  v a r i a n c e  

o f  t h e  f u n c t i o n .

( 8 ) .  O b t a i n  t h e  mean v a l u e  o f  t h e  v a r i a b l e  t h a t  

was  e l i m i n a t e d  i n  S t e p  3 by s u b s t i t u t i n g  t h e  ab o v e  

mean  v a l u e s  i n t o  E q .  ( 3 - 6 ) .

T h i s  p r o c e d u r e  w i l l  n o t  b e  a p p l i e d  t o  a n y  more 

s p e c i f i c  f u n c t i o n s  i n  t h i s  c h a p t e r .  H o w ev e r ,  i t  w i l l  

be  u s e d  t o  m i n i m i z e  t h e  v a r i a n c e  o f  t h e  p e r f o r m a n c e  

c r i t e r i a  o f  a nu m b er  o f  e l e c t r o n i c  s y s t e m s  i n  C h a p t e r  6 .



CHAPTER 6 :  MINIMIZATION OF THE VARIANCES

OF THE IN IT IA L DISTRIBUTIONS OF THE 

PERFORMANCE CRITERIA OF ELECTRONIC SYSTEMS

6 - 1 .  I n t r o d u c t i o n

I n  C h a p t e r  5 a  t e c h n i q u e  f o r  m i n i m i z i n g  t h e  v a r i 

a n c e  o f  a f u n c t i o n  o f  ra n d o m  v a r i a b l e s  was d e v e l o p e d .  

T h i s  m e th o d  was  t h e n  a p p l i e d  t o  t h r e e  e l e m e n t a r y  f u n c 

t i o n s .  I n  t h i s  c h a p t e r  t h e  v a r i a n c e s  o f  t h e  p e r 

f o r m a n c e  c r i t e r i a  o f  a  n um ber  o f  e l e c t r o n i c  s y s t e m s  

w i l l  be  m i n i m i z e d .  F o r  some o f  t h e s e  s y s t e m s  i t  w i l l  

be  p o s s i b l e  t o  make u s e  o f  t h e  r e s u l t s  o b t a i n e d  f o r  

t h e  a b o v e - m e n t i o n e d  e l e m e n t a r y  f u n c t i o n s ;  w h i l e  I n  

o t h e r  c a s e s  t h e  v a r i a n c e  o f  t h e  p e r f o r m a n c e  c r i t e r i a  

u n d e r  c o n s i d e r a t i o n  w i l l  b e  m i n i m i z e d  d i r e c t l y .

6 - 2 .  R e s i s t o r s  i n  S e r i e s

As a n  e x a m p l e  o f  t h e  a p p l i c a t i o n  o f  v a r i a n c e  

m i n i m i z a t i o n  t o  a n  e l e c t r o n i c  s y s t e m ,  t h e  v a r i a n c e  

o f  t h e  s e r i e s  r e s i s t a n c e  I n  S e c .  4 - 2  w i l l  be  m i n i m i z e d .  

I f  i t  I s  a s s u m e d  t h a t  t h e  r e s i s t a n c e  v a l u e s  o f  t h e  i n 

d i v i d u a l  r e s i s t o r s  a r e  u n c o r r e l a t e d  and  t h a t  t h e  

s t a n d a r d  d e v i a t i o n  t o  mean v a l u e  r a t i o  o f  e a c h  o f  

t h e s e  r e s i s t a n c e s  I s  c ,  t h e n  E q . ( 4 - 4 )  f o r  t h e  t o t a l  

s e r i e s  r e s i s t a n c e  b e co m e s

( ( - 1 )
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Now l e t  I t  be  r e q u i r e d  t h a t  t h i s  v a r i a n c e  b e  m i n i 

m i z e d  w i t h  r e s p e c t  t o  t h e  mean v a l u e s  o f  t h e  I n d i v i d u a l  

r e s i s t a n c e s ,  w h i l e  s t i l l  m a i n t a i n i n g  t h e  mean o f  t h e  

t o t a l  s e r i e s  r e s i s t a n c e  a t  i t s  r e q u i r e d  v a l u e .  T h i s  

c a n  be  a c c o m p l i s h e d  b y  a p p l y i n g  t h e  r e s u l t s  o f  t h e  

m i n i m i z a t i o n  o f  t h e  v a r i a n c e  o f  a  l i n e a r  f u n c t i o n  o f  

n v a r i a b l e s  i n  S e c .  5 - 4  t o  t h i s  s i t u a t i o n .  I n  t h i s  

c a s e  a l l  t h e  b ' s  a r e  u n i t y  and  a l l  t h e  c ' s  a r e  i d e n t i 

c a l .  T h u s ,  f r o m  E q .  ( 5 - l b ) ,  t h e  mean v a l u e s  o f  t h e  

r e s i s t a n c e s  r e q u i r e d  t o  make t h e  v a r i a n c e  o f  R a  m i n i 

mum a r e  g i v e n  by

T h e s e  r e s u l t s  show t h a t  t h e  minimum v a r i a n c e  o f  R 

(when a l l  t h e  c ' s  a r e  t h e  sam e)  i s  a c h i e v e d  when t h e  

mean v a l u e s  o f  t h e  s e r i e s  r e s i s t o r s  a r e  a l l  e q u a l .  I n  

a d d i t i o n ,  i t  i s  s e e n  t h a t  t h i s  p r o c e d u r e  r e d u c e s  t h e  

v a r i a n c e  o f  R by  a  f a c t o r  o f  n f r o m  w h a t  i t  w o u ld  

h a v e  b e e n  i f  R h a d  c o n s i s t e d  o f  j u s t  o n e  r e s i s t o r .

M r
( * -2 )n

From E q .  ( 5 - 1 8 )  t h e  minimum v a r i a n c e  o f  R i s

( 6 - 3 )
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The a b o v e  r e s u l t s  do n o t  n e c e s s a r i l y  mean t h a t  a  

n u m b e r  o f  r e s i s t o r s  i n  s e r i e s  s h o u l d  b e  u s e d  i n  p r e f e r e n c e  

t o  a  s i n g l e  r e s i s t o r .  O t h e r  f a c t o r s  t o  b e  c o n s i d e r e d  a r e  

t h e  c o s t  o f  a  num ber  o f  r e l a t i v e l y  h i g h  t o l e r a n c e  r e s i s 

t o r s  v s .  one  low t o l e r a n c e  r e s i s t o r ,  t h e  i n c r e a s e d  p r o b a 

b i l i t y  o f  a  c a t a s t r o p h i c  f a i l u r e ' 1' i n  t h e  s e r i e s  c i r c u i t ,  

and  t h e  h i g h e r  a s s e m b l y  c o s t  f o r  t h e  s e r i e s  c i r c u i t .  I n  

a d d i t i o n ,  t h e  a v a i l a b i l i t y  o f  c o m p o n e n t s  w i t h  low p a r a m e t e r  

t o l e r a n c e s  m u s t  b e  c o n s i d e r e d .  T h e r e f o r e ,  t h e  d e c i s i o n  

a s  w h e t h e r  t o  u s e  a  num ber  o f  r e s i s t o r s  i n  s e r i e s  o r  t o  

u s e  a  s i n g l e  q u a l i t y  r e s i s t o r  m u s t  b e  made on  t h e  m e r i t s  

o f  e a c h  c a s e .

T h i s  a s s u m e s  t h a t  f a i l u r e  
I f  t h e  mode o f  f a i l u r e  i s  
c o n f i g u r a t i o n  i s  a c t u a l l y  
r e s i s  t o r .

i s  d u e  t o  a n  o p e n  c i r c u i t ,  
b y  a  s h o r t  c i r c u i t ,  t h e  s e r i e s  
m ore  r e l i a b l e  t h a n  a  s i n g l e
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6 - 3 .  V o l t a g e  D i v i d e r

I n  t h i s  s e c t i o n  t h e  m i n i m i z a t i o n  o f  v a r i a n c e  

t e c h n i q u e  w i l l  be  a p p l i e d  t o  t h e  v o l t a g e  d i v i d e r  

s t u d i e d  i n  S e c .  4 - 3 .  The f i r s t  s t e p  i n  t h i s  p r o c e d u r e  

w i l l  be  t o  a s s u m e  t h a t

S u b s t i t u t i o n  o f  t h e s e  e q u a t i o n s  i n  E q .  ( 4 - 7 )  l e a d s  t o

Now s u p p o s e  t h a t  t h e  mean v a l u e  o f  t h e  d i v i d e r  

r a t i o  h a s  b e e n  s p e c i f i e d .  T h i s  c o n s t r a i n t  c a n  be a p 

p l i e d  t o  t h e  p r o b l e m  by  s u b s t i t u t i n g  E q .  ( 4 - 6 )  i n t o  

E q .  ( t - 6 ) .  Thus  t h e  e x p r e s s i o n  f o r  t h e  v a r i a n c e  o f  

t h e  d i v i d e r  r a t i o  b eco m es

From t h i s  e x p r e s s i o n  i t  i s  s e e n  t h a t  t h e  v a r i a n c e  o f  

t h e  d i v i d e r  r a t i o  i s  I n d e p e n d e n t  o f  t h e  v a r i a n c e s  o f  

t h e  r e s i s t a n c e s  o n c e  t h e  mean v a l u e  o f  t h e  d i v i d e r  

r a t i o  a n d  t h e  c ' s  h a v e  b e e n  s p e c i f i e d .  Thus  i t  i s  n o t

(b-4)

(6-5)

> A



p o s s i b l e  t o  m i n i m i z e  t h e  v a r i a n c e  o f  t h e  d i v i d e r  r a t i o  

w i t h  r e s p e c t  t o  t h e  mean v a l u e s  o f  t h e  r e s i s t a n c e s  u n d e r

t h e s e  c i r c u m s t a n c e s  . I t  s h o u l d  a l s o  b e  n o t e d  t h a t  a  p o s i 

t i v e  c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  R]_ and  R2 

w i l l  r e d u c e  t h e  v a r i a n c e  o f  t h e  d i v i d e r  r a t i o .  O r d i n a r i 

l y ,  h o w e v e r ,  t h e  r e s i s t o r s  a r e  s e l e c t e d  a t  random  an d  t h u s  

t h e i r  v a l u e s  w i l l  n o t  b e  c o r r e l a t e d .  A m e th o d  f o r  

i n t r o d u c i n g  c o r r e l a t i o n  b e t w e e n  u n c o r r e l a t e d  p a r a m e t e r s  

w i l l  b e  d i s c u s s e d  i n  C h a p t e r  7.

■>- k  S i n g l e  S t a g e  T r a n s i s t o r  A m p l i f i e r

The m i n i m i z a t i o n  o f  v a r i a n c e  t e c h n i q u e  may a l s o  b e  

b e  a p p l i e d  t o  a c t i v e  c i r c u i t s .  T h i s  w i l l  b e  i l l u s t r a t e d  

b y  m i n i m i z i n g  t h e  v a r i a n c e  o f  t h e  c u r r e n t  g a i n  o f  t h e  

s i n g l e  s t a g e  t r a n s i s t o r  a m p l i f i e r  d i s c u s s e d  i n  S e c .  J4.-I4.. 

T h i s  m i n i m i z a t i o n  w i l l  b e  c a r r i e d  o u t  u n d e r  t h e  a s s u m p t i o n

t h a t  t h e  s t a n d a r d  d e v i a t i o n s  o f  t h e  v a r i o u s  p a r a m e t e r s  may

b e  e x p r e s s e d  a s  f o l l o w s  :

b y  u s i n g  a n o t h e r  m e t h o d ;  n a m e l y ,  b y  c o n s i d e r i n g  t h i s  a s  
a  f e e d b a c k  s y s t e m  and m i n i m i z i n g  t h e  r e t u r n  d i f f e r e n c e

2

( 6 - 8 )

( 6 - 9 )

(6 -1 0 )

2 I t  s h o u l d  b e  n o t e d  t h a t  t h i s  v a r i a n c e  c a n  b e  m i n i m i z e d

( R e f .  1+)
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I f  t h e s e  r e l a t i o n s h i p s  a r e  u s e d  i n  E q .  ( 4 - 1 1 ) ,  t h e  

e x p r e s s i o n  f o r  t h e  v a r i a n c e  o f  t h e  c u r r e n t  g a i n  b eco m es

3l

61  =
A 'fe (6- 11)

w h e re  ’

(6 - 1 2 )

Now a s s u m e  t h a t  t h e  mean v a l u e  o f  t h e  c u r r e n t  

g a i n  i s  s p e c i f i e d .  T h i s  c o n s t r a i n t  c a n  b e  a p p l i e d  by- 

s u b s t i t u t i o n  o f  Eq. ( 4 - 1 0 )  f o r  t h e  mean v a l u e  o f  t h e  

c u r r e n t  g a i n  i n t o  E q .  ( 6 - 1 1 ) .  T h i s  g i v e s

A - ( / ♦ / ( r f ' J W * V +/«p)
(6 -13 )

"3
J T h i s  d e f i n i t i o n  i s  u s e f u l  s i n c e  M-h o e  a n d  p.^ o n l y

L
a p p e a r  a s  t h e  p r o d u c t  p ^  p.R i n  E q .  ( 6 - 1 1 ) .

oe L
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w h e r e  p,. h a s  b e e n  e l i m i n a t e d .  T h i s  e x p r e s s i o n  w i l l  
^ f e

now be  m i n i m i z e d  w i t h  r e s p e c t  t o  p,R . D i f f e r e n t i a t i n g  

w i t h  r e s p e c t  t o  p,R y i e l d s

= a A - fe oe
t f Co ( 6 - 1 4 )

S e t t i n g  t h i s  d e r i v a t i v e  e q u a l  t o  z e r o  a n d  s o l v i n g  f o r  

p.R r e s u l t s  i n

n  -   Cf.Cô l}flh°e .. ( 6 - 1 5 )
~ r a + c 1 -  c c P  C0 + CL f  °  ̂ h h°fe oe

a n d

00 ( 6 - 1 6 )
M r

The l a t t e r  v a l u e  f o r  p.R w i l l  be  d i s c a r d e d  a s  b e i n g

i m p r a c t i c a l ,  s i n c e  a n  i n f i n i t e  p.R w o u ld  r e q u i r e  an

i n f i n i t e  p.. i n  o r d e r  t o  a c h i e v e  t h e  r e q u i r e d  c u r r e n t  
f e

g a i n  o f  t h e  a m p l i f i e r .  F u r t h e r m o r e ,  i f  p.R w e re  s i m p l y  

made much g r e a t e r  t h a n  u n i t y ,  t h i s  w o u l d  s t i l l  r e q u i r e  

a n  i m p r a c t i c a l l y  h i g h  p.,
f e

The e x p r e s s i o n  f o r  p.R g i v e n  by  E q .  ( 6 - I 5 ) w i l l  now 

b e  c h e c k e d  t o  s e e  i f  i t  s p e c i f i e s  a  minimum o f  p.R .
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D i f f e r e n t i a t i n g  E q .  ( 6 - l 4 )  w i t h  r e s p e c t  t o  g i v e s

' ( " - M r ?
( 6 - 1 7 )

S u b s t i t u t i n g  q.R a s  g i v e n  by E q .  ( 6 - 1 5 )  i n t o  t h i s  

e x p r e s s i o n  y i e l d s

a A?
2 ( c? + cta - ^ h f . OiSL' ( 6 - 1 8 )

H e n ce  t h e  s e c o n d  d e r i v a t i v e  o f  <T w i t h  r e s p e c t  t o
Ki

H.„ i s  p o s i t i v e  a t  t h e  p o i n t  d e f i n e d  by E q .  ( 6 - 1 5 )  n
2a n d ,  t h e r e f o r e ,  t h i s  p o i n t  i s  a  minirnum o f  C  . Use
i

o f  E q .  ( 6 - 1 5 )  i n  E q .  ( 6 - 1 1 )  y i e l d s  t h e  f o l l o w i n g  e x -
2

p r e s s i o n  f o r  t h e  minimum v a l u e  o f  0”R :

/r-3- / / •a'
\  -  MfCc

a

c-f " C/Tt c;
( 6 - 1 9 )

Now i f  E q .  ( 6 - 1 2 )  i s  s u b s t i t u t e d  i n  E q .  ( 6 - 1 5 ) *

t h e  r e l a t i o n s h i p  b e t w e e n  p,R and  |x, w h i c h  m u s t  be
L oe

2s a t i s f i e d  i n  o r d e r  t h a t  be a  minimum i s  t h e r e b y
i

o b t a i n e d :



T h i s  e x p r e s s i o n  c a n  b e  shown t o  d e f i n e  a  p r a c t i c a l  r e l a 

t i o n s h i p  b e t w e e n  and P-hoe* ^ o r  examP l e > s u p p o s e

t h a t  c f  = cq = ^CL* a d d i t i o n ,  a  t y p i c a l  v a l u e  o f

P i s  O.T ( R e f .  / f 2 ) .  U s i n g  t h i s  i n f o r m a t i o n  i n
k f e  h oe

i n  Eq. (A- 2 0 )  g i v e s

I ( 3 0  i.3cC)(o.s) | 0 .8 /9

L "  ( 3 < r ‘ » C * - t 3 C L) ( 3 C t ) ( 0 . j )  ( , ' 2 1 )

T h i s  i s  a  r e l a t i o n s h i p  w h i c h  i t  i s  p o s s i b l e ,  as  a p r a c 

t i c a l  m a t t e r ^ , t o  s a t i s f y .

o - T .  S i n g l e  Loop F e e d b a c k  A m p l i f i e r  S y s t e m  s

As a n  i l l u s t r a t i o n  o f  t h e  a p p l i c a t i o n  o f  t h e  m i n i m i 

z a t i o n  o f  v a r i a n c e  m e th o d  to  a  f e e d b a c k  s y s t e m ,  t h e  v a r i 

a n c e  o f  t h e  v o l t a g e  g a i n  o f  t h e  s y s t e m  o f  S e c .  )|.-6 w i l l  b e  

m i n i m i z e d .  I n  p e r f o r m i n g  t h i s  m i n i m i z a t i o n ,  i t  w i l l  b e  

a s su m ed  t h a t  t h e r e  i s  n o t  a n y  c o r r e l a t i o n  b e t w e e n  t h e  

v o l t a g e  g a i n  o f  t h e  a m p l i f i e r  w i t h o u t  f e e d b a c k  and t h e  

f r a c t i o n  o f  t h e  o u t p u t  v o l t a g e  w h i c h  i s  f e d b a c k .  I t  w i l l  

a l s o  b e  assum ed  t h a t

^ I t  s h o u l d  b e  n o t e d  t h a t  t h i s  c o n d i t i o n  g i v e s  a  mean 
c u r r e n t  g a i n  o f  o n l y  0.%% P-^ . A l s o  i n d i c a t i o n s

X ©
a r e  t h a t  b e t t e r  r e s u l t s  c o u l d  b e  o b t a i n e d  b y  d e s i g n i n g  
b y  t h e  s e n s i t i v i t y  m e t h o d ,  and t h e n  u s i n g  t h e  a b o v e  t e c h 
n i q u e  t o  i m p r o v e  t h i s  d e s i g n .  T h i s  w i l l  r e s u l t  h o w e v e r  
i n  a  more  c o m p le x  c i r c u i t .
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A

a n d

<rA = c a  / " a  ( 6 _ 2 2 )

< £ = < > / £  (6 - 2 3 )

U n d e r  t h e  a b o v e  c o n d i t i o n s *  E q .  ( 4 - 2 1 )  f o r  t h e  v a r i 

a n c e  o f  v o l t a g e  g a i n  o f  t h e  f e e d b a c k  a m p l i f i e r  b e c o m e s :

Now s u p p o s e  t h a t  t h e  mean v a l u e  o f  t h e  o v e r a l l  

v o l t a g e  g a i n  i s  s p e c i f i e d .  T h i s  c o n s t r a i n t  c a n  be  

a p p l i e d  by  s u b s t i t u t i n g  E q .  ( 4 - 2 0 )  i n t o  E q .  ( 6 - 2 4 )  

t o  e l i m i n a t e  e i t h e r  p.^ o r  p.^. I f  p.^ i s  e l i m i n a t e d *  

t h e  r e s u l t  i s :

y s

+ ~ P  { ( 6 - 2 5 )

D i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  p.^ g i v e s

9l i f  3

J t a .  ( 6 - 2 6 )
W  - - S(<*

S e t t i n g  t h i s  d e r i v a t i v e  e q u a l  t o  z e r o  a n d  s o l v i n g  f o r  

p.A y i e l d s
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4  = <6 - 2 7 >

I n  o r d e r  t o  s e e  i f  t h i s  e x p r e s s i o n  f o r  d e f i n e s  a
2 2 minimum o f  a , t h e  s e c o n d  d e r i v a t i v e  o f  cu, w i t h

v v
r e s p e c t  t o  w i l l  be  e v a l u a t e d  a t  t h e  p o i n t  d e f i n e d

by  E q .  ( 6 - 2 7 ) .  D i f f e r e n t i a t i o n  o f  E q .  ( 6 - 2 6 )  g i v e s

-  4 (s* t c ( 0- S8)

U s i n g  E q .  ( 6 - 2 7 )  i n  t h i s  e x p r e s s i o n  shows t h a t

P

S i n c e  t h i B  s e c o n d  d e r i v a t i v e  i s  p o s i t i v e ,  Eq .  ( 6 - 2 7 )
2

d o e s  d e f i n e  a  minimum o f  o v
Kv

2
The v a l u e  o f  p.. r e q u i r e d  i f  o v  i s  t o  be a  m i n i 

fy Kv

mum c a n  be o b t a i n e d  by  s u b s t i t u t i n g  E q .  ( 6 - 2 7 )  i n t o  

E q .  ( 4 - 2 0 )  a n d  s o l v i n g  f o r  p.^. The r e s u l t  i s

a.
-C/

/ V - H V - T -  ( 6 ~ 3 0 )
ch * C/B



Now I f  (3 i s  d e t e r m i n e d  by  o n l y  t h e  p a r a m e t e r s  o f  p a s -

T h i s  i s  t h e  f a m i l i a r  e x p r e s s i o n  f o r  g a i n  o f  a  f e e d b a c k

l a r g e r  t h a n  u n i t y  i n  o r d e r  t o  e l i m i n a t e  t h e  d e p e n d e n c e  

o f  t h i s  g a i n  u p o n  .

The v a r i a n c e  o f  t h e  o v e r a l l  v o l t a g e  g a i n  when 

t h e  c r i t e r i o n  f o r  a  minimum i s  met  c a n  b e  o b t a i n e d  by  

s u b s t i t u t i o n  o f  E q .  ( 6 - 2 7 )  i n  E q .  ( 6 - 2 5 ) .  The r e s u l t  

i s

s i v e  e l e m e n t s ,  c 2 «  c 2 a n d  t h u sP a

( 6 - 3 1 )

a m p l i f i e r ,  w h i c h  r e s u l t s  when I s  made c o n s i d e r a b l y

-A ^  V.
A P

( 6 - 3 2 )

C o n v e r s e l y ,  i f  t h e r e  i s  no f e e d b a c k

^ A

a n d  t h u s  E q .  ( 6 - 2 5 )  becom es
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C o m p a r i s o n  o f  E q s .  ( 6 - 3 2 )  a n d  ( 6 - 3 3 )  shows t h a t  f e e d 

b a c k  w i t h  v a r i a n c e  m i n i m i z a t i o n  a l w a y s  r e d u c e s  t h e

v a r i a n c e  o f  t h e  o v e r a l l  g a i n  b e l o w  i t s  v a l u e  w i t h o u t
2 2 2f e e d b a c k .  I n  f a c t ,  i f  c .  «  c . ,  av  a s  g i v e n  by9 A Ky

E q .  ( 6 - 3 2 )  b eco m es

^  ~ c/z A'kv (6-3*0

w h i c h  i s  much s m a l l e r  t h a n  t h e  v a r i a n c e  w i t h o u t  f e e d 

b a c k  i n  p r a c t i c a l  c i r c u i t s .

I t  I s  a l s o  i n t e r e s t i n g  t o  n o t e  t h a t  f e e d b a c k  

( e v e n  w i t h o u t  v a r i a n c e  m i n i m i z a t i o n )  w i l l  a l w a y s  r e 

d u c e  t h e  v a r i a n c e  o f  t h e  o v e r a l l  g a i n  b e lo w  i t s  v a l u e  

w i t h o u t  f e e d b a c k ,  I f  t h e  f o l l o w i n g  c o n d i t i o n  i s  m e t :

<  / (( - 3 5 )
Ct ? + CA /“ a

T h i s  c o n d i t i o n  i s  d e r i v e d  i n  A p p e n d i x  B a n d  shows t h a t

o n l y  n e g a t i v e  f e e d b a c k  ( / v -k < 1  d e f i n e s  n e g a t i v e

f e e d b a c k )  w i t h i n  c e r t a i n  l i m i t s  w i l l  r e d u c e  t h e  v a r i 

a n c e  o f  t h e  o v e r a l l  g a i n  b e l o w  i t s  v a l u e  w i t h o u t  f e e d 

b a c k .

T h i s  t r e a t m e n t  t o u c h e s  on o n l y  one  p h a s e  o f  t h i s  
t o p i c .  F o r  e x a m p l e ,  t h e  d e s i g n  o b t a i n e d  h e r e  s h o u l d  b e  

com pared  w i t h  t h a t  o b t a i n e d  by  t h e  s e n s i t i v i t y  m e t h o d .
I n  a d d i t i o n ,  a  d e s i g n  w h i c h  a l l o w s  f o r  t h e  p o s s i b i l i t y  o f  
t h e  s y s t e m  b e i n g  u n s t a b l e  s h o u l d  b e  c o n s i d e r e d .
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6 - 6 .  C a s c a d e  V o l t a g e  A m p l i f i e r

I n  t h i s  s e c t i o n  t h e  v a r i a n c e  m i n i m i z a t i o n  t e c h n i 

q u e  w i l l  b e  a p p l i e d  t o  t h e  v o l t a g e  g a i n  o f  a n  a m p l i f i e r  

c o n s i s t i n g  o f  n s t a g e s  i n  c a s c a d e .  The o v e r a l l  v o l t a g e  

g a i n  o f  s u c h  a n  a r r a n g e m e n t  i s  ( R e f .  10)

Kvi

J-
w h e re  K . i s  t h e  v o l t a g e  g a i n  o f  t h e  j  s t a g e .

^ J

Now t h e  p r o b l e m  i s  t o  d e t e r m i n e  t h a t  c o m b i n a t i o n  

o f  mean v a l u e s  o f  v o l t a g e  g a i n s  o f  t h e  r e s p e c t i v e  

s t a g e s ,  w h i c h  w i l l  y i e l d  t h e  minimum v a r i a n c e  o f  t h e  

o v e r a l l  v o l t a g e  g a i n ,  w h i l e  g i v i n g  t h e  r e q u i r e d  mean 

v a l u e  o f  t h i s  g a i n .  T h i s  i s  t o  be  done  u n d e r  t h e  

a s s u m p t i o n  t h a t  t h e  s t a n d a r d  d e v i a t i o n  t o  mean r a t i o  

o f  t h e  v o l t a g e  g a i n  o f  t h e  s t a g e  i s  c ^ .  W i th  

t h i s  a s s u m p t i o n ,  t h e  a n a l y s i s  o f  S e c .  5 - 6  f o r  t h e  

m i n i m i z a t i o n  o f  t h e  v a r i a n c e  o f  t h e  p r o d u c t  o f  n 

ran d o m  v a r i a b l e s  a p p l i e s .  T h i s  a n a l y s i s  r e v e a l s  t h a t  

i f  t h e  mean v a l u e  o f  t h e  p r o d u c t  i s  s p e c i f i e d ,  i t  i s  

n o t  p o s s i b l e  t o  m i n i m i z e  t h e  v a r i a n c e  o f  t h e  p r o d u c t  

w i t h  r e s p e c t  t o  t h e  mean v a l u e s  o f  t h e  v a r i o u s  f a c t o r s .  

Thus  i n  t h e  p r e s e n t  p r o b l e m  i t  i s  n o t  p o s s i b l e  t o  

m i n i m i z e  t h e  v a r i a n c e  o f  t h e  o v e r a l l  v o l t a g e  g a i n
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w i t h  r e s p e c t  t o  t h e  mean v a l u e s  o f  t h e  v o l t a g e  g a i n s  

o f  t h e  r e s p e c t i v e  s t a g e s .  I t  s h o u l d  a l s o  be  n o t e d  

t h a t  t h i s  r e s u l t  h o l d s  f o r  t h e  c a s e  w h e r e  t h e  v o l t a g e  

g a i n s  o f  t h e  s t a g e s  a r e  u n c o r r e l a t e d ,  a s  w e l l  a s  t h e  

s i t u a t i o n  w h e r e  t h e y  a r e  c o r r e l a t e d .

I t  s h o u l d  b e  e m p h a s i z e d  t h a t  t h e  a b o v e  r e s u l t  a p p l i e s  

o n l y  u n d e r  t h e  l i m i t a t i o n s  p r e v i o u s l y  s t a t e d ;  n a m e l y ,  t h a t  

t h e  p r o p a g a t i o n  o f  v a r i a n c e  f o r m u l a  c a n  b e  a p p l i e d  t o  t h e  

g a i n  o f  t h e  a m p l i f i e r ,  and  t h a t  t h e  s t a n d a r d  d e v i a t i o n  t o  

mean r a t i o  o f  t h e  p a r a m e t e r s  i s  c o n s t a n t .  T hus ,  i f  a n o t h e r  

t e c h n i q u e  u n d e r  a n o t h e r  s e t  o f  a s s u m p t i o n s  i s  a p p l i e d ,  i t  

may be  p o s s i b l e  t o  im p r o v e  t h i s  d e s i g n .  F o r  e x a m p l e ,  a  

b e t t e r  d e s i g n  f o r  t h i s  a m p l i f i e r  c a n  b e  o b t a i n e d  by  u s e  o f  

t h e  s e n s i t i v i t y  m e t h o d .  F u r t h e r m o r e ,  i t  may b e  p o s s i b l e  t o  

i m p r o v e  u p o n  t h i s  l a t t e r  d e s i g n  b y  a p p l y i n g  t h e  a b o v e  s t a t i s 

t i c a l  t e c h n i q u e s  t o  i t .



CHAPTER 7 :  CORRELATION DUE TO SELECTION PROCESSES

7 - 1 »  I n t r o d u c t i o n

I n  S e c .  6 - 3 ,  I t  was s e e n  t h a t  i t  was  n o t  p o s s i b l e  

t o  m i n i m i z e  t h e  v a r i a n c e  o f  t h e  d i v i d e r  r a t i o  o f  t h e '  

v o l t a g e  d i v i d e r  w i t h  r e s p e c t  t o  t h e  mean v a l u e s  o f  t h e  

r e s i s t a n c e s .  T h i s  was t r u e  b e c a u s e  o n c e  t h e  mean v a l u e  

o f  t h e  d i v i d e r  r a t i o  was s p e c i f i e d ,  t h e  v a r i a n c e  o f  t h e  

d i v i d e r  r a t i o  was I n d e p e n d e n t  o f  t h e  mean v a l u e s  o f  t h e  

r e s i s t a n c e s .  I t  was n o t e d ,  h o w e v e r ,  ( s e e  E q .  ( 6 - 6 ) )  

t h a t  t h e  d i v i d e r  r a t i o  v a r i a n c e  c o u l d  be r e d u c e d  i f  t h e  

c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  t h e  two r e 

s i s t a n c e s  I s  p o s i t i v e .  Now o r d i n a r i l y  when t h e  v o l t a g e  

d i v i d e r  u n i t s  a r e  a s s e m b l e d ,  t h e  r e s p e c t i v e  r e s i s t o r s  

a r e  s e l e c t e d  a t  r a n d o m .  I n  t h i s  c a s e ,  t h e r e  w o u ld  be  

no  c o r r e l a t i o n  b e t w e e n  t h e  r e s i s t a n c e s .

I t  i s  t h e  p u r p o s e  o f  t h i s  c h a p t e r  t o  d i s c u s s  

m e t h o d s  o f  s e l e c t i n g  c o m p o n e n t s  d u r i n g  t h e  a s s e m b l y  o f  

s y s t e m s ,  s o  t h a t  t h e  s y s t e m  p a r a m e t e r s  w i l l  be  c o r r e 

l a t e d  i n  s u c h  a  m a n n e r ,  t h a t  t h e  v a r i a n c e  o f  t h e  s y s t e m  

p e r f o r m a n c e  c r i t e r i a  w i l l  be  r e d u c e d .  E x p r e s s i o n s  f o r  

t h e  c o e f f i c i e n t s  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  t h e s e  

p a r a m e t e r s  w i l l  a l s o  be  d e r i v e d .
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7 - 2 .  S e l e c t i o n  P r o c e s s e s

I n  g e n e r a l ,  t h e  s e l e c t i o n  p r o c e s s e s  m e n t i o n e d  

a b o v e  i n v o l v e  d i v i d i n g  t h e  d i s t r i b u t i o n s  o f  t h e  p a r a m 

e t e r s  t o  be  c o r r e l a t e d  i n t o  a  n u m b e r  o f  c e l l s  a n d  t h e n  

m a t c h i n g  t h e  r e s p e c t i v e  c e l l s  o f  t h e  p a r a m e t e r s  d u r i n g  

t h e  a s s e m b l y  o f  t h e  s y s t e m s .  F o r  e x a m p l e ,  c o n s i d e r  t h e  

p a r a m e t e r  d i s t r i b u t i o n s  i n  F i g s .  7 - 1  a n d  7 - 2 .

x 2

x

f

Xa lX

F i g .  7 -1  F i g .  7 -2

S u p p o s e  t h a t  e a c h  o f  t h e s e  d i s t r i b u t i o n s  i s  d i v i d e d

i n t o  two c e l l s  w i t h  t h e  mean  v a l u e s  o f  t h e  r e s p e c t i v e

p a r a m e t e r s  a s  b o u n d a r i e s  b e t w e e n  t h e  c e l l s .  T h en ,  a s

t h e  s y s t e m  u n i t s  a r e  a s s e m b l e d ,  v a l u e s  o f  x .  < a  a r el  x x

m a t c h e d  w i t h  v a l u e s  o f  x Q < p. . I n  a  s i m i l a r  m a n n e r ,
2

v a l u e s  o f  x n > a  a r e  m a t c h e d  w i t h  v a l u e s  o f  x 0 > a v .-L X-i c- X0



T h i s  p r o c e d u r e  r e s u l t s  i n  a  p o s i t i v e  c o e f f i c i e n t  o f  

l i n e a r  c o r r e l a t i o n  b e t w e e n  x^  a n d  Xg. I f  i n s t e a d  t h e  

s m a l l e r  v a l u e s  o f  a r e  m a t c h e d  w i t h  t h e  l a r g e r  

v a l u e s  o f  Xg a n d  v i c e  v e r s a ,  t h e n  t h e  c o e f f i c i e n t  o f  

l i n e a r  c o r r e l a t i o n  b e t w e e n  x 1 an d  Xg w i l l  b e  n e g a t i v e .  

I t  s h o u l d  a l s o  b e  n o t e d  t h a t  t h e  m a g n i t u d e  o f  t h i s  

c o e f f i c i e n t  c a n  be I n c r e a s e d  by  I n c r e a s i n g  t h e  n u m b e r  

o f  c e l l s .  As m e n t i o n e d  i n  S e c .  5 - 6 ,  t h e  c o e f f i c i e n t  

o f  l i n e a r  c o r r e l a t i o n  r a n g e s  f r o m  a  minimum o f  - 1  t o  

a  maximum o f  + 1 .  T h i s  s t a t e m e n t  i s  t r u e ,  I n  g e n e r a l ,  

a n d  d o e s  n o t  d e p e n d  on t h e  p r o c e s s  u n d e r  c o n s i d e r a t i o n .

7~3« C h o o s i n g  t h e  C e l l  B o u n d a r i e s

I n  c h o o s i n g  t h e  b o u n d a r i e s  o f  t h e  c e l l s ,  t h e  

b a s i c  p r i n c i p l e ,  w h i c h  s h o u l d  be k e p t  I n  m in d ,  i s  

t h a t  t h e  r e s p e c t i v e  c e l l s  t o  be  m a t c h e d  m u s t  c o n t a i n  

a n  e q u a l  nu m b er  o f  c o m p o n e n t s .  I n  t e r m s  o f  t h e  d e n s i t y  

f u n c t i o n s ,  t h i s  means  t h a t  t h e  c e l l s  t o  b e  m a t c h e d  m u s t  

c o n t a i n  e q u a l  f r a c t i o n s  o f  t h e  t o t a l  a r e a s  u n d e r  t h e i r  

r e s p e c t i v e  d e n s i t y  f u n c t i o n s .  F o r  e x a m p l e ,  i f  c e l l  1 

o f  f ( x 1 ) and  c e l l  1 o f  f ( x g )  i n  F i g s .  7 - 3  a n d  7 - ^  a r e  

t o  be  m a t c h e d ,  t h i s  w o u ld  r e q u i r e  t h a t



85

J  HWdXg.
X|°___________  _ XJ0___________  ( 7 - l )

>  ~ &
J  f(X,) d X, J  f ( * ) dX

Xio *ao

( T h i s  c o n d i t i o n  i s  n o t  m e t  f o r  t h e  b o u n d a r i e s  s h o w n . ) .

xx x xx 10 11 12 1

P i g .  7 - 3 .  D i s t r i b u t i o n  w i t h  f o u r  c e l l s ,  
e a c h  o f  w h i c h  h a s  a n  e q u a l  n u m b e r  o f  
c o m p o n e n t s .

20  X21 X22  X23 X24

F i g .  7 - 4 .  D i s t r i b u t i o n  w i t h  f o u r  c e l l s ,  
e a c h  o f  w h i c h  c o v e r s  a n  e q u a l  r a n g e  o f  
v a l u e s  o f  Xg.
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W i t h i n  t h e  f r a m e w o r k  o f  t h e  a b o v e  b a s i c  p r i n c i p l e ,  

t h e r e  a r e  two g e n e r a l  t e c h n i q u e s  f o r  s e l e c t i n g  c e l l  

b o u n d a r i e s .  The f i r s t  i n v o l v e s  f i x i n g  t h e  b o u n d a r i e s ,  

s o  t h a t  e a c h  c e l l  o f  t h e  p a r a m e t e r  d i s t r i b u t i o n  c o n 

t a i n s  a n  e q u a l  n u m b e r  o f  c o m p o n e n t s .  T h i s  i s  e q u i v a l e n t  

t o  s a y i n g  t h a t  e a c h  c e l l  o f  t h e  d i s t r i b u t i o n  m u s t  h a v e  

a n  e q u a l  p o r t i o n  o f  t h e  a r e a  u n d e r  t h e  d e n s i t y  f u n c t i o n  

a s s o c i a t e d  w i t h  i t .  T h i s  s i t u a t i o n  i s  i l l u s t r a t e d  i n

Now s u p p o s e  t h a t  i t  i s  d e s i r e d  t o  d i v i d e  a  n o r m a l  

d i s t r i b u t i o n  w h i c h  i s  t r u n c a t e d  a t  x^  = x ^ 0 a n d  a t

n u m b e r  o f  c o m p o n e n t s .  The a r e a  p e r  c e l l  t h e n  i s  t h e  

t o t a l  a r e a  o f  t h e  t r u n c a t e d  d i s t r i b u t i o n  d i v i d e d  by  n .

F i g .  7 - 3

x 1 X I n i n t o  n c e l l s ,  e a c h  o f  w h i c h  c o n t a i n s  a n  e q u a l

* +*
Thus  S 1 j ,  t h e  a r e a  o f  t h e  j  c e l l  o f  f ( x ^ )  c a n  be

w r i t t e n  a s

( 7 - 2 )
n

S may be  w r i t t e n  a s

V *- '  

s >«r /
(7- 3 )
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I n  E q s .  ( 7 - 2 )  a n d  ( 7 - 3 ) *  c a n  8 e  t r a n s f o r m e d  t o

t h e  u n i t  n o r m a l  d i s t r i b u t i o n ,  f ( k ^ ) ,  by  t h e  f o l l o w i n g  

r e l a t i o n s h i p s :

j  .  _  o - f o  ( 7 - u )

a n d

J  J V A l  (7. 5)

*

I f  a f t e r  t h i s  t r a n s f o r m a t i o n  i s  made,  E q s .  ( 7 - 2 )  a n d  

( 7 - 3 )  a r e  c o m b i n e d ,  t h e  r e s u l t  I s

^ n o
sr  i rJ fU J J A  * /  f(A)dJ,  (7- 6)

A u n i t  n o r m a l  d i s t r i b u t i o n  t a b l e  c a n  now be u s e d  t o

s e l e c t  t h e  c e l l  b o u n d a r i e s  ( j  = 1 , 2 , ------- n - l ) ,  s o

t h a t  E q .  ( 7 - 6 )  i s  s a t i s f i e d .

A s e c o n d  m e th o d  o f  c h o o s i n g  c e l l  b o u n d a r i e s  i s  t o  

f i x  t h e  b o u n d a r i e s ,  s o  t h a t  e a c h  c e l l  c o v e r s  a n  e q u a l  

r a n g e  o f  v a l u e s  o f  t h e  v a r i a b l e .  T h i s  t e c h n i q u e  was 

u s e d  t o  d raw  t h e  b o u n d a r i e s  i n  P i g .  7 - ^ .  I n  t e r m s  o f  

t h e  n o t a t i o n  o f  t h i s  f i g u r e ,  t h e  f o l l o w i n g  r e l a t i o n 

s h i p s  w o u ld  be  r e q u i r e d  t o  h o l d ,  i f  a  d i s t r i b u t i o n  i s  

t o  be  d i v i d e d  I n t o  n  e q u a l  r a n g e  c e l l s :
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( V  So) = ( * » “ * * ) = - - - - - ( Xj l -  r  >)--------
* ( 7 - 7 )

= ( *an ~ Sa; n -i)

I t  s h o u l d  be n o t e d  t h a t  t h e  e q u a l  a r e a  m e t h o d  may

be  a p p l i e d  t o  a n y  p a i r  o f  t r u n c a t e d  n o r m a l  d i s t r i b u 

t i o n s .  On t h e  o t h e r  h a n d ,  t h e  e q u a l  r a n g e  m e th o d  

u s u a l l y ^  may n o t  be  a p p l i e d  t o  n o r m a l  d i s t r i b u t i o n s  

w h i c h  a r e  n o t  t r u n c a t e d  i n  t h e  same m a n n e r ,  s i n c e  t h e  

c e l l s  t o  b e  m a t c h e d  w o u ld  c o n t a i n  u n e q u a l  n u m b e rs  o f  

c o m p o n e n t s .  F o r  e x a m p l e ,  t h e  d i s t r i b u t i o n s  o f  

F i g s .  7 - 3  a n d  7 - 4  c o u l d  n o t  be  m a t c h e d  by  t h e  e q u a l  

c e l l  m e t h o d  f o r  t h i s  r e a s o n .

7 - 4 .  E x p r e s s i o n s  f o r  t h e  C o e f f i c i e n t  o f  L i n e a r  

C o r r e l a t i o n

I n  t h i s  s e c t i o n  e x p r e s s i o n s  f o r  c o m p u t i n g  t h e  

c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  two v a r i a b l e s  

s e l e c t e d  by  t h e  m e th o d s  d i s c u s s e d  a b o v e  w i l l  be  d e r i v e d .  

The e q u a l  r a n g e  m e th o d  w i l l  b e  c o n s i d e r e d  f i r s t ,  s i n c e

"^An e x c e p t i o n  t o  t h i s  r u l e  o c c u r s  i f  (u -  x ,  n ) =

(x 2n  -  a n d  <x l n  -  % >  = -  x 20> a n d  l f  lfc 13
d e s i r e d  t o  m a t c h  c e l l s ,  s o  t h a t  a  n e g a t i v e  c o e f f i c i e n t  
o f  l i n e a r  c o r r e l a t i o n  1 b o b t a i n e d .
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t h e  r e s u l t s  o f  t h i s  c a s e  c a n  be s p e c i a l i z e d  t o  y i e l d  

t h e  e x p r e s s i o n s  f o r  t h e  e q u a l  a r e a  c a s e .

I n  g e n e r a l ,  t h e  c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  

b e t w e e n  tw o  r a n d o m  v a r i a b l e s ,  x^ a n d  Xg, c a n  b e  com

p u t e d  by u s e  o f  E q .  ( 3 - 4 ) .  S i n c e  t h e  s t a n d a r d  d e v i a 

t i o n s  o f  x^  a n d  Xg c a n  be  o b t a i n e d  by  u s i n g  E q .  ( 2 - 1 1 ) ,  

t h e  r e a l  p r o b l e m  h e r e  i s  t o  d e r i v e  a n  e x p r e s s i o n  f o r  

t h e  c o v a r i a n c e  b e t w e e n  x^ a n d  Xg.

An e x p r e s s i o n  f o r  t h i s  c o v a r i a n c e  c a n  be  o b t a i n e d  

by a p p l i c a t i o n  o f  E q .  ( 3 - 3 ) .  U s i n g  t h e  n o t a t i o n  o f  

F i g s .  7 - 3  a n d  7 - 4 ,  E q .  ( 3 - 3 )  becom es

B e c a u s e  o f  t h e  s e l e c t i o n  p r o c e s s ,  t h e  c o n t r i b u t i o n  t o  

t h e  f i r s t  t e r m  on  t h e  r i g h t - h a n d  s i d e  o f  t h i s  e x p r e s s i o n  

by e a c h  p a i r  o f  c e l l s  m u s t  be  e v a l u a t e d  s e p a r a t e l y .

The e n t i r e  t e r m  i s  t h e n  t h e  su m m a t io n  o f  t h e  c o n t r i b u 

t i o n s  o f  a l l  p a i r s  o f  c e l l s .  T h i s  r e s u l t s  i n

( 7 - 8 )
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n-i >̂>1
/  fex.) dx, —

i i xaj

* . , * U  * ^ > i

J  f  (XM  J ( 7 - 9 )

(T
x,xa

I n  o b t a i n i n g  t h e  a b o v e  e x p r e s s i o n ,  i t  was n o t e d  t h a t  

s i n c e  x^  a n d  x ^ a r e  i n d e p e n d e n t  b e f o r e  t h e  s e l e c t i o n  

p r o c e s s ,

I t  s h o u l d  a l s o  be n o t e d  t h a t  t h e  c o n t r i b u t i o n  t o  t h e  

f i r s t  t e r m  on t h e  r i g h t - h a n d  s i d e  by  e a c h  p a i r  o f  c e l l s  

i s  w e i g h t e d  a c c o r d i n g  t o  t h e  n um ber  o f  c o m p o n e n t s  i n  

e a c h  c e l l .

The e v a l u a t i o n  o f  t h e  I n t e g r a l s  I n  E q .  ( 7 - 9 )  c a n  

b e  f a c i l i t a t e d  by  I n t r o d u c i n g  t h e  f o l l o w i n g  t r a n s f o r m a 

t i o n s  :

-f( - f (*> H (*a )
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4 =
Xx-jUx,

A =
Xa ~/ X̂a. 

<51>

( 7- 1 0 )

( 7 - 1 1 )

( 7 - 1 2 )

( 7 - 1 3 )

w h e re  t h e  q u a n t i t i e s  p. , p. , o , a n d  a p e r t a i n
X n X f-y. X-* X 0

t o  t h e  u n t r u n c a t e d  d i s t r i b u t i o n s .  W i th  t h e s e  t r a n s 

f o r m a t i o n s  a n d  t h e  d e f i n i t i o n  o f  S j  I n  E q .  ( 7 - 3 ) ^  I t  

c a n  be  s e e n  t h a t  E q .  ( 7 - 9 )  b eco m es

I f  t h e  I d e n t i t y  g i v e n  by  E q .  ( 2 - 7 )  I s  u s e d  I n  t h i s  

e x p r e s s i o n ,  t h e  r e s u l t  i s
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- A / V  ( 7 - 1 5 )

T h i s  e q u a t i o n  c a n  now be  e v a l u a t e d  w i t h  t h e  a i d  o f  a  

u n i t  n o r m a l  d i s t r i b u t i o n  t a b l e .

W i th  t h i s  e x p r e s s i o n  f o r  t h e  c o v a r i a n c e  b e t w e e n  

x ^  and  Xg, E q .  ( 3 - ^ 0  c a n  be  u s e d  i n  c o n j u n c t i o n  w i t h  

E q .  ( 2 - 1 1 )  t o  c o m p u te  t h e  c o e f f i c i e n t  o f  l i n e a r  c o r r e 

l a t i o n  b e t w e e n  x^ a n d  Xg f o r  t h e  e q u a l  r a n g e  s e l e c t i o n  

p r o c e s s .

The c o v a r i a n c e  b e t w e e n  x^  and  Xg f o r  t h e  e q u a l  

a r e a  c a s e  c a n  a l s o  be  o b t a i n e d  f r o m  E q .  ( 7 - 1 5 ) .  I n  

t h i s  s i t u a t i o n ,  h o w e v e r ,  S ^ j  a n d  S g j  a r e  t h e  same f o r  

e a c h  c e l l  o f  t h e i r  r e s p e c t i v e  d i s t r i b u t i o n s .  Hence  

E q .  ( 7 - 1 3 )  may be  r e w r i t t e n  a s



A 10

' A t  A t
( 7 - 1 6 )

The c o m p u t a t i o n  o f  t h e  c o e f f i c i e n t  o f  l i n e a r  

c o r r e l a t i o n  b e t w e e n  two v a r i a b l e s  c o r r e l a t e d  by  a  

s e l e c t i o n  p r o c e s s  i s  i l l u s t r a t e d  i n  A p p e n d i x  C. B o th  

t h e  e q u a l  r a n g e  p r o c e s s  a n d  t h e  e q u a l  a r e a  p r o c e s s  a r e  

c o n s i d e r e d .  The r e s u l t s  o f  t h e s e  c o m p u t a t i o n s  a r e  

s u m m a r i z e d  i n  t h e  t a b l e  o f  A p p e n d i x  C. I n s p e c t i o n  o f  

t h i s  t a b l e  r e v e a l s  t h a t  f o r  t h e  d i s t r i b u t i o n s  c o n 

s i d e r e d ,  b o t h  p r o c e s s e s  y i e l d  t h e  same v a l u e  o f  t h e  

c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  i n  t h e  t w o - c e l l  c a s e .  

F o r  t h r e e ,  f o u r ,  a n d  f i v e  c e l l s ,  t h e  e q u a l  a r e a  c a s e

p r o c e s s e s  y i e l d  e s s e n t i a l l y  t h e  same r e s u l t s .  I t  

s h o u l d  a l s o  be  n o t e d  t h a t  t h e  r a t e  o f  i n c r e a s e  o f

g i v e s  a  l a r g e r  p F o r  s i x  o r  more c e l l s ,  b o t h

p w i t h  r e s p e c t  t o  t h e  n u m b e r  o f  c e l l s  d e c r e a s e s ,  
X1 2
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a s  t h e  n u m b e r  o f  c e l l s  i n c r e a s e s .  Thus  t h e  u s e  o f  more

t h a n  t h r e e  o r  f o u r  c e l l s  w o u ld  n o t  i n  m o s t  s i t u a t i o n s

be  e c o n o m i c a l l y  f e a s i b l e ]  t h a t  i s ,  t h e  s m a l l  i n c r e a s e s

i n  p w o u ld  n o t  j u s t i f y  t h e  c o s t  o f  a d d i n g  more 
X1 2

c e l l s .

7 - 5 .  A p p l i c a t i o n  t o  a  V o l t a g e  D i v i d e r

I t  was  f o u n d  i n  S e c .  6 - 3  t h a t  w h i l e  t h e  v a r i a n c e  

o f  t h e  d i v i d e r  r a t i o  o f  t h e  v o l t a g e  d i v i d e r  c o u l d  n o t  

be  m i n i m i z e d ,  i t  c o u l d  be  r e d u c e d  by  m a k in g  t h e  c o 

e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  an d  R2 

p o s i t i v e .  I n  o r d e r  t o  i l l u s t r a t e  t h i s  p o i n t ,  a s s u m e  

t h a t  c^  = Cg = c i n  E q .  ( 6 - 7 ) .  T h e n  t h e  v a r i a n c e  o f  

t h e  d i v i d e r  r a t i o  b ecom es

The p e r c e n t a g e  d e c r e a s e  i n  t h e  v a r i a n c e  b e c a u s e  o f  

c o r r e l a t i o n  i s  t h e n

( 7 - 1 7 )

W i t h o u t  c o r r e l a t i o n ,  t h i s  v a r i a n c e  i s

( 7 - 1 8 )

3. x io o __ ^
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Now assum e  t h a t  b o t h  R1 a n d  Rg a r e  n o r m a l l y  d i s t r i b u t e d

w i t h  s y m m e t r i c a l  t r u n c a t i o n  a t  R = ± 3 ^  f o r  e a c h

r e s i s t a n c e .  I f  a  t h r e e - c e l l  e q u a l  a r e a  s e l e c t i o n

p r o c e s s  i s  u s e d ,  p„  „  f r o m  t h e  t a b l e  i n  A p p e n d i x  C
1 2

i s  e q u a l  t o  0 . 8 0 0 .  T h i s  means  t h a t  t h e r e  i s  a n  8 0 . 0 $  

r e d u c t i o n  i n  t h e  v a r i a n c e  o f  t h e  d i v i d e r  r a t i o  b e c a u s e  

o f  t h e  s e l e c t i o n  p r o c e s s .

I n  c o n c l u s i o n ,  i t .  i s  s e e n  t h a t  t h i s  m e th o d  p r o v i d e s  

a n  a s s e m b l y  p r o c e s s  w h i c h  i s  i n t e r m e d i a t e  b e t w e e n  e x a c t  

m a t c h i n g  o f  t h e  p a r a m e t e r  v a l u e s  o f  t h e  c o m p o n e n t s  and  a  

c o m p l e t e l y  ran d o m  m e th o d  o f  s e l e c t i o n .  The c h o i c e  o f  

t h e  s e l e c t i o n  m e th o d  i s  d e p e n d e n t  u p o n  s u c h  f a c t o r s  a s  t h e  

t o l e r a n c e s  a v a i l a b l e  i n  t h e  c o m p o n e n t s  t o  b e  u s e d ,  t h e  

r e l a t i v e  c o s t s  o f  t h e  s e l e c t i o n  p r o c e s s e s ,  and  t h e  t o l e r 

a n c e  r e q u i r e d  f o r  t h e  p e r f o r m a n c e  c r i t e r i a .



CHAPTER 8 :  DRIFT ANALYSIS OF ELECTRONIC SYSTEMS

8 - 1 .  I n t r o d u c t i o n

I n  S e c .  2 - 5 ,  t h e  d r i f t  o f  t h e  p a r a m e t e r s  o f  

e l e c t r o n i c  s y s t e m s  was d i s c u s s e d .  Now i f  t h e  p a r a m 

e t e r s  o f  a  s y s t e m  d r i f t ,  t h e n  s y s t e m  p e r f o r m a n c e  

c r i t e r i a  w h ic h  d e p e n d  on  t h e s e  p a r a m e t e r s  w i l l  a l s o  

d r i f t  ( R e f s . 4 0 ,  4 6 ,  4 7 ) .  The p u r p o s e  o f  t h i s  c h a p t e r  

i s  t o  a n a l y z e  t h i s  d r i f t  o f  t h e  s y s t e m  p e r f o r m a n c e  c r i 

t e r i a .  I n  o r d e r  t o  p e r f o r m  t h i s  a n a l y s i s ,  t h e  f i r s t  

s t e p  w i l l  be t o  d e r i v e  e x p r e s s i o n s  f o r  t h e  mean v a l u e s  

a n d  t h e  v a r i a n c e s  o f  t h e  m o d e l s  o f  S e c .  2 - 5 .  N e x t ,  

t h e  mean v a l u e  a n d  v a r i a n c e  o f  a  f u n c t i o n  o f  t h e s e  

p a r a m e t e r s  w i l l  be  o b t a i n e d .  T h e s e  r e s u l t s  w i l l  t h e n  

be u s e d  t o  s t u d y  t h e  e f f e c t  o f  p a r a m e t e r  d r i f t  on a 

n u m b e r  o f  e l e c t r o n i c  s y s t e m s .

I t  s h o u l d  a l s o  b e  n o t e d  t h a t  t h e  d r i f t  r a t e s  o f  

t h e  p a r a m e t e r s  o f  t h e  e l e c t r o n i c  s y s t e m s  t o  be  c o n 

s i d e r e d  i n  t h i s  c h a p t e r  a n d  i n  C h a p t e r  9 w i l l  be  a s 

sumed t o  be  e x t r e m e l y  s m a l l  f r a c t i o n s  o f  t h e  i n i t i a l  

mean v a l u e s  o f  t h e s e  p a r a m e t e r s  ( R e f s .  4 a n d  1 2 ) .

Some t y p i c a l  v a l u e s  f o r  t h e  d r i f t  r a t e s  o f  a  r e s i s t o r  

a r e  g i v e n  i n  t h e  t a b l e  o f  S e c .  2 - 5 .



8 - 2 .  Moments o f  S y s t e m  P a r a m e t e r s  aa  F u n c t i o n s  o f  Time

I n  t h i s  s e c t i o n ,  e x p r e s s i o n s  f o r  t h e  mean  v a l u e s  

a n d  t h e  v a r i a n c e s  o f  t h e  p a r a m e t e r  m o d e l s  o f  S e c .  2 - 5  

w i l l  be  d e r i v e d .  S i n c e  t h e s e  p a r a m e t e r s  a r e  v a r y i n g  

w i t h  t i m e ,  t h e i r  m eans  a n d  v a r i a n c e s  w i l l  a l s o  v a r y  

w i t h  t i m e .

F i r s t  o f  a l l ,  t h e  m ode l  g i v e n  by  E q .  ( 2 - 1 3 )  w i l l

b e  s t u d i e d .  T h i s  w i l l  be  done  w i t h  t h e  a s s u m p t i o n  t h a t

x . ( t )  may b e  a p p r o x i m a t e d  by  t h e  f i r s t  m + 1 t e r m s  o f  
J

t h e  s e r i e s  i n  E q .  ( 2 - 1 3 ) .  T h u s ,  x j ( t )  c a n  b e  w r i t t e n  a s

w h e r e  i t  s h o u l d  be  n o t e d  t h a t  t  i s  n o t  a  r a n d o m  v a r i 

a b l e .  A p p l i c a t i o n  o f  E q .  ( 3 - 7 )  y i e l d s  t h e  f o l l o w i n g

(8 - 1 )

Then  by  E q .  ( 3 - 6 )  t h e  mean v a l u e  o f  x j ( b )  i s

no
(8 - 2 )

e x p r e s s i o n  f o r  t h e  v a r i a n c e  o f  x ^ ( t ) :
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The l i n e a r  m o d e l  o f  E q .  ( 2 - 1 4 )  w i t h  no  c o r r e l a t i o n  b e -

h a n d l e d  by  l e t t i n g  m = 1 a n d  t h e  c o e f f i c i e n t s  o f  l i n e a r  

c o r r e l a t i o n  e q u a l  z e r o  i n  E q s .  ( 8 - 2 )  a n d  ( 8 - 3 ) .  T h i s  

g i v e s

I n  d e r i v i n g  E q .  ( 8 - 4 ) ,  i t  was  r e c a l l e d  t h a t  t h e  mean

8 - 3 .  Moments o f  a F u n c t i o n  o f  P a r a m e t e r s  t h a t  V a r y  

w i t h  Time

I n  t h i s  s e c t i o n ,  t h e  mean v a l u e  a n d  t h e  v a r i a n c e  

o f  t h e  f o l l o w i n g  f u n c t i o n  o f  p a r a m e t e r s  t h a t  d r i f t  w i l l  

be  o b t a i n e d :

t w e e n  t h e  i n i t i a l  v a l u e  a n d  d r i f t  r a t e  o f  x j ( t )  c a n  be

M x M  1 )
( 8 - 4 )

a n d

( 8 - 5 )

v a l u e  o f  a j 0 i s  u n i t y .

y(t) = g  X, It), lt);  x.(t) , xh(t) (8-6)

S u b s t i t u t i o n  o f  E q .  ( 8 - 1 )  i n  t h i s  e x p r e s s i o n  y i e l d s
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r _0 v -o

nr)

- A nc°) >  d ^ t  

T-o

.1) (8-7)

The mean v a l u e  o f  y ( t )  c a n  now b e  o b t a i n e d  b y  u s e  

o f  E q .  ( 3 - 6 ) .  T h i s  y i e l d s

A l t ) -3

m m m

Y ° r-° r °

m

V °

(8- 8 )

T h i s  r e s u l t  c a n  be  a p p l i e d  t o  t h e  l i n e a r  d r i f t  model  

b y  l e t t i n g  m = 1 .  T h i s  g i v e s

3 A K | f / y

(8 - 9 )
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A p p l i c a t i o n  o f  E q .  ( 3 - 7 )  t o  E q .  ( 8 - 7 )  show s  t h a t  

t h e  v a r i a n c e  o f  y ( t )  i s  g i v e n  by

it m a  n m-i m

i=i Y *  ^=1 $=° S3>fl

n - i  rr>-i n  m

+ 3 \  'X  X "  X ~  <r ( f  (8-10)

1=0 jN ^

w h e r e  a l l  t h e  d e r i v a t i v e s  a r e  e v a l u a t e d  a t  t h e  mean 

v a l u e s  o f  t h e  p a r a m e t e r s  f o r  t h e  d r i f t  m ode l  o f  y ( t ) .

I n  o b t a i n i n g  E q .  ( 8 - 1 0 )  i t  s h o u l d  be  n o t e d  t h a t  t h e  

s e c o n d  and  t h i r d  t e r m s  r e s p e c t i v e l y ,  o f  t h i s  e q u a t i o n  

r e p r e s e n t  t h e  c o r r e l a t i o n  b e t w e e n  t h e  a j  c o e f f i c i e n t s  

o f  a  c o m p o n e n t  and  t h e  c o r r e l a t i o n  b e t w e e n  t h e  c o 

e f f i c i e n t s  o f  t h e  v a r i o u s  c o m p o n e n t s .  The c o m p l e x i t y  

o f  t h e  e x p r e s s i o n  e m p h a s i z e s  t h e  n e e d  f o r  a  s i m p l i f i e d  

d r i f t  m ode l  i n  o r d e r  t o  o b t a i n  a n  e n g i n e e r i n g  s o l u t i o n  

t o  t h e  d r i f t  p r o b l e m .

The l i n e a r  m ode l  w i t h  no  c o r r e l a t i o n  among a n y  o f  

t h e  p a r a m e t e r s  c a n  be  h a n d l e d  b y  l e t t i n g  m = 1 a n d  a l l  

t h e  c o e f f i c i e n t s  o f  l i n e a r  c o r r e l a t i o n  e q u a l  z e r o
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i n  E q .  ( 8 - 1 0 ) .  T h i s  r e s u l t s  I n

n
2

(8 - 1 1 )<ry(t)= * a ; ,

8 - 4 .  R e s i s t o r s  I n  S e r i e s

I n  t h i s  s e c t i o n ,  t h e  a b o v e  t e c h n i q u e s  f o r  d e t e r 

m i n i n g  t h e  mean v a l u e s  a n d  v a r i a n c e s  o f  f u n c t i o n s  o f  

p a r a m e t e r s  t h a t  d r i f t  w i l l  b e  a p p l i e d  t o  t h e  s e r i e s  

c i r c u i t  o f  S e c .  4 - 2 .  I f  t h e  l i n e a r  m ode l  o f  E q .  ( 2 - 1 4 )  

I s  u s e d  f o r  e a c h  r e s i s t a n c e ,  t h e n  f r o m  E q .  ( 4 - 1 )  t h e  

r e s i s t a n c e  o f  t h e  s e r i e s  c i r c u i t  a s  a  f u n c t i o n  o f  t i m e  

i s

J-'

Use o f  E q .  ( 3 - 6 )  shows t h a t  t h e  mean v a l u e  o f  R ( t )  i s

n

I f ,  i n  a c c o r d a n c e  w i t h  t h e  d i s c u s s i o n  o f  S e c .  2 - 5 ,  i t  

i s  a s s u m e d  t h a t  t h e r e  i s  no  c o r r e l a t i o n  b e t w e e n  a n y  o f  

t h e  p a r a m e t e r s  o f  t h e  m o d e l  o f  E q .  ( 8 - 1 2 ) ,  t h e n  E q .  

( 3 - 7 )  show s  t h a t  t h e  v a r i a n c e  o f  R ( t )  I s  g i v e n  by

n

(8 - 1 2 )

( 8 - 1 3 )



102

n

( 8 - 1 4 )

T h e s e  r e s u l t s  show t h a t  t h e  d i r e c t i o n  o f  t h e  d r i f t  

o f  t h e  mean v a l u e  o f  t h e  s e r i e s  r e s i s t a n c e  w i l l  d e p e n d  

on  t h e  s i g n s  o f  t h e  d r i f t  r a t e s  o f  t h e  i n d i v i d u a l  r e 

s i s t o r s .  On t h e  o t h e r  h a n d ,  h o w e v e r ,  t h e  v a r i a n c e  o f  

R ( t )  w i l l  a l w a y s  i n c r e a s e  w i t h  t i m e .

8 - 5 .  V o l t a g e  D i v i d e r

The t e c h n i q u e s  o f  S e c .  8 - 3  w i l l  now be a p p l i e d  t o  

t h e  v o l t a g e  d i v i d e r  d i s c u s s e d  i n  S e c .  4 - 3 .  I f  t h e  

l i n e a r  m o d e l  o f  Eq .  ( 2 —1 4 )  i s  a g a i n  u s e d  f o r  t h e  r e 

s i s t o r s ,  t h e n  t h e  d i v i d e r  r a t i o ,  a s  g i v e n  by  E q .  ( 4 - 5 ) ,  

beco m es

By a p p l i c a t i o n  o f  E q .  ( 3 - 6 )  t h e  mean  v a l u e  o f  t h i s  

d i v i d e r  r a t i o  i s

P / t M aP
( 8 - 1 5 )

(8 - 1 6 )
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W i t h  t h e  a s s u m p t i o n  t h a t  t h e r e  i s  no c o r r e l a t i o n  b e 

t w e e n  a n y  o f  t h e  p a r a m e t e r s  i n  E q .  ( 8 - 1 5 )>  E q .  ( 3 - 7 )  

shows t h a t  t h e  v a r i a n c e  o f  t h e  d i v i d e r  r a t i o  i s

w h e r e  t h e  p a r t i a l  d e r i v a t i v e s  a r e  e v a l u a t e d  a t  t h e  

mean v a l u e s  o f  t h e  p a r a m e t e r s  i n  E q .  ( 8 - 1 5 ) .  I f  t h e s e  

o p e r a t i o n s  a r e  c a r r i e d  o u t ,  t h e  r e s u l t  i s

(T r=-----7--------- --------------;------------------  ( 8 - 1 7 )

I n s p e c t i o n  o f  t h e  e x p r e s s i o n s  f o r  t h e  mean v a l u e  

a n d  t h e  v a r i a n c e  o f  t h e  d i v i d e r  r a t i o  show s  b o t h  o f  

t h e s e  q u a n t i t i e s  may d r i f t  i n  e i t h e r  d i r e c t i o n ,  d e 

p e n d i n g  u p o n  t h e  m a g n i t u d e s  a n d  t h e  s i g n s  o f  t h e  v a r i 

ous  p a r a m e t e r s  i n  t h e s e  e q u a t i o n s .  A more  d e t a i l e d  

s t u d y  o f  t h e s e  e x p r e s s i o n s  w i l l  be  made i n  C h a p t e r  9 .

8 - 6 .  S i n g l e  Loop F e e d b a c k  A m p l i f i e r  S y s t e m

As a n  e x a m p le  o f  t h e  a p p l i c a t i o n  o f  d r i f t  a n a l y s i s  

t o  a  f e e d b a c k  s y s t e m ,  t h e  d r i f t  o f  t h e  s i n g l e  l o o p  

f e e d b a c k  a m p l i f i e r  s y s t e m  o f  S e c .  4 - 6  w i l l  now be  

a n a l y z e d .  The p r i m a r y  o b j e c t  o f  t h i s  a n a l y s i s  i s  t o



o b t a i n  e x p r e s s i o n s  w h i c h  w i l l  be  u s e f u l  i n  t h e  d e s i g n  

m e th o d s  t o  b e  d e v e l o p e d  i n  C h a p t e r  9 .  T h e r e f o r e ,  

c o n s i s t e n t  w i t h  t h e  r e m a r k s  o f  S e c .  2 - 5 ,  t h e  l i n e a r  

m ode l  o f  E q .  ( 2 - 1 4 )  w i l l  be  u s e d  t o  r e p r e s e n t  t h e  

d r i f t  o f  b o t h  t h e  g a i n  o f  t h e  a m p l i f i e r  w i t h o u t  f e e d 

b a c k  a n d  t h e  f r a c t i o n  o f  t h e  o u t p u t  w h i c h  i s  f e d b a c k .

I n  a d d i t i o n ,  I t  w i l l  b e  a s s u m e d  t h a t  t h e r e  i s  no  c o r r e 

l a t i o n  among a n y  o f  t h e  p a r a m e t e r s  I n  t h e  d r i f t  model  

o f  t h e  s y s t e m .

I f  t h e  m ode l  o f  E q .  ( 2 - 1 4 )  I s  now a p p l i e d  t o  

E q ,  ( 4 - 1 9 ) ,  t h e  d r i f t  m ode l  o f  t h e  s y s t e m  b e co m e s

K' tt )  = / - ^  0»/£COJ (Qao I %  t ) ( %  +

(°) (^Ao * ^Al ̂  ) (8 - 1 8 )

The mean v a l u e  o f  t h i s  g a i n  o b t a i n e d  by  u s e  o f  

E q .  ( 3 - 6 )  I s

( 8 - 1 9 )

E q .  (3 ~ 7 )  shows t h a t  t h e  v a r i a n c e  o f  Kv c a n  b e  e x 

p r e s s e d  a s



10^

w h e re  e a c h  o f  t h e  d e r i v a t i v e s  i s  e v a l u a t e d  a t  t h e  mean 

v a l u e s  o f  t h e  s y s t e m  d r i f t  m ode l  p a r a m e t e r s .  Prom 

t h i s  e x p r e s s i o n  t h e  v a r i a n c e  o f  t h e  o v e r a l l  v o l t a g e  

g a i n  o f  t h e  s y s t e m  b e co m e s

r y , - ; U ^ ^ ^  ̂ ^  ^  (8-20) 
K'  " A [ i - 4 ,

The a b o v e  r e s u l t s  show t h a t  b o t h  t h e  mean v a l u e  

a n d  t h e  v a r i a n c e  o f  t h e  o v e r a l l  v o l t a g e  g a i n  may e i t h e r  

i n c r e a s e  o r  d e c r e a s e  w i t h  t i m e ,  d e p e n d i n g  on t h e  v a l u e s  

o f  t h e  p a r a m e t e r s  o f  t h e  s y s t e m  d r i f t  m o d e l .  T h e s e  e x 

p r e s s i o n s  f o r  t h e  mean v a l u e  a n d  t h e  v a r i a n c e  w i l l  be 

a n a l y z e d  i n  more d e t a i l  i n  C h a p t e r  9 i n  c o n n e c t i o n  w i t h  

d e s i g n  t o  l i m i t  t h e  d r i f t  o f  t h e  s y s t e m  p e r f o r m a n c e  

c r i t e r i a .



CHAPTER 9 :  PREVENTING DRIFT OF THE

PERFORMANCE CRITERIA OF ELECTRONIC SYSTEMS

9 - 1 .  I n t r o d u c t i o n

I n  S e c .  5 -1  > i t  was  n o t e d  t h a t  a n  e l e c t r o n i c  

s y s t e m  I s  g e n e r a l l y  d e s i g n e d  s o  t h a t  t h e  mean v a l u e s  

o f  t h e  s y s t e m  p e r f o r m a n c e  c r i t e r i a  h a v e  t h e  v a l u e s  

c a l l e d  f o r  I n  t h e  s y s t e m  s p e c i f i c a t i o n s .  I n  a d d i t i o n ,

I t  was  s e e n  t h a t  t h e  p r o b a b i l i t i e s  o f  t h e  p e r f o r m a n c e  

c r i t e r i a  b e i n g  o u t  o f  t o l e r a n c e  s h o u l d  be made a s  

s m a l l  a s  p o s s i b l e  b y  m i n i m i z i n g  t h e  v a r i a n c e  o f  t h e s e  

c r i t e r i a .

Now i n  C h a p t e r  8 ,  i t  was f o u n d  t h a t ,  due  t o  t h e  

d r i f t  o f  t h e  s y s t e m  p a r a m e t e r s ,  t h e  mean v a l u e s  and  

t h e  v a r i a n c e s  o f  t h e  s y s t e m  p e r f o r m a n c e  c r i t e r i a  v a r y  

w i t h  t i m e .  Thus  t h e  s y s t e m  s h o u l d  be  d e s i g n e d  so  

t h a t  t h e s e  t i m e  v a r i a t i o n s  do n o t  c a u s e  t h e  p r o b a b i l i 

t i e s  o f  t h e  s y s t e m  p e r f o r m a n c e  c r i t e r i a  b e i n g  o u t  o f  

t o l e r a n c e  t o  i n c r e a s e  w i t h  t i m e  - i n  f a c t ,  a  d e c r e a s e  

w i t h  t i m e  w o u ld  be  d e s i r a b l e .  T h i s  c a n  b e  a c c o m p l i s h e d  

i f 1 t h e  mean v a l u e s  o f  t h e  c r i t e r i a  a r e  h e l d  c o n s t a n t

'*‘I f  t h e  d r i f t  o f  a  p e r f o r m a n c e  c r i t e r i o n  i n  a  p a r t i c u l a r  
d i r e c t i o n  c a n n o t  be  p r e v e n t e d ,  i t  i s  o f t e n  c o m p e n s a t e d  
f o r  b y  b i a s i n g  t h e  i n i t i a l  v a l u e  o f  t h i s  c r i t e r i o n  i n  
t h e  d i r e c t i o n  o p p o s i t e  t o  t h e  d r i f t  ( R e f .  5 0 ) .
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w i t h  t i m e  w h i l e  t h e  v a r i a n c e s  o f  t h e  c r i t e r i a  a r e  

p r e v e n t e d  f r o m  i n c r e a s i n g  w i t h  t i m e .

The a p p r o a c h  i n  t h i s  c h a p t e r  w i l l  h e  t o  d e v i s e  

t e c h n i q u e s  f o r  a c h i e v i n g  t h e  a b o v e  g o a l s  by  w o r k i n g  

w i t h  a  n u m b e r  o f  e l e m e n t a r y  f u n c t i o n s  w h o se  p a r a m e t e r s  

v a r y  w i t h  t i m e .  T h e s e  t e c h n i q u e s  w i l l  t h e n  b e  a p p l i e d  

t o  a  n u m b e r  o f  e l e c t r o n i c  s y s t e m s .  I n  a l l  c a s e s ,  t h e  

l i n e a r  m o d e l  o f  E q .  ( 2 - 1 4 )  w i l l  be  c o n s i d e r e d  t o  be 

v a l i d .  I n  a d d i t i o n ,  i t  w i l l  be  a s s u m e d  t h a t  t h e r e  i s  

no  c o r r e l a t i o n  among a n y  o f  t h e  i n i t i a l  v a l u e s  o f  t h e  

s y s t e m  p a r a m e t e r s  an d  t h e  p a r a m e t e r  d r i f t  r a t e s  

( R e f .  4 t ) .

9 - 2 .  L i n e a r  F u n c t i o n s

I n  t h i s  s e c t i o n ,  t h e  f o l l o w i n g  l i n e a r  f u n c t i o n  o f  

t i m e - v a r y i n g  p a r a m e t e r s  w i l l  be  c o n s i d e r e d :

w h e r e  t h e  b ' s  a r e  c o n s t a n t s .  I f  t h e  x . ( t ) fs a r e

g i v e n  b y  E q .  ( 2 - 1 4 ) ,  t h e n  y ( t )  c a n  be  w r i t t e n  a s

n

( 9 - 1 )

n

(9 -2 )
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A p p l i c a t i o n  o f  E q .  ( 3 - 6 )  t o  t h i s  e x p r e s s i o n  y i e l d s  t h e  

f o l l o w i n g  e q u a t i o n  f o r  t h e  mean v a l u e  o f  y ( t ) :

n

/UyM = ̂  (9-3)

The v a r i a n c e  o f  y ( t )  c a n  be  o b t a i n e d  b y  u s e  o f  E q .  ( 3 - 7 )  

T h i s  g i v e s

n

o - 1*)

4=1

Now i f  t h e  mean v a l u e  o f  y ( t )  i s  t o  r e m a i n  c o n 

s t a n t  a t  i t s  i n i t i a l  v a l u e ,  t h e n  f r o m  E q .  ( 9 - 3 )  t h i s  

r e q u i r e s  t h a t

b ^ x.(o )(l+/Vt)= (9' 5)
H

o r

4 " 1

Thus  t h e  mean v a l u e  o f  y ( t )  c a n  be  h e l d  c o n s t a n t  a t  i t s  

i n i t i a l  v a l u e ,  i f  t h e  d r i f t  r a t e s  o f  t h e  p a r a m e t e r s  a r e  

s u c h  t h a t  E q .  ( 9 - 6 )  i s  s a t i s f i e d .  I n s p e c t i o n  o f  

E q .  ( 9 - 4 ) ,  h o w e v e r ,  r e v e a l s  t h a t  no  c o m b i n a t i o n  o f



p a r a m e t e r  v a r i a n c e s  a n d  d r i f t  r a t e s  w i l l  p r e v e n t  t h e  

v a r i a n c e  o f  y ( t )  f r o m  i n c r e a s i n g  w i t h  t i m e .  Hence  

i t  i s  i m p o r t a n t  t h a t  v a r i a n c e  m i n i m i z a t i o n  be  u s e d  t o  

make t h e  i n i t i a l  v a r i a n c e  a s  s m a l l  a s  p o s s i b l e .

9 - 3 .  P r o d u c t  F u n c t i o n s

The f o l l o w i n g  f u n c t i o n ,  c o n s i s t i n g  o f  t h e  p r o d u c t  

o f  n r a n d o m l y  d i s t r i b u t e d  v a r i a b l e s  w h i c h  v a r y  w i t h  

t i m e ,  w i l l  be  s t u d i e d  n e x t :

A p p l i c a t i o n  o f  E q .  ( 3 - 7 )  t o  E q .  ( 9 - 8 )  shows t h a t

n

y(t)= V t ) ( 9 - 7 )

r-i

S i n c e  i t  w i l l  be  a s s u m e d  t h a t  x j ( fc) l s  g i v e n  by  

E q .  ( 2 - 1 4 ) ,  t h i s  e x p r e s s i o n  c a n  be  w r i t t e n  a s

n

( 9 - 8 )

Now by  E q .  ( 3 - 6 )  t h e  mean v a l u e  o f  y ( t )  i s

n

( 9 - 9 )

<H
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f r o m  w h i c h  t h e  v a r i a n c e  o f  y ( t )  i s  s e e n  t o  he

r f / o)K + ^ )  s M ' + a j ) ( 9 - 1 0 )
t -

I n  o r d e r  t o  d e t e r m i n e  u n d e r  w h a t  c o n d i t i o n s  t h e  

mean v a l u e  o f  y ( t )  w i l l  r e m a i n  c o n s t a n t  w i t h  t i m e ,  

p. ( t )  w i l l  be  a p p r o x i m a t e d  a s  f o l l o w s :
y

n h

/ J y  (t) f t P x / o ) +'

r

n

X*\

Ma t
XI

( 9 - 1 1 )

I n  w r i t i n g  t h i s  e x p r e s s i o n ,  i t  was a s s u m e d  t h a t  t h o s e  

t e r m s  i n v o l v i n g  t h e  p r o d u c t  o f  m ore  t h a n  o n e  u ,  t

t y p e  f a c t o r  c o u l d  be  n e g l e c t e d .  T h i s  g e n e r a l l y  c a n  be 

do n e  i f  t h e  p a r a m e t e r  d r i f t s  o n l y  a  s m a l l  p e r c e n t a g e  

o f  i t s  i n i t i a l  v a l u e  d u r i n g  t h e  p e r i o d  o f  i n t e r e s t .

Now on t h e  b a s i s  o f  E q .  ( 9 - 1 1 ) ,  |_i ( t )  w i l l  r e m a i n
Ct

c o n s t a n t  a t  i t s  i n i t i a l  v a l u e  i f

(0)



Thus i f  t h e  s u m m a t i o n  o f  t h e  mean v a l u e s  o f  a l l  t h e  

p a r a m e t e r  d r i f t  r a t e s  i s  z e r o ,  t h e  mean v a l u e  o f  y ( t )  

w i l l  n o t  d r i f t .

I n s p e c t i o n  o f  E q .  ( 9 - 1 0 )  shows t h a t  t h e r e  a r e

two b i n o m i a l  f a c t o r s  w h i c h  a f f e c t  t h e  d r i f t  o f  t h e

v a r i a n c e  o f  y ( t ) .  The f i r s t  o f  t h e s e  n e c e s s a r i l y

i n c r e a s e s  i n  m a g n i t u d e  w i t h  t i m e .  The s e c o n d  f a c t o r

w i l l  d e c r e a s e  w i t h  t i m e  i f  u i s  n e g a t i v e .  W h e t h e r

, J 1o r  n o t  t h e  v a r i a n c e  o f  y ( t )  I n c r e a s e s  o r  d e c r e a s e s  

w i t h  t i m e ,  i f  l s  n e g a t i v e  f o r  a t  l e a s t  some

c o m p o n e n t s ,  d e p e n d s  on  t h e  r e l a t i v e  m a g n i t u d e s  o f  a l l  

t h e  p a r a m e t e r s  i n  E q .  ( 9 - 1 0 ) .  I n  a n y  e v e n t ,  i t  i s  

d e s i r a b l e ,  f r o m  t h e  s t a n d p o i n t  o f  k e e p i n g  t h e  v a r i 

a n c e  o f  y ( t )  s m a l l ,  t o  make a s  many a s  p o s s i b l e  o f  

t h e  mean v a l u e s  o f  t h e  c o m p o n e n t  d r i f t  r a t e s  n e g a t i v e .

9 - 4 .  Q u o t i e n t  F u n c t i o n s

A q u o t i e n t  f u n c t i o n  o f  t h e  f o l l o w i n g  f o r m  w i l l  

now be  c o n s i d e r e d :
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YU) - w
( 9 - 1 3 )

X/lt)

J=ru- i

I f  x j ( t )  a n d ^  ( t )  a r e  r e p r e s e n t e d  by  t h e  m ode l  o f  

E q .  ( 2 - 1 4 ) ,  t h e n  t h i s  f u n c t i o n  c a n  be  w r i t t e n  a s

Y(t) =
r-'
w

X~ hn

From E q .  ( 3 - 6 )  t h e  mean v a l u e  o f  y ( t )  i s

n

-I- M a ^

*='
w

( 9 - 1 4 )

( 9 - 1 5 )

The v a r i a n c e  o f  y ( t )  c a n  b y  a p p l i c a t i o n  o f  E q .  ( 3 - 7 )  

be  e x p r e s s e d  a s
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n?lL\ _  I  ̂ 4. / a 7 ( t ) \ V

1 ~ U a jo) ai» U ° j i  ) a<|  I s v ) ° i o  l s a j i ) ^

w h e r e  t h e  d e r i v a t i v e s  a r e  e v a l u a t e d  a t  t h e  mean v a l u e s  

o f  t h e  p a r a m e t e r s  i n  E q .  ( 9 - 1 ^ ) .  Prom t h i s  e x p r e s s i o n  

t h e  v a r i a n c e  o f  y ( t )  i s

T T / v ^ A *

w

L/=nu

<£J o
a

O - ^ V )  T T X M ' ^ n 4
r=nvi

w a a.
5 u l _

J N «  f l X C0)(l+ /V )
r = n vi



o r

111;

<$*)■
1=1

Vs» *

w

TTxiwf'^O
J =nu  ;  ; |

a

T T ^ w ( i + > i a j t )  *  ^  + ( r» t
-P1 \  Jo a ii

? Z. 0+/̂ ' (9- 16)

r=rui
t

Now i f  t h e  mean v a l u e  o f  y ( t )  i s  t o  r e m a i n  c o n 

s t a n t  a t  I t s  I n i t i a l  v a l u e ,  i t  I s  s e e n  f r o m  E q .  ( 9 - 1 5 )  

t h a t

TTa W  i+ A , ,t) t i X w
i=l

w

4=fl+-l
I | P'Xj, 

Jf=n+.

( 9 - 1 7 )

By I n s p e c t i o n ,  E q .  ( 9 - 1 7 )  w i l l  be  s a t i s f i e d  i f  

n n
T T m ^ a ,

______

w

41 T l X w
(9-18)

TT/y°v% TTV>
j(=nH i=n+i
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o r

n  n

n x - -  n > %  ( 9 - i 9 )
j = i  41 j ( = n t i

I f  t h e  r e l a t i o n s h i p  among t h e  mean v a l u e s  o f  t h e  d r i f t  

r a t e s  g i v e n  by  E q .  ( 9 - 1 9 )  c a n  be  s a t i s f i e d ,  t h e n  t h e  

mean v a l u e  o f  y ( t )  w i l l  n o t  d r i f t .

I n s p e c t i o n  o f  E q .  ( 9 - 1 6 )  shows t h a t  i f  t h e  v a r i 

a n c e  o f  y ( t )  i s  t o  be  k e p t  a s  s m a l l  a s  p o s s i b l e  a t  a l l  

t im e s ,  t h e n  t h e  mean v a l u e s  o f  t h e  d r i f t  r a t e s  o f  t h e  

p a r a m e t e r s  i n  t h e  n u m e r a t o r  o f  Eq ,  ( 9 - 1 3 )  s h o u l d  be 

n e g a t i v e  a n d  t h e  mean v a l u e s  o f  t h e  d r i f t  r a t e s  o f  

t h e  p a r a m e t e r s  i n  t h e  d e n o m i n a t o r  o f  t h i s  e q u a t i o n  

s h o u l d  be  p o s i t i v e .  W h i l e  i t  may n o t  be  f e a s i b l e  t o  

s a t i s f y  t h e s e  c o n d i t i o n s  f o r  a l l  t h e  p a r a m e t e r s ,  t h e y  

s h o u l d  be  m e t  f o r  a s  many p a r a m e t e r s  a s  p o s s i b l e .  I t  

a l s o  s h o u l d  be  n o t e d  t h a t  s a t i s f y i n g  t h e s e  c o n d i t i o n s  

d o e s  n o t  i n s u r e  t h a t  t h e  v a r i a n c e  o f  y ( t )  w i l l  n o t  

i n c r e a s e  w i t h  t i m e  b u t  a t  l e a s t  i f  t h e s e  c o n d i t i o n s  

a r e  m e t ,  t h e  t e n d e n c y  f o r  a ( t )  t o  i n c r e a s e  w i t h
y

t i m e  w i l l  b e  k e p t  a t  a  minimum.
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9 - 5 .  R e s i s t o r s  I n  S e r i e s

The a b o v e  t e c h n i q u e s  w i l l  now b e  a p p l i e d  t o  t h e  

c i r c u i t  o f  S e c .  4 - 2  c o n s i s t i n g  o f  n r e s i s t o r s  i n  

s e r i e s .  The e x p r e s s i o n s  f o r  t h e  mean a n d  t h e  v a r i 

a n c e  o f  t h e  s e r i e s  r e s i s t a n c e  a s  a  f u n c t i o n  o f  t i m e  

o f  t h i s  c i r c u i t  a r e  g i v e n  b y  E q s .  ( 8 - 1 3 )  a n d  ( 8 - l 4 ) ,  

r e s p e c t i v e l y .

S i n c e  t h e  s e r i e s  r e s i s t a n c e  i s  a  l i n e a r  f u n c t i o n  

o f  t h e  i n d i v i d u a l  r e s i s t a n c e s ,  t h e  r e s u l t s  o f  t h e  

l i n e a r  f u n c t i o n  a n a l y s i s  o f  S e c .  9 - 2  may be a p p l i e d  

h e r e .  C o m p a r i s o n  o f  E q s .  ( 8 - 1 3 ) ,  ( 9 - 3 ) ,  a n d  ( 9 - 6 )  

r e v e a l s  t h a t  i f  t h e  mean  v a l u e  o f  t h e  s e r i e s  r e s i s t 

a n c e  i s  t o  r e m a i n  c o n s t a n t ,  t h e n  t h e  d r i f t  r a t e s  o f  

t h e  i n d i v i d u a l  r e s i s t a n c e s  m u s t  m e e t  t h e  f o l l o w i n g  

c o n d i t i o n :

On t h e  o t h e r  h a n d ,  a s  was n o t e d  i n  S e c .  9 - 2 ,  i t  i s  

n o t  p o s s i b l e  t o  p r e v e n t  t h e  v a r i a n c e  o f  a  l i n e a r  

f u n c t i o n  f r o m  i n c r e a s i n g  w i t h  t i m e  by  p r o p e r  c h o i c e  

o f  t h e  p a r a m e t e r  d r i f t  r a t e s .  H ence  i t  i s  d o u b l y  

I m p o r t a n t  t h a t  t h e  i n i t i a l  v a r i a n c e  o f  t h e  s e r i e s  

r e s i s t a n c e  be  a s  s m a l l  a s  p o s s i b l e .  Thus  t h e

n

(9 - 2 0 )
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p r o c e d u r e  o f  S e c .  6 - 2  s h o u l d  b e  u s e d  t o  m i n i m i z e  t h i s  

v a r i a n c e .

9 - 6  C o n t r o l l i n g  t h e  D r i f t  R a t e s  o f  R e s i s t a n c e s

Prom t h e  c o n d i t i o n  s t a t e d  b y  E q .  . ( 9 - 2 0 ) ,  i t  i s  s e e n  

t h a t  i t  i s  i m p o r t a n t  t o  b e  a b l e  t o  c o n t r o l  t h e  d r i f t  

r a t e s  o f  r e s i s t a n c e s .  I n  c o n s i d e r i n g  m e th o d s  o f  a d j u s 

t i n g  t h e  d r i f t  r a t e s  o f  r e s i s t a n c e s ,  i t  s h o u l d  b e  n o t e d  

t h a t  a t  c o n s t a n t  a m b i e n t  t e m p e r a t u r e  t h e  r a t e  o f  d r i f t  o f  

a  r e s i s t a n c e  d e p e n d s  on  t h e  t y p e  r e s i s t o r  and  t h e  p e r c e n 

t a g e  o f  i t s  r a t e d  power  t a k e n  b y  t h e  r e s i s t o r  ( R e f .  33,  

lj.1 and  4.6 ) .

Now f o r  t h e  s e r i e s  c i r c u i t  o f  S e c .  9 - 7 ,  t h e  same 

c u r r e n t  f l o w s  t h r o u g h  e a c h  r e s i s t a n c e .  Thus o n c e  t h e  

mean v a l u e s  o f  t h e  r e s i s t a n c e s  a r e  d e t e r m i n e d  (b y  s a y ,  

t h e  v a r i a n c e  m i n i m i z a t i o n  c o n d i t i o n s ) ,  t h e  am ount  o f  pow er  

e a c h  r e s i s t o r  t a k e s  w i t h  r e s p e c t  t o  t h e  o t h e r  r e s i s t o r s  

i s  f i x e d .  Hence  t h e  d r i f t  r a t e s  m u s t  b e  a d j u s t e d  b y  

s e l e c t i o n  o f  t h e  t y p e s  o f  r e s i s t o r s  u s e d  and  t h e  p e r c e n 

t a g e s  o f  r a t e d  power t a k e n  b y  t h e  r e s i s t o r s .  T h i s  

l a t t e r  f a c t o r  c a n  b e  c o n t r o l l e d  b y  c h o o s i n g  r e s i s t o r s  w i t h  

t h e  p r o p e r  w a t t a g e  r a t i n g .  Thus  i f  two r e s i s t o r s  o f  t h e  

same t y p e  a r e  c o n n e c t e d  i n  s e r i e s  and  o n e  r e s i s t a n c e  i s  

t w i c e  t h e  o t h e r  t h e n ,  a s  h a s  b e e n  d e t e r m i n e d  b y  o t h e r  

m e t h o d s ,  t h e  l a r g e r  r e s i s t a n c e  s h o u l d  h a v e  t w i c e  t h e  p o w er  

r a t i n g  o f  t h e  s m a l l e r  o n e .
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9 - 7 .  V o l t a g e  D i v i d e r

As a  s e c o n d  I l l u s t r a t i o n  o f  t h e  t e c h n i q u e s  f o r  

p r e v e n t i n g  t h e  d r i f t  o f  t h e  p e r f o r m a n c e  c r i t e r i o n  o f  

a n  e l e c t r o n i c  s y s t e m ,  t h e  d i v i d e r  r a t i o  o f  a  r e s i s t i v e  

v o l t a g e  d i v i d e r  w i l l  be  c o n s i d e r e d .  T h i s  c i r c u i t  

was f i r s t  d i s c u s s e d  i n  S e c .  4 - 3  a n d  t h e  d r i f t  o f  t h e  

d i v i d e r  r a t i o  was a n a l y z e d  i n  S e c .  8 - 5 .

I f  t h e  mean v a l u e  o f  t h e  d i v i d e r  r a t i o  i s  t o  r e 

m a in  c o n s t a n t ,  t h e n  f r o m  E q .  ( 8 - 1 6 )  t h e  f o l l o w i n g  

r e l a t i o n s h i p  m u s t  h o l d :

 ^  M 0)  2 1 )

P g i f 0 , ( l  1 - p a j )

T h i s  i s  e q u i v a l e n t  t o  w r i t i n g

A (0) - V  \  u ^ ° ] * ^ l0)

w h i c h  u p o n  s i m p l i f i c a t i o n  y i e l d s

/ V  A . ,  ( 9 ‘ 2 2 )

T h e r e f o r e ,  d r i f t  o f  t h e  mean v a l u e  o f  t h e  d i v i d e r  

r a t i o  c a n  be  p r e v e n t e d ,  i f  b o t h  o f  t h e  r e s i s t o r s  h a v e  

t h e  same d r i f t  r a t e .
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Now, I f  t h e  r e s i s t o r s  a r e  o f  t h e  same t y p e  a n d

p o w e r  r a t i n g ,  E q .  ( 9 - 2 2 )  w i l l  be  s a t i s f i e d  when b o t h

r e s i s t o r s  t a k e  t h e  same a m o u n t  o f  p o w e r .  T h i s  o c c u r s

o n l y  I f  t h e  two r e s i s t a n c e s  a r e  e q u a l ,  w h i c h  means

t h a t  t h e  d i v i d e r  r a t i o  m u s t  be  0 . 5 .  The c o n d i t i o n

s t a t e d  by  E q .  ( 9 - 2 2 )  c a n  be  m e t ,  h o w e v e r ,  e v e n  I f  t h e

d i v i d e r  r a t i o  i s  n o t  0 .5 *  by  u s i n g  d i f f e r e n t  t y p e s  o f

r e s i s t o r s  f o r  a n d  Rg a n d / o r  by  u s i n g  a  r e s i s t o r

w i t h  a  l a r g e r  p o w e r  r a t i n g  f o r  t h e  l a r g e r  r e s i s t a n c e .

F o r  e x a m p l e ,  i f  I s  t o  be  0 . 1  t h e n  f r o m  E q .  ( 4 - 6 )
v

ll_ , m, m u s t  be  9 .  H ence  R, t a k e s  9 t i m e s  t h e  a m o u n t  
1 2

o f  p o w e r  t h a t  Rg d o e s .  Thus  i n  t h i s  c a s e ,  E q .  ( 9 - 2 2 )  

c a n  be  a p p r o x i m a t e l y  s a t i s f i e d  i f  R-̂  i s  a  t w o - w a t t  

r e s i s t o r  a n d  Rg i s  1 / 4 - w a t t  r e s i s t o r  o f  t h e  same t y p e j  

p r o v i d e d ,  o f  c o u r s e ,  t h a t  t h e  i n p u t  v o l t a g e  i s  s u c h  

t h a t  n e i t h e r  r e s i s t o r  t a k e s  more t h a n  i t s  r a t e d  a m o u n t  

o f  p o w e r .

The c o n d i t i o n s  u n d e r  w h i c h  t h e  v a r i a n c e  o f  t h e  

d i v i d e r  r a t i o  w i l l  n o t  i n c r e a s e  w i t h  t i m e  w i l l  now be  

f o u n d .  I n  p e r f o r m i n g  t h i s  a n a l y s i s ,  i t  w i l l  b e  a s 

sumed t h a t  t h e  d r i f t  r a t e s  o f  b o t h  r e s i s t o r s  a r e  

e q u a l j  i . e . ,  E q .  ( 9 - 2 2 )  i s  s a t i s f i e d .  I n  a d d i t i o n ,  

i t  w i l l  be  a s s u m e d  t h a t



a n d  t h a t

°k  = <£ ( 9 - 2 4 )a 10 a^o

The a s s u m p t i o n  o f  E q .  ( 9 - 2 4 )  r e a l l y  a m o u n t s  t o  s a y i n g  

t h a t  t h e  s t a n d a r d  d e v i a t i o n  t o  mean r a t i o s  f o r  a n d  

Rg a r e  e q u a l  ( s e e  F o o t n o t e  No. 1 ,  C h a p t e r  2 ) .

U s i n g  E q s .  ( 9 - 2 2 ) ,  ( 9 - 2 3 ) ,  a n d  ( 9 - 2 4 )  i n  E q .  ( 8 - 1 7 )  

r e s u l t s  i n

o r  by E q .  ( 4 - 6 )

Now s i n c e  (i„ ( t )  i s  b e i n g  h e l d  c o n s t a n t ,  t h i s  v a r i -  
v

a n c e  w i l l  n o t  r i s e  a b o v e  i t s  i n i t i a l  v a l u e  i f
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T h i s  l a s t  e x p r e s s i o n  may a l s o  be  w r i t t e n  a s

a  <*a
<5 2  — r ,  " '  ( 9 - 2 6 )

S i n c e  t h e  d r i f t  r a t e s  o f  t h e  p a r a m e t e r s  a r e  a s s u m e d

t o  be  e x t r e m e l y  s m a l l  f r a c t i o n s  o f  t h e  r e s p e c t i v e

i n i t i a l  v a l u e s  o f  t h e  p a r a m e t e r s ,  t h e r e  i s  no d a n g e r

o f  t h e  d e n o m i n a t o r  o f  E q .  ( 9 - 2 6 )  g o i n g  t o  z e r o  i f

p_ i s  n e g a t i v e .  From t h e  s t a n d p o i n t  o f  k e e p i n g  
a l l

O
( t )  s m a l l ,  h o w e v e r ,  i t  c a n  be s e e n  f r o m  E q .  ( 9 - 2 5 )

Kv
t h a t  i t  i s  d e s i r a b l e  t o  make u  p o s i t i v e .  R e g a r d l e s s

a l l
o f  t h e  s i g n  o f  p , E q .  ( 9 - 2 6 ) w i l l  be  m o s t  d i f f i c u l t

a l l
t o  s a t i s f y  when t  a s s u m e s  i t s  l a r g e s t  v a l u e  o f  i n t e r 

e s t .  Thus  i f  t h e  i n e q u a l i t y  o f  E q .  ( 9 - 2 6 )  h o l d s  a t  

t h i s  v a l u e  o f  t ,  t h e  v a r i a n c e  o f  t h e  d i v i d e r  r a t i o  

w i l l  n e v e r  r i s e  a b o v e  i t s  i n i t i a l  v a l u e  d u r i n g  t h e  

u s e f u l  l i f e  o f  t h e  s y s t e m .

9 - 8 .  S i n g l e  Loop F e e d b a c k  A m p l i f i e r  S y s t e m

I n  t h i s  s e c t i o n ,  m e t h o d s  o f  p r e v e n t i n g  t h e  d r i f t  

o f  t h e  o v e r a l l  v o l t a g e  g a i n  o f  a  f e e d b a c k  a m p l i f i e r  

w i l l  be  c o n s i d e r e d .  T h i s  same s y s t e m  was  d i s c u s s e d  i n  

S e c .  4 - 6  a n d  e x p r e s s i o n s  f o r  t h e  mean v a l u e  a n d  t h e  

v a r i a n c e  o f  i t s  o v e r a l l  v o l t a g e  g a i n  a s  ' f u n c t i o n s  o f
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t i m e  w e re  d e v e l o p e d  I n  S e c .  8 - 6 .

I f  t h e  mean v a l u e  o f  t h e  o v e r a l l  v o l t a g e  g a i n  o f  

t h e  a m p l i f i e r  i s  t o  r e m a i n  c o n s t a n t  a t  i t s  i n i t i a l  

v a l u e ,  t h e n  f r o m  E q .  ( 8 - 1 8 )  i t  c a n  b e  s e e n  t h a t

M M ' ( 9 _ 2 7 )

2
S i n c e  t h e  t e r m  p,. ( 0 ) u r  ( 0 ) i _ l  u  t  may be  n e g l e c t e dP a A1 a p i

i f  t h e  p e r c e n t a g e s  o f  d r i f t  o f  A a n d  6 a r e  b o t h  v e r y  

s m a l l ,  E q .  ( 9 - 2 7 )  c a n  be w r i t t e n  a s

A ®

!~Ma I") -yUh td /fr  to)(AAI !-Ma (0)

w h i c h  means t h a t

J M ,.

T h i s  e x p r e s s i o n  c a n  now be  s o l v e d  t o  o b t a i n  t h e  f o l l o w 

i n g  c o n d i t i o n  f o r  z e r o  d r i f t  o f  t h e  mean v a l u e  o f  t h e  

o v e r a l l  v o l t a g e  g a i n  o f  t h e  f e e d b a c k  a m p l i f i e r :

^  /?/
(9-28)
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I n  a t t e m p t i n g  t o  s a t i s f y  t h i s  r e l a t i o n s h i p ,  i t  

s h o u l d  b e  n o t e d  t h a t  b o t h  |J.A(0 )  a n d  M-p ( 0 ) a r e  g e n e r 

a l l y  d e t e r m i n e d  b y  t h e  s p e c i f i c a t i o n  o f  t h e  mean v a l u e  

o f  t h e  o v e r a l l  v o l t a g e  g a i n  a n d  t h e  c o n d i t i o n  f o r  t h e
p

m i n i m i z a t i o n  o f  of? . F u r t h e r m o r e ,  |j l , i s  n o t
v  A1

a l w a y s  a  q u a n t i t y  w h i c h  i s  e a s i l y  c o n t r o l l e d .  On t h e  

o t h e r  h a n d ,  h o w e v e r ,  (3 i s  i n  many c a s e s  d e t e r m i n e d  b y  

t h e  p a r a m e t e r s  o f  a  r e s i s t i v e  n e t w o r k .  Thus  E q .  ( 9 - 2 8 )  

c a n  u s u a l l y  be s a t i s f i e d  by  u s i n g  t h e  m e t h o d s  o f  

S e c .  9 - 6  t o  s e l e c t  t h e  p r o p e r  v a l u e  o f  p_
'61

I t  now r e m a i n s  t o  i n v e s t i g a t e  t h e  p o s s i b i l i t y  o f  

p r e v e n t i n g  t h e  v a r i a n c e  o f  t h e  o v e r a l l  v o l t a g e  g a i n  

f r o m  i n c r e a s i n g  w i t h  t i m e .  I n  o r d e r  t o  do t h i s ,

E q .  ( 8 - 1 9 )  w i l l  f i r s t  be s u b s t i t u t e d  i n t o  E q .  ( 8 - 2 0 ) .  

T h i s  y i e l d s

trK\ t ) =  + / £ < 0 ) K  £*) ( 9 - 2 9 )

Now i f  i t  i s  a s s u m e d  t h a t  E q .  ( 9 - 2 8 )  h a s  b e e n  s a t i s 

f i e d ,  t h e n  ix„ ( t )  d o e s  n o t  v a r y  w i t h  t i m e .  Thus b u t  
Kv 2f o r  t h e  b i n o m i a l  i n v o l v i n g  u , ov  ( t )  n e c e s s a r i l y

^  A1 v
i n c r e a s e s  w i t h  t i m e  I f  \i I s  made p o s i t i v e ,  t h e n

A1
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p
ov  ( t )  w i l l  e i t h e r  d e c r e a s e  w i t h  t i m e  o r  a t  l e a s t  i t s  

Kv
t e n d e n c y  t o  I n c r e a s e  w i t h  t i m e  w i l l  be r e d u c e d .  T h e r e 

f o r e ,  i n  d e s i g n i n g  t h e  s u b s y s t e m  A, i t  i s  d e s i r a b l e  t o

make jjl p o s i t i v e .
A1

The i m p o r t a n c e  o f  m i n i m i z i n g  t h e  i n i t i a l  v a l u e s  

o f  t h e  v a r i a n c e s  o f  t h e  A, 3 ,  a n d  Kv s h o u l d  a l s o  be  

e m p h a s i z e d .  I f  t h i s  i s  d o n e ,  t h e n  e v e n  i f  t h e  v a r i a n c e  

o f  Kv i n c r e a s e s  w i t h  t i m e ,  i t  w i l l  s t a r t  i n c r e a s i n g  

f r o m  a  r e l a t i v e l y  s m a l l  v a l u e .  Hence  a t  a n y  i n s t a n t
p

o f  t i m e  a v  ( t )  w i l l  b e  s m a l l e r  t h a n  i f  t h e  a b o v e
n.

V

i n i t i a l  v a r i a n c e s  h a d  n o t  b e e n  m i n i m i z e d .

The d e s i g n  c r i t e r i a  d e r i v e d  i n  t h i s  . s e c t i o n  a r e  

a c t u a l l y  c o n d i t i o n s  on  t h e  p a r a m e t e r s  o f  t h e  s y s t e m s  A 

and B, r a t h e r  t h a n  on  t h e  p a r a m e t e r s  o f  s p e c i f i c  co m p o 

n e n t s  s u c h  a s  r e s i s t o r s .  T h u s ,  r a t h e r  t h a n  m e r e l y  p u r 

c h a s i n g  c o m p o n e n t s  w i t h  t h e  d e s i r e d  p a r a m e t e r s ,  i t  may be  

n e c e s s a r y  t o  d e s i g n  t h e  s y s t e m s  A and B t o  m e e t  t h e  a b o v e  

c o n d i t i o n s  o r  t o  w o rk  w i t h  t h e  m a n u f a c t u r e r  i n  m e e t i n g  

t h e s e  c o n d i t i o n s .



CHAPTER 10: CONCLUSIONS

10-1 Introduction
This dissertation is concerned with the application 

of the techniques of mathematical statistics in the design 
phase of the reliability problem. A diligent search has 
not brought to attention any work which has applied this 
field of mathematics to reliability engineering. Instead, 
previous design efforts have focused on the use of 
special configurations, such as feedback, to insure that 
with the parameter tolerances given, the initial performance 
criteria of each system produced will fall within speci
fications. Such techniques, however, have ignored the 
reliability problem in that they have not considered the 
system performance as a function of time.

10-2 Analysis of the Distributions of the Performance 
Criteria of Electronic Systems
In the course of the investigation to formulate a 

thesis for the design of more reliable electronic systems, 
several conclusions were reached indicating specific 
mathematical techniques and the practical value of the 
approach. In particular, it was found that:
(a) The propagation of variance formula and the correspon

ding expression for the mean value can be used to de
termine the initial mean values and variances of the
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performance criteria of a wide class of electronic 
systems. Thus, if the distributions of the system 
performance may be approximated by the normal distri
bution, the initial probabilities that these perfor
mance criteria are within tolerance can be determined. 
Although this technique is limited to systems whose 
performance criteria may be approximated by the linear 
terms of a Taylor's series, many electronic systems 
such as quality amplifiers and wave filters fall 
within this category.

(b) The expression for the coefficient of linear correla
tion between functions of the same correlated vari
ables can be used to determine the correlation among 
one set of two part parameters, when information is 
given describing another set. In addition, the 
variances and means of the second set of parameters 
can be obtained by the propagation of variance 
formula and the corresponding expression for the mean. 
Therefore, even when the two port parameters are con
sidered as random variables the circuit analyst can 
select the set which is best suited to his problem. 
Though the above technique may be applied to most 
passive circuits with low tolerance parameters, its 
real usefulness lies in its application to transistors 
since manufacturers generally supply information on
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only one set of transistor parameters. The limi
tations of this method are the sane as those stated 
for the propagation of variance formula. Such tran
sistor data as is available, indicates that the para
meter distributions of many transistors meet these 
requirements.

(c) The propagation of variance formula and the corres
ponding expression for the mean value can also be 
applied to the analysis of electronic systems whose 
parameters vary slowly with time. Furthermore, 
these parameters may be linear functions of time or 
they may be represented by a power series in time. 
Therefore, the mean values and variances of the per
formance criteria for a variety of types of electronic 
systems can be obtained as functions of time, provided 
of course, that these performance criteria meet the 
previously stated conditions for the application of 
the propagation of variance formula. This then per
mits the determination of the reliability character
istics of these systems. This information in turn can 
be used to design more reliable systems.

1 0 - 3  I m p r o v i n g  t h e  R e l i a b i l i t y  o f  E l e c t r o n i c  S y s t e m s

This research resulted in the development of the 
following design techniques :
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(a) The variances of the system performance criteria 
were minimized with respect to the mean values of 
the system parameters, while constraining the cri
teria means to equal their prescribed values. This 
technique allows the designer to make sizeable reduc
tions in the initial variances of the system perfor
mance criteria without changing the system configura
tion or the parameter tolerances. This technique 
was developed under the assumption that the parameter 
standard deviations are proportional to their respec
tive mean values. While the parameters of a number 
of quality components meet this assumption the method 
is not restricted to these components, since the basic 
technique may be extended to parameters with other 
standard deviation-to-mean relationships.

(b) Otherwise uncorrelated parameters were correlated by 
dividing the distributions of these parameters into 
cells and then matching the components from certain 
cells. This technique permits a manufacturer to re
duce the variances of the system performance criteria 
by use of an assembly process which is intermediate 
between the random selection of components and an 
exact matching procedure. The final decision on which 
process to use is an economic problem since the cost
of the assembly process must be weighed against the 
component cost.



(c) Both the drift of the mean values of the performance 
criteria of electronic systems and the tendency of 
the variances of these criteria to increase with 
time can be reduced by satisfying certain relation
ships among the drift parameters of the system.
As an illustration, when the linear drift model was 
used to represent the parameters of certain systems, 
it was possible to hold the mean values of the per
formance criteria of these systems at their initial 
values while preventing their variances from increas
ing with time. Therefore, this method can be used 
to design more reliable electronic systems without 
necessarily using more expensive components or 
elaborate system configurations. Furthermore, since 
most electronic circuits contain components whose drift 
rates can be controlled (such as resistors), this 
method can be applied to a wide variety of systems.
In conclusion, it is seen that several techniques 

were developed to solve the following practical problems: 
minimization of the initial variance of the performance 
criteria of electronic systems; correlation of uncorre
lated parameters; and prevention of the drift of the per
formance criteria of electronic systems. Though these 
techniques, as developed herein, are limited to systems 
whose performance criteria may be analyzed by the propa
gation of variance formula and whose parameter standard
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d e v i a t i o n s  a r e  p r o p o r t i o n a l  t o  t h e i r  mean v a l u e s ,  t h e y  c o v e r  

many p r a c t i c a l  s i t u a t i o n s .  F u r t h e r m o r e ,  t h e y  c a n  b e  e x 

t e n d e d  ( s e e  C h a p t e r  1 1 :  R e c o m m e n d a t i o n s )  t o  i n c l u d e  a 

v a r i e t y  o f  a d d i t i o n a l  s y s t e m s .

lO-lj ..  Summary

T h i s  d i s s e r t a t i o n  h a s  shown t h a t  i t  i s  p o s s i b l e  t o  

d e s i g n  f o r  r e l i a b i l i t y .  Up t o  t h i s  t i m e  s y s t e m s  e i t h e r  

h a v e  b e e n  d e s i g n e d  t o  i n s u r e  t h a t  t h e i r  p e r f o r m a n c e  

c r i t e r i a  w o u ld  b e  w i t h i n  t o l e r a n c e  b y  u s e  o f  e x p e n s i v e  

w o r s t  c a s e  m e t h o d s  o r  t h e  p r o b a b i l i t i e s  t h a t  t h e s e  p e r 

f o r m a n c e  c r i t e r i a  w o u ld  b e  w i t h i n  t o l e r a n c e  was l e f t  t o  

c h a n c e .  The t e c h n i q u e s  d e v e l o p e d  h e r e  make i t  p o s s i b l e  

t o  d e t e r m i n e  t h e  e f f e c t  o f  p a r a m e t e r  v a r i a t i o n s  on t h e  

s y s t e m  p e r f o r m a n c e  c r i t e r i a  a s  a  f u n c t i o n  o f  t i m e  and  

t h e n  t o  t a k e  t h e s e  v a r i a t i o n s  i n t o  a c c o u n t  i n  d e s i g n .

T h u s ,  a  p o w e r f u l  new t o o l  h a s  b e e n  made a v a i l a b l e  w h i c h  

p e r m i t s  t h e  d e s i g n e r  t o  m e e t  t h e  e v e r g r o w i n g  demands  f o r  

g r e a t e r  r e l i a b i l i t y  i n  mass  p r o d u c e d  s y s t e m s .



CHAPTER 11 r RECOMMENDATIONS

11-1. Introduction
In this chapter recommendations for future work will 

be considered. These recommendations will be divided 
into two categories: 1. suggestions for the extension
of the methods of analysis and design formulated in this 
research; 2. proposals for obtaining more data pertaining 
to the distributions of system parameters.

11-2. Extension of this Research
One of the most limiting assumptions made in this re

search is that the standard deviation of each parameter 
is directly proportional to its respective mean value.
The variance minimization procedure discussed in Chapters 
U and 6 was performed on the basis of this assumption.
Now as pointed out in Sec. U-2, this assumption is true 
for the parameters of components such as certain types of 
resistors. However, it will undoubtedly be found to be 
untrue for certain other components. For example, it will 
not be true for parameters whose distributions are sec
tions of a normal distribution. Hence it would be use
ful to devise a method for minimizing the variances of the 
performance criteria of a system whose parameter standard 
deviations are not proportional to their mean values. 
Furthermore, there are instances when certain systems
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w i l l  becom e  s u b s y s t e m s  o f  a  l a r g e r  s y s t e m .  Thus i t  

w o u ld  b e  h e l p f u l  t o  d e t e r m i n e  t h e  r e l a t i o n s h i p  b e t w e e n  

t h e  s t a n d a r d  d e v i a t i o n s  and mean v a l u e s  o f  t h e  p e r f o r m a n c e  

c r i t e r i a  o f  v a r i o u s  s y s t e m s .  F o r  e x a m p l e ,  i n  t h e  c a s e  

o f  t h e  t r a n s i s t o r  a m p l i f i e r  s t u d i e d  i n  t h i s  d i s s e r t a t i o n ,  

E q s .  ( 6 - 1 3 )  and ( 6 - 1 9 )  r e v e a l  t h a t  h a s  b e e n  m i n i m i z e d .

A n o t h e r  a s s u m p t i o n  made i n  t h i s  r e s e a r c h  i s  t h a t  t h e  

s t a n d a r d  d e v i a t i o n s  o f  t h e  s y s t e m  p a r a m e t e r s  a r e  c o n s i d e r 

a b l y  s m a l l e r  t h a n  t h e i r  r e s p e c t i v e  mean v a l u e s .  W h i l e  

t h i s  a s s u m p t i o n  i s  t r u e  f o r  a  g r e a t  many h i g h  q u a l i t y  

c o m p o n e n t s ,  i t  c e r t a i n l y  w o u ld  b e  u s e f u l  i f  t h e  m e th o d s  

o f  a n a l y s i s  and  d e s i g n  f o r m u l a t e d  i n  t h i s  r e s e a r c h  w e re  

t o  b e  e x t e n d e d  t o  i n c l u d e  s y s t e m s  w i t h  r e l a t i v e l y  h i g h  

t o l e r a n c e  c o m p o n e n t s .  Then  t h e s e  d e s i g n  p r o c e d u r e s  c o u l d  

b e  a p p l i e d  t o  s i t u a t i o n s  w h e r e  e c o n o m i c  o r  t e c h n i c a l  

d i f f i c u l t i e s  p r e c l u d e  t h e  u s e  o f  low t o l e r a n c e  c o m p o n e n t s .  

Some p o s s i b l e  t e c h n i q u e s  w h i c h  m i g h t  p r o v e  h e l p f u l  i n  t h i s  

i n v e s t i g a t i o n  a r e  t h e  i n c l u s i o n  o f  t h e  f i r s t  n o n - l i n e a r  

t e r m  i n  t h e  T a y l o r ' s  s e r i e s  a p p r o x i m a t i o n  f o r  n o n - l i n e a r  

f u n c t i o n s  ( R e f .  3 8 ) ,  m o m e n t - g e n e r a t i n g  t e c h n i q u e s  ( R e f .

29)  and  t h e  Monte  C a r l o  m e th o d  ( R e f .  3 1 ) .

I t  a l s o  s h o u l d  b e  n o t e d  t h a t  t h e r e  a r e  s i t u a t i o n s  

w h e r e  t h e  T a y l o r ' s  s e r i e s  f o r  t h e  s y s t e m  p e r f o r m a n c e  

c r i t e r i a  may n o t  c o n v e r g e ,  e v e n  when t h e  s t a n d a r d  d e v i a 

t i o n s  o f  t h e  p a r a m e t e r s  a r e  c o n s i d e r a b l y  s m a l l e r  t h a n
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their mean values. An example of this is the single 
loop feedback amplifier when the system is unstable, in 
which case the denominator of the gain equation is zero. 
Another example is the parallel resonant circuit. While 
the analysis and design techniques of this dissertation 
should prove useful with respect to the resonant frequency 
(for example, the variance of this frequency might be 
minimized with respect to the parameter means of this 
circuit) the magnitude of the impedance of this circuit 
becomes very large at the resonant frequency and thus its 
Taylor's series may not converge. The investigation of 
situations such as these should prove quite worth while.

At the present stage of development of the techniques 
formulated in this research, algebra has posed a serious 
problem. In particular, it was noted that while in 
principle the variance of a system of any complexity can 
be minimized; in practice it was found that for a system 
of more than three or four parameters the amount of algebra 
become prohibitive. There are a number of possible solu
tions to this problem. One solution would be to reduce 
the number of parameters with respect to which the 
variance is to be minimized. Another solution is to 
divide the system into a number of subsystems, as was done 
in the case of the single loop feedback amplifier. The
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use of a digital computer to perform the minimization of 
a function of a large number of variables should be explor
ed .

A comparison of the sensitivity method of designing 
electronic systems with the techniques developed in this 
research should prove to be worth while. The sensiti
vity method is useful when the initial performance 
criteria of one or only a few units of a system are in
volved, for example, the performance criteria of a missile 
system. By contrast, while the methods formulated in 
this dissertation consider time variations, they are 
restricted to systems which are mass produced. In this 
latter situation, even though the probability of the system 
operating properly should be high, a few failures can 
generally be tolerated. In a missile system, however, 
even one failure can result in disaster. In view of the 
above remarks, it would be desirable to apply the techniques 
developed in this research to a system designed by use of 
the sensitivity method.

1 1 - 3  The Need f o r  M ore  Component D a t a

This work shows the need for making available to the 
designer component parameter data which are generally 
withheld or. not requested. Up to now it has been cus
tomary that this information not be available since
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d e s i g n e r s  d i d  n o t  c o n s i d e r  s t a t i s t i c a l  r e l i a b i l i t y  

c h a r a c t e r i s t i c s .

To d e s i g n  f o r  r e l i a b i l i t y  t h e  f o l l o w i n g  d a t a  i s  o f  

i m p o r t a n c e :

1 .  The i n i t i a l  d i s t r i b u t i o n s  o f  t h e  s y s t e m  p a r a m e t e r s .

2 .  The d i s t r i b u t i o n s  o f  t h e  c o e f f i c i e n t s  d e s c r i b i n g  t h e  

d r i f t  o f  t h e  s y s t e m  p a r a m e t e r s .

3. The c o r r e l a t i o n  among t h e  s y s t e m  p a r a m e t e r s  and t h e  

c o e f f i c i e n t s  d e s c r i b i n g  t h e i r  d r i f t .

I t  s h o u l d  b e  e m p h a s i z e d  t h a t  t h i s  i n f o r m a t i o n  m u s t  i n c l u d e  

d a t a  f o r  a l l  t y p e s  o f  c o m p o n e n t s  u s e d  i n  e l e c t r o n i c  s y s t e m s .  

M ost  o f  t h e  d a t a  w h i c h  i s  now a v a i l a b l e  p e r t a i n s  t o  r e s i s 

t o r s ,  a  f a c t  w h i c h  r e s t r i c t e d  much o f  t h e  w ork  o f  t h i s  

d i s s e r t a t i o n  t o  r e s i s t i v e  c i r c u i t s .

As a  r e s u l t  o f  t h e s e  o b s e r v a t i o n s  i t  a p p e a r s  u s e f u l  

t o  p r e s e n t  t h e  f o l l o w i n g  p r o p o s a l s :  F i r s t  t h e  d e s i g n e r

m u s t  b e  i m p r e s s e d  w i t h  t h e  i m p o r t a n c e  o f  t h e  a b o v e  d a t a  

30 t h a t  h e  w i l l  r e q u e s t  i t .  S e c o n d l y ,  s p e c i f i c a t i o n s  f o r  

c o m p l e t e  p a r a m e t e r  i n f o r m a t i o n  s h o u l d  be  w r i t t e n  i n t o  e v e r y  

c o n t r a c t  f o r  c o m p o n e n t s .  F i n a l l y ,  i m p r o v e d  t e c h n i q u e s  

f o r  o b t a i n i n g  d r i f t  d a t a  m u s t  b e  d e v e l o p e d .  T h i s  l a t t e r  

t a s k  m u s t  n e c e s s a r i l y  b e  a  c o o p e r a t i v e  e f f o r t  b e t w e e n  t h e  

m a n u f a c t u r e r  and  t h e  s y s t e m  d e s i g n e r .



APPENDIX A; MINIMIZATION OF THE VARIANCE OF A 

LINEAR FUNCTION OF n UNCORRELATED RANDOM VARIABLES

The p u r p o s e  o f  t h i s  a p p e n d i x  i s  t o  d i s c u s s  t h e  

d e t a i l s  o f  t h e  v a r i a n c e  m i n i m i z a t i o n  i n  S e c .  5 ~ ^ .

B o t h  t h e  n e c e s s a r y  an d  t h e  s u f f i c i e n t  c o n d i t i o n s  f o r  

a  minimum w i l l  b e  d e r i v e d .

F o r  c o n v e n i e n c e  E q .  ( 5 - 1 5 )  may be  r e w r i t t e n  a s :  

n-l n-i

i - '  *=i ;
( A - l )

n - a  n-i  

+ + cn/*y

JN+'

I f  t h i s  e x p r e s s i o n  i s  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o

t h e  v a r i a b l e s  p. , p. ,  p. d e r i v a t i v e s  o f  t h e  f o l -
X1 x 2 x n - l

l o w i n g  t y p e  r e s u l t :

(A -2 )



137

I f  e a c h  o f  t h e s e  d e r i v a t i v e s  i s  s e t  e q u a l  t o  z e r o ,  

n - 1  e q u a t i o n s  a r e  o b t a i n e d .  The e q u a t i o n  i s

b , c J ^ )fi + bAc ^ Xa+ - - -  * bj A ,

+ -----------t  b n-ic i  A n_,

(A-3)

S o l v i n g  t h e s e  e q u a t i o n s  s i m u l t a n e o u s l y  f o r  p. y i e l d s
x j

a.
-  X ( a - M

w h e re

V

----------------- ,/ly - - bn-,cn

bi cn” bj(.ca +cnl ) ---------------- My bn-i cn

b,Cna baCna --------------- C n ' ^ y - - ' b0-i
(A -5 )

bicn ---------------Cn/*Y ~ V i ( c"-| + cn)

a n d
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b , ( ^ + ^ i ) bASn ---------------- b* cna - - '

M cl + c » ) ------------ bj-c* —b,cha

’bn-i <

 bn-iCf>

b,C^ b i c n b*(cj + c h )  bn-i c n

b>c n bjCn -------------- b^cn bn_( (cn_, +cn )

A. c a n  be s i m p l i f i e d  by  f a c t o r i n g  o u t  t h e  q u a n t i -

(A—6 )

t i e s  b n , b 0  b .  , ,  b . t l  b n and  c u,1 2 , ] - l  j + 1  n - 1  n
, t h

y and  t h e n

s u b t r a c t i n g  t h e  j  ro w  f r o m  e a c h  o f  t h e  o t h e r  r o w s .  

A . t h u s  becom es
j

A, = Cp ^ m

m=i

c,a o ---------- - 0------ ----- o

o n̂  
u 1 1 1 1 1 - o -  — -------o

<

1 
1 

j 
1 

1 
I 

1 
I 

I 
1 

n C 
1 

w 
1

—1------ ' 
1

! 
I 

1 
1 

 ̂
1

0 o ----------- —0 ------

"
J1

1 
1

( A - 7 )

E x p a n s i o n  o f  t h i s  d e t e r m i n a n t  by  t h e  m e th o d  o f  m i n o r s  

sh o w s  t h a t

n-l

A j -  c n M'i ( A - 8 )

m=i
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Now c o n s i d e r  t h e  d e t e r m i n a n t  A g i v e n  b y  E q .  ( A - 6 ) .

I n  o r d e r  t o  . s i m p l i f y  t h i s  d e t e r m i n a n t ,  t h e  q u a n t i t i e s

b - , , b „ ,  b , may be f a c t o r e d  o u t .  I n  a d d i t i o n ,  t h e1 J 2 ’ n - 1  °
f i r s t  co lu m n  may b e  c o n s i d e r e d  a s  b e i n g  made up  o f  

t h e  f o l l o w i n g  b i n o m i a l s :

( h , c ^  ( 6 ,  c *  /■ o ) ) --------- ( 6 , c *  t  o )

T h u s  A may be  w r i t t e n  a s  t h e  sum o f  two d e t e r m i n a n t s  

( R e f .  4 9 ) :

Cn '-n c ^ c^>-n '-n

i 1 ________________ ,
1i| 

ri 
c. 

1

c ,3 — - ( c / * c » ) ---------- c *

c.1 C„s  — •~ ( c * * c



The f i r s t  d e t e r m i n a n t  i n  t h i s  e q u a t i o n  c a n  be  e v a l u a t e d  

by  s u b t r a c t i n g  t h e  f i r s t  co lu m n  f r o m  e a c h  o f  t h e  o t h e r  

c o lu m n s  a n d  t h e n  e x p a n d i n g  by t h e  m e th o d  o f  m i n o r s .

T h i s  r e s u l t  i s

n - t

A =

n

Cm + A l

m-a.

( A - 1 0 )

w h e r e  A^ i s  t h e  s e c o n d  d e t e r m i n a n t  i n  E q .  ( A - 9 ) .

A^ c a n  be  e v a l u a t e d  by  c o n t i n u i n g  t h e  p r o c e s s  u s e d  i n  

o b t a i n i n g  E q .  ( A - 9 ) .  F o r  e x a m p l e ,  t h e  n e x t  s t e p  i s  t o  

c o n s i d e r  t h e  s e c o n d  c o lu m n  o f  A^ a s  c o n s i s t i n g  o f  

b i n o m i a l  e l e m e n t s .  Thus  A^ may b e  w r i t t e n  a s  t h e  sum - 

o f  two  d e t e r m i n a n t s ,  t h e  f i r s t  o f  w h i c h  i s  e q u a l  t o



1J+1

■m

m-= l 
nr\ \  a.

T h i s  p r o c e d u r e  r e s u l t s  i n  t h e  f o l l o w i n g  e x p r e s s i o n  

f o r  A:

A=

o r

n r\ n-i

Cm + Cm +

m-a m = i m=i
rr^3-

a
C|TI

m=i

( A - l l )

n-i

, - T T b «  >  T T

n

f /  I I "m 
i = \  x  m=i 

<}=i

( A - 1 2 )

F i n a l l y ,  s u b s t i t u t i o n  o f  E q s .  (A -8 )  a n d  (A -12 )  

i n t o  E q .  (A -4 )  g i v e s

n\

m = i

- / l y (A-13)

* -m
m=i
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I n  s p i t e  o f  t h e  f a c t  t h a t  E q .  (A -3 )  i n v o l v e s  o n l y

v a r i a b l e s  p. t h r u  u  j E q .  (A -1 3 )  a p p l i e s  t o  |x
X1 n - 1  X1

t h r u  |x . The t r u t h  o f  t h i s  s t a t e m e n t  c an  b e  s e e n  i f  
x n

i t  i s  n o t e d  t h a t  i n  E q .  ( 5 - 1 0 )  x n  h a s  t h e  same s t a t u s  

a s  a l l  t h e  o t h e r  v a r i a b l e s .  The c h o i c e  o f  a s  t h e

v a r i a b l e  t o  be  e l i m i n a t e d  i n  E q .  ( 3 - 1 5 )  was a n  

a r b i t r a r y  o n e .

Now i t  m u s t  be shown t h a t  t h e  p o i n t  d e f i n e d  by

E q .  (A-13)  s a t i s f i e s  t h e  s u f f i c i e n t  c o n d i t i o n s  f o r  a
2

minimum o f  a . I n  o r d e r  t o  a c c o m p l i s h  t h i s ,  t h e
y

d e t e r m i n a n t  o f  t h e  m a t r i x  ||G|| o f  E q .  ( 5 - ^ )  m u s t  be

o b t a i n e d .  D i f f e r e n t i a t i o n  o f  E q .  (A-2)  w i t h  r e s p e c t

t o  p. a n d  p. r e s p e c t i v e l y  y i e l d s  x . xJ r

a n d

(A -1 5 )

C o m p a r in g  E q s .  ( A - l 4 )  a n d  (A -1 5 )  w i t h  E q .  (A -6 )  shows 

t h a t  f o r  t h i s  p r o b l e m
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n ~ i  ~i t

G = (a )  I by A
h-i

(A-16)

From E q s .  (A -12 )  and  (A -1 6 )  i t  i s  s e e n  t h a t  | G| i s  

p o s i t i v e  f o r  a l l  n > 2 .  T h i s  c o r r e s p o n d s  t o  s a y i n g

t h a t  | G| 0 , |  G| l3  \ G| 2 , -----1 G| n _2 a r e  a l l  p o s i t i v e .  Hence

t h e  s u f f i c i e n t  c o n d i t i o n s  f o r  a  minumum, a s  s t a t e d  i n  

S e c .  5 -3*  a r e  m e t .

The minimum v a l u e  o f  o c a n  be o b t a i n e d  by
y

s u b s t i t u t i n g  E q .  (A -13)  i n t o  E q .  ( 5 - l i i ) :

0-/ =

4-1

TT-
m = j

■Ar\
-m

V

(A -17)

T h i s  may be  r e w r i t t e n  a s

a.

-m

1=‘

Cm
m r:l

mn  j

(A -18)
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n

°v =

T T
)=i

T T c*»
m=i

(A-19)



APPENDIX B: THE CONDITION FOR FEEDBACK TO REDUCE

THE VARIANCE OF THE GAIN OF AN AMPLIFIER

I t  h a s  b e e n  shown i n  S e c .  6 - 5  t h a t  f e e d b a c k  w i t h  

m i n i m i z a t i o n  o f  t h e  v a r i a n c e  o f  t h e  o v e r a l l  v o l t a g e  

g a i n  a l w a y s  r e d u c e s  t h e  v a r i a n c e  o f  t h i s  g a i n  b e lo w  

i t s  v a l u e  w i t h o u t  f e e d b a c k .  The c o n d i t i o n s  u n d e r  

w h i c h  f e e d b a c k  w i t h o u t  m i n i m i z a t i o n  o f  t h e  v a r i a n c e  

o f  t h e  o v e r a l l  v o l t a g e  g a i n  w i l l  r e d u c e  t h e  v a r i a n c e  

o f  t h i s  g a i n  w i l l  be  i n v e s t i g a t e d  i n  t h i s  a p p e n d i x .

I n  p e r f o r m i n g  t h i s  a n a l y s i s ,  E q .  ( 6 - 2 5 )  w i l l  be 

u s e d  f o r  t h e  v a r i a n c e  o f  t h e  o v e r a l l  v o l t a g e  g a i n  w i t h  

f e e d b a c k ,  s i n c e  t h e  c o n s t r a i n t  t h a t  t h e  mean v a l u e  o f  . 

t h i s  g a i n  i s  s p e c i f i e d  h a s  b e e n  i n c o r p o r a t e d  i n  t h i s  

e q u a t i o n .  The v a r i a n c e  o f  t h e  v o l t a g e  g a i n  w i t h o u t  

f e e d b a c k  i s  g i v e n  by E q .  ( 6 - 3 3 ) .  Now r e f e r r i n g  t o  

E q s .  ( 6 - 2 5 ) a n d  ( 6 - 3 3 ) > t h e  f o l l o w i n g  i n e q u a l i t y  m u s t  

h o l d  i f  f e e d b a c k  i s  t o  r e d u c e  t h e  v a r i a n c e  o f  t h e  

v o l t a g e  g a i n

l l 1 3



llj.6

Upon s i m p l i f i c a t i o n ,  t h i s  e q u a t i o n  b ecom es

<0 ( B - 2 )

The  b o u n d a r y  c o n d i t i o n s  w h e r e  t h e  v a r i a n c e  o f  t h e  

v o l t a g e  g a i n  w i t h  f e e d b a c k  j u s t  e q u a l s  t h e  v a r i a n c e  

o f  t h e  v o l t a g e  g a i n  w i t h o u t  f e e d b a c k  c a n  be o b t a i n e d  

b y  s e t t i n g  t h e  l e f t - h a n d  s i d e  o f  E q .  ( B - 2 )  e q u a l  t o  

z e r o  a n d  t h e n  u s i n g  t h e  q u a d r a t i c  f o r m u l a  t o  s o l v e  f o r  

T h i s  p r o c e d u r e  show s  t h a t  i f

t h e n  f e e d b a c k  h a s  no  e f f e c t  on t h e  v a r i a n c e  o f  t h e  

v o l t a g e  g a i n .

The r a n g e  o f  v a l u e s  o f  / m-^) T ° r  w h i c h  f e e d 

b a c k  r e d u c e s  t h e  v a r i a n c e  o f  t h e  v o l t a g e  g a i n  can  be  

o b t a i n e d  by  e v a l u a t i n g  t h e  d e r i v a t i v e  o f  t h e  l e f t -  

h a n d  s i d e  o f  t h e  E q .  (B - 2 )  w i t h  r e s p e c t  t o  (p.^ / ^ p j

a t  t h e  p o i n t s  s p e c i f i e d  by  E q .  ( B - 3 ) .  The d e r i v a t i v e  

o f  E q .  (B -2 )  i s

V



w h e r e  M i s  d e f i n e d  a s  t h e  l e f t - h a n d  s i d e  o f  E q .  ( B - 2 ) .

When (p,^ ^ 1* t h i s  d e r i v a t i v e  "becomes

(B-5)

Thus  t h e  r a t e  o f  c h a n g e  o f  M w i t h  r e s p e c t  t o  (p.^ P^ )

when ( p „  / p . )  1 i s  p o s i t i v e .  H ence  i f  t h e  i n e q u a l i t y
v

o f  E q .  (B - 2 )  i s  t o  be  s a t i s f i e d

When ( | iK /p .A) (c^  -  c A ),  ( c ^  + c A ) t h e  d e r i v a t i v e

o f  M w i t h  r e s p e c t  t o  (p^  , p A) i s

. - 1 C *  (BW)

T h i s  show s  t h a t  a t  t h i s  p o i n t ,  t h e  r a t e  o f  c h a n g e  o f  

M w i t h  r e s p e c t  t o  (pK / p a ) i s  n e g a t i v e .  Thus  i f  t h e  

c o n d i t i o n  o f  E q .  (B -2 )  i s  t o  be  m et

( W a W ^ a ) / ^ )  (b - 8 )

The r e q u i r e m e n t s  s t a t e d  by  E q s .  (B - 6 )  an d  (B -8 )  c a n  be 

c o m b i n e d  t o  s p e c i f y  t h e  f o l l o w i n g  r a n g e  o f  v a l u e s  o f



lij.8

r * r 1Cp ~ A 

'-p A

' M K l (B -9 )

S i n c e
v

< 1 d e f i n e s  n e g a t i v e  f e e d b a c k ,

E q .  ( B - 9 )  s t a t e s  t h a t  f e e d b a c k  w i l l  r e d u c e  t h e  v a r i 

a n c e  o f  t h e  v o l t a g e  g a i n  o n l y  i f  t h e  f e e d b a c k  i s

n e g a t i v e  a n d  w i t h i n  t h e  r a n g e  s p e c i f i e d  by  t h i s
2 2e q u a t i o n .  I n  many p r a c t i c a l  s i t u a t i o n s  «  ca 

i n  w h i c h  c a s e  t h e  a b o v e  c o n d i t i o n  b ecom es

-I < < ( B - 1 0 )



APPENDIX C: COMPUTATION OP THE

COEFFICIENT OF LINEAR CORRELATION

The c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  two 

r andom  v a r i a b l e s ,  c o r r e l a t e d  by  a  s e l e c t i o n  p r o c e s s ,  

w i l l  now be c o m p u t e d  f o r  a  s p e c i f i c  n u m e r i c a l  e x a m p l e .  

The c o m p u t a t i o n  w i l l  i n c l u d e  b o t h  t h e  e q u a l  r a n g e  a n d  

t h e  e q u a l  a r e a  p r o c e s s e s .  I t  w i l l  be  a s s u m e d  t h a t  t h e  

d i s t r i b u t i o n s  o f  b o t h  v a r i a b l e s  a r e  s y m m e t r i c a l l y  

t r u n c a t e d  n o r m a l  d i s t r i b u t i o n s  w i t h  t h e  t r u n c a t i o n  

t a k i n g  p l a c e  a t  x  ^ u  ± 30" i n  e a c h  c a s e .
A  ./C

The e q u a l  r a n g e  p r o c e s s  w i l l  be  c o n s i d e r e d  f i r s t .  

S i n c e  b o t h  d i s t r i b u t i o n s  a r e  s y m m e t r i c a l l y  t r u n c a t e d  

t o  t h e  same d e g r e e  t h e  f o l l o w i n g  o b s e r v a t i o n s  c a n  be 

m a d e :

M*lt -  / V , ( C - l )

(C -2 )

(C-3)

/ o  = - A (C - 4 )

(c-5)
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E q .  ( 7 - 1 5 )  may t h u s  be  r e w r i t t e n  a s

n-i

i =°

A
aJ-fCA)dA

o

" A / A z  (C - 6 )

E x p a n s i o n  o f  t h e  n u m e r a t o r  o f  t h e  f i r s t  t e r m  on t h e  

r i g h t - h a n d  s i d e  y i e l d s

M  s* a
^=0

X X ~~ JL^  A

o

+ K a a A ) ------------§ ;  + A A

' A A ( c _ 7 )
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I n  v i e w  o f  E q .  ( C - 4 ) ,  t h e  m i d d l e  t e r m  o f  t h i s  e x p a n s i o n  

b e c o m e s  z e r o  when t h e  s u m m a t i o n  i s  c a r r i e d  f r o m  j  ~ 0 

t h r u  j  -  n - 1 .  S i n c e  t h e  l a s t  t e r m  o f  t h e  e x p a n s i o n

i n t e g r a l  i n  t h e  d e n o m i n a t o r  c a n c e l  f o r  t h i s  t e r m ,

l e a v i n g  p. p. . T h i s  i n  t u r n  c a n c e l s  t h e  p. p. o u t -  
X1 x 2 X1 x 2

s i d e  t h e  s u m m a t i o n .  Thus  f o r  t h e  e q u a l  r a n g e  c a s e  

when t h e  d i s t r i b u t i o n s  a r e  t r u n c a t e d  t o  t h e  same 

d e g r e e  t h e  c o v a r i a n c e  may be  w r i t t e n  a s

Now b y  u s e  o f  E q .  ( 2 - 1 2 ) ,  t h e  v a r i a n c e s  o f  t h e  

t r u n c a t e d  d i s t r i b u t i o n s  a r e  f o u n d  t o  be

c o n t a i n s  no  j ' s ,  t h e  s u m m a t io n  o f  t h e  S . ' s  a n d  t h e

( C -8 )

o

J r A ( A ' )
(C-9)

o
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a n d

G 7' = O'1
*Jt

/
( C - 1 0 )

The c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n  

a n d  Xg c a n  now be  o b t a i n e d  by  s u b s t i t u t i n g  E q s .  

( C - 8 ) ,  (C -9 )>  a n d  (C -1 0 )  I n t o  E q .  ( 3 - 4 ) .  The r e s u l t  

i s

n-i

1=0

' A
( C - l l )

F o r  n  -- 3 j t h i s  e q u a t i o n  becom es

[ W '- f U r f .  R 4 > - f6 4 ) ] ' —  =  ̂  -------------

AjnAw-4m)
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The v a l u e s  o f  a n d  k ^  c a n  be  o b t a i n e d  a s  f o l l o w s  by- 

u s e  o f  E q .  ( 7 ~ 5 ) -

z 3(y*< ~ A
■̂ 0~ ^10 ~*oa~ -  ~~

y /  y X /n -A y , A y xA-3<ryi /u Xj
4 = ^ = 4 = — 3j — = — ^ =

Now t h e  w i d t h  o f  e a c h  c e l l  I s

, ,  3 - ( - 3 )
h f -  5--------= ------3-----

Hence

The c o v a r i a n c e  t h u s  b ecom es

5  V

[ f ( ' 3 ) - f ( - ' ) ] a [ f H - f f O ] 1 [ f 0 ) - f ( 3 ) ]
s :  + s,  + s



S i n c e  f ( k )  ^ f ( - k )  t h i s  e q u a t i o n  c a n  b e  w r i t t e n  a s

[R O -  K - V ' f

o

Use  o f  a  u n i t  n o r m a l  d i s t r i b u t i o n  t a b l e  ( R e f .  2 ) 

y i e l d s

S i m i l a r  c o m p u t a t i o n s  c a n  be  p e r f o r m e d  f o r  v a r i o u s  

v a l u e s  o f  n .  The r e s u l t s  f o r  n r a n g i n g  f r o m  0 t h r u  10 

a r e  g i v e n  i n  t h e  t a b l e  a t  t h e  e n d  o f  t h i s  a p p e n d i x .

E q .  (C -3 )  may a l s o  be  u s e d  t o  c o m p u te  t h e  c o e f f i 

c i e n t  o f  l i n e a r  c o r r e l a t i o n  f o r  t h e  e q u a l  a r e a  p r o c e s s .  

I n  t h i s  c a s e  S j  i s ,  by  d e f i n i t i o n  o f  t h e  p r o c e s s ,  

e q u a l  t o  t h e  same v a l u e  f o r  e a c h  c e l l .  T h i s  a r e a  a n d  

t h e  c e l l  b o u n d a r i e s  c a n  b e  o b t a i n e d  a s  f o l l o w s  f ro m  

E q .  ( 7 - 6 ) :

0. / S  7 ‘7
= 0.73?

( C -1 2 )



U se o f  a u n i t  norm al d i s t r i b u t i o n  t a t

^ 0,917 3o
Sr  — ------  r . O . H V

Now c h o o s i n g  t h e  b o u n d a r i e s  be tweer  

E q .  ( C - 1 2 )  I s  s a t i s f i e d  r e s u l t s  1-. 

k 1 -  - 0 . 4 3 0 ,  k 2 -  0 . 4 3 0 ,  and  k .

E q .  ( C - l l )  g i v e s

[f(-3>- f  (- 0. V3g) ^  [f( o B
0 . 3 3  J V  0 . 3 3 ^ 7

' \13

-3 | 3 '  3

L °

S i n c e  f ( k )  f ( - k ) ,  t h i s  e q u a t l

p B )  - c -tiC)

C. 33_’V 
9  z  ---

Use o f  t h e  u n i t  n o r m a l  d l s t r i t i . t l

{o.ooVV - 0  3(»3 ̂
^  O.332*/

*ixu O . W 8 7 -  3 [ O o o W )

,."33

0 8



U se o f  a u n i t  norm al d i s t r i b u t i o n  t a b l e  t h e n  show s t h a t

^  0.?? 7 3oSr  — ---------= 0 .3 W

Now c h o o s i n g  t h e  b o u n d a r i e s  b e t w e e n  t h e  c e l l s  s o  t h a t  

E q .  ( C - 1 2 )  i s  s a t i s f i e d  r e s u l t s  i n  k Q = - 3 ,

= - 0 . 4 3 0 ,  k g  = 0 . 4 3 0 ,  a n d  k ^  = 3 .  S u b s t i t u t i n g  i n  

E q .  ( C - l l )  g i v e s

[ ? ( - 3 ) - f ( - 0 .^ 3 o ) [ f ( - ^ 3 0 ) - f ( O .W f i . ) ] a [f (0 .V 5 d )- f(3 ) ]^

0.33-JV + 0.333Y f  0.3324__  _

0

S i n c e  f ( k )  = f ( - k ) ,  t h i s  e q u a t i o n  becom es

(r o./t 3 o j y l

0/3339  
q   ----------------------------------

o

U se o f  t h e  u n i t  n o r m a l  d i s t r i b u t i o n  t a b l e  y i e l d s

[QOOV4- 0 .3 6 3  7~J2 

0.332V
^  = ---------s--------7=--------------  =  O.QOO

o.W 8 7 -  3(o.ooVV)

rs

a.
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T h e s e  c o m p u t a t i o n s  h a v e  a l s o  b e e n  p e r f o r m e d  f o r  v a r i o u s  

o t h e r  v a l u e s  o f  h ;  The r e s u l t s  a r e  g i v e n  i n  t h e  f o l l o w 

i n g  t a b l e :

T a b l e  o f  t h e  C o e f f i c i e n t s  o f  L i n e a r  
C o r r e l a t i o n  B e t w e e n  Two Random V a r i a b l e s  

C o r r e l a t e d  b y  a  S e l e c t i o n  P r o c e s s

Number 
o f  c e l l s

E q u a l  r a n g e s  
k Q = - 3 ;  k 3 = 3

E q u a l  a r e a s  
k Q = - 3 ;  k3 = 3

1 0 0

2 0 . 6 4 3 0 . 6 4 3

3 0 . 7 3 9 0 . 8 0 0

4 0 . 8 3 7 0 . 8 6 8

5 0 . 8 8 9 0 . 9 0 3

6 0 . 9 2 1 0 . 9 2 4

7 0 . 9 4 1 0 . 9 4 2

8 0 . 9 5 4 0 . 9 5 1

9 0 . 9 6 4 0 . 9 6 0

10 0 . 9 6 9 0 . 9 6 4



APPENDIX D: LIST OP SYMBOLS

A l i s t  o f  t h e  sy m b o ls  u s e d  i n  t h i s  d i s s e r t a t i o n  i s  

g i v e n  b e l o w .  S i n c e  i t  i s  i m p r a c t i c a l  t o  l i s t  e v e r y  sym

b o l ,  i n  some i n s t a n c e s  o n l y  a  r e p r e s e n t a t i v e  t y p e  o f  sym bol  

i s  g i v e n .  F o r  e x a m p l e ,  p i n d i c a t e s  t h e  m e th o d  o f  s p e c i -  

f y i n g  t h e  m ean  v a l u e  o f  a  q u a n t i t y .

U n l e s s  o t h e r w i s e  n o t e d ,  i t  w i l l  b e  a s s u m e d  t h a t  t h e  

MKS s y s t e m  o f  u n i t s  i s  t o  b e  u s e d .  One e x c e p t i o n  t o  t h i s  

r u l e  i s  t h a t  d r i f t  r a t e s  a r e  g e n e r a l l y  g i v e n  o n  a p e r  h o u r

g a i n  o f  s i n g l e  l o o p  f e e d b a c k  s y s t e m  w hen  
f e e d b a c k  i s  r em oved

r a n d o m  v a r i a b l e  w h o se  mean  v a l u e  i s  u n i t y  
am3 w h o se  v a r i a n c e  i s  i n i t i a l  v a r i a n c e  o f  
j  p a r a m e t e r

d r i f t  r a t e  o f  p a r a m e t e r
fchd r i f t  r a t e  o f  j  p a r a m e t e r  a s s o c i a t e d  w i t h  

q pow er  o f  t

c o n s t a n t  u s e d  a s  c o e f f i c i e n t  o f  p a r a m e t e r
i n  l i n e a r  f u n c t i o n

s t a n d a r d  d e v i a t i o n  t o  m ean  r a t i o  o f  
p a r a m e t e r

e x p e c t e d  v a l u e  o f  y  

p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  x

b a s i s ,

A

a■io

E(y)

f ( x )



f u n c t i o n  o f  x

s h o r t  c i r c u i t  f o r w a r d - c u r r e n t  t r a n s f e r  r a t i o  
o f  common e m i t t e r  c o n f i g u r a t i o n

s h o r t  c i r c u i t  i n p u t  im p e d a n c e  o f  common e m i t t e r  
c o n f i g u r a t i o n

o p e n  c i r c u i t  o u t p u t  a d m i t t a n c e  o f  common 
e m i t t e r  c o n f i g u r a t i o n

o p e n  c i r c u i t  r e v e r s e - v o l t a g e  t r a n s f e r  r a t i o  
o f  common e m i t t e r  c o n f i g u r a t i o n

ac  c o m p o n e n t  o f  b a s e  c u r r e n t

ac  c o m p o n e n t  o f  c o l l e c t o r  c u r r e n t

c u r r e n t  g a i n

v o l t a g e  g a i n

v o l t a g e  g a i n  o f  t h e  s t a g e  o f  a  c a s c a d e
a m p l i f i e r

n o r m a l l y  d i s t r i b u t e d  random  v a r i a b l e  whose  
mean  v a l u e  i s  z e r o  and  w h o se  s t a n d a r d  
d e v i a t i o n  i s  u n i t y

num ber  o f  v a r i a b l e s ,  a l s o  num ber  o f  s t a g e s  
i n  c a s c a d e  s y s t e m

t o t a l  s e r i e s  r e s i s t a n c e

t h e  j  r e s i s t a n c e ' i n  s e r i e s  c i r c u i t

l o a d  r e s i s t a n c e

v o l t a g e  d i v i d e r  r e s i s t a n c e s

a r e a  u n d e r  f ( x ^ )  c o r r e s p o n d i n g  t o  c e l l

t i m e

a c  c o m p o n e n t  o f  b a s e  v o l t a g e  w i t h  r e s p e c t  t o  
e m i t t e r

ac  c o m p o n e n t  o f  c o l l e c t o r  v o l t a g e  w i t h  r e s p e c t  
t o  b a s e
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X: X,(o) i n i t i a l ' * '  v a l u e  o f  t h e  j*3*1 ra n d o m  v a r i a b l e
o J o

"fciiX/(t) v a l u e  o f  j  r andom  v a r i a b l e  a t  t i m e ' tV
X\,  SI*3*1 v a l u e  o f  j*3*1 ran d o m  v a r i a b l e

j*3*1 f u n c t i o n  o f  ra n d o m  v a r i a b l e s

2 f o r w a r d - t r a n s f e r  i m p e d a n c e  o f  common e m i t t e r
a|e c o n f i g u r a t i o n  w i t h  i n p u t  o p e n - c i r c u i t e d

f r a c t i o n  o f  o u t p u t  o f  s i n g l e  l o o p  f e e d b a c k  
s y s t e m  w h i c h  i s  f e d b a c k

i n i t i a l  mean  v a l u e  o f  x

t) mean v a l u e  o f  x^. a t  t i m e  t

o  c o e f f i c i e n t  o f  l i n e a r  c o r r e l a t i o n  b e t w e e n
Xj and  x g

02 62.(6) i n i t i a l  v a l u e  o f  s t a n d a r d  d e v i a t i o n  o f  x .
V  '  J

o r ^  CTx\o ')  i n i t i a l  v a l u e  o f  v a r i a n c e  o f  x^.

O^.^ c o v a r i a n c e  b e t w e e n  x .  a n d  x^
S i  J

^T he  " ( 0 ) "  i s  i n c l u d e d  o n l y  when  i t  i s  n e c e s s a r y  t o
d i f f e r e n i a t e  b e t w e e n  x . ( 0 )  and  x „ ( t ) .J J
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